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PIECEWISE DETERMINISTIC MARKOV PROCESSES AND THEIR
INVARIANT MEASURE

ALAIN DURMUS, ARNAUD GUILLIN, PIERRE MONMARCHE

ABSTRACT. Piecewise Deterministic Markov Processes (PDMPs) are studied in a gen-
eral framework. First, different constructions are proven to be equivalent. Second, we
introduce a coupling between two PDMPs following the same differential low which
implies quantitative bounds on the total variation between the marginal distributions
of the two processes. Finally two results are established regarding the invariant mea-
sures of PDMPs. A practical condition to show that a probability measure is invariant
for the associated PDMP semi-group is presented. In a second time, a bound on the
invariant probability measures in V-norm of two PDMPs following the same differen-
tial flow is established. This last result is then applied to study the asymptotic bias of
some non-exact PDMP MCMC methods.

1. INTRODUCTION

Piecewise Deterministic Markov Processes (PDMP), similarly to diffusion processes,
form an important class of Markov processes, which are used to model random dynamical
systems in numerous fields (see e.g. [18, 1]). Recently, interest has grown for their use in
MCMC algorithms [4, 22, 5]. To this end, natural questions arise as to the stationarity
of the target measure, the ergodicity of the corresponding process and possible bias
introduced by the method. In mathematical physics [6] and biology [7], the long time
behaviour of these processes has been the subject of several works. In this context, these
studies are done through the Kolmogorov Fokker Planck operator A* of the PDMP of
interest given for all smooth density p on R??¢ by

A*p=—(E,Vp) + K(Ap) — Ap,

where = is a smooth vector field of R??, )\ : R?? — R, and K is a non-local collision
operator.

The relevance of the present work emerged while writing the companion paper [12],
concerned with the geometric ergodicity of the Bouncy Particle Sampler (BPS) [5], an
MCMC algorithm which, given a target distribution 7 on R?, introduces a PDMP for
which 7 is invariant. In order to make rigorous several arguments in [12], technical
lemmas had to be established, in particular to cope with the fact that Markov semi-
groups associated to PDMP lack the regularity properties of (hypo-)elliptic diffusions,
and thus implies additional difficulties and technicalities. These results, of interest in a
more general framework, are gathered here with the hope that it will set a framework
where for example verification of the invariance of a measure becomes a mere calculus
via the generator (as for diffusion). The BPS is used as a recurrent example.

Let us present these different results, together with the organization of the paper.
Section 2 contains the basic definitions of our framework, and in particular presents
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2 A. DURMUS, A. GUILLIN, P. MONMARCHE

the construction of a PDMP. Alternative constructions are shown in Sections 3 and 4
to give the same process (i.e. to give a random variable with the same law on the
Skorokhod space). Conditions which ensure that PDMPs are non explosive are presented
in Section 5. The synchronous coupling of two PDMPs is defined in Section 6, which
aims to construct simultaneously two different PDMPs, starting at the same initial state,
in such a way that they have some probability to stay equal for some time. It yields
estimates on the difference of the corresponding semi-groups in total variation norm. In
Section 8, conditions are established under which the semi-group associated to a PDMP
leaves invariant the space of compactly-supported smooth functions. Using this result, a
practical criterion to ensure that a given probability measure p is invariant for a PDMP
is obtained. Indeed, it is classical that, denoting by (A,D(A)) the strong generator
of the Markov semi-group associated to the PDMP, then p is invariant if and only if
JAfdu = 0 for all f in a core of A. Nevertheless, due to the lack of regularization
properties of the semi-group, it is generally impossible to determine such a core. We
will prove that, under some simple assumptions, it is enough to consider compactly-
supported smooth functions f. Finally, in Section 10, we are interested in bounding the
V-norm between two invariant probability measures p; and ps of two PDMPs sharing
the same differential flow but with different jump rates and Markov kernels, sometimes
called perturbation theory in the litterature (see for example the recent [23]). This
question is here mainly motivated by the thinning method used to sample trajectories
of PDMPs [17, 16]. Indeed, a PDMP can be exactly sampled (in the sense that no time
discretization is needed) provided that the associated differential flow can be computed
and a simple upper bound on the jump rate is known. When this is not the case, a
PDMP with a truncated jump rate can be sampled, and our result gives a control on
the ensuing error.

Notations and conventions. For all a,b € R, we denote a; = max(0,a), a Vb =
max(a,b), a A b= min(a,b). Id stands for the identity matrix on R?.

For all 2,y € R? the scalar product between z and y is denoted by (z,%) and
the Euclidean norm of x by ||z||. For all z € R? r > 0, we denote by B(z,r) =
{weR?: ||w—z|| <r} the ball centered at z with radius . The closed ball centered
in z with radius r is denoted by B (x,7). For any d-dimensional matrix M, define by
M| = supyep(o,1) [[Mw]| the operator norm associated with M.

Let (M, g) be a smooth closed Riemannian sub-manifold of R™ and B(M) the associ-
ated Borel o-field. The distance induced by g is denoted by dist. With a slight abuse
of notations, the ball (respectively closed ball) centered at x € M with radius r > 0 is
denoted by B (z,7) (respectively B (x,7)).

For all function F' : M — R™ and compact set K C M, denote ||F||, = sup,em || F ()],
[Flloox = supPzek [[F(2)[|. Denote by B(M) the set of all measurable and bounded
functions from M to R. The space B(M) is endowed with the topology associated with
the uniform norm |[|-|| .. Let C(M) stand for the set of continuous function from M
to R and, for all & € N*, let C*(M) be the set of k-times continuously differentiable
function from M to R. Denote for all k € N, C¥(M) and C¥(M) the set of functions in
CF(M) with compact support and the set of bounded functions in C*(M) respectively.



PDMP AND THEIR INVARIANT MEASURE 3

For f € C*¥(M), we denote by D* f, the k'" differential of f. For all function f : M — R,
we denote by Vf and V2f the gradient and the Hessian of f respectively, if they exist.
We denote by P(M) the set of probability measures on M. For u, v € P(M), £ € P(M?)
is called a transference plan between p and v if for all A € B(M), £(A x M) = u(A) and
&M x A) = v(A). The set of transference plan between p and v is denoted I'(u, ). The
random variables X and Y on M are a coupling between p and v if the distribution of
(X,Y) belongs to I'(i, v). The total variation norm between p and v is defined by

li=vlley =2 inf / T, (@, y) dé(z,y) |
§el(uv) Jm2

where Ay = {(z,y) € M* : & =y}. For all € P(M), define the support of p by

suppu = {x € M : for all open set U 3 z, u(U) > 0} .

In the sequel, we take the convention that inf() = +o0o. All the random variables
considered in this paper are defined on a fixed probability space (2, F,P).

2. A FIRST DEFINITION OF PIECEWISE DETERMINISTIC MARKOV PROCESSES

Definitions and further notations.

Let (M, g) be a smooth closed Riemannian sub-manifold of R™Y. A PDMP on M is defined
using a triple (p, (A, Q)icq1,q), ¢ € N*, referred to as the local characteristics of a PDMP,
where

e ¢ is a differential flow on M: ¢ : (¢,h,z) — @44 (2) is a measurable function
from Ry x Ry x M to M, such that for all t,h1,ho = 0 Qiihy t4hi+ho © Priths =
Ptishythas Pti = Id. Moreover, for all (t,z) € Ry x M, h Py irir (@) s
continuous differentiable from R4 to M and for all t,h € Ry, & — @ 1414(Z) is a
C!-diffeomorphism of M. The flow ¢ is (time)-homogeneous if for all t,h € R,
©Ot,t+h = ©o,h, in which case we denote ¢p, = g p.

e For all i € [1,¢], \; : Ry x M — R, is a measurable function referred to as a
jump rate on M which is locally bounded, in the sense that [|A;|[,, x < oo for all
compact K C Ry x M. The jump rate )\; is (time)-homogeneous if it does not
depend on t.

e For all i € [1,/], @Q; : Ry x M x B(M) — [0,1] is an inhomogeneous Markov
kernel on M: for all A € B(M), (t,x) — Qi(t,z,A) is measurable, and for all
(t,z) € Ry xM, Qi(t,z,-) € P(M). The Markov kernel Q; is (time)-homogeneous
if it does not depend on t.

If ¢ is a homogeneous differential flow and, for all i € [1,¢], A;, @Q; are homogeneous as
well, the local characteristics (¢, (Ai, Qi)ic[1,¢) are said to be homogeneous. A (homo-
geneous) jump mechanism on M is a pair (A, Q) constituted of a (homogeneous) jump
rate and a (homogeneous) Markov kernel on M.

A first construction of a PDMP. For all i € [1,¢], consider a representation G; of
the Markov kernel @, i.e. a measurable function G; : ¢, z,u — G(t,z,u) from R x M x
[0,1] to M such that for all (t,z,A) € Ry x M x B(M), Q;(t,z,A) = P(G;(t,xz,U) € A),
where U is a random variable uniformly distributed on [0,1]. By [3, Corollary 7.16.1],
such a representation always exists.
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Then, a PDMP (X);>0 based on the local characteristics (¢, (Ai, Qi)ic[1,¢) and the
initial distribution 19 can be defined recursively through a Markov chain (X}, Sk)ren on
(MU {o0}) x (Ry U{+o0}). For all k € N, X; will be the state of the process (X;)i>0
at times Si. Between two times Sy and Sk11, (X¢)i>0 will be a deterministic function of
X, and Si. More precisely, consider the following construction.

Construction 1. Let W, be a random variable with distribution ug € P(M) and
((Ejk)jen,e Ur)ken- be an iid. sequence, independent of Wy, such that for all k € N*
and j € [1,£], Uy is uniformly distributed on [0,1] and E;} is an exponential random
variable with parameter 1, independent of Uy, and from FE; j, for i # j. Let oo ¢ M be a
cemetery point.

Set Sp = 0, X\, = Wy, and suppose that (X}, S;) and (X¢)i<s, have been defined for
some k € N, with X; € M and S, € Ry.. For all j € [1,/], set

t
Sj,k-{-l = inf {t = Sk : Ej,k—f—l < / )\j (S,SDSk,s(X]/ﬁ)) ds} Slc—f—l = 11"[[11%]5] k+1 -
Sk
o If Spy1 = +o0, set S, = 400, X], = o0, I, = 1 for all m > k, and X; =
©s,t(X},) for all t > Sy,
o If Sii1 < 400, set
Iiy1 = min{j € [L4], Sjr1 = Set1} s Xpor = Gy (Sk+15 080,801 (Xk)s Ukt1) -
For t € (Sk, Sk+1], set Xy = g, +(X}) and Xl/c—l—l = X5,
For t > supcy Sk, set X; = 0o

Note that, when Si41 < +00, k € N, the probability of {S;r+1 = Sik+1 = Sk4+1} for
two indexes i # j in [1,/] is zero, but the definition of Ij,; ensures that the process
(X}, Sk) is defined not only almost everywhere on €, but in fact on all Q.

Let (F},)ken be the filtration associated with (X}, Sk, Ix)ren. Then taking a random
variable Iy on [1,£], (X}, Sk, Ir)ken is an inhomogeneous Markov chains since for all

keN,AeBM),t =S, je L1,

t
P (XI,chl € A7 SkJrl <t IkJrl :j |fk) = HM(XI;)/ Qj(s7 (pSmS(XI,c)? A))‘] (87 (pSmS(XI,c))

(1) X exp{ Z/S (u, @5, ul Xk))du} ds .

Note that the sequence (X}, Sk)ken is an inhomogeneous Markov chain as well, whose
kernel can be straightforwardly deduced from (1).

Then, (X;):>0 is a stochastic process on M U {oco}, i.e. it is a random variable from
(Q, F,P) to the space D(Ry,M U {o0}) of cadlag functions from R; to M U {0}, en-
dowed with the Skorokhod topology, see [15, Chapter 6]. Moreover, (X;);>0 is a Markov
process [14, Theorem 7.3.1], from the class of piecewise deterministic Markov processes
(PDMPs). We say that a stochastic process (X;);>o is a PDMP with local character-
istics (¢, (Ai, Qi)ie1,n)) and initial distribution po if it has the same distribution on
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D(R4,MU {o0}) as (X¢)iz0. We will denote by PDMP (¢, (Ai, Qi)ie[1,¢, o) this distri-
bution. In the sequel, we will see that a given PDMP can admit several local character-
istics. Note that, as ¢ is a Cl-diffeomorphism, (X;);>o is completely determined by the
Markov chain (X}, Si)ken, referred to as the embedded chain associated to the process.
The sequence (Sk)ken is said to be the jump times of the process (X¢)i>o0-

A PDMP is said to be homogeneous if its local characteristics are (time) homogeneous.

For (X1)=0 € D(Ry,M U {oc}), we call 75o(X) = inf{t > 0 : X; = oo} the
explosion time of the process (Xt)t>0. A process (Xt)t20 is said to be non-explosive
if 700 (X) = +o00 almost surely. PDMP characteristics are said to be non-explosive if for
all initial distribution the associated PDMP is non-explosive.

Construction 1 associated with the characteristics (¢, (Ai, Qi)ic[1,q defines a Markov
semi-group (Ps)i>s>0 for all z € M, A€ B(M) and t > s > 0 by

Pg7t(x7A) = ]P)(Xff; €A),

where (X;7"),>0 is a PDMP started from x with characteristics ((Pstu,s+t)t=u=0, (Ai(s +
), Qi(5++°))ie1,q)- Its left-action on C(M) and right-action on P(M) are then given
by

P f(x)=E [f(Xtm’s)] , VP (A) = /M P(X,® € A)dv(z),

for all f € C(M), x € M, v € P(M), A € B(M) and ¢t > s > 0. The Markov property of
(X¢)e=0 is equivalent to the semi-group property P, Ps; = P, forall t > s > u > 0.
If (¢, (Ai; Qi)i[1,¢)) is non explosive, then P, is a Markov kernel for all t > s > 0 and
we say that (Ps¢)¢>s>0 is non explosive. Else, it is only a sub-Markovian kernel. For a
homogeneous process, we simply write P, = Fy; for all £ > 0.

For a PDMP (X})¢>0 with jump times (Sg)ren, we say that at time Si11, & > 0, a true
jump occurred if Xg, | # @s, 5, (Xs, ). Else, we say that at time Sy 1 a fantom jumped
occurred. Note that, in the definition of homogeneous PDMPs with characteristics
(p, A\, Q) given in [9, standard conditions p. 62], fantom jumps are impossible, since it
is assumed that for all x € M, Q(z,{z}) = 0. This is not the case with the definition
we gave in Section 2, where the notion of jump times depends on the jump mechanisms
used to define the process. We will see that in Section 4 that under our settings, based
on characteristics (o, (Ai, Qi)ic[1,¢q) Which define a PDMP (X;)¢>0, we can always define
some characteristics (¢, A, Q) which define a PDMP (Z;);>0 with the same distribution
as (X¢)¢>0 but no fantom jump.

The condition imposed by [9] implying that a PDMP has no fantom jump can be very
useful since it allows a one-to-one correspondence between the path of the continuous-
time process (X;)i>0 and of its embedded chain (X}, Si)ren. With our construction, the
continuous process is completely determined by its embedded chain but not the opposite.

On the other hand, adding fantom jumps sometimes turns out to be convenient. Here
is an example: let (p, \, Q) be the characteristics of a PDMP (X});>0, and suppose that
there exists A, > 0 such that A\(¢,z) < A, for all ¢ > 0 and € M. From Proposi-
tion 5 below, (X;)¢>o has the same distribution as the PDMP (Z;);>0 obtained through
Construction 1 from the characteristics (p, Ay, Q) with for all (¢, z,A) € Ry x M x B(M),

)\(t,m) )\(t,.%')

Qt,z,A) = " Q(t,m,A)—i—{l— " }Sx(A).
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The jump times of (Z;)¢>0 are given by a Poisson process with intensity A.. The method
of adding fantom jumps so that the distribution of the jump times get simpler (for
sampling purpose, for instance) is called thinning (see [16] and references therein for
more details).

Another use of fantom jump is presented in [8]. The stability or ergodicity of a
PDMP (X¢)¢>0 and of its embedded chain (X}, T))reny may differ, but this is no more
the case if fantom jumps are added at constant rate, i.e. if we consider the PDMP with
characteristics (o, A + 1, Q), where Q is given for all (t,z,A) € Ry x M x B(M) by

~ A(t, x) 1
Qt,z,A) = m@(t,ﬂ%A) +m5m(A)
and its embedded chain. See [8] for more details.

There are a other differences between the assumptions we made on the characteristics
of a PDMP and those made in [9, standard conditions p. 62]. For simplicity, we consider
that the flow cannot exit M contrary to [9]. In addition, to prevent the artificial problem
of an infinity of fantom jumps in a finite time, we assume that A is locally bounded,
instead of the following weaker condition that would be sufficient to define (X¢);>¢: for

all (t,z) € Ry x M, there exists h > 0 such that ftHh A(s, pts(x))ds < 4+00. On the

other hand, we don’t assume a priori that PDMPs are non-explosive.

Examples.
Several examples of PDMP can be found in [18] and references therein. In the present
paper, special attention will be paid to the family of velocity jump PDMP, described
as follows. Let V C R? be a smooth complete Riemannian submanifold, and set M =
R? x V. Then, M is a smooth complete Riemannian submanifold of R?% endowed with
the canonical Euclidean distance and tensor metric. We say that a PDMP (X, 7)o
on M (where X; € R? and Y; € V for all ¢ > 0) with characteristics (¢, (Ai, Qi)ie,q) 18 a
velocity jump PDMP if ¢ is homogeneous and given for any ¢ € Ry and (z,v) € Ry xV
by

th(x,y) = (m + tyay)
and if for all i € [1,], all A € B(R?) and all (t,z,y) € Ry x R x V,

Qi(t7 (xay)7A X V) = Sx(A) :

Consider the PDMP (X3, Y};):>0 associated with this choice of characteristics and
(X}, Y}, Sk)k=0 the corresponding embedded chain. Note that by construction for all
t €[Sk, Sk+1), k €N, Xy = X[ 4+ (t—Sk)Y, and Y; = Y). Therefore for all ¢ < supcy Sk,
X = fot Ysds and only (Y;):>0 can be discontinuous in time.

The class of velocity jump processes gathers the Zig-Zag process [4], the Bouncy
Particle Sampler (BPS) [22] and many of their variants. The choice for the jump rates
and Markov kernels of these different (but similar) processes are mainly of one of the
following type (here we only consider homogeneous mechanisms):

e refreshment mechanism: the rate A(z,y) only depends on = € R?, and the kernel
Q is constant, i.e. there exists v € P(V) such that for all (z,7) € R? x V and all
(A,A) € B(M) x B(V)

Q(z,y), A x A) = 5:(Ar(A").
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e deterministic bounce mechanism: there exists a measurable function ¢ : R% — R¢
such that for all (z,y) € M, A(z,y) = {(9(z),y) . and Q((z,y), {z} x{¥(z,y)}) =
1, for a measurable function ¥ : M — Y. A particular example in the case Y = S¢
or Y =R? is U = R where R is given for all (z,y) € M by

Sy =2llg@)I7? (g(x),y) g(z) if g(x) #£0,
. Rlm) = {?/ otherwise .

Note that R(z,y) is simply the orthogonal reflection of y with respect to g(z) if

g(x) # 0.

e randomized bounce mechanism: there exists a measurable function g : R% — R¢

such that for all (z,y) € M and A € B(RY), A’ € B(Y), Az,y) = (9(v),y), and
Q((z,y),A x A') = 8,(A)Q((x,y),A), where Q is a Markov kernel on M x B(Y).

For instance, [6] studies the velocity jump process associated with the linear Boltz-
mann equation, which gives an exemple of refreshment mechanism. The Zig-Zag (ZZ)
process [4] and the Bouncy Particle Sampler (BPS) [22, 21, 10] are recently proposed
PDMP used to sample from a target density 7 o< exp(—U), where U : R? — R
is a continuously differentiable function. The ZZ process is a velocity jump process
with Y = {—=1,1}% and d deterministic bounce mechanisms (Ai, Qi)ieq,aq) given for all

i€ [1,d], € RY y e {—1,1}¢ and A € B(R?) by

Ai(z,y) = (40U (x)/0xi) 4 , Qi((z,y), {z} x {-y}) =1.

Note that in this case, for all z € R?, g;(x) = (0U(z)/0x;)e; where e; is the i*" vector
of the standard basis of R?. Additional refreshment mechanisms can be added to the
process. In the rest of this paper, we will repeatedly use the BPS process as an illustration
to our different results.

Example-Bouncy Particle Sampler 1. Let V be a smooth closed sub-manifold of R¢
rotation invariant, i.e. for any rotation O of R, OV = V. Let A > 0 and u, € P(V).
The BPS process associated with the potential U, refreshment rate . and refreshment
distribution p, is the PDMP on M = RY x V with characteristics (¢, (i, Q)i o))
where ¢ is given by (2) and for all (z,y) € R x V, A € B(RY), \i(z,y) = (y, VU (2)).,
a(r:0) = e Qul(a).A % R = 8:(A) and Qu(z:). ) = 82 ® o, where R
is given by (2) with g(x) = VU (x). Note that (A1, Q1) is the pure bounce mechanism
associated with g, and (A2, Q2) is a refreshment mechanism.

Variants of the BPS with randomized bounces have been recently introduced in |20,
26, 24].

3. ALTERNATIVE CONSTRUCTIONS

Consider PDMP characteristics (¢, (Ai, Qi)ie[1,¢)), an initial distribution pg € P(M)
and the associated process (X;);>0 defined in Section 2. The goal of this Section is to

construct another process (Y;)i>0 on the same probability space (2, F,P) with the same
distribution on D(R4,M U {oo}) as (X¢)i=0-
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Construction 2. Let Wy be a random variable with distribution po € P(M) and
(Ejks Ujk)jeqqken- be an iid. family, independent of Wy, such that for all & € N
and j € [1,4], U;, is uniformly distributed on [0,1] and E;j is an exponential random
variable with parameter 1, 1ndependent of Uj .

Set So = 0, Y] = Wy, Hj1 = Ej; and Njo = 1 for j € [1,/]. Suppose that
(Y, S, ( jk+1,Nj7k+1)Je[[Lgﬂ) and (Y;)i<s, have been defined for some k£ € N, with
Y] € M and S € Ry. Set

t
Sj,k+1 = inf {t > Sk : ]k+1 < / )\j <37(p§k,5(ykl)> ds} s Sk+1 = min Sj,kJrl .

Sh JE[LA]
° Ifng:—i—oo, set Sy, = +00, Y, = oo, I,=1forallm>kandV; = P35, .t (Yy)
for t > 5.
o If Sii1 < 400, set
Iy1 = min{j e [t.4, Sikt1 = Skr} : f{fkﬂ,Hg et Ny
YViee = Gp, ks19g, 5.,V U me) o Niosse = Niggn T 1

and for j # T4,
N - Sk+1 ,
Hjjyo=Hjpp1— /S Aj (8, @gk,s(yk)> ds .
k

Set Y; = ©3, [(Y)) for t € <5‘k,§k+1> and ng = Yk’+1

1

For t > supgen Sy, set Y, =

We show in the following result that the two constructions we consider define the
same distribution on D(R4,M U {oo}).

Proposition 2. The two Markov chains (Xj, Sk, Ix)ken and (Yé,gk,fk)keN have the
same distribution on (MU{oo}) x (Ry U{+co))N. Therefore, (X¢)i=0 and (Yy)i=0 have
the same distribution on D(R, M U {o0}).

We preface the proof by a lemma. Denote by (fk)kEN and (F})ren the filtration
associated with the sequence of random variables (Y7, Sy, Ik)keN and (Y, Sk)kEN

Lemma 3. For all k € N, given {S, < +oo}, ( jk+1)je[[1 ¢ are i.i.d. ezponential
random variables with parameter 1, independent of .7-"’ In addition, for all i € [1,],
given {I}, = i} N {Sp < +o0}, ( ]k+1)ge[[1 q\{i} are i.i.d. ezponential random variables
with parameter 1, independent of ]:’

Proof. Set for all k € N* and j € [1,], Bjx = g, (Sk) fgk {Ni(s, 05, (Vi 1))}ds.

Note that the second statement is equivalent to for all k € N* and ¢ € [1,/], (H ik —
B; k) je[1,q\{i} are i.i.d. exponential random variables with parameter 1, independent of
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0(.7:",271,5'@1?) given {S) = gzk} since for all A € Fl, {S;, = gzk} NA € o ~Ilcfl7‘§i,k)7
which is the result that we will show.

The proof is by induction on & € N*. For k = 1, by definition the first statement holds.
The second part follows from the memoryless property of the exponential distribution
and because for all i € [1,/], (Hy; = B j)je1,0\{}» 18 independent of o(Fh, S1.)-

Assume now that the result holds for k € N*. Then for all ¢,...,t, > 0, we have
using the induction hypothesis, the definition of (H ( k1) jelL, g]], the memoryless property

of the exponential distribution and since given {Sk = SZ k} Nt is independent of
(-Fk,Sk,( Jk‘)]e[[l ¢) for all i € [1, 4],

I, (Si)P ﬂ{ ik =t} | Fr
_ l l
= Tr, (SK) D P | (V{Hjrr > 1530 {S = S} | F
i=1 j=1

l
= Tg, (Sk) ) P ﬂ {Hjgr1 =t} N {Sk = Sip} N {E, 5., > ti} | Fi
i= j=1,j#1i

= 1r_( Sk ) exp Zt

which shows the first part of the statement. Finally we show the second statement of
the induction. Note that (H] k+1)ge[[1 q\{i} 1s an independent family of random vari-

ables, independent of F, and S; 4y, for i € [1,£] and therefore given {I} 11 = i},

(Hj’k+1)]€[[1,g]]\{l} is independent of (Bjxy1)je1,q\{i}- Then, using the first statement
and the memoryless property of the exponential distributions, we have for all ¢1,...,ty >
0,

g, (Set1)P ﬂ {Hj k41— Bjgs1 =t} N {Sks1 = Sins1} | o(Fp, Siks1)
J=Llj#i
A
=1, Sk )P | () {{ ji1 = Bigsr =t} N {Hj i >Bj,k+1}} o (Fs Sipet1)
j=Lj#i
~ V4
= Ir, (Sk+1)exp | — Z t
j=Lj#i
O

Proof of Proposition 2. We show that the two processes (X}, Sk, I )ren and (Y, Sy, fk)keN
have the same distribution. Note that, since (X{), So,Ip) and (Yj, So, Io) have the same
distribution, this result is equivalent to show that (Y}, Sk, I;)ken is also a Markov chain
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with a Markov kernel characterized by (1). Let k € N*, A € B(M), t > Sk" i€ [1,4].
By Lemma~3 and definition of (Y;;I7SE’II%)I%GN’ since, given {Ip41 =i} ﬂ~{5k+1 < +oo},
! 1 = G(Sikt1, P35 k+1(Ykl) UiN,.,) and U; n, ,, is independent of Fj, then setting

S,
gk+1@ = U(Flm zk+17UZ Nk+1) and B] k+1 = 1R+(Sz k+1)‘[5k DY (37(p§k73(ylgl))dsa for
Jj €1, \ {i}, we have

P (Yk/Jrl €A, Spy1 <t I =i ‘ fk)

—P<Yk+1 €A, S ki1 <t,Sipy1 < Sjprr, forall j € [1, 0\ {i}, [ =i

)

=E ]lA(YéH)]l[gk,t](Si,kH)P (1 {Sik+1 < Sjks1}|Griva ‘ﬁk
Jel L] g#

=E | La(Y{31) 15, o (Sik+1)P () {Bjk+1 < Hikp1} | Griri ‘fk
jelLa].g#i

, - zk+1 -
=E ]lA(YkH)]l[Sk,t](Si,k-i—l exp Z / (u, 3, L(Y)du ‘]:k
J=L1j#i

The proof then follows from the definition of Si,k+1 and Y/, ,, and Lemma 3. ]

+10
For k > 1 with S < oo, we say that, at time Sy, the process (X;)i>0 given by

Construction 1 has made a jump of type I, or equivalently that S is a jump time of

type Ir. Denote

(3) TV = inf{Sy : k>1, I} = j}

the first jump time of type j. Then, one example of application of Proposition 2 is the

following result.

Proposition 4. Let ¢ = {1 + ly with ¢1,0o € N*. Let (X¢)i=0 be a PDMP on M

with characteristics (p, (\i, Qi)ic[i,)) given by Construction 1 and initial distribution

po. Define T = min{T® : i € [¢; + 1,£]}, where TUY) is given by (3) for all j € [1,/] .

Then the cumulative distribution functz’on of T is given for all u > 0 by

(4) P(T<u)=P|E< Z / Z)ds |,

1€[€1+1]
where (Zt)i>o0 is a PDMP with characteristics (¢, (Ai, Qi)ic[1,e,]) and initial distribution
to, and E is a standard exponential random variable independent of (Z¢)i>o.
Proof. Let (Yi)i>0 be a PDMP defined by Construction 2 with characteristics (¢, (A,
Qi)ie[1,q) and initial distribution po. Define similarly to (Xi)i>o for all j € [1,4],
TW = inf{S, : k>1, I, =j} and T = min{T® : i € [¢; + 1,4,]}. Note that since
by Proposition 2, (X}, Sk, Ix)ken and (Yk{,gkjk)keN has the same distribution, 7' and
T have the same distribution and it suffices to show that the cumulative distribution
function of T' is given by (4).
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Let (Z;)i>0 be a PDMP with characteristics (¢, (Ai, Qi)ic[1,¢,]) and initial distribution
po defined by Construction 2 and based on the random variables Wy, (Ej &, Uj 1) je[1,01] k€N
and let (Zli,, Ry, Ji)ken be the corresponding embedded chain. By construction, for all
t<TA Too(Z), Yy = Z;. In addition, define

N = inf{k‘ € N* : there exists i € [¢; + 1,/ , I} = z} .
By definition, 7 = Sy on {T < +oc} and for all k € N*, on {N = k} for all ¢t € [0, 5],

Y; = Z;, and for all n < k, Y/ = Z!, S, = R,. Therefore, for all k € N*, on {N >
k} N{1ec(Z) > t}, for all i € [¢1 + 1,], we have by induction

_ B t
SLk = inf {t > Rp_q Hi,k; < / A (S, gokal,s(Z,’g)) dS}
Ry

t
:inf{t>0 : Ei70</ )\Z’(S,Zs)ds} .
0

Since {T < 7o0(Z)} C {T < 400}, we thus obtain

(T < 1o(Z)} N{T >t} = {T < 7o(Z)} N N {(Sie=tin{N =4k}
keN*, ie[t1+1,0]
(5) ={T <71x(2)}N Eio> t \i (s, Zs) ds
z‘e[[fo-l,é]] { ’ /0 }

In addition, since {T' = 400} C {700(Z) = oo (Y)} C {T > 7o(Z)}, we have

(T >10(2) Vit = {T = 400} = (1 {Sik > Re}
1€[01+1,4], keN*

Too(Z)
(6) = N {Ew;/ Ai (s,ZS)ds} :
1€[01+1,4] 0

Combining (5) and (6) and since (E;0)ic[e,+1,,] is independent of (Zs)s>0, we get

B Too (Z)AE
P(T;t) =r[ N {Ew}/o py (s,ZS)ds}

1€[l1+1,4]

¢ Too (Z) AL
exp | — Z / i (s,Zs)ds ,
0

i=01+1

I
=

which concludes the proof. O
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4. SUPERPOSITION AND SPLITTING OF JUMP MECHANISMS

We now introduce a tool to deal with PDMP: superposition and splitting of jump
mechanisms.

Proposition 5. Let (\i1,Qi1)icpi,e,] and (Ni2, Qi2)icpieo] be two families of jump
mechanisms on M. Suppose that for all (t,z,A) € Ry x M x B(M),

4 L2
(7) Z )‘i,l(tv x)(Qi,l (t7 Z, A) - Sx(A)) = Z )‘i72(t7 x)(Qi,Z (t7 Z, A) - Sw(A)) :

i=1 i=1
Then, for all differential flow ¢ and initial distribution py € P(M),
PDMP (¢, (Ai1, Qit)ie[i o] Ho) = PDMP (0, (X2, Qi 2)ic[1,6,]> Ho) -

If (i, Qi)iepi,gq is a family of jump mechanisms, we define the associated minimal
jump mechanism (A, Q) and the associated total jump mechanism (Ar, @) for all
(t,z,A) € Ry x M x B(M), by

¢
Am(t ) =Y Nilt, 2)Qi(t, 2, M\ {z})
i=1

Ou(t,z, A) = {/\ml(ta ) S Nt ) Qi A\ {x}) i An(t,z) # 0,

82(A) else.
(8) )
Ar(t,z) = Z)\i(t,x)
i=1
—1 ) (4 DOt @ i N

The jump mechanism (Ay, Q) is minimal in the sense that if A\, (t,z) # 0, for ¢t €
Ry, z € M, then Qu(t,z,{z}) = 0. As a consequence, if (X;);>0 is a PDMP with
characteristics (, Am,@Qm) and jump times Si, k € N, then almost surely Xg, , #
©8y,5e41 (X5, ), and therefore (X)¢>0 has no fantom jumps.

Since, for all (t,2,A) € Ry x M x B(M) and i € [1,n],

Qi(t7x7A \ {.%'}) - Sx(A)Qi(t7x7 M \ {1‘}) = Qi(tvxv A) - SJC(A) )
the minimal jump mechanisms associated to (A}, Qll)ie[[l,el]] and (A2, Q?)ie[[llg}] are equal

if (7) holds. Therefore, the statement of Proposition 5 is equivalent to

PDMP (¢, (A}, Q;)ic1,e1] #0) = PDMP (0, A1, Qr, 110) = PDMP (40, Ay, Qi 20)-
We first show the first equality in the following Lemma.

Lemma 6. Let (A, Qt) be the total jump mechanism associated to (i, Q;)icqi,- Then,
for all flow ¢ and po € P(M), PDMP (¢, (Ai, Qi)iequ g, #o) = PDMP (0, A1, Q, o).

Proof. Let (Xi)1>0 be a PDMP with characteristics (o, (Ai, Q:)ic[1,¢)) and initial distri-
bution p defined by Construction 1, and (X}, Sk)ren be its embedded chain. Since the
process is completely determined by its embedded chain, and by the Markov property,
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it is sufficient to prove that the Markov kernel of (X}, Sk)ren is equal to the Markov
kernel of the embedded chain associated to a PDMP with characteristics (¢, At, Q).
Summing out (1) over j € [1, /], we get for all t > 0 and A € B(M)

P(Xjp1 €A Ty < t|Fi)

t ¢ £ s . /

= 1u(X}) /S 3 Q5. 05,8 (X0)s AN (5, 5, 5 (X3)) € 0=t S Ml Xidu g
ko j=1
t s /

= Im(X}) | Qu(s, 0, a(X0), AAD(s, ps, o(X4)) e Jse Aesiu(Xiddug

Sk
which concludes, since from (1) this is exactly the Markov kernel of the embedded chain
associated to a PDMP with characteristics (¢, At, @T). O

Before showing Proposition 5, we need the following technical lemma. In the following,
we denote by Id the Identity Markov kernel, defined by Id(¢,z,A) = §,(A) for all ¢ > 0,
z € M, A € B(M). The following lemma gives a rigorous proof of the intuitive idea that
adding fantom jumps does not change the distribution of the process.

Lemma 7. For any characteristics (o, A\, Q), jump rate X' : M — R and py € P(M),

PDMP(SDa >‘a Qa MO) = PDMP(SD’ {()‘a Q)’ ()‘/’ Id)}’ ,U'O) :

Proof. We consider (Y;);>0 a PDMP with characteristics (¢, {(A, @), (N\,Id)}) and ini-
tial distribution po defined from random variables Wy and (Ej x, Uj k) jeq1,2),ken by Con-
struction 2, and its embedded chain (Yk,,gk,jk)keN- Let Ry = 0 and, for k& > 1, let
Ry, = inf{S‘i >Rp1: i €N, I, = 1} be the & jump of type 1 (i.e. associated with
the jump mechanism (X, Q)). For ¢ > 1 such that I; = 2, the i*" jump is a fantom one,
Le. Yy = ¢5i71,§i(Y5¢71)' By the flow property ¢s, © ¢rs = @iy, this implies that
Y; = ¢r, +(Yg,) for all k € N and t € [Ry, Rpy1 A Too(Y)).

If £ € N is such that Ry < oo, then {¢g, +(Yr,) : t € [Rg, (1 + Ri) A Ri41]} is a
compact set of M, on which )\ is bounded (as a locally bounded function). Hence, there
cannot be an infinite number of jump of second type between times Ry and (1 + Rg) A
Ry41. In particular, necessarily, sup {Ry, : k€ N} =sup{Sy : k € N} = 7o(Y). As a
consequence, Y; = ¢g, +(Yr,) holds for all £ € N and ¢ € [Ry, Ri+1) on {Rj < +o0}.

Define for all k£ € N*, N, = inf{i > Ny_1 : I, = 1}, setting Ny = 0. Construction 2
is such that, then, for all k € N, on {Ry < 400} N {Np11 < +o0},

t
Ry1q = inf {t > Ry E17k+1 < / )\(S,QDRk,S(YRk))dS} .
Ry,

In addition, for all k£ € N,
{R), < +o0} N{Niy1 = +oo} N{Ry, = +oo}

= {Rr < +o0o} N{Nj41 = +oo} N ﬂ {gl,i-i—l > /t )\(Saﬂpsi,s(YSi))ds}

i>N,, S

—+o0
= {Ry, < +00} N {Nj41 =+o0}N {El,kJrl > / A(S,@Rk,s(YRk))dS} .
Ry
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Therefore, on { Ry < +00} N{Np41 = +00},
t
Rj41 = 400 = inf {t Z Ry ¢ Eipp < / )\(37<PRk,s(YRk))d3} ;
Ry,

and, if Rk-f—l < o0, YRk+1 = Gl(Rk-H, PRy, Ri11 (YRk), Ul,k)-

Therefore, denoting Z; = Ypg, for all k € N, then (Z;, Ry) is the embedded chain
associated to a PDMP (Z;);>0 with characteristics (¢, A, @) and constructed with the
random variables Wy and (E1 i, U; ;) k>0 (through either Construction 1 or 2, since there
is only one jump mechanism so that both coincides). For all k € N and ¢ € [Ry, Rg+1),
Zy = R, +t(Z;,) =Yy, which concludes. O

Proof of Proposition 5. As previously mentioned, to show Proposition 5, it is sufficient
to prove that, for all differential flow ¢ and initial distribution ug,

PDMP(QD’ (Azl? Qz’l)ié[[ljl]] ; //JO) = PDMP(QD, )‘T’ QT’ :U’O) = PDMP(SD, >‘ma Qm’ :U’O)

holds, where (A1, @7) and (A, @m) are the total and minimal jump mechanism respec-
tively associated to both (A}, Q})icp1,e,] and (A7, QF)ieqr o) defined by (8). The first
identity is given by Lemma 6, therefore it remains to show the second one.

By Lemma 7, since Ay — A, is by definition a jump rate (i.e. a positive and locally
bounded measurable function), we get for all differential flow ¢ and initial distribution
o that

PDMP(SD’ Am; anu'(]) = PDMP(SD’ {()\m, Qm), ()‘T - Am’Id)}’:U’O) :

The proof is concluded upon noting that the total jump mechanism associated with
{(Am; Qm), At — Am,Id)} is equal to (A, Q1) and using Lemma 6 again. O

Example - Bouncy Particle Sampler. By Proposition 5, the BPS process defined in
Example 1 is a PDMP with characteristics (¢, A, @), where for all ¢ > 0, (z,y) € R¥x Y,
and A € BR? x Y), ¢i(x,y) = (2 + ty,y),

(9) Az, y) = (VU (@), )4 + Ac ,
and

Q((x, y), A) = Ail(x, y) {(VU(CC)’ y>+ 6(m,R(:z:,y))(A) + >‘C(6:B ® NV)(A)} )
where R is defined in (2) with g = VU.

5. NON-EXPLOSION

It is generally easier to prove that a given particular PDMP is non-explosive than to
provide good general conditions that ensure non-explosion for PDMPs. Nevertheless, we
give here two results on that topic that will prove useful in the rest of this work, and
may be of interest in other situations.

Proposition 8. Let (X;)i>0 be a PDMP with characteristics (¢, (Ai, Qi)ic1,q) and
wnatial distribution pg be given by Construction 1 for some random wvariables Wy and
((Ej’k)je[[l’g]],Uk)keN. For all M > 0, let (XM)i=0 be a PDMP with characteristics
(s (M A Xiy Qi)ieqie)) and initial distribution po be given by Construction 1 for the
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same random variables Wy and ((Ejx)jepi,q> Ur)ken as (X¢)i=0. The process (Xi)i=o is
non-explosive if and only if, for all t > 0,

. _ M _
MIEEOOP (Xs = X", forall s€[0,t]) =1.

Proof. Suppose that (X;)¢>0 is non-explosive. Then for almost all w € €, the pro-
cess only jumps a finite number of time between times 0 and ¢, so that {X; : s €
[0,t]} is a compact set of M. Since the rate jumps are locally bounded, A\, (w) =
sup{Z?z1 Aj(s,Xs) : s € [0,t]} is finite for almost all w € . We get for all w € Q2
and M > A (w), by definition that sup,c(o 4 ‘XS - XM ! = 0 and therefore, for almost
all w € Q, limps— o0 Loy (Supsepo g [ Xs — XM|) = 1. Thus, since {Xs = XM, for all s €
[0,t]} = {supsejo,q | Xs — XM| = 0}, the proof is concluded using the Lebesgue dominated
convergence theorem.

Now, to prove the converse, remark that (X);>o is non-explosive for all M > 0,
since its jump rates are bounded. In particular, XtM € M for all t > 0, so that

P(700(X) > t) = P(X; € M) > P(X; = XM)
for all M > 0. The conclusion then follows taking M — +o0. g

In particular, Proposition 8 implies that, if (¢, (Ai, Qi)ic[1,¢) is non explosive, denot-
ing by (Ps,t)t2520 and (P% )i=s>0 the Markov semi-group associated to characteristics
(¢, (Nis Qi)ieqr,g) and (@, (M A Niy Qi)iei ), M > 0 then, since for all yg € P(M) and
all t > 0,

120 Po e = moPor v = s [P(X; € A) —P(X{M € A)] <2P(X; # X{M),
AeB(M

we get limM_>+oo HMOPOJ — ,UIOP()]%HTV = 0.
The second result concerning non-explosion of PDMPs is the following:

Proposition 9. Let (¢, (\i, Qi)ic1,¢q)) be homogeneous characteristics with £ > 1. As-
sume that the characteristics (¢, (\i, Qi)icqi —1]) are non-explosive and ||\l < —+oo.
Then (¢, (Ni; Qi)ie[1,q) are non-explosive as well.

Proof. Let po € P(M) and (Y;)iz0 be a PDMP with characteristics (¢, (Ai, Qi)ie[1,¢)
and initial distribution pg given by Construction 2 based on random variables Wy and
(Ejk Ujk)jen,qken- Let (Yk/,gkjk)keN be the corresponding embedded chain. First,
consider the decomposition

(10) P (sup S < +oo> =P (sup Sp < 400, sup Nyy = +OO>
neN neN neN*

+ P (Sup gn < 400, sup Ngm < +oo> .
neN neN*
Let us show that both terms of the right-hand-side are equal to O.
Define recursively (Nr(f))neN by Néz) =0 and for all n € N,

Ny =it {k>NO L=t}
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Note that
(11) N = k if and only if Nep=n.

Then, on {sup,,cn= Ngm = +oo}, for all n € N, N,SZ) < 400 almost surely. Hence, on
{sup,,en+ N ¢ = +0o0}, for all n € N*, by definition we have almost surely

sup 51> 3 {80 = S0, } 2 Bl Il

keN~ k=1 i=1

where the last inequality follows from the bound on {N g) < 400},

t
SN}(CZ) = SZ,NIEZ) =inf< ¢ > SN]EZ)fl . HZ,NIEZ) < /g )\[(Xs)ds
(&)

k

t
=inf< ¢t > SN(z) By < / M(Xg)ds p = S
k—1 S

Nt Eor/ [ Xelloo
S k—1
()

k—1

Therefore by the law of large number,
n
P <sup5'n < 400, sup Ny, = +oo> < inf P Z(Eg,i/ Aello) < 400 | =0.

neN neN* neN* i—1
We bound now the second term in (10). Let £ € N*. Note ‘that by Construction 2,
on {sup,ey Nen = k}, forall i € [1,k—1], {X; : t €[Sy, S NO, )} is a PDMP with
characteristics (o, (Ai, Qi)ie[1,e—1]) With initial data Xg o Then by (11), the Markov

N,

property and an immediate induction using that (¢, ()\;, Qi)ic[1,—1]) is non explosive,
we have that on {sup,,cn- Ne, = k}, almost surely Xg 0 € M, for i € [1,k]. The proof

is then concluded since, using that (¢, (A;, Qz)le[[l — 1]]) is non explosive, Construction 2

and the Markov property again on {sup,cy Ny, = k}, {X; : t € [SN 0,+00)} is a
k

PDMP with characteristics (o, (Ai, Qi)ic[1,e—1]) started at Xg . O

N
Let us come back to our main example.
Example - Bouncy Particle Sampler.

Proposition 10. The BPS process defined in Example 1 is non-explosive for any initial
distribution.

Proof. Using the notations of Example 1, consider (X;,Y;)s>o the PDMP on R? x Y
with characteristics (o, A1, @1) and initial condition (Xg,Yy) = (x,5) € M defined by
Construction 1 from an ii.d. sequence of random variables (Ej, Uy)ken, associated
with the sequence of jump times (Si)ren. Note that almost surely HYtH = |ly|| for all
t € [0,sup, ey Sn), so that || Xy — z|| < t[ly[| and

M(X Y <) = Iyllsup { VU] : o € RY,

o~ <tlyl} -
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Therefore on {sup,cy S, < +00}, by Construction 1 almost surely there exists C' > 0
such that

Spt1—Sn = E,/(C+1) for all n € N* .
Then, we have on {sup,,cy S, < +00}, that almost surely there exists C' > 0 such that
+00 > sup Sy =3 {Sns1— S} = > {E./(C+1)}.
neN neN neN*

As a result,

P(sup5n<+oo> gP(U {ZEn/(€+1)<+oo}> <0.

neN teN* nen=

It follows that the PDMP with characteristics (¢, A1, Q1) is non-explosive. By Proposi-
tion 9, the BPS is non-explosive. O

6. COMPARISON OF PDMP vIA SYNCHRONOUS COUPLING

The result of this section is crucial in many aspects: first, it gives stability estimates
with respect to the jump rates and the underlying Markov kernel for a modification
of a PDMP for example for an approximate thinning procedure. Second, it will be an
essential tools to verify assumptions for the BPS in the following sections. The main
goal of this section is to prove the following:

Proposition 11. Let (P},);>s>0 and (P2;)is>0 be two non-explosive PDMP semigroups
with characteristics (o, A\1,Q1) and (, A2, Q2) respectively. Suppose that there exists a
measurable g : Ry — Ry satisfying for allt > 0,

(12)
g(t) > sul\l/? {M(t, ) Ada(t,x) |Q1(t, z, A) — Qa(t, z,A)|} + su'\}?I |A1(t,x) — Aa(t, )|
A”é%(m) e

or alternatively

(13)  g(t) = sup [Ai(t,2)(Qi(t, 2, A) = 82(A)) — Aa(t, 2)(Qa(t, ,A) — 8:(A))] -

zEM,
AeB(M)

Then for allt > 0 and x € M,

¢
H8$P017t — SxPO%tHTV <2 {1 — exp <—/ g(s)ds)} .
0

Remark 12. Note that if (A;)i=1,2 and (Q;)i=1,2 are two locally bounded jump rates and
Markov kernels respectively, then

(14) SUI\IZ {Al(t’ x) N )‘Q(t’ x) |Q1(t’ €T, A) - Qg(t, z, A)|}
Agé%(l\}l)

< Sul\l;l) {|)\1(f,$)@1(f,$,A) - >‘2(t?x)Q2(t’x’A)|} .
Agé%(l\h)
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Indeed, let x € M and A € B(M). Without loss of generality, we can assume that
Mt z) = Mot x). If Qi(t,x, A) = Qa(t,x,A), then we have

Mt z) Ada(t, z) |Q1(t, x, A) — Qa(t, z, A)|

S M 2)Q1(t @, A) = Ao, 2)Q2(t, w, A) = [Ai (8, 2)Q1 (8, x, A) — Aa(t, 2)Q2(t, 2, A)|
Otherwise Q1 (t,z,A%) = Q2(t,x,A°) and we get
At x) Ada(t,x) |Qr(t,z, A) — Qa(t, z, A)| < [ A (8, 2)Q1(t, x, A°) — Aa(t, 2)Qa(t, z, A%)| .
Therefore, for all x € M and A € B(M),

)\1(15, x) A )\Q(t, x) ‘Ql(t, x,A) — Qa(t, x, A)’

< sup Al(th)Ql(taxaA) - AQ(t,I’)QQ(t,x,A) )
AcB(M)

which implies (14). Therefore, to establish that (12), it is sufficient to show that there
exists a measurable function g : Ry — Ry such that for allt € R,

(15) g(t) =2 Sul\l;l) {|)\1(f,$)Q1(f,$,A) - >‘2(t?x)Q2(taxaA)|} 9
Agé%(l\h)
Conversely, we easily get for all t € R,
(16)  sup {|\(t,2)Q1(t, 2, A) — Aao(t, 2)Qa(t, z, A)|}

zEM,
AEB(M)
< su'\I/? {M(t,z) A da(t,z) |Q1(t, x, A) — Qa(t, z,A)|} + SuI\I/)I [A1(t, ) — No(t, )] .
rxeEM, Tre
AEB(M)

Therefore (12) and (15) are essentially equivalent up to a factor 2.

The proof of Proposition 11 relies on the construction of a Markovian synchronous
coupling between (Ps{t)t%;o and (Ps%t)t%;o. More precisely, we want to construct a
PDMP (X;,Y;)i>0 on M? starting from (z,y) € M? such that the distributions of (X;)¢=0
and (Yz)¢=0 are PDMP (¢, AL, Q1,8,) and PDMP (¢, A%, Q?,§,) respectively. In the case
where z = y, the synchronous coupling attempts to keep X; = Y5 for all s € [0,t] by
ensuring that, as much as possible, both processes jump at the same time and, when
they do, jump as much as possible to the same point. Let us give its precise definition.

First, by [25, Corollary 5.22], there exists a jump kernel Kq on M?, such that for all
t € Ry and (x,y) € M2, Ko(t, (z,y),-) is an optimal transference plane of Q1 (¢, x,-) and
Q2(t,y, ), where optimal means that

(17) QKO(t’ (Cﬂ,y), Atli/l) = ||Q1(t,$, ) - QQ(t,y’ ')HTV .
Define, for i = 0,1,2 and j = 1,2 the jump rate r; and the jump kernel K; on M? as
follows: for t € Ry ,(z,y) € M? and A,B € B(M),

To(t, (x,y)) = Al(th) N )‘Q(tay) )
(18) Tl(tv (x,y)) = ()\1(15,1‘) - )‘2(t7y))+ ’ Kl(tv (.%',y),A X B) = Ql(tvva)sy(B) ’
TQ(tv (x,y)) = ()\2(15,1‘) - Al(t7y))+ ’ KQ(tv (.%',y),A X B) = 8$(A)Q2(t7y7 B) :
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Let ¢® be the flow on M? defined for all ¢t € Ry and (z,y) € M? by

e®(t, (x,y)) = (@t x), o(t,y)) .

Lemma 13. Let (z,y) € M? and (X¢, ;)10 be a PDMP on M? with initial distribution
8(z,y) and characteristics (cp®,(ri,Ki),~e[[072ﬂ). Suppose that it is non explosive. Then
(Xt)e=0 and (Yi)i=o have distributions PDMP (o, A}, Q%,8,) and PDMP(p, A2, Q?,35,)
respectively.

As a consequence, (X, Y};)i>0 is referred to as a synchronous coupling of (SwPo{t)t}o
and (8, F;)=0 -

Proof. We only show the result for (X;):>0, the case for (Y;);>0 being similar. Consider
the Markov kernel on M2 x B(M?) defined for all (x,y) € M? and A € B(M?) by

: {““’”K(J“szi:’ziiiiEi:zg“<<w>vA> if 7o(2, ) + r1(2,) 70

K((z,y),A) =
(@), 4) 8(z,y) (A) otherwise .

and let (X, Y;)=0 be a PDMP with characteristics (%, ry + r, K, r9, K9) with ini-
tial distribution 8, ) defined by Construction 2 based on some random variables (£ x,
Ujk)jel,2),ken- By Proposition 5, PDMP (¢®, 7 + 11, K, 79, K2,8, ® 8,) = PDMP(¢®,
(7, Ki)ie[o,2], 92 ® 8y). Therefore, by definition, it suffices to show that (X;);>o is dis-
tributed according to PDMP(p, A1, Q,8,). Let ((X,’C,Y,;),gk,fk)keN be the embedded
chain associated with (X, Y};)i>0. Set Ryp = 0 and, for k € N,

Rk+1:inf{§i>Rk i eN, 11:1} .

The process being non-explosive, supneNS = 400, so that sup, cy R, = +00. For all
keN, set X}, = XR, if R, < oo and X = oo otherwise.

By definition of Ky and ¢®, for all k € N such that Ry < oo and all ¢ € [Ry, Ryy1),
then X; = aka,t(X'k). Moreover, similarly to the proof of Lemma 7, for all ¢ > 0 and
(Cﬂ,y) € MZ’ To(t, (x,y)) + Tl(t’ (Cﬂ,y)) = Al(t’x)’ so that

t

(19) Rk-i—l = inf {t > Rk : E17k+1 < Al(S,QDRk,S(Xk))dS} ,

Ry

and, if Ryy1 < 0o, denoting G the representation of K used in the construction of the
process,

(20) (XRk+1 ) YRk+1) = Gl(Rk-H’ (SDRk,Rk+1 (Xk)a Yk—f—l)’ Ul,k-i-l) )
where Y41 = ¢g_ g(Yg,_,) with i € N* such that Rgy = S5;. Now, for all k € N,
t>0, (z,y) € M? and A € B(M),
(21) Al(t,m)]P’(Gl(t, (x,y), U17k+1) € AXx M)
= V“Q(t, (xvy))KO(t7 (xay)7A X M) + 701(t7 (xay))Kl(tv (x,y), A x M)
= (ro(t, (z,9)) + 1t (2, ) @it , A) = Ai(t, 2)Qu(t,x, A) -
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Let (Fg)ren be the filtration associated with (Xj, Ri)ren. In particular, Fj g1 and
Ui k41 are independent of Fj, so that (19), (20) and (21) yield, for all k € N, t > Ry,
and A € B(M),

P (X1 €A, Riey1 < t| Fi)

t
= lM(Xk)/ P (G1(s, (Xk41, Yey1), Unps1) € A| Fe V o (U i)
Ry,

M (s, pr,,s(Xk)) exp {—/ A1 (u, @Rk,u()_(k))du} ds
Ry,
t

= Tm(Xz) . Q1(s,2,A)A1 (s, ¢r,.s(Xk)) exp {—/RS A1 (u, ka,u(Xk))du} ds .

As a consequence, (X}, Rj)ren is the embedded chain associated to a PDMP with char-
acteristics (¢, A\1,Q1). The fact that Xy = g, +(Xj) for all £ € N such that R < oo
and all t € [Ry, Rg+1[ concludes the proof. 0

Proof of Proposition 11. The proof is divided in two main steps. In the first one, we
assume that A! and A? are uniformly bounded and the second one is the extension of
the first result in the case where the jump rates are not bounded.

(1) Assume for the moment that H)\ZH < M, for i = 1,2 and some M > 0. Let
(P! 1)e=s>0 and (P2)i>s>0 be two PDMPs semigroups with characteristics (o, Q1, A1)
and (i, Q2, A\2) respectively. Since A!' and A? are uniformly bounded, the synchronous
characteristics (i, (ri, K;)ic[o,2]); Where (ri, K;)ic[o,2] 18 defined in (17) and (18), are
non explosive. From Lemma 13, the synchronous coupling defined above is a Markov
coupling between these two semigroups. Then, by characterisation of the total variation
distance by couplings, to get an estimate on H5mP01¢ _S:BPO%tHTV for t > 0, we just need to
bound the probability that this coupling stay equal on [0, ¢] if it starts from (z,z) € M2.
However, to do so, we consider different characteristics from (¢®, (rs, K;);cpo,2])-

Define the Markov kernels, for all (z,y) € M? and (A, B) € B(M)?2, dropping the subscript
M for the diagonal A

Ko((;; if Ko((z,y),A)#0

(A x B) otherwise ,

)
P A DT i Ko((r0).A% £
8(1 )(A B) otherwise ,

{ U@ y) ADRY X B) o ) fd x M) £0

y),Ax BNA)
Koa((z,y),A x B) ((z,9),4)

O(a,y

Ki((z,y), {z} x M)
8(z,) (A X B) otherwise ,
Ki((z,y), A\ {z} x M)

Kl((%y) MA {z} x M)
(A x B) otherwise ,

if Ki((z,y),M\ {z} xM)#0

S(a,y)
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Ko((z,y),AxBn{z}) .
Koal(y) AxB) = Koy Mxfap) (@l Mxtzl) 20

Sz (A X B) otherwise ,

Ko((z,y),Ax B\ {z}) . y i
Kos((0,y) A x B) = 4 Kol(my) M x M\ {zy) o L2ll@w), Mo M ge)) 0

Sz (A X B) otherwise .

Define also the rate jumps for all (z,y) € M? by

TO,A(x’y) = KO((xay)’A)TO(xay) s T07¢($,y) = KO((xay)’AC)TO(xay) >
ra(@) = Ki((z,y),{z} x M)ri(z) ,  r2(z) = Ki((z,y), M\ {z} x M)ri(z)
roa(@) = Ka((z,y), {y} x M)ra(z) . ro2(x) = Kao((2,y),M x M\ {y})ra(z) .

By Proposition 5, for any initial distribution pg on M2,

PDMP (¢%, (ri, Ki)ic[o,2]> #0) = PDMP (0%, (ri.0, K; 0 )ic[o.2],0e{a,#}» H0) -
Let (X¢, Y)i>0 be a PDMP associated with the characteristics (¢, (7i,0, K 0)ic[0,2] 0e{A,#})

and let (S?f’i)neN, ic[o,2] be the jump times associated with the jump rates 7o 2,71 2,72 £
respectively. By Lemma 13 since (X¢, Y;)i>0 is non-explosive and Proposition 4, we get
forallt >0

P(X:#Y;) < 1—P<'%ﬁ3gﬂ5f’i >t,X;=Y, forall s € [0,75])
1€ |0,

< 1= forp [~ [ frus(o, 000 X0) 715, (e K)o (Ko X ]|

where (X, X;)s>0 is a PDMP with characteristics (@, (ra, Kia)ic[o,2]) starting at
(z,z). This result concludes the proof since by definition, (17), (18) and (12), for all
y € M and s > 0, we have

ro,.£(8, (4, y)) +11,£(8, (4,9)) + r2.2(5, (y,9)) < g(s) -

(2) In the case where A\l and A? are not uniformly bounded, consider for all M > 0
the two semi-group (P;;&M)t%}o and (Pi %M)@s}o associated with the characteristics
(0, \' A M,QY) and (o, A2 A M, Q?) respectively. Then for all M > 0 the triangle
inequality yields

182 P =8 Felly < 11805 =80 Py llrv+18: Py =80 oy v+ 8 By =8, B llrv -
Using Proposition 8 and the assumption that the semi-groups we consider are non-
explosive,

(22) 182 Py = 82 P yllry < limsup [, Py — 8,P5 " lrv -
M—+o0
On the other hand, by the first part of the proof for all M > 0,
t
(23) HSJCP&’tM — SxP(i’tMHTV <2 {1 — exp <—/ g(s)ds)} ,
0

where ¢ satisfies (12) since for all t € Ry and M > 0,
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g(t) > su'\I; {M AM(t,x) A Xo(t,x) |Q1(t, 2, A) — Qa(t,x,A)|}
AE%(M)

+ sup |[M A XM (t,z) — M A Xo(t, )| -
zeM
Combining (22) and (23) concludes the proof.
(3) Let us finish the proof by establishing (13) via our results on superposition. In-
deed by Proposition 5, for all initial distribution po € P(M), PDMP(@,Qll)\l,MQ) =
PDMP(SD, Qla )‘1’ :U’O) and PDMP(QD’ QQ, >‘2, :U'O) = PDMP(SD’ Qza )‘25 //JO) where A = \? =
MvA2andforteRy,z€M,AcB(M)andi=1,2
N(t,z)

@tz A) = M(t,x) Vv Az(t,m)Ql(t’x’A) " (1

Ne(t, x)
SNt z) v )\Q(t,m)> 5(A) -

Therefore, (Pl;)izs>0 and (P2;)>s0 are also associated with the characteristics (¢, QLY

and (@, Q%,A\?). Applying the case where g is given by Equation (12) to these charac-
teristics concludes.

0

7. GENERATOR

From this section, only homogeneous processes are considered. Nevertheless, some
results below can be applied to inhomogeneous PDMP since if (X¢);>0 is such a process
on M with characteristics (¢, @, \), then the process (X, )0 is a homogeneous PDMP
on (M x Ry, B(M x R,)) with characteristics (¢, @, \) defined for all t,s € R, x € M
and A € B(M x R;) by

Ps((2,1)) = (prits(x), t+s) Q((x,1),A) :/I\/IXR Ia((y, w)Q(z, dy) @8 (du) .

This section is devoted to the introduction of the strong and extended generator of a
non-explosive PDMP.

Consider a homogeneous PDMP semigroup (P;);>o with non-explosive characteristics
(p, A\, Q). Note that (P;)¢>0 is a contraction semigroup on B(M), i.e. for all s,t € Ry,
Pyyy = PP and for all function f € B(M), [|P.f]l, < ||f|lo- In addition, define the
subset Bg(M) C B(M) by

Bo(M) = {f € BM) : lm |P.f = fll.. =0} .

By [9, p.28-29], Bo(M) is a closed subspace of B(M) and a Banach space for the uniform
norm. Then by definition, (P;);> is a strongly continuous semigroup on Bg(M), i.e. for
all f € Bo(M), lim¢o || f — flloo = 0.

Define (A, D(.A)) the strong generator of (P;)¢>o by

D(A) = {f € Bg(M) : there exists g: M — R %gr(l] Htfl(Ptf =) —QHOO = O} )
Af =g forall f € D(A) .

A subset D C D(A) is a core of (A,D(A)) if the closure of the restriction of A to D is
equal to (A,D(A)). One use of the strong generator of (P;);>o is to show that a given
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measure on (M, BM) is an invariant measure for (P;);>0. Indeed by [13, Proposition 9.2],
p is invariant measure for (P,);> if only if for all f € D, where D is a core for (A, D(A)),
JuAf(@)p(dz) = 0. Therefore, the strong generator (A, D(A)) is an essential tool to
study (P;);>0. Unfortunately, characterizing the domain D(A) is in general not possible.
In addition, while it would be possible to only use a core of (A, D(A)), there is very
few results giving such a subset for PDMPs contrary to diffusion processes (see e.g. [13,
Chapter 8]). However, we will see in this section that for a class of PDMPs, to show that
a measure /4 is invariant, it is sufficient to show that for all f € CL(M), [\, Af(z)du(z),
where (A, D(A)) is the extended generator of (P;);>0, defined as follows.

For x € M, denote P, the distribution PDMP(p, A\, @, ;) on D(R4, M) and E, the
corresponding expectation. Let (X;)¢>0 be the cannonical process on D(R, M), defined
by (X¢)i=0(w) = w for all w € D(Ry, M), and let (F;)¢>0 be its associated filtration. Let
So =0 and, for k € N, Sp1 = inf{t > S = X; # ¢, 5 (X5, )} be its true jump times.
Define for all t € Ry, Ny = >, - 11[07t}(5'k) and consider the following assumption

Al. Forallz e M andteRy, E; []\_ft] < 400.

For all ¢t > 0 and for all measurable functions f, ¢ : M — R, such that, for all x € M,

s — g(X;) is P,-almost surely locally integrable, denote

MP9 = £(X,) — f(Xo) — /O o(X)ds .

The (extended) generator and its domain (A,D(A)) associated with the semi-group
(P})¢>0 are defined as follows: f € D(A) if there exists a measurable function g : M — R
such that (Mtf )50 is a local martingale under IP,, for all x € M and, for such a function,
Af = g. Despite its very formal definition, (A,D(A)) associated with (P;);>0 can be
easily described. Indeed, under A1, [9, Theorem 26.14] shows that D(A) = E; N Ey
where

Ei ={f eM(M) : t — f(p(z)) is absolutely continuous on R, for all z € M} |

and E, is the set of measurable functions f : M — R such that there exists an increasing
sequence of (F3)¢=o-stopping time (04, )n>0, such that for all x € M, lim,,_, ; » 0, = +00
P,-almost surely and for all n € N,

+oo
Eo | Y 145, <ony |F(X5,,,) — f(%fgk()_(gk))‘ < 400,
k=0
Then, for all f € D(A) and z € M,
(24) Af(x) = Dyf(z) + M) (QF(z) — f(2)) ,

where

f(%(ﬂﬁ%)—f(x) ,

lim;_q if this limit exists

Dy f(x) = {

In fact, in [9, Theorem 26.14], @ is required to satisfy Q(x,{z}) = 0 for all z € M, but
if it is not the case, from Proposition 5, we can apply this result with the minimal jump
rate associated to (A, @) such as introduced in Section 4.

0 otherwise .
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Note that D(A) C D(A) and for all f € D(A), Af = Af, since by [9, Proposition
14.13], for all f € D(A), (Mtf’Af)go is a (Ft)¢>o-martingale.

In addition, C}(M) C D(A) and, if f € CL(M), then Af is bounded, therefore
(Mtf’Af)t>0 is a (F;)i>o-martingale. Moreover, since we supposed that b(x) = (0;)t=op:(x)
exists for all z € M, then D, f(x) = (b(z), V f(x)) for all f € C}(M) and z € M. However,
we need some conditions on A and Q to show that that CL(M) C D(A).

A 2. Let (P)i=0 be a non explosive PDMP semi-group with characteristics (¢, \, Q).
Assume that for all T > 0, there exists M > 0 such that for all x € M and t € [0, 7]
supp{ P (z,")} C B (z, M).

Lemma 14. Assume A 2.

(a) For all f € C.(M), T € Ry, there exists a bounded set A such that P,f(x) = 0,
forallz & A and t € [0,T].
(b) Condition A1 is satisfied.

Proof. (a) Let f € C.(M), T € R;. By assumption, there exist My, Mp € R such that
supp(f) C B (zg, My), zg € M, and supp{P;(z,-)} C B(z, M) for all t € [0,T], z € M.
Therefore, we get that, for all x & B (xg, M7 + My +1),

Puf@) = [ Vatotpyon(en ) 0 0)Pe.d) = 0.

7

Indeed, by construction B (x, M) N B (zg,My) = () since by the triangle inequality,
dist(x,y) < M7y implies that dist(zo,y) > My + 1.
(b) Let (X¢)i>0 be a PDMP process with characteristics (p, A, Q) started from x € M,
given by Construction 1, with jump times (Sg)ren. Note that by definition, for all
k € N, Sp < Sk, where (Sg)ren is the true jump times of the process. Therefore,
defining Ny = Z;;’ol 1jo,4(Sk), we have for all t > 0, N; < Ny, and to show that A1
holds, it suffices to show that E[Ny] < +oo for all T € R4 and x € M.

Let T > 0 and M > 0 be such that for all ¢ € [0,7] and y € M, supp{P;(y,-)} C
B(0,M). Then, since (X;);er, is a cadlag process, almost surely, for all ¢t € [0,7],
X; € B(z,M). Therefore, for all k € N,

10,6 (Sk+1) (Skt1 — Sk) < Ei1 /(1 + 1M o 52 01)) -

Then, for all ¢ € [0,7], N; is bounded by > Tjo 1 (Ex1/(1 + [[Alloo B(a.ar)))> Which is
a Poisson process with rate 1+ [[A|l p(, 7). Therefore, for all ¢ € [0, T, E[N;] < 4o0.
U

Proposition 15. Let (P;)i>0 be a non explosive PDMP semigroup with characteristics
(0, N\, Q). Assume A2, (t,x) — ¢i(z) € CLR L x M), A € C(M) and for all f € C.(M),

AQf € C.(M). Then CL(M) C D(A).

Proof. Let f € CL(M). By Lemma 14 and since AQf € C.(M), there exists a compact
set K C M, such that for all x ¢ K, P.f(xz) = 0, for all t € [0,1], A(z)Qf(x) = 0 and
f(z) = 0. Therefore, for all ¢ € [0, 1],

(25) [ (P (@) = f(2) = Af(2)]| = |1 (Pef () = (@) — Af(2)]| (o -
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As seen above, (Mtf’Af)@o is a (F¢)i=o-martingale. Therefore, for all z € M,

= {Pf () = f(2)} = Af(2) = 7 'Eq [/0 {Af(Xs) - Af(2)} dS} :

Then since f € CL(M), (t,2) — () is continuously differentiable, \ is locally bounded
and AQf is bounded, there exists C; > 0 such that for all ¢t > 0 and x € M, we have

(26) |t {Pf(x) = f(2)} — Af(2)] < C1P, (S1 < t)
+t1R, {]1[07,5)(51) /t {AL + A2 + A2} ds] )
0

where

A; = {(Ou)u=0{2u}(ps(2)), VF(9s(2))) = {(Ou)u=o{pu}(x), V()
AT = Mes(2))Qf (0s(2) = AM2)Qf (2) , AT = =A(ws(2))f (9s(2)) = A(z) f(z) -

Using that (x,s) — ¢s(z) is locally bounded on Ry x M and A on M, there exists Co
such that for all ¢ € [0,1] and = € K,

(27) P, (S1 <t) < /Ot dsA(ps(z)) exp (— /OS du)\(gou(x))> < Cot .

In addition, using that (t,z) = ¢;(z) € C1(M), there exists C5 > 0 such that for all
t €[0,1] and z € K, dist(p(z), x) < tCs. Then, since ((Oy)u=0@u, Vf), AQf and \f are
continuous, they are uniformly continuous on K + B (0,C3) and therefore for all £ > 0,
there exists 7 > 0 such that for all x € K and s € [0, 7], {A’S‘ <e,i=1,2,3. Combining
this result and (27) in (26), we get for all x € K, e > 0 and t € [0,n A 1],

[t {Pf(x) — f(2)} — Af(z)| < C1Cat + 3¢ .
Therefore, by (25) we get for all ¢ > 0,
lir;lsyp [t H{Pf(x) — f(x)} — Af(z)] <3z
ﬁ
Taking ¢ — 0 concludes the proof. O

Let us finish by our running example.

Example - Bouncy Particle Sampler. Consider the BPS process defined in Exam-
ple 1 and suppose that Y is bounded. It is then easy to verify that A2 is verified, and
the generator is given for all f € CL(M) by

Af(z,y) = (y, V(z,y) + (y, VU(2))), (f(z, R(z,y)) — f(z,y))
([ 1)) - 1),
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8. REGULARITY ESTIMATES FOR PDMP SEMIGROUPS

The main goal of this section is to provide a modest alternative to the (hypo-)elliptic
regularity theory of diffusions for PDMP (see also [2] on that topic). To do so, we need
the following definition.

Definition 16. We say that o differential flow ¢ on M and a Markov kernel Q are
compactly compatible if for all compact set K C M and T = 0, there exists a compact set
K C M satisfying: for all n € N*, (t;)icp1,n) € RY, S ti < T, there exists a sequence
(Ki)iepi,n) of compact sets of M such that, setting Ko = K,

(i) for alli € [1,n], K; only depends on (t;) e, and Ui_oK; C K;
(i) for alli € [0,n — 1], si11 € [0,ti41] and spiq € [0,T =377, 5],

U Supp{Q(“Pti+1 (1’), )} - Ki+1 ) QOS,'_H(Ki) C K ) @Sn+l(Kn) - K
zeK;

Note that by definition, if ¢ and @) are compactly compatible and the PDMP semi-
group with characteristics (p, A, Q) is non explosive, for all " > 0 and all compact set
K C M, there exists a compact set K C M, such that P(X; € K, for all t € [0,T]) = 1,
where (X})>0 is a PDMP process with characteristics (¢, A\, @) and starting from X, € K.

A 3. The characteristics (p, A, Q) satisfy

(i) the flow ¢ and the Markov kernel QQ are compactly compatible;
(ii) A € CYM) and for all f € CY(M), A\Qf € CY(M) and there exists a locally
bounded function ¥ : M — R such that for all x € K,

IVAQH @) < ¥l k sup{IF W+ IVF W)+ y € supp{Q(z, )} ;
(iii) for all compact K C M,
sup{[|Ves(x)|| : s €[0,t],2 € K} < 400

Lemma 17. Let (P;)i>0 be a non explosive PDMP semigroup on M with corresponding
characteristics (p, \, Q) satisfying A 3. Then for all f € CY(M), T € Ry, Prf € CY(M)
and for all compact set K C M, there exists C > 0 such that for all t € [0,T],

(28) ilelg{!Ptf\ (@) + [IV(Rf) (@)} < C.

Proof. For all x € M denote by (X} );>0 a PDMP starting from x associated with the
characteristics (¢, A, Q) and defined by Construction 1. Let (S%),ecn be the jump times
of (X0 for all z € M and (F;)s>0 the associated filtration. Let f € C1(M), T > 0 and
a compact set K C M. For T = 0, the result is straightforward so we consider T > 0.
Let K satisfying for all n € N, (ti)ieqi,n+1] € RY, St < T, (i)-(ii) in Definition 16.
Since for all z € K, P(X¥ € K, for all t € [0,T]) = 1, for all t € [0,7] and = € M,

(29) |Pef ()] = [E[f(Xo)]] < sup|f](y) -

yeK
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Furthermore, (P;)¢>0 is assumed to be non explosive. Therefore sup,,cy Si = +00 and
we can consider the following decomposition for all ¢t € [0,7] and x € K

n+1

+oo

(30) Pf(@) =Y E |1 e )OFXD)] -
n=0

We show that for all n € N,

Fog o E [Lsp 5o, ) (0F(XF)]
is continuously differentiable and in addition there exists C' > 0 such that for all n € N,
te€[0,T]

(31) sup [[VE, ¢(z)|| < C"/n!.
zeK

Assume for the moment that this result holds. Then, we have for all ¢ € [0, 7],

o0
lim sup ||VF,«(x)|]| =0.
Jim 3 supl[VE ()]

By (30), it implies that = — Prf(x) is continuously differentiable. In addition, for all
compact set K C M, there exists C' > 0 such that for all ¢t € [0,T], |[VP.f(z)||x < C.
This result and (29) imply (28).

We now turn in showing that for all n € N, F,, is continuously differentiable and (31)
holds. We first show this result for n = 0. In a second time, we make an induction on
n € N*.

For all z € K and ¢ € [0, 7], we have

t
Fou(z) = f(de(x)) exp <— /0 )\(qu(x))ds) .
Therefore, for all z € K and t € [0, 7], we obtain by A3-(ii)-(iii)

Vi) = (9} Vi) exp (- [ t Aon(a))ds)
+ 1) | [ () Vi@ as] enp (= [ Aantanas)

Since for all x € K and ¢ € [0,T], ¢i(x) € K, fe CY(M) and using A 3-(ii)-(iii), we get
there exists Cp > 0 such that for all ¢ € 0,77,

(32) SUE[IFo(l“)I + [V (2)]l] < Co -
Te
We now show the result for n € N*. We give first an explicit expression of F,, for all
n € N*. Indeed, we have conditioning successively on .7-"533+ L Feg, forall z € K and
t € [0,T]

Fuale) = [t (-] “A{mm}dsl) JRECRERTS

/OH1 dto exp (— /:2 )\{apSQ(ml)}d@) /MK((%(M)’MQ)



28 A. DURMUS, A. GUILLIN, P. MONMARCHE

t—Z?:_f ti tn
.- / dt,, exp (— Mes, (tn-1)} dsn>
0 0

/M Kt (n1), dn) F(@r_s_ 1, (n)
t=>70 ti
€Xp <_/0 A {stn-u (xn)} d5n+1> 5

where K is the kernel defined on (M, B(M)) for all z € M and A € B(M) by
K2, A) = A@)Q(r,A)

We introduce a sequence of operator (Q(n))neN*, defined for all g : R x M — R,
bounded on all compact of [0,7] x M and measurable, ¢t € [0,7] and z € M by

Q)= [ dres (-] ! M@} dsn ) [ Kl (o)

t=r tn
.- / dt,, exp ( Mes, (tn-1)} dsn>
0

/K(ptn (Xp-1),dxn)g t—Ztl,xn .
M

i=1

Taking for g the function gr : (s,y) — f(@s(y)) exp(— [ dur(pu(y))), we have F,;, =
QM™gr(t,-). Since f € C*(M) and by A 3-(iii), gp is measurable, for all s € [0,7],
y — gp(s,y) is continuously differentiable on M and satisfies for all 7" € [0,7T], K’ C
M compact, sup,cp 1 yekil9r(s,y) + ([Vagr(s,y)l|} < +oo. Therefore if we show
that for all measurable function g : Ry x M — R, such that for all s € [0,T], y —
g(s,y) is continuously differentiable on M satisfying for all 77 € [0, 7], K" € M compact,
SUPscio,1),yek’ 19(5,9)| + [[Vzg(s,y)l| < +oo: 1) for all t € [0,7] and = € K, z
QMyg(t, ) is differentiable at z 2) there exists C' > 0 such that for all n € N*, z € K
and t € [0,7],

(33) QU g(t, )| + | V.@g(t )| < /).

This result and (32) show that (31) holds and the proof is finished. Denote by G([0, T] x M)
the set of function g satisfying the assumptions above.
Note the following relation between Q1 and Q") which will be essential in our next

reasonings: for all g : R, x M — R, bounded on all compact of R; x M and measurable,
te[0,T) and x € M

(34)
a"g(t.0) = | dtyexp -/ "M fon ()} ds1) [ Kion ()o@ o - 1,01

=QW[Q"Vgl(t,x) .
First, we make an induction on ¢ € [1,n] to show that for all ¢ € [1,n] and g € G, that
(s,2) = QWg(s,z) € G([0,T] x M), which will show that for all ¢ € [0,T], y — Q"g(t,y)



PDMP AND THEIR INVARIANT MEASURE 29

is continuously differentiable. For i = 1, note that for all s € [0,7] and y € M,

(35) QWg(s,y) = /0 dt; exp <—

Let T € [0,T], K € M be compact and K’ given by Definition 16 associated with K’
and T". Then for all s € [0,T"], t; € [0, s], @1, (y) € K’ for all y € K'. Therefore we have
by assumption on g, A3-(ii)-(iii), y — [, K(¢r, (v),dy1)g(s — t1,41) for all s € [0,T7],
t1 € [0, s], is differentiable and there exists C' > 0 such that for all s € [0,T"], t; € [0, s]

sup {IKg(s — t1-) (0, ()] + [[VaKg(s — t1-) (01, ()1} < C

t1

A{%(y)}dsl) [ Ko ) dmgs = tr).

By (35), we get then the result for i = 1. The result for i € [2,n] is then a straightforward
consequence of (34) and the case i = 1.

We now show that for all g € G([0, T] x M) that there exists C' > 0 such that for all
z € Kand t € [0,7], (33) holds. By an induction on N € [1,n], we show that for all
t € (0,77, (ti)iep,n—ny € RY N D t] < t, there exists (K;)ie[o,n—n] satisfying (i)-(ii)
in Definition 16 with respect to K, T, K, (t )z‘e[[l,n— n7 and the following bound holds

Tpn—NEKp_N

(36) sup QNg t— Z tjaxn—N + VQNg t— Z tjaxn N

7=1
<Cfv{ sup  [g(s,y)[+  sup  |[[Vag(s,y H} t— Zt /(N!) ;
s€[0,T],yeK s€[0,T],yeK
where
B CG=[Megt+Ce, Ca= sg};}llvm%(w)llm,k (T IVl o g + ¥l ) -
se|0,

Then, the result for N = n will conclude the proof.
For N =1, let t € 0,7, (ti)iern-1) € RY ", 71 t; < t. Note that for all y € M,

setting un,_1 = S0t

QWg (t — up_1,y) =/

0

t—un—1

dtpe” i )\{Lpsn(y)}dsn/ K(Sptn (y)adyn)g(t_unfl_tnayn) :
M
For all ¢, € Ry, such that 71" ¢; < t, by A3-(i), there exists (Ki)ico, satisfying

(i)-(ii) in Definition 16. In particular, (K;);c[o,n—1] only depends on (t;);c[1,n—1]- Then,
using A3, we get for all x,_1 € K,,_1,

‘Q(l)g (t — Un-1, wn—l)‘
t—un—1
< H/\|’°°’R/o dty sup {|g[ (¢ — un—1 = tn, yn) : yn € supP{Q(pr, (¥n-1),dyn)}}

t—Un—1
< M /0 At sup{lg] (£ = tn_1 — tmsyn) : Y € Kn} -
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and
HV:BQ(l)g (t — Un—1, xnfl)H
t—Un—1
< 02/ dtnsup {|g] (t — un—1 = tn,Yn) : Yyn € supp{Q(p1, (Tn-1),dyn)}}
0

t—Un—1
+ 02/0 dty, sup {[|Veg(t — un—1 — tn, yn)ll = yn € supp{Q (&1, (Tn-1),dyn)}}

t—un—1
< 02/0 dt,, sup {’g‘ (t — Up—-1 — tmyrlz) + Hvarg(t — Up—-1 — tmyrzz)H : yrlwyrzz € Kn} >

where Cy is given by (37). Combining these two results and using that K,, C K for all
tn, Yor g t; <t give (36) for N = 1.

Now assume that the result holds for N € [1,n — 1] and let (¢;)ic[1,n—n—1] € RN
By induction hypothesis, for all ¢,y € Ry, such that Z?;N t; < t, there exists

(Ki)iefo,n—n7 satisfying (i)-(ii) in Definition 16 with respect to K, T, K, (ti)ic[,n—N7-
Then, using A3 and (34), we get for all x,,_n_1 € K,—_n_1, setting u,_n_1 = Z?;N*l t;

and A,y = supp{Q(¢t, _n (Tn-N-1),dYn—N)}
‘Q(N)g (t—up—nN-1, l“anfl)‘

t—Up—N—1
< ||)\HOO’R/ dtan sup {‘Q(N_l)g‘ (t — Up—N-1— fan,yan) ! Yn—N € Aan}
0

t—Up—N—1

< ||)\HOO’R/ dtan sup {‘Q(N_l)g‘ (t — Up—N-1— fan,yan) ! Yn—N € anN} ;
0

and

HV:BQ(N)Q (t — Un—-N-1, xanfl)H
t—Up_N-—1 N1
< 02/ dtpn-n Sup{‘Q( B )g‘ (t = Un-N-1—tn-N,Yn—N) : Yn—N € An—N}
0
t—Up_N-—1 N1
+ CZ / dtn—N sup { HVJ:Q( B )g(t — Up—N-1— tn—Na yn—N)H C Yn—N S An—N}
0
t—Up_N-—1 No1
g 02/ dtn—N Sup{‘Q( B )g‘ (t — Up—N-1— tn—Nayn—N) S Yn—N S Kn—N}
0

t—Up—_N-1
+ CZ / dtn—N sup { Hva(N_l)g(t — Up—N-1 — tp—nN, yn—N) H P Yn—N € Kn—N} )
0

where Cy is given by (37). Combining these two results using K,,_ny C K for all ¢,_n,

Z?;lN t; < t and the induction hypothesis conclude the proof of (36).
g

Remark 18. Lemma 17 can be generalized under the condition that for some k € N*,
the characteristics (¢, A, Q) satisfy

(i) the flow ¢ and the Markov kernel QQ are compactly compatible;
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(ii) X € CF(M) and for all f € CF(M), AQf € CK(M) and there exists a locally
bounded function ¥ : M — Ry such that for oll x € K, i € [1,k],

D (AR @) < ¥l ksup {[[DF W) = v € supp{Q(,)} .3 € [1, 4]} ;

(iii) for all t € Ry, we have x — p(x) is k-times continuously differentiable and for
all compact K C M,

sup{HDigps(x)H :s€(0,t],xr €K, i€[1,k]} <+4oo.

Then for all function f € C¥(M), and T € Ry, Prf € CF(M). In addition, for all
compact set K C M, and T € Ry, there exists C > 0 such that for all t € [0,T],

suPgek | Prf1(2) + supger iep g D' P f (2)]| < C.

Combining Lemma 14-Proposition 15-Lemma 17 and [13, Proposition 3.3, Chapter 1],
we get the following result.

Corollary 19. Assume the PDMP characteristics (o, A, Q) satisfies A2-A3 and (t,x) —
oi(z) € CY(M). Then, CL(M) is a core for the strong generator of (P:)¢=o.

Example - Bouncy Particle Sampler. For the BPS process, A is not in C!'(M) so
that we cannot apply the previous theory. One aim of the following section will then be
to introduce a framework where we may overpass this limitation.

9. INVARIANT MEASURES OF PDMP

The main purpose of this Section is to provide a practical conditions on characteristics
(¢, A, Q) such that if a probability measure 1 on (M, B(M)) satisfies for all f € CL(M),
Ju Af(x)dp(x) = 0, where A is the weak generator of the semigroup (P;)¢=o associated
with (¢, A, @), then p is invariant for (P;)=o.

Definition 20. We say that the PDMP semi-group (P;)i>0 with characteristics (¢, A, Q)
is smoothly and compactly approximable if for all € > 0 there exist characteristics
(p, A%, Q%) satisfying A2-A 3 and

(38) sup  {A°(2) A AM2) |Q%(2,A) = Q(z,A)| + [X*(z) — A@)]} <=
zeM
AEE(M)
We may now give the main result of this section.

Proposition 21. Let (P;)i=0 be a non explosive PDMP semigroup with characteristics
(p, A\, Q) such that A 1 holds. Assume that (Py)i>o is smoothly and compactly approz-
imable and [y, |\ (z)u(dz) < 4+o0o. In addition, assume that the generator A associated
with (Py)¢>o satisfies for all f € CL(M),

(39) | Aft@ntan —o.
Then p is invariant for (Pp)io.

Before proceeding to the proof, let us present this technical lemma.
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Lemma 22. Let (P})s>o and (P?)i=0 be non explosive PDMP semigroups with charac-
teristics (o, \', Q) and (o, A2, Q?) respectively such that A 1 holds. Assume that there
exists n = 0, such that

sup  [A(2)Q' (z,A) — N (2)Q*(x, A)| <1
Agl%?AM)
Then for all f € CL(M),
where A', A% are the estended generators of (P!)i>0, (P?)i=0 respectively defined by
(24).
Proof. Let e > 0 and f € CL(M). Since CL(M) belongs to the domain of A! and A%, we
have for all z € M by [11, Section III.1]
[ A f(2) = A2 f(2)] = A (2)Q f(z) — M (2) f(2) — N (2)Q*f(2) — N*(2) f ()]
<2||flle sup [A(2)Q'(z,A) = N(2)Q*(z, A)| < 20| fll
AcB(M)

which concludes the proof. O

Proof of Proposition 21. Since CL(M) is dense in L°°(u), where L°(u) is the space of
measurable function with bounded essential supremum with respect to p, it is sufficient

to show that

for all t > 0 and f € CL(M ) Consider ¢ > O, a PDMP semi-group (P%)s>o with
characteristics (¢, A%, Q) satisfying A2-A3 and (38), and ¢t > 0 . By Proposition 11, we
have for all x € M, ||8, P — 8, Ff||Tv < 2(1 — e %), therefore we get for all f € CL(M)

[ Pr@ntan) = [ p@utas)| < \ | AP @) = P 5 (@) utda)

_l’_

/ (PE (@)~ £(@)}n(do)
(40 <210 Il +| [ 1PE1@) - flo)btan

Furthermore, by Corollary 19, C(M) is a core for the strong generator associated
with (P£)s>o. Thus, it belongs to the domain of the strong generator of (P5);>0 and by
Dynkin formula [13, Proposition 1.5-(c)], we get

[ psmian = [ somtan - [ [ apz s pan.
Therefore,

| Fef@ntan) - [ (s

/{Ae A} PS f(x)dsp(dx)

(41)

/ APE f(z)ds p(dz)
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In addition, by (28) in Lemma 17, A3-(iii) and Lemma 14, [}, fot |APE f(x)| dsp(dx) <
+00. Therefore, by Fubini’s theorem and (39), we get [, fg AP f(x)dsu(dz) = 0
Combining this result, (41) becomes

p(dx) / f(z)p(de) ‘/ / {A° — A} P¢ f(x)dsp(dz)
Note that by (16), (38) and Lemma 22, for all f € CL(

IAf = Afll <€ Hf”oo
Using this result in (42), we obtain

/ p(dz) / f(z
Plugging (43) in (40), we finally obtain

[ Pif(@u(do) /f )] <@ - e +et) |f]l.,

Taking the limlt as € goes to 0 concludes the proof. ([l

(42)

(43) et sup |Psf(z)] <et|fll

xeM
s€[0,t]

With this notion of smoothly approximable semigroup, we will be able to consider the
BPS process.

Example - Bouncy Particle Sampler.

Proposition 23. Let U € C?(R%), A\c > 0 and puy € P(Y) with Y C RY bounded.
Then the associated BPS on R* x Y, given by Example 1, is smoothly and compactly
approximable.

Proof. Let (¢, A, Q) be the characteristics of the BPS given by Section 4. Let ¢ > 0,
A M — Ry and Q° be a Markov kernel on (R? x Y,B(R? x Y)) defined for all
(z,y) € RY x Y and A € B(RY) by

N(z,y) = X (z,y) + X, A(z,y) = (y, VU(2)) — )3 /(e + ({y, VU (2)) —€)+) |

Q*((2,y), A) = (1/X° (2, 1)) { A8z R(z.y)) (A) + Ac(8s @ 1) (A)}
where R is defined by (2) for ¢ = VU. Then, similarly to the BPS process, (¢, A%, Q%)
defines a non explosive semi-group (Pf)i=0 on (R? x Y) x B(R? x Y). In addition we
have
sup ‘)\(5) (z,y) — Az, y)| < 2.
(z,y)ERIXY
Therefore, using Remark 12, we get

sup  {A(z,y) ANz, y) |Q°((z,y),A) — Q((z, y), A)| + [N (x,y) — Az, y)|}
(z,y)ERIXY
AcB(R4xY)

<2 sup A (2,9)Q°((z,9),A) — Mz, y)Q((z,y),A)| < 4e,
(z,y)eRIxY
AEB(RIXY)

which shows (38).
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Since Y is assumed to be bounded, Y C B (0, My), with My € R,. Therefore by
definition, for all + € Ry and (z,y) € R? x Y, we have Pf((z,y),B (z,tMy) x Y) = 1
and Py satisfies A2.

Finally, we show that A3 is satisfied. A3-(iii) trivially holds by definition of .

For all closed ball, B(0,M) ¢ RY, M € Ry, Q°((x,y),B(0,M) xY) = 1 for all
x € B (0, M). For all compact set K C B (0, M)xY C RIxY, M >0, and T € R, define
K =B(0,M+TR) xY, with R = supyey ||yl Then, for all n € N*, (¢;)icp1,n) € RY,
S ti < T, conditions (i)-(ii) of Definition 16 are satisfied with K, and (Ki)ie[1,n] given
by

1
K; :E(O,Rl) XY, R; :M—i-Rth .
7=0
Thus, ¢ and Q¢ are compactly compatible.
Then note that for all € > 0, A® is continuously differentiable on M since ¢ — (¢ —
)2 /(e + (t —€)4) is on R; and its gradient is given for all z € M by

(@IUE) - (@TVE) ) (o2 : N
VD) (z,y) = { WU (@) (VU@ vU@) it (5. VU (@) > =

0 otherwise .

In addition, for all continuously differentiable function f: R?xY — R, (z,7) € R? x Y,
we have \°(x,y)Q° f(z,y) = A1(z,y) + Aa(z,y) where

Ar(,) = Xo(,9) (2, R(,9)) , As(,5) = Ae /Y £z, G (A7) -

We show that A; and Ay are continuously differentiable and satisfy for ¢ = 1,2, for all
compact set K € R x Y, for all (z,y) € K,
(44)  [VAi(z,y)l < sup {¥i(w,z)}sup{[f|(z,9)+ VI 9| : g€},

(w,z)eK
where ¥; : R4 x Y = R,, i = 1,2, are bounded on compact sets of R? x Y. Note that
if we show (44), since for all (z,y) € R? x Y, supp{Q((z,y),-)} = {z} x Y, this result
concludes the proof that A3-(ii) holds.

First, for all (x,y) € RYxY, R is continuously differentiable at (x, %) is (y, VU (x)) # 0.
Since f, Aj are continuously differentiable and Aj(z,y) = 0 if (y,VU(z)) < &, A; is
continuously differentiable and satisfies for all (z,y) € R? x y, (y, VU (z)) > ¢
(45)

IVAL(z, Il < VAL (2, )] (2, Rz, 9) + A1 (2, ) A+ [[VR (2, 9) ) [V f (@, Rz, 9)]] -

Regarding As, we have for all (x,7) € R? x Y, since Vf is bounded on all compact sets
of R? x Y and the Lebesgue dominated convergence theorem,

IV As( )| < Ao /Y IVt 0) 1(5) < Acsup [V 53]
ye

where V, is the differential operator with respect to the z-variable. Combining this
result and (45), we get that (44) holds and therefore A3-(ii) as well.
O
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Proposition 24. Consider the BPS characteristics (¢, A\1,Q1, M2, Q2) defined in Ezx-
ample 1, and let (P;)i=0 be the corresponding semigroup. Assume that p, is rotation
invariant, i.e. for all O € R4 OTO = 1d, py(OA) = uy(A), for all A € B(Y). In
addition, suppose that

(46) La+Iv0@he " @de < oo [yl < o

Then 7 = @1y is invariant for (P;)i=0, where 7 is the probability measure on (R, B(R))
with density with respect to the Lebesgue measure proportional to x e V@),

Proof. Consider first the case where Y is bounded. Then, by Proposition 23, (P;)¢>0 is
smoothly and compactly approximable and the other assumptions of Proposition 21 are
easily checked. In particular, for all f € CL(R? x Y), [pa Af(z)m(dz) = 0 follows from
an integration by parts and because Y and ., is rotation invariant, see e.g. [21] for more
details.

Now, in the general case where Y may be unbounded, consider the conditional distri-
bution associated with u, defined for all A € B(Y),

1 (A) = pv(B (0, R) N A) /v (B (0, R))
for R large enough such that u,(B(0,R)) # 0. Consider a BPS semi-group (Pf)i=0

=

associated with U and uf, i.e. with characteristics (¢, A\, Q%) with ¢ given by (2), A by
(9) and QF is defined for all (z,v) € R? x Y, A € B(R? x Y) by

QR((xa y)? A) = )‘_1(1'7 y) {<VU('%')7 y> 8(ac,R(ac,y))(A) + )‘C(Sx & :U'\}f%)(A)} :

Note that since YNB (0, R) is bounded, 77 = 7@ is an invariant measure for (Pf?);o.
Therefore for any f : R x Y — R, bounded and measurable, ¢ > 0, we have for all R > 0
large enough,

[, piaies - [ f@ni)

<

[ msarey - | Ptf<x,y>dfr3<x,y>\
RIxY RIxY

+ /RdXY Ptf(xay)dﬁ.R(x7y) - /RdXY PtRf(.%'7y)dﬁ'R(1',y)‘

+ /RdXYf(:c,y)dﬁR(x,y)—/RdXYf(xay)dﬁ(ﬁﬂay)‘

<2 fllorm (BANBOR) +| [ P e - [ PR e

Since imp_, o0 v (R?\ B (0, R)) = 0, it remains to show that the last term in the right-
hand side goes to 0 as R — 400 and the proof will be finished. Besides, note that this
result holds if for ¢ > 0, we show that for all (z,y) € R x Y,

1 R
47) 804 Pr = 8y PPl = 0.
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But by Proposition 11 and definition of characteristics of (Ps)s>o and (PR)s>q, we get
for all t > 0, (z,y) € RI x Y,

Ha(x,y)Pt - 6(m,y)PtBHT\/' < 2(1 - exp(_)‘c/‘(Y \ B (0’ R)))) )
which shows that (47) holds. O

10. STABIILITY OF INVARIANT MEASURE AND JUMP RATE

We conclude this work with an asymptotic counterpart of the comparison theorems
established in Section 6. For a measurable function V' : M — [1, 4+00) and vy, 15 € P(M),
v1(V),19(V) < 400, define the V-norm between v; and v, by

= ally =sup{| [ gam = [ gam) 15/l <1}

We say that a semi-group on M with invariant probability measure p is V-uniformly
geometrically ergodic with constants C, p > 0 if for all v € P(M), v(V) < 400 and
t>0,

I = VBl < Ce?u(V).

Proposition 25. Let (P!)i=o and (P?)i=o be two non-explosive homogeneous PDMP
semi-group with characteristics (v, A\1,Q1) and (@, A2, Q2) respectively. Let py, pa €
P(M) be invariant for (P})=o and (P?)io respectively. Suppose that (Pl)iso is V-
uniformly geometrically ergodic with constants C, p € R* for a function V : M — [1, +00)
such that ua(V) < +o00. Assume in addition that

1 1 T 1 _
Ch(M) € ByM) = {f € BOV) : lim [P - /]|, =0} .
and that for allt € Ry and f € CL(M), x — fg Plf(z)ds € D(As), where (A2,D(A2))
is the strong generator of (P?)¢=0. Then

[ — p2lly < Cplsup{/M (MQ1h — AaQ2h + (A2 — M)h|dpz = [|R/V] < 1} :

Proof. By density, it is sufficient to bound |u1(f) — po(f)| for all f € CL(M) with
1f/V]le < 1. Let f € CLM) with ||f/V]l, < 1 and, for t > 0, let g; = [y P}(f -
p1(f))ds. According to [9, Proposition 14.10], for all ¢ > 0, ¢; € D(A;) as a sum of
a constant function and of fg P.fds with f € B§(M), where (A;,D(A;)) is the strong
generator of (P})¢0; moreover it holds

¢
./‘Ilgt:ﬁl/ Pfds=PFf - f.
0

Using that (P})s>0 is V-uniformly geometrically ergodic and that g; € D(As), we obtain
for all t > 0 and x € M that

1 (f) = f(z) — Azge()]
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In addition, by definition of (Az,D(Az)) and since pp is invariant for (P?)eo, then
p2(Asgr) =0 for all t > 0, so that

[ (f) — e (f)l = {Mz{ul(f) —f- AZ%H S p2 (‘(«‘h - «‘Iz)gt{) + Ce P ug(V) .

Since D(A;) € D(A;),i=1,2, for all t > 0, (A; — A2)g; = (A1 — A2)g;. Finally, (P})i=o
being V-uniformly geometrically ergodic, then for all x € M, g.(x) < (C/p)V (z). The
proof is then concluded taking ¢ — +oo. O

Example - Bouncy Particle Sampler. Let us apply this result in the case of the
Bouncy Particle Sampler. Ergodicity of the BPS is studied in [12], to which we will refer
for details on this matter in the following. For the sake of simplicity, we will work under
restrictive conditions.

Proposition 26. Consider the BPS with characteristics (o, A1, Q1, A2, Q2) defined in
Ezample 1, with U € C*(M) and Y C B(0,1), and (P;);>o0 the corresponding semi-
group. For M > 0, let (PM)i=o be the PDMP semi-group with characteristics (i, A1 A
M, Q1, A2, Q2).

Assume that p, is rotation invariant and (46) holds. In addition, assume that there
exist R > 0, W € C2(RY) and F € C*(R) such that U(z) = F(W(x)) for x ¢ B(0,R),
VWl + ||[V2W]| < +00, [yyexp(=W (z))dz < oo, lim)_qe W(z) = +o00 and
limye 4 oo F'(w) = 4+00. Then there exists C > 0 and M > 0 such that for all M > M,
(PM)i=0 admits a unique invariant measure 7y that satisfies

|7 — 7l < C / (IVU(@)] — M), /@U@y
M

where @ = T ® py where 7 is the probability measure on (RY, B(RY)) with density with

respect to the Lebesque measure proportional to x — e~ U@,

For example, if U(z) = (x, Az) for some definite positive matrix A outside a ball,
then these conditions are satisfied by W (z) = /1 + U(z) and F(w) = w? — 1. In this
case, Proposition 26 implies that there exist My, C, ¢ > 0 such that for all M > My,

7 = Ftllgw < CeM

Note that for all M > 0, (PM);>0 can be sampled by thinning procedures, see [17, 16].

Proof. For all € > 0, in a similar way as in Proposition 23, we can construct a semi-group

(PtM’E)t>0 with characteristics (¢, A, @1, A2, Q2) where A\j7. is such that (PtM’a)t>0
satisfies A2-A3 and that

(48) sup | Ai(z,y) AM — Aye(z,y)| < €.
(z,y)ERIXY
Let us show that we can apply Proposition 25 twice, with each time P! = PtM’e and P?

equal either to PM or P;. Consider the Lyapunov function defined for all (x,y) € R? x Y
by V(z,y) = exp(W(z))¢({y, VW (z))), where ¢ € C?(R) is an increasing function, with
¢(r) =1for r < —2 and ¢(r) < 3 for r > 1.

We show first that (P)i=0, (PM)i>0 and (PtM’E)t>0 are V-uniformly geometrically
ergodic, which will imply that all these semi-groups admit a unique stationary measure
for which V is integrable. For h > 0, let Apy be the generator of the BPS semi-group
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with potential AW, refreshment rate A\ > 0 and refreshment law p,. Following [12,
Section 3.2], there exist ¢ : R — [1,3] and hg > 0 such that there exist a,C > 0
satisfying

ApowV < —aV +C'.

Moreover, for all M > 0, denoting Ay the generator of (PM)o,

('AM - AhoW)V(xa y) = ()‘1(1.7 y) ANM — hg <y7 VW('%')>+)
x (¢(— (y, VIV (2))) — ¢((y, VIV (2)))) V@) |

Note that, since Y C B (0,1), W is Lipschitz and I’ and W going to infinity at infinity,
then for My = ho ||VW]| and some Ry > R large enough, for all M > My, z ¢ B (0, Ry)
and y €Y,

A(,y) AM = ho (y, VW (2)) ;. = ((F'(W (=) — ho) {y, VW (2)) ) A (M = ho [VIWV]|,)

Besides, ¢ being increasing, ¢(—r) — ¢(r) < 0 for all » > 0, so that for all M > My,
x ¢ B(0,Ryg) and y €,

AMV('Iay) < AhoWV('Iay) < —on(a:,y) + C.
Hence, for M > My and all (z,y) € R x Y,

AMV(x’y) < —O[V(JT,y)—f—C—{— Sup |"4MV('Iay) +OZV(,I,y)| < —OZV(,I,y)—FCI ’
(m,y)GB(O,Ro)XY

for some C” that does not depend on M > My, since \; is bounded on B (0, Ry) X Y. By

a similar argument, denoting A7 the generator of (PtM’s)t>0,

Ap eV =AuV + (Ave — Am) V < —aV + 6ee”V + C < —(a=12)V +C'.
Hence, we have obtained My, g, o/, C’ > 0 such that for all M > My, all € € [0, eg] then
(49) AV < —aV 4

Moreover, following [12, Section 3.3|, for all compact set K C R? x Y, there exist
n,to > 0 such that, for all M > My and € € [0,eg], for all (z,y),(2',y") € K and all
t> tO’

(50) 82,y M — 800 M lov < 2(1 — 1) -

Note that, indeed, n and ¢ty do not depend on M or ¢ since their construction only
involves the supremum of A/ over some compact set, which is smaller than ¢y plus the
supremum of A\; over the same compact (see [12, Section 3.3] for details).

By [19, Theorem 6.1], (49) together with (50) implies that (PtM’E)t>0 admits a unique
invariant measure Taz e, Tare(V) < 400 and is V-uniformly ergodic for all M > My and
e € ]0,e0] with some constants that does not depend on M nor ¢ (see [12, Section 3] for
details). More precisely for all M > My and ¢ € [0,¢0], there exists C > 0 and p > 0
such that for all initial distribution vy, vo(V) < +o00,

(51) lvo P = Farellry < Colvo(V) .
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The case ¢ = 0 in particular implies that (P );>o admits an invariant measure 7y
that satisfies 77 (V) < +o0. Besides, note that for Ry > Ry large enough to ensure that
F(W(z)) = 2W (z) for all x ¢ B (0, Rl)

/ Wi(x r < / eW(x)U(l‘)dm—i-/ @y < 400,
B(0,R1) RANB(0,R1)

so that 7(V) < 4o0. Finally, note that V < e" < 2V, so that the associated V-norms
are equivalent.

In order to apply Proposition 25, it remains to check the regularity conditions. Since
(PM#) 5 satisfies A2-A3, by Lemma 17-Lemma 14, fg PMEfds € CLR? x Y) for all
feCL R xY), t >0, M,e >0. By Proposition 15, for all M, > 0, CL(R? x Y) C
D(Apre)ND(Apr) ND(A), where A is the strong generator of (P;);>0. As a consequence,
we can apply twice Proposition 25 which implies, combining with (51), that there exists
C > 0 satisfying for any M > My and € € [0, gg],

1T = Tarllew <7 = Tarellow + 17are = Tl ow

<O sup{/Rd = Al (Quhl + k) = [l < 1}
X

- clsup{/d ALAM = gl (1QuA] + Ry - Hhe‘WHw@} :
RexY

Using that Qe = e, (48), #(e") and 7ps(e") < +o00, we obtain that there exists
C5 > 0 such that

17— #atllw < Co [/ (A — M\ A M) ewdﬁ—l—a} .
RaxY

Finally, the proof is concluded taking ¢ — 0 and upon noting that for all (z,y) € R x Y,

)‘1('%'7y) - )\1(1’,2}) ANM = (<y7 VU($)>+ - M)]I[M,-f—oo)((y? VU($)>+)
S (IVU @) = M) 100y ((y, VU (2)) ) < (IVU ()] — M)+
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