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Avenue Jean Capelle, F-69621, Villeurbanne, France.

Abstract

We prove well-posedness for a transport-diffusion problem coupled with a wave equa-
tion for the potential. We assume that the initial data are small. A bilinear form in
the spirit of Kato’s proof for the Navier-Stokes equations is used, coupled with suitable
estimates in Chemin-Lerner spaces. In the one dimensional case, we get well-posedness
for arbitrarily large initial data by using Gagliardo-Nirenberg inequalities.

Keywords: Transport-diffusion equation, wave equation, Debye system, Chemin-Lerner
spaces, Gagliardo-Nirenberg inequalities.

1 Introduction.

Transport-diffusion equations have a vast phenomenology and have been widely studied. See,
among others, [2], [3], [7], [I0] in the case of the semi-conductor theory, and [5] in the case
of Fokker-Planck equations. The goal of this note is to prove existence and uniqueness of the
solution for a modify semi-conductor equation.

In order to simplify the presentation, we restrict to the case of a single electrical charge.
The novelty of our equations is that we replace the Poisson equation on the potential by a wave
equation. This is a quite natural change, since the electric charge itself depends on the time.
From a mathematical point of view, switching from a Poisson equation to a wave equation
roughly amounts to the loss of one derivative in the estimates on the potential. Moreover, it
seems that one is bound to work in LY spaces with 1 < p < 2 due to the usual Strichartz
estimates.

In this paper, we prove the existence of a mild solution in Chemin-Lerner spaces il((), T,
H™?~1(R")). We first restrict to the case of small initial data (n > 2), and use a variant
of the Picard fixed point theorem as in the proof of Kato’s and Chemin’s theorems for the
Navier-Stokes (and related) equations. See [9], [6], [4] and also [8], [1]. In particular, we work
in homogeneous Sobolev spaces in order to get T-independent estimates for the heat equation.
Note also that our bilinear form depends on a nonlocal term, given as the solution of the wave
equation on the potential.

In the case n = 1, well posedness is established for arbitrary large initial data (section .
Local well posedness is obtained as in section |3l The global existence is proved by combining
the usual L' estimate with a Gagliardo-Nirenberg inequality, in the spirit of [3].
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2 Equations and preliminary results.

We begin with some notations. In this section n > 2, T' > 0, and s < n/2 are given. The
homogeneous Sobolev spaces H $(R™) are often denoted by H*. For p > 1, we also use the
Chemin-Lerner spaces L?(0, T, H*(R")) = L*(0, T, B;”Q(R”)), or simply L?.(H*). Recall that a
distribution f € .#”(]0, T[xR") belongs to the space L(H?) iff S;f — 0in . for j — —oo0,
and ||f||£;%(Hs) = (2718 flle2))jezlliz@y < oo. Here, Sjf and A;f are respectively the
low frequency cut-off and the homogeneous dyadic block defined by the usual Paley-Littlewood
decomposition. See [1] p.98 for details. Last, we write V for the (spatial) gradient, div for the
divergence and A = divV.

We now give the equations we are dealing with. Set s = n/2 — 1. Consider the Cauchy
problem on the scalar valued functions v and V' defined on R, x R}

Oru — Au = div(uVV) (2.1)
oV — AV =u (2.2)
u(0) = ug (2.3)
V(0) =W, Vi(0) = V3 (2:4)

For uy € H*, (VVy, Vi) € H* x H* and u € LL(H®) given, we denote by S(u,Vp, Vi) €
O (O, T, (R”)) the unique solution of the wave equation , . With these notations, the
system [2.1] 2.4 is interpreted as the following problem (P):

find w € LL-.(H*) such that

Oru — Au = div(uV S (u, Vo, V1))
u(0) = g
For future reference, we recall a standard result on the heat equation (see [I] p.157)

Proposition 2.1. Let T > 0, 0 € R" and 1 < p < co. Assume that ug € H° and f €
E%(HJ_%%). Then the problem
ou — Au = f
u(0) = g
2

admits a unique solution w € LE.(H %) N L(H?) and there exists C' > 0 independent of T
such that, for any q € [p, ]

ltll o3, < CUN gy go-ar, + o) (2.9)

)

Moreover, for f =0, we have u € C°([0,T], H?) — L'([0,T], H?).
The same statements hold true in nonhomogeneous Sobolev spaces with a constant C' = Cr
depending on T

In the sequel, we denote the solution u of proposition by

t
u(t) = e®uq +/ e f(1)dr
0

We will prove an existence result for problem (P) by combining proposition with the fol-
lowing H* estimate for the solution S(u, Vg, V1) of the wave equation (see [1] pp. 360-361)

VS (u Vo, Vi)l oo (125 < CUIVVA

s+ Vil

e+l gy are)) (2.10)



3 Existence and uniqueness in the case n > 2.

This part is devoted to the proof of existence of a mild solution to problem (P).

Theorem 3.1. Let n > 2 and s = n/2 — 1. There exists n > 0 such that, for any T > 0,
ug € H2N H*, (VVy, V1) € H® x H® with

H572 —I'_ ||v‘/b’

s+ Vil

o] s <1 (3.1)

there exists exactly one solution to the problem
find w € LL(H?®) such that

¢
u(t) = etAuO + / A gy (UVS(U, Vo, Vl)) (T)dr
0

s + V1l

s < m, we get local in time existence and

When condition [3.1] is replaced by ||[VVj|
UNIGUENESS.

~ We will use the following classical lemma (see for instance [I] p.357). In this lemma,
B(0,7) C E denotes the closed ball of center 0 and radius r > 0.

Lemma 3.1. Let E be a Banach space. Let #: E x E — E be a continuous bilinear map and
Z . E — E be a linear continuous map with | Z|| < 1. Let 0 < a < (1-[|Z2||)?/ (4| 8|)). Then,
for any v € B(0, ), there exists exactly one x € B(0,2«) such that x = v+ £ (x) + B(x, x).

In order to use lemma 3.1} for 7> 0 and (VVp, Vi) € H® x H® given, set Er = LL.(H®) and
define &y : Er x Er — Ep by
PBr(u, w) = /te(t_T)Adw(uVS(w,O,O))(T)dT (3.2)
0
We also define % : Er — Er by
Zr(u) = /t 6(t_T)Adiv(uVS(0, Vo, V1)) (1)dr (3.3)
0
Theorem is an immediate consequence of lemma [3.1] and the following T-independent esti-

martes.

Lemma 3.2. Letn>2 and s =n/2—1, ug € H2, (VV,, Vi) € H® x H*. Then, there ezists
C; >0 (0 <i < 2) such that, for any T > 0 and any u € Er, w € Er, we have

121 (u, )| 2 < Collul 1w 2,
1Zr(W)ll2r < CL(IVVoll s + VA

le"uo|| £ < Colluo|

i)

|ull £

H572
Proof. Inequality [3.6] follows from proposition [2.1] Inequalities [3.4] and amount to

i)

1B, w) + L) 23 ey < Cllallzg ey (0l g ey + 19V

s + [V

Set
t
2 = Br(u,w) + Lr(u) = / =18 i (uV S (w, Vo, Vi) ()dr
0

Proposition [2.1] provides

12l z1. 2y < Clldiv(uVS(w, Vo, Vi)l £y, (o2

3



hence
1202y sy < ClluVS(w, Vo, Vi)l 1 sy (3.7)

Since —n/2 < s < n/2, the product is continuous from LL(H?) x L (H?) to LL(H? /%) =
LYL(H*1). See for instance [I] pages 90 and 98 or use Bony’s decomposition. With , this
implies that

21z, iy < Cllwll g, sy VS (w0, Vo, Vi)l e 1)

and with .10

12l 1.y < Cllullzy o) (lwll 2y sy + IV Voll s + VAl )

O

Global existence and uniqueness in theorem [3.2]is a consequence of lemmas [3.1] and [3.2] by
restricting to small data, i.e ||[VVp| ge + |[Villg. < 1/C1 and |ug||ge—e < [ — Ci([|VVoll gs +
Vil 7s)]?/(4CoC2). The local existence and uniqueness part is a consequence of the same lem-
mas once lim;_, ||€™ug ||z, = 0is proved. This follows from the fact that e™uo € L([0, ], H 5(R))
(see proposition and the inequality (see [I] p.98)

le™ uoll g, < HeTAuOHLl([O,t],HS(R)) =0
when ¢ — 0.
Remark 3.1. The proof of theorem extends to the Debye type system (see [3], [7]): Opu; —

Au; = div(fju;VV), 0uV —AV = > agug, u;(0) = ujo, V(0) = Vo, Vi(0) = Vi with (o, 5;) €
R? (1 < j < m) given.

4 Existence and uniqueness in the case n = 1.

Until the end of the paper, n = 1. We still denote by S(u, Vy, V) € C° (O, T, y’(R")) the unique
solution of the wave equation 2.4 and Zr(u,w) and Zr(u) are still formally defined by
formulas and The notation L? stands for LP(R,). Last, V = div = 0,.

As a building block in the proof of the existence theorem , we first establish a L! estimate
for solutions of equations (lemma [4.3). We begin with two simple trace-lemmas. For
y € R, set Dr(y) =]0,T[x]y,y + 1[ and Dr(y) = [0,T] x [y,y + 1].

Lemma 4.1. Let T > 0, y € R. There exists C' > 0 such that, for any y € R and f €
CY(Dr(y)), we have

1fC)llz2om) + 11 Gy + Doy < Cllfllz2o.r,m2 qyy+10) (4.1)

Proof. We only prove inequality

Let ¢ € CY(Dr(0)) with ¢(t,z) = 1 for (t,x) € [0,T] x [0,1/4] and ¢(¢,z) = 0 for (t,z) €

0,T] x [3/4,1]. For y € R fixed, define ¢ € CY(Dr(y)) by ¢“(t,z) = ¢(t,x — y). Let
f € CHDr(y)). We have

f(r, Z/)|2d7' < C”f”%Q(O,T,HI(}y,y—l—l[)) (4.2)

T T T y+1
/0 P (ry)dr = / 60 FP(r,y)dr < / / 2167 (¢ £). (7. s)dsdr

< 2010 100 o 1 I 220,11 1) (4.3)
Since ||gf)y||W1,oo(D(y)) = ||¢||W1,oo(D(0)), we get inequality . O
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Let y € R. By lemma we can define two continuous trace-operators ,,; and 7; :
L2(0,T, H'(R)) — L*(0,T) By 4} (/)(7) = f(r,y) and 7y, ()(r) = f(r,y+ 1) for any f €
CY(Dz(y)). For future reference, notice that, for any f € L*(|0,T[, H'(Jy,y + 1[)), we have

1Yg1 (O, + 1y (o
< VT (v (Dllzzom + 11 (Allzzo) < OV 20, m (g1 (4.4)

with a constant C' > 0 independent of y € R.
The second lemma is a consequence of the continuity of the trace functions vj and density
arguments. We omit the proof. In the sequel sign denotes the sign function.

Lemma 4.2. Let T > 0 and y € R. Let also f € L*(0,T, H*(R)), g € L>=(0,T, H*(R)) and
¢ € L*(0,T, H'(R)). Then, for any (y,z) € R, y < z, and any t € [0,T] we have
a)

t
0

[ vonsarar=— [ [ .00 avar + [ o0, —F@o. i (45)
0 Jy 0 Jy

t z t
| [ simnoutsagasir = [ 0z (1710.0) 5 losg)ldr (1.6
0 Jy 0
b) Let A€ L=(0,T, H'(R)). Then [v=(A)|(7) < Al iyl (FI(7) for almost
every T € [0,T].
We are ready to prove our main L' lemma.

Lemma 4.3. Let T > 0, Vo € H*(R), V; € H'(R), up € H'(R) N L'(R) and v € L3(H?*) N
Hi(L*)NCY([0,T], H'). Assume that S(u,Vy, V1) € C°([0,T], H*)NC([0,T], H') and assume
that function (u, S(u, Vo, V1)) is a solution of equations[2.5] i.e

t
u(t) = ePup + / eI (uV S (u, Vo, V1)) (7)dr
0

Then v € C°([0,T], L*(R)) and ||u(t)||zr < ||uol|z1, for anyt € [0,T]. Moreover, when +uy > 0,
we have £u > 0 and ||u(t)| = ||uol|L:-

Proof. Let (y,2) € R? with y < z, and t € [0,7]. Since u € LA(H?) and S(u,Vp, V1) €
C°([0,T7], H?), we can apply formula 4.6{ with f = u, g = S(u, Vj, V1). Hence, multiplying
by sign(u) and integrating on [0, 7] x [y, 2], we obtain

z t t z
/ u|(t, z)dz = ||uo|| L2 (1,2 +/ [z (|uldxS) — 7, (Ju]0,.5)]dT + / / sign(u) Audxdr
Yy 0 0 Jy

t z
< luoll e (g2 + 17 ([wl028) o, + vy ([ul0sS)l Lo,y + sup, (/ / Sign(U)AudxdT>
telo, 0 Jy
(4.7)
We majorize the last three terms in inequality .7} Using the inequality [£.4], we get
17z (l0eS) Loy + 17 (4l @) 2 oy < CVTNl0S | 2 b (yyipoe-vepy (48)
Hence, [4.8| and |u|0,S € L*(0,T, H'(R)) implies that

lim  ([lv7 (Jul@2S) | 2oy + 1y ([ul@2S) | o)) = 0 (4.9)

inf(lyl,|z|)—o0



We next prove that

lim sup sup // sign(u AUTa:)da:dT)_O (4.10)

inf(lyl,|z|)—o0 tGOT]

Set h(z) = z/vVz2+e (xr € R, € > 0). Due to Au € L*([0,7] x R) — L.
|hell~ < 1 and Lebesgue theorem, we have

/ / sign(u)Au(r, z)dxdr = hII(l)/ / w)Au(t, x)dxdr (4.11)

Using [L.5| with f = u € L3(H?), ¢ = h.(u) € LA(H"), majorizing, and appealing to lemma [£.2]

b), we obtain an (e, t)-independent estimate

([0, 7] x R),

/Ot /yz Auh (uw)drdr = — /Ot yz \Vul?h.(v)dzdr + /Ot[fyz(hg(u)Vu) — 7, (he(u)Vu)|dr

< / 7 (V)| + g (V) Jdr (4.12)

0

Appealing to we deduce from [£.12] and [£.11] that

sup / / sign(u)Au(r, x)dmd7‘> < C\/_||Vu||L2(0TH1 (ysy-+1[U]z—1,2]) (4.13)

te[0,T]

Hence, inequality [4.10] follows from [4.13|and u € L*(0, T, H*(R)). Set y = —z and let z — 400
in[4.7] Using and the monotone convergence theorem, we get [|u(t)||pr < |luo|/zr for
€ [0,T]. Replacing the sign function by the negative or positive part functions (.)*, or the
constant function 1, the same argument provides ||(w)*(¢)||r: < |[(uo)*||z: and [p u(t, z)dz =
Jg to(x)dz. In the partlcular case tug > 0, we recover +u(t) > 0 and ||[u(t)||: = HuOHL1 for
any t € [O, 7).
Finally, appealing to , , and ug € L', we have sup,ejo || w(7) || 11 (- co,—a[U)z,+oo) —
0 when z — 4o00. Hence, noticing that u € C°(0,T, L*(R)) — C°(0,T, L, .(R)), we easily

loc

obtain u € C°(0,T, L*(R)) O
It follows that
Theorem 4.1. Let T > 0, Vo € H*(R), Vi € H'(R) and up € H'(R) N LY(R). The problem
find uw € LZ(H") such that
¢
u(t) = e®ug +/ e(t_T)Adiv(uVS(u, Vo, V1)) (1)dr
0
admits exactly one solution. Moreover, u € L2(H?) N HR(L*) N C°([0,T],H' N L") and
u(t)||y < [luollrr. Last, when £ug > 0, we have £u > 0 and [|u(t)| 1 = [Jugl|p, 0 <t < T

Proof. Step 1 (local existence). For any 0 < T < 1, u € L%(H') and w € L%(H"), proposition
provides
B2 0,0) + Zr (0l < Cldiv (TS, Vo, Vo) sy o
< CHUVS(U), V07 Vl) HL%F(Hl)
< Clullza am IV S, Vo, Vo)l oy (4.14)



Note that

z+(t—7) z+t
S(w, Vo, V1)(t, x) / / w(r, £)dédT + = (Vg(m+t)+Vo(x—t)+/ Vi(s)ds)
(t—71) r—t
(4.15)
Assume first that 14, V] and w are infinitely differentiable. We have
t
VS(w, Vo, Vi)(t, ) —/ (w(T,x +(t—7)) —w(r,z—(t — T))dT
0
1 / /
+§(V0(x+t)+V0(x—t)+V1(x+t)—Vl(x—t)) (4.16)

Arguing by density, the formula holds for the distributional derivative VS under the
assumptions of theorem and we have

IV S(w, Vo, Vi)l g2y < CVT (Jlwll 2.y + Vo llz + IValla) (4.17)
From [4.14] and [4.17 we deduce that
|7 (u, w) + L ()l 2y < CVT Nl gz oy (1wl 2y + Vol + Vil (4.18)
Finally, notice that
e uoll 2.y < [luollz2 (4.19)

Hence, for T > 0 small enough, the existence and uniqueness of a solution u € L2(H"') follows

from lemma [3.1], inequalities and [4.19]
Next, since u € L2(H'), Vo € H* and V; € H' we get

S(u, Vo, V1) € C°([0,T], H*) n C*([0,T], H') (4.20)

Therefore div(uVS(u, Vo, V1)) € LA(L?*). Due toug € H', equation dyu—Au = div(uV.S(u, Vo, V1)),
proposition (and by interpolation), we thus obtain

u € L3(H?) N Hp(L*) N C°([0,T], H') (4.21)

Step 2 (global existence). Let T > 0, the maximal time of existence of a mild solution endowed

with the properties [4.20| 4.21] In particular, u € C°([0,T], L'(R)) and [lu(t)|z2 < |luol/z for
0<t<T<T* (see lemma |4.3). In order to prove that 7* = oo, and due to |4.20] and
lemma 4.3} we essentially have to find an a priori estimate on |[ul|z 1) for 0 < T < T™. We

multiply equatlon - by u and integrate with respect to . Appeahng to [4.20] and [4.21], we get

<

We now estimate ||ul|z4 and [|0,5]|za. By Gagliardo-Nirenberg inequalities and the L' properties
of u, we have

lullzs < CllullZ,llosullze < Clluollz:llOzullz, (4.23)
Using equation 4.16| with w = wu, we obtain for any 0 <t < T

10:5(t)[|s < C(Ifull o,z + Vallos + Vil o) (4.24)



Invoking inequality [4.23] this implies that

u@amm<cmww/waun”m+mmm+mwm

1/2 1/2 /
< O (Iluoll 10wl G0 ey £ + Vo lla + Vil 1s) (4.25)

Therefore, [4.22] 4.23] [4.25] and injection H!(R) < L*(R) provide

1d
2dt

1/2 3/2 1/2 1/2
32 + [10:u®) 132 < Clluoll 2 10:u@) 155 (luoll 2 10eull ot rpery ™ + Vo llze + Vil 1)

2/3
< nlluol 22| 0sult) |22
+ Oy (B[l 20 10stl 220 rixry + Vol + IVillin)  (4.26)

Take n such that 0 < nHuOHZ/?’ < 1/2 H1d1ng the term nHuon/gHﬁxu(t)H%Q in the left hand

side of [4.26] setting z(t) = ||lu(t)||7. + fo 0w (7)1, 2d7 and using the Gronwall inequality we
obtain the required a priori estlmate on ||u|z 2 (1) “The end of the proof is standard and we
omit further details. O
References

[1] H.Bahouri, J. Y. Chemin and R. Danchin, Fourier Analysis and Nonlinear Partial Differ-
ential Equations, vol. 343, Springer-Verlag Berlin Heidelberg, 2011.

[2] P. Biler and J. Dolbeault, Long Time Behavior of Solutions to Nernst-Planck and Debye-
Huckel Drift-Diffusion Systems, Ann. Henri Poincaré 1 (2000), pp.461-472

[3] P. Biler, W. Hebisch and T. Nadzieja, The Debye system, existence and time behavior
of solutions, Nonlinear Analysis, Theory, Methods and Applications, Vol. 23, No. 9. pp.
1189-1209, 1994.

[4] J.M. Chemin, Remarques sur 'existence globale pour 1’équation de Navier-Stokes incom-
pressible, STAM Journal of Math. Anal. 23 (1992) pp.20-28.

[5] P. Constantin and G. Seregin, Global regularity of solutions of coupled Navier-Stokes
equations and nonlinear Fokker Planck equations, Discrete and continuous dynamical
systems, 26 (4), pp. 1185-1196 (2010).

[6] T. Kato, Strong LP solutions of the Navier-Stokes equations in R™ with applications to
weak solutions, Math. Zeit, 187(1984), pp.471-480.

[7] A. Krzywicki and T. Nadzieja, A nonstationary problem in the theory of electrolytes,
Quaterly Applied Math. 50, 105-107, 1992.

[8] P.G. Lemarié-Rieusset, Recents developments in the Navier-Stokes problem, Chapman et
Hall, 2002.

9] F.B. Weissler, The Navier-Stokes initial valued problem in LP, Arch. Rat. Mech. and
Anal. 74 (1981) pp. 219-230.

[10] M. Winkler, Finite-time blow-up in the higher-dimensional parabolic-parabolic Keller-
Segel system, Journal de Mathématiques Pures et Appliquées, Volume 100, Issue 5,
November 2013, pp. 748-767



	Introduction.
	Equations and preliminary results.
	Existence and uniqueness in the case n 2.
	Existence and uniqueness in the case n = 1.

