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GEOMETRIC ERGODICITY OF THE BOUNCY PARTICLE SAMPLER

ALAIN DURMUS, ARNAUD GUILLIN, PIERRE MONMARCHE

ABSTRACT. The Bouncy Particle Sampler (BPS) is a Monte Carlo Markov Chain algorithm
to sample from a target density known up to a multiplicative constant. This method is
based on a kinetic piecewise deterministic Markov process for which the target measure is
invariant. This paper deals with theoretical properties of BPS. First, we establish geometric
ergodicity of the associated semi-group under weaker conditions than in [10] both on the
target distribution and the velocity probability distribution. This result is based on a new
coupling of the process which gives a quantitative minorization condition and yields more
insights on the convergence. In addition, we study on a toy model the dependency of the
convergence rates on the dimension of the state space. Finally, we apply our results to the
analysis of simulated annealing algorithms based on BPS.

1. INTRODUCTION

Markov chain Monte Carlo methods is a core requirement in many applications, e.g. in
computational statistics [20], machine learning [1], molecular dynamics [6]. These methods
are used to get approximate samples from a target distribution denoted 7, with density
w.r.t. the Lebesgue measure given for all z € R? by

(1) m(x) = exp(=U(x)) ,

for a potential U : R — R, known up to an additive constant. They rely on the construction
of Markov chains which are ergodic with respect to 7, see [44].

While the first and best-known MCMC methods are based on reversible chains, such as
many Metropolis-Hastings type algorithms [30], there has been since the last decade an
increasing interest in non-reversible discrete-time processes [11, 3, 38, 34]. Indeed, consider
a Markov chains (Xj)ren on the state space {1,...,n}. If (Xg)ken is reversible, for any
n € N, the event X,,12 = X, has a positive probability and therefore the process shows a
diffusive behaviour, covering a distance K after K iterations. This makes the exploration
of the space slow and affects the efficiency of the algorithm. Omne of the first attempt to
avoid this diffusive behaviour has been proposed in [36], where the author suggests to modify
the transition matrix M of (Xj)gen, reversible with respect to p, in such way that the
obtained transition matrix is non-reversible but still leaves p invariant. By definition of M,
the probability of backtracking is smaller than for M, i.e. 1\7122Z < M?Z for any i € {1,...,n}.
In addition, [36] shows that the asymptotic variance of M is always smaller than the one of
M.

For general state space and in particular in order to sample from 7 defined by (1), a
now popular idea to construct non-reversible Markov chain is based on lifting, see [11] and
the references therein. The idea is to extend the state space R% and consider a Markov
chain (X}, Y )reny on R x Y, Y C R?, which admits an invariant distribution for which the
first marginal is the probability measure of interest. It turns out that, appropriately scaled,
some of these lifted chains converge to continuous-time Markov processes. For instance, the
persistent walk on the discrete torus introduced in [11] converges to the integrated telegraph
on the continuous torus [34], while the lifted chain defined in [45] for spin models converges
to the Zig-zag process [4] (see also the event-chain MC with infinitesimal steps in the physics
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literature [33, 38]). In these cases, the continuous-time limits belong to the class of velocity
jump processes (X3, Y;)i=0 on RY x Y, Y C R?, satisfying X; = Xo + fg Yids for all ¢ > 0
with (Y%):>0 is piecewise-constant on random time intervals. The velocity (Y:):>0 acts as an
instantaneous memory, or inertia, so that (X;);>o tends to continue in the same direction for
some time instead of backtracking. In addition, these processes may be designed to target a
given probability measure defined on (R? x Y, B(R? x Y)) of the form

(2) T=7Q Uy,

where i, is a probability measure on Y, and therefore can be used as MCMC samplers. This
kind of dynamics, which are not new [25, 19], have regained a particular interest in the last
decade, in two separate fields: stochastic algorithms, as we presented, but also biological
modelling, where they model the motion of a bacterium [16, 8, 17] and are sometimes called
run-&-tumble processes.

From a numerical point of view, an advantage of these continuous-time processes is that,
under appropriate conditions on the potential U, an exact simulation is possible, following a
thinning strategy [28, 7, 27]. Therefore, no discretization schemes are needed to approximate
the continuous time trajectory, contrary to Langevin diffusions or Hamiltonian dynamics. As
a consequence, no Metropolis filter is necessary to preserve the invariance of m, see [43, 13,
37, 41] and the reference therein.

This work deals with the velocity jump process introduced in [38, 35]. Following [7], we
refer to it as the Bouncy Particle Sampler (BPS). The aim of this paper is to establish
geometric convergence to equilibrium for the BPS, in dimension larger than 1, relaxing the
conditions given in [10]. The paper is organized as follows. Section 2.2 presents the BPS
process and our main results, which are proven in Section 3. Finally, Section 4 is devoted to a
discussion on our result and approach. First, in Section 4.1, we give explicit bound for a toy
model, paying a particular attention to the dependency on the dimension of the state space
in the constants we get. Second, in Section 4.2, we apply our results to study the annealing
algorithm based on the BPS, extending the results of [35].

Although the work is restricted to the BPS, our arguments can easily be adapted to other
velocity jump processes, such as randomized variants of the BPS. In particular, the coupling
argument in Section 3.3 applies as soon as the process admits a refreshment mechanism.

Notations. For all a,b € R, we denote a+ = max(0,a), a Vb = max(a,b), a A b = min(a,b).
Id stands for the identity matrix on R%.

For all z,y € R?, the scalar product between x and y is denoted by (z,y) and the Euclidean
norm of by ||z|. We denote by S = {v € R? : |[v|| =1}, the d-dimensional sphere with
radius 1 and for all z € RY, r > 0, by B(z,r) = {w € R? : |[w — | < r} the ball centered in
z with radius r. For any d-dimensional matrix M, define by |[M|| = sup,cp(o,1) [[Mw| the
operator norm associated with M.

Denote by C(RY) the set of continuous function from R¢ to R and for all k& € N*, C*¥(R%)
the set of k-times continuously differentiable function from R% — R. Denote for all k € N,
CE(R?) and CF(RY) the set of of functions belonging to C*(R?) with compact support and
the set of bounded functions belonging to C¥(R?) respectively. For all function f : R? — R,
we denote by Vf and V?f, the gradient and the Hessian of f respectively, if they exist.
For all function F' : R — R™ and compact set K C R%, denote || F|_ = sup,cpa | F(z)|,
[Flloox = supPzek [[F'(2)]|. We denote by B(R?) the Borel o-field of and P(R?) the set of
probability measures on R?%. For u,v € P(R?), £ € P(R? x R?) is called a transference plan
between p and v if for all A € B(R?), £(A x R?) = u(A) and £(R? x A) = v(A). The set of
transference plan between p and v is denoted I'(j, ). The random variables X and Y on R?
are a coupling between p and v if the distribution of (X,Y) belongs to I'(i, ). The total
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variation norm between p and v is defined by

—v =2 inf / Taa(x,y)dé(x,y) ,
n—virv=2_inf [ @) deey)

where Ags = {(z,y) € R xR? : 2 =y}. For V : R? — [1, +00), define the V-norm between

w and v by
/ fdp— / fdv
R4 R4

When V(z) = 1 for all z € R%, the V-norm is simply the total variation norm. For all
p € P(R?), define the support of u by

lw—v|v = sup{ . f:R? — R is Borel measurable and |f| < V} .

suppp = {z € R? : for all open set U > z, u(U) > 0} .

In the sequel, we take the convention that inf () = +oo.

2. GEOMETRIC CONVERGENCE OF THE BPS

2.1. Presentation of the BPS. In all this work, we assume that the potential U, given by
(1), is continuously differentiable on R%. Let Y C R? be a closed C*®-submanifold Y C R?,
which is rotation invariant, i.e. for any rotation O € R4 OY = Y. The BPS process
(X¢,Y1)i0 associated with U evolves on (R? x Y, B(R? x Y)) and is defined as follows.
Consider some initial point (z,y) € R? x Y, and a family of i.i.d. random variables
(E}, E2,G))ien+ on the same probability space (€2, F,P), where for all i € N*, E} E? are
exponential random variables with parameter 1, G; is a random variable with a given dis-
tribution p, on (Y,B(Y)), referred to as the refreshment distribution. In addition, for all
i € N*, B}, E? and G; are independent. Let )\, > 0, referred to as the refreshment rate,
(Xo0,Yy) = (z,y) and Sy = 0. We define by recursion the jump times of the process and the
process itself. Assume that S, and (Xi, Y;)i<s, have been defined for n > 0. Consider

T&-s—l = E%-H/)‘r
¢
(3) T3+1 = inf {t >0 : / (Ys,,VU(Xg, + SYSn)>+ ds > ETQLJA}
0
Tot1 = Top AT

Set Sn+1 =5, + Th+1, (Xt,Y;g) = (Xgn + tYSn,st), for all t € [Sn,SnJrl), X5n+1 = Xsn +
Th+1Ys, and

= Gni1 if T =Ty
s R(Xs,,,,Ys,) otherwise,

where R : R2¢ — R? is the function given for all z,y € R? by
R(z,y) =y —2(y,n(VU(2))) n(VU(x)) ,

if 0
where for all z € R? | n(z) = z/ |zl if 2 # )
0 otherwise .

(4)

Note that for all (x,7) € R with VU(z) # 0, R(z,y) is the reflection of 3 orthogonal to
VU (z) and therefore for all (z,y) € R??, |R(z, )| = |ly|.

If Tpiq = T} 11, we say that, at time T}, 1, the velocity has been refreshed, and we call
T, 11 arefreshment time. If T}, 11 = TT%_H, we say that, at time T}, 11, the process has bounced,
and we call 7,11 a bounce time.

Then, (X;,Y;) is defined for all ¢t < sup,,cy Sy and we set for all ¢ > sup,,cy Sn, (X, Y2) =
oo, where oo is a cemetery point.
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In fact, it is proven in [14, Proposition 10] that almost surely, sup, ¢y Sn = +00. Therefore
almost surely (Xy, Y;);>0 is a (R? x Y)-valued cadlag process. By [9, Theorem 25.5], the BPS
process (X¢, Y;)s=o0 defines a strong Markov semi-group (P)s=o given for all (z,y) € R? x Y
and A € B(R? x Y) by

Pt((‘/Ea y)aA) = P((Xta Y;f) € A) )

where (Xy,Y})ier, is the BPS process started from (z,y).
Consider the following basic assumption.

A1. The potential U is twice continuously differentiable, u is rotation invariant and (x,y) —
|yl IVU (z)|| is integrable with respect to 7@ defined by (2).

It is shown in [14, Proposition 24] that, under A1, the probability measure 7 defined by
(2), is invariant for (P;)¢>q, i.e. 7P, = 7 for all ¢ > 0.

2.2. Main results. For V : R?xY — [1, +00), the semi-group (P;)¢>0 with invariant measure
7 is said to be V-uniformly geometrically ergodic if there exist C, p > 0 such that for all t > 0
and all p € P(R? x Y) with u(V) < +oo0, it holds

(5) |uP —7|lv < Ce P u(V) .

We state in this section our main results regarding the V-uniformly geometrically ergodicity
of the BPS.
Our basic assumptions to prove geometric ergodicity are the following.

A2. (i) The potential U satisfies 1imjy) 400 U(x) = +00 and [paexp (=U(z)/2)dzx <
+00. Moreover, and without loss of generality, for all x € R%, U(z) > 0.

(ii) wy admits a density w.r.t. the Lebesque measure on RY or there exists mo > 0 such
that iy (roS?) > 0.

Here, we establish practical conditions on the potential U, u, and Y implying that (P;)¢>0
is V-uniformly geometrically ergodicity. In fact, these conditions are derived from a more
general result. However, since the assumptions and statement of the latter can seem very
intricate, for sake of clarity we have decided to give this result next to its application.

Consider the following alternative conditions, which will be used in the case where Y is
bounded.

A 3. The potential U satisfies
lim |[VU(z)|| =00, sup HVQU(:L‘)H <00
T€R2

]| =00

A 4. There exists < € (0,1) such that

liminf {||VU(z)|/U"*(z)} >0, limsup {||VU(3:)|| / U1_§/2(:L‘)} < +o0,

lim sup {HVQU(Z')H JU(2)} < 400 .

]| —+o0

A5. The potential U satisfies im0 || VU (2)]| / [VU (2)]| = 0 and there exists s € (0,1)
such that

liminf |VU(z)|| /U™ (z) >0 and 1
z||—=+o0 |

im
[l ||| —+o0

IVU ()| /U9 () = 0.



GEOMETRIC ERGODICITY OF THE BOUNCY PARTICLE SAMPLER 5

Note that A5 is similar to A4 but these two conditions are different: none of them implies
the other. Indeed, on R?, consider U (21, 2) = (1+|z1]2)*/%+ (14 |z2|?)?/? for some a, B > 1.
Then for all (z1,72) € R?, we have

a/2— _ Fla,x 0
VU(@) = lana (14D o+ 2 ) = (P4 L D)
where F(a,z1) = a(l + 23?71 + 202 (a/2 — 1)(1 + 22)*/>72 |
In that case A4 is satisfied if and only if [(aV 3)/2,a A B] # 0, while A5 is satisfied if and
only if [2(aV 8)/(1 +aV B),a A B8] # ), chosing in both cases ¢~! > 1 in the corresponding
interval. In particular, if both «, 5 > 2, then A5 is satisfied, but A4 may not (if a > 24 for

instance). On the contrary if, say, « = 4/3 and 3 € (1,8/7), then A4 holds while A5 does
not.

Theorem 1. Assume A1, A2, Y is bounded and either A3, A/ or A5. In the case where
A 3 holds, set ¢ = 1. Then, for any refreshment rate A\, > 0, there exists k € (0,1] such
that (P))sso is V-uniformly geometrically ergodic with V : R x Y — [1,400) given for all
(z,y) € RT XY by V(z,y) = exp (kU (z)).

Proof. The proof is postponed to Section 3.5. g

The geometric ergodicity of BPS was also shown in [10, Theorem 3.1] under A3 and with
the condition that A; is sufficiently large. Note that we do not impose this last condition in
Theorem 1.

Note that A3, A4 and A5 all require that lim,|_ o VU ()| = +00. We consider now
the case where lim inf) ;|1 [|[VU(2)|| < +o00 possibly.

A 6. The potential U satisfies iminf o0 [VU(7)]| > 0 and lim|— 400 ||V2U(x)H =0.

The following result is a generalization of [10, Theorem 3.1] which consider Y = S¢ and
is the uniform distribution on S¢.

Theorem 2. Assume A1, A2, A6 and Y is bounded. Then, there exists \g > 0 such that,
if Ar € (0, X0, (Py)i=0 is V-uniformly geometrically ergodic with V : RYx Y — [1,400) given
for all (z,y) € REx Y by V(z,y) = exp(U(z)/2).

Proof. The proof is postponed to Section 3.6. O

Note that contrary to the setting of Theorem 1, the result of Theorem 2 requires that the
refreshment rate A; is sufficiently small for the BPS to be V-uniformly geometrically ergodic.
In the case where Y is unbounded, A4 must be strengthen as follow.

AT. There exists s € (0,1) such that
0 < lliﬁninf {IVU()|| /U *(z)} < limsup {|[VU(2)||/U" ()} < 40,
—+o00

|k ||| =00

lim sup {HVQU(.Q?)H JUY ()} < +o0.

||| =400
A7 (and therefore A4) holds when U is a perturbation of an a-homogeneous function:
Proposition 3. Let o € (1,+00) and assume that U = Uy + Uy with Uy, Us € CQ(Rd)
satisfying
e Uy is a-homogeneous: for allt > 1 and x € R? with ||z|| > 1,
Ui(tx) =t*Ui(x) and lim  Uj(z) = 400 .

[|[| =00
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timsup {U(2)/ | + VU@l / le]*~ + [ V20a(@)]| / ]*~2} = 0

|z||—=+o0

Then A7 holds with ¢ = 1/a.
Proof. The proof is postponed to Appendix A. O

This class of potentials is considered in [24, Theorem 4.6], which shows that the Random
Walk Metropolis algorithm is geometrically ergodic for target distributions 7 associated to a
potential belonging to this class.

Theorem 4. Assume A1, A2, A7 and u, admits a Gaussian moment: there exists n > 0
such that fY e”"y”qu(dy) < +00. Then, for any refreshment rate Ay > 0, there exists k € (0, 1]
such that (P))sso is V-uniformly geometrically ergodic with V : R x Y — [1,400) given for
all (z,y) € R x Y by V(z,y) = exp (kU*(x)) + exp(n |y||*).

Proof. The proof is postponed to Section 3.7. O

As noticed before, Theorem 1, Theorem 2 and Theorem 4 ensue from a more general
results, which holds under the following assumption.

A 8. There exist some positive functions H € C(R,), ¢ € C*(R), £ € CYR?), and some
constants R,r,0 >0, ¢; >0 fori=1,...,4 satisfying the following conditions.
(i) Conditions on U. The function U, defined by U = 1) o U, satisfies

(6) lim  O(z) = 400, / exp (U(z) — U(z)) d < +o0
]| —+o0 R4
(7) suﬂg) {exp (~U(=)/4) (|VU ()| + HVQU )|} < 400,
zeR4
and for all x € R? with ||z| > R,
(8) VU ()| 6(z) > e1 Uz) < e, IVU ()] £()/ || VU ()| = 3 -

(ii) Conditions on jiy.

/eH(yll)MV(dy) <o, sup e y) < oo, /1[r+m)(y1)uv(dy)
v Y

yeY

1\3\04

(iii) Conditions on U and p,. For v € R?, define
(9) Ar={yeY: H(yl) <3U(x)} .

Assume that
[Ve(z)|| {1 V sup Iyll}] 0,
yE T

and for all x € R? with ||z| > R,

(10) lim

l|#]|—=+o0

(11) V20 ()| ¢(a) { sup Hyu2} < o

yéz

Theorem 5. Assume A1-A2-A8. Assume in addition that the following inequalities hold
(12)  [16Xcca/(re1)] A [64cqca/(rer)?]
< [(1/3) A {Adrer/(16¢q)}] [{03/(402)} A {Abes/(100r¢;) /2
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Then there exists k € (0,1] given below by (32), such that (P;)i>o is V-uniformly geomet-
rically ergodic with V' given for all (z,y) € RY x Y by V(z,y) = exp (kU(x)) +exp(H(||y|))-

Proof. The proof is postponed to Section 3.4. g

Remark 6. Note that, under A8, (12) is implied by either one of the two following additional
assumptions:

(@) iy oo || VU (@) = +oo;
(b) Ty 400 £(z) = 0;
(¢) limyp) 5400 VU (2) || £(z)/ || VU (2)]] = +o0.

Indeed, if (a) holds, then c¢1 can be chosen as large as necessary while ca,cq,c3 can be held
fized so that (12) is satisfied. If (b) holds, then ca can be chosen as small as necessary while
c1,c3,c4 can be held fixed. Finally if (¢) holds, then cs can be chosen as large as necessary
while c1co, cq can be held fixed.

Note that if (P;);>0 is V-uniformly geometrically ergodic then by [18, Theorem 4.4], a
functional Central Limit Theorem (FCLT) holds. Let g : RY x Y — R satisfying for all
(z,y) € REx Y, |g]* < CV for some C > 0. Let (X;,Y;)=0 be a BPS process with initial
distribution po € P(R? x Y), satisfying uo(V) < +oo. For t = 0 and n € N,, define

G = / 9(X,, Ys) — 7(g)) ds.

Then, there exists o, > 0 such that the sequence of processes {(G})i=0,n € N} converges
as n — oo toward (04B;)i>0 in the Skorokhod space, where (By)i>o is a standard Brownian
motion. It is also possible to consider moderate deviation [21, 12] or large deviation principle
[46, 26]

3. PROOFS OF THE MAIN RESULTS

For the proof Theorem 5, we follow the Meyn and Tweedie approach, based upon two
ingredients: a Foster-Lyapunov drift and a local Doeblin condition on compact sets. This
section is organized as follows. Before showing the Foster-Lyapunov drift in Section 3.2, we
introduce the generator of the BPS in Section 3.1. Then in Section 3.3, we show that under
appropriate conditions, the BPS satisfies a local Doeblin condition on compact sets. Contrary
to the previous works [35, 10, 5], this result is obtained in the case where p, has a density
with respect to the Lebesgue measure by a direct coupling. With these two elements in hand,
Theorem 5 is proven in 3.4. The proofs of Theorem 1, Theorem 2 and Theorem 4 are given
in Section 3.5, Section 3.6 and Section 3.7.

3.1. Generator of the BPS. The BPS process belongs to the class of Piecewise Determistic
Markov Processes (PDMP). Indeed, consider the ordinary differential equation on R

d (a Yi
1 — =
(13) dt (yt> (O ’
and define for all ¢+ > 0, the map ¢; : R?? — R2?? given for all (z,y) € R?? by
(14) Gi(z,y) = (z +1ty,y) .

The family (¢¢);er, is referred to as the flow of diffeomorphisms associated with (13) i.e. for
all (z,y) € R?®, t — ¢¢(x,y) is solution of (13) started at (x,y) and for all t > 0, (z,y) —
¢i(x,y) is a C*°-diffeomorphism. In addition to the deterministic flow (¢;);cr, , the BPS, as
a PDMP, is characterized by a function A : R x Y — R, referred to as the jump rate, and
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a Markov kernel @ on R% x Y x B(R? x Y), defined for all (z,3) € RY xY and A € B(R? x Y)
by

Az, y) = (y, VU (2)), + A,

Q= [oo {8 s 2w,

where §, is the Dirac measure at € R%. With these definitions in mind, we can define a
PDMP (in the sense of [9]) (X}, Y;);>0 which has the same distribution as (X;,Y;);>0 on the
space D(R,,R%) of cadlag functions w : Ry — RY endowed with the Skorokhod topology,
see [23, Chapter 6].

Consider some initial data (z,%) € R?¢, a family of i.i.d. random variables (E;, G, W;)i>1
on the probability space (€, F,P) introduced in Section 2.1, where for all i > 1, E; is an
exponential random variable with parameter 1, G; is a random variable with distribution Lhys
W; is a uniform random variable and Ej, G; and W; are independent. Set (Xo,Yp) = (z,y)
and Sy = 0. We define by recursion the jump times of the process and the process itself. For

alln > 0, let
~ t ~
Tois :inf{t >0 / )\{gbs(Xg )}ds n+1}
0

Set gn+1 = §n+Tn+1; (Xbﬁ) = ¢t(XS'n’ ?gn) forallt € [Sn, Sn+1), Xs,n+1 = Xgn +Tn+11~/§n
and
& . Gn+1 if Wn‘H )\/)\( 41’ an)
Snt1 R(X'g 175«”) otherwise ,

n+1’
where R is defined by (4). Thus, (X;,Y;) is defined for all ¢ < sup,cy Sy, and we set for
all t > sup,,en S, (Xt,Yt) = oo, where 0 is a cemetery point. Note that for all n € N*,
(X Y ) is distributed according to Q((Xg, ,st ), ).

From [14, Lemma 7] (Xt,}/;g)t>0 and (Xt,Yt)t>0 have the same distribution (in particular,
almost surely sup,,cy S, = 00 and (X4, Y;)is0 is a (R? x Y)-valued cadlag process).

Consider the canonical process associated with the BPS process (X4, Y;)¢>0, still denoted
by (X¢, Y:)=0 on the Skorokhod space (D(R,,R?% xY), F, (F¢)t=o0, (P2y) (z,y)crixy ), Where F
is the Borel o-field associated with the Skorokhod topology, (F;):>¢ is the completed natural
filtration, and for all (z,y) € REx Y, [P, 4 is the distribution of the BPS process starting from
(z,y) € RY x Y. For all t > 0 and Borel measurable functions f,g: R? x Y — R such that,
for all (z,9) € R? x Y, s+ g((Xs,Y;)) is integrable P(,,,)-almost surely, denote

t
(15) MP9 = f(X0,Y0) = f(Xo, o) — /0 9(X, Yo)ds .

The (extended) generator and its domain (A, D(A)) associated with the semi-group (P)i=0
are defined as follows: f € D(A) if there exists a Borel measurable function g : R x Y — R
such that (Mtf’g)t>0 is a local martingale under P, . for all (z,y) € RY x Y and, for such a
function, Af = g. Despite its very formal definition, (A, D(A)) associated with (P;)¢>o can
be easily described. Indeed, [9, Theorem 26.14] shows that D(A) = E; N Eg where

E, = {f e M(R? x Y) : t— f(ps(z,y)) is absolutely continuous on R, for all (z,%) € RQd}

and E, is the set of Borel measurable functions f : R x Y — R such that there exists
an increasing sequence of (F});>o-stopping time (o,,)n>0, such that for all (z,y) € R2?
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limy,—s 400 07y = 00 P, )-almost surely, and for all n € N*,

—+00

(16) Ezy) Z Lig,<ont 1f(Xs,, Ys,) — f(Xs,—, Vs, )|
=1

< 400 .

Taking for all n € N*, g, = S, An A v, where v, = inf{t > 0 : || X;|| > n}, (16) is satisfied
for any continuous f. As a consequence, C(R? x Y) C D(A).
Then, for all f € D(A) and z,y € R? x Y,

(A7) Af(e,y) = Dyfla.y) + (ly, VU@))4 {f (@, Rz ) Fe,0)}
Y { [ s w) - f(sc,w} ,

where
limy o LEs DI @) it this limit exists

0 otherwise .

Dyf(x,y) = {
In particular, if 2 +— f(z,y) is C! for all y € Y, then
(18) Af(z,y) = (v, Vf(z,9)) + (v, VU(x)))+ {f(z,R(z,y)) — f(z,y)}
o [ st - s}
3.2. Foster-Lyapunov drift condition. For a,b,c e Ry, a <b<c¢c,c—b<b—a<aand

e € (0,1] consider a non-decreasing continuously differentiable function ¢ : Ry — [1,+00)
satisfying

ols) =1 it s € (—o0,~2]
l+a(s+2)—e<e(s) <1l+a(s+2)+¢ if s € (-2 1)
(19) o(s)=1+b+s(b—a) ifse[— ,0]
1+b+s(c—b)—e<e(s) <1+b+s(c—b)+e if s € (0,1)
p(s)=1+c¢ if s € [1,+o0],
and
(20) sup ¢'(s)<ate, sup ¢(s)<c—b+te.
s€[—2,—1] s€[0,1]

In addition for x € (0,1], under A8, define the Lyapunov function V : R? x Y — [1, +00) by

(21) V(w,y) = exp(sU(x))p { (26(x)/ (re1)) (y, VU (2)) } + exp(H([[y]])) -

This section is devoted to the proof of a Foster-Lyapunov drift condition for the generator A
given by (18) and the function V' defined in (21).

Lemma 7. Assume A 1-A 2-A 8 and (12) hold. There exist a,b,c € Ry, a < b < ¢,
c—b<b—-—a<a,cece€ (0,1 and k € (0,1] such that A given by (18) satisfies a Foster-
Lyapunov drift condition with the Lyapunov function V, i.e. there exist A1, As > 0 such that,
for all (z,y) € R x Y,

(22) .AV(x,y) < Al (A2 - V(ﬂf,y)) :
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Proof. For ease of notation, we denote in the following 6(xz,y) = (VU (z),y) for any (z,y) €
R? x Y. From (18) and the facts that VU (z) = ¢/(U(x))VU(z) and HR(J; )|l = |y, for any
(z,) eRI XY,

(23) AV (z,y) = exp (vU()) J(év,y)+Ar{/YeXP(H(HWII))uv(dw)—eXp (H(IIyH))} ,
where
(24) J(x,y) = Kb(x,y)p {20(x)0(z,y)/(re1) }
+(2/(re1))’ {20()0(, y)/ (ren)} [€(x) (y, VU (2)y) + 0(x,y) (VL(z), )]
H{IVU @)/ [[VU(@)[[HO(@, y)}+ [ {=20@)0(2, )/ (re1)} — ¢ {20(2)0(2, )/ (re1)}]

o {/v P {2U2)/(ren)) (VU (), w) } dp (w) - w{%(:c)e(x,y)/(rcl)}} |
The first step of the proof is to show that there exist Ay 1, A;2 > 0 such that

(25) AV (z,y) < —A11V (z,y) + Ay 2 for any (z,y) € R x Y, y €A,

where A, C Y is defined by (9). In a second step, we show that there exist A, Az2 > 0
such that

(26) AV(%ZJ < _AQ,lv(xa y) + A2,2 for any ($,y) € R x Y,y €A,
Note that if (25) and (26) hold, then the proof is concluded.

Proof of (25). Let (z,y) € R x Y, y & A,. From (24) and the facts that ¢ is bounded by
1+c, that p(—s)—¢(s) < 0 for any s € Ry since ¢ is non-decreasing, and that sup,cg ¢'(s) <
(a+e)VbV ((c—b)+¢e) <1+ csince e <1, we have
27) J(z,y)

< (1 +0) [6[VO@)| lyll + @/ e { Iyl IV + @) Iyl VU @)} + A -
By (8) and (10) and since £ € C*(R?), ||V£|| . + ||¢|l, < oo. Therefore plugging (27) in (24)
and using (7) and A8-(ii), we get

AV (2,y) < C1(LV [ly[I*) exp(5U (2)/4) + C2 = Arexp(H([ly]) ,

o 2||V¢ 2| V20V ||
G = (149 {(HWUG_U%) v Hoow aEATEY Hoo} oo
1

(25) Cy= A /Y exp(E (1) (1) < 400

~— T N —

Using now A8-(ii) and the continuity of H, we get that C3 = C1sup,ey(1V |ly]|?)eHlvl/2
is finite. Since y & A, 3U(z) < H(||y||) and we obtain

AV (2, y) < Czexp(11H([|ly[[)/12) + C2 — Arexp(H([[y])) ,
—(A/2) exp(H(|lyll)) + Ca , Ca = Co + sup {Cze™*/1? — A}

seR4

<
<

The proof of (25) follows upon noting that x < 1 and that ¢ is bounded by 1+ ¢, so that
Vie,y) < 2+ ) exp(H(ly]) if y & A
Proof of (26). We show in Lemma 8 that there exist a,b,c € Ry, a < b < ¢, € € (0,1],
€ (0,1), By € Ry and n € R such that for all (z,y) € R x Y, y € A, and |z|| > Ry,
J(x,3) < —n. Note that if this result holds, then for all (z,y) € R¥x Y,y € A, and ||z|| > R;
by (23),

(29) AV (z,y) < —nexp(kU(x)) + C2 = Arexp(H([[yl])) < —((n/(1+¢)) ANV (2,y) + C2
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where Cy is given by (28) and we have used for the last inequality that ¢ is bounded by
1 + ¢. This result concludes the proof of (26) for ||x|| > R;. It remains to consider the case
Il < . )

Since ¢ and U are continuous, so is U, so that there exists M such that for all z € B(0, R;)
and y € A, H(||lyll) < My. Since sup,ey |[w|® e #U*) < 400 by A8-(ii), it follows that
there exists My such that for all € B(0, Ry), A, C B(0, Ma). Then, using that U € C2(R?),
¢ € CHR?), H € C(Ry) and ¢ € C(R) we get that there exists Cs, Cg such that for all
x € B(0,Ry) and y € Az, AV (z,y) < C5 and V(z,y) < Cg. Combining this result and (29)
concludes the proof of (26). O

Let us now precise the parameters we chose in the definition of V. Set
(30) a= 1A ([(1/3) A {Adrer/(16ea)}] [{es/ (de2)} A {Ades /(100rc1)}1/2D71
(31) b—a=al(1/3) AN{A\drc1/(16c4)}]
(32) r = (b—a) [{es/(4e2)} A {Ades/(1007er)} 2]

= a[(1/3) A {Adres /(16e0)}] [{es/ (dea)} A {Acdes /(10071172
(33) c—b=[0Aa/(4(4cs/(rca) + 2X\))] A (b—a) A [(b— a)cs/(4ke2)] A (5b/4)

(34) e=(1/2) A (c—Db) A (krer/4) A (Acea)
Note that x <1 and
(35) 0<e—b<b—-a<ax<l.

Lemma 8. Assume A1-A2-A8 and (12) hold. Then for a,b,c, ke € (0,1], given in (30):
(31)-(33)-(32)-(34) respectively, there exist R,n > 0 such that for all z € R with ||z|| > R
and ally € Ay, J(x,y) < —n, where J and ¢ are defined by (24) and (19) respectively.

Proof. In the proof, we first give a bound on J for any (z,y) € R% y € A,. Second,
we distinguish five cases depending on the value of 2¢(z)0(x,y)/(rc1) which determines the
contribution of ¢ and ¢’ in J. For ease of notation, we denote for any (z,y) € R% x Y,
0(z,y) = (VU(x),y) again.

By (10), there exists R; € R4 such that for any (x,y) ceRe ye A, 2| = R,

(36) IVE) [yl <

From (8), (2)|| €(z) = ¢1 for all z € R? with ||a:|] R. Using A8-(ii) and the facts
that ., is rotation invariant and that ¢ is non-decreasing, bounded by 1 4 ¢ and equal to 1
on (—00,2], we then have for any » € R? with ||z|| > R

[ et/ e (VO w) b (w) = [ ¢ {26) [T/ (ren) (o
\Y \Y%

< [ 20 + (14 0) [ (i) < 14 (1= 3/2)c.
v v
Therefore, combining this result, (36), (11) and the fact that ¢ is non-decreasing so that
¢'(s) = 0 for any s € R, we get, for any z € R? with ||z|| > Ry = RV R; and all y € A,
J(z,y) < K0(x,y)p {20(2)0(2,y)/ (re1)} + (2/(rer))@’ {20(2)0(x, y) /(ren) } ea + 10] (2, y)e]
H{IVU @)/ [ VU (@) [0, 1)} + [o {=20()0(2, y) /(re1) } — 0 {20(2)0(x, )/ (re1) }]
(37) + A A1+ (1=06/2)c— 0 {20(z)0(x,y)/(re1)}} -

Let (z,y) € RTx Y,y €Y, |z|| > R2. We consider now five cases.
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Case 1 : 20(x)0(x,y)/(rc1) € (—oo,—2]. Since for s € (-2, —o0], ¢(s) = 1, (37) reads
(38) J(z,y) < kB(z,y)+ (1 —0/2) A\

Using the facts that 2¢(2)0(x,y)/(rc1) € (—o00, —2], that £(2) < ¢ for all z € RY by (8), that
(b—a)V (c—b) <aby (35), that a < re1kr/(6Acc2) by (32) and that (12) holds, we get

reik/(20(xz)) = reik/(2c2) = 3ha = (1 —5/2)\;
By this result and (38), we obtain
(39) J(z,y) < —raik/(2c2) .

Case 2 : 20(x)0(x,y)/(re1) € (—2,—1). By (19)-(20), 14+2a+sa—e < ¢(s) < 1+2a+sa+e
and ¢'(s) < a+¢ for s € (—2,—1), so that (37) reads

J(x,y) < Kbz, y){1 + 20 + 2al(z)0(z,y)/(rer) — e} + (2(a+€)/(rer)){ea — eb(z, )}
+ A {(1=6/2)c — 2a — 2al(z)0(x,y)/(rc1) + €}
< By + Bi6(x,y) + 20(x) Bob(x, y)? /(re1) < Bo + (By — 2 By)(z,y) ,

where we have used that 2¢(z)0(z,y)/(rc1) € [-2, —1] and that ¢(z) < ¢ by (8), and defined

By =2(a+¢)ca/(rer) + A{(1 —6/2)c — 2a + €}

By = k(14 2a —¢) — 2\acy/(re1) — 2e(a+¢€)/(rer)

By = ka .
First, (34) and (35) ensures that € < (1/2) A a A (Arc2), and therefore

By — 2By > k/2 — 4)acy/(rc1) = k/4

where we have used that a < rcik/(16A.c2) for the last inequality, which is a consequence of
(32) and (12). In particular, B; > 2By and using again that 20(x)0(z,y)/(rc1) € (—2,—1)
and £(z) < ¢g from (8), then

(40) J(x,y) < By + (re1/(2¢2))(2B2 — B1) < By — reik/(8¢a) .

Since ¢ < a A (c—10b) by (34), c—b < b—a by (33) and b — a < a/3 by (31), we have
By < 4acy/(re1). Hence, (40) becomes

(41) J(z,y) < 4dacy/(rc1) —reik/(8ce) < —repk/(16¢9)

where we have used (32) and (12) for the last inequality.
Case 3 : 20(x)0(x,y)/(rc1) € [—1,0]. Using the expression of ¢ on [—1,0] given by (19),
(37) reads

J(z,y) < w0z, y){1+b+ (b —a)20(z)0(z,y)/(rc1)} + (2(b — a)/(rei)){ea — Oz, y)e}
+M{(1=6/2)c—b—20(x)0(z,y)(b—a)/(rc1)}
(42) < By + B160(x,y) + Ba20(x)/(rc1)0(x, y)? < Bo + (By — B2)0(x,y) ,
where we have used that 26( )0(z,y)/(rc1) € [-1,0] and ¢(z) < ¢2 by (8), and defined
=2(b—a)cs/(rer) + M{(1 —6/2)c — b}
=r(1+b) —2(c+ Mc2)(b—a)/(recr)
By =r(b—a).
First, since ¢ — b < db/4 < 6¢/4 and a < ¢ by (33) and (35), we have
(43) By < 2(b—a)ca/(rer) — Aede/4 < 2(b— a)eq/(rer) — Avda/4 < —add/8
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where we have used that b —a < A\darcy/(16¢4) by (31) for the last inequality. Second, from
the facts that ¢ < A\pea by (34) and (b —a) < a/3 < 1/3 by (31)-(30), we have
(44) By — By < k(b—a) + 4 ca(b—a)/(re1) — k(1 +b) < 4\eoa/(rer) — k<0,

where we used the definition of £ (32) and the condition (12) for the last inequality. Com-
bining (43) and (44) in (42), we get

(45) J(l’, y) < —a>\r5/8
Case 4 : 20(x)0(x,y)/(rc1) € (0,1). First, note that since p(s) = 1+ b+ s(b — a) for
€ [-1,0], and ¢ is non-decreasing, we have for any s € [0, 1],
p(=s) — ¢(s) < p(=s) —¢(0) < =(b—a)s .
From this result and the fact by (19)-(20) that 1+b+s(c—b)—e < p(s) < 1+b+s(c—b)+¢
and ¢'(s) <c—b+e¢ for s € (0,1) we get that (37) reads

J(z,y) < kO(z,y) {1+ b+ 20(x)0(x,y)(c—b+e)/(rc1) + €}
+(2(c—b+e)/(rer)) {ea + 0(z,y)e} — (IVU ()| / |VU (2)[)26(2) (b — a)0(, y)*/(rer)
+A{1+(1—-0/2)c—1—b—2lx)0(z,y)(c—b)/(rc1) + €}
< By + BiO(z,y) + 20(x)Bab(x, y)?/(rcy)
where we have used that (|[VU(z)||/ ||VU(z)|)¢(x) = c3 by (8), 6(x,y) > 0 and defined
By =2cs(c—b+¢e)/(rc1) + M{(1 —=6/2)c—b+ €}
Bi=krk(l4+b+e)+2e(c—b+e)/(rcr)
By ={k(c—b+¢e)—c3(b—a)/l(x)} .
Since € < ¢ — b by (34), ¢(x) < c2 by (8) and 2kca(c — b) < c3(b—a)/2 by (33), we get
(46) By < =By = —c3(b—a)/(20(z)) ,
and therefore
J(z,y) < By + B16(x,y) — 20(x)Bab(x, y)? ) (rer)
Then, using that s — Cys — Cas? is bounded by C?/(2C3) on R, we obtain
J(x,y) < Bo + 0(x, y)rei B/ (46(x) By)
Therefore, since 0(x,y) € (0,1), to show that

(47) J(z,y) < —A\dc/16

it is sufficient to prove that

(48) By < —X\oc/4

(49) re1 B2/ (40(x)By) < Adc/8 .

First (48) holds since using that ¢ < (¢ — b) by (34) and that a < ¢, we have

By—6/4=2cs(c—b+e)/(rc1) + M{(1 —0/4)c—b+¢€}
< (deg/(rea) + 2M) (¢ — b) — dar /4 <0

using (¢—b) < daA:/(4(4ea/(re2)+2A:)) by (33) for the last inequality. It remains to establish
(49) which is equivalent by definition of By and Ba (46) to

(50) K(14+b+e) 4 2e(c—b+e)/(rer) < {hcdes(b—a)/(4re))}1/2 .
Since £ < 1 A (kre1/4) by (34), c—b< 1 and b < 2 by (35) and (30), we get
kK(l+b+e)+2e(c—b+e)/(rc1) <5k .
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This result, the inequality b — a < ¢ and the definition of £ (32) implies that (50) holds.
Case 5 : 20(x)0(x,y)/(rc1) = 1. Since by (19), p(s) = 1+¢, ¢'(s) = 0 and p(—s) —¢(s) <
a—cfor s > 1, (37) reads

J(z,y) < kb(z,y)(1 + ) —{[[VU(z H/HVU )}0(z,y)(c — a) — Xde/2
< 18, 5) (1 + ) — (V@) 2/ (e2 [ VT @) )10, ) (e — @) — Mebes2
<A{r(1+¢) —c3(c—a)/ca}b(x, y) Ar0c/2

where we used successively that by (8) {(z) < ¢ and ||[VU(2)|[£(z)/ |VU(z)|| = cs. Since
¢ < 3 by (35) we have

J(@,y) <{r(1+ ) = cs(c — a)/c2}0(x,y) — Acdc/2
(51) < {4k — c3(b—a)/ca}b(z,y) — A\dc/2 < —Aoc/2

where we have used the definition of x given by (32) and 6(x,y) > 0 for the last inequality.
The proof follows from combining (39)-(41)-(45)-(47)-(51). O
Corollary 9. Under A8, for all (x,y) ER XY andt >0
PV (z,y) < V(z,y)e M + Ay(1 — e~ 1f).
where V' is given by (21) and Ay, Ay are given by Lemma 7.
Proof. By [9, Section 31.5], since V' € D(A), the process (M;);>0, defined for any ¢ € Ry by

t
M, = MV (X, V) — V(z,y) — / {A1eMV (X, Ys) + eM AV (XS, Yy) b ds
0

is a local martingale. Therefore (Mar, )t>0 is a martingale where for all n € N*, 7,, = inf{t >
0 : [[Xef + [[Yell = n} and

tATh
E M0V (Xinr, , Yins,)| = V(e.y) = E [ / M { ALV (XS, Ye) + AV (X, Vo) Hds
0

tATh
g E [/ 6A18A1A2d8:| < AQ (eAlt — 1) .
0

Letting n go to infinity concludes the proof since it yields
AME V(X Yy)] < V(a,y) + As (e —1) .
O

3.3. Mirror Coupling. To obtain geometric ergodicity, the classical Meyn and Tweedie
approach is, once a Lyapunov drift condition holds, to show that some sets C C R? x Y are
small sets: there exist £ > 0, ¢ > 0 and v € P(R? x Y), v(C) = 1, such that

P((z,y),A) =2 ev(A), forall AC C.

It is commonly known that this condition is equivalent to: there exist ¢ > 0, € > 0 such that
for all (1")3/)7 (‘%7@) € C)

1P:((z,y),-) = P((Z,9),)[lrv < 2(1 —¢€) .

This section is devoted to the proof of the following result:

Lemma 10. Assume A1 and A 2-(ii). Then, any compact set K C R? x Y is a small set.



GEOMETRIC ERGODICITY OF THE BOUNCY PARTICLE SAMPLER 15

Previous works [35, 10] show that Lemma 10 hold in case where Y = S? The proof
consists in establishing that the occurrence of more than two refreshment events suffices for
the distribution of Xy, ¢ > 0, to have some density w.r.t. the Lebesgue density on a ball with
a radius proportional to t. Nevertheless, the latter strategy usually yields a non-explicit rate
of convergence. In particular the dependence of the obtained rate in the dimension of the
space is either intractable or very rough.

For this reason, we will present a different argument, based on an explicit coupling of two
BPS processes. However, this will only work under the assumption that u, is not singular
with respect to the Lebesgue measure on R?, which rules out, for example, the case of the
uniform measure on S%. A general proof of Lemma 10, with no additional assumption on .,
may be obtained by a straightforward adaptation of [35, Lemma 5.2] or [10, Lemma 2]. We
will only treat the non-singular case, with a particular emphasis on the case where p, is a
d-dimensional non-degenerate Gaussian distribution with zero-mean and covariance matrix
3.

Before stating our main result, we need the following lemma concerning the reflexion
coupling (see [29], [15] and references therein) between two d standard Gaussian random
variables with different means.

Lemma 11. Let (Y, 23 € R, ¥ be a positive definite matriz and (Wt(l))t>0 be a standard
one dimensional Brownian motion. Define T, = inf{t > 0 : Wt(l) > 21223 — z(MW)]|/2},
the stochastic process (Wt(Q))t>0 by

o _ [-wiY ift <T.

! — 1= (2@ — 2M)|| + Wt(l) otherwise ,

and the d-dimensional random variables

W = Wl(l)n {271/2(33(2) - x(l))} +G, G% = Wl(z)n {271/2(1'(2) - x(l))} +G

G = <Id —n {271/2@(2) - x(l))} n {271/2(33(2) = a:(l))}T> G,

where G 1s a standard d-dimensional Gaussian random variable independent of (Wt(l))t>0 and

n is given by (4). Then G and G are d-dimensional standard Gaussian random variables
and for all M > 0,

P (xa) 4+ 212q0 = @) 4 x12G@) HGm _ 2@ )y /2H < M)
= a(|=2(2® — W), M),

where for all r > 0,
~ r ! —3/2 2
(52) a(r,M) = 2(27t)(d+1)/2/0 {5 exp (—r /(85))

[t (0=t o) ) et 2 b s
R4

Proof. Without loss of generalities, we can assume that > = Id. By the Markov prop-
erty of the Brownian motion (Wt(l))t>0, since T, is a (F}V)i>o-stopping time, where 7}V =
U(Wégl),s < t), Wt(z) is a Brownian motion. Therefore, G) and G®) are d-dimensional
standard Gaussian random variables.

Using again the Markov property of (Wt(l))t>0, given T, < 1, Wl(l) — Wg) is independent
of ]::Iﬁc/. Therefore, since {z) + G = 2 + G@)} = {T. < 1} and G is independent of



16 A. DURMUS, A. GUILLIN, P. MONMARCHE

(Wt(l))@(), we get for all M > 0,

P (mu) £ 212q0) = 4@ 4 512G®)

G m1/2(52) )y /2H < M)

)

= (2n)"¥2E []1[071] (T.) /d Lo, ] {((1 —Tow? + -+ wczl) 1/2} e:c||2/2dw] .
R

N 1/2
—E {1[0,1} (T.)P < (W — w2+ G)*) " < m

The proof then follows from the explicit expression of the density of T, w.r.t. the Lebesgue
measure (see e.g. [40, p. 107]). O

Lemma 12. Assume A1, Y = R? and pu, is the Gaussian measure with zero-mean and

covariance matriz . Then, for all t > 0 and all compact set K C B(0,Rk) of R x Y,
Rk >0, for all (z,y),(Z,7) € K and for all M > 0,

I1P((e,9), ) = P 3), Dl
<2 {1 =B [1pgO B+ 2D (M, 201 + By /\) e || 52| VA B2) g (B2 }

where & is given by (52), for all r > 0,

g(r)y="P <’I”M sup VU (2)|| = Eg) ,
2€B(0,(1+E1 /Ar) Re+(r/Ar) M)
(53) M =M + |52 (1 + E1/\) R

and E1, Eo, E5 are three independent exponential random variables with parameter 1.

Proof. Let K be a compact set of R%?. Let (z,v), (%,7) € K, (x,5) # (Z,7). We construct
a non Markovian coupling (X;,Y;, X;,Y;) between Pi((z,y), ) and Pi((Z,7),-) for all ¢ > 0,
and lower bound the quantity P((X;,Y;) = (X;,Y};)), which will conclude the proof using the
caracterization of the total variation distance by coupling.

Before proceeding to its precise definition, let us give a brief and informal description of
this coupling (see Fig. 1, 2 and 3). We couple both processes to have the same two first
refreshment times S and So. At time Sp, the Gaussian velocities are chosen according to
Lemma 11 so that, in the absence of bounces in the meanwhile, with positive probability, the
processes will reach the same position at time Sy. At time Sy, both velocities are refreshed
with the same Gaussian variable. Hence, with positive probability, at time S5, the processes
have the same position and same velocity, in which case we can keep them equal for all times
t > Ss.

More precisely, the coupling we consider is defined as follows. Let (E}, E?, E3, G;)ien+ be
i.i.d. random variables, where for all i € N*, Eil, Ef , EZ?’ are independent exponential random
variables with parameter 1 and G; has distribution p, and is independent of Ef , 7 €{1,2,3}.

Set (XOa}/E)) = (wvy)v (X07YE)) = (jag)7 58 = SO = SO = 07 NO = 07 Hl = Ell/)\r and
N1 = 1. We define then by recursion the jump times of the process and the process between
these jump times. For n > 0, we consider A, = {(Xsa,Ysa) = ()N(S%, }75%)} and distinguish
two cases.
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space x
A

[ refreshment
bounce

FI1GURE 1. Before the first refreshment at time S, both processes may bounce
freely. At time Sp, the Gaussian velocities are coupled so that, at time So
(which is the next refreshment time), provided this Gaussian coupling of the
velocities succeeds, and provided they haven’t bounced in the meanwhile (i.e.
So < Sy A gb), both processes reach the same position. At time Ss, both
processes take the same velocity: they have merged, the coupling is a success.

space X
A

O refreshment
O bounce

FIGURE 2. If one (at least) of the processes bounces between times S; and
So, then the coupling fails. There may be other bounces after the first one.

space x

[ refreshment
bounce

FiGURE 3. Even if none of the process bounces between time S7 and S5, the
coupling may also fail if the Gaussian coupling of the velocities at time S
fails.

17
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(A) If Npy1 = 1. Define

t
Tgﬂsz{tm: /0 {(YS%,VU(XS%+sYS%)>+}ds>Eg+l} :

t
T&H = inf {t >0: / {<YSZ,VU(XS% + SYga)> }ds n+1]1AC + E%HJIAR} ,
0 n + n
Top1 = Hprn ATy A T
Set S2, | = S2+T, 41, forallt € [Sn, Sn+1)s (X4, Vi) = ¢4(X3,,Y5,), Xsa | = Xsa+Tnt1Vsa,
(f(t, }7}) = qﬁt()zsg, 575%), X’gzﬂ = X’S% + Tn+1175%. If T),41 = Hp 1, consider the two random
variables G(_l), GEQ) defined by Lemma 11, associated with a Brownian motion independent
of (E}, E?,E}, (G j)jen+)ien+, and for z) = Xs s 22 = Xsa |, ¥ the co-variance matrix
associated with p, multiplied by E3/\, and M > 0.
_y1/20(1) v _ y1/2(2
YS?LH_E/G()’YS?LH _E/G()

Npi2=2, Hypo=E% /)

Still if T}, = Hyy1, set { e

Otherwise set N, 12 = Npi1, Hypo = Hyp1 — Thy1 and
if Toir = Tppy = Tops Yoo, R(Xs + Th1Ys,, Ys,) YS%H =R(Xga + T Y3, Y4,
if Ty =Thyy < Ty, Ysa+1 = R(Xsa + Th+1Yss, Ysa) , ?S?z-&-l = Ysa |
if Ty =Ty < Ty, Yga = R(Xga + Tpt1Yss, Yea) | You = Yo .

n

(B) If Ny41 = 2. Define
t
T;H:inf{@o: / {(YS%,VU(XS%+sYS%)>+}ds>E,,1L+1} ,
0

t

TT%—!—l = inf{t >0 : / {<YS%,VU(XS% +SY5a)> }d E2+1]]_Ac +En+1]]-An} ,
0 s

Tnt1 = Hpy1 A T1+1 A Tﬁﬂ

Set S5y = Si+Tnt1, forallt € [Sy, Spy1), (X4, Vi) = ¢1(X5,,V5,), Xsa,, = Xsa+Tnr1Yss,
(X1, Y1) = ¢¢(Xsa, Ysa), Xsa, | = Xga + Tj11Yss and

. _ Yoo  =Gpir, Y 2, =G
if Ty = Hpqa, S _ e n+13 3
Npjyo = Npy1+1 Hn+2 E]\-,n+2/)\ )
Otherwise set Ny, 12 = Npi1, Hyro = Hyp1 — Thy1 and

if To1 = Toyy = Tnpts Yoo, = R(Xg, +Tu1¥s,,Ys,) YS%H =R(Xsa + T V3, V),
if Toi1 = o1 < Toprs Yer,, = R(Xsy + Tt Yop, Yon) , Yo, = Vay
— R(X

n
. 1 < < 7
if Ty =Thyy < Ty, Ysa sa +Tn41Ysy, Yea) , Yoo | = Yea .

n

For t > sup,cn- S2, set (X, Y:) = (Xy, Yi)i=0 = 0o. Denote by (F,)ns1, the filtration asso-
ciated with (E}, EZ, E3, (G ;) jen+)ien+. In the construction of the two processes (X;, Y;)i>0,
(Xt, Y;g)t>0, note that (Wt)t>0 is independent of (E}, E2, E3, (G j)jen+)ien+. By Lemma 11,
we have that conditionally to (E}, E?, E?, (G ;)jen+)ien+, G? is a standard d-dimensional
Gaussian random variable. Therefore from their definitions and [14, Proposition 5], marginally,
(X¢,Y:)e=0 and (X3, Y;)i0 are two BPS processes starting from (z,%) and (,7). However,
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since the conditional distribution of (G(M), G®?)) given (E}, E?, E3, (G j)jen+)ien+ depends on
E3, (Xt,Yt,Xt,fQ)tgo is not Markovian.

Furthermore, from the construction of the two processes, for all n € N if (Xga,Yga) =
(Xga,Ysa), then (X, Y;) = (X, Y;) for all ¢t > S2. Besides, consider 7 = inf{n € N : Ny40 =
2}. Then by definition, if Tr1y = Hyyo and Xgo | + ESGU /N = Xga | + ESGP /N,
then (X53+2,Y5a ) = (Xsa }753+2). Finally, by definition of 7, T,1; = H,y; implies

St = B3N anl if Tovs = Hors. Sres = . 8 = (B3 + F)/\. Based on these three
observations, we get for all ¢t > 0,

P ((X:,Y1) = (X, Y3))

>P (t > 8, Tryz = Hoyo, Xsa | + E3SV2G0 /N, = X | + E3TV2G0) /)\r>
(54)  >P (A N{t > 8} { X, + ESSV2GW /0 = Xpo )y + Eg’zl/?G(?)/Ar}) ,
where A = A1 N Ay,

E3/Ax 3
A = /0 {<YE1°’/>\NVU(XE1°’/>\Y+3YE§/>\T)>+}dS>ET+2 ,

E3/n () . i ) |
Ay = /0 {< Ef’/)\raVU(XEf/)\r+SYE§/>\T)>+}d8>ET+2 .

Since for all n € {1,...,7}, Thy1 = Ty A TAH, (| Ysa
s € [0, B} /],

(55) 16l < [zl + (EF/A) lyll < (1+ EF /A Ric, 1 Xl < (14 E7/Ar) Rg
Therefore, for i = 1,2, by the definition (53) of M,
B ={IG" = (52/2)(Xpsn, — Xpapp ) < M} C{||GD| < M},

= lyll, ”?5%” = [|7]|, so for all

and
ALNBC A = (B3 /MM sup IVU()| > ELs p
2€B(0,(1+E3 /Ar) R +(E3 /Ar) M)
AsNBC Ag = {(ES’/)\r)]\ZI sup IVU(2)|| = E3+2} .
2€B(0,(14+E3 /A\r) R +-(E3 /M) M)

Then, we get by (54) setting A=A NA,,
P (X, Y) = (X, V7))
>P (A NBN{t> S} N {Xps ), +ESSV2GW )\ = Xpg )y + E321/2G<2>/Ar}) .

Conditionning on Fry1 and Ej, using that E}, ,, E2?,, are independent and independent
of G, G2 E3 and F,1, the definition of G G conditionnaly to E3 and F,i1, and
Lemma 11 we have

P (X, Y) = (%, 7))

> E []]-[O,t]()‘r_l{El + Ex})a <M7 HEI/Q(XE?/,\r - XE?/Ar)H vV )\r/EZ) 92(E2)}

Combining this result with (55) concludes the proof. O
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Consider the more general case where p., is rotation invariant and not singular with respect
to the Lebesgue measure on R%. The previous proof may be adapted to this case but the
result is less explicit.

Lemma 13. Assume for all A € B(R?),
(56) pv(A) = cvrs(A)

for some r,6,c > 0, where v, 5 the uniform law on {y € RY, r < ||ly|| < r+6}. Let K C R, be
a compact set. Then there exists two random variables G, G?) with distribution iy, to > 0,
€ > 0 such that for s > tg, there exists M = 0 satisfying for all x,2 € K,

IF’(ersG(l) =i+ sGP ||lgM — (asfi")/QH < M) >1—c¢.

Proof. Let x,7 € K C B(0,Rk), Rk > 0. If s > ||z — Z|| /(2(r +0)) and M > Rk + s(r +6),
then I(z,%,s) = {w € RY, |lw|| < M}N{w e R? : sr < |w—z| < s(r+0)}n{weR?:
sr < |lw—2| < s(r+0)} # 0. Writing 7, s the law of x + sG where G has law p, then for
all A € B(R?), by (56), there exists & > 0 such that

(57) Tp.s(A) AT 5(A) > éLeb (AN I(z, 7, 5)) .

Besides, (see e.g. [39] or [42]), we can construct a pair (G, Gz2) of random variables with both
G and G distributed according to iy, and such that P (x + sG = T + sG) = v, s(A)Avz s (A).
Combining this result with (57), the fact the function in the right hand side of (57) is positive
and depends continuously of x and Z, hence is lower bounded on K, concludes. ([l

Lemma 14. Assume A 1 and (56) for some r,6,c > 0, where v, the uniform law on
{y e R r < ||y|| < r-+8}. Then, for all compact set K of R x Y, there exists tg,a > 0 such
that for all (z,y),(Z,7) € K and all t > to,

1P((z,y),-) = P((Z, ), )llrv < 2(1 —a).

Proof. The proof is exactly similar to the proof of Lemma 12. Indeed it suffices to consider
a coupling of two BPS (X, Y;)¢>0 and (Xt, ﬁ)@o defined similarly to the processes defined
in the proof of Lemma 12 but G, G® are chosen according to Lemma 13 in place of
Lemma 11. ]

Finally, let us precise Lemma 10, in prevision of the low-temperature study of Section 4.2.

Lemma 15. Assume A 1. Then, for all compact set K C R? x Y, there exist ty,e,C, R > 0,
which depend on K, uy and Ay but not on U, such that for all (z,y),(Z,9) € K and all t > ty,

1P, ), ) = PU(@,9), v < 2|1 = eexp (~C VUl pomy ) | -

Proof. In the Gaussian case, the proof follows from the statement of Lemma 12. In the
general case, we only give a sketch of proof, since this is a direct adaptation of [35, Theorem
5.1]. First, in the spirit of the proof of Lemma 12 or of [35, Lemma 5.2], we study a BPS
with no potential, i.e. with U = 0, and we show that we may couple them so that, with
some probability a > 0, they merge in a given time ¢y, without leaving a given compact set.
Then we add independent bounces, and say that the coupling is still a success if no bounce
happens before time #y, which gives the desired dependency with respect to U. ([l

3.4. Proof of Theorem 5. The proof follows from Lemma 7 and Lemma 10, and an ap-
plication of [32, Theorem 6.1]. However, [32, Theorem 6.1] is non quantitative and for the
proofs of Section 4.2 need explicit bounds for the convergence of (P;):>o to m. To this end,
we give a quantitative version of Theorem 5 in Appendix B based on [22, Theorem 1.2].
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3.5. Proofs of Theorem 1. In each case, we apply Theorem 5. Set H(t) = t2 for t € R.
Consider r > 0 such that § = P(|Y;| > r) > 0 where Y = (Y3,...,Yy) € Y is distributed
according to p. Note that A8-(ii) is automatically satisfied in all the cases.

Under A3, set U(z) = U(z) and £(x) = 1 for all x € R% All the conditions of A8 are
sastisfied and so is (12) by Remark 6 since limjj,) o0 VU (2) = +o00.

Under A4, set U(z) = Us(z) and £(z) = 1 for any z € R%. Then A8 is satisfied. In
addition, (12) holds by Remark 6 since under A4
" ”hm {(2) |VU@)|/ |VU ()|} = 400 .

Under A5, set U(x) = Us(x) and £(x) = 1/( 1+HVU H ) for all z € R, All the conditions
of A8 are satisfied and (12) holds by Remark 6 since limj|, 4o £(x) = 0.

3.6. Proof of Theorem 2. We apply Theorem 5 again. Set H(t) = t? for t € R. Consider
r > 0 such that 6 = P(|Y1| > r) > 0 where Y = (Y3,...,Y;) € Y is distributed according
to py. Note that A8-(ii) is automatically satisfied. Set U(x) = U(x) and £(x) = 1 for any
x € R%. Then, the conditions of A8 hold with c4 arbitrarily small. Therefore, (12) is satisfied
if A; is small enough.

3.7. Proof of Theorem 4. We apply Theorem 5. Set H (t) = nt? for n small enough such
that A8-(ii) is satisfied. Set U(z) = U*(z) for any = € RY. Note that

{SUEHZ/IIQ}IWZU(@H <3n~'0(2) [V2U ()|

< CU (@) (V20 (@)|| U5 (@) + VU @) US2())

for some C' > 0, hence is bounded. Then, the proof follows the same lines as the proof of
Theorem 1 under A4, and is omitted.

4. MISCELLANEOUS

4.1. A precise and explicit bound for a toy model. Following carefully the proofs of
Theorem 5, it is possible to get explicit bounds on the values of C,p > 0 such that (5)
holds. Nevertheless, the obtained bounds are exponential in the dimension d. In particular,
in Section 3.3, when we try to couple two processes, we do not make any use of the potential
U. In fact, at this step, U only plays the role of an hindrance in the minorization condition
given by Lemma 10 based on Lemma 12-Lemma 15. We try to couple the processes using
only the refreshment jumps, and hope that, during this attempt, no bounce occurs. We now
illustrate on a toy model, how an analysis which is model specific can circumvent this flaw. It
shows that the explicit bounds we obtain in Lemma 12 may be far from optimality for some
problems.

Consider the smooth manifold D = (R/Z) x (R/nZ)*! for d > 2 and n > 0, and let
projP : R¢ — D be the corresponding projection. We set in this section 7 to be the uniform
distribution on D, Y = R? and s, to be the zero-mean d-dimensional Gaussian distribution
on RY with covariance matrix 021Id, ¢ > 0. In this setting, U is simply the function which is
identically equal to 0 on D. A BPS sampler (Xy, Y;);>0 is defined as in Section 2.1 to target
T & py. The construction is in all the respect the same, just by replacing the state space
R? x Y by D x Y. To show the convergence of the corresponding semi-group (PP)¢0, we
show a uniform Doeblin condition [31, Chapter 16] holds using a direct coupling argument.

Note that by a deterministic transformation of this process from D to [0,1] x [0,7]¢!, we
end up with the reflected PDMP process targeting the uniform distribution on [0, 1] x [0, n]dil
described in [2]. This can be seen as a toy model for convex potentials. If 7 is small, which
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is the analogous of multi-scales problems, then the proof of Theorem 5 would yield a mixing
time of orde n¢. Indeed, in Section 3.3, the coupling is considered a failure as soon as one
of the processes bounce (or, here, is reflected at the boundary). Hence, a successful coupling
would need that, at the first refreshment time, the new Gaussian velocity is directed mainly
according to the first dimension, which is unlikely. As we will see, this is a too pessimistic
bound.

Proposition 1. For all z,% € D, y,§ € R? and t > 0,

(14 n2(d = 1)
T PN TERL )

where ® is the cumulative distribution function of the standard Gaussian distribution on R,
(Ni)i>0 is a Poisson process with rate A, and jump times (S;);en, with Sp = 0.

189 PP — 8(2.5) PPl Tv

<2[]P’(Nt<1)+1[£

Proof. Let (Nt)¢>0 be a Poisson process with rate A, and jump times (S;);en, with Sy = 0.
Set first for t € [0,51), X; = proj®(z+ty), Y; = y, X5, = proj®(z+S1y), X; = proj®(z +t7),
Y, = 4, Xsl = projP(z + S19). By [29, Section 2], given (S;)en, there exist two Brownian
motions (W3)¢=o and (Wy)s=o on D such that for any ¢ > 0,

(58) P <X51 + W, = X5, + Wt‘(sk)k>0) =P (7. < t|(Sk)k=0)

—1-2® (- HXS1 ~ Xg,

Jet®) .
and

(59) T. =inf{s >0 : Xg, + Ws = Xg, + W} .

We can define then for any i € N*,

Gi= (Wi, -5 — Wig,—s1)2)/(Siv1 — Si)

Gi= (Wis,i—s1)2 — Wisi—s)2)/(Siz1 — Si) -

Note that by the Markov property of (W;)¢>o and (Wt)t>0, (Gi)ien+ and (éi)ieN* are se-

quences of i.i.d. d-dimensional standard Gaussian random variables.

Define Ys, = Gy, Ys, = G and now assume that (X;,V;), (X,Y;) are defined for ¢t €
[0, Sk], k~> 1. Set for t € [Sk, Sk+1], Xt = pI"(sz()(é*,C + (t — Sk)Gr+1), Xt = projD(X:sk +
(t — Sk)Giy1), for t € [Sk75k+1)7 Y, =Yg, Y, = Ys, and ngﬂ = Ggi1, YSk-H = Ggi1-
It follows then by construction that for any ¢t > 0, (X3, Y:)i> is distributed according to
PP((x,y),-) and (Xy,Y;)s0 is distributed according to PP((%,7),-). Then it remains to
bound P ((Xt, V) = (Xt, ﬁ)) by definition of the total variation norm.

Note that if (Ssz - 51)2 > (t — 51)2 > (Sl - Sl)z > TC > (51;1 - 51)2, ) > 2, we have by
(59)-(60) and construction (X;,Y;) = (X, Y;). Therefore, we get {(Sn, —S1)? > T.} N {N; >
1}  {(X4,Y:) = (X4, Y;)} and we obtain

(60)

P ((X:,Y:) = (%, V1)) SP({Sn, < $1+ T} N {N < 1})
<SPV KD +PH{N =200 {(Sn, — S1)* > To.}) -

The proof is then concluded by conditioning with respect to (Sk)xen using (58) and for any
z €D, [z < (L+n°(d— 1))/
U
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Corollary 16. There exist C > 0 and e € (0, 1] independent of d such that setting t. = Cd/?,
for all z,z € D and y,j € R?,
D D
18(y) Pre — 8,5 Prc lTv < (1 —¢€) .

Proof. By Proposition 1 and using the same notations, for all z,Z € D, y,§ € R and ¢ > 0,
we have since for any s > 0, 1/2 — ®(—s) < 1 A {s/(2n)'/?},

2718wy P — 8z P7 v

<P(S2>t/4)+P (S <t/4,Sn, —S2 < t/2)

1+ n%(d—1))Y/2
i (25530

{200+’ (d - 1))}

trnl/2 :
Since {Sn, < 3t/4} C {Ny — N3;/4 = 0}, and Ny — N3,y follows a Poisson distribution with
parameter t\/4, we get for all 2,7 € D, y,§ € R? and ¢t > 0

<P (Sy > t/4) +P (S, < 3t/4) +

Lt oP(d - 1))
tn1/2 '

The proof then follows from a straightforward computation. O

_ ~ 2
2 1][5@,@,)13,? - 5(~7g)PtDHTV <SP (Sy > t/4) +e M4 {2

A direct consequence of Corollary 16 is that, with the same notations, for all v € P(D x R%)
and t > 0,
IWPP =7 & pyllrv < (1 — )/l
As a conclusion, for the considered toy model, we get that the rate of convergence scales only

as dY/2. Note that this result is optimal since the process has unit constant speed and the
diameter of D is d'/2.

4.2. The metastable regime and annealing. The simulated annealing algorithm is a
variation of the MCMC algorithm which, rather than computing expectation with respect
to the distribution 7 = exp(—U), aims to find a global minimum of U. We will study in
this section a simulated annealing algorithm based on the BPS, extending the results of [35,
Theorem 1.5]. For the sake of simplicity, the study is restricted to the following case:

A9. (i) The potential U € C?(RY) satisfies

/ exp(—U(x)/2)dx < o0, lim U(z) = +oo,
R4 [l&]| =00
liminf VU (z)|| >0, sup ||V2U(2)]| < oo .
||z||—o0 zER

Moreover, without loss of generality, U(0) = mings U = 0.
(i) Y = B(0, M) for M > 0 and the distribution u, on Y is rotation invariant.

In the rest of this section, A9 is enforced . However, note the arguments also work under
A8 (in particular when Y = R?, 1, has a Gaussian moment and U is a perturbation of an
Xx-homogeneous potential with x > 1, as in Proposition 3), which is not implied by A9.

For a measurable function 5 : Ry — Ry, referred to in the following as cooling sched-
ule, we consider in this section the simulated annealing BPS process (Xtﬁ ,Yf ) defined as
follows. Consider some initial point (z,y) € R? x Y, and the family of i.i.d. random variables
(B}, E2, Gi)ien introduced in Section 2.1. Let A, > 0, (Xg,YO’B) = (x,y) and Sg =0. We
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define by recursion the jump times of the process and the process itself. For all n > 0,
consider

Tl,ﬂ — E%J,-l/)\r

n+1
t
T3P =infdt>0: / B(s) (Y, VU(XE, +5Y0,)) pds> B,
0 S8 S8 sg// .
1, 2,
Tro =T AT

Set 89, = S8+ T, (XY = (ng + tys%,yfg), for all ¢ € [Sh,S7, ), Xgﬁﬂ -

ng + 17 +1Y§ﬁ and

y?h

. 1,
Gt if T7[3+1 = Tnfl
s8, T
n+1

R(Xgﬁ ’Ysﬁ) otherwise ,

n+1
where R is defined by (4). Note that under A9, Y is bounded and therefore by [14, Proposi-
tion 10], sup,en SE = 4o0.
Therefore almost surely (Xf , Ytﬁ )eso0 is a (R? x Y)-valued cadlag process. By [9, Theorem

25.5], the BPS process (XtB ,Ytﬁ )i>0 defines a non-homogeneous strong Markov semi-group
(Py)¢=0 given for all s,t € Ry, (z,y) € R x Y and A € B(R? x Y) by

Plal(y),A) =P (X2 ¥P) eA)

where (Xf ,Yf Juer, is the annealed BPS process started from (z,y) and cooling schedule
s> B(t+5). (Pst)e=s>0 is associated with the family of generator (Ag))i=0 where for any
B >0, Ag is defined for any f € C1(R? x Y) by

Asf(a,y) = 0,V Fl@y)) + By, VU @)s {F (@, Rz ) — F(e,0)}
(61) Y { [ 16 wauw) - f(:c,w} |

As it is usual in simulated annealing if ¢ — [S(t) goes to infinity sufficiently slowly for

the process (Xf , Ytﬁ ) to approach its instantaneous equilibrium exp(—/3(t)U) ® piy, then Xtﬂ
should be close to a global minimum of U with high probability.

A 10. The function t — [(t) is increasing, satisfies limy_ 1o 5(t) = 400, S(0) = 1 and
there exist sg, D1, Do > 0 with D1 > Dy such that for all t large enough, B(t) > DaInt and
B(t+ so0) — B(t) < D1/t

Theorem 17. Assume A 9. There exists 0 > 0 such that if A 10 holds with D; < 07!, then
for any (x,y) € RY x Y and any levels n > 1’ > 0, there exists A > 0 such that, for all t > 0,

P (U(Xtﬁ) >n+ I%idn U> < Aexp(U(x)/2)/t?,

where p = (1 —0D1) A (Dan') > 0 and (Xtﬁ,Y;ﬁ) is the annealed BPS process starting from
(z,y).

First, we establish a Foster-Lyapunov drift condition for Az uniformly on g > 1.

Lemma 18. Assume A Y. There exist Ay, Ay, A3 >0, B =1 and V1, Vo € CHR? x Y), with
Viexp(—U/2) bounded above and below by positive constants for i = 1,2, such that for all

/8 2 /B*’
AgVi < A1(Ar — V1),
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and for all B > 1
AgVo < A3Vs .

Proof. We check that A8 holds for 3 large enough, with U = U/2 and the potential =
Up(z). Indeed, set £(x) = 1 for all x € R? and H(t) =t for t € R. Then all the conditions
of A8 are clearly satisfied, with ¢1, co and ¢4 which does not depend on (3, and c3 = 3. Let
Bs« be large enough so that (12) holds for 8 > B, and k = 1 defined in (32).
Let V; be the function defined by (21). According to Lemma 7, there exist Ay, Ay > 0
such that
Ag Vi < A1(A2 — 1),

Now, for 8 > S, keeping the notations of Section 3.2,
(A — Ap)Vilw,y) = (B—B.)e" ™2 (y, VU (2)), (p(—0) —(6)) < 0.

Second, set for any (z,y) € R? x Y, Va(z,y) = exp(U(x)/2)p2((y, VU(x))), where py €
CY(R) is an increasing function such that ¢(s) = 1 for s < —1 and ¢(s) = 3 for s > 1. Then,
for all 8 > 1,

e VO AgVa(w,y) < {y, VU (2) 9a((y, VU () + M2 [V2U | [l b o + 20
+ 8y, VU (@) (=, VU(2))) = »((y, VU (2)))}
<34+ M?|V2U| ||l o + 22
and we conclude by noting that exp(U(x)/2) < Va(x,y) for any (z,y) € R? x Y. O

Corollary 19. Assume that the assumptions of Theorem 17 hold. Then there exists Ay > 0
such that for all t,s > 0 and (z,y) e R XY,

Py sVi(z,y) < Age™Vi(z,y)
and for all t > 0 such that B(t) = P,
Pt,tJrSVl(:Ea y) < e_AISVI(:Ea y) + (1 - e_Als)AQ 3
where Vi € CHRY x Y), Ay, A, A3 are given by Lemma 18.

Proof. The proof follows the same line as the proof of Corollary 9, using Lemma 18 and V; /V5
is bounded above and below by positive constants. O

Lemma 20. Assume that the assumptions of Theorem 17 hold. Then, for all compact set K
of RY x Y, there exist s1,x, As > 0 which depend on K, py, A\ and U but not on t — B(t),
such that for all (z,y),(z,7) € K, allt >0 and all s > s1,

[ Pri+s((@,y)s ) = Prts((2,9),)|[rv < 2 [1 — X exp <—A5 tHsﬁ(U)dUH :

Proof. The arguments are exactly those of the proof of Lemma 15, hence of [35, Theorem
5.1], so that we only give a sketch of proof. First, considering the case § = 0, we have
already shown in Section 3.3 that, starting from two different points in a given compact K, it
is possible to merge two processes in a time s; > 0 while staying in a compact K’, with some
probability xy > 0. Call E this event. Then, considering the case § > 0, we follow the same
coupling up to the first bounce time. The processes have merged if this first bounce happens

after time s1, which occurs with probability
t+s1 t+s1
P (/ B(u) <Yf,VU(X5)>+ du > E? E> > exp (—MHVUHOO’K,/ B(u)du) ,
t t

where M = sup,, . e [|2]|- O
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Let V4 and A;, i € {1,...,4}, be given by Corollary 19. Then, let s1,x, A5 > 0 be given
by Lemma 20, with K = {(z,y) € R x Y, Vi(x) < 245}. Let

(62) to = inf{t >0, B(t) > B},
and for t > tg, define
(63) n(t) = [(t —to)/s1] -

Consider the following decomposition,

Pot = Py t—n(t)s; Qo1 Qut)—18@n() »
where Qg is the identity kernel and for k € {1,...,n(t)}, we set
(64) Qi = Py (n(t)—k+1)s1,t—(n(t)—k)s1 -

For any measurable function ¢ : R x Y — R and ¢ > 0, we set

lolcrs =  sup {M}
(z,y)ERIXY 1+¢W (J})

and consider the weighted Vi-norm on Py, (R x Y) = {u € P(R?xY) : u(Vi) < oo}, defined
for i1, g € Py, (R X Y) by

(65) pc(pa, p2) = sup {1 (e) — pa(e) = el <1}
Note that p¢(p1, p2) increases with ¢ and that po = || - [[rv. In addition, for any s, ue €
73\/1 (Rd X Y),

pc(pns p2) <l = pallve < (L4 o, pa2) -

Lemma 21. Assume that the conditions of Theorem 17 hold. Then for all v1,vs € Py, (R x
Y),t >ty and all k € {1,...,n(t)},

(66) Per (M1 Q, 12Qy) < Kpey, (v1,12)
where
% A /t(nk)sl 8
€p,=—"—"——exp|— wdu |
g (1 - 7)A2 ° t—(n—k+1)s1
_ t—(n—k)s1
K =1— (X A H) exp —A5/ Budu | v =exp(—s141) .
2 4 t—(n—k+1)s1

Proof. 1t is a direct application to @ for all k of Theorem 24 based on Lemma 20 and
Corollary 19. O

For a fixed 5 > 0, let (Pt(ﬁ ))t>0 be the semi-group of the BPS sampler associated with the
potential z — SU(x) and, for t > to and k € {0,...,n(t)}, let

(67) Qp =P,
where for ease of notation simplicity we denote
(68) Bk = Bt—(m(t)—k)s: -

In other words, Q) is similar to @, except that the inverse temperature is frozen. Let 7y be
the invariant measure of @), namely

Tk = Tk @ [y ,

where 75, admits a density with respect to the Lebesgue measure given for any 2 € R¢ by

(@) = 27 exp(—BU(2)de ,  Zy = / exp(— Bl (7))d7 .
R
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We know that the mass of 7y concentrates, as k — oo, around the vicinity of the global min-
ima of U. To get the same with Py;((%,y),), we need to show that ||7n) — Pot((z,9), )|V
vanishes as t — oo. Denoting, fort > tgand k € {0,...,n(t)}, vk = 8,,) Pot—n(t)s; Qo@1 - - - Qk—1Qk;
where @, is defined in (64), it is then natural to study

(69) g = pep (Vs Th) -
From (66), for any ¢t > to, k € {1,...,n(t)}
(70) Uk < KpPep (Vk—1,Th—1) + e, (Tr—1Qk, Tr) < Krup—1 + ex

where we defined
ek = ey, (Tk—1Qk, k)
and used that pe, (Vg—1,Tk—1) < pep_, (Vk—1, Tr—1) since (€x)g>0 IS non-increasing.

Lemma 22. Assume that the conditions of Theorem 17 hold. Then, there exists Ag > 0 such
that for allt > to, all k € {1,...,n(t)} and ! > 1, there exists A; > 0 such that

er < At(V/Br — Bt + B — 1) + Age™ 31D
where B, n and ty are defined by (68), (63) and (62) respectively.

Proof. Let t > to, k € {1,...,n(t)} and [ > 1. In the proof, C stands for a constant which
may change from line to line but does not depend on k, [ and 5. We bound
(71) ek < P (Th—1, k) + Per (Th—1Qk, T—1)

and deal with each terms of the right hand side apart. Indeed, for the first one, the first
marginal of 7;_1 and 7, having an explicit density, and their second marginal being equal,
we bound

o) = [ (1 aVilen)imda) = mes(o)ldo ()

e BU)  o=Br-1U(z)
Zy, L

e BelU(@) o= Br-1U(x)

Zy, L1

Rd

R4

(72) C/ ef(ﬁkfé)U(x) ef(ﬂkflfé)U(x)d
+ + T .
{U>1y Zy, L1

We treat the two terms in the right-hand-side apart. The first term is the total variation
distance between 7, and 7g_1. Since f;_1 < B since [ is non-decreasing, Zyx_1 > Zj. Using
Pinsker’s inequality and this result, we get

2
e BU@)  g=Br1U(2) dx)

dx

<y | e_/Bk—lU(x)Zk q
/Rd Zr i h /Rd e ATz, T (e)dz
e_ﬂk—lU(*T)
<2 Ao [ U@, —ds
Rd k—1
< 2(Be = Br1) (L + C/Br_re” =111
(73) < C(Br — Br-1) »

where we used for the two last inequalities that

/ Uz)e V@dz < 2/ e V@12qr < o
{U>1} R4



28 A. DURMUS, A. GUILLIN, P. MONMARCHE
and since U(0) =0, U(zx) < HV2UHOO |z||?, for any = € R by A9,
2 —
S /Rd Pt VUIlel® gz > Cp? 5 0.

Similarly, for the second term of (72) we obtain
—(Br—3)U(x
/ Lwdx < 055/26—(&—1)1/ e U@)/24, .
U>1 Zy, Rd

Using that for any t > 1, t%?exp(—I(t — 1)/2) < (d/))¥?exp(—(d — 1)/2) if d > ¢ and
%2 exp(—I(t — 1)/2) < 1 otherwise, there exists Ag; which does not depend on [ such that

~(Br—3)U(2)
(74) / S, P Ag e~ B=Dl/2
{(U>1} Zy,
Combining this bound and (73) in (72), we get that there exists A;; > 0 such that
(75) pe (Fr1, 1) < A1 y/Br — Brt + Ag e~ Br= D2

The second term of (71) is treated through a synchronous coupling similar to [14, Section 6].
Indeed, 741 being invariant for Q) _; defined in (67) and by (65),

Per (Th—1Qks Th—1) = pey (Th—1 Qs Th—1Q_1)
(76) = sup  {E[p(Xq,Ye) — (X5, Y},

817781
H‘P”ek v1<1

where (X, Y:)i>0 (resp. (X/,Y/)i=0) is a BPS process with a fixed temperature ;1 (resp. a
annealed BPS process with cooling schedule s — (t — (n(t) — k + 1)s; + s)) and (Xo,Y)) =
(X{,Yy) is distributed according to 7;—1. Following [14 Section 6], we construct such pro-
cesses in such a way (X;,V;) = (X{,Y/) up to time T}, where T}, is the first time (X}, Y;)i=0
bounces while (X3, Y;)¢>0 does not, defined by

Tl; = lIlf {T 2 07 E < / (5k - /Bt n(t)—'rL 81+S) <YSB7 VU(XSB)>+ dS} )

where F is a standard exponential random variable independent of Z.

Consider the compact sets K = {(z,y) € R¢x Y : U(x) <1} and K = {(z,y) e R x Y :
dist((z,y),K) < Ms;}, where dist(-, K) is the distance from K and M = sup,cy ||2|. That
way, if a BPS with refreshment law p, over Y have an initial condition in K, then on the time
interval [0, s1] it necessarily stays in K.

Consider ¢ : R? x Y :— R with ||¢|| < 1 and the following decomposition

€n+1,V1
E[QO(XSUYSl) - (XgNY/ )] = E[HK(X(% YZ)){(p(Xslv)/Sl) - (X;pyts/l)}]
(77) +E[leXY\K(X()?YO){()O(XSN}/;l) - (X;17Y;/1)}] .

We bound the two terms separately. First, using that if (X0, Yy) € K, then for any ¢ € [0, 1],
(X[, Y/) € K, we have

B1k (X0, Yo) (X, Vo) — 9(XL,, Vi)
= 2(1 + € H‘/l” P ((X07Y0 €K, (X517Y51) 7& (X;?)/sll))
=2(1+e)||Vill o P ((X0,Y0) € K, T}, < s1)
S1
<201 +e1>||v1||oo7kp B < MIVUl g [ (51~ Bectuty-mir o))
(79) <21+ ) [Vl oM IV U g 516G — i)
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where M = sup,cv ||z|. Note that [[VU]|__ x depends on K, hence on [.
Next using Lemma 18 and the Markov property, we get

E[]l]Rde\K(XOv YO){SO(XSwYSl) - @(X;1 ) Ysll)}]
< (1 + e)E[Tgasy\k (Xo, Yo) {Vi (X, ) + VA (XL, )]

<201+ 1) (B [Lrauyk (Xo, Yo)Vi(Xo) | + 43
<2(1+¢6) (c/ V@25, (da) +A2>
U=l

<2(1+€) (Ce*(ﬁfv*”’/2 + A2> .

where we used for the penultimate inequality that (Xo, Yp) is distributed according to 7x_1,
Combining this result and (78) in (77) and (76), we get there exist Ag2 > 0 independent of
[ and A; 2 > 0 satisfying

Per (Fr1 Qs Tro1) < Aa(Br — Br1) + Agge” Br /2
The proof is concluded combining this result and (75) in (71). O
Lemma 23. Assume A 9. There exists > 0 such that if A 10 holds with Dy < 67, then

-
there exists A7 > 0 satisfying for allt > to, k < n(t) and (z,y) € RIxY, up, < A7V (,y)/ko
where uy, is given in (69) and g1 = (1/2)(1 — 0Dy).

Proof. Let I > 1, t > tgp and k € {1,...n(¢)}. In the proof, C' stands for a constant which
may change from line to line but does not depend on k, [ and 8. Denoting dy = 0 and
dp = Krdip_1 + ey, (70) reads

up, — di, < K (up—1 — d—1)

and yields
k k k—1
(79) ukSUOHHj—i-Z eiHnj ,
j=1 i=1 j=i
with the convention that Hj:,i k; = 1. From Lemma 22 applied with | = 1/D5, and bounding
Dq|s1/s
Br — Br—1 < 1[s1/%]

t—(m(t)—k+1)s1
for k large enough, we get
(80) e < C/VE

Let 6 = 2A5s1, so that, by definition of s given in Lemma 21 the condition 3, and using
1—s< e ® we have

1—
< 1o (’; A 4”) exp(~05/2) < exp(~CnoP1/%)
Hence, for i € {1,...,k},

k n
[Tri <exp|-C> 572 <exp(—(Clg){(n+ 1)1 —i})
j=i j=i
with ¢ =1—6D;/2 € (1/2,1) by assumption. Thus, combining this result and (80) in (79),
we get
wg, < uge” DN L o2 4 I (k))
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with

k
I(k) = e~ (C/ake / L (©rasngg

1 Vs

L N e (ks E
-2 (kq—% (ke 1>> . 1/2)/1 =3 o(ClD)s g

—(Cla)kt  rk
< ! 48 ! /Osqge(c/q)sqd8+ I(Q
Ok~ 3 c 1 Cky a

for all kg > 1. In particular, for ko > (2/C)Y/ (=9 this means I(k) < Ck'/274,
Finally, from the first part Corollary 19, uy < CVi(z,y). O

Proof of Theorem 17. Let t > to, n =n(t), n >n > 0. In the proof, C stands for a constant
which may change from line to line but does not depend on n, n,7’,t and 3. First,

PU(XP) > n+ minU) < /{ Al dy) + (1/2Poa((2:), ) =y
Usn

Similarly to (74),

/ 7k (dz, dy) < Ce P’ < oD’
{U=n}

We conclude, with Lemma 23 and the first part of Corollary 19, by

[vPo; — Tkllry < up < CVa(z,y)/t .
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APPENDIX A. POSTPONED PROOF
Proof of Proposition 3. Note that since for all x € RY, ||z > 1,
(81) Ur(z) = [l]|* Ur(2/ [|z]]) ,

that it is sufficient to show that there exists C1,Co > 0 such that for all 2 € R?, ||z > 1
such that

(82) C1 el|*™ < |IVU(2)]

| < Caa]*
(83) IV?01()]| <

Co [l ** .

(82) is just a consequence of [24, Lemma 4.5]. As for (83), we have by (81) for all z € R?
]l > 1,

VUI() = alla|* aUs(w/ |l2]) + 2] {1d 22"/ 2|} VU (] |l2])

V() = a {272 + (@ = 2) 2l|*~* 2™} U1 (a/ [l2])

+ a2 [{1a —za™/ o]} VUL (2/ [2l)a™ + 2VU 2/ |l2]) " (2) {1d ~22™/ |l2|* }|
+ |l2° {V UL/ le)a™ + 2V (a/ 2])T + 2V U/ o)) Tzaa™}
+ llzll* {1d —ea™/ 2|} VUL &/ 2]}

Since the U; is assumed to be twice continuously differentiable, the proof is finished. O

APPENDIX B. QUANTITATIVE CONTRACTION RATES FOR MARKOV CHAINS

In this section, we give for completeness a quantitative version of [22, Theorem 1.2] which
is used in Section 4.2. Let Q be a Markov operator on a smooth finite dimension manifold
M (in our applications @Q = P, for some tq > 0, with M = R? x Y) and V : M — [1, 400)
(which can be thought as the one given by (21)).

For any measurable function ¢ : M — R and ¢ > 0, we set

[ e
boley = s { =50 )



GEOMETRIC ERGODICITY OF THE BOUNCY PARTICLE SAMPLER 33

and consider the weighted V-norm on Py (M) = {p € P(M) : u(V) < oo}, defined for
fi1, piz € Py (M) by

(84) pc(p1, p2) = sup {pa(p) — pa(e) = llelley < 1}.

Theorem 24. Suppose that there exist a,y € (0,1), C1 > 0 and Cy > 2C) such that for all
T, Y,z € M, V(CU) +V( ) < 027

1Q(z,) = Qy, rv <21 —a),  QV(2) <V(2) +Ci(1—7).
Then there exists ¢ > 0 and k € (0,1) such that for all pi, p2 € Py (M),
pc(Q, 12Q) < Kpc(pa, p2)
where p¢ is defined by (84). More precisely, if Co = 4C1, then this holds with
(=a((l-mC)7", k= (1-a/2)V(B+7)/4).
Proof. [22, Lemma 2.1] shows that

pe(p, p2) = sup {p1(p) — p2(e) « lele <1},
where p¢ is defined by (65) and

- lp(x) — o(y)]
fele = sup {2+<v< T+ V()

Let ¢ be a measurable function such that |¢|c = ||¢||c. v = 1. We aim to show that |Qp|¢ < &
or, in other words, that

= inf .
b= intlle-+ el

Q) — Qo(y)| < k(24 CV(z) +CV(y))
for all x,y € M.
First, consider the case where V(z) + V(y) = Cy. For ¢ > 0, set k1 =+ (1 — )
Note that v < k1 < 1, and

2(1 — /il) + (")/ — Hl)CCQ + 2(6'1(1 — ’y) <0.

14+¢Cq
1+¢C2 /2"

Hence,
|Qp(z) — Qe(y)] < 2+ ¢QV (x) +CQV (y) < 2+ YV (x) + vV (y) 4+ 2¢Cy
< R1(2+CV(2) + ¢V (y) +2(1 — k1) + (v — 1)V () + V(y)) + 2¢Ch
< K12+ CV(x) +CV(y)) -

Second, consider the case where V(z) + V(y) < Cq. Let (Z;, Z,) be an optimal coupling
of Q(z,-) and Q(y,-). Then, writing ko = (1 — a+ (Ci(1 —~)/2) Vv (which is smaller than
1 for ¢ small enough),

Qe(x) — Qu(y)| < P(Z: # Zy)E [lp(Z) — (Zy)H Zo # 7]

<SP(Zs # Zy) 2+ CE[V(Z:) + V(Zy)])
<201 =) +¢y(V(z) + (y))+C01(1— 7)
< r2(24 V() + ¢V (y) ,

which concludes the general proof

For Cy = 4C1, we choseC— )C , so that ko =1 — /2 and

Using that, for a,b > 0,

ab alAb alb

= > ,
a+b 1+ 9b 2
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we get

Iﬂgl—

W‘fl—ﬂ = (1—a/2)V((3+7)/4).

O

Remark that, under the same assumptions that Theorem 24 but with o = 0, the same
proof yields, for all { > 0 and all u, p2 € Py (M),

pc(@, p2Q) < (1 + ¢Cr)pe(pa,s p2) -
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