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Abstract

We construct an infinite dimensional Lie rackoid Y which hosts an inte-
gration of the standard Courant algebroid. As a set, Y = C*°([0,1],T" M)
for a compact manifold M. The rackoid product is by automorphisms of
the Dorfman bracket. The first part of the article is a study of the Lie
rackoid Y and its tangent Leibniz algebroid a quotient of which is the
standard Courant algebroid. In a second part, we study the equivalence
relation related to the quotient on the rackoid level and restrict then to an
integrable Dirac structure. We show how our integrating object contains
the corresponding integrating Weinstein Lie groupoid in the case where
the Dirac structure is given by a Poisson structure.

Introduction

Courant algebroids, introduced by Courant [4] in 1990, permit to treat Poisson
structures and presymplectic structures on an equal footing. Courant algebroids
are not Lie algebroids, but contain lots of Lie algebroids, namely the Lie alge-
broids associated to Dirac structures. Courant and Dirac geometry gained much
interest during the last 20 years and have become central subjects in Poisson
geometry.

Courant algebroids are not a classical differential geometric structure, as
they are not related to Lie groups or Lie algebras, but rather to Leibniz alge-
bras. A Courant algebroid carries a bracket which can be either expressed as
an antisymmetric bracket which does not satisfy the Jacobi identity (Courant
bracket [4]), or as a non-antisymmetric bracket satisfying the Leibniz identity
(Dorfman bracket [7]). Therefore classical integration theory for Lie algebras or
Lie algebroids does not apply, and the search for a global differential geometric
object integrating a given Courant algebroid was wide open until lately.



Mehta-Tang [13], Li Bland-Severa [11] and Sheng-Zhu [18] attacked the prob-
lem of integrating Courant algebroids and found solutions in the realm of graded
differential geometry. It is not easy to work with these solutions and in par-
ticular, the authors did not give hints about how to extract from their global
objects the Lie groupoids integrating integrable Dirac structures in the Courant
algebroid - concerning the latest progress in this direction, see [15]. We believe
that the integrating object which we propose in the present article remedies this
and reveals the Lie groupoids corresponding to integrable Dirac structures more
easily, to the cost of working with an unusual, but natural differential geometric
structure.

In the present article, we introduce an object integrating the standard Courant
algebroid on TM = TM &T*M on a compact manifold M. As it comes from an
integration of the underlying Leibniz algebroid TM and in some sense Leibniz
algebras can be integrated into Lie racks in the same way as Lie algebras can
be integrated into Lie groups, we dubbed it a Lie rackoid, see [10] where this
notion appears for the first time.

In order to prepare the basic facts about Lie rackoids, compare our article
[10]. We give there the basic definitions concerning Lie rackoids and show that
the tangent object of a Lie rackoid is a Leibniz algebroid and every Lie groupoid
has an underlying Lie rackoid. The intuition which goes with Lie rackoids is
that in the same way as a rack retains from the structure of a group only the
conjugation (forgetting the group product), a Lie rackoid can be viewed as a
Lie groupoid where one retains only the conjugation. It is thus natural that the
product structure in a Lie rackoid brings bisections of a (pre)category into play.

t
In a nutshell, a Lie rackoid is a smooth precategory ¥ —= M with a
S

rack product on its bisections and a compatible rack action of bisections on
elements of Y. The bisections of a precategory over a compact manifold M
form a Fréchet manifold (see [I7], [I0] Proposition 3.3) and the rack product
on bisections is supposed to be smooth with respect to this manifold structure
and the rack action is supposed to be by diffeomorphisms of Y. Our basic
object in the present article is the Lie rackoid of (smooth) cotangent maps
Y ={a:[0,1] — T*M}. The precategory Y has as its source and target the
projections to the starting- and end-point of the path a. The bisections of Y
are of the form ¥ = (¢,n) where ¢y = idys and ¢; is some diffeomorphism of
M, and 7 is a path of cotangent vectors. The matching between attachment
points is such that ¢*n, is a 1-form on M for each s € [0,1]. We denote

1
By — / on, ds
0

the 1-form on M naturally attached to the bisection ¥. The rack product on
bisections reads then for T = (¢, ()

ST = (67" 0t o 61,6 (G — iy, (677) dBx)),

while the rack action of a bisection on an element a = (v, ) of Y is given by

Sa = (87" (), 650 — is, (67 1) " dBs)).



Note that the group of automorphisms of the Dorfman bracket of the standard
Courant algebroid on TM is the semidirect product of diffeomorphisms and
closed 2-forms [I], and such an automorphism (¢1,dSs) acts exactly in the way
displayed above.

The Lie rackoid Y is an infinite-dimensional Lie rackoid (first main theorem:
Theorem [ZT2]) whose infinitesimal Leibniz algebroid A admits a quotient iso-
morphic to the standard Courant algebroid (Proposition B7). In Section 5, we
define an equivalence relation giving rise to a Fréchet foliation (Corollary [B.5])
which corresponds to the passage to the quotient on the global level. In our
second main theorem, we show that the Lie rack of bisections Bis(Y") factors
to a quotient rack Bis(Y)/ ~ which has a manifold structure and the correct
tangent space in (id, 0) € Bis(Y’), see Theorem [5.71

We will call a subbundle D C TM a Dirac structure if it is maximally
isotropic and its sections are closed under the Dorfman bracket. In this case,
the Dorfman bracket reduces to a Lie bracket on the section of the subbundle
D and D becomes a Lie algebroid. We call a Dirac structure D integrable if the
underlying Lie algebroid is integrable, i.e. integrates into a Lie groupoid. The
identification of the integrable Dirac structures (inside A and its quotient) and
the corresponding Lie groupoids (inside Y and its quotient) takes the following
form, see Section 5.2. Given a Dirac structure D C TM, there are subobjects
A(D) C A and Yp CY defined by

A(D)p = {(Xs,on) € A | (X4, 04) € Dy, VE € [0,1]}

and
Yp :={(y, ) €Y [(¥,0) € Dy Vt € [0,1]}.

We strongly believe that the identification of integrable Dirac structures inside
our Leibniz algebroid A and of their associated Lie groupoids inside our Lie
rackoid work for a general integrable Dirac structure D, but for the moment,
we can show these only for Dirac structures coming from integrable Poisson
structures on M.

For this class of Dirac structures, we show that Yp is a subrackoid (Propo-
sition [5.12)) and that with respect to the above equivalence relation, Yp/ ~ is a
Lie rackoid isomorphic to the Lie rackoid underlying the symplectic Lie groupoid
(smooth Weinstein groupoid) integrating the Dirac structure D (Corollary 515
and Proposition [£.19).

The link between D and Y is facilitated by the intrinsic symplectic geometry
of Y, see Section 4. In terms of the symplectic 2-form w on Y, inherited from
T*M, the 2-form dfy is just the pull-back of w by the bisection X, viewed as a
section of the source map.
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institutions for their kind hospitality and excellent working conditions. We
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1 The path rackoid

We refer to [10], Section 3 for the basic definitions concerning Lie rackoids. The
goal of the present section is to define the path Lie rackoid which is part of the
Lie rackoid of cotangent paths integrating the standard Courant algebroid. The
path rackoid serves here as an introduction to the rackoid of cotangent paths.

Let M be a finite dimensional compact manifold. Let X be the set of smooth
paths v : [0,1] = M.Then X is a smooth Fréchet manifold with respect to the
C°°-topology (with left resp. right derivatives of all orders in 0 € [0, 1] resp.
1 € [0,1]), see [14] Theorem 10.4, p. 91. It becomes a smooth precategory
introducing source and target maps s,t : X — M which send a path v to its
starting point (0) and its end point (1) respectively. The unit map associates
to m € M the constant path in m.

A Lie rackoid structure (see [I0] for definitions) is a structure on the bisec-
tions of a smooth pre-category. Therefore we determine in the following lemma
the set of bisections Bis(X). Note that Bis(X) carries a smooth Fréchet man-
ifold structure obtained as in Proposition 3.3 of [10]. Indeed, by topologizing
path spaces putting systematically the factor [0, 1] to the left (using the bijec-
tion from the exponential law C*(A x B,C) = C*(A4,C>(B,())), one deals
only with finite-dimensional compact manifolds.

Lemma 1.1. The Fréchet manifold of smooth bisections Bis(X) of the precat-
egory s,t: X — M is

Bis(X) = {v:]0,1] = C*(M, M) |~ = idp and 77 diffeomorphism }.

Proof. A bisection of the precategory Y is by definition a map ¢ : M — Y such
that soo = idjs and too is a diffeomorphism of M. Let us view maps from M to
C>([0,1], M) = X as maps from [0, 1] to C>°(M, M), i.e. as paths in C>=(M, M)
under this identification. The requirements on such a path v in C*(M, M) to
be a bisection are clearly that 9 = iday, and that +; is a diffeomorphism of
M. O

A Lie rackoid is, roughly speaking (see Definition 3.5 in [I0]) a smooth pre-
category X together with a smooth rack product on its manifold of bisections
and a smooth rack action on X itself.

In the case at hand, we define on Bis(X) a rack product for two bisections
@ and ¥ by

(Y > <P)t,m = 7/};190t,w1(m)7

for all t € [0,1] and all m € M, and a rack action for a bisection v and an
element v € X by

W) = (=¥ ().



Let us check the self-distributivity relation for three bisections ¢, 1 and y:

(X> W @)m = X1 W7 Pt (2 (m)
= X;lw;1X1X171(pt,x1Xf1w1X1(m)
(x> ) > (X > ©))tm-

This shows that X becomes a (unital, infinite dimensional) Lie rackoid.

Proposition 1.2. There is a surjective morphism of rackoids from X to the
rackoid underlying the fundamental groupoid associating to a path its homotopy
class.

2 The Lie rackoid of cotangent paths

In this section, we define the central object of this article, namely the Lie rackoid
of cotangent paths. This Lie rackoid and a quotient of it are the object we
propose for an integration of the standard Courant algebroid. The Lie rackoid
which we have constructed in the previous section constitues the first component
of the Lie rackoid of cotangent paths.

2.1 Definition of the Lie rackoid of cotangent paths

Let M be a finite dimensional compact manifold and let 7 : T*M — M denote
its cotangent bundle. Consider the set of smooth cotangent paths in M, i.e.

Y ={(v,n):[0,1] = T*M |5 smooth}.

Here the actual cotangent path is 7 and 7 contains the base path v = won. For
better readability of the upcoming formulae, the splitting into base path and
(total) cotangent path maybe helpful.

The set Y is a smooth Fréchet manifold with respect to the C*°-topology
and a smooth precategory over M with respect to the compositions 7 o evg and
7o evy of the evaluation in 0 and 1 with the bundle projection .

Again, in order to define a Lie rackoid structure, we determine the manifold
of bisections Bis(Y") of the pre-category Y.

Lemma 2.1. The bisections Bis(Y') are the pairs ¥ = (¢,n) where the first
component ¢ is an element of the path Lie rackoid. The second component
s — 1, is a section of the bundle ¢;T*M to which we can associate a path of
1-forms s — 75 on M by setting

TM > X — ﬁS(X) = ns,m(Tm¢s(X))'

Proof. The first part is very similar to the proof of Lemma [[.1] the second part
is immediate from the definitions. o



Remark 2.2. We denote the 1-form 7 by ¢ns. Observe that this is an abuse
of notation. In fact, the value of ns at m € M, i.e. 7y, is already a cotangent
vector at ¢(m), but the tangent vector X at m has to be taken to ¢5(m) by
Trn¢s. Thus ng is somehow the halfway pullback ¢ins. This is a ntural operation
on the bundle ¢;T*M.

In order to define the Lie rackoid, we now define a rack action for a bisection
3 acting on a cotangent path a € Y. Composing a with the bundle projection
7w : T*M — M gives an underlying path v := 7o a, [0,1] 2 s — v, on M with
cotangent vectors 0, attached to -y, for all s € [0,1]. We let the bisection ¥ act
on the given cotangent path (v, ) according to the following formula:

1
Sra = (671(r), 610 — is, (671)d( / ot ds))). (1)

Remark 2.3. Let us comment on the algebraic form of the bracket operation.
The bracket in Equation () is composed of the natural action by diffeomor-
phisms on the base path and on the cotangent path 6. Added to this is the
gauge transformation using a certain exact 2-form d fol ¢ins ds. To understand
this better, observe that there is a map ¢ : Y — C°°([0, 1], TM) which sends el-
ements of (v,0) € Y to (§,0) € C*([0,1],TM), where TM = TM & T*M is the
extended tangent bundle of M. Recall the fact (see [I], Proposition 2.3) that
the automorphism group of the standard Courant algebroid on the extended
tangent bundle TM is the semidirect product Q% (M) x Diff (M) of Diff (M) and
02(M) where diffeomorphism and closed 2-form act exactly in this way. We
therefore conclude that the action in Equation (dJ) is sent under ¢ to the natural
action of an automorphism of the standard Courant algebroid.

Definition 2.4. The 1-form fol ¢insds on M is canonically associated to the
bisection ¥ = (¢,77). We denote it by definition as

1
Bs ::/ dins ds.
0

Lemma 2.5. Formula () defines an element of Y, i.e. a cotangent path.
Remark 2.6. There is a similar rackoid product on tangent paths given by
¢ra = (61(7), (61)"(6))-

This is in some sense the opposite of the above rack product without the cocycle
term. It is easy to see that the associated Leibniz algebroid (see Theorem 5.3
in [I0]) to this Lie rackoid is the vector bundle with typical fiber

Ay = {a:10,1] = T,,M|a(0) =0}
and whose ancre map is the evaluation in 1. The associated Leibniz bracket on

the sections reads
[a(t),b(t)] = [a(1),b(t)].

This is closely related to the generalized Poisson bracket on the dual of a Leibniz
algebra of Dhérin-Wagemann [6].



For the Lie rackoid structure on Y, we will also need a rack product on
Bis(Y). In fact, it can be derived from the above rack action in Equation () by
acting with a bisection on the bisection associated to the corresponding element
of Y. This means that Formula () induces a formula of the bisection acting
on another bisection by viewing a bisection as a subset of Y and applying the
first formula point-by-point to the elements of Y constituing it. This procedure
permits in general to derive from some kind of action on a precategory the
corresponding kind of product on the bisections.

Lemma 2.7. The formula for the action of a bisection on a bisection associated
to Formula () is

2T = (¢ o0 ¢, 01 (G — iy, (61) dBx)), (2)
where ¥ = (¢,1), T = (¢,¢) and Sy the associated 1-form of ¥ (cf Definition

Proof. Let us discuss separately first and second component of the bisection.
Concerning the first component, we have to show that when we view 1, in

¢7 ! o1hy o ¢y not as a family of maps in C*°(M, M), but rather as a subset of

moY = C>([0,1], M) and we apply to each point individually the formula

(6>t = (t= 67" (v(1)),

then we obtain ¢;* o4 0 ¢;. To do this, look at 1 € C*°([0,1],C>®(M, M)) =
C>®(M,C>([0,1], M)) as a subset {¢)"}mer CY = C>([0,1], M). An individ-
ual ™ may be viewed as a path v in the above formula which we may therefore
apply. Observe that in order to compare the result, we must take in

S>>V tmem = {¢1_1(1/)m(t))}meM,te[o,1]

the path starting in m € M, i.e. ¢ (p?1(™)(¢), and this is exactly the path in
C>°(M, M) which is described by ¢;* o), o ¢y.

In the same way, we also treat the second component. It is clear that the
cotangent vectors (y, brought back to the path (;51_1 o1 o 1 via ¢7, correspond
to the cotangent vectors ¢;6 in Equation (Il) along the path. Concerning the
second factor of the second component, the terms are similar, with the exception
of ,, which requires interpretation. Indeed, ¢t is seen as associating to each
t € [0,1] a tangent vector to C>°(M, M) at ¥(t), i.e. as a family of tangent
vectors to the path 1. The operation ¢7(i,, (¢71)*(—)) renders it then the

insertion of a tangent vector to the path (bl_l 0t 0 P1. O

Let us compute the canonical 1-form associated to the bisection X > T.
Recall that we denote by s = fol @ns ds the 1-form associated to ¥ = (¢, )

and denote by S = fol ¥*(s ds the 1-form associated to T = (¢, ().

Lemma 2.8. The 1-form associated to X > 7 is

1
ooy = 6ifr o1 | Wiy, (67" dBnds.



Proof. This is straight forward:

1 1
/0 (67 o0 dr) 61 (Co—ig (671" dBr)ds = B Br — & / Wl (671 dBs ds.

O

2.2  Selfdistributivity of the rackoid product

Now we show that the rackoid product proposed in Formula () satisfies the
self-distributivity equation

Y (Toa) = CE>T)> (X>a).

This implies then that it defines a Lie rackoid structure on the set of cotangent
paths. For this, we need the following lemma:

Lemma 2.9. Let ¢; be a smooth path of maps in C*°(M, M) with ¢y and v
diffeomorphisms and p € Q(M). Then we have

1
d/ Vit dpds = Yidu — hgdp.
0
Proof. We have
1 1
d/ Vi, duds = / d(vgiy, dp)ds.
0 0
Let us show that d
dv¥i . du = —rdu.
1/}slws :u’ dsws :LL

For this, we may suppose that u = fdg and therefore that du = df A dg. With
this expression, we obtain

Yidp = d(f o) /\d(goz/JS),

and then

SLgidn = S (d(f o) Ad(gow)
= ATy (53)) Ad(g 0 16s) + d(f © ) A d(Ty, g(0))
= duz ((dF(d))dg + (dg () )
= digiy dp.

This implies then

1
d
— o dpds.
/0 75 Vednds
= rdp — odp.

1
d/ 1/):%5 duds
0



O

This lemma permits us to find an easy expression for the de Rahm differential
of the canonical 1-form By of ¥ > T described in Lemma 2.8 in terms of the
1-forms fByx; of 3 and S7 of T

Corollary 2.10. The 2-form dfs,7 corresponding to the rack product of ¥
and 7 has the following expression:

dBsoT = ¢1dBr — ¢1¢7 (61 1) dPs + dfPs.
Proof. By Lemmas 28 and X0, we have with p = (¢71)* s and g = idpy

1
diser = 0idbr—oid [ wliy (o' dBods

= ¢1dBr — ¢ (Vi((67 ") dBs) — v5((¢1 1) dBx))
G1dBr — 1Y (61 ") dBs + dPBs.

O

Remark 2.11. Observe that the expression for the 2-form dfs 7 in Corollary
2.10]is the transformation of a closed 2-form under conjugation in the semidirect
product Q2 (M) x Diff (M), cf Remark 2.3

The following theorem is the first main results of this article.

Theorem 2.12. Formula [{) defines a rack action of Bis(Y) on Y, i.e. for all
bisections ¥ and T in Bis(Y') and all a € Y, we have

Y (Toa) = CE>T)> (X>a).

Proof. Let ¥ = (¢,n) and T = (¢, () be bisections in Bis(Y') and let a =
(7,a) € Y. Recall that ¢ = ¢, and 1) = 1 are paths of maps in C*>° (M, M) with
¢ = Yo = idpys and ¢1, Y1 diffeomorphisms of M. Let us display mainly only
the second components of the elements in Bis(Y) or Y. The selfdistributivity
in the first component has been checked in Section [T

Recall also that the expression ¢%ns is a 1-form and the notations

1 1
b = [ oimds, and pr = [ uic.as
With these notations, we have:
Tea= ' () v5(a—iy, @) dbr)),
Sea = (67 (7). 61 (o — iy, (61 1) dBx)),

and

S5 T = (97" 0w 0 d1, 61 (G — iy, (67") dBx))-



Putting these together, we obtain for the left hand side of the assertion of
the theorem:

S (Tea) = (6791 (1), 65 (U1 (@ — iy, (47 ') dBr) — iw;r(wt(sbfl)*dﬂz))-

In the same way, we obtain (the same first component and for the second compo-
nent of) (for) the right hand side of the assertion of the theorem, using Corollary
2,101 for an expression of dfysT:

EeT) e (Exa) = (. (@ ' Pi¢1) (07 (o — iy, (¢7 ) dBs) +
i(¢;1)*(;ﬁ)((¢;1¢1¢1)71)*dﬂ2>T))
= (s (01 "100)" (07 (0 — iy, (7 1)"dBs) +
)

- i(¢;1)*(%)((¢1711/11¢1 _1)*(¢Tdﬁ7’_¢T¢T(¢Il)*d62+dﬁz)))

= (oo 079 (@ — iy, (¢1") dBx) +
— Bligyty. () (BT — Y1 (61 1) dBs + (¢71) dBy))
Here we have used that for a diffeomorphism f : N — M, a vector field X €
X(N) and a 2-form w € Q?(M):
in*w = f*if*xw,
and we used that .
(61)+(67 " (M)e) =
as follows easily from the chain rule.
Observe that the terms involving o and dfB7 coincide in the expressions of
Y>> (T>a)and (E>T)> (X >a). The remaining terms in (X > T) > (2> a)
are

— 115, (01 ) B + G1i )4, 1 (01 ) By — Bli 1y, (971 dBs =
_(in(w;l)*;Yt (Qb;l)*dﬁEa

and thus both expressions are equal. (I

Remark 2.13. In the light of Remarks[2.3]and 2.T1], we can interprete Theorem
in a more conceptual way.

Indeed, recall the notion of an augmented rack, see e.g. [10]: Given a group
G which acts on a set X such that there exists an equivariant map p: X — G
(with respect to the conjugation action on G), X inherits the structure of a rack
defined by « > y := p(x) - y. In our context, the map

p: Bis(Y) = Aut(TM) = Q% (M)xDiff (M), ¥ = (¢s,n5) — p(Z) := (dBs, $1)

is in fact an augmented rack for the action of (6,v) € Aut(TM) on ¥ € Bis(Y)
given by
(6,9) -5 = (0~ 0 6, 0,0 (1, — i3 ($71)76)).
The computations are very similar to the above proof.
Note that the above discussion implies in particular that p is a morphism of
racks (with values in the conjugation rack underlying Aut(TM)).

10



3 The Leibniz algebroid of cotangent paths

Here we will explore the infinitesimal /tangent Leibniz algebroid of Y, the Leibniz
algebroid of cotangent paths. The general procedure associating to a Lie rackoid
a tangent Leibniz algebroid can be found in Section 5.2 of [10].

3.1 Definition of the Leibniz algebroid

The Lie rackoid Y = {v: [0, 1] — T*M} has the underlying precategory the set
of cotangent paths with the source s and target t maps to M induced by the
starting- and endpoint projections. Its tangent Leibniz rackoid is by definition
the kernel of T's, i.e.

A:=T.(0,1],TM®T*M).

A has as its underlying vector bundle the bundle of (pointed) paths over I =
[0,1] in the extended tangent bundle TM = TM & T*M. It is an infinite-
dimensional vector bundle over M. The fiber at m € M is I'.([0,1], T, M @
T M), the space of (pointed) paths in the vector space T, M @ T\ M. The
anchor in the Leibniz algebroid A is by definition the restriction of T'¢, which is
just the evaluation map (X, ;) — X3 (up to a sign).

Let us compute the infinitesimal bracket with respect to the above Lie rack-
oid product given in Formula (). It is a bracket on the space of sections of A,

namely on
' I(A4) =:9 =T.([0,1], Vect(M) ® Ql(M))

Thus elements of ) are pairs (X, ;) of a 1-parameter family of vector fields
X; with Xo = 0 and a 1-parameter family of 1-forms «;. The restriction on X;
comes from the fact that the family of diffeomorphisms ¢, satisfies ¢g = id ;.

Lemma 3.1. The infinitesimal bracket corresponding to Formula () reads

1
[(Xno), (Y, 8] = (X0, Vi), L, By — iy d / o). (3)

Proof. We apply the following procedure. Replace ¢ and ¢ in Formula (2) by
paths ¢° and v¢*® depending smoothly on a new parameter s € [—1,1] such
that at s = 0, both are the constant path in id,;, and %|S:0¢5 = X and
%|S:01/)S =Y are the corresponding paths of vector fields. The paths of 1-
forms do not undergo much change. By definition of the Lie bracket of vector

fields,
0 0 B s u
$|5:0%|u20(¢1{) Loy oo} = [X1,Y).

In the same vein, the first summand is by definition the Lie derivative with
respect to X7. In the second summand of the second component, observe that by
the product rule only the term with iy, survives, and in this term, #) =idy. O

Lemma 3.2. The bracket in Equation (B]) is a Leibniz bracket.

11



Proof. In view of Lemma [B] the claim does not need a proof. However,
we will give a direct proof for the sake of transparency.

The (left) Leibniz identity is clear for the first component. In the second
component, we have for [(Xy, o), [(Yz, Bt), (Ze,7)]],

1 1
Lx, (Lyl’}/t - iz'td/ Bsds) - i[YhZ-t]d/ ads,
0 0

for [[(X¢, o), (Y, Be)]s (Ze,7e)],

1 1
L[Xl)yl]’}/t — ZZpd/ (LXlﬂs + ZYSd/ Ozudu)ds,
0 0

and for [(Y7, Bi), [(Xe, o), (Ze,7e))s

1 1
Ly, (Lxl% — ith/ asds) — i[Xl,Z't]d/ Bsds.
0 0

We recollect the terms corresponding to a, 5 and v which must cancel separately.
The fact that the Lie derivative is a representation takes care of the first
terms in these three expressions:

Lx, Ly;vt = Lix, vint + Ly, Lx, 7t

The compatibility of the Lie derivative and the insertion operator (i.e. [Ly,iv] =
ifv,v]) and the identity dLx = Lxd show that

1 1 1
LXlith/ ﬁsds = Zth/ LXlﬁst‘i‘i[Xl,z't]d/ ﬁSdS
0 0 0
Therefore, it remains to show
1 1 1 1
i[Yl,Z't]d/O ads = iZ-td/O ist(/O audu)ds—l—LyliZ-td/O agds.

This last equality boils down (using again [Ly,iv] = ijy,y] and Lyd = diyd) to

1 1 1
/ iyxd(/ audu)ds = iyld/ Qydu,
o ° 0 0

which follows from fol Y,ds = Y; — Y, with the restriction Yy = 0. O

3.2 The exponential map

The link of the infinitesimal picture with the global picture can be performed
via the exponential map. The following lemma records formulae for the iterates
of the Leibniz bracket:

12



Lemma 3.3. We have the following formulae for the iteration of the bracket
introduced in Lemma B.1)):

()

n n n n+ 1 . n—
ad(yt o) (Y, ) = <adx+1 ), LB~ Z ( )ZL’;Yde kOé) :

n L’n,fk
ad(x. o _ adx LX
(X, )(Y, ﬂ) = <8 [‘3 Z ZZTX Tl)a> y

n=-—1k=0

elx —1
_ <eadx (V), e B — o yd <7) a) |
Lx

Remark 3.4. Recall the formula

@) () =y 12X

n!
n>0

relating the flow ®;¥ of a real analytic vector field X and the exponential of its
action on a real analytic function f which is also valid for the action on other
real analytic geometric objects on M. This formula follows from showing that
the right hand side satisfies the same initial value problem

(®;5) =X - 0F, &Ff =idy

as the flow of X. For this, one inverts sum and derivative thanks to normal
convergence, which is true on a compact manifold M.

This formula shows that the first component of el (Y, ) is in fact
(®X)*Y, as expected.

3.3 The quotient standard Courant algebroid

In this section, we pass to a quotient of the Leibniz algebroid A = T ([0, 1], TM &
T*M) with respect to a subalgebroid of ideals such that the quotient is isomor-
phic as Leibniz algebroids to the standard Courant algebroid.

Define the following subalgebroid in A:

1
7= {(Xt,at)|X1:O and /asds:O}.
0

Observe that [ is certainly a subbundle of the vector bundle A, as all require-
ments are C°°(M)-linear. That it is a subalgebroid will follow from the next
lemma:

13



Lemma 3.5. The space of sections J := I'(I) is a (two-sided) Leibniz ideal
contained in the left center of ) = T'(A).

Proof. 1t is obvious from the formula for the Leibniz bracket on the space of
sections of A that have [J,2)] = 0, thus J is contained in the left center of the
Leibniz algebra %).

On the other hand, for (X;,a:) € Y and (Y3, 8:) € J, we have

(X o), (Y, B0) = (X0, i), L, By — iy, d / 0tpdls)

with ([Xh}/t]”t:l =0 and

1 1
/ (LXlﬂt—Z'Yrd/ asds)dt = 0.
0 ) 0

Indeed, the first factor in the integral is zero, because fol Brdt = 0, and the

second factor in the integral is zero, because w := fol as ds does not depend on
t, and thus

1
/ iy, dwdt = iy, dw — iy, dw = 0.
0
O

Remark 3.6. Observe that the squares of the Leibniz algebra ) are not in-
cluded in J. Therefore the quotient is not necessarily a Lie algebra (as expected).
Indeed, it is easily computed that the squares are of the form

1
([ X1, Xe], Lx,ap —ig d /0 as ds),

and, while [X7, X¢]|t=1 = 0, the integral of the form-part gives
1 1 1 1
/ (Lx,op —ix,d / asds)dt = Lxl(/ asds) — ind(/ as ds)
0 0 0 0
1
= din(/ ozsds).
0

Proposition 3.7. The map ¢ = (evl,fol(—)dt) : A — TM induces an iso-
morphism of Leibniz algebroids of A/I with the standard Courant algebroid
TM.

Proof. We claim that the map of vector bundles

ga—(evl,/o (=)dt) : A— TM, (Xt,at)H(Xl,/O oy dt)

is a morphism of Leibniz algebroids. Observe that the first component of ¢ is
the anchor of A - this shows the compatibility of ¢ with the anchors.

14



The compatibility with the bracket is also immediate. Let (X, at) and

(Y2, B¢) be elements of 9 and denote by w := [ asds, ¢ := [, By ds the inte-
gration of the corresponding forms.

w([(Xtaat)v(}/taﬂt)]) = ([Xl,}/l],LXIC—’L'deW)
= [@(Xtvat)vsp(y;fvﬁt)]'
It is clear that the kernel of ¢ is the subalgebroid I from Lemma 3.5 O

Remark 3.8. We have also a section for the map ¢ := (evy, fol(—)dt) A —
TM. It consists simply of the map (X, a) — (X; : t — tX,a) for t € [0,1]. Tt
is easily computed that this section is compatible with the Leibniz bracket.

4 Symplectic geometry of the cotangent rackoid

4.1 Canonical 1-form and symplectic form

In this section, we interpret the form dfs, = d fol @ns ds associated to a bisection
Y = (¢,m) in terms of a symplectic form. This is not mysterious as it is clear
that the manifold of cotangent paths carries a symplectic structure inherited
from the cotangent bundle.

Observe that there are the following three geometric objects defined on Y =
C>([0,1],T*M):

(a) the function c: (v, a) — fol ) (Y(t)) dt,
(b) the 1-form X with A(y o)(dv:) = fol uy(¢)(67¢) dt and
(c) the exact 2-form w = dA.

The 2-form w is a symplectic form, thus the symplectic manifold Y is exact.
Indeed, for any symplectic manifold S, the Fréchet manifold C*°(]0,1],5) is
symplectic for the form obtained by integrating the pointwise form along [0, 1],
and in case S is exact, the resulting symplectic manifold C*°([0,1],S) is exact
as well, cf [3], [9].

The above three objects induce similar objects on the manifold of bisections
Bis(Y), and the 1-form A on a bisection ¥ = (¢, n) is the 1-form fsx which we
introduced before. Denote by sy, : ¥ — M the restriction of the source map
s:Y — M to the bisection ¥ C Y and similarly for the target map ¢ : Y — M.
View X as a section of the source map denoted 351 M =Y.

Lemma 4.1. The pullback (sgl)*/\ is the 1-form By = fol @ins ds. Thus dfx
becomes the pullback of the symplectic form w on Y and the pullback (¢ DD
is (¢11)" .

15



Proof. Recall that we view bisections of Y, i. e. elements in
C>®(M,C>=([0,1],T*M)),

rather as elements of C*([0,1],C>®(M,T*M)), i.e. as paths in C*°(M,T*M).
This is expressed in the notation (¢¢,7:). In order to perform the pullback,
however, we have to view them as families of elements of Y, i.e. for a fixed m €
M, we obtain an element of ¥ which we denote accordingly (¢+(m),n:(m)) =:
(¢, @t). We have to compute the expression of A at such a point.

In fact, it is immediate that the expression A(, o) = fol uy(¢)(07¢) dt com-

. . 1«
puted at a point (¢¢(m),n(m)) =: (v, ) gives B = [ ¢fnedt. The only
thing to note is that for all tangent vectors X € T,, M, we have

(551)" (1) (07))(X) = e, (T (X))
The other claims of the lemma follow immediately from (s5')*A = fBs. O

Lemma 4.2. The three objects ¢, fx and dfy on Y and Bis(Y") respectively
satisfy the following equivariance relations with respect to the rackoid product:

(a) the function ¢ is invariant:
Clv.0) = C8p(v,0);

® 1
oot = 017 =01 [ iiy (07") ddnds.
(c)
dBsoT = $1dBT — 1Y (61 1) dBs + dPs. (4)
Proof.  (a) Straight forward computation.
(b) This has been shown in Lemma 28

(c) This has been shown in Lemma [ZT0l
o

Definition 4.3. A Lie rackoid with a closed 2-form on the underlying manifold
(total space of the submersions) is called a symplectic Lie rackoid if the form
satisfies the equivariance property displayed in Equation ().

Definition 4.4. A bisection X of a Lie rackoid Y is called isotropic in case
dps = 0.

The condition that a Lie groupoid is symplectic is much more restrictive than
the condition that a Lie rackoid is symplectic. The former condition means that
for the symplectic form w on the symplectic groupoid I' — M, we have

0 = priw — comp*w + pryw,
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where for ¢ = 1,2, pr; : I' x)y I' — I are the two projections and comp :
I' xp ' = T is the composition. The fact that the relation contains three terms
implies for example that the identity bisection € : M — T is isotropic. For a Lie
rackoid, we have the following less restrictive property:

Lemma 4.5. In a symplectic Lie rackoid Y, the isotropic bisections form a
subrack.

Proof. This follows from the property (c) above (resp. Lemma 2.10) together
with dfs = 0 and dB+ = 0. O

Proposition 4.6. The Lie rackoid associated to a symplectic Lie groupoid
I' - M is a symplectic Lie rackoid.

Proof. We refer to Proposition 5.1 in [I0] for the Lie rackoid underlying a Lie
groupoid.

The multiplicativity of the symplectic form in a symplectic Lie groupoid
I' = M can be expressed as

Wiz (a-b,c-d)= Wy (a,c) + Wryy (b, d),

where v1,7v2 € I' are composable, a,b, c,d are tangent vectors to I' in ~; resp.
vz, and (a, ¢) — a - ¢ is the product on the tangent groupoid associated to T.
Denoting by * the group product on bisections of I'; we obtain thus

w(X(w) * T((¢1)«(w)), B(v) * T((61)«(v)))
= w(@(u), E(v) + w(T(¢1)«(w)), T(($1)«(v)));

for two tangent vectors u,v. Thanks to the fact that dfys is the pullback of the
symplectic form on Y, this relation for all u, v translates into

dfs«T = dfs + ¢1dBT.

From this, we deduce first of all for the inverse bisection ¥~! of &

0 = dBsux-1 = dfs + $p1dfx-1,

w(Z T (u),X*T(v))

which implies then
dBg-1 = —(¢1 ") dps.
With this, we compute

ABssrsx-1 = dPBs + P1dBris—1
= dfs + o1 (YidBs-1 + dBT)
= dBs — ¢ivi(87 ") dBs + ¢1dBT

This gives for the Lie groupoid, viewed as Lie rackoid:

dBse7 = dBs + ¢1dBT — 1Y (61 1) dPs.
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4.2 Identifying Dirac structures inside A

Recall our Leibniz algebroid A, obtained by passing to the tangent Leibniz
algebroid of the Lie rackoid of cotangent paths Y. Let D C TM denote a Dirac
structure, i.e. a maximally isotropic subbundle of TM whose sections form a
Leibniz subalgebra under the Dorfman bracket. This implies that the Dorfman
bracket becomes a Lie bracket for the sections of the subbundle D and D is
thus in a natural way a Lie algebroid. On top of this, we will always suppose
that our Dirac structures are integrable, i.e. the Lie algebroid corresponding to
D integrates into a Lie groupoid. This will play a role in Section 5 where we
identify the Lie groupoids integrating Dirac structures inside Y.
To D C TM, we associate a Leibniz subalgebroid A(D) of A by

A(D)m = {(Xt, at) €A, | (Xt, Oét) eD, Vte [0, 1]}

at each point m € M. Observe that this defines a vector subbundle A(D) — M
of A — M.

Proposition 4.7. The restriction of the map ¢ = (evy, fol(—)dt) :A—TM to
A(D) has values in D C TM.

Proof. We have

1
X1:/ X, dt,
0

because X = 0, and thus
1
P(Xiyar) = / (X,.00)dt € Dy,
0

because (Xt, o) € Dy, for all m e M. O
Proposition 4.8. The bracket on I'(A) = Q) restricts to a bracket on I'(A(D)):
[C(A(D)), T(A(D))] € T(A(D)).

Proof. For this, we first notice that the bracket of two elements in I'(A(D)) may

be written as an integral over [0, 1]:
1
(Xeva). (,80) = (0¥l LB — iy, d [ avds)
0

1 1 1
= Xsds,Yt],/ Lxsﬂtds—iytd/ s ds)
0 0 0
1

- /([XS,Yt],LXSﬂt—th das) ds.
0

Next, the integrand ([Xj, V;], Ly B — iy, das) is in Dy, at each point, because
the Dirac structure is closed under the Courant (Dorfman) bracket. Thus

[(XS, 045), (}/ta ﬂt)] € Dm
for all ¢, s € [0,1]. O
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Corollary 4.9. The induced map ¢|4(py : A(D) — D is a morphism of Leibniz
algebroids. In particular, the kernel of (the induced map on the level of sections
of) ¢|a(p) contains (the intersection of A(D) with) the ideal of squares.

Remark 4.10. Observe that we have used in this proof the fact that the Dirac
structure is closed under the Courant (Dorfman) bracket.

We can also define the corresponding notion on the global level. Let
Yp = {(’that) € Y| (;Yva) € D’y(t) \AS [Oa 1]}

It is then clear that Yp is a subprecategory of Y. The properties of Yp will
occupy a large space in the second half of Section 5.

5 Integration of the standard Courant algebroid

To integrate the standard Courant algebroid, we introduce an equivalence rela-
tion on the level of bisections Bis(Y) and on the total space Y. The equiv-
alence relation is rather difficult to handle, but well behaved at the point
(id,0) € Bis(Y'). The corresponding infinitesimal Leibniz algebroid at (id, 0) is
isomorphic to the standard Courant algebroid. In the second half of this section,
we study the behaviour of the equivalence relation on Yp for Dirac structures
D coming from integrable Poisson structures. We show that the corresponding
quotient gives its integrating symplectic Lie groupoid.

5.1 The equivalence relation on Bis(Y) and Y

The equivalence relation is the following. In order to formulate it, recall that
we had shown for a bisection ¥ that By = (s5')*A and dBs, = (s5')*w. In
the following, we will deal with families of bisections {¥;}:cjo,1). For such a

family, we introduce the notation f = X*\ = (s;)*/\ € Q1([0,1] x M) and
O =Yw=dpf e 0([0,1] x M), where ¥ : [0,1] x M — Y is the map

(€,m) = (s (65 (m), 05 (m)).

On the other hand, we will view ¥, either as the member at € of the family
{Xt}ief0,1) or as the map ¥ : [0,1] — Bis(Y). Denote by u = %. Let us define
ic : M — M x [0,1] by m +— (m,€). We shall study the relation

L~y & ¢ =¢) and (5)
I{Sihepo] with So =3, ¥y = and ii,@ = 0.

With loss of generality, we can assume that ¥; is constant in some neigh-
borhoods of 0 and 1 which allows to glue such families and thus implies that ~
is an equivalence relation.

Lemma 5.1. (a) The condition i*i,& = 0 is equivalent to i*d3(u) = ag%.
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(b) The condition ii,w = 0 is equivalent to
0%
o.)y(—t(m), TEt(ém)) =0
ot
for every tangent vector dm € T,,, M.

(o)
ot

(¢) The condition ifi,@ = 0 is equivalent to the condition that is in the

kernel of the map
TsC*™(M,Y) D TsBis(Y) — QY(M), 6%+ TH(0X) —ifd(\,6%).

Proof.  (a) Recall the map i. : M — M x [0, 1] given by m — (m,€). We have
d o} =14} od where one de Rham differential d is on M and the other on
M x [0,1]. We claim that

Ws.  r
— = =4FL,p.

Oe teluf
Indeed, if

8= Z a;(x,t)dz; + b(z,t)dt,

2

we have on the one hand
. b
ZEEDS 2 (v, ),
and on the other hand

ok . > 8ai ob
iri,dp = Z 5 (x,€)dx; — Z oz, (z, €)dx;.

But

8[326 - 8&1' )
ge — 2y (@i

because fx, = >, a;(x, €)dx; is the restriction B|MX{6} of B to M x {e},
whence the claim.
We obtain therefore

9Ps,

= *L,f
Oe telub
= ifiydB+ildiuf

ke~ k70D
= i i, + i1 diy,p.

Thus the condition
s 5.
Oe

is equivalent to ¢}i,w = 0.
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(b),(c) Recall that the tangent space TxC*°(M,Y) to C*(M,Y) at a map ¥ :
M — 'Y consists of the maps f : M — TY such that po f = X where
p:TY — Y is the canonical projection. Let us view § as a map

B:Bis(Y) = QY(M), ¥~ Bs.

As Bis(Y) inherits its manifold structure from C>°(M,Y"), its tangent space
at X is a subspace of T5,C>°(M,Y’). The map TSy, , the value of the bundle
map T8 at the bisection Yo, sends a tangent vector 0% to Bis(Y) at X
to a 1-form on M.

Therefore the condition
a0y OBs,
Oe
in the congruence relation (fl) is equivalent to the condition

sran(0) =1 (2). ©)

This follows on the one hand from

o () -5

and on the other hand from

. .. . 9%,
Bu) = (5 A u) = (A, TS(w)) = </\, = >

Note that Equation (@) implies
i7AA(3S) = Ty, (65%)

for each tangent vector d% to Bis(Y) as all of them may be described
as being the derivative BaEtt of a curve. In case a family of bisections
{2t }e0,1) satisfies the equivalence relation, we have

wy (%(m), TEt(ém)) =0

for every tangent vector m to M. Indeed, as @ = Y*w, we have

Figo = 80 (%)
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Remark 5.2. Note that the property

itap(u) = 22

may be stated as the fact that the family of 1-forms Sy, on M is constant up to
a well-determined exact form, namely di*5(u.) = ifdB(ue). In particular, the
exact 2-form dfy, is constant. Therefore if 3 ~ ¥/| then dfs = dfsy.

Lemma 5.3. The equivalence relation is a congruence relation, i.e. if ¥ ~ X/,
then we have T > X ~ T > X and X > T ~ X' > T for every bisection T.

Proof. First note that X > T = ¥’ > T, because & ~ %’ implies ¢1 = ¢} and
dfBs; = dfBsy, cf Remark In particular, X > T ~ X' > T.

Now for the equality 7 >3 ~ T > X', consider three bisections X, ¥’ and T
with ¥ ~ 3. The goal is to show that

0
dBrex, ()|t xm = %7 (7)

because this implies then 7 > X ~ T > /. Using Formula (@) for 7 > X, (with
bes = ¢ (resp. 1) the first component of ¥, (resp. 7)), we have for the
right hand side of Formula ()

aﬁTDEe - 6 * . ® 1£ * - —1\*
de B ViFe. wl/o e (Frstosea (07 dpr) ds

1
UidB(u) 01 [ g (0%ioge. (01 dor) ds.

The left hand side of Formula (7]) becomes

o[ (e 2

1
= [ (vinF = vty 7 dBr

ds

ds

diueﬁTDE

’ oYy 1;;;:%) > ds

= d/ol <1H77§e — ¢1‘i6¢§6 (djl—l)*dﬁT‘ (T¢f1)*a¢§€>d5

s Oe
! b))
— vid [ (@
1 o <77

1
— T~ V1d [ iy (071 dBr ds
de ds

1

9 L iy
8—¢§e>ds—¢1d/ i 5,50 10,5 (U7 V) dBr ds
€ 0 ~oc o8
(3
0

In order to show Formula (), it therefore remains to show

! 0 * —1y\* 1- . —1y\*
| e (Graiosa oy dor) ds = [ i 7 dbrds. 9

de ds
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We will show this by restricting to a path (t) in T*M. Without loss of gener-
ality, we can assume the 2-form (wl_l)*dﬁfr to be df Adg. Observing that the de
Rahm differential d becomes on the path 7(¢) the derivative %hzo, we obtain
for the right hand side of Formula (8]

[ 7

In the same vein, we obtain for the left hand side

(%fw?e (D) 2965 (5(1) — same with (] ¢ 9)) >

0 0

1
[ s (eate® o ] _ 163 6) - same with (£ o ).

It is clear that integration par parts transforms one side of (the restriction to
~(t) of) Formula (8) into the other. The boundary terms of the integration by
parts involve derivatives with respect to € for s = 0 or s = 1 of expressions
in ¢¥<. But qﬁgé = idy; and (blzé = ¢ is a fixed diffeomorphism, both being
independent of €. Therefore the derivatives, and as a consequence the boundary
terms, are zero.

As the two sides of Formula (&) are thus equal when restricted to an arbitrary
path v(t), they must be equal. O

We now show the following differential geometric lemma concerning the man-
ifold structure of the quotient with respect to the congruence relation:

Lemma 5.4. The map
TsC>(M,Y) D TsBis(Y) — QY (M), 6% — TH(0X) —ild(), %)
is split surjective.

Proof. A section to the map TxBis(Y) — Q!(M) is constructed as follows. Let
Y = (¢s,7ns) € Bis(Y) be given. There exists a neighborhood V' of M x {0}
in M x [0,1] such that for all (m,t) € V, m — ¢,(m) is a diffeomorphism,
because for ¢ = 0, we have ¢y = id);. Furthermore, there exists a real valued
smooth function x such that x = 0 on the complement V¢ of V in M x [0, 1]

and fol x(m,t)dt = 1 for each m which arises as projection of an element of V'
onto its first component.
Now construct the section

w: QY (M) — TsBis(Y), a w(a)
as w(a) = dns where for a tangent vector dm € Ty, ()M we put
6ns(0m) := x(m, t) {Qm, To; 1 (6m)).
Up to a matching of attachment points using T'¢; !, the section may be expressed

as being the 1-form «, seen as a tangent vector to Bis(Y) € €*°(M,Y’) which
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is constant on [0, 1] and has zero component in the T*M-direction, multiplied
with the cut-off function y. Observe that this implies that i*d(}\, dns) = 0.
We therefore have

T5(dns)(dm) —/0 @rons(om)ds —/0 x(m, s) {am,,dm) ds = (a, dm),

showing that w is a section to the above map T8 — ifd(\, —). O

Corollary 5.5. The foliation given by the congruence relation is a regular
Fréchet foliation.

Lemma 5.6. In the point (id, 0) € Bis(Y), the infinitesimal relation in 7{;q oy Bis(M)
corresponding to the congruence relation () is

1
(X, ) € T(ia,0)F & X1 =0 and / asds =0,
0

where F is the leaf of the foliation corresponding to the congruence relation.

Proof. As a first condition, we get clearly X; = 0 from ¢ = idyy.

Using the expression of the map in Lemma [5.] (¢), the congruence relation
reads in ¥ = (id, 0) as T'8(iq,0) = 0, because A(jq,0) = 0.

Hence the tangent map T'8(q,0) of § : C*°(M,Y) — QY M), ¥ +— Bx has
a simple description, namely T'8(;q,0)(X, @) = fol asds. Thus we obtain as a

second condition fol asds = 0. O

In conclusion, we have shown the second main theorem of this article:

Theorem 5.7. The set of equivalence classes Bis(Y') := Bis(Y)/ ~ of bisec-
tions of Y with respect to the equivalence relation (3) becomes a rack with the
rack product induced from the rack product of bisections.

The set of equivalence classes is a quotient of a Fréchet manifold by a regular
Fréchet foliation whose associated distribution of tangent spaces gives the correct
infinitesimal relation in (id,0), i.e. the quotient Leibniz algebra is isomorphic
to the Leibniz algebra of sections T'(TM) of the standard Courant algebroid.

Remark 5.8. Unfortunately, the quotient Bis(Y") is not a Lie rack. We were
not even able to show that it is a local Lie rack. The rack operation is clearly
smooth, but the foliation may be ill-behaved off (id, 0).

5.2 Integration of Dirac structures inside TM

In this section, we will identify the Lie groupoids corresponding to integrable
Dirac structures in Y. We believe once again that this works for a general
integrable Dirac structure D, but for the moment, we can show it only for
integrable Dirac structures coming from Poisson structures = on M.

Let D be an integrable Dirac structure. We will consider Yp, given by

Yp = {(’that) € Y| (F.Yao‘) € Dv(t) vt € [Oa 1]}
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The goal is to pass from an equivalence relation on Bis(Yp) to an interesting
equivalence relation on Yp itself such that the quotient Yp/ ~ of Yp identi-
fies with the (smooth) Weinstein groupoid associated to the integrable Dirac
structure D.

The main idea is to perform symplectic reduction: Given a symplectic cat-
egory X with source and target maps to the manifold M and symplectic form
w € Q%(X), consider a coisotropic subcategory Y C X. The distribution of
subspaces of the tangent spaces given by ker(w) defines an integrable regular
distribution on Y thanks to the fact that Y is coisotropic. Thus the quotient
Y/ ~ carries an induced non-degenerate closed 2-form, but the quotient is not
a manifold in general (but rather some orbifold). In our case, an identification
with the Weinstein groupoid which has been proven to be a manifold for an in-
tegrable Lie algebroid by Crainic-Fernandes [5] will let us conclude that Yp / ~
is a manifold in the integrable case.

In order to proceed (we will take X := Y, the manifold of cotangent paths,
and Y := Yp the subset of cotangent paths (v¢,7:) with (¥:,71:) € D) for all
t € [0,1]), we have to show that our Yp associated to a Dirac structure D is
coisotropic with respect to the symplectic structure w on Y which is just the
symplectic form on T*M taken pointwise on the path.

Lemma 5.9. For any Dirac structure D, Yp is a cosiotropic subset of Y.

Proof. The symplectic form on T*M is Y | dg; A dp;, where the tangent space
to T*M has the usual fourfold coordinates (g;, pi, a%i, 8%) with i = 1,...,n
in case dim(M) = n. The symplectic form is zero on a subset of Y if for all
t € [0,1], there is no (t-dependent) tangent vector with vector part having a
non-zero coefficient in some (a%i, a%i) for some i =1,...,n.

Recall that a Dirac structure is a Lagrangian subbundle of TM which is
involutive, i.e. its sections are closed under the Dorfman bracket. In particular,
local section of D are v + «a € TM with a(v) = 0.

Let us consider the tangent directions to elements (y¢,7:) € Yp. For this,
let us fix paths (v, 7:) € Yp with values in a fixed algebroid leaf Sy of the
Dirac structure. The tangent direction to the n;-component is just the direction
given by 7 itself as the section 7 is linear in the fiber direction. The constraint
(%¢,m¢) € D.(+) means thus that the tangent directions in direction of the path
~(t) at t and in direction of 7, pair to zero for all ¢ € [0,1]. In particular,
the coefficient in (a%i, %) is zero for all ¢ = 1,...,n. As a consequence, the
symplectic form inherited from 7*M must be zero on paths in Yp with values
in the fixed leaf Sy. But being coisotropic means for Yp exactly that the paths
with values in a fixed leaf are Lagrangian, thus we have shown that Yp is
coisotropic. O

In order to show that Yp is a subrackoid, we need two propositions.

Let Gp ——= M be a source connected Lie groupoid integrating D and let
wp be the corresponding 2-form on Gp. In other words, wp is the symplectic
form of the symplectic realization Gp ——= M of the Poisson manifold (M, 7).
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Given a bisection ¥ = (¢, 75) of Gp, there is a map

(1)« ¢1

¥ :TM T™ —f"]I‘M

defined as the composition of ((¢1)«,¢%) : TM — TM pushing forward (resp.
pulling back) tangent (resp. cotangent) vectors to M via the diffeomorphism
¢y and then & wp : TM — TM sending (X, ) to (X,a —ix% wp). The com-
position of these maps covers the infinitesimal automorphisms of the Dorfman
bracket described in Proposition 2.3 of [IJ.

Proposition 5.10. Let Gp —= M be a source connected Lie groupoid in-

tegrating D with 2-form wp. Let ¢1 be a diffeomorphism of M and Y be a
bisection of Gp over ¢1, i.e. ¥ = (¢s,7ns) with ¢1 the given diffeomorphism of
M. Then the map

((¢1)*7¢1

¥ :TM T™ —f"]I‘M

sends D to D.

Proof. The map ¥ covers an infinitesimal automorphism of the Dorfman bracket.
As ¥ € Bis(Yp), this infinitesimal automorphism is inner, i.e. given by the Dorf-
man bracket with an element of D C TM. As D is closed under the Dorfman
bracket, the infinitesimal automorphism sends D to D. Thus the global auto-
morphism which covers it must also send D to D. This last step follows from the
fact that the exponential images in a Lie groupoid cover the identity-component
subgroupoid, see Proposition 3.6.3, p. 134, in [12]. O

Disposing of a Lie groupoid Gp ——= M integrating D makes it possible
to integrate paths in the Lie algebroid D C T*M into paths in the groupoid
Gp, i.e. we obtain an integration map I : Yp — Gp, obtained by evaluating
the path in Gp in 1 € [0,1]. This map can also be understood as the quotient
map with respect to the homotopy relation, see [5].

We state the next proposition for Dirac structures induced by the graph of a
Poisson structure, because we could not locate in the literature the correspond-
ing statement for general Dirac structures.

We are convinced, however, that this extension is true, except that Gp is
not obtained by symplectic reduction. Instead, it is obtained by dividing Yp by
the kernel of w with the condition that the end points of the paths in Yp are
fixed. In particular wp may be degenerate.

Proposition 5.11. Let w be the symplectic form on Y and wp be the symplectic
form on Gp. We have the following situation:

YD # (Y w)

ll :
(Gp,wp)
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Then the pullback [*wp of wp to Yp is equal to the restriction ijw of w to
Yp.

Proof. This follows from [3] using the fact that Gp is the symplectic reduction
of the coisotropic submanifold Yp C Y. O

After these preparations, we can come to the announced result.

Proposition 5.12. Let D be an integrable Dirac structure induced by the
graph of a Poisson structure 7 on M. Then Yp is a subrackoid of Y, i.e. for
all y € Yp and all bisections T € Bis(Yp), we have T >y € Yp, and for all
bisections ¥, 7 € Bis(Yp), we have ¥ > T € Bis(Yp).

Proof. Observe that the bisections of Yp are simply
Bis(Yp) = {X = (¢,1) € Bis(Y) |[Vm € M, (¢™,0m.1)) € Dgmn},

where we recall that for the path ¢ € C°°(M, M), the corresponding family of
paths in M is ¢™ (cf proof of Lemma [2.7]).

Notice that the 2-form in Proposition .10/ is wp, while in our rack product,
it is the 2-form of Y, i.e. w, which takes its place. Thanks to Proposition
171 both forms coincide on Yp, and therefore dfBs = ¥*wp which implies then
Y>> T € Bis(Yp) for £, T € Bis(Yp). Thus Yp is a subrackoid of Y.

O

Now we will induce an equivalence relation (in fact even a congruence rela-
tion) on the cosiotropic subset Yp C Y. The congruence relation on the bisec-
tions Bis(Yp) is the same as for Bis(Y) (see Equation (Bl)) with the difference
that the family {¥;};c[0,1] must have values in Yp:

Definition 5.13. (a) For ¥,%' € Bis(Yp), we define that ¥ ~ X’ in case
there exists {3 }1¢[0,1) where ¥ € Yp for all t € [0,1], ¥g = X, ¥y = ¥/
and 4}i,w = 0.

(b) Call a path v in Yp a homotopy from ~(0) to v(1) in case all families
of bisections {¥};e[0,1] which include v at mq satisfy 7i,&|m, = 0. For
Y,y € Yp, define y ~ 3/ if there exists a homotopy v from y to y'.

(¢) For y,y" € Yp, define y =~ 3y’ if there exists y; with yo = y and y; = 3’ and
s € ker(wp) for all £ € [0, 1].

Here we mean by “the bisection ¥ includes the path v at mg” that for X,
viewed as a map in C*°(M,C>([0, 1], M)), there exists mg such that X,,, = 7.
Observe that the difference between the equivalence relations ~ and ~ on Yp is
that while i}i,0 = 0 is true at all m € M for ~, this is true only in mg for ~.

The equivalence relation = induces in turn an equivalence relation =~ on
bisections, namely ¥y ~ ¥ if there exists ¥; from ¥y to ¥; such that 882;
ker(wp) for all ¢t € [0,1]. Observe that ¥y ~ ¥; for two bisections ¥¢,3; €

Bis(Yp) implies X9 ~ X7 and Zg > — =% > —.

27



Lemma 5.14. The relation (b) on Yp is a congruence relation, i.e. for all
v,y € Yp with y ~ ¢ and all T € Bis(Yp), we have T >y ~ T > ¢/'.

Proof. Include the homotopy ~ between y and 3’ into a family of bisections
{Xt}ep0,1)- Call the limiting bisections at 0 and 1 of {¥;}:ej0,1; ¥ and ¥
respectively. The bisections ¥ and ¥/ are equivalent in mg € M. We have to
show that 7 > % and T > X' are still equivalent in some m; € M. Denote
T =W ¢), L= (¢,n) and X' = (¢',7n'). Our claim follows from the formula

(see Corollary Z10)
dBres, = YidBs, — wikqsft(wfl)*dﬁT + dBT.

Indeed, when computing the condition %}¢,& = 0 with this formula, 4, kills all
terms which do not contain dt, thus we are left with the term in dt coming from
¥idPs,. One concludes by commuting 17 with ¥ and i,,. O

Corollary 5.15. The quotient Yp / ~ is a rackoid.

Proof. By Proposition 5.12] Yp is a subrackoid of Y, and by Lemma .14l the
equivalence relation is a congruence relation and respects thus the classes. [

On the other hand, the symplectic reduction gives the Weinstein groupoid:

Theorem 5.16 (Cattaneo-Felder, Strobl). Let 7 be an integrable Poisson bivec-
tor on the manifold M. Then the set of cotangent paths Yy is a coisotropic subset
of Y and the corresponding symplectic reduction gives the symplectic Weinstein
groupoid integrating .

Proof. Cotangent paths Y, for a bivector m form a coisotropic subset if and
only if 7 is a Poisson bivector. This statement appears in different forms in the
literature, cf Equation (10) in [16], Equation (7) in [§], Theorem 1.1 in [2] and
Theorem 3.1 in [3].

The fact that the symplectic reduction in the Poisson case gives the Wein-
stein groupoid is shown in [3]. O

Remark 5.17. We believe that this is valid for a general integrable Dirac
structure. A hint in this direction is Theorem 2 (p. 22) in [9].

Thus in our framework, Yp/ ~ is the Weinstein groupoid. In order to link
this approach to Crainic-Fernandes framework, we prove the following;:

Proposition 5.18. The equivalence relation ~ on Yp is the one given by the
coisotropic foliation, i.e. relations (b) et (¢) of Definition [B.I3] coincide.

Proof. This assertion follows from the comparison of the two relations discussed
above: On the one hand, the tangency to the leaves means for families of bisec-
tions {X¢}¢ejo,1) in Yp

0%y

wYD(W(m)’ X)) =0
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for every tangent vector 6% to Yp. We claim that this property is equivalent to
the property (see Lemma [5.T]) which satisfies the family of bisections {¥;}c[0,1]
in Yp in our congruence relation, namely

o

5 (m), T (0m)) =0

Wyp (
for every tangent vector dm to M.

In order to show this, we have to construct for a given tangent vector §%
to Yp a family {¥:},ci0,1] in Yp and a tangent vector dm to M such that
TY.;(ém) = §%. This follows from a contractibility property of Yp. As elements
of Yp are sections of a vector bundle, one can contract the fiber component to
zero and then the resulting path to the trivial path. This means that Yp permits
the extension of sections and bisections, and we can thus find a bisection passing
through a given point or even passing through a given tangent vector. O

Proposition 5.19. The rackoid structure on Yp/ ~ inherited from that of Yp
and the rackoid structure underlying the groupoid structure on the Weinstein
groupoid G := Yp/ ~ coincide.

Proof. The proof goes as follows. Let us describe the action of a bisection o of
a source simply connected Lie groupoid G on itself. Choose some g € G and let
a be an A-path which represents g, with A the Lie algebroid of G. Then Ad, (a)
is again an A-path and it represents Ad,(g). (Recall from [5], Section 1, that
the set of homotopy classes of G-paths is homeomorphic to the set of homotopy
classes of A-paths in the sense of [5]). Here Ad, stands for the adjoint action
of the bisection ¢ on the Lie algebroid A.

For the Lie groupoid Gp integrating a Dirac structure D arising from a
Poisson structure, the adjoint action of bisections goes as follows. To a bisection
Y of Gp, one associates a diffeomorphism ¢, of the base and a closed 2-form: the
pull-back ¥*w¢,, of the symplectic 2-form wg, on Gp by the source map. The
adjoint action of ¥ on the Lie algebroid D is then the transformation described
in Proposition

Let us compare this action with the rackoid product r>. For any bisection
Y = (¢¢,m) of Y, and for any a = (v,0) € Y, the rackoid product ¥ > a is
obtained by associating to a the path (v/,0) in TM and then acting on TM
with the help of the transformation ¥ defined as in Proposition By this
procedure, we obtain a path in TM lying over the path ¢; o ~. Its component
in T*M is an element of Y which is equal to X > a. Again, the rackoid product
Y > — depends only on the pair (¢1,d8s), with ¢1,8x as in Definition 241 In
particular, for a bisection ¥ of Yp, the rackoid product ¥ > — depends only on
the image of ¥ in the set of bisections of Gp and, in view of Proposition [B.11]
the closed 2-form dfy, coincides with the closed 2-form ¥*w¢,, described above.

In conclusion, the rack product X > a, with ¥ a bisection of Yp and a € Yp
is equal to Ad,(a), with o the image of ¥ in the set of bisection of Yp. In view
the first paragraph, this completes the proof of the proposition.

O
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