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Abstract

We study the linear stability of compressible vortex sheets in two space dimensions. Under a
supersonic condition that precludes violent instabilities, we prove an energy estimate for the linearized
boundary value problem. Since the problem is characteristic, the estimate we prove exhibits a loss
of control on the trace of the solution. Furthermore, the failure of the uniform Kreiss-Lopatinskii
condition yields a loss of derivatives in the energy estimate.

1 Introduction

A velocity discontinuity in an inviscid flow is called a vortexr sheet. In three-space dimensions, a vortex
sheet has vorticity concentrated along a surface in the space. In two-space dimensions, the vorticity is
concentrated along a curve in the plane. The present paper deals with compressible vortex sheets, i. e.
vortex sheets in a compressible flow.

If the solution is piecewise constant on the two sides of the interface of discontinuity, one has planar
vortex sheets in the three dimensional case and rectilinear vortex sheets in the two dimensional case,
respectively. The linear stability of planar and rectilinear compressible vortex sheets has been analyzed
a long time ago, see [27, 12]. In three space dimensions, planar vortex sheets are known to be violently
unstable (see e.g. [30]). In the two dimensional case, subsonic vortex sheets are also violently unstable,
while supersonic vortex sheets are neutrally linearly stable, see e.g. [27]. This result formally agrees with
the theory of incompressible vortex sheets. In fact, in the incompressible limit, the speed of sound tends to
infinity, with the result that two-dimensional vortex sheets are always unstable. This kind of instability is
usually referred to as the Kelvin-Helmhotz instability. For the incompressible theory of two-dimensional
vortex sheets, we refer the reader to the books [7, 22]. Moreover, we refer to [14] for the study of the
instability of vortex sheets when heat conduction is taken into account.



However, the normal modes analysis performed to derive the stability of supersonic vortex sheets is by
far not sufficient to guarantee the existence of nonconstant vortex sheets (that is, contact discontinuities)
solutions to the compressible isentropic Euler equations. In this paper, we first show that supersonic
constant vortex sheets are linearly stable, in the sense that the linearized system (around these particular
piecewise constant solutions) obeys an energy estimate. Then we consider the linearized equations around
a perturbation of a constant vortex sheet, and we show that these linearized equations obey the same
energy estimate. This is a first step towards proving the existence of nonplanar compressible vortex sheets.

Several points need to be highlighted. First of all, the existence of compressible vortex sheets is a
free boundary nonlinear hyperbolic problem. Moreover, the free boundary is characteristic with respect
to both left and right states since we deal with contact discontinuities. This is one of the reasons why
one can not apply Majda’s analysis on shock waves (see [20, 21]), that are noncharacteristic interfaces. In
some previous works devoted to weakly stable shock waves, see [10, 11], the first author has considered
noncharacteristic hyperbolic Initial Boundary Value Problems that did not meet the uniform Kreiss-
Lopatinskii condition. In the case of vortex sheets, the analysis is closely related, with the additional
difficulty that the boundary is characteristic (the present analysis thus relies more on the work of Majda
and Osher [23] rather than on the work of Kreiss [17, 6]). The connection with [10, 11] is that in both
cases, the analogue of the Kreiss-Lopatinskii condition is fulfilled but not in a uniform way. Furthermore,
in the case of vortex sheets as in the case of shock waves, the linearized Rankine-Hugoniot conditions
form an elliptic system for the unknown front. This property is a key point in our work since it allows
to eliminate the unknown front and to consider a standard Boundary Value Problem with a symbolic
boundary condition (this ellipticity property is also crucial in Majda’s analysis on shock waves [20, 21]).

Regarding the energy estimates for the linearized problems, the failure of the uniform Kreiss-Lopatinskii
condition yields a loss of derivatives with respect to the source terms. Furthermore, because the boundary
is characteristic, we expect to lose some control on the trace of the solution at the boundary. As a matter
of fact, we shall see that the only loss of control is on the tangential velocity (which corresponds to the
“characteristic part” of the solution). The good point is that the ellipticity of the boundary conditions
for the unknown front enables us to gain one derivative for it, as in Majda’s work on shock waves [20].
Going slightly more into the details, we shall prove that the only frequencies for which we lose some
control on the solution correspond to bicharacteristic curves. Those curves originate from those points at
the boundary of the space domain where the so-called Lopatinskii determinant vanishes. In the interior of
the space domain, these singularities propagate along two bicharacteristics associated with the incoming
modes.

Let us now describe the content of the paper. In section 2, we present the nonlinear equations de-
scribing the evolution of compressible vortex sheets and introduce some notations. Then, in section 3,
we shall consider the linearized equations around a constant (stationary) vortex sheet. The main result
for the constant coefficient linearized problem is given in Theorems 1 and 2. After several reductions, we
shall detail in section 4 the normal modes analysis of the linearized problem and construct a degenerate
Kreiss’ symmetrizer in order to derive our energy estimate. In section 5, we first present the variable
coefficients linearized problem and introduce Alinhac’s good unknown. Then we paralinearize the equa-
tions, in order to use the symbolic calculus of section 4 to derive the energy estimate. A precise estimate
of the paralinearization errors is given. Eventually, we show how to control the different pieces of the
solution, depending on their microlocalization. The main result for the variable coefficients linearized
problem is given in Theorem 3. In section 6, we make some remarks about possible future achievements.
Appendix A is devoted to the proof of several technical lemmas and appendix B gathers the main results
on paradifferential calculus that are used throughout section 5.



2 The nonlinear equations

We consider Euler equations of isentropic gas dynamics in the whole plane R?. Denoting by u the velocity
of the fluid and p the density, the equations read:

{0tp+V-(pU)=0,

’ . )
i(pu) + V- (pu@u) +Vp =0,

where p = p(p) is the pressure law. In all this paper, p is assumed to be a strictly increasing function of
p, defined on ]0, +oo[. We also assume that p is a €°° function of p. The speed of sound ¢(p) in the fluid
is then defined by the relation

c(p) == V' (p).
Let (p,u)(t, 1, z2) be a smooth function on either side of a smooth hypersurface I' := {x2 = (¢, x1)}.

Then (p,u) is a (weak) solution of (1) if and only if (p, u) is a classical solution of (1) on both sides of T’
and the Rankine-Hugoniot conditions hold at each point of I':

O [p] = [pu-v] =0,

Orp [pa] = [(pu - v)u] = [plv =0, @)

where v := (—3,,p,1) is a (space) normal vector to I'. As usual, [¢] = ¢* — ¢~ denotes the jump of a
quantity ¢ across the interface I' (see [29]).

Following Lax [18], we shall say that (p,u) is a contact discontinuity if (2) is satisfied in the following
way:

hp=u"-v=u v,
pt=p.
Because p is monotone, the previous equalities read
hp=u"-v=u -v,
P (3)
po=p .

Since the density and the normal velocity are continuous across the interface I', the only jump exper-
imented by the solution is on the tangential velocity. (Here, normal and tangential mean normal and
tangential with respect to I'). For this reason, a contact discontinuity is a vortex sheet and we shall make
no distinction in the terminology we use.

Note that the first two equalities above are nothing but eikonal equations: if zo = ¢(t,z1) is the
equation of the interface I', then ¢ satisfies

Orp+ Ao(p 0", 00, 0) =0 and O+ Xa(p™ 0, 0n,0) =0,
on {x9 = 0}, where

AQ(p)u7€) :u<_§1> ) €€R)

is the second characteristic field of the system (1). It is linearly degenerate since the corresponding
eigenvector, in the quasilinear form of (1), is given by

r2(p> u:f) =11
3



Recall that the space dimension equals 2

The interface I', or equivalently the function ¢, is part of the unknowns of the problem. We thus deal
with a free boundary problem. As it is common in this kind of situation, we first straighten the unknown
front in order to work in a fixed domain. More precisely, the unknowns (p, u), that are smooth on either
side of {zo = ¢(t, 1)}, are replaced by the functions

(pﬁ ) )(t 1‘1,1’2) (P, u)(t7x17q)(t7$17x2))7
and  (p; ,uy)(t, 21, 22) := (p,u) (¢, 21, DL, 21, —22)),

where ® is a smooth function satisfying

02, O(t,x1,22) > k>0, @(t,21,0) = @(t,x1).

With these requirements for ®, all functions pgt u are smooth on the fixed domain {zo > 0}. For

convenience, we drop the f index and only keep the + and — exponents. We also define the functions
@i(t,xl,xg) = ®(t,x1, £x9),

that are both smooth on the half-space {z2 > 0}.
Let us denote by v and u the two components of the velocity, that is, u = (v,u). Then the existence of
compressible vortex sheets amounts to proving the existence of smooth solutions to the following system:

Oryp™ 4 Opu™ 0, @7

opT + 00 pt + (uT — 00T — v+8x1<1>+)8x2q)+ + pt Oy vt +pt A S = Dp,vT =0,
dzvt P (1) (p+) Oz, P
g ot + +_ oty gty Yz + 1 +_
O™ + 000" + (U — 0P — v 0y, P )8$2<I)++ = O P — 0,07 p =0,
Oupu™  P'(pT) Ouyp™
+ ot + + + _ o+ +y Y2 2P _
ou” + v 05 ut + (U = HPT — v 0y, P )8x2<1>++ o am(I)Jr—O, "
_ _ _ _ _ _ . Opyp™ Og,u™ _ Oy ®™ _
Op” +0 Ogyp + (U — 0P —v 0, P )8;2(1) +p Opv +p 82 —p (92@_ Opyv” =10,
(- Lo e O D), P(pT) 0n @ 0
9] 9) — 0P — v 0y @ 2 9) - — 9 =0
v+ U OV (u t U Oz )6962(1)* + o z1 P o axQ(I)i z2 P )
T = o OnuT P(pT) Onyp”
0 9) — 0P —v 0y, @ 2 22— =
hu” + v O u” + (u " v Oy )81,2@— + b 0,0 ;
in the fixed domain {z3 > 0}, together with the boundary conditions
+ — —
(P‘QJQZO - ¢|12:0 - QO,
_ + - —
825()0 - 'U‘x2:0 81171()0 + u|x2:0 - U|x2:0 8;1;1@ + u‘l‘g:O ’

Jr _ —
p|m2=0 - p‘.’zz:O :
For convenience, we rewrite the boundary conditions in the following way:

q)—i-

|ac2:0 - |:)22:0 = SO’
(U+—U_)‘I2:0 8931(10_( +—U_)|m2 -0 :Oa (5)
8t<p+v‘ o Oz1p — |2070’

(:0 - P )|12:0 =0.



The functions & and ®~ should also satisfy
8x2q)+(t,l’1,$2) > K, axgé_(tal‘bl?) < —K, (6>

for a suitable constant x > 0.
In [20, 21], Majda makes the particular choice

q)i(t, x1,x9) = txo + o(t, x1) .

This choice is appropriate in the study of shock waves because these are noncharacteristic discontinuities.
In the study of contact discontinuities, it seems rather natural to choose the change of variables ®* such
that the eikonal equations

0yt + Xo(pt,ut,0,,07) = 0,0 + 01 0, T —uT =0,
0P 4+ Xa(p,u,0, P ) =0, + v 0, —u” =0,

are satisfied in the whole closed half-space {x2 > 0}. This choice, that is inspired from [13], has several
advantages. First, it simplifies much the expression of the nonlinear equations (4). But it also implies
that the so-called boundary matriz has constant rank in the whole space domain {2 > 0}, and not only
on the boundary {zo = 0}. This will enable us to develop a Kreiss’ symmetrizers technique, in the spirit
of [23]. We shall go back to this feature later on.

The problem is thus the construction of (local in time) smooth solutions to (4)-(5)-(6), once initial data
have been prescribed. Of course, such initial data will have to fulfill a certain number of compatibility
conditions. The first step in proving such an existence result is the study of the linearized problem around
a particular constant solution, and this is our first main result, see Theorems 1 and 2. The second step is
the study of the linearized problem around a (variable coefficients) perturbation of the constant solution.
The extension to the variable coefficients linearized problem is addressed in the second part of the paper.
Our second main result states that the constant coefficients energy estimate still holds when one considers
a variable coefficients linearized problem, see Theorem 3.

To avoid overloading the paper, we introduce some compact notations for the nonlinear equations (4).

For all U := (p,v,u)”, we define
v p 0 U 0 p
/
ay= 22 ol awy=| 00
P P'(p) 0 w
0 0 v p
Then the nonlinear equations (4) read
1
U™ + A (UN)0,,UT + 5 oF (A2(UT) = 0;@" — 0, @7 A1 (UT)) 0,,UT =0,
2
(7)
1
U™ + A (U)0,, U™ + o= (A2(U7) = 0y@~ — 0, @~ A1(U7)) 02,U~ =0.
xr2

With an obvious definition for the differential operator L, the system (7) also reads
LUT, VoYUt =0, LU ,Ve U =0. (8)
When no confusion is possible, we also write this system under the form

LU, V®)U =0,



where U stands for the vector (UT,U~) and @ for (®7,®7). One should always remember that the
interior equations (7) are entirely decoupled. The coupling between the right and left states is made by
the boundary conditions (5).

There exist many simple solutions of (8)-(5)-(6), that correspond, in the original variables, to recti-
linear vortex sheets:

(pu) = (p,u,) if xo > ot + nwy,
’ (pywp) if z9 < ot + nay.

Here above, u,, u; are fixed vectors in R?, and p > 0, o and n are fixed real numbers. These quantities
are linked by the Rankine-Hugoniot conditions:

0= —UpN+ U = =N+ Uy .
Changing observer if necessary, we may assume without loss of generality
c=n=u=w=0 and v, +v,=0 (v, #0).

In the new variables, this corresponds to the following regular solution of (8)-(5)-(6):

p p
U=lv|, U=slul|, @tz ==+, 9)
0 0

with the relation v, +v; = 0. We only consider the case v, # 0, and without loss of generality, we assume
v > 0. In the next section, we study the linearized equations around the particular solution defined by
(9). Under a certain “supersonic” assumption, we shall show that the linearized equations satisfy an a
priori energy estimate.

3 The constant coefficients linearized system

3.1 The linearized equations

Let us denote by pi, 1y, Uy some small perturbations of the exact solution given by (9). Up to second
order, the perturbations Uy = (p+, 0,04 )’ satisfy
U, + A1(U) 0, Uy + As(U,) 05, Uy =0,

. . . 10
oU_ + Al(Ul) aale— - AQ(U[) 8x2U_ =0, ( )

in the domain {x2 > 0}, together with the linearized Rankine-Hugoniot relations
\Ij-i- =V_ =1,
(0r = 0) Oyt — (g — i) =0,
O + vy Oyt — Uy =0,
p+—p-=0,

(11)

on the boundary {x2 = 0}. In short, equations (10)-(11) read

LU =0 if 0
{ , I 9 > U, (12)

B(U,¢) =0, ifaxy=0,



with U = (U+, U_), and obvious definitions for the operators L’ and B:

LU =0, @f) + <A1E)UT) Al?Ul)) O <gf) + <A2(0Ur) —AS(Ul)> Oz, @f) ’

| (1 —01) Oy — (it — i)
B(U,v) := O) + vy Oy — Uy
P+ — p—

It is important to note that the interior equations do not involve the perturbation 1, so L’ is an operator
that only acts on U. This property also holds when one studies the linearized shock wave equations
around a planar shock, see [20, 25].

Proving an energy estimate for the linearized equations amounts to working with source terms, both
in the interior domain and on the boundary. From now on, we thus consider the linear equations

{L’U—f, if 20 > 0,

i ) (13)
B(U,¢y) =g, ifxy=0,

and try to estimate U and ¢ in terms of f and g (in appropriate functional spaces). In order to simplify the
subsequent calculations, we introduce some new unknown functions, and define the following quantities:

1 . : 1/ .
Wi =104, WQZ_(—W—FM), W3:_<P++U+)7

2 >
DR ol (14)
_ u— _ u—
Wi=i_, Wi=5(-Z=+), Wwe=g (455,
2 p c 2\ p c

We also define the following vectors:

W i= (Wy, W, Wa, Wy, Ws, We) ",

We = (Wi, Wy)T,

Wne = (Wa, W3, W5, We) ™.
The notations W*¢ and W™¢ are introduced in order to separate the “characteristic part” of the vector W
and the “noncharacteristic part” of W. We shall go back to this decomposition later on. It is obvious

that estimating W is equivalent to estimating U.
Let us define the following 6 X 6 symmetric matrices:

1 0 0 Uy —c? c?

0 2¢2 0 0 - 2%, 0 0

0 0 272 2 0 2%,

= 1 0 0]’ A= vy = ’
0 0 22 0 0 -2 2y 0
0 0 2 2 0 2%y
0 0 0
0 =22 0 0
0o 0 22
0 0 263 0
0 0 -2



where 0 stands for the 3 x 3 null matrix, as well as the following

0 v, —1y 0 2v, —c —c ¢ ¢
b=11 o =1 v |, M:=|-c — 0 0]. (16)
0 0 0 0 -1 1 1 1

Then, using (14)-(15)-(16), the linear equations (13) equivalently read
LW =f, if x9 > 0,
%(Wnc’ @Z’) =9, if my = 0,
with new f and g, and where we have let

LW =ty W + oy 0y, W + sty Oy W |

and  B(W" ) =MW" _ +b AN
z90=0 8&81w

Note that the kernel of % is exactly the set of those W such that W"¢ = 0 (and W€ is arbitrary).
The boundary {x2 = 0} is thus characteristic with multiplicity 2. As already noted in earlier works, see
e.g. [19, 23], we expect to lose control of the trace of W€, that is, on the trace of the tangential velocities
(04,0_). At the opposite, we expect to control the trace of W"¢ on {z2 = 0}, that is, we expect to control
the trace of (py, p—, Uy, u_).

3.2 The main result for the constant coefficients case

Before stating our energy estimate for the system (17), we need to introduce some Sobolev weighted
norms. First define the half-space

Q:= {(t7x1)x2) S Rg s.t. x9 > O} — ]R2 « Rt

The boundary 0 is identified to R2.
For all real number s and all v > 1, define the space

H:;(]R2) ={uec Z'(R? s.t. exp(—t)u € H*(R?)}.
It is equipped with the norm
l[ull s 2y == [l exp(=7t)ul| s m2) -
Letting u := exp(—~t)u, one has
1
(2m)?

where 7 is the Fourier transform of any function v defined on R2.
For all integer k, one can define the space Hﬁ(ﬂ) in an entirely similar way.
The space L*(R™; H;j(R2)) is equipped with the norm

lullpzs ey = Nllsy - where [|o]JS, =

L0+ iR de.

“+oo
2
olZrrs) :=/0 lo(-, 22) |75 (m2) dev2 -

In the sequel, the variable in R? is (¢, 1) while x5 is the variable in R,
Our first main result is stated as follows:



Theorem 1. Assume that the particular solution defined by (9) satisfies
v — v > 2V2¢. (18)

Then there ezists a positive constant C' such that for all v > 1 and for all (W,v) € H%(Q) X H%(]RQ), the
following estimate holds:

nc 1 1 nc
TIW ey + 177 o ey + Wl < © (S5 12 Whan + 3 1OV )l ) - (19

Introducing W= exp(—vt)W and J := exp(—7t)1, we easily find that (17) is equivalent to

LW = 7%W+$W:exp(—7t)f, if 29 >0,
PO ~ b+ O 20
BY(WNe 1)) = MVV{;;O +b (W’b(;_{;w) = exp(—t)g, if zo =0. (20)
1

Consequently, Theorem 1 admits the following equivalent formulation:
Theorem 2. Assume that (18) holds. Then there exists a positive constant C' such that for ally > 1 and
for all (W ,v) € H*(Q2) x H?(R?), the following estimate holds:

7 1A/ ne i 1 i77a
VIR + 718 + 191R , < € (25 127

: =1

1 mrne o
2+ 1T DR ) @1

In (21), we have used the following notations for any u € L*(R*; H*(R?)):

9 +oo )
012, = [ o)l doo.

For instance, || - [|, ., is the usual norm on L*(©) and does not involve v, so we shall denote it by || - ||,
The norm || - [|; , is the weighted norm on L*(R*, HY(R?)).

4 Proof of Theorem 2

4.1 Some preliminary reductions

In this paragraph, we show that it is sufficient to prove Theorem 2 in the particular case . YW = 0. This
first reduction simplifies many subsequent calculations. The argument we use was introduced in [23, page
636].

In order to simplify notations, we drop the tildas. Let W € H?(Q) and ¢ € H?(R?). Then we define:

f:=2L"W e H'(Q), g:=25"(W",y)c H(R?).
Consider the following auxiliary problem:

LWy = f, if x9 > 0,
{ 1=/ e (22)

M= We =0, ifxy=0,

‘1‘220

9



where M*“* is defined by

oz (01 00
M '_<0 0 1 0)‘

In the auxiliary problem (22), the boundary conditions are maximally dissipative (see the formula (15)
defining the matrix %). Since f € L?(R*; HY(R?)), it follows from [19] that there exists a function
W1 € L?(RT; HY(R?)), such that the trace of W7 on {z2 = 0} belongs to H!(R?), and that is a solution
to (22). In particular, the function W; satisfies the following estimates:

C
2 2
7 IWallg < 5 171l »

nc 2 g 2 _ g e 2
W 11y < — 71l 1G22l d
1 |962:0 17’7 - ry 177 - ry 0 7:1:2 177 :1:2 ’

Let us define Wy := W — Wy. It satisfies

f’yWQ:O, ifl’2>0,
’@W(Wgcvw):g_M lnc if z9 = 0.

|12:0 ’
Consequently, if we manage to prove that Theorem 2 holds true as long as the interior source term is

zero, we shall obtain

C
< 53 (Ml + 1w 1)

|x2:0

C
2
YIWallg +1IW5<), 16+ 1¥l3, < ~z llg — MW

Then using (23) to estimate the H' norm of the trace of W{* as well as the L? norm of Wi, we shall
derive our main energy estimate (21). Without loss of generality, we thus assume from now on that W
and 1) satisfy

vl W + oy OW + oy O\ W + b5 0, W =0 (24)
in the interior domain €2, as well as the following boundary conditions
nec ’Wv/} + 8tw _ _
MW m_o—i-b( Dy, 1) )—g, zo=0. (25)

With slight abuse of notations, we still denote by g the source term in the boundary conditions, instead
of g — M W1*“. This is of pure convenience.

Recall that all matrices <7 are symmetric, and that .24 is positive definite, see (15). Taking the scalar
product of (24) with W and integrating over Q) yields the following inequality:

2
YIWle < ClIW™,, L5

Consequently, it is sufficient to derive an estimate of the form

C
W7ol + 1912, < 5 ol (26)

in order to obtain (21).

We shall derive (26) by means of a Kreiss’ symmetrizer, whose construction is detailed in the next
paragraphs. Once performed a Fourier transform in (¢, 1), the first step consists in “eliminating” the
front ) in the boundary conditions (25). We emphasize that this operation is possible, even though the
vortex sheet is a characteristic boundary. Then we shall detail the normal modes analysis and construct
a symbolic symmetrizer.

10



4.2 Eliminating the front

As mentionned above, we focus on (24)-(25), and perform a Fourier transform in (¢, z1). The dual variables
are denoted by (d,1). We also define 7 := « + id. This is the Laplace dual variable (indeed, the previous
manipulations amount to performing a Laplace transform with respect to ¢). We obtain the following
system of differential equations:

— AW
gy +ind) W + op — =0 0
b(r,m)y + MWn(0) =7,
where b(7,n) is simply defined by
2iv,m
b(r,n) :==b (T) = [7+ivn | . (28)
in 0

Recall that b and M are defined by (16). Observe that b(7,7) is homogeneous (of degree 1) with respect
to (7,71). In order to take such homogeneity properties into account, we define the hemisphere

Y:={(r,n) ECxR st. |[7+v?n* =1 and Rert >0}.

Recall that 7 is the Laplace dual variable of the time variable ¢, while 7 is the Fourier dual variable of x1,
so 7/n is a velocity. Our definition of 3 takes this property into account.
We denote by = the set

Z:={(v,6,1) € [0, +00] xR? s.t. (v,0,n) # (0,0,0)} =]0, +o0[-X.

It is the set of “frequencies” we shall consider in the sequel. We always identify (y,5) € R? and 7 =
v +1id € C.

One crucial remark is that the symbol b(7,n) is elliptic, that is, it does not vanish on the closed
hemisphere Y. More precisely, we have the following Lemma:

Lemma 1. There exists a €°° mapping Q defined on = such that Q has values in GL3(C), is homogeneous

of degree 0, and satisfies
0

v (Ta 77) €=, Q(T’ 77) b(Tv 77) = 0 )
d(,m)

where ¥ is €°°, homogeneous of degree 1, and has the additional property:

min |[9(r,n)| > 0.
(Tm)ez\ (7, m)]

Proof. We shall define the mapping ) on ¥ and then extend () by homogeneity. If we define

0 0 1
V(r,n) eX, Q(r,n):=|7+iv,n —2iv,m 0],
-2, T —1ivyn 0O

then we check that @) has all the required properties. The corresponding ¥ is given by
V(r,m) €S, I(rn) =7+ v + 4y
Note that the last row of Q(7,n) is nothing but b(r,n)*, when (7,7) € X. O

11



Let us multiply the boundary conditions in (27) by the matrix Q(7,n). We obtain:

0
35 ) o-ans

where 8 has two rows while ¢ has one row and
B(r, 77))
=Q(r,n) M.
(f) =@
The exact expression of £ is useless, but we shall use the expression of 3:

-1 1 1 -1
virmexn, B(rn)= <—c(7' +ivm) —c(r+ivun) c(r+ivem) et + z'vm)) ) (30)

Both g and ¢ are homogeneous of degree 0 and ¥ on =.
The last equation in (29) is

V(r,m) €, 9(r,n)b+L(r,n) Wne(0) = b(r,n)* g,

since b* is the last row of Q). Using the ellipticity property of ¥ (see Lemma 1) together with a uniform
bound for ¢ and b* on X, we obtain

V(nm eE, (P +uf)Iil < C (W) + GP) .

Let us now integrate this last inequality with respect to (6,1) € R2. (Recall that § is the imaginary part
of 7). Using Plancherel’s Theorem, we obtain

1
\Wﬁﬁgcmwmmw%+m%)chwmmJ%+7ﬂwiQ. (31)
In order to derive (26), it is therefore sufficient to derive an estimate of the trace of W"¢. Consequently,
we focus on the reduced problem
—~ dW
(tely +inah)) W+ oo — =0, x9>0,
d.%'g
Blr.mWre(0) = h,

and try to derive an estimate for WC(O). One has to remember that the source term 7 € C2 is easily
estimated by g, see (29).

In the next paragraph, we recall that under the assumption made in Theorems 1 and 2, the above
boundary problem satisfies the Kreiss-Lopatinskii condition but violates the uniform Kreiss-Lopatinskii
condition.
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4.3 The normal modes analysis

Writing W = (Wy, Wa, W3, Wy, W5, We)T, the two first equations in (27) are:
(7'+z'vm)l/l/71 — i62nﬂ/72 +i62771/l/73 =0,
(T—F’L.Ul?’])m - ican//\5 +icz77W//\6 =0.

They do not involve derivation with respect to the normal variable zp. For Re 7 > 0, we obtain an
expression for W1 and W4 that we plug in the last four equations. This operation yields a system of
ordinary differential equations of the following form:

dﬁc o
— nc 1
. —/,\52{(7', 77)1/[/ , ifxg >0, (32)
B(r,mWne(0) = h, if 29 = 0.
The matrix <7 (7,7n) in (32) is given by
r —my 0 0 1 ) c c
my  —yr 0 0 E (T + ZUT’H])Z + 5772 5772
A (,m) = RS . , M= —=— . (33)
0 0 —w my T + v n T+ v

0 0  -my

A well-known result, that is due to Hersh [15] in the noncharacteristic case (see [23] for the extension
to the characteristic case), asserts that the matrix <7 (7,n) has no purely imaginary eigenvalue as long as
Re 7 > 0. As a consequence, the stable subspace of <7 (7,7n) has constant dimension when Re 7 > 0. This
dimension equals the number of characteristics going out of the discontinuity. In our case, those theoretical
results can be checked directly by computing the eigenvalues and the stable subspace of <7 (7,71). The
following Lemma gives an expression of the stable subspace:

Lemma 2. Let 7 € C and n € R with Re 7 > 0 and (1,n) € X. The eigenvalues of </ (1,n) are the roots
w of the dispersion relations

1 .
wi=p2—m?= 0—2(7' +iv,m)? +n?, (34a)
W=y —mi= C—Z(T +ium)? +n?. (34b)

In particular, (34a) [resp. (34b)] admits a unique root w, [resp. wi] of negative real part. The other root
of (34a) [resp. (34b)] is —w, [resp. —wj] and has positive real part. The stable subspace &~ (7,n) of
o/ (1,m) has dimension 2 and is spanned by the two following vectors:

T
(& .
772 - (T +ZU7'77)UJT7070> 3

1
E.(1,n) = <217 , = (T +ivm) + 5

(35)
1 c o ‘ c 9
Ey(r,m) = (0,0, = (7 +ivm)* + 5n* = (7 + ivm)wr, 51
Both w, and w; admit a continuous extension to any point (1,1) such that Re T = 0 and (1,n) € X.
This allows to extend both vectors E, and Ej in (35) to the whole hemisphere .. Those two vectors are
linearly independent for any value of (1,7m) € X.
The symbol </ (1,7n) is diagonalizable as long as both w, and w; do not vanish, that is, when T #
(£v, £ ¢)in. Away from such points, o/ admits a € basis of eigenvectors.
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The proof follows from straightforward computations, and we shall omit it.

We point out that the stable subspace &~ (7,7) is defined for all (7,7) € X, while the matrix <7 (7, 7)
has some poles on the boundary of ¥, see (33). The poles are exactly those points (7,7) € 3 verifying
T = —iv, n = Fiven (recall that we have v, = —v; # 0).

Following Majda and Osher [23], we define the Lopatinskii determinant associated with the boundary
conditions S in the following way:

A(r,n) = det [B(r,n) (E.(1,n) Ei(1,n))], (36)

with § defined by (30) and (E,, E;) defined by (35). We emphasize that the Lopatinskii determinant A
is defined on the whole hemisphere ¥ and is continuous with respect to (7,7). The first step in proving
an energy estimate for (32) consists in determining whether A vanishes on 3. The answer is given in the
following result:

Proposition 1. Assume that (18) holds. Then there exists a positive number Vi such that for any
(t,m) € 2, one has A(r,n) = 0 if and only if

T=0 or 7==£iVin.

Each of these roots is simple. For instance, there exists a neighborhood ¥ of (0,1/v,) in ¥ and a €
function h defined on ¥ such that

V(r,m) eV, Alr,n)=r7h(r,n) and h(0,1/v,)#0.
A similar result holds near (0,—1/v,) or near the points (+iVin,n) € X.

The number V1 s given by
VE =+ 02—/ + 42,

In particular, one has:
0<Vi<wv —c.

When =0 or 7 = £2Vin, both eigenmodes w, and w; are purely imaginary.

We postpone the proof of Proposition 1 to appendix A. We simply note here that the three critical
speeds —V1,0, V] are exactly the speeds of the kink modes exhibited in the work by Artola and Majda
[2]. As a matter of fact, Artola and Majda used a “geometric optics approach”, while we have followed
here a “normal modes analysis approach”. However, the calculations are similar in both cases (in [2], the
number 7 equals 1).

4.4 Constructing a symmetrizer: the interior points

We now turn to the construction of our degenerate Kreiss’ symmetrizer. The construction is microlocal
and is achieved near any point (79,79) € . The analysis is rather long since one has to distinguish
between five different cases. In the end, we shall consider a partition of unity to patch things together
and derive our energy estimate.

In all the rest of the article, the letter x denotes a generic positive constant (typically, though not
necessarily, a rather small one).
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We first consider the case (79,10) € ¥ with Re 79 > 0. Then the matrix <7 (7, 7n) is diagonalizable for
all (7,7) close to (70,m0). A smooth (that is, €°°) basis of eigenvectors is given by the following family:

e 2

1 . c . r
5 (T4 wm)2 + =0 + (1 + ivpn)wy, 0, 0) ,

C
Eo(rn),  Eirm), <n2

1
and (O, 0, E(T + ivm)2 + %?72 + (7 + dum)wy, 2772>

Both vectors F, and E; are defined by (35). Therefore, there exists a °° mapping T'(7,7n), defined on a
neighborhood ¥ of (79, n9) in X, with values in GL4(C), and such that

w 0 0 0
B 0 w 0 0
V(r) eV, T/ (@nT@n™ = o

1

The first two columns of the matrix T'(r,n7)”" are the vectors F, and Ej. In the neighborhood ¥, we

define the symmetrizer r in the usual way:

10 0 0

0 -1 0 0
Vibm e, rmm=14 o k ol-

0 0 0 K

where K > 1 is a positive real number, to be fixed large enough. In what follows, we use the standard
notation

for all square matrix M with complex entries (M™* is the classical adjoint matrix).
The matrix r defined just above is hermitian, and we have

V(rm) €7, Re (r(r,m)T(r,n)e (r,m)T(r,m)~") >kl >ryl, (37)

for some positive constant k. This is because w, and w; have negative real part when (7,7) € ¥, and
v <1 when (1,7) € 3.

We now simply need to fix K > 1 in order to recover an estimate for the trace of W"¢. We show that
for K sufficiently large, the following inequality holds:

virmer, rnm+C () B =1, (38)

where C' is a positive constant and

B(r,n) = B(r,n) T(r,n)~".

Let Z=(Z—,zY)T € C*, with Z—,Z% € C?. We write
~ 4 (Z ~ 0
B(r,n) Z = B(r,n) T(r,n) ( 0 ) + B(r,m) (Z+> ,
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and recall that the first two columns of T'(7,1)~! are E, and E;. Because the Lopatinskii determinant

does not vanish at (79, 79), see (36) and Proposition 1, we obtain an estimate of the form
2712 < Co (1272 + B(r ) 2P2)

for a suitable constant Cy that is independent of (r,7) € ¥. With Cy satisfying this inequality, the
definition of r yields

<T(T7 n)Za Z>(C4 + 200 |/§(Tan)Z‘2 = _’Z7|2 + K’ZJF‘Q + 200 ’E(Tv TI)Z|2
> |27 + (K —2Co)| 2]

This gives (38) for K large enough (e.g., K =2Cy + 1).

4.5 Constructing a symmetrizer: the boundary points (case 1)

We now turn to the construction of the symmetrizer near those points (7,7) € ¥ such that Re 7 = 0. We
first prove a general result on the behavior of the eigenmodes w;.; in the neighborhood of such points:

Lemma 3. Let (19,m0) € ¥ so that Re 19 = 0 and 19 # (—vr£c)ing. In particular, w, depends analytically
on (1,m) near (19,m0). Then the two following cases may occur:

1. The eigenmode w, has negative real part at (19,m0), and, in a suitable neighborhood ¥ of (19,m0),
one has
Re w, < —k <0.

2. The eigenmode w, is purely imaginary at (1o0,m0). In this case, the derivative Oyw, calculated at
(10,m0) is a nonzero real number. In a suitable neighborhood ¥ of (10,m0) in 3, we have

Re w, < —kKry.

A completely similar result holds for w; near all points (19,m0) € X satisfying Re 19 = 0 and 19 #
(—u £ ¢)ino.

Proof. Because 19 # (—v, £ ¢)ing, the eigenmode w, is not zero at (79, 7p) and it depends analytically on
(1,m) by the implicit functions Theorem.

The first case in Lemma 3 simply follows from the continuity of w, with respect to (7,7). In the second
case, we use (34a) to derive
Owy
Oy
When 7 = 79 and n = 19, one has w, € iR\ {0} and (79+iv,n9) € iR. This proves that the derivative 0 w,
is real. We now remark that 7y # —iv, 1o for, in such a case, w, has negative real part. Consequently, the
derivative 0w, is not zero. The estimate on Re w, is obtained by performing a Taylor expansion of w,
at (7’0, 770). OJ

1 .
Wy =3 (T +ivem).

According to Proposition 1, there are exactly four types of points on the boundary of X:

1. Those points (19, n0) where 7 (79,1n0) is diagonalizable and the Lopatinskii condition is satisfied at
(70,M0)-
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2. Those points (19,10) where o/ (79, 1p) is diagonalizable and the Lopatinskii condition breaks down
at (T()a T’O)

3. Those points (19, 79) where .7 (79,10) is not diagonalizable, that is, 79 = (v, & ¢)ing. In this case,
Proposition 1 asserts that the Lopatinskii condition is satisfied at (19, 10).

4. Those points (19, 70) that are the poles of o7, that is, 7o = +iv,19. At those points, the Lopatinskii
condition is satisfied.

As a matter of fact, an immediate consequence of Proposition 1 is that whenever the Lopatinskii
condition fails at (79,70), then (79,70) is not a pole and the symbol <7 (7,7) is (smoothly) diagonalizable
in a neighborhood of (79,7p). The three first categories of boundary points can thus be treated as in
[6, 10, 17, 28], provided the technical assumptions of [10] near instability points hold. We are going to
show that such technical assumptions hold true. The last category of boundary points (the poles of the
symbol &) requires special attention.

We now deal with the construction of our symmetrizer in case 1: (79,70) € X is such that </ (79,1n0) is
diagonalizable and the Lopatinskii condition is satisfied at (79, 79), that is, A(7g,n0) # 0.

Because 7 (19, 19) is diagonalizable, we have 19 # (£wv, £ ¢)ing. Hence there exists a neighborhood ¥
of (79,m0) in ¥ and a smooth basis of eigenvectors of o/ defined on #. The smooth basis is the same as
in the case of interior points (see the preceeding paragraph). We thus have

wr 0 0 0
_ 0 w 0 0
V(nm ey, T (raTrn ™ = o 0 o]

0 O 0 —w

where, once again, the two first columns of T'(7,7)~! are exactly E, and E;. We choose r as in the case
of interior points:

-1 0 0 0

0O -1 0 O
V(T’ 77) 6 y’ T(T, 77) = O 0 K 0 I

0 0 0 K

with K > 1 to be fixed large enough. Clearly, r is a hermitian matrix. Using Lemma 3, we can already
conclude that
V(r,n) €7, Re (r(r,m)T(r,n) (r,n)T(r,n)~") > ry 1. (39)

Because the Lopatinskii condition is satisfied at (79, 79), it is possible to choose K large enough so that
the following estimate holds:

v(rmer, rnm+C (Brn) Bl =1, (40)

In (40), we have let, as usual, N
B(r,n) = B, n) T(r,m)~".

The analysis is the same as what we have done for interior points. The estimates (39)-(40) are similar
(but not exactly identical) to (37)-(38).
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4.6 Constructing a symmetrizer: the boundary points (case 2)

In this paragraph, we consider a point (79,70) € ¥ such that the Lopatinskii determinant A vanishes at
(70,m0). From Proposition 1, we know that the symbol .o is smoothly diagonalizable on a neighborhood
¥ of (19,m0) in X. In other words, there exists a smooth mapping T'(7,n) with values in GL4(C), and
such that

w 0 0 0
B 0 w 0 0
V(r) eV, T/ (@nT@n™ = o

1

The first two columns of T'(7, 1)~ are E, and Ej. In this case, we define our symmetrizer r in the following

(degenerate) way:

-2 0 0 0

0 —2 0 0
Virm e, r(mn)=1| g X ol

0 0 0 K

with K > 1 to be fixed large enough. The matrix r(7,7) is hermitian and we have

2
o

V(rm) €V, Re (r(r,n)T(r,n)e (r,))T(r,n)") >y (41)

oo o
o o3,
o~ oo
— o oo

It only remains to fix K appropriately in order to recover an estimate on the boundary. The choice
of K relies on the following Lemma:

Lemma 4. Let (19,m0) € ¥ be a point where the Lopatinskii determinant vanishes. Then there exists
a neighborhood ¥ of (19,m0) in ¥ and a constant ko > 0 such that the following estimate holds for all
(t,n) € ¥:

VZ~ e CQ? ‘5(7—7 n) (Er(Tan) Ey (T, 77)) Z_’2 > Ko '72 ‘Z_|2'

Before proving Lemma 4, let us first show that it enables us to obtain an estimate between r and the
boundary matrix 8. More precisely, we are going to show the following estimate:

virm e, )+ (Brm) Brm = *1, (42)

for an appropriate positive constant C. The definition of 5 (1,m) is the same as in the preceeding cases.
Let Z = (Z—,2Z%)T € C* where Z~ and Z7 belong to C2. Once again, we write

B 2 =pe T (%) + B (1)

-1

and we recall that the first two columns of T'(7,7)~" are E, and E;. Using Lemma 4, we obtain

ko122 < Co (1271 +1B(r,m) 2I2) .
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We thus derive

20y

20, ~ - _
(r(r.m)Z. Z)es + =2 B2 = =227+ K|Z P+ 22 Brn) 2P

2
>y Z7 P+ (K - CO) 1ZF]?.

Ko

Choosing K = 2Cj/ko + 1 yields
2Cy |~ _
<7’(7’, n)Zv Z>(C4 + TO ’5(7777)Z|2 > 72 ‘Z ’2 + ’Z—i_‘z > 72 ‘Z‘g :

Here we have much weakened our estimate for the last two components Z . However, an inequality like
(42) is simpler to use since it does not distinguish between the different coordinates of the vector Z. One
should remember that the real loss of control is on the modes w;, and w;, and not on the modes —w, and
—wy.

The proof of Lemma, 4 is postponed to appendix A. It relies on the fact that the roots of the Lopatinskii
determinant A are simple (see Proposition 1).

4.7 Constructing a symmetrizer: the boundary points (case 3)

In this paragraph, we consider a point (79,79) € X such that 79 = —iv,n £ icng. (The case 79 =
—iuyno £ icnp is entirely similar and we shall not detail it). Because v; = —wv, and v, > C\/i, we have
To # —ivno £ icnp, and therefore, the eigenmode w; depends smoothly on (7,7) in a neighborhood ¥ of
(70,7m0). Oppositely, w, is only continuous with respect to (7,7) near (79,70), but w? is € near (79, 70)-
This is because (34a) has a double root when (7,7) = (79, 70)-

When (7,7) is close to (70,70), the following family is a ¢"> basis of C*:

(mrv_mT707O)T7 (_i707070)T7

1 ) c ) c T
Ei(r,n) and (0, 0,~(7 + ivn)? + 5772 + (1 + vm)wi, 2772> :

Recall that m,. is defined by (33). Let T(7,1)~! be the (regular) matrix whose columns are those four
vectors. We compute

a. O 0
T(Tv 77)‘52{(7—7 n)T(Ta 7])71 = 0 wi 0 )
0 0 —w
where a, is the 2 x 2 matrix defined as follows:
—cw? ;
T+ tv.m
Qr (Ta 77) =
2im,. cw? cw?

T4 iven T4 uen

In particular, we have

0 1 .
ar(To,no) = (0 8) =:iN.

Moreover, we make the following observations:
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For all (7,7) close to (19,7m9) so that 7 € iR, a, has purely imaginary coefficients.

The lower left coefficient 9, of a, satisfies

09,
— (70,m0) € R\ {0} .
7 (70,m0) € R\ {0}
Here we have exhibited a basis in which Ralston’s result [28] applies. Readers who are familiar with
the theory will have recognized the “block structure condition”, that is a consequence here of the strict
hyperbolicity of (1), see [24].

We are looking for a symmetrizer r under the form

s(rym) 0 O
r(rt,n) = 0 -1 0,
0 0 K

where K > 1 is a real number, to be fixed large enough, and s is some 2 x 2 hermitian matrix, depending
smoothly on (7,71). More precisely, we are looking for the matrix s under the following form

o= (° ) (e ) (0 )

E F(r.m) G

where e, ey and g are real numbers, and f is a real valued €°° mapping that vanishes at (79, 79), see
[6, 17, 28]. We choose e; in the following way:

erim (G (mno))_l R\ {0},

where 1, is defined just above. This choice may look surprising but it will be justified later on.
Now we observe that our choice of s yields (yo = 0):

0 e2 0 O
et eo 0 O
7(70,10) = 0 0 -1 0
0O 0 0 K

Moreover, the first and third columns of T(79,79) ! are nothing but E, (9, 19) and E;(79,70). This is due
to the equality p, = —m, when (7,7) = (79, 1m0). Because Lopatinskii’s condition is satified at (9, n), we
can choose ey and K large enough such that the following estimate holds:

r(10,7m0) +C (5(70,770)>* B(1o,1m0) > 1.

As was done before, we have let B
Br,n) = Blr,n) T(r,m) "

Up to shrinking 7', we have thus derived the following estimate

L, (43)

V(rm) e, r(rn)+C (B(T,n))* B(r,n) > %
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for a suitable constant C.
Now, we show how to choose the real valued function f and the real number g. We first write

ar(Tv 77) = ar(7-07 770) + (ar(i(sv 77) - GT(T(), 770)) + (ar(Ta 77) - aT(i57 77)) )

and then use Taylor’s formula. We obtain
. . aar . 2
a,,,,(T, 7]) =N + (CLT(’L(S, 77) - ar(T()u 770)) + 87’}/(“5’ 77) +7 M(Ta 77) ’

for a suitable continuous function M. Because a, has purely imaginary coefficients when 7 is purely
imaginary, we have

. o ibl(ié,n) 0 ) .
ar(léa 77) - CLT(T(), "70) - <’ibg(i5, 77) ib3(i5, ,,7) - ZBT(Z(S’ 7]) )

for some €, real valued mappings by, bo,bs3. Those three mappings obviously vanish at (79,79). We
choose

f(r,n) :==e1 (b1(id,m) — b3 (id,m)) + ez ba(id,n)

so that f is a € real valued mapping that vanishes at (79, 79). Moreover, this choice of f implies that
the matrix

(E+ F(,m)(N + B(id,7))

is real and symmetric for all (7,7). Consequently, we obtain

Oay

Re (s(ryar(r.) = Re (GN + B @0n) ) 7 L),

where L is continuous (it is even €*°) and L(7p,70) = 0. Our choice for e; yields

da, 0 0 1 %
w (ovesm) - (3 921 2)
where the * are coefficients that only depend on ey, e (that have already been fixed) and (79, 19). Choosing
g large enough, and shrinking ¥ if necessary, we end up with

1
Re (5(7_7 77)‘17"(7',7))) Z Z'YI,
and we thus obtain

V(r,n)e ¥, Re (r(r,n)T(r,n) (r,)T(r,n)"") > k~yI. (44)

4.8 Constructing a symmetrizer: the boundary points (case 4)

We now consider the last case, which is (79,79) € ¥ with 79 = —iv,n9. (We shall not detail the case
7o = —iuno that is entirely similar). The symbol &7 is not defined at (79, 79), while the stable subspace
&~ of &/ admits a continuous extension at this point. The family (E,, E}) is a €°° basis of &~ near
(10,M0), see Lemma 2, and Lopatinskii’s condition is satisfied near (79, 10), see Proposition 1.
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The eigenmode w, has negative real part when (7,7) is close to (9,70), see (34a). Oppositely, the
eigenmode w; is purely imaginary when (7,7) is close to (70,7m0) and Re 7 = 0, see (34b). Furthermore,
both w, and w; depend analytically on (7,7) in a neighborhood ¥ of (79, n0).

The matrix &7 is not smoothly diagonalizable on 7. This is because the eigenvector associated with
the eigenvalue —w, tends to be parallel to the eigenvector associated with the eigenvalue w,. Consequently,
Majda and Osher’s construction of a symmetrizer in this case involves a singularity in the symmetrizer,
see [23]. We prefer to avoid this singularity in the symmetrizer and construct a smooth (that is, )
symmetrizer in the whole neighborhood #'. This is possible if we go back to the original system:

- AW
(T%+i7752f1)W+%2d—x2:0, 9 >0, (45a)
B(r,mWne(0) = h, (45D)

The following analysis is inspired from [4]. For (7,7) in a neighborhood ¥ of (79, 79), the following matrix
is regular (that is, invertible):

1 —ien(t +ivpm — cwy) 0
0 %772 0 0
0 (74w —w 1
7 () = | e g 1 den(T +ivm — cwy)  den(rT +ivm +cwy) | (46)
0 0 (7+ivn)(wm —w) (7+ivm)(u +w)
0 Sp2 2
2 2

To avoid overloading the equations, we shall simply denote by 0 the 3 x 3 zero matrix. The determinant

of 7 (r,n) is given by
2

c .
det 7 (1,n) = 5774(7*-@0177)&%,

and it is easy to check that this quantity does not vanish near (79, 79). The matrix .7 depends smoothly

on (7,7n) in the whole neighborhood 7. It has no pole.
Let us define

1

&= (7 +ivem) (pr — wy) = - (1 + ivm)Q + 5772 — (7 + iv,n)wr (47a)
1

§ = (7 +ivm) (£ w) = ST+ ivm)? + 5772 £ (7 + dun)w - (47b)

The main idea now is that (45a) has a simple expression if we decompose the vector W in the basis
defined by 7. In other words, the matrices

(rely +ina) T (1,m) and AT (1,7)

have a rather similar structure. Performing some manipulations on the rows of these two matrices, we
shall transform (45a) into an “almost diagonal” system of differential equations.
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After some simplifications, we obtain the following expressions:

T+ v 0 ic’n
—ic®n A, 0 0
. 9 3 2 ;
) _ ic*n —2c’wp &, 2¢2(T +ivpn)
(T + )7 = Tivm 0 o |
0 —ic?n —263wl£f 2c3wl£l+
ic’n Aty —ctnuy
0 0 0
0 —c'n> 0 0
0 2¢3¢ 263
BT = 0 0 0 ’
0 0 263¢  263¢T

0 —c*n? —ctp?

where &, and fli are defined by (47a)-(47b). These expressions may look somehow complicated, but it is
not so hard to simplify them multiplying on the left by a suitable symmetrizer. Indeed, for all (7,7) in a
neighborhood ¥ of (19,10), let us define the following matrix:

1 0 0
0 1 0 0
2% 4 : _ 9 3 4,2
Ru(r.n) = ic*n(T +ivpn — cwy)  2¢°6, ¢'n (48)
1 0 0
0 =2icn(1 +ivm + cwy)  ctp? o 263¢T
—2ic*n (T +ivmn — cwy)  c*n? 2c3§l_
First we obtain
RiahT = diag (0, —c*n?,2¢"n*,0, —4c"n? (7 + ivim)wr, 40’ (7 + ivpn)w)
where diag (a1, ...,a,) stands for the diagonal matrix whose diagonal elements are a1, ...,a,. We also

obtain the following expression:

Rl(’]’% + ZnJZ/l)g =

T+ v 0 ic’n
—ic’ny  MnPw, 0 0
0 0 2¢Tn%w,
T+ v 0 0
0 0 4 Pwi (T + dv)
0 0 4" Pwi (T + ivn)

Recall that wy, n and (7 4 évyn) do not vanish in the neighborhood ¥ of (79,70), up to shrinking ¥". The
following matrix is therefore a > mapping of (7,7) on ¥

1 1 1
1
2¢™n2" 7 A 2w (T + dum) T A" 2w (T + dum)

Ry(71,n) := diag (1,1, ). (49)

We define
S(T’ 7]) = R2 (7—7 77) Rl (7-7 77) y
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where Ry and Ry are defined by (48)-(49). It is now easy to derive the following equalities for all (7,7)
in 7

S(r,m) 4.7 (r,n) = diag (0, —¢'7%,1,0,-1,1), (50a)
T+ ivpm 0 ic’n
—ic’n  Mtw, 0 0
0 0 Wy

S(r,n)(ra + ineh) T (1,n) = (50b)

T4+iyn 0 0
0 0 w; 0
0 0 wy

In particular, it is important to observe that both matrices S and 7 are ¥°° on the whole neighborhood
. Up to shrinking ¥, we may assume that w, has negative real part for all (7,7) € #". This is possible
because w, = —|n| at (19,m0).

Though a little complicated, the preceeding calculations are based on the simple idea that the differ-
ential equations (45a) have an easy expression if we replace the standard coordinates by the coordinates
on the stable subspace. The difficulty comes from the fact that we deal with the differential system
satisfied by W and not with the system satisfied by W7¢. Because the boundary is characteristic, (45a) is
not an ordinary differential equation, and we thus need to diagonalize simultaneously (7.4% + in<#) and
/5. Even though the matrix S(7.2% + ine/).7 is not diagonal, we shall see that the reduced expressions
(50a)-(50Db) are sufficient to derive energy estimates in such a neighborhood ¥ of the pole (19, m0)-

4.9 Derivation of the energy estimate

We now turn to the derivation of the estimate (26). Recall that we are considering a function W € H'(Q)
such that

— dW
2

B(r, m)Wne(0)

h,

where h is obtained from the source term g in (27) after eliminating the unknown front:

~ 0 0 1\ ~
V(rm) €2, h_<7+ivr77 —2iv,n O>g'

Thanks to (31), it is sufficient to get an estimate of the trace of W"¢ on {2 = 0} in order to derive
(26).

The previous analysis shows that for all (79,79) € ¥, there exists a neighborhood ¥ of (79,79) in ¥
and mappings defined on this neighborhood that satisfy certain properties. Because X is a ¥°° compact

manifold, there exists a finite covering (#1,...,77) of ¥ by such neighborhoods, and a smooth partition
of unity (x1,...,xrs) associated with this covering. Namely, the y;’s are nonnegative, °°, and satisfy
I
Supp x; C ¥ and ZX? =1.
i=1

There are three different cases.
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e In the first case, ¥; is a neighborhood of an interior point or a neighborhood of a boundary point
corresponding to cases 1 and 3 above (boundary points that are not poles and for which the Lopatinskii
condition is satisfied). On such a neighborhood, there exist two ¥’°° mappings r; and 7T; such that

r; is hermitian,
T; has values in GL4(C),
the following estimates hold for all (7,7) € %:
Re (ri(r,n)Ti(r,n) o/ (r,) Ti(rym) ™) > ki 1,
ri(r,n) + Ci (B(r.m)Ti(r,m) ™) B(rom)Ti(r,m) ™ > 1.

The inequalities (51) are direct consequences of (37)-(38)-(39)-(40)-(43)- (44).
We define -
Ui(Tu n, fEQ) = Xi(Tu 77) E(T) 77) Wnc((S’ n, LUQ) .

Both mappings r; and T; are not defined on ¥ but only on the neighborhood %#;. However, only the values
of these mappings on the support of y; will be involved in the subsequent calculations, so we choose for
convenience to extend these mappings to the whole hemishpere . Then we extend x;, r;, T; to the whole
set of frequencies = as homogeneous mappings of degree 0 with respect to (7,7).

Because ¥; does not contain any pole of the symbol o7, which is defined by (33), one easily shows that
U; satisfies

v
darg
5(7—’ n)E(T’ n)_lUi(O) =xih.
We take the scalar product of this later ordinary differential equation with r;U; and integrate with respect

to x5 on R*. Then we take the real part of the obtained equality and use (51). These operations yield
the classical Kreiss’ estimate:

= E(Tv 77)0‘2{(77 n)ﬂ(Tv n)_lUi T2 > Oa

+o0 1 -
ey [ U ) daa + 5 U 00 < Gl ()
0
Now we use the definition of U; and a uniform bound for ||T;(7,7)~!|| on the support of x; to derive

7 xi(r ) /0 6 ) 2 da + i) [T, O < Gl [ (52)
e In the second case, ¥; is a neighborhood of a zero of the Lopatinskii determinant. On such a
neighborhood, there exist two ¥°° mappings r; and T; such that
r; is hermitian,
T; has values in GL4(C),
the following estimates hold for all (7,7) € %;:
Re (ri(1,m)Ti(m,m) e (1,m)Ti(r,n) ™) = ki’ I,

* 53
() + Cs (B mTim )" Blr ) Tu(rim) =) > 421 53)
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These inequalities correspond to (41)-(42).

As was done before, we first extend r; and T; as € mappings on the whole hemisphere . Then
we extend T; and x; as homogeneous mappings of degree 0 with respect to (7,7), and we extend r; as a
homogeneous mapping of degree 2 with respect to (7,7). Thus (53) reads

Re (Ti(Tv n)Ti(Tv n)%(ﬂ n)Ti(Tv 77)71) 2 F&ifyg I,

5 54
ri(r,n) + Ci(|71 +ofn?) (B(r,m)Ti(r,m) ™) B(r,m)Ti(r,m) " > 71, (54

for all (1,n7) € RT - #. Once again, we define

Ui(T’ UB x2) = Xi(Ta 77) Ti(T’ 77) Wnc((;’ UR 332) .
Because ¥; does not contain any pole of 7, we still have

dU;
dl’g

B(r,n)Ti(r,n) Ui (0) = x; h.

= T‘Z'(Ta 77)557(73 77)1—‘1(7—’ 77)_1Ui T2 > Oa

We perform the same calculations as above (in the first case), but now we use (54) instead of (51). We
obtain

+oo o Ci R
v xi(T, 77)2/O (Wne(8,m, 22)|? daa + xi(1,m)? [Wne(8,7,0)> < ?Xi(Tan)Q W (I7]* + v2n®).  (55)

e In the third and last case, ¥; is a neighborhood of a pole of the symbol /. For instance, ¥; is a
neighborhood of a point (—iv,np,70) € X. In this case, we have shown that there exists ¥ mappings .7;
and S; defined on ¥; such that

7; has values in GLg(C),
both relations (50a)-(50b) hold on %;.

Recall that w, has negative real part on ;.

Here, we extend x;, Z; and S; as homogeneous mappings of degree 0 with respect to (7,7). Moreover,
we shall make as if .7; and S; were defined on the whole hemisphere ¥ (this is of pure convenience since
only the values on the support of x; are involved in what follows). We define

Ui(r,m,22) = xi(r.n) Zilr.n) ™ W(6,m,22) € C°.
The components of the vector U; are denoted as follows
Ui = (Ui1,Uig, ..., Uig)",

and we also define
Ure .= (Ui2,Ui3,Uis,Uig)” € C*.

Using the definition (46) of (7, ), it is clear that the vector U™ is given by a relation of the form

U = Tilr.n)” ' Wne, with Ty(r,n) € GL(C).

(2

26



We also note that the first and third column vectors of the matrix Tj(7,n) are exactly the vectors E.(7,n)
and Ej(7,7n). With these notations and definitions, we get

dU;
(T%—’_ang{l) 2(7—777) U’L+%Z(T7n)ﬂ :07 x2 >Ov
2

~

5(7-? 77)Ti(7-7 n)Uz‘m(O) = Xi(Tv 77) h.

Multiplying the equation in {z2 > 0} by S;(7,7n) and using (50a)-(50b), we obtain the following system:

(7 + ivym) Uig +ic*nU;3 =0, (56a)

—ic*nUiq + |7_|zcj:7;772 wr U2 — |T|2cinir2n2 ddU;j =0, (56b)
wy Uy 3+ ddif’ —0, (56¢)

(1 +iun)Uia =0, (56d)

w Uy 5 — dd%‘f’ =0, (56e)

w U + ZUxT =0. (56¢)

Recall that when (7,7) belongs to the conical set RT - %, one has
Re w, < —k(|7|? +v,%7]2)1/2 and Rew; < —k7,

for a suitable constant k > 0. Because U; 3(x4) and U; 6(x4) belong to L?(RY), for v > 0, (56¢) and (56f)
imply
Ui3=0 and U;6=0.

Using (56a) and (56d), we also obtain
UZ‘71 =0 and UZ'74 =0.
Eventually, (56b) and (56e) reduce to

dU; »
dl‘Q

dU; 5
d.%‘g

Wy Ui72 — =0 and wy U,L'75 — =0.

Because the first and third columns of T;(7,7n) are nothing but E, and E; defined in Lemma 2, the
boundary conditions for U; o and Uj 5 read:

) (Brtron) Er) ({20 ) = it (57)

)

Using the properties of w, and w; on the conical set RT - ¥, we derive
“+oo
(2 4 o22) 2 [ Uit a0 daa < C|Ura(rn. O,
0

+o0
’Y/ Ui 5(7,m,22)|? dva < C |U;5(1,m,0)|?.
0
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Because the uniform Lopatinskii condition is satisfied on %;, (57) yields the following estimate:

2
Uia(7,m,0) , 2712
‘(Um(ﬂn,O) < Oxmm)” |l

Eventually, we obtain
e 2 2 2172
3 [ P das + 0 O < C it P
We now use the definition of the vector U;*“ to derive
2 M 2 2 |11/ ne 2 2172
VX /0 (Wne(d,m, w2)|” dg + X7 [Wne(0,n,0)]7 < C'xi [h]” (58)
e We now add up (52)-(55)-(58), and use that the x;’s form a partition of unity. We obtain
Mt 2 7 e 2 _ U 7 2 2,2
3 [ G ) o+ [ 00 < 5 [ (7 + o).

We have already recalled that h is simply obtained from the source term ¢ in (27) by multiplying by a
uniformly bounded matrix. Thus integrating the previous inequality with respect to (6,1) € R? and using
Plancherel’s Theorem yields the desired estimate:

C
2
YIW™lg + 11w, M6 < 2 llg T

Combining with (31), we have finished to prove (26).

5 The variable coefficients linearized problem

5.1 The linearized equations and the main result

We introduce the linearized equations around a state given by a perturbation of the constant solution in
(9). More precisely, let us consider the functions

p . p :
Ur =\|v |+ Ur7 Ul - —Up | + Ula ®T7 ®17 (59)
0

where p, v, are fixed positive constants (in this section we introduce the small change of notation v, — o,
for the piecewise constant solution) and where

pr(t,x1,x2) . pr(t,x1,x2)
Ur(t,x1,22) = | vp(t,z1,22) |, Ur(t,z1,22) = | 0p(¢, 21, 22) |
up(t, 1, 22) U (t, z1,2)
pi(t,x1, 2) ‘ pu(t,z1, o)
Ul(t,r1,22) = | w(t,z1,22) |, Ul(t,z1,22) = | 0, 21, 22)
ul(t,l’l,l’g) dl(t,xl,xg)
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The functions @,., ®; are a perturbation of the change of variables. The index r (resp. [) denotes the state
on the right (resp. on the left) of the interface (after the change of variables). We assume that

Uy, Uy, V®,, V& € W>>(Q),

(60)
1(Ur, U2 @) + [[(Vr, VO[22 (0) < Ko,

where K is a suitable positive constant, and that the perturbations Ur, U, have compact support. These
quantities are linked by the Rankine-Hugoniot conditions and the continuity condition for the functions
®,.; that, written in the form of (5), become

O, (t,21,0) = ®1(t,21,0) = @(t, x1),

(Ur = V)0 O — (wr — )|, =0, (61)
aﬁO + /U7‘|12:0 850190 - ur|12 -0 =0,
(p’l“ - pl)|12 =0 = 0
The functions ®, and ®; should also satisfy
0Py + vy 0y, ®r —up =0, (62)
P + v 0, P —u; =0,
together with
aCCQ@T Z Ko, axg(pl S —ko, (63)

for a suitable constant ko > 0, in the whole closed half—space {z2 > 0}.
Let us consider the families UF = Upy + sUy, @7 = @, + sU,, where s is a small parameter. We
compute the linearized equations

L (U, V) (Us, U) := — L(UE, VOEUE = fo.

ds
We obtain
1
UL + Ay (U,) 0y, Uy + 5. (Ag(Uy) — 0,®, — 8, @, A1 (U,)) 8, U
0y, U
+[dAL (U U L0, Uy — @ 2q>+) (Ag(U,) — 0,®, — 8, @, AL (U,)) 0, Uy (64)
T2
1
+5 5 [dAS(U)Us — 8,V — 8, UL Ay (Uy) — Oy, ®pd Ay (U)UL] 85, Uy = fo

in the domain {z2 > 0}, and a similar equation with U_,W_, U;, ®;, f_ instead of Uy, ¥, ,U,, ®,, fi.
Recall that, according to the definition in (7), (8), the first row in (64) may be simply denoted by
L(U,,V®,)U;, namely we set:

1

L(Ur, VCDT)UJF = 8tU+ + Al( )Oxl U+ 4+ — 6 q)
T2

(A2(Ur) — 00, — 02, 0y Aq( T))aszJr'

The equation (64) and the corresponding one for (U_, ¥_) may be simplified by the introduction of ”la
bonne inconnue” (the good unknown) as in [1]:
v_

. /j )
Uy =Us — 5 jb O, Ur, U =U- — 5 @lamU’ (65)
€2 2
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A direct calculation shows that U, U_ satisfy

. : v
LU, VO,)U, + C(U,, VU, V&) Uy + —— 8, [L(U,, V®,)U,] = f+

Oy @ 7
. . U_
LU, Vo)U- +C(U,VU,VO)U_ + A O, [L(U, VO)U ] = f—,
o ¥l
where
) . 1 ) )
CU,, VU, VO, Uy = [dA1(U,)U4]|05, Uy + R [dAs(U) Uyt — 0y, ©,.d A (U,)U4] 0y, U,
X2 T

and with a similar expression for C(U;, VU;, V®;)U_. In view of the results in [1, 13], we neglect the zero
order term in W, W_ in the linearized equations and thus consider the linear equations

LU, = LU, V&)U, +C(U,,VU,,V®,) U, = fy,

. . : 66
LU_ .= L(U,;,V®)U_ + C(U,, VU, Vo)U_ = f_. (66)

We easily verify, using (60), that the coefficients of the operators L(U,, V®,) and L(U;, V®;) are in
W22°(Q), that is

1
A (U,) € W32(Q), o (Ag(U,) — 04®, — 9, @, A1(U,)) € WHX(Q),
xro XT
1
A (U)) € W3>(Q), S (Ao (U)) — 0y®; — 0y, ®1AL(U)) € W2(Q) .

Moreover we have
C(Upy, VU, V®,yy) € WHX(Q)

It is clear that the linearized equations (66) form a symmetrizable hyperbolic system. For instance, a
Friedrichs symmetrizer for the operator L. is given by

?'(pr)

e )
Sy = 0 PR
0 0 pr
Using (62), we compute
S, 0 =P’ (0r) 0, @ P'(pr)
0. P (AQ(UT) - atq)r - axlq)rAl(Ur)) = B _p/(pr)am CI)T 0 0 ;
2,®, 22\ ) 0 0

and we thus expect to control the traces of U+71 and (U'+73 — 05, Py U+72) on the boundary {zy = 0}.
These considerations motivate the introduction of the following operator:

‘ U
P = - ol '
Ui|12:0 <U:i:73 - 8iUl('D U:t’2> leg=0 (67)
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We now turn to the linearized boundary conditions. The linearization of (5) gives

~Jeg=0 =1,
(Ur = 01) Oy ¥ + (v — v-) Oy — (ug —u—) = g1,
O) + vy Op Y + V4 Op p — Uy = g2,

P+ —P- =33,

\I[+‘:L‘2:O =

on the boundary {x3 = 0}. Let us introduce the vector by = (0,1,0)” and the matrices

0 (vr —V1)jzy=0
b(t,zy) = (1 Vr|a=0 ,
0 0

0 Ope —1 0 —0p¢ 1
M(t,z1):= 10 Opp —1 0 0 0
1 0 -1 0 0

Let us also denote U = (Uy,U_)T, Vo = (0pp,0,0)" and g = (g1,92,93)7. Then the boundary
conditions equivalently read

Uilpmo = Vo = ¥
QV¢+MU|ZZ:O =g.

In terms of the good unknown U defined by (65), the linearized boundary conditions read

Vit loyoo = Vepoyoo =¥
1T L 8&02Ur/8ac2q)7‘ : - 68

b

We observe that the linearized boundary conditions only involve the traces of IP’U+ and }P’U,, with P
defined by (67). With this notation, we can state our main result (the norms are the weighted norms
defined in section 3):

Theorem 3. Assume that the particular solution defined by (59) satisfies

v > V2e(p), (69)
and that the perturbations Ur,l, V®,; have compact support and are small enough in W2°(Q). Then there
exist some constants C1_and y1 > 1, that only depend on Ko and o (defined in (60), (63)), such that for
all v > v1 and for all (U,v) € Hg(Q) X H%(]Rz) the following estimate holds:

gt HWW%g(Q) + ||]P>U'|Q;2:0H%%(R2) + ||1/1||%{%(R2)
1 . 1 .
< O (S5 0By + 25 1B 0.0 s ) - (70

The linearized operators L' and B’ are defined in (66) and (68).

The remaining part of this section is devoted to the proof of Theorem 3.
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5.2 Some preliminary transformation

Let us consider again the linearized equations (66). After multiplication by the Friedrichs’ symmetrizer
defined above and a straightforward integration by parts we easily prove the following Lemma:

Lemma 5. There exist two constants C' > 0 and 9 > 1 such that for all v > v, the following estimate
holds:

. c . .
2 2
TNV z2 ) < 5 L7 U lz2 o) + € ||]P’U+|m2:o\|%g(R2)?

where the operator P is defined in (67). The estimate for U_ is the same, namely:
: 2 C T 2 ! 2
YNU-NZz2 ) < 5 142U~ Nz2 0y + CIPU-,, o lI22 R2) -

As was done in the constant coefficients case, it remains to show an estimate of the traces ]P’Ui‘w:o
and the front function 1 in terms of the source terms in the interior domain and on the boundary. In
order to prove such an estimate, it is convenient to transform further the interior equations (66) in order
to deal with a problem with a constant and diagonal boundary matrix (i.e. the matrix coefficient of 0,
in the differential operators L;’Z). This is possible because the boundary matrix has constant rank in the
whole closed half-space. Namely, let us consider the coefficients of 0,, Us in (66). The coefficients are

equal to
1

0, @

where we forget for the moment the indeces r,l. Under the assumption (62), this coefficient reduces to
the matrix

(A2(U) — 0P — 0, 2A1(0)),

0 —p0y, ® p
/
1 | )
AU, VD) = , on® 00
Or, ® P'(p)
0 0
p
which has eigenvalues
c(p) (0, ®)
M =0, Mzg=+—PF—"".
1=0, A23 00, D
Here we have introduced the notation (95, ®) = /1 + (95, ®)?. In order to diagonalize the above matrix

we compute the eigenvectors associated to the above eigenvalues. We obtain respectively the vectors

T c(p) c(p)\" c(p) cp)\"
(0 1@ﬂﬁ,0@@)—l)@@ f)),«@@>p@@ —p)

Observe that these eigenvectors are not orthonormal (because A/, is not symmetric). Thus, we may define
the following (non orthogonal) matrix

0 (Oz, ) (O, @)
c(p) c(p)
TU,Ve) = | * _7?%@ 7?%@ ,
<(p) _cp)
p p
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which permits to diagonalize the above matrix AL (U, V®):
0
T-YU,V®) AL(U, V) T(U, V) = 0

o O O

0
A2
0

>

3

In order to obtain a constant boundary matrix in the differential operators, we also introduce the matrix

1 0 0
1 0 0 0 Oz, ® 0

AU, V)= {0 At 0 =17 c(p)(0r,2) 5 o
0 0 )\g . 2

o0 (90, @)

It follows that
AgT AL T =T, := diag (0,1,1).

Let us define the new unknown functions
wt . =17"YU,, Vo, U,, W =T YU,Vd®)U_,

and set
Ty o= T(Up, V1), AG 1= Ag(Ury, V) .

After multiplication on the left side of the equations in (66) by AS’lTr_ll, we see that W¥ solve the
equations

ALOWT + AT 9, WT +1,8,,WF + Ay C" W+ = F+ -
ALoWw ™ + AL 0, W™ +1,0,W + ALC'W™ =F~,

where we have set (with slight abuse of notation)
A;’l = A(T]J Tt AT (Ur,l> V(I)m) )
Cl =TT +T ' A1 0, T+ T ' A40,,T+T ' CT] (U, VU, ;, V),
+ =1 e+
F* = Aj (N

The above equations (71) are equivalent to the linearized equations (66). Introducing Wt = et W,
the equations (71) become equivalent to

LYW = AW + AGOW Y + AJ 0, W + L0, W + AfCT W = e P, (72)
LW =y AGW ™ + AL + A 0, W™ + 100, W + AfC'W ™ =e P
Recall that we have
AT e Wre(Q) and CM e W =(Q).

Using the vector W = (WT,W~)T as defined above, the boundary conditions (68) become equivalent to

\Ij+‘1'2:0 = _|w2:0 = ,l/]’
5 T, 0 (73)
bvw+bw+M<0 Tl)mwzz():g'
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Introducing W+ and Uy =t Uy, 1; := e %), the equations (73) are also equivalent to

\IIJr:\I}*:w?

o _ o N 74
B (W 1) :=vboth + bV + b + M(j(; %)mzoze—vtg, (74)

From (60) we have
be W(R?), beW' (R?), MeW**R?), T, _ €W>>R.
r9=

The next step is to look for an a priori estimate of the solution to the (weighted) linearized problem (72),
(74). In view of Lemma 5, we are looking for an estimate of PU, and PU_. Of course, we shall derive
this estimate using the new function W. The reader should keep in mind the relations

(D) (W + W),y ) - ( (02, 0)(Wo +W3')|,, 0 )
; log=0 =

PU =1 ¢ ¢ . .
+lzp=0 ( (B2, )2 (W5 — W) L (O )2 Wy — W)

=0 | =0
r & pi 2

from which we easily deduce the estimate

180 oz ey + U, ey

< C (|5 W oz + 10V, W)Ly ollzzes)) - (75)

We are thus led to estimating the trace of the vector (W; , W; , /V[v/{, /V[v/g ), when W is a solution to the
(weighted) linearized equations (72), (74). From now on, for the sake of simplicity, we drop the tildas

and write W+, ¥, 1) instead of Wi, \T/i,zz. Observe that W, 1) are coupled to W= only through the
boundary conditions.

5.3 Paralinearization

We refer to appendix B for the definition of paradifferential symbols and operators, where the reader will
also find the main results on paralinearization and symbolic calculus. We recall that the Fourier dual
variables of (¢,z1) are (d,7), and that we always denote 7 = 7 + id the Laplace dual variable of ¢. Recall
we have introduced the positive constants Ko, ko in (60), (63). We now turn to the paralinearization of
the linearized equations.

1) The boundary conditions

Define the following symbols:

0 Ur — 1
by:=1(1], bl(t,wl) = Uy (t,(L‘l, 0) s b(t, xy, 5,77,")/) :=Tbg + m bl(t,.’L'l) .
0 0

Because bg is constant, we have
bt + by Bytp = Tl 1)
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The main paralinearization estimate (Theorem 8) yields

C(Ko)
Y

b1 02,00 = T, ¥l < Cllballwzee g2y 1o < [Pl

We now easily obtain

C(Ko)
Y

7 bo ¢ + bo Optp + by Oyt — T4

[Pl - (76)

1,y <

We also have the following inequalities:

. . C (Ko, k
1B = T2l < C Bl oy lllo < S50

1Tl < C Bl ooz ¥y < C(Ko, ko) 9117,

(77)

where b is defined by (68). Eventually, we define the symbol

T. 0
M(tvxl) = M(t,ZEl,O) (0 J}) (t,JIl,O) )

with the matrices M, T;.,T; defined above. Recall that the state around which the equations are linearized
satisfies
(b?“(ta Ty, 0) = q>l(t’ Ty, 0) = @(t’ 1:1) ’ pT’(t7 Z1, 0) = Iol(ta Ty, 0) .

A direct calculation yields

Cr Cr q C
0 _*<8;r190>2 7<8:B1§0>2 0 *<a:v190>2 _*<8x1§0>2
/C)r gr Pl Pl
M=10 —(8,¢)* (np)* 0 0 0
0 <811(P> <8$190> 0 _<633190> _<8x130>

Thus the matrix M only acts on the noncharacteristic part W™ := (W; , VV3Jr , W5 ,W3") of the vector
W = (W, W~). Since M € W2>(R?), we have

C(Ko)

C nc
MW, o = TaW.,—olliy < = Moo ) W

— xro=0

lo < Wi _ollo- (78)

Adding (76)-(77)-(78), we obtain the paralinearization estimate for the boundary operator:
x9=0

1 nc
|57 (W, ) — T30 — TWi,_ 1y < C (Ko, o) (an + W Ho> . (79)

We recall that the boundary operator %" is defined by (74). Observe that in the paralinearized version
of A7, there is no more zero order term in .

2) The interior equations
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We first estimate the paralinearization error for fixed zs, and then integrate with respect to xo. For
instance, we have

—+00
2
Iy AW =T W, = /0 P IAGWH (- w0) = TRWH(22)13  day

+o0
<c /0 JASCs22) [ gy W 22) |13 ds
< C A2 ey IWHIZ < C(E) IWH 2.

In a completely similar way, we obtain the following estimates

AL W — T o, WL, < C(Ko) Wl
AT 0, W — T 5 Wy, < C(Ko) [W g
[AGCT W = TR, e Wy, < C(Ko, o) W, -

Adding these inequalities, we end up with the paralinearization estimate for the interior equations:
lZyw — TJA6+inA{+ASCTw+ — T2 9., W, < C(Ko, ko) [WF ]y, (80)

where the linearized operator .2, is defined by (72). The estimate for the equation on W~ is identical:
I-Zw™ -

T:A%)—HnAll—O—AéClWi - 12 aCCQWiwl,'y S C(K07 KJO) H’Wimo (81)

3) Eliminating the front

We proceed as in the constant coefficients case, and show how to eliminate the front ¢ in the (par-
alinearized) boundary conditions. If the perturbation is small enough (in the L* norm), there exists a
constant ¢ > 0 (depending only on Kj) such that

[b(t,21,8,1,7)]* = ¢ (v* + 8% + 7).
Applying Garding’s inequality (Theorem 6), we obtain
Re (I.p 0 ¥)r2) = 5 017,
for all v >~ (where 79 only depends on Kj). Using the rules of symbolic calculus (Theorem 5), we have
)., = (T)) T) + R,
where R” is of order < 1. Consequently, we have an estimate of the form

[l < C(Ko) I Tg¢llo -

For all v > ~g, we thus obtain

el < CCo) (1T + T3 W,y lo + W7, o lo)

1 nc
< O(Ko) (,Y T2 + T Wil + I m_ouo) - (82)
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From (79) and (82) we deduce for v > 7 large enough (depending on Kj) the estimate

Il < (o) (i 127 (W, )

1yt |’W"Cm2_0Ho> ;

in terms of the source terms.

which shows that it only remains to prove an estimate of I/V”CHF0

For all (7,7n) in the hemisphere 3, we define the matrix

0 0 1
H(t7xl7577777) = <T+i77vr(t,x1,0) 7”7 (’Ur *’Ul)(t,xl,()) O> y

and we extend IT as a homogeneous mapping of degree 0 with respect to (7,17). We have ITb = 0, and
IT € TY. Applying Theorem 5, we thus obtain:

ITaTydlhy = ITaT ¢ = Tap¥lliy < C(Ko) ¢,y
ITen Wm0 — T T Wiy 1y < C(K0) W7, o -

Using the decomposition
TonaWsy-o = (Tia = Ta T Wiaymo + T (T Wi, oo + To¥h) — TH TR
we get the following estimate
IV 14 < CCo) (W7, _yllo + T30 + TRWE,, ol + 91 (53)

As was done in the constant coefficients case, we define the symbol 3 of the reduced boundary
conditions:

v (ta Iy, 5a n, 7) € R4 x R* ) /B(tv Iy, 9, m, 7) = H(t7 L1, 57 m, /7) M(ta 1'1) :
We now focus on the paralinearized system with reduced boundary conditions:
Tagrinagrager W+ 120, WH=F 23>0,
v - - _
TTA6+inAé+A§ClW —i—IanQW =F_, x>0, (84)
W, =G, z2 =0,

Our aim is to prove an energy estimate for the paralinearized equations (84). Once this is done we shall
obtain an energy estimate for the linearized equations. More precisely, we have the following Proposition:

Proposition 2. Assume that there exists a constant Cy, depending only on Ky and kg, such that the
solution W to (84) satisfies

1 o~y 1 =
e, L2 < Co (,Yg 17+ ||G||iy) , (85)

for all v > ~y (where vy only depends on Ky and ko). Then the thesis of Theorem 3 holds.
Proof. The proof is straightforward. We first write
TTWAgﬂ'nA’{JrAgCrWJr +120,WT = LYW + error

v - - eoVti—
TTAg+inA§+AgClW +10,W ='W~ + error ,
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and estimate the error terms with the help of (80)-(81). We use (85) to derive

1 2
[wre, I3 < ch <73 l + S IR+ 5 173, 0||17) ,

where, as usual, LYW = (LW, .2W~). Using (82) and (83), and choosing 7 large enough, we obtain
the following inequality:
1,7> :

1 2 1 2 1
W) moll + 19113, < G (73 12" WL, + 5 IWIG + 5 127 (W, wniw) -

1
2
W), l6 + 117 < (73 2" W, + 73 IR+ 2 1Ty + T W,

Eventually, we use (79) to derive (up to choosing v large enough):

Then one uses the definitions

e MU =T, W, enU_=T,W~,
e AT LU = LW, e AT LU = W,

as well as (75) and Lemma 5 to derive (70). The reader will easily check that the constants Cj), C{/ etc.
involved in the energy estimates only depend on Ky and k. O

Thanks to Proposition 2, we only need to prove estimate (85) for the paralinearized system (84). This
will be done in the next paragraphs.

Recall that the boundary matrix 3 in (84) only acts on W"¢ = (W7, W;", W, W5 ") and not on the
full vector W. Namely, the first and fourth columns of 3 vanish. Consequently, we feel free to write the
boundary conditions under the form T’ g I/Vﬁ‘lo = é, that is, we consider B as a matrix with only four

columns and two rows.

5.4 Microlocalization

To derive the desired energy estimate for (84), we follow the general strategy of the constant coefficients
case. Namely, we first consider the two equations that do not involve any xy derivative:

7'+w anr ncg/p (90, ® >VV2Jr 7702/p (90, ® >VV3Jr + order 0 terms = Ffr,
r+me1 +7;nc?/pl<azlfbl>w2 +J;n0f/pl<8zld>l)wi; + order 0 terms = F

Formally, the idea is to invert the operators T it and to substitute the corresponding value of Wli
into the four remaining equations. We shall thus get a system of the form

{8;62 Wne = T]W" + TJW™" 4 source term, 2 >0,

TIWr = source term, x9 =0,
ﬁ |$2:0
where A is of degree 1 and E is of degree 0. (Both matrices A and E are block diagonal since the

equations for W* and W~ are decoupled). An important issue is to show that this operation can be
achieved. Namely, the zero order terms in the two scalar equations above involve Wfr and W;". When
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inverting the operators T one needs to take the zero order terms into account, in order to avoid

T4 m?
introducing I/Vli in the final equation for W"¢. We shall show that such an inversion is possible. But in
this paragraph, we focus on the first order term and explicit the symbol A. Consider the following 2 x 2

matrix:
AT —AT
A" = ,,1. T3> , 86
(4 &
with
AT — Cr 772 aazz D, . (T + ivrn) 8902 o, aa:g D, aazl D, 1
b 2(1 + ivrn)<6x1¢)r>3 cr (O, Pr) <8a:1 CI)T>2 ’
2 . .
- Cr N Ogy @, (T 4+ 10,m) Opy @y 0y, @ O, Proim
Al = . + + , 87
2 2(1 4 iv;n) {0y, Pr)3 ¢ (O, D) (O, D)2 (87)
, cr 02 O, @,
A3 = . .
2(1 4 iv;n)(0g, Pr)3

The definition of Al is completely similar, changing the r index by I. The symbol A mentionned above is
nothing but the block diagonal matrix
A" 0
pe (B0, -

The set of poles of A is denoted by Ty, that is,
Tp = {(t,xl,aﬁg,v', NEQXE st. 7= —invr,l(t,:cl,xg)} .

As was done in the constant coefficients case, we denote by & (t,z1,x2,7,7) the stable subspace of
A(t,x1,x9,7,m). This stable subspace is well defined when Re 7 > 0, and admits a continuous extension
up to any (7,7) such that 7 € iR and (7,7) # (0,0).

At each point (¢,x1,0) of the boundary 0f, the subspace

{Z S éai(tvxluoaTvn) s.t. ﬁ(t7$1;7777)220}
is nontrivial (that is, not reduced to {0}) if and only if

t 0 t 0
T:—invr(’xl’ )—21—111(,:1:1,) or T=imVi(t,x1) or T=1inVa(t,z1),

for suitable functions Vi o € W2>(R?). This is just because when one freezes the coefficients on the
boundary and computes the associated Lopatinskii determinant, the calculations yield the same result
as in section 4. Recall that the state (U,;, V®,;) around which the equations are linearized satisfy the
Rankine-Hugoniot conditions, see (61). As in [11], we define the critical set of space-frequency variables
in the following way:

(vr + vy)(t,21,0)
2

10 .= {(t,ZEl,T,’I?) €Il x= st TE€ {—in ,inVl(t,xl),ian(t,xl)}} .

This is exactly the set of space variables on the boundary 92 and frequencies so that the Lopatinskii

determinant vanishes. Moreover, if the perturbation (U, ;, V®,;) is sufficiently small (in the L*° norm),
we have

v(tvxl) € 89) —’Ul<t,.%'1,0) > Vl(t7m1) > = > VQ(t7I1) > —Ur<t,.’I]1,0> :

(vr + vy)(t,21,0)
2
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Therefore, the critical set T2 does not intersect the set of poles on the boundary of the space domain:
TN (Tp N {z2 =0}) =0.

Another important feature of the critical set T2 is that it admits a neighborhood in which the symbol A
is diagonalizable. To be more precise, there exists a neighborhood 7 of T2 in R? x Z and a mapping Qo
on 70 (with values in the set of 4 x 4 invertible matrices and homogeneous of degree 0 with respect to
(1,m)) such that

Vz = (t7x177—7 77) < 7/(:07 QO(Z)A('@QO(Z)il = diag (w;('z)vwj(z)vwl_(z)’wl—i_(z))7 (89)

where w, (resp. w;) is the eigenvalue with negative (resp. positive) real part of A” when v > 0. (The
definition of wli is similar). Note that the matrix Qo has the same block diagonal structure as A, see (88).
The symbol Qg belongs to the class I') (see appendix B for the precise definition).

Since Y2 does not intersect Yp N {z2 = 0}, we may assume that the neighborhood 7 does not
intersect Yp N {z2 = 0} either.

The key point in the derivation of an energy estimate is to understand how the singularities at the
boundary (that is, the set YY) propagate in the interior domain. Following [11], we shall show that the
singularities propagate along the two bicharacteristic curves associated with the (real) symbols Im w,_;,
provided that these curves do not reach the poles of A or the points where A stops being diagonalizabfe.
These ideas motivate the following result:

Proposition 3. Assume that the perturbation (Ur,l, V®,;) is small in W2>(Q) and has compact support.
Then one can choose the neighborhood ¥ such that there exists an open set Yo C Q x Z satisfying the
following properties:

Ve N{z2 =0} =¥ and Y. N Tp = 0.

The symbol A defined by (86)-(87)-(88) is diagonalizable on the set Y¢. In other words, (89) holds on all
Ye, and not only on the trace VL.

For all z = (t,x1,x9,7,n) € Ve, one has
Wi (2) Awl () and W (2) £ wp (2).

The solutions of the hamiltonian system of ODFEs

dt _ 0h

. = %(t,xbm,ﬂ??),

Zi; = gz(t,xl,m,ﬂn)v
;ii — _g?(t,xbm,ﬂ"?)? o
;;72 — _(;hl(t,xl,m,ﬂ"?)y

(t7 X1, 57 7, 7)|z2:0 € 7/(:0

are defined for all xo > 0 and remain in V¢, both for h = Im w, and h = Im w; . These solutions
are referred to as bicharacteristic curves.
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Following [11], we now construct a (real) weight that vanishes on the bicharacteristic curves, and that
satisfies a linear transport equation. For all z = (t,z1,7,7) € R? x 3, define

o) i= (540 L) (5 a6 - a¥altsen), (o1)

and extend o to the whole set R? x = as a homogeneous mapping of degree 1 with respect to (7,7). The
velocities V2 are those defined above, and correspond to the critical speeds for which the Lopatinskii
determinant vanishes. The symbol o thus belongs to the class I'}. It is straightforward to check that

Y= {z=(t,x1,7,n) ER*xE st. 7y+io(z)=0}.
Using Proposition 3, it is possible to construct solutions o;.; of the linear transport equations
O0ry0r + {op,Imw_ } =0,
Opy01 + {0, Imw; } =0, (92)
Orlpg=0 = Ollpg=0 — 9>
where {a,b} stands for the Poisson bracket:

0a 0b  Oa 0Ob  Oa Ob  Oa Ob
{a,b} = —==—+——F——— —=—— — .

0§ Ot Ondry Ot 96 Ox1 Oy
As a matter of fact, both o, and o; are well-defined in the neighborhood of the bicharacteristic curves
starting from the critical set YO. This is because oy, are constant along the bicharacteristic curves defined
by (90), provided these curves are globally defined! Shrinking #” and 7¢, if necessary, we may assume that
o and oy are defined in the whole open set #;. The key point is that o, vanishes on the bicharacteristic
curve originating from Y9 and associated with the symbol Im w; . (A similar result holds for ;). Far
from these bicharacteristic curves, both |o,| and |o;| are bounded from below.

Up to now, the symbols Qg, o,, 0; are only defined microlocally, that is, locally in the frequency space.

To circumvent this difficulty, we now introduce cut-off functions. We fix, once and for all, two nonnegative
cut-off functions (with values in [0, 1]) xc and xp such that

Xc and xp are smooth, that is, ¥°° and homogeneous of degree 0 with respect to (7,7). They thus
belong to the class I') for any integer .

The support of x. is contained in the open set ¥¢, and xc = 1 in a neighborhood of the bicharacteristic
curves originating from Y.

The support of xp does not intersect the support of x, that is, xcxp = 0. Moreover, xp = 1 in a
neighborhood of the poles Tp,.

Eventually, we define xy := 1 — xc — Xp and observe that x, is supported far from the bicharacteristic
curves and far from the poles. As a consequence, the support of xy on the boundary 92 only consists
of points for which the uniform Lopatinskii condition holds. We shall therefore be able to use standard
Kreiss’ symmetrizers (as constructed in section 4) to derive an energy estimate for T, W.

The end of this section is devoted to the proof of the a priori energy estimate (85). We thus fix
W =W+, W~) € H%) and define the source terms

e 1
FT=Tl arsarc W + 10, W € HY(Q), (93a)

- .7 - — 1
F™o= T atiara W™ + 120 W™ € HY(Q), (93b)
G:=Taw" _, € H*R?). (93c)
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We first show how to estimate the trace of Ty, W"; then we show how to estimate the trace of Ty, W™,
using Kreiss’ symmetrizers. Eventually, we show how to estimate the trace of T, W"¢. In the two
first cases, the first step in the analysis consists in deriving an equation that only involves W™¢, that is
in eliminating I/VljE in the paradifferential equations (84). Once we have derived this noncharacteristic
equation, we apply the strategy of [11]. At the very end of the proof, we show how to absorb the
microlocalization errors.

5.5 Derivation of energy estimates: the bad frequencies

We define
Wi = Ty, wT,

and compute the equation satisfied by W . Starting from (93a), we obtain

L0p, W =Ty W+ T F =T (Tar s iparrarc W)

Then we apply the rules of symbolic calculus (Theorem 5) to get

2
T Ay +inas

wr +TVSCTW:“+T77W++IQ&E2WC+ :T;CF++R,1W+, (94)
where R_; is an operator of order < —1, and r is a symbol in the class T'{ that vanishes in a neighborhood
of the bicharacteristic curves. Namely, r is defined by the following formula:

1 )
roi= E{XC’ TAG +inA7} — Opyxe I2,

and is thus a linear combination of derivatives of x.. Therefore, r is supported far from the bicharacterstic
curves originating from the critical set.

To avoid overloading the paper with unuseful notations, we shall denote by o™ a generic symbol in
the class I'T", that may vary from line to line, or within the same line, and whose exact expression is not
useful. Moreover, we denote by r any symbol in I'Y that vanishes in a neighborhood of the bicharacteristic
curves. The notation R,, is also used to denote a generic operator of order < m. At last, we denote the
components of the vectors W, W in the following way:

W= (w),wy,wi)T, W= W, Wy, wihT

Some tedious computations lead to

) & &2
8r (I) 9 @ pr (O, Pr) 9 @ pr(Oz, ©r)
r Pr Ogy Pr To T Cr Og Prp
A = r T 0 9
! 2¢O, (I)T>2 Cr (O, Do) (U (O, D) >
—Pr axg ®, 0 _a:cg ®, Cr 8901 P,
2¢, (0, ®,)? cr (00, @) " (00, Py)

and we also have

(E(I)T _(E(I)T
Szdiag<1 Oxy Oay >

e (O, @) (O, Py
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The first scalar equation in (94) thus reads

T T+

3
r+inv, W F) T>(w; + w;) + ZTJOU};F + T,,?W_‘_ = T;/CFIJF + R71W+ .

inc2/pr{Oz,
i=1

Since the support of x. is included in the open set 7 (and does not intersect the poles Tp), we can choose
two smooth cut-off functions x; and y2 such that
x1 = 1 on the support of x., and xo = 1 on the support of xi.
2 (and therefore x1) is supported in .

x1 and xo are ¥°° and homogeneous of degree 0 with respect to (7,7).

It is clear that the properties of the cut-off function xo imply xo/(7 + inv,) € T'y L. We apply the

operator T T — to the previous equality and, after repeated applications of Theorem 5, we obtain:
3
+ + +
T)Zz + T x2inc2 /(T+inve) pr {0z, ® )(w2 +ws ) + Z T, ’1w + TTXQ/(T+Z77Ur)W
i=1
— 77 Y +
= TXQ/(T+iT]UT)TXCF1 + R oWT.
Now, we note that
Ty, wi = T3, T] Wi = T) Wi + R_oWi™ = w + RoWi,
and we are led to the following relation:
3
+_ - - vt Y +
W1 = =T ined f(rimvr o 00y ) (W2 T 05 + D Toa T 4 T i)WV
i=1
Y + +
+ T o/ (rinor )TQCFl + R_ W™ . (95)

It is important to note that there is a term in w] (of degree —1) in the right-hand 51de of (95).

In the second equation of (94), wy appears both in a term of order 1, say T'Y T with 0 € T4, and
in a term of order 0, say T\ ow, with 00 € TY. We first use the expression (95) of w1 in the term T, 1w1
The second equation of (94) thus reads

3
Towy + Towd + > Thow! + YW + Opywy = ReTY FF + T Fy + R W
,1:7

where 0; 5 € I';. We use once more the expression (95) in the term 77 w;" just above (recall that a® € T')
so we can apply the rules of symbolic calculus). Collecting the different terms, we are led to an equation
that can be written under the following form:

3
Tows + Tgywd + 3 Thwf + TIW* + Opywi = RoTLFf + T3 Fy + RaW™.
1=2
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In this equation, all the first and zero order terms in w] have been eliminated. Performing similar
computations to eliminate wf in the last equation of (94), we obtain a system of two equations that reads

o (“2) =12, (“2) 412 (“2) + W+ RoF* + R Wt 96
xzwg-_AQQw;'_FETU);—FT h0ET A R ’ ()
where E" € T'Y, AL, € I} and Al, = A" in the region {x2 = 1}. Recall that the (singular) symbol A" is
defined by (86)-(87). Moreover, the symbol r in (96) belongs to I'{ and is identically zero in the region
{xc =1}, and Ry (resp. R_1) is an operator of order < 0 (resp. < —1).

We are now reduced to the noncharacteristic case, for which we follow the analysis of [11]. Indeed,
since the symbol Al  equals A" in the region {x2 = 1}, we can diagonalize A}, in this region, and its
eigenvalues are exactly w. More precisely, in the region {x2 = 1}, we have the following relation:

w, 0
aa,= (% ) e
—_———

Dy

Recall that on the set ¥, and therefore also in the region {x2 = 1}, we have w, # w," thanks to
Proposition 3. The following Lemma can thus be proved as in [11] (to avoid overloaded equations, we
denote zg :=t, { := J, and &; := n the variables used in the tangential symbolic calculus):

Lemma 6. There ezist a symbol Q| € I‘l_l and a diagonal symbol D}y € T'Y, that are defined in the region
{x2 = 1}, such that

(Qo + Q1) (AL, +E") + 0,

1
+ =
1

1
(0¢,Q0 0; AL, — Og; D 0., Qp) — (D + D) (Qp + Q1)
=0

J
is a symbol of degree —1 and regularity 1 (at least in the region {x2 = 1}).

In terms of symbolic calculus, Lemma 6 means nothing but

(Qo+ Q1) §(0z, — Ay, —E") = (0, — D7 —Dp) £(Qp + Q%) -

In other words, the change of basis (Qf + Q" ;) diagonalizes both the first order term A}, and the zero
order term E". We thus wish to prove an estimate for

+ g wy
Z" = TX1(QS+Q11) (w;> ,

since this new vector will satisfy a paradifferential equation with diagonal symbols. Observe the role of
the cut-off function yi, whose support is contained in the region {x2 = 1}, and that also satisfies x; =1
on the support of xc. (We recall that the vector (w3, w3 ) is microlocalized on the support of ye).

Starting from (96) and using Lemma 6, as well as Theorem 5, we compute the equation satisfied by
the vector Z+:

Oy 2 = Tgﬁﬁ + T]%gz+ +TIWT + RyFt + RyWT, (97)
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where ]571" (resp. H/]%) is an extension to the whole set © x = of D] (resp. Df)). These extensions can be

chosen such that
o — w, 0\ _ [~e. +ih, 0 or — d- 0
7N 0 wf) ™ 0 yet +iht) 7 "0 N0 dY)

with e, e € TY, h,h € T3, and d,,d} € TY. Moreover, the symbols e, , e}, h, ", b} are real valued

T T T T T T YT ) T r
and there exists a constant ¢ > 0 such that

e, <—c<0, ef>c>0.
The second equation in (97) reads

Opy 2o = TZjZ; + ngzg +T)W* + RoFT + RL4WT.

For this scalar equation, we choose A%7 := Op(y% + &2 + £?) as a symmetrizer, that is, we multiply the
equation by A%7Z; and integrate over 2. Some elementary manipulations, whose details can be found
in [11], yield the L?(H') estimate of Z;:

C
TZHE 125 O, < & (1P, + W I+ 170w R ) (98)
The first equation in (97) reads
Ouy 21 = Tuj; ZF+ T;’; ZF+TIWT + RoFt + R W, (99)

We first choose the identity as a symmetrizer, and derive the following L? estimate:
SZHE < O 12O+ S (IR, + 1w + w2 100
Y IZ Mo < CA7 127 (0)lls + 5 IENY + IVl + I W I, ) - (100)

Recall that in the preceeding paragraph, we have constructed a symbol o, that satisfies the transport
equation:
{Bmar +{op,h;} =0, 22>0,

O"I"z2:0 =0 )

where h, is the imaginary part of the eigenvalue w, . This symbol o, is well-defined in the open set 7z,
thanks to Proposition 3. Since we have extended the eigenvalue w, (and thus h, ) to the whole set Q2 x =,
we can also extend o, to Q x Z. Of course, we do not change the value of o, on 7¢, since the solution o,
to the transport equation is constant on the bicharacteristic curves (90). With slight abuse of notations,
we still denote o, the extension of o, to the whole set {2 x =. This extension belongs to the class I‘% and
Op,0p € TH.

We now choose S := (T,,)*T,. as a symmetrizer for (99). (We reproduce below the calculations of
[11] since this is really the key point in the analysis). Standard integration by parts yields first of all:

+00 +oo
732 O = Re [ {(0uS)2] Zfydra 2 Re [ (ST 21, 2) d
0 0 wr
“+oo +0o0
+ 2 Re /0 <STJ: ZF, Z Y dos + 2 Re /0 (STYWT, Z) das (101)

+00 +0oo
+ 2 Re / (SRoF*, Z ) dra +2 Re / (SRAWT, Z1) das,
0 0
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where the notation (a, b) stands for the tangential scalar product in L?:

(a,b) := /R2 a(t,z1)b(t,z1) dt dzx; .

The three last integrals on the right hand-side of (101) are easily estimated using Cauchy-Schwarz and
Young’s inequalities (¢ is a positive number to be fixed later on):

“+oo C
2 Re /O T3 TIW T3, 20 oy < S ATIW IR, + 2 123,213,

IN

+oo C
2 Re / (T7 RoF™,T) Z7) dxy = IFHIE, +ev 175 ZE G
0

IN

+oo C
2 Re / (T3 RAW™,T] Z}) das o W3+ ev 173, ZiF 1l -
0

The rules of symbolic calculus give
TngdV, =T T) + Ry,

d. = 9r

which yields the upper bound
2R [ (STL 2,2y des < CUTL 2R + ONA 1 T3, 21
0 =717 2 = or %1 llo 1 llo i+or~1 llo
M S S v 2 o O
< (CH+eN 17,2715 + - 1217115 < (€ +en) 115, 2171l + o W15 -
Using the definition of S, we obtain

00,8 = (T3, , ) T3, + (T3,)" T}

o Or ’

From the basic estimates above, we already get the relation
+o0
—2Re [T 20+ T T 2E T3 2 e < T2 O
O+ T 21 + = (I, + IT7W I, + W) - (102)

Now, we decompose w,” as w,” = e,  +ih, , where e, , h_ take real values, e;” € 'Y, and h,” € T'}. Because
the symbol o, satisfies the transport equation

8xzar + {Ura h;} =0,

equation (102) yields

+oo +o0
— 27 Re / (T T Z, T} Z") dws — 2y Re / i Z1, T Z) deg
0 T 0

—i{or,e } 1 o

+00 +oo
—2v Re / (RAZ{,T) Z) dwa — 2 Re / (T?_T) Z,T) Z) dao
0 0

ihy " Or 1 or

+oo
— 2 Re / (RoZ{, T} Z) dwy < right-hand side of (102).
0

1°+o,
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The first term in the left-hand side is bounded from below thanks to Garding’s inequality (Theorem 6).
All the other terms are put on the right-hand side and estimated using Cauchy-Schwarz and Young’s
inequalities. In the end, we choose an appropriate € and obtain

C
2 2 2 2 2
VT3 ZE 15 < CNTIZE O3+ CANZE NG + = (11, + W, + W)

We use (100) to estimate the term v || Z;" |||(2) in the right-hand side. Eventually, we derive

C
T3 2805 < C (T ZF O + 125 OIR) + = (11, + I WL, + 1w g) - (08)

Recall that o, is homogeneous of degree 1 with respect to the frequencies (7,7), so (103) has to be
understood as a L2(H') estimate of Z;~ far from the bicharacteristic curve (which is exactly the set where
o, vanishes).

A similar analysis enables us to derive an energy estimate for the vector

W
- .7 U 2
Z- =T e (W:a_> ’

where Q! diagonalizes the symbol A;Q:
LAl w0 I
A= (f ) e

and Q' is defined as in Lemma 6, mutatis mutandis. The final estimates are

C
— 2 — —12 -2 -2
Y2311, + 125 07, < 5 (H!F I+ 1w llo + 1T W H!m) :

YNZE o+ 173,20 15 < € (VP 1125 ()15 + 17325 (0)113) (104)

C _ _ _
o (U WG + W)

The remaining part of the job is to estimate the traces of the incoming modes (Z; and Z; ) in terms

of the outgoing modes (22Jr and Z, ) and G, knowing that we have the relation
4 _ \T
Tg (VVQJr Wit Wy Wy )|z2:0 =G.

This is nothing but the definition of G, see (93c). Observe that the first column vector of @ and the
first column vector of Q} span the stable subspace &~ (t,z1,z2,7,7) (at least when the space-frequency
variables belong to the set #¢). These column vectors are denoted by E, and E;. Following the proof of
Lemma 4 (see appendix A), one can show that there exist some 2 x 2 invertible matrices P; and P» such

that
+i0 0
P B(E, E)P= <” 0 1) .
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Therefore, repeating the arguments of [11], one can show the following estimate for the boundary terms:

(125 O3 + 125 O)13) + 173 27 O3 + 177 2 (0) |3
<c(IGIR, + 125 (0)

2y IZF O + W7, I3) - (105)

Recall that the main ingredient of the proof is the microlocalized Garding’s inequality (Theorem 7), and
the fact that o is real valued.
Collecting (98), (100), (103), (104), and (105), we end up with the final estimate near the critical set:

2 2 —112 2 -2 2
Lo T2+ NT3, 21 o + 073, Z5 Mo + 2 121 llg +° 127 ”|0)
125 O, + 125 O, + 17723 ()5 + 173 27 ()5 + 4 127 (0)1I5 + 72 125 (0)113)

v (12
+

C 2 2 2
< = (I, + IWIE 4 NTIWE, )+ IGR , + 1™ - (106)

Recall, for later use, that the vectors Z* are defined by the formulas

g+ .77 T W; Z= =T T) Wy
T hal@FeL) T xe \ W ) T xa(@tRL) T Xe \ Wy )Y

and the matrices Qg’l are invertible on a neighborhood of the support of x;. We also recall the relation
X1Xc = Xe-

Recall also that the components Ty, Wi are given in terms of Ty, W§f3 by the relation (95). In partic-
ular, this relation yields an L? estimate for 7%, Wli, and an L?(H') estimate far from the bicharacteristic
curves. Namely, we can add the norms

VNI W g+ N Wi llg + > N2, T Wil + I3, 73, Wl

Ir~ Xec 017 Xc

in the left-hand side of (106). We thus control the L? norm of the vector Ty, W, and not only the
noncharacteristic part of the vector. We also control the L?(H') norm far from the bicharacteristic
curves that originate from the critical set.

5.6 Derivation of energy estimates: the good frequencies

To estimate the trace of Ty, W"¢, one first computes the equation satisfied (in Q) by the vector Ty, W;
then one eliminates the components that belong to the kernel of Is, and obtains an equation involving
only Ty, W"¢. The equation is similar to (96). For this reduced equation, one can construct Kreiss’ type
symmetrizers, because the uniform Lopatinskii condition is satisfied in a neighborhood of the support of
Xu- The construction of the symmetrizer is achieved as in the constant coefficients case (see section 4).
Once again, we refer to [11] for a detailed derivation of energy estimates, and we only give the result here.
The estimate obtained by this method reads:
y 2 Y ne 2 2 ne 2
NI WL, + 1T, W 0)I1, < C (G, + W™ (0)]5)

C
= (10, + WIS+ Iz wE ) - 07

As in (106), the symbol 7 vanishes in a neighborhood of the bicharacteristic curves (the symbol r in (107)
is a linear combination of the derivatives of yy, and the cut-off function y, is identically zero near the
bicharacteristic curves).
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5.7 Derivation of energy estimates: the poles

To derive an estimate for 77, W=, one starts from (93a)-(93b) and computes an equation similar to (94).
Then one changes basis, as was done in the constant coefficients case. In the end, one derives a maximal
L?(H?') estimate because the uniform Lopatinskii condition is satisfied near the poles. The energy estimate
is thus similar to the one corresponding to the good frequencies:

YT WIL, + T, W), < O (IGIR, + W (0)]5)

_l’_

=21Q

(WP, + IV IR+ T WIE, ) - (108)

5.8 Proof of Theorem 3

We now patch together the microlocalized energy estimates, and show that the estimate (85) holds. We
first note that, adding (106), (107), (108), we are able to control the norms ~3 |||W|||g and ’yzHW”""IQ:0 2.
Namely, we first obtain (up to choosing v large enough):

. c 2 2
Left-hand side of (106)-(107)-(108) < C HGH%V + 5 (]”F!Hl7 + ”]T,YW]HlV) . (109)
In view of (109), the only thing to show is how to absorb the term ||T;W|, .. Recall that the symbol r

is identically zero in the regions where xc, xu or xp are equal to 1. We may thus decompose r as a linear
combination of the form

or 0 0
0 o O 0 1 0
0 0 AW 0 x1Qp
T = QuXu + OpXp + Qe o 00 0 10 Xe -
0 0 o 0 0 x1Q}
0 0 M\

The matrices aeup have a block diagonal structure. We are thus able to absorb the term |73/ Wiy,
thanks to the left-hand sides of (106)-(107)-(108). We thus obtain (85), since the left-hand sides of
(106)-(107)-(108) are bounded from below by

2
¢ (P IWIE+2 W7, o) e>0.

Thanks to Proposition 2, the estimate (70) for the variable coefficients linearized operators also holds.
This completes the proof of Theorem 3.

6 Concluding remarks

In this paper, we have proved a linear stability result for a wide class of rectilinear compressible vortex
sheets. To summarize, once we are given a suitable perturbation of a rectilinear supersonic vortex sheet,
the linearized coefficients around this perturbation satisfies an a priori estimate with loss of one derivative
(in the tangential variables). We have also proved that the paralinearized version of the linearized equa-
tions satisfies the same a priori estimate. The constants appearing in the energy estimates are uniform
with respect to the W2 norm of the coefficients.
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To prove the local in time existence of nonconstant vortex sheets, the next step will be to build an
iteration scheme that takes into account this loss of regularity. In view of [1, 13], there is a strong hope
that a Nash-Moser type iteration scheme might answer the problem. However, special attention should
be paid, at each step, to the relations (61), (62), and (63), that are crucial in the proof of Theorem 3.
The verification of the local existence of (supersonic) vortex sheets is postponed to a future work.

The one-dimensional stability of contact discontinuities has received a general treatment in [8] and
[9]. Unfortunately, the isentropic Euler equations do not admit contact discontinuities in one space
dimension. However, it would be interesting to determine whether the present analysis extends to some
contact discontinuities for the general Euler equations, and see the connections with the one-dimensional
analysis.

Acknowledgements The authors thank Sylvie Benzoni-Gavage and Denis Serre for providing them
with early versions of [4]. This has been very useful to understand the symmetrizer construction near
the poles. J.-F. C. thanks the Mathematics Department of Brescia University for its hospitality during
his post-doctoral stay. Research of the authors was supported by the EU financed network HYKE,
HPRN-CT-2002-00282.
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A  Proof of intermediate results

A.1 The proof of Proposition 1
Using (30) and (35), we obtain

_ (v (e +avm) —we) (1 dum) (e (T A+ o) — w)
B(E E)= (—cwr(T + i) (cwr — (T +ivyn))  cw(T + ivpn)(cw; — (7 + ivm))>

for all (7,m) € ¥. This gives the following expression for the Lopatinskii determinant:
A(1,1m) = —*(7 +ivpn — cwp) (7 + v — cwy) (Wrwr — n?)(wr +wr) -

Recall that w, and w; have negative real part when 7 has positive real part, and satisfy the dispersion
relations (34a)-(34b). Because v, = —v;, we have the identity

wr(1,1) = wi(T, =) .

With the above expression for A, it is easy to check that A(7,n) = A(1,—n). We shall thus only consider
nonnegative values of 7 in all this section: 1 > 0.
One first checks that both expressions

(T +iv,n —cwy) and (7 +ivyn — cwy)

do not vanish for any (7,7) € X, because of (34a)-(34b).

Clearly, the sum w, 4+ w; can not vanish when 7 has positive real part, since both numbers have
negative real part. When 7 is purely imaginary, one extends w,; by continuity. If 7 = i € iR satisfies
(6 +v:m)? < %, one has

1
wy = —\/n2—c2(5+vrn)2 eR.

If (§ +v,m)? > ¢*n?, we use Cauchy-Riemann relations to derive

1
wr = —i sgn(d + v.n) \/02(6 +o,m)? —n? €iR.

The calculations are almost the same as those done in [3]. For w;, one just changes v, into v; = —v, and
derives similar formulas. Then using the dispersion relations (34a)-(34b), we easily check that w, + w;
vanishes if and only if 7 = 0 (and therefore n # 0). For > 0, this gives the following values for the

eigenmodes:
02
Wy = —1in C—;—lz—wleiR.
Recall that v, > ¢v/2.

It now remains to determine whether the expression (w,w; — 7?) may vanish. If n = 0, one has
wy = w; = —7/c, and, therefore, w,w; # 0. We thus assume 7 # 0 (that is, n > 0) and introduce the

reduced expressions
T Wl
Vi=—, Q. :=—.
m

o1



Assume that ©,.Q; = —1. Using (34) and (Q,£%)? = 1, we obtain the following polynomial equation for
V:
Vi —2( +02)V2 4+ 02 (vf — 2¢%) = 0.

This is a polynomial equation of degree 2 for the unknown V2, whose roots are real and distinct. If (18)
holds, both roots are positive. Let us denote these roots by V2 and V2, where 0 < Vi < V5. One has

VE=C 40— e/ + 402,
Vi =c2+v2+ey/c+ 4.

We first show that the root V5 does not yield any instability. If V' = V5, one has V + v, > ¢. Because
n > 0, we obtain

Q, = —\/012(‘/2 +v,)2=1 and O = —\/012(1/'2 —u)? -1,
so Q,.€); # —1. The Lopatinskii determinant A does not vanish when V' = V5. A similar argument, shows
that A does not vanish either for V = —V5.
Now we show that V' = Vj is a root of the Lopatinskii determinant. One first checks that Vi + v, > ¢,
and Vi — v, < —c. Hence, for n > 0 and 7 = iVin, we find

1 1
QT:—\/CZ(‘/I+UT)2_1 and Ql:\/c2(v1_vr)2_l'

These relations yield ,Q; < 0 and (€,£)? = 1, that is, we have Q,£); = —1. For V = V4, the Lopatinskii
determinant vanishes. The same argument holds for V = —V7.

This completes the first part of the proof of Proposition 1. What remains to show is that the roots
of the Lopatinskii determinant are simple. We first show that near 7 = 0 and n = 1/v, (this is the only
point of ¥ such that 7 =0 and n > 0), we have

wy +w; =7 h(1,7n),
for an appropriate €°° function h. Since ) # 0 near 7 = 0, we have
wr +w; =in(Q + Q) ,

where the notations are those introduced earlier. Near V' = 0, both functions 2, and €; are analytic with
respect to V' and satisfy

1 1
ngcj(V—I—v,ﬂ)Q—l, Q%ZE(V_UT)2_1
We thus obtain
dsd, + @ ’ = 721}1” 75 0
av " av )V T eau0) 7

Using a classical factorization property of holomorphic functions, we obtain
Q-+ =VHV),

where H is holomorphic near 0 and H(0) # 0. This yields

wr—f—wl:TH(?—) .
m
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The factorization result for A is proved near the root 7 = 0.

As regards the situation near those roots of the form (+iVin,n) € ¥, it is entirely similar and we shall
not detail the proof. (The proof is similar because 2, and €; are still holomorphic with respect to V in
a neighborhood of V; and —V7). The result is that the Lopatinskii determinant A admits a factorization
that reads

A(r,n) = (r —iVin)h(r,n) or A(r,n) = (7 +iVin)h(r,n),

where h is €°° and does not vanish near the roots of A. This completes the proof.

A.2 The proof of Lemma 4

In the proof of Proposition 1, we have seen that the matrix 8 (E, E;) has the following expression:

_( CHio) (N +iven) —w) (T +iyn) (e HT +ivm) — w)
b (B Bi)= (—cwr(r + o) (ewr = (7 +ivp)) - ewy(T + ivpn) (ewy — (7 + i“l’?”)

for all (r,m) € ¥. We have also seen that the quantity (7 + iv,n — cw,) does not vanish for (7,7) € X.
Let us now consider a neighborhood ¥ of a point (79,70) € ¥ such that 7p = 0. Up to shrinking ¥/, the
quantity (7 + iv,n) does not vanish in ¥". As a consequence, the upper left corner coefficient of 5 (E, E;)

does not vanish in ¥. We write
1 C2>
E, E)= .
4 ) <C3 Ca

A= GG — G,

Then, relation (36) can be rewritten as

and (; does not vanish in #". The identity

1/G 0) (1 —c2> (1 0)
E, E =
<—C3/Cl 1) 2B B (g G 0 A
is a straightforward verification. In particular, this identity yields the estimate
8 (B E) Z P> rmin(L]AP) 272,

for all Z— € C2. Using Proposition 1, the Lopatinskii determinant A can be factorized near (79, 70):

A(T7 77) = Th(7_777) ) h(7—07770) 7é 0.

Since 7 is the real part of 7, we obtain
|A(r,m)| = k7,

for a suitable constant £ > 0 (still up to shrinking the neighborhood ¥"). This last inequality yields
6 (B E) Z71P > k4?27,

for all Z= € C? and all (7,7) € 7.

Lemma 4 is thus proved when (79, 79) satisfies 79 = 0. The other points where A vanishes are those
points (79, 79) such that 79 = +iVing. Near those points, the upper left corner coefficient of 5 (E, Ej)
still does not vanish. We can again conclude that in an appropriate neighborhood ¥ of (79, 19) (with, for
instance, 79 = iVi10), one has

8 (E- E) Z |*>k min(1, |A]?) |Z7]2.
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Now we use the factorization

A(Tﬂ?) = (7_ - ZV177) h(Ta 77) ) h(7-07770) #0,

to conclude. This completes the proof of Lemma 4.

B Paradifferential calculus with a parameter

In this appendix, we collect the main results of the paradifferential calculus of Bony and Meyer [5, 26]
that we use in this paper, see [25] for the introduction of the parameter. We refer to these papers for the
proofs of the results stated below. We first recall the classification of paradifferential symbols:

Definition 1. A paradifferential symbol of degree m € R and reqularity k (k € N) is a function a(z,&,7) :
R? x R? x [0, +-00[— CN*N such that a is €> with respect to & and for all o € N?, there exists a constant
C, verifying

V(€ 108at &M llwkosme) < Ca X"TI7(€) = Ca (77 + [¢]2) 1002,

The set of paradifferential symbols of degree m and regularity k is denoted by I'}*. We denote by X} the
subset of paradifferential symbols a € T} such that for a suitable € €)0,1[ one has

V(&7), Supp Fua(-&7) C{CeR?/|C|<e(v*+[€[H)Y?.

Of course, the symbols in 37" are 4°° functions with respect to both variables x and &, and for all
a € 27", we have the estimates

V(z,§,7), |8§8§‘a(x,§,fy)] <Cup Alal By gy

Thus any symbol a € X} belongs to Hérmander’s class ST [16] and defines an operator Op”(a) on the
Schwartz’ class . by the usual formula

Vue s, Oplaule) = oy [ e ale ) alE) de

We shall use the following terminology:

Definition 2. A family of operators {P?} defined for v > 1 will be said of order < m (m € R) if the
operators P are uniformly bounded from H*T™ to H*:

Vy 21, Vue B, [PVl < C(s,m) fulleims
The following Theorem is crucial for the sequel of the analysis:
Theorem 4. If a € ¥}, the family {Op”(a)} is of order < m.

The regularization of symbols in the class I'}" is achieved by a convolution with admissible cut-off
functions:
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Definition 3. Let ¢ : R? x R? x [1, +-00[ — [0, +00[ be a > function such that the following estimates
hold for all o, B € N?:
V(C.E7), 102000 (C.€7)] < Cap ATII=IP(g)

We shall say that ¢ is an admissible cut-off function if there exist real numbers 0 < e < €9 < 1 satisfying
WG EN =1 i Kl <eal® +IEP),
WGEN =0 if ¢ = ea(y” + g2

An example of cut-off function is the following: let x be a nonnegative €>° function on R? x R such
that

V4GP >+ 1L = x(&,m) < x(&, ),

X&) =1 if (2 + g < 172,
XEY) =0 it (2 +[¢)? > 1.

We define a function ¢(&,v) := x(§/2,7/2) — x(§,7). Then the function 1y defined by

Yo(C.6,7) =D x(2277¢,0) p(277¢,277)

p>0

is an admissible cut-off function (one can take ¢; = 1/16 and g2 = 1/2).
If v/ is an admissible cut-off function, the inverse Fourier transform K% of (-, €, ~) satisfies

V(€7), [08KY(E @ < Ca X0 (6).

These L' bounds fer the derivatives 8?[( ¥ enable us to establish the following Proposition:

Proposition 4. Let i be an admissible cut-off function. The mapping

CL'—>0' 1'57 / wa_yag? ) (y7§77)dy

is continuous from I'l" to Zm for all m.
If a € T, then a — ol Fm L In particular, if 11 and s are two admissible cut-off functions and
a €I, then oq' — a 628"”

Fixing an admissible cut-off function v, we define the paradifferential operator T by the formula
757 = O ().

If 41 and 19 are two admissible cut-off functions and a € I'f*, then Proposition 4 and Theorem 4 show
that the family {T2"7 — T¢?7} is of order < (m — 1).
The symbolic calculus is based on the following Theorem:

Theorem 5. Leta € I and b € TY". Then ab € F’f”m/ and the family
{T;/)v’y o T;’ZJ’V _ Taﬁ”y}le

is of order < m +m/ — 1 for all admissible cut-off function 1.
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Let a € I'T*. Then for all admissible cut-off function 1, the family
(T = T}
is of order < m — 1.
Let a € TY" and b € Fg"”,. Then ab € aner’ and the family

, Y Y Py
{ij T =Ty — T—izj agjaazjb}“le

is of order < m +m/' — 2 for all admissible cut-off function 1.

Let a € I's'. Then the family
b w’ /l/)7
{<Tff 7)* - Ta*v - Tfivzj 8§j8zja*}721
s of order < m — 2 for all admissible cut-off function 1.
The next Theorem is the parameter version of Garding’s inequality:

Theorem 6. Let a € T2™ and let ¢ be and admissible cut-off function. Assume that there exists a

constant ¢ > 0 such that

Then there exists vg > 1 such that
c
Vy>v,YVue H", Re <T;p7ﬂyu,u>H7'm,Hm > B HuH%w

We also have a microlocalized version of Garding’s inequality:

Theorem 7. Let a € T%™, x € TV and v be and admissible cut-off function. Assume that there erists
X €Y and a constant ¢ > 0 such that X >0, X x = x and

V(2,67), X(2,&7)Re a(z,&,79) = X (2,6 7) N2 (1.

Then there exists v9 > 1 and C > 0 such that
c
Vy>v,Yue H", Re <T;ZJ7,YT>’[<’[}7’YU7T>?}7’YU>H77YL’HM > 3 HT;‘"YuH?n,Y - C HUH%%LV.

We now study the case of paraproducts: they are defined by the particular choice of ¥y as cut-off
function. We shall write T} instead of Tg ©7 for the paradifferential operators obtained after convolution
by the function ¥g. We have the following important result:

Theorem 8. Let a € WH°(R?), u € L?(R?) and v > 1. Then we have
. C
law =T ullo < 5 lallw .o @2 [lullo,
la 0w = T30z ullo < Cllallyee @) [lullo,

for a suitable constant C that is independent of (a,u, 7).
If a € W?>=(R?), we have

law—T]u

c
1y < o llalwzee@e) llullo,
la Oz;u — T3 0z;ully < Cllallwzoo @) llullo,

for a suitable constant C that is independent of (a,u,"y).
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We can extend the paradifferential calculus to symbols defined on a half-space in the following way:
we still denote by I'{" the set of symbols a(zg, 71, 2,,7) defined on Q2 x (R? x [0, +00[ \{0}) such that the
mapping s — a(-, T2, -) is bounded into I'}". We define the paradifferential operator T, by the formula

Vue€X(Q), Yz >0, (TJu)(-,x):= TJ(IQ)U(‘,IEQ) .

Using Theorem 8 and integrating with respect to z2, we obtain for all symbol a € WH*°(Q) and all
u € L?(2) the estimates:

C
law—Tully < — llallw.eo o llully
Y

la @y — T70s;ully < Cllallwroeoy lully, 4= 0,1,
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