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MEAN SQUARE RATE OF CONVERGENCE FOR RANDOM WALK AP-
PROXIMATION OF FORWARD-BACKWARD SDES

CHRISTEL GEISS,* Department of Mathematics and Statistics, University of Jyvaskyla
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Abstract

Let (Y, Z) denote the solution to a forward-backward SDE. If one constructs
a random walk B™ from the underlying Brownian motion B by Skorohod
embedding, one can show La-convergence of the corresponding solutions
(Y™, Z"™) to (Y,Z). We estimate the rate of convergence in dependence of
smoothness properties, especially for a terminal condition function in C*¢.

The proof relies on an approximative representation of Z™ and uses the concept
of discretized Malliavin calculus. Moreover, we use growth and smoothness
properties of the PDE associated to the FBSDE as well as of the finite difference
equations associated to the approximating stochastic equations. We derive

these properties by probabilistic methods.

Keywords: Backward stochastic differential equations; approximation scheme;

finite difference equation; convergence rate; random walk approximation
2010 Mathematics Subject Classification: Primary 60H10; 60H35; 60G50

Secondary 60H30
1. Introduction

Let (Q, F,P) be a complete probability space carrying the standard Brownian motion B =
(Bt)t>0 and assume that (F;)¢>o is the augmented natural filtration. Let (Y, Z) be the solution
of the forward-backward SDE (FBSDE)

XS:x—l—/ b(r,Xr)dr—i—/ o(r,X,)dB,,
0 0

T T
Y, = g(X7) —|—/ flr, X, Y, Z,)dr — / Z,.dB,, 0<s<T. (1)
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Let (Y™, Z™) be the solution of the FBSDE if the Brownian motion B is replaced by a scaled

random walk B™ given by

[t/h]
By =vh>» &, 0<t<T, (2)
=1

where h = % and (€;)i=1,2,... is a sequence of i.i.d. Rademacher random variables. Then (Y™, Z")
solves the discretized FBSDE
X' =gz+ / b(r, X' )d[B"], + / o(r, X" )dBy,
(0,s] (0,s]

ve—gxp) s [ fexpvrzdp) - [ ziaEn o<s<T @)
(5,7 (5,7

The approximation of BSDEs using random walk has been investigated by many authors, also
numerically (see, for example, [5], [25], [29], [31], [32], [33], [16]). In 2001, Briand et al. [5]
have shown weak convergence of (Y, Z™) to (Y, Z) for a Lipschitz continuous generator f and
a terminal condition in Lo. The rate of convergence of this method remained an open problem.

Bouchard and Touzi in [7] and Zhang in [41] proposed instead of random walk an approach based

on the dynamic programming equation, for which they established a rate of convergence. But this
approach involves conditional expectations. Various methods to approximate these conditional
expectations have been developed ([23], [17], [14]). Also forward methods have been introduced
to approximate (1): a branching diffusion method ([26]), a multilevel Picard approximation ([10])
and Wiener chaos expansion ([6]). Many extensions of (1) have been considered, among them
schemes for reflected BSDEs ([3], [13]), high order schemes ([10], [9]), fully-coupled BSDEs ([18],
[8]), quadratic BSDEs ([12]), BSDEs with jumps ([22]) and McKean-Vlasov BSDEs ([1], [15], [11]).

The aim of this paper is to study the rate of the Lo-approximation of (Y;*, Z}') to (Y:, Z;)
when X satisfies (1). For this, we generate the random walk B™ by Skorohod embedding from
the Brownian motion B. In this case the L,-convergence of B" to B is of order hi for any p > 0.
The special case X = B has already been studied in [21], assuming a locally a-Holder continuous
terminal function g and a Lipschitz continuous generator. An estimate for the rate of convergence
was obtained which is of order h7 for the Ly-norm of YY" —Y;, and of order \/hT%j for the Lo-norm

of 2 — Z,.

In the present paper, where we assume that X is a solution of the SDE in (1), rather strong
conditions on the smoothness and boundedness on f and g and also on b and o are needed. In

Theorem 3.1, the main result of the paper, we show that the convergence rate for (Y;*,Z) to
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(Yy, Zt) in Lo is of order hilg provided that ¢” is locally a-Holder continuous. To the best of our
knowledge, these are the first cases a convergence rate for the approximation of forward-backward

SDEs using random walk has been obtained.

Remark 1.1. For the diffusion setting — in contrast to the case X = B — we can derive the
convergence rate for (", Z") to (Y, Z;) in Lo only under strong smoothness conditions on the
coefficients which include also that ¢’ is locally a-Hélder continuous (see Assumption 2.3 below).
These requirements appear to be necessary. This becomes visible in Subsection 2.2.2 where we
introduce a discretized Malliavin weight to obtain a representation Z" for Z™. While it holds that
Z™ = Z" when X = B, in our case Z" does not coincide with Z". However, one can show that
the difference Z[L — Z}' converges to 0 in Lo as n — oo using a Holder continuity property (see
(63) in Remark 4.1) for the space derivative of the generator in (3). For this Holder continuity
property to hold one needs enough smoothness in space from the solution u™ to the finite difference
equation associated to the discretized FBSDE (3). Provided that Assumption 2.3 holds we show
the smoothness properties for u” in Proposition 4.2 applying methods known for Lévy driven

BSDEs.

The paper is organized as follows: Section 2 contains the setting, main assumptions and the
approximative representation Z™ of Z". Our main results about the approximation rate for the
case of no generator (i.e. f = 0) and for the general case are in Section 3. One can see that in
contrast to what is known for time discretization schemes, for random walk schemes the Lipschitz
generator seems to cause more difficulties than the terminal condition: while in the case f = 0 we
need that ¢’ is locally a-Holder continuous, in the case f # 0 is this property is required for ¢g”. In
Section 4 we recall some needed facts about Malliavin weights, about the regularity of solutions
to BSDEs and properties of the associated PDEs. Finally, we sketch how to prove growth and
smoothness properties of solutions to the finite difference equation associated to the discretized
FBSDE. Section 5 contains technical results which mainly arise from the fact that the construction
of the random walk by Skorohod embedding forces us to compare our processes on different 'time
lines’, one coming from the stopping times of the Skorohod embedding, and the other one is ruled

by the equidistant deterministic times due to the quadratic variation process [B"].
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2. Preliminaries

2.1. The SDE and its approximation scheme

We introduce
t t
X;==x —|—/ b(s, Xs)ds —|—/ o(s, Xs)dBs, 0<t<T
0 0

and its discretized counterpart

k k
XPo=x+hY b(t;, XP )+VhY oty X[ ey, =L, j=0,..m, (4)

j=1 j=1
where (€;);=1,2,... is a sequence of i.i.d. Rademacher random variables. Letting
Gri=o0(e;:1<i<k) with Go:={0,Q}, (5)

it follows that the associated discrete-time random walk (B} )7_, is (Gr);_o-adapted. Recall (2)

and h = % If we extend the sequence (X! )r>0 to a process in continuous time by defining

X[ = X[ for t € [ty,tx11), it is the solution of the forward SDE (3).
We formulate our first assumptions. Assumption 2.1 (ii) will be not used explicitely for our

estimates but it is required for Theorem 4.1 below.

Assumption 2.1.

(i) b, € C*([0,T] x R), in the sense that the derivatives of order k = 0,1,2 w.r.t. the space

variable are continuous and bounded on [0,T] x R,

(ii) the first and second derivatives of b and o w.r.t. the space variable are assumed to be y-Holder
continuous (for some y € (0,1], w.r.t. the parabolic metric d((t, z), (, z)) = ([t—t|+|z—z|?)2)

on all compact subsets of [0,T] x R.
(iii) b, o are %-H(’)’lder continuous in time, uniformly in space,
(iv) o(t,xz) > § > 0 for all (t,x).
Assumption 2.2.

(i) g is locally Holder continuous with order o € (0, 1] and polynomially bounded (po > 0,Cy >

0) in the following sense

(@, 7) €R?,  |g(x) — g(@)] < Co(1+ [ + [3[™)]a — 2|, (6)



Random walk approzimation of FBSDEs 5
(ii) The function [0,T] x R® : (t,z,y,2) — f(t,z,y, 2) satisfies
|F(t2,y,2) = F(E2,9.2) < Ly(VE—t+ |o =2l + |y = 9] + |2 — 2]). (7)
Notice that (6) implies
l9(2)] < K(1+ |o[r™) = W(z), z€R, (8)
for some K > 0. From the continuity of f we conclude that

Ky := sup |f(¢,0,0,0)] < oo.
0<t<T

Notation:
o |-ll,=1" ||Lp(]p) for p > 1 and for p = 2 simply || - ||.

e If a is a function, C(a) represents a generic constant which depends on a and possibly also

on its derivatives.
(] Eo’m = E(|X() = :I?)

e Let ¢ be a C%1([0,T] x R) function. ¢, denotes d,¢, the partial derivative of ¢ w.r.t. x.

2.2. The FBSDE and its approximation scheme

Recall the FBSDE (1) and its approximation (3). The backward equation in (3) can equivalently

be written in the form

n—1 n—1
Y;Z:g(Xjnﬂ)‘i‘hzf(tm+17X;Lm7nZaZZLm)_\/EZ ZZLmEm+1’ OSkSn’ (9)
m=k m=k

if one puts X := X' | Y : =Y/ and Z]' := Z for r € [tim,tmy1)-

Remark 2.1. Equations (3) and (9) do not contain any martingale orthogonal to the random
walk B™ since we are in a special case where the orthogonal martingale is zero (see [5, page 3] or
[34, Proposition1.7.5]). Indeed, for the symmetric simple random walk B™ the predictable repre-
sentation property holds, i.e. for any G,-measurable (see (5)) random variable £ = F(eq,...,&,)

there exists a representation
n
F({-:l, cee ;5n) =c+ E NmEm,
m=1

where ¢ € R and h,, is G,,_1-measurable for m = 1,...,n. To see this, consider

Fler,ren) = E[F(e1, cen)] + Y (]E[F(sl, s€n)|Gm] — E[F(e1, ...,sn)\gm,l]).

m=1
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Put ¢ = E[F(ey,...,&p)]. Our aim is to determine a G,,_1-measurable h,, such that
E[F(e1,..e,en)|Gm] — E[F (g1, s €n)|Gm-1] = hméEm.

We denote
Fo(e1,.sem) = E[F(e1,...,e0)|Gm]-

By the tower property it holds

Fm(gla ...,Em) - mel(glv --~7Em71)

= Fm(f':l, ~~76m) - E[Fm(elv '~~75m)‘g7nfl]

Fm(€1, ey Em—1, 1) + Fm((-:l, s Em—1, 71)
2
F'm,(gh s Em—1, 1) - Frn(€17 ey Em—1, _1>

= Em

2

= Fm(gly ---7€m) -

hence
Fm<€1, s Em—1, ].) - Fm(517 s Em—1, —].)

hnL = 9

One can derive an equation for Z" = (Z7. )iZs if one multiplies (9) by er4+1 and takes the

conditional expectation w.r.t. G, so that

n Eg (g(Xn)Ek) 1) — n n n
A % +EY (VB D fltmin, X2V 20 Ve |, 0 < k < n—110)
m=k+1

where EY := E(-|Gy).

Remark 2.2. For n large enough, the BSDE (3) has a unique solution (Y, Z™) (see [36, Propo-
sition 1.2]), and (Y}}, Z{" )j:_, is adapted to the filtration (Gr)i=s-

2.2.1. Representation for Z We will use the following representation for Z, due to Ma and Zhang
(see [30, Theorem 4.2])

T
Z, = K, <g(XT)N; +/ f(s,Xs,Ys,Zs)N;ds> o(t,Xy), 0<t<T (11)
¢
where E; := E(:|F;), and for all s € (¢,T], we have (cf. Lemma 4.1)
1 5 VX
N! = . dB 12
Sos— t/t o(r, X,)VX, (12)

where VX = (VX),e[o,7) is the variational process i.e. it solves
VX, =1 —|—/ by (7, XT)VXTdr—k/ oz (r, X, )VX,dB,, (13)
0 0

with (Xs)sepo, 7 given in (1).
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Remark 2.3. In the following we will assume that ¢” exists. In such a case we have the following

representation for Z:
T
Z, =E,; (g/(XT)VXT +/ f(s7XS,YS7Z5)N§ds> o(t,Xy), 0<t<T. (14)
t

2.2.2. Approzimation for Z™ In this section we state the discrete counterpart to (11), which, in
the general case of a forward process X, does not coincide with Z™ (given by (10)). In contrast to

the continuous-time case, where the variational process and the Malliavin derivative are connected

by VX _ DXy

VX T (X)) (s <'t), we can not expect equality for the corresponding expressions if we use

the discretized version of the processes (VX;), and (D;X;)s<; introduced in (16). This counterpart
Z™ to Z is a key tool in the proof of the convergence of Z" to Z. As we will see in the proof of

Theorem 3.1, the study of ||Z}! — Z, || goes through the study of || 2}, — ZA[jc || and ||Z{L —Z, |-

Before defining the discretized version of (VX;); and (DsXy)s<¢, we shortly introduce the

discretized Malliavin derivative and refer the reader to [4] for more information on this topic.

Definition 2.1. (Definition of T T . _ and DI.) For any function F : {—1,1}" — R, the

m,+? m,

mappings T, , and T, _ are defined by

T

s F(er, o en) = Fler, .. eme1, XL Emyr, - - En), 1<m<n.

For any £ = F(eq,...,&,), the discretized Malliavin derivative is defined by

Elemlo((icrmpimy)] _ T 6 =T, &
Vh 2h o

Definition 2.2. (Definition of gbgk’l).) Let ¢ be a C%1([0,T] x R) function. We denote

Dpe =

1<m<n. (15)

¢(k,l), Dio(t, X tz )
T . Dan

ti—1

/ Gt 0T, , X2+ (1— )T, _ X )do.

Iropxy

te—1

# 0 the second ' :=' holds as an identity.

We are now able to define the discretized version of (VX;); and (DsX;)s<¢-
Definition 2.3. (Discretized processes (VX;" e Ymeik,..ny and (DEXE )ietk,...ny-) For allm
in {k,...,n} we define

VX = 1+hz 2, XEO)VXET 4 VR T oy (b, X T ) VX0, 0<k <n,

t1—1 ti—1 ti—1 ti—1
l=k+1 l=k+1

roAve Y oD e, 0<k<n. (16)
I=k+1 l=k+1

DX =o(te, X ) +h Y bEODEX)
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n,tg, X Dy X[,
o(tkt1, X7 )"

ence of these terms converges in L, (see Lemma 5.4).

Remark 2.4. (i) Although VX, "

is not equal to we can show that the differ-

(ii) With the notation introduced above, (10) rewrites to

n—1
Zp = Ef (Dp,9(Xp)) +E] (h > Dz+1f<tm+1,xz;m:;,Z;;)). (17)
m=k+1

In order to define the discrete counterpart to (11), we first define the discrete counterpart to
(Nst)sé[t,T} given in (12):

nt X[
k> t

N =V Ko fm_ o p<i< 18
: Z WXn T k<tsn (18)
m= k+1 tm—1

Notice that there is some constant k3 > 0 depending on b, o, T, § such that

(BN ) < —=2

¢ —lk)2

Definition 2.4. (Discrete counterpart to (14).) Let the process Z" = (ZA{L)Z;& be defined by

Zﬁ = Eg (DZ+19(XT JFEg( Z ftmyr, X5 Y 20 )N tk) o(try1, Xt,), (20)
m=k+1

Remark 2.5. In (20) We could have used also the approximate expression E{ (g(X%)NtZ’t’“J(tkH, X)),

but since we will assume that g” exists, we work with the correct term.

The study of the convergence ng\Zt’Z — ZAZZ |2 requires stronger assumptions on the coefficients

b, o, f and g.

Assumption 2.3. Assumptions 2.1 and 2.2 hold. Additionally, we assume that all first and
second derivatives w.r.t. the variables x,y, z of b(t, z), o (t,x) and f(t,z,y, z) exist and are bounded

Lipschitz functions w.r.t. these variables, uniformly in time. Moreover, g" satisfies (6).

Proposition 2.1. If Assumption 2.3 holds, then
E |Z — Z7 )P < Con @ ()R,

where ]ng = E9(-|Xo = ), the function U is defined in (62) below, and Ch.1 depends on
ba g, fagaTa Po and 9.

Proof. According to [5, Proposition 5.1] one has the representations

n n n n n n n
Vi =u"(tm, X{), and Z0 =Dp " (tmir, X)),
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where u™ is the solution of the finite difference equation (44) with terminal condition u"(t,,x) =

g(z). Notice that by the definition of Dy, in (15) the expression Dy, ju" (ty41, X7, ) depends
in fact on X' . Hence we can put
f( m+1aX Y;:Ln Ztn ) = f(tm-‘rlathLa ( Xgn) DZ@-HU ( m+17thm+1))

= F"(tmy1, X{).
From (20) and (17) we conclude that (we use E := Eg’z for || - )

1z - Zz |
n—1
ord (h > DR [t X7 LY Zz;))

m=k+1

n—1
o (h > 1 (tm+1’X?m,YtZ,Z?M)Nt’f;,t’“ff(twl’m)) H

m=k+1

ES | Dt F (b1, X7.,) — DY F" (b, X,

n,tr,X t
o (trt1s tk)Vth L
(tf7th 1)

With the notation introduced in Definition 2.2 applied to F™,

n,tg,X tk

O’(thrl, tk)VX

te—1

HDM Mprs X ) = DEF (b1, X7

(te’th,l)
< ||(Dg+1xfm)(pg,(k+1,m+1) _ prtmn)y)
ot )VXn e X
n m n nwvn k+1, t ¢
+ HFz J(&;m+1) ((DHIX%) — (DX} kX >H
(tb t271)

=: A1 + Ag.
For A; we use Definition 2.2 again and exploit the fact that
x> Fl'(tma1, 1) = 8If(tm+1,x,u"(t,mx),D:ﬁlﬂu”(tmﬂ,Xnmtﬂ’gj))

is locally a-Hélder continuous according to (63). By Hoélder’s inequality and Lemma 5.4 (i) and

(i),

Ay < ||IDy XY

tm

/ ”F m+1, k+1 +ngn + (1 - ﬁ)Tk+1,—Xt7i,L)
- Fa?(tm-ﬁ-l’ﬁTz,Jrthm + (1 - ﬂ)TzﬁX{:n)”‘ldﬁ < C(b7 a, f,g,T,pO)\i/(l‘)h%.

n,(f,m+1)

For the estimate of A, we notice that by our assumptions the Ls-norm of Fy is bounded
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by C¥2(z), so that it suffices to estimate

n,ty,X tk

O’(tk+1, tk)VX

te—1

(tfa th 1)
o(te1, X[ ) Dp X7 Dy Xy,

te—1

ote, Xy, ) o(tkt1, X7) ‘4

o(tier, Xp) DY XE (v X, W)

(t@’th 1) te - O(tk-‘rlanc)

H<Dz+1X?m> _(Dpx7)

4

(Dr1Xt,,) —

(22)

4
The second expression on the r.h.s. of (22) is bounded by C(b,0,T, 5)h% as a consequence of
Lemma 5.4 (ii)-(iii). To show that also the first expression is bounded by C(b, 0, T, 6)h%, we
rewrite it using (16) and get

Dy X}
O’(tp,XZZ 1)

- Koy (e.n) (0
1 by h h
‘( + Z tg,X” )(z to, \/>€l>>

1= ¢ te—1

m n
lX k+1Xtm

teo1

-1
X (a(tk-i-l,XtTZ) + Z DZ+1Xgil(b§:k+1’l)h + Un(ckJrl’l)\/Eel))

l=k+2

-1
(ot (88 s s oni)

I=k+2 1=t
< |DZ+1 xn (b(zk+1 Z)h—i— k+1l ffl)‘

te—1
+ Z [H;l) k+1XtZ N D£+1Xt7;_1:| (bgf’l)h—i-og’l)\/ﬁgl)
I=6+1 Oy Nty _y
m
2 Phai l[b(u)h+o(“)f5l (v ’““’”h+o§’“+1»l>\/ﬁaz)”- (23)
1=(+1

We take the Ls-norm of (23) and apply the BDG inequality and Holder’s inequality. The second
term on the r.h.s. of (23) will be used for Gronwall’s lemma, while the first and the last one can
be bounded by C(b, o, T)h2, by using Lemma 5.4-(iii). For the last term we also use the Lipschitz

continuity of b, and o, in space and Lemma 5.4-(1). O

3. Main results

In order to compute the mean square distance between the solution to (1) and the solution to

(3) we construct the random walk B™ from the Brownian motion B by Skorohod embedding. Let

70:=0 and 75 :=inf{t >74_1:|Bi—B,_,|=Vh}, k>1. (24)
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Then (B;, — By, ,)72; is a sequence of i.i.d. random variables with
]P(BTk - BTk—l = i\/ﬁ) = %’

which means that vhey, 4 B, — B, _,. We will denote by E, the conditional expectation

w.r.t. Fr,:= Gi. In this case we also use the notation A;, := X for all k = 0,...,n, so that (4)
turns into
k k
X =z+ Y blt;, X h+ Y oty Xr )(Br, — Br,_,), 0<k<n.
j=1 j=1

Assumption 3.1. We assume that the random walk B™ in (3) is given by

[t/h]
B} =Y (B; —B,_,), 0<t<T,
k=1

where the Ty, k = 1,...,n are taken from (24).
Remark 3.1. Note that for p > 0 there exists a C(p) > 0 such that for all k =1,...,n it holds

o (tkh)¥ < (B By, — By, |')r < C(p)(teh)t.

The upper estimate is given in Lemma 5.1. For p € [4,00) the lower estimate follows from [2,
Proposition 5.3]. We get the lower estimate for p € (0,4) by choosing 0 < § < 1 and 0 < p < py

such that i = 1].%9 + p%. Then it holds by the log-convexity of L, norms (see, for example [35,

Lemma 1.11.5]) that

B, — B C4)~1(t,h) 4
HBTk_Btk||Zl)—0> | B, b |4 > (4)~ 1 (trh)

Co)tah))
> t 1 .
2B~ Bl = > (Cow)!)

Since for t € [ty, ty11) it holds B} = B,, and ||B, — By, ||, < C(p)h=, we have for any p > 0 that

n 1
sup ||Bf" = Bill, = O(h#). (25)
0<t<T
Proposition 3.1 states the convergence rate of (Y, Z,) to (Y,',Z)) in Ly when f = 0 and

Theorem 3.1 generalizes this result for any f which satisfies Assumption 2.3.

Proposition 3.1. Let Assumptions 2.1 and 3.1 hold. If f =0 and g € C' is such that ¢’ is a
locally a-Holder continuous function in the sense of (6), then for all 0 < v < T, we have (for

sufficiently large n) that

Eoo|Y, — Y72 < CY,U(2)%h?, and Eogu|Z, — Z"? < C3, W (x)%h%

)

where C¥ | = C(Cy,b,0,T,po,d) and C;, = C(Cy,b,0,T,po,0).
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Theorem 3.1. Let Assumptions 2.3 and 3.1 be satisfied. Then for allv € [0,T) and large enough

n, we have
Eoo|Yy — Y1 + Eo ol Zo — Z3 2 < C3.10(x)?h2"
with C3.1 = C(b,0, f,9,T,po,d) and U is given in (62).

Remark 3.2. As noticed above, the filtration G coincides with F,,, for all k = 0,...,n. The
expectation Eg , appearing in Proposition 3.1 and in Theorem 3.1 is defined on the probability

space (Q, F,P).

Remark 3.3. In order to avoid too much notation for the dependencies of the constants, if for
example only g is mentioned and not Cj, this means that the estimate might depend also on the

bounds of the derivatives of g.

From (25) one can see that the convergence rates stated in Proposition 3.1 and Theorem 3.1
are the natural ones for this approach. The results are proved in the next two sections. In both
proofs, we will use the following remark.

Remark 3.4. Since the process (X;);>¢ is strong Markov we can express conditional expectations
with the help of an independent copy of B denoted by B, for example E, g(X}) = IEg()ETTfXT’“)

for 0 < k < n, where

ST X, . ST Xy - X ~
XT: " :XTk + § b(tjaXTjkfl k>h+ E U(tj’XTjk—l k)(B‘ijk _B":j—k—1>7 (26>
j=k+1 j=k+1

(we define 73, := 0 and 7; := inf{t > 7;_1 : |Bt — B;j71| = \/ﬁ} for j > 1 and 7, := 7 + T for
n > k). In fact, to represent the conditional expectations E;, and E,, we work here with E and

the Brownian motions B’ and B”, respectively, given by
Bi = B, + Buyy+  and  BY = Biag, + Bryr, t20. (27)

3.1. Proof of Proposition 3.1: the approximation rates for the zero generator case

To shorten the notation, we use E := Eg .. Let us first deal with the error of Y. If v belongs to

[tk;trs1) we have Y, = Y. Then
E[Y, - Y'[* < 2(E[Y, - Y, |* + E|Y, — Vi ?).

Using Theorem 4.1 we bound ||Y, — Yz, || by

[N

CY W(w) (v — tr)? = C(Cy,b,0, T, po, ) U(x) (v — ty,)
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(since @ = 1 can be chosen when g is locally Lipschitz continuous). It remains to bound

n n t,Xt ~ STk, Xr
EY, —Y? = E[E,9(Xr)—Eqg(XP)? =E[Eg(X,)" ") — Eg(Xr" ™).

Ui, Xy,

By (6) and the Cauchy-Schwarz inequality (¥ := Cy(1 + |X |Po + |)E':f’XT’“ [Po)),

|I~Eg()~(tthtk) _Eg()E::»er)‘Q < (& (‘1’1|th’th _ /?TT;CT;XT,CD)Q ( )E|th’Xt’“ B )ETT:,X%P.

Finally, we get by Lemma 5.2-(v) that

N
N|=

tr, ka

N|=

B, - Yo < (BE(W) (BEIX - 21717 < C(Cpob0, Topo) (@),

Let us now deal with the error of Z. We use ||Z, — Z}'|| < [|Z, — Z4, || + || Z¢, — Z{.|| and the

representation

2= o(t, X)B(g' (X)) VX5 ™)
(see Theorem 4.2), where

Xﬁw = er/ b(r,Xf,’””)dr+/ J(T,Xﬁ’z)dér_t, (28)
t t

VXL = 14 [ ba(r, XPT)VX LAy + / o (r, XNV XETdB, ., 0<t<s<T.
t t

For the first term we get by the assumption on ¢g and Lemma 5.2-(i) and (iii)

120 = Z | = llo(o, Xo)B(g' (X3 ) VEZ) = o(t, X JE(g' (X" ) VRS ))|
< lo(v, Xo) = o (tk, Xe, ) lal|E(g (X3 ) VXZ ) 4
Hlolloo (e (Xe )V XEX) — By (X7 ) v EES))
Hlo oo [E (g (X7 ) VX S) = B(g/ (Xg ") VR

1
1

IN

C(Cyrb,0.T,po) W() [ + |1 X, = X [l + (EE|XG Y — X3 e o)
1

+ (BE|V R — v R0
S C(Cg/vba U,T,pO)\I}(l')h%

We compute the second term using Z;! as given in (17). Hence, with the notation from Definition
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2.2,
n tp, X otr, Xt = Th, X7 \ |2
1Ze, = Z0 | = Elo(ty, Xo ) By (Xh ™ )VX, T — EDpL g(X7 ™))
Tl Xt 2
i i BDy, ,g(E7 )
< o c2>o i th,th Vth,th . k+1
< ol BBl (R Ry - il
5Tk XT
= |loli% ]E‘E tk’Xf’“)VX:k’th) —E( (kt1.nt1) Dip1Xr, 2
" (tkath)
We insert :I:E( (kHlntD g x tk’Xt’“) and get by the Cauchy-Schwarz inequality that
Thy Xy, 9
S ot Xy o ot X = k+1n+1)Dk+1X
Bl TR B g DB
b b (tkath)
Tl y X
N N B 5 ~ D XTka Tl 2
< 2E| /( tlthk) _ g;k+1,n+1)|2E|VX::;th |2 + 2E|g£k+1’n+l)|2E VXtt:7th s o S
(tk’th)
(29)

For the estimate of IN[-E|VX';$’X"’c > we use Lemma 5.2. Since ¢’ satisfies (6) we proceed with

7t ,X
Elg/ (X" ) — glFtimtl))2

: / B (5 - g 0T, B 4 (-0, A
0
< / (Ew})? [ ‘Xt’“Xt’“ 9T, X7 — (1= 9T, X ﬂ%dﬁ,
0
where W i= Cy (1 |Xp 420 + 0T, (0 + (L= 0)T,, 7 ). For BUY and
B | — 0T, A+ (1 - mw,_;e::”%) b
< (192(XE ‘th’th Tk+1,+/\?::’XTk 4‘1 +(1- QO‘E ‘th,th — Tk+1y_A~f';':’XTk 4a>

< CO(b,o, T)h** + C(b,0,T)(| X, — Xr |* + 1Y),

we use Lemma 5.4 and Lemma 5.2-(v). For the last term in (29) we notice that

EE[g{ 1|4 < C(Cyr,b, 0, T, po) U ().

By Lemma 5.2 we have EE|VX::’X”‘ VXTk’ P < C(b,0,T,p)h’, and by Lemma 5.4,
n Tr, Xr, |P
EE VXT’“X M
(tk7th)
woxs DR XP [P Dp,XE DRLXP [P ,
< C(pE|vx™ N - Tttt | ok n v | < (b0, T.p,6)h%.
wE|Tx " e |+ | e - s | <t T

Consequently, [|Z;, — Z1 ||* < C(Cy,b,0,T, po, 8)¥2(z)h% .
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3.2. Proof of Theorem 3.1: the approximation rates for the general case

Let u : [0,7) x R — R be the solution of the PDE (38) associated to (1). We use the
representations Yy = u(s, X) and Zs; = o(s, Xs)u.(s, X;) stated in Theorem 4.2 and define

F(s,xz) = f(s,z,u(s,x),0(s, x)uz(s,x)). (30)
From (1) and (3) we conclude

||}/tk - Y;ﬁ:” < ||Etkg(XT) - ]ETkg(X%)H

Etk/ f(5, X0, Y, Z.)ds — hE,, Zf it X1 Y02

)

where Proposition 3.1 provides the estimate for the terminal condition. We decompose the

generator term as follows:

Etkf(stsa}/st) - Erk,f(tm+17Xn Yn

tm? T tm?

ZZT;YI )

= []Etkf(s?XS’ YS) ZS) - Etkf<tm7Xtm7th>Ztm)] + [Eth(tvatr ) - ETkF(tm’Xgn)]

m

+[E7kF(tma thm) - ]ETkF(t’H’I?Xtm)] + [E‘rkf(tmy Xtm7 }/tm7Ztm) - Erkf(tm+17XZlm7Y7;7 me)]

=: di(s,m) + da(m) + ds(m) + dg(m).

We use

T n
Etk f(sa Xsa Ysa ZS)dS - hETk Z f(tm+17Xt,n7Yn Ztnm)

tr

7‘n+1
(s,m)ds

<Z< +h§Hd )

and estimate the expressions on the right hand side. For the function F defined in (30) we use

tm

Assumption 2.3 (which implies that (6) holds for & = 1) to derive by Theorem 4.2 and the mean

value theorem that for z1,x2 € R there exist £ € [min{x1, z2}, max{x,z2}] such that

|F(t,21) — F(t,x0)] = [f(t,21,ut, 21), 0t 21)ua(t,21)) — f(E 22, ult, 22), 0 (t, 22)ua(t, 22))|
3 U
< C(Ly,0) (1 + 2L, W(€) + (0;22;)) |z — 22
< ClLy,dfl, o T+ o[ + Ixz”(’“)H (31)

By (7), standard estimates on (X, ), Theorem 4.1-(i) and Proposition 4.1 for p = 2 we immediately
get

C(Ly,CY 1, Cu1,b,0,T)¥(x) hz

= C(b,0,f,9,T,po,6)¥(z) h?.

1 (s, m)

IN
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For the estimate of ds one exploits

t, X1, = nt, Xy

Eo, F(tm, Xt,,) = Er Fty, X7 ) = EF (ty, X," %) —=EF (tm, X, ")

and then uses (31) and Lemma 5.2-(v). This gives

1
da(m < CL,62’3,b,U,T, U(x)—— h*.
[[da( )H = ( frt4.2 po)¥( )(T—tm)ﬁ

NG

For ds we start with Jensen’s inequality and continue then similarly as above to get

1

ds(m) || < | F(tm, XP') = F(tm, X1, | < C(Ly, 15, b, 0, TaPO)‘I’(l‘)mhi’
and for the last term we get
lda(m)l| < Lp(h? +11Xe,, = X7 ||+ Ve, = Y Il + 120, — 27, 1)
This implies
n—1
IYe, = Yl < CU@)ht +hLy Y (Y, = Yl + 120, — 21,11, (32)
m=k

where C' = C(-Lfa C‘gla CZ_M C4.1a 0421737 ba g, T7p0) = C(b7 ag, f’ g, T7 Do, 6)

For ||Z, — Zi || we use the representations (14), (17) and the approximation (20) as well as
Proposition 2.1. Instead of Ntrf L’t’“ we will use here the notation N»™ to indicate its measurability

w.r.t. the filtration (F). It holds that

125, = Zo | < 28— Zi |l + 1 2o, — 23

tk,th i, Xey, nte, X7,

< ConW(@)h? + [lo(te, XoJEg' (X, ")V X,
T
+ ]Etk f(S7XS7Y€7ZS)NstdeO'(tkath)

te41

EDng(X

‘. (33)

ol

n—1

~Erh Y fltmgr, X7V 20 INET o (b1, XT2)
m=k+1

tr41
]Etk/ f(S7XS?YS)ZS)N‘:deU(tk,th)

122

:

For the terminal condition Proposition 3.1 provides

th, Xty

tr, Xt = = n,te, X ; 1
o (tr, X ) Eg' (X, ) VX7 —BDR,g(X,) ™) < (C5.0)2 W (@), (34)
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We continue with the generator terms and use F' defined in (30) to decompose the difference

Ei, (s, X5, Y, Zs)NF 0 (t, X)) — Br f(tma1, X0, Y, 20 )NPT 0 (g1, X7
= By f(s,Xs,Ys, Z)NFo (tr, X, ) = B, f(tm: Xe,s Yeos Ze, )N 0 (e, Xe,)
Bt F(tm, Xe, )N o (ty, Xo,) — Ery F(tn, X' N2 0 (b1, X,")
+Eqr, [[F(tm, X[) = F(tm, Xe,)JNZ T 0 (teg1, X0 )]
B, [[f (s Xty Yirs Zt,) = Fbmar, X2, Y 20 IND 0 (g1, X1 )]

m

= t1(s,m) + ta(m) + ts(m) + ta(m)
where s € [tin, tini1). For t1 we use that Ey, f(tm, X, ,Ys,, Zy, ) (N2 — Ni*) = 0, so that

Htl(svm)H < HEtkf(SﬂXS7YS7ZS)NstkU(tkﬂth)_Etkf(tvatva;fmﬂZtm)N;kU(thtk)H

+||]Etk (f(tmv Xtm ) th ) Ztm) - f(tmv th ) }/tk ) Ztk))(Nstk - Ntt:l)g(tk» th)”
As before, we rewrite the conditional expectations with the help of the independent copy B. Then

Etkf(S,Xs,}/s,Z )Ntk 7]Et)€f(tm,Xt }/; ;Ztm)Ntk

_ E[(f( tlmxtk Yt}thk ZtIthk) 7f(tm7th,th Ytantk Ztkaxtk))Ntk]

tm

and

]Etk (f(t'rn?Xtm?}/tm’Ztm) - f(tmvxtkvytkvztk))(Nstk - Ntt:;)

= B[(f (b, Xy V0 2N f b, Xy, Yoy Zay ) (NEE — NEE ).

tm

We apply the conditional Holder inequality, and from the estimates (37) and E|N' — N} =2 <
C(b,o,T, 5)@ we get

Follofloo
(s — t)?
h2
+C(b,0,T, 5)E 1ty Xtys Yerus Z) — S, X, Yo Ze, )|
h2
(s —tx)?

Ht1(87m)H < Hf( XS7YS,ZS)_f(tm7Xtm7th’Ztm)”

S C(Lf,CZDC;Ll,K}Q,b,U,T,p(),(S)\I’(.'L')

)

since for 0 <t < s < T we have by Theorem 4.1 and Proposition 4.1 that

Hf(S7XSa YS7 ZS) - f(taXh}/h Zt)” S C(Lf7 C}L},la C4.1a ba g, T,po)\If(x)(s - t>% (35>
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For the estimate of to Lemma 5.2, Lemma 5.3, (31) and (37) yield

tr, th

YN 0 (b, Xy ) = B (b, X0 )N 0 (b1, Xy )|

[t2(m)] IEF (tm, X,

Ui, Xty

(BE(P (6, K55) = Pt 2 )2)

IA

Tm

+(BE|F (b, 27577 ) = F(tm, X, ) PEING 0 (b, Xuy) = N2 0ty X))

U(z) hi
(T —tm)? (tm —tr)?

=

< C(Ly, ciig’ kz2,b,0,T, po,?)
For t3 we use the conditional Hélder inequality, (31), (19) and Lemma 5.2:

[ta(m)| = ||Ery [[F(tms X7) = F(tm, Xo, )INZTE 0 (trg1, X ]|
C(E% )
T (tm—t)?

< C(Lfacijgab,aaTap07§)

= |V F (b, X72) = Ftm, Xe,,)||

U(z) hi
(T —tm)? (tm — )%

The term t4 can be estimated as follows:

Fealm)l = |Eny [ (tons Xows Yoo s Ze,) = Flbmors XI Y 20 INE oty o) |
C(L ,b, O’,T,5 1 n n
Ly b0 T0) 43 4, — X2 ||+ (Yo — Y2+ 120, — 22 |-

(tm - tk)%

Finally, for the remaining term of the estimate of ||Z;, — Z7 ||, we use (35) and (37) to get

HEtkf(S’X&YSaZS)Nstk U(tk?ath)H = ||Etk[(f(S7XSaYSaZs)_f(s th,i/tk,Ztk))N ] (tletk)'

< C(Lf7CZZ1’C4‘1aK/27b) 0'7T,p0)‘11($).

Consequently, from (33), (34), the estimates for the remaining term and for tq,...,t4 it follows

that
120, = Z0 | < Cox¥(a)h? +(C5,)7W(x)h¥ + C(Ly, CY,,Car,b,0, T, po, 2) U (w)h
T
d
+C(Lf702,1704.17"<‘-/27ba0’7T7p076)\I/($)h%/ i N
t (5 - tk)§
= U(2) hi
+C(Lf762f37"€27ba0—7 T7p075)h 1 1
4.2 m;ﬂ (T —tm)2 (tm —tr)?
n—1
1
+C(Lf7b7 g, T? 5>h Z (Hy'tm - th:l” + ||Ztm - Ztan)il
m=k+1 (tm B tk)2
< O(Con,C: )W (2)h3NE + C(Ly, ¢23,CY,,Car, ki, b, 0, T, po, 6)W(z)h 7
n—1
n n 1
+C(Lf7 b7 g, T» 5) Z (H)/ttm - Y;m H + ||Ztm - Ztm H)ilh
m=k+1 (tm - tk)Q
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Then we use (32) and the above estimate to get

Ve, = Yiell + 1126 — 2,

=

S 0(02.17 C(?fl)\i/(x)h%/\i + C(Lf7 Cg,lv C}l],la C(4.15 6421?:237 R2, b7 a, T7p05 6)\1’(‘23)]7’
n—1
1
+C(Ly,b,0,T,8) Y (Ve =Yl + 1122, — 28 1) ———h.
— m m (tm _ tk)i
m=k+1

m

Consequently, summarizing the dependencies, there is a C = C(b, 0, f, g, T, po, ) such that

N

Yo, = Yl + 1120, — Z3 )l < C¥(x)hEh5.

k

By Theorem 4.1 (note that by Assumption 2.3 on g we have a = 1) it follows that

.

1Yo = Y < 11 = Vi |+ Y, = Y2l < Oy @ (0)h + B(a)h 315,
while Proposition 4.1 implies that
12, = Zu,|| < Cua¥(2)h?,
and hence we have
Boo|Yy — Y + Eou|Zy — 22 < Oy 0(x)2h2N

with 03.1 - 03.1(b7 a, f7g7T7p076)'

4. Some properties of solutions to BSDEs and their associated PDEs

4.1. Malliavin weights

We use the SDE from (1) started in (¢, ),
Xbt =g —|—/ b(r, XL dr —|—/ o(r, X:")dB,, 0<t<s<T (36)
t t

and recall the Malliavin weight and its properties from [20, Subsection 1.1 and Remark 3].

Lemma 4.1. Let H : R — R be a polynomially bounded Borel function. If Assumption 2.1 holds
and X%® is given by (36) then setting

G(t,z) := EH(X3")
implies that G € C12([0,T) x R). Especially it holds for 0 <t <r < T that

0:G(r, X}") = E[H(Xy" )Ny 7| F}],
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where (F1) et is the augmented natural filtration of (BE®),.cp 1,

17 vXbe
N;(t’x) =7 / t,xs tx dBs,
T—r/) o(s,Xs")VX,

and VX" is given in (13). Moreover, for q € (0,00) there exists a k, > 0 such that a.s.
Fq

E Nr,(t,;c)q]:t %<
(E[INZ1FD Tt

and E[NJ"7|F =0 as. (37)

Nl=

and we have , .
| H(X7") = E[H(X2")|F

102G (r, X" ) 1,2y < kg

VT —r
for1<q,p<oow1'th%+$=1.
4.2. Regularity of solutions to BSDEs
The following result originates from [20, Theorem 1] where also path dependent cases were

included. We formulate it only for our Markovian setting but use [P, ,, since we are interested in

an estimate for all (¢,2) € [0,T) x R. A sketch of a proof of this formulation can be found in [21].

Theorem 4.1. Let Assumption 2.1 and 2.2 hold. Then for any p € [2,00) the following assertions

are true.

(i) There exists a constant C, > 0 such that for 0 <t < s <T and z € R,

N

1Y~ Yilloe < CL () ( / <T—r>a-1dr) 7
t

(i) there exists a constant C§ 1 > 0 such that for 0 <t < s <T and z € R,

”Zs a ZtHLp(Pt,z) < le\l’(.’l,‘) (/ (T — T)a_2d7“>
t

The constants C% | and C%, depend on (Lf,Kf,C'g,c}ljg,/fq,b, o, T,po,p), and ¥(x) is defined in

(8).
4.3. Properties of the associated PDE

The theorem below collects properties of the solution to the PDE associated to the FBSDE (1).
For a proof see [12, Theorem 3.2], [43] and [21, Theorem 5.4].

Theorem 4.2. Consider the FBSDE (1) and let Assumptions 2.1 and 2.2 hold. Then for the
solution u of the associated PDE

o?(t,x)

ug(t, ) + =5 Uge (t, ) + b(t, 2)u(t, ) + f(t, z,u(t,x),0(t, v)u(t,z)) = 0,
tel0,T),zcR, (38)
uw(T,z) =g(z), xzeR
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we have

(i) Vi = u(t,X:) a.s., where u(t,z) = JEm(g(XT)—l—ftTf(r,Xr,Yr,Zr)dr) and |u(t,z)] <
ch V() with U given in (8), where ¢}, depends on L¢, K, Cy,T,po and on the bounds

and Lipschitz constants of b and o.

(ii) (a) Ou exists and is continuous in [0,T) x R,

(b) Z&™ = ua(s, X3")o(s, X37) aus.,

2
J(t,0)] < ¥
(c) s (t.) < S

where i, depends on L¢, Kg,Cy,T,po, k2 = k2(b,0,T,8) and on the bounds and Lipschitz

constants of b and o, and hence ¢35, = ¢ 5(Ls, Ky,Cy,b,0,T,po,0).

(iii) (a) O2u exists and is continuous in [0,T) x R,

2 ch ()
(b) |5‘mu(t,:v)| S (T4—2t)17%’

where ¢, depends on Ly, Cy,T,po, k2 = ka(b,0,T,0),C{,,Ci, and on the bounds and
Lipschitz constants of b and o, and hence ¢ 5 = 3 o(Ls, K¢, Cy,b,0,T,po,9).

Using Assumption 2.3 we are now in the position to improve the bound on || Zs — Z[|1, (e, ,)

given in Theorem 4.1.

Proposition 4.1. If Assumption 2.3 holds, then there exists a constant Cy1 > 0 such that for
0<t<s<T andx €R,

1Zs = Zilln, @,y < Cox¥(a)(s —1)2,

where CVél.l depends on Ciiga b, a, fag,T7p07pa and hence C4.1 = C4.1(ba ag, fagaTvp(),pa 5)

Proof. From Z%* = u,(s, X\%)o (s, X5%) and VYH? = Opu(s, XH¥) = ux(s, X0*)VXET we

conclude

vy’st,z

Zt,w —
® vXL®

o(s, X", 0<t<s<T. (39)

I S

It is well-known (see e.g. [19]) that the solution VY of the linear BSDE

T T
VY, = ¢'(X1)VXr +/ f2(©)VX, + f,(0,)VY, + f.(0,)VZ,.dr — / VZ.dB,, 0<s<T,
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can be represented as

VY
VX,

T
o / s s
= E.[¢/(Xr) VXT3 + / £.(0,)VX T dr]

T
- E[g'(X;’XS)VX;’XSf;lXS + / fo(@3 %) VXS XD Xedr|, 0<t<s<T, (41)
where ©, := (r, X,.,Y,, Z,) and I'* denotes the adjoint process given by

=1 —|—/ fy(0,)T du + / f2(0)5dB,, s<r<T,
and
Ler =1+ / Fy (O Iy dr + / [0 B, t<s<T zeR
t t
where B denotes an independent copy of B. Notice that VX;5 ¥ =1, so that

VYtt,x
VX

Then, by (39),

T
= VY = B[y (R VALY + / (657 VXL T ar].
t

VY, VY,
X

p— < -
1. ZtnL,,(u»t,nC(")H‘Vs VX,

VYl [(5 — ) I X5% x|L2p<u»,,,m>1].
LP(Pt,m)

Since (VY,, VZ,) is the solution to the linear BSDE (40) with bounded f, fy, f., we have that
||VYYt||L2p(IP’t,I) < C(ba g, fagaT7p)' ObViOUS1Y> ||X£7.L - x”sz(Pt,z) < C(baav T,p)(S - t)% So it

remains to show that

Nl=

H VY, VY
Ly(Pr.0)

VX VX

<CU(z)(s—1t)2.

We intend to use (41) in the following. There is a certain degree of freedom how to connect B

and B in order to compute conditional expectations. Here, unlike in (27), we define the processes

B; = Buns + Bu\/s - Bs and BZ = Buat + Buvt - Bt; u>0

VY.
VX,

VY
VX!

as driving Brownian motions for and respectively. This will especially simplify the

estimate for E|T5~ — 4

7 below. From the above relations we get for (X, := X5®)

VY, VY,
VX, VX,

< B[y (X5 v - g (R VAT
)

o
t

T
/ B|fo(6p X ) VRSN - (0 VLT |dr

Lp(Pt,r P

dr

p

E|fo(00) VX1

+

p

= J1+ Jo + J3.
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Since ¢’ is Lipschitz continuous and of polynomial growth, the estimate J; < C(b, 0,9, T, p)¥(z)(s—
t)% follows by Hélder’s inequality and the L, -boundedness for any ¢ > 0 of all the factors, as
well as from the estimates for X;X — X5% and VX;’XS — VX5 like in Lemma 5.2. For the T

differences we first apply the inequalities of Holder and BDG:

; ( / Ifz(éi’XS)fi’XSIQdT>
t

T
+B [ 1,85 RE Y - f, Bk T 1ar

S

E[TY — T3 < C(T,q) [(s—t)q‘llﬁ / |f, (O )Ts X
t

T
+JE< / | f(©3X DX fz((:)f.’x)ff.’”|2dr> }

Since f, and f, are bounded we have E|T$X

[Le|4 < CO(f,T,q). Similar to (31), since

fx, fy, f» are Lipschitz continuous w.r.t. the space variables,

[fo(O3%) = fo(O0) = |fulr, XN ulr, X% ), 0 (r, X2 Jug (r, X0X9))

N | v 5, X s
X

(7“)

—fo(r, X2% u(r, X5%), o (r, X”) Uy (r, XE7))|
t
T

71"

IN

(04 2,0, f, T)(1 + ‘Xfxg

)

NJ=

so that Lemma 5.2 yields

| X —2]7 + |5_t|%
(T—r)%

IEfI (:)i)XS _fm’ éi,w 1 é C CQ’Bvbao—vaTva,q 1+ Xs potl + xp(ﬁ_l 1
4.2

The same holds for |f,(05%:) — f,(04%)| and |£.(©2%¢) — f.(©4®)|. Applying these inequalities

and Gronwall’s lemma, we arrive at

TA TS T 1
B[S =T%°l, < C(ci3,b,0, f,9,T,po,p) ¥ (w)]s — ]2

for p > 0.
For J, < C(t — s) it is enough to realise that the integrand is bounded. The estimate for J3
follows similarly to that of Jj. (]

4.4. Properties of the solution to the finite difference equation

Recall the definition of DI, given in (15). By (4),

Xt = a4 hb(tmg1, @) + Vo (b1, ©)em1, (42)
so that
T,y st (tmyrs Xftﬁl) =u"(tmt1,® + hb(tmy1, ) = \/Ea(tmﬂ, x)). (43)
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While for the solution to the PDE (38) one can observe in Theorem 4.2 the well-known smoothing
property which implies that w is differentiable on [0, T') xR even though ¢ is only Hélder continuous,
in following proposition, for the solution u™ to the finite difference equation we have to require

from g the same regularity as we want for u".

Proposition 4.2. Let Assumption 2.3 hold and assume that u™ is a solution of

un(tn’ux) - hf(tm+17x7un(tmux)apzl+1u ( m+17Xnm€;';’w>)

]' n, xr
= [T g1, Xpobm®y o

2 m+1,+u( tm+t1 m+1,—

U (b1, Xp0T)], m=0,...,n—1, (44)

tm+1

with terminal condition u™(t,,x) = g(x). Then, for sufficiently small h, the map x — u™(t;,, x) is
C?, and it holds

[0 (tm, )]+ [0 (E @) < Cuny U(2), [ty (tm, 2)] < Cuna U2 (2)

and
[y (b ) = Uity (b, )| < Cung (14 |2]°P0FT 4 [2|P0*7) [z — 7|7, (45)
uniformly in m = 0,...,n — 1. The constants Cyn1, Cyno and Cyn3 depend on the bounds of

f,9,b,0 and their derivatives and on T and pyg.

Proof. Step 1. From (44), since g is C? and f, is bounded, for sufficiently small i we conclude
by induction (backwards in time) that u?(¢,,,x) exists for m = 0,...,n — 1, and that it holds

WPl 2) = Rl 20 (b 2), Doy (b1, X75707)
b 0" s ), Dl b, XE77) 0 b, )
et 20" s ), Dl 6 b, X707 7)) 00Dl s, XP71)
(BT, ™ o, X207 0uT, " (b, X[ ).

Similarly one can show that u?, (t,,, ) exists and solves the derivative of the previous equation.

Step 2. As stated in the proof of Proposition 2.1, the finite difference equation (44) is the
associated equation to (9) in the sense that we have the representations (21). We will use that
U™ (t, ) = Y;""* and exploit the BSDE

Yt = g(Xptmt) + / fs, X[tm® yotm®  Z7obm ) g B
(tmaT]

- / ZMtmr B, (46)
(tm,T]
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where we will drop the superscript t,,, from now on. For «[(t,,,x) we will consider

VY = 0,Y" = ¢(X})o. X} +/( ]fmc‘)wX;L + fy0. Y + f.0.Z7 d[B"]s
tm, T
- / 0, 2" dB". (47)
(tm,T]

Similarly as in the proof of [30, Theorem 3.1] the BSDE (47) can be derived from (46) as a limit
of difference quotients w.r.t. z. Notice that the generator of (47) is random but has the same
Lipschitz constant and linear growth bound as f. Assumption 2.3 allows us to find a py > 0 and
a K > 0 such that

l9(@)] +1g' ()] + |g" ()] < K(L+ |z[F*) = U(a).
In order to get estimates simultaneously for (46) and (47) we show the following lemma.

Lemma 4.2. We fix n and assume a BSDE

Y, = g"+/ f(s,xs,,vs,,zs,)d[B”]s—/ Z, dB", m<k<n, (48)
(tkaT] (tva]
with €* = g(X2"™") or €" = ¢/(Xp' )0, X0t and X 1= Xt or X, 1= 9, X™tm % such

that f: Q x [0,7] x R® — R is measurable and satisfies

IN

|f(W,t,l‘,yaZ) - f(w,t,x’,y’,z’ﬂ Lf(|l‘ - xl| + |y - y/| + |Z - Z/|)7

flw,t, 2,9, 2)] < (Kp+ L)1+ |2 + |yl + [2]). (49)
Then for any p > 2,
(i) E[Yy, [P+ 2E f(tk 7] IYs—|P72|Z5_|?d[B"]s < CU¥P(x), for k=m,..,n and some~y, > 0,

(ii) IESuptm<s§T ‘st|p < C'\pr(x),

p
2

(ii)) B( fy,, )12 2dlB],) * < COP(a),
for some constant C = C(b, 0, f,9,T,p,po).

Proof. (i) By Itd’s formula (see [24, Theorem 4.57]) we get for p > 2

Yol = €7 =p [ NP TZdB v [ NN X Yo 2o (B,
(tx,T] (tr,T]
- Z (Y|P = Yo |P = stf|st|p_2<Ys =Yl (50)
SE(ty,T)
Following the proof of [27, Proposition 2] (which is carried out there in the Lévy process setting

but can be done also for martingales with jumps, like B™) we can use the estimate

- Z [1Ys]? = [Ys—|P _st—|Ys—|p_2(Ys =Y ) <= Z |Ys—|p_2(Ys - Ys—)2
Se(tk,T] SE(tk,T]
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where ~y, > 0 is computed in [38, Lemma A4]. Since
Ytg+1 - Ytg+17 = f(tl+17 xtgv Ytea Ztg)h - Ztg \/EE@+1
we have

— > IV = Y P = pY Y P(Y = Y]
sE€(tg,T]

n—1 9
S 77? Z |Yt2 |p72 (f(teJrla th ) Ytz ) th )h - Zt[ \/ﬁf[.}rl)
=k

— —h Yo P2 2(5,Xo, Yoo, Zo)d[B"]s — /

Yo 2z, P,
(tx,T] (tx,T]

+27p/ Yo [P72F(5,Xs—,Ys_,Zs_)Zs_(B* — B )d[B"];.
(tva]

Hence we get from (50)

Yo lP < ¢ —p /( Yo l¥o P 2B 1 /( A e e R ]
te, T tr, T

[ NP2 B,
(tx,T]
+2yp/ Yo [P72f(s, Xs—, Yoo, Zs—)Zs— (B2 — B™ )d[B"].
(tk'vT]
From Young’s inequality and (49) we conclude that there is a ¢ = ¢/(p, Ky, Ly, 7p) > 0 such that
DY P 65, X Y Zu )] € Yo P2 (2o P (1 X [P Yo ),
and for vVh < m we find a ¢’ = ' (p, Ly, Ky,7y,) > 0 such that
23 VR o P2 65, X Yo, Zo [ Zo| < Yo P2 1Z0 [P " (1 X P + Y, [P).

Then for ¢ = ¢’ + ¢’ we have

Yol < 1€P-p [ Ve NePRZedB e [ 1 P Y PdlBY),
(tr,T] (tk,T]

_771) |st|p_2 |Zs,\2d[B”]s. (51)
(tva}

By standard methods, approximating the terminal condition and the generator by bounded
functions, it follows that for any a > 0

a
2

E sup |Y4|*<oo and IE/ |Z,_|?d[B"], | < oo.
teSs<T (te. T
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Hence f(tk,T] Ys—|Ys_|[P72Z;_dB" has expectation zero. Taking the expectation in (51) yields

BN+ 3E [ Yo P2 PABT <B4 B [ 14X e PBT. (52)
(tr,T] (tg,T)
ince an + X5 s are polynomially bounded in z, Gronwall’s lemma gives
Si E|¢™|P d]E(tkT]l Xs— |Pd[B™ 1 ially bounded i G 1’s 1 i
||Ytka S C(b7o-7f7g7T7p7pO)<1+|x|p0+1)’ k:m7"'7n7
and inserting this into (52) yields

1
(E/ |YS*|p_2|Zsfl2d[Bn]s> ! < C(b7 a, f?gaT;pva)(]' + |x|p0+1)7 k= my...,n — 1.
(tva]

(ii) From (51) we derive by the inequality of BDG and Young’s inequality that for ¢, <t <T

E sup Yol
tr<s<T
%
< E[£"P+C(pE / Y s |?P72|Z5— |2d[B"]s +CE/ L+ [Xe— [P+ [Ys_[Pd[B"]s
(tk»T] (tk7T]
< ElE") + cE / 14 X,_[Pd[B"], + C(P)E | sup [Y._| ( / |vs_|p—2|zs_|2d[3"}s>
(tr,T) tp<s<T (ts,T)
+eE / Y, Pd[B",
(tva]
< B¢+ B / 1+ X, [Pd[B"], + C(p)E / Yo P2, (BT,
(tk’T] (tva]
+E sup |Yo_[P(F +c(T — ty)).
tr<s<T

We assume that h is sufficiently small so that we find a ¢ with ¢(T — t;) < ;. We rearrange the

inequality to have Esup;, ;<7 [Ys—|? on the Lh.s., and from (i) we conclude that

E sup Yo P < 2E[E"P+20E / 1+ [Xo_[Pd[B"), + 2C(p)E / Yo P22, [2d[B"].
th<s<T (t,T) (t,T]
< C(b,o,f,9,T,p,po)(1 + |z|Pot1r),

Now we may repeat the above step for Esup,, i<, [Ys—|P with c(ty — ) < 1 and " = Yr
replaced by Yy, , and continue doing so until we eventually get assertion (ii).

(iil) We proceed from (48),

sup / Z,_dB?
(te,T]

k<t<n

p p
<cw(ler+ s M+ ([ fexe Yo zoas)).
k<t<n (

tr,T]

[N
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so that by (49) and the inequalities of BDG and Hélder we have that

P

E(/(tk,T] \zs,|2d[B"}s)5

p
< CO(EEP+E sup Vo) + O L KB ( [ 1o K+ Ve fd[B7),
k<t<n (t

k1]

P
2

t,T)

+C(p, L, K;)(T — t1,)*E (/( |ZS_2d[B”]S>

ya
2

Hence for C(p, Ly, K)(T —tx)
of the other terms that

< 1 we derive from assertion (ii) and from the growth properties

ya
E(/ - Pd[B"],) " < Cb,0, £,9,Tp,po) (1 + Ja] oF7), (53)
(tva]
Repeating this procedure eventually yields (iii). O

Step 3. Applying Lemma 4.2 to (46) and (47) we see that for all m =0, ...,n we have

Ut )] = [V | = (B(Y,2T7)2)2 < O(b,o, g9, Ty po) (1 + |z[PoF1)

and
W2 (t, 7)| = (B(9, Yy )2)E < C(b,o, f.9,T,po) (1 + x| ). (54)

Our next aim is to show that u”_ (¢, x) is locally Lipschitz in . We first show that u?, (¢, x)
has polynomial growth. We introduce the BSDE which describes u}, (¢m,2) and denote for
simplicity

f(t,z1,22,23) :== f(t,z,y,2) and D% := 8;118;2‘28;33 with a:= (i1, 12,13)
and consider
2Ye = ¢"(XP)0.X7)" + ¢ (XP) Do X7
1 D DN O IS GBI S L CR AR CRZB LN
(tTVL)T] ae{07172}3
i1+i2+i3=2
+/ Yo (DU XD Y ZE ) (05X ) (03 ) = (9525 ) d[B"]s
tmsT] et0,1y®
i1+i2+iz=1

— / 027" dB". (55)
(tm T

We denote the generator of this BSDE by f and notice that it is of the structure

f(w’tam>yaz) = fO(W’t) + fl(w7t>m + f2<w,t)y + f3(w7t>z'
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Here fo(w,t) denotes the integrand of the first integral on the r.h.s of (55), and from the previous
results one concludes that E( [, 7y [fo(s—)|d[B"]s)? < co. The functions f1(t) = (DO £) (8, ) =
(0:f)(¢,-) as well as fo(t) = (0, f)(t,) and f3(t) = (0.f)(¢,-) are bounded by our assumptions.
We put

&= g"(XP)(0.X7)° + ¢ (X3) D2 XF-
Denoting the solution by (Y, Z) we get for C(f3)(T — ) < 1 that

N 1 R
E|Y,, |? + -E |Z,_|*d[B"],
" 2 St

<C{]E|§”|2 —HE(/(t

Now we derive the polynomial growth I[-E|§C”|2 < CU2%(z) from the properties of ¢’ and ¢” and

2 ~ ~
fols)dB™.) +E [ PV PBn | (50)
T] (tvnaT]

m

from the fact that Esup, _,r|85X7[? is bounded for j = 1,2 under our assumptions. Then the

estimate
2
o n 4
E( /@m,T]'fO(s Jd[B,) < Cv(a)

can be derived from Lemma 4.2(ii)-(iii), so that Gronwall’s lemma implies

Y] = e (b, 7)| < OV (2), (57)

Finally, to show (45), one uses (55) and derives an inequality as in (56) but now for the difference
Y R

Before proving it, let us state the following lemma.

Lemma 4.3. Let Assumption 2.3 hold. We have

N\ P
(E sup | Zg2 " — Zﬁf’"’””l”) <CW()?+ 9@ )|z -z, p>2, (58)

(SIS

B( [ juzpter - 0,20t PABY.) < U@ + V@) - o, pz2 (59)
(tm,T)

g
£ / 22T Pd[BM], | < CUM(x), p>2, (60)
(tm,T]
for some constant C = C(b, 0, f,9,T,p,po).

Proof of Lemma 4.3. (58): Introduce G(tgi1,) = DZ+1un(tk+1,ch’i’;’$). Using relations
(42)—(43) and the bounds (54) and (57) for «? and u?,, respectively, one obtains

xrx)

|Gthi1, @) = Gtisr, )| < O+ [a Pt 4 [22FotD) |z — 7|, 2,2 €R,
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uniformly in ¢,1. Since th$ = ’Dgﬂu”(tkH,X&’i’i’”) = G(tg41,n) where n = Xﬁc’t’”’x, the

previous bound yields
‘Z&’tm’x o ZZ’:tm,i| S C(]. + |XZ’:tm7I‘2(po+1) + |ch,tm,f|2(l70+1))|ch,tm,1 . Xz:tm’i|

uniformly for each t,, < t; < T. Inequality (58) then follows by applying the Cauchy-Schwarz
inequality and standard L,-estimates for the process X".

(59): This can be shown similarly as Lemma 4.2-(iii) considering the BSDE for the difference
O Yyt ™ — 9, YT instead of (47) itself.

(60): This one gets repeating again the proof of Lemma 4.2-(iii) but now for the BSDE (55). O

By our assumptions we have

Elémtm@ _ én,tm@ 2 < C(\If2(.’£) + \I/Z(f))(]. + |£E‘2 + |f‘2)|1’ _ f|2a7

where we use |z — Z|2 < C(1 + |x]? + |Z|?)|z — Z|**. The term |z — Z|? appears for example in the

estimate of (8, X"")2 — (9, X/ )2, To see that
_ 2
B( [ 15— ST IBTL) < CUO) + U@ L+ [af? + oo o
(tm, T

we check the terms with the highest polynomial growth. For example, we have to deal with terms

, 2 _ 2
like E<f(tm,T] |Z;ij’m—Z;ij’m |81:Z;z;tm,z |2d[Bn}s) and E (f(tm"f] |8IZ:Ltm’z |2_ |3xZ;‘f"““’ |2d[Bn]s> .
We bound the first term by using (53) and (58)

_ 2
B( [ jzpter o 2zttt P B,
(tm T

1
2

< (Esup|z!t* — Z;Lfm’fl“)% (E(/ |angitm’$|2d[Bn]s>4)

(tm7T]
< O (a) + V@) |a — 2204 ().

We bound the second term by using (53) and (59)

_ 2
B( [ oz oz rap.)
(tm7T]

e e N X !
(tm, T

- (tm T

< @)+ V@) (T (@) + V(@) — al?
< CWO() + TO@) (220 + [ — o
< C@P@) + W@+ [ + ol - 3l
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While all the other terms can be easily estimated using the results we have obtained already,

for

AB™.) < O @)+ 0 (@) (14 o) o7

B([ ooty szt
( mxT]

we need the bound (60).

The result follows then from Gronwall’s lemma.

Remark 4.1. Under Assumption 2.3 we conclude that by Proposition 4.2 there exists a constant

C= C(bv g, fagaTapap()) > 0 such that

[ (tm, ) = u" (b, T)| < C(14U(x) +¥(T))[z — 7],
D1t (g, X000) = Dyt (g, X0007)) <0 CL+ 0 () + 92(2))|2 — 2,
[0 (tm, @) = ug(tm, 2)] < C(1+ W2 (2) + ()2 — 2],
0Dt (s X ®) = D" (b, X )| < O+ W) + B(@)er — 2%,
102Dy 1™ (b, X ") <0 O+ W (a)), (61)
uniformly in m =0,1,...,n — 1, where
U(z) =1+ |a|OPoFS, (62)

In addition, for 9, F" (tm1,2) = Op f(tmt1, T, " (tm, ), Dty U™ (Epya Xftﬂw)) we have

|00 F"™ (tm-t1, @) = 0p F" (t1, 7)| < O(L+ ¥ (2) + ¥ (2))]ar — 2[* (63)

uniformly inm = 0,1,...,n—1. The latter inequality follows from the assumption that the partial
derivatives of f are bounded and Lipschitz continuous w.r.t. the spatial variables, from estimates
proved in Proposition 4.2 and from those stated in (61) above.

From the calculations it can be seen that in general Assumption 2.3 can not be weakened if one

needs 0, F™(tm+1, ) to be locally a-Hoélder continuous.

5. Technical results and estimates

In this section we collect some facts which are needed for the proofs of our results. We start

with properties of the stopping times used to construct a random walk.

Lemma 5.1. (Proposition 11.1 [39], Lemma A.1 [21].) For all 0 < k <m <n and p > 0, it holds
for h = L and 7, defined in (24) that
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(i) Ery = kh,
(ii)) E|r|P < C(p)h?,
(iii) E|B, — By, | < C(p)E|re — ti|P < C(p)(th)®.

The next lemma lists some estimates concerning the diffusion X defined by (28) and its

discretization (26), where we assume that B and B are connected as in (27).

Lemma 5.2. Under Assumption 2.1 on b and o it holds for p > 2 that there exists a constant

C =C(b,0,T,p) > 0 such that
(i) E| X3 — X;i$|p <O(ly—zlP +|s—t|?), x,yeR,stel0,T],

sy T oth, ot yd
(i) Esups as, <r<ynt | Xerir = Xerian, P SCh1, 0<k<n,0<1<n—-k—-1,0<m<

n—k,
(iii) E|[VX5Y — VXE* P < CO(ly — [P +|s — t|2), x,y €R, s,t€[0,T],
(iv) Esupgcicp, |[VXLHP<C, 0<k<n,0<m<n—k,

P<C(z—ylP+h%), 0<k<n,0<m<n-—k,

Tk+Tm

(v) E| X8 — X

(vi) E[VX5f — VXYL P<C(lz—ylP+h%), 0<k<n 0<m<n-—k

Tk+Tm

Proof. (i): This estimate is well-known.

(ii): For the stochastic integral we use the inequality of BDG and then, since b and o are bounded,

we get by Lemma 5.1 (ii) that

- tr,T tk x P
E- sup |th+7 tk+'rz/\tm‘
TNt <r<Ti1 1 \tpm,
P
2

< C@)IBIBET+1 = 7ol + [lo]|ZEl7irr — 71l ) < C(b,0, T, p) hE.

(iii): This can be easily seen because the process (VX;¥),c[s ] solves the linear SDE (13) with

bounded coefficients.

(iv): The process solves (65). The estimate follows from the inequality of BDG and Gronwall’s

lemma.

(v): Recall that from (4) and (26) we have

X, = X5 =y+/( ]b(tk+r,XZL’i‘;?3)d[B",B”]T+/ olts + 1, X2 )dBY,
0,t

Tr+Tm trt+tm
(0,tm]
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and Xf:ftm is given by
tm . tm
Xirh, == +/0 bty + 7, X0 )dr +/0 oty +r, X{0)dB,.

To compare the stochastic integrals of the previous two equations we use the relation

oo m—1

/(Ot] oty +r, X{ijry)dBn / Z tk+l+1ath+l Nz .,7.,)(r)dB,.

We define an ’increasing’ map i(r) := t;41 for r in (¢;,%;41] and a ’decreasing’ map d(r) := t; for

(t1,t1+1] and split the differences as follows (using Assumption 2.1-(iii) for the coeflicient b)

th, t
E’Xt:+t7n - X::cftrzi
t777f
~ N St th, th, t,
< Cow) (Jo=oP 4B [ i) IR i P IR - Ko )

tm

C(p)E| o(ty +r, X{55)dBy [P

tm ATm

(p)E| Z o (thrir, X0 )z 7,40 (r)d B[P

tom A Tm 1=0

tm ATm m—1
C(p)E te + 7, X)) (t bty 1(r)dB, [P (64)

(p) | 0 U(k r, tk.+r 0 k+l+17 tH—l (71,7141 rl .
=0

We estimate the terms on the r.h.s as follows: by standard estimates for SDEs with bounded

coefficients one has that

tp+r

tm
B[ 018+ 1R — K P < 0 T

By the BDG inequality, the fact that ¢ is bounded and Lemma 5.1 we conclude that

tom m—1 P
i / o(te + 7, XI5 )dB, —HE‘ / S oltieren, K5V 5, (r)dB,
tm ATm tm ATm 1=0

< C(0,p)|ollBElTm — tm|* < Clo,p)(tmh) %
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Finally, by the BDG inequality

p

tm A Tm m—1
T vitk, n,te,
]E‘ / U(tk +, Xt:—i-r Z g tk+l+17 tk+]; y)l(ﬁ,‘?z-pl](r)dBT
0 1=0

P
2

IN

t’V?'L
E(/ Z |J tk + 1, Xf:jrr) - U(tk+l+17XZ;:_I,my)| 1 (1 Tl+1]( )dT‘)

IN

~ m—1 7']+1/\t . ~
.7z
C(‘LPE( E / Fip1 =t |2 + |7 — tiga|® + | X, — X iane, "
=0 VT

TiA\tm

fk+L

tr, . n RNAY
+|th+'r,/\tm [Pdr

IN

2p)%

C(o,T (h% E|7 — ,[P)? E Xber _ gler
(0,T,p) +1rﬁnli}7(n( 7=l +0rﬁnli}7(n( 7:1/\tmgs7“1;€)~'l+1/\tm| bty AT

th, ks ~ -
"’E Z |Xt:+7'l/\t XZHI; y|p(7'l+1 - Tl))-

. - J T 0otk >y i
Moreover, since 7341 — 7; is independent from |Xt"+nm — X5 |P we get by Lemma 5.1-(i)

m—1

- ‘ ot

I Z |Xt:fﬁ/\tm - XZH); y‘p(Tl+1 - Tz)
=0

ot Ty At trotr Pty —tr)

m—1
— } : |th,cc~ _ X ™tey|p
=0

th,$

tm
< C(T,p)(]E/ |thac _Xnmmy |pdr+ HllaX ]E‘th—i-‘rz/\t - tk+tl|p)'
0

tr+d(r) tr+d(r)

Using Lemma 5.1-(iii) one concludes similarly as in the proof of (ii) that ]E|X::fﬁ/\t Xtt:l,-tl [P <
C(b,o,T,p)h%. Then (64) combined with the above estimates implies that

tr, n,te,y
E‘th"l‘tm, th-‘rtm

tm
< CoTop)(jo— o + 18 +E [ 1R07,) - Kot pr).

Then Gronwall’s lemma yields
B Xi1, — X0 ]" < C0.Top)(je —yl” + %),
(vi): We have
VXY = 1+ / . ba(t, + 7, XU )V XY d[B™, B,
" /( ol K VL By (65)
and

tm tm .
VX =1+ /0 be(t + 1, X0V X0 dr + /0 ooty +r, X0 )VX{EdB,.  (66)
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We may proceed similarly as in (v) but this time the coefficients are not bounded but have linear

growth. Here one uses that the integrands are bounded in any L, (PP).

Finally, we estimate the difference between the continuous-time Malliavin weight and its dis-

crete-time counterpart.

Lemma 5.3. Let B and B be connected via (27). Under Assumption 2.1 it holds that

|th — XTk|2 + h%
(tm _tk)%

Proof. For NI'™ and Nf,’jz given by (12) and (18), respectively, we introduce the notation

E|N{* o (te, Xi,) = N o (trrr, Xr,)[? < C(b,0, T, 6)

, m=k+1,...n

1

tm—k

N;:L0'<tk, th) =

tm—k - - 1 Tm—k
/ athrSst and N:r::—ka(tk:+1a XTk) = t / ‘rkJrsdB
0 m—k JO

with
b, Xty J(tkvth)

P o(try1, Xr,)
=VX and a” : V ' liciz , 71-
k Py s —1,
Otyts - tp+s b, X, Tets - Tk+7'z 1 T, X €(Te—1,7¢]
(tk-i-S th+s ) (thr[, XTk+7:£71)

By the inequality of BDG,

(tw — GBIV (10, X1,) = N2 0t Xy >|2

_ tm—k _ Tm—k
— E‘ / atk+sst — / Tk+sdB
0 0

tomn—kNTm—k _ [e'e]
- E/O (atk-‘rs - a’:}k+s)2d5 +E[) a?}g-‘rsl(‘;mfk)tm—k](s)ds

i / (@8 L (8)ds

Nl

IN

m—k
~ 4 S 1
(IE sup | |atk+s — aﬂkJrﬁ‘ ) (E|7 — T€71|2)2

SE[0tm —k]N(Te—1,7¢
2
n 4 n 4 i ~ 2\ 1
+|E sup Jag4s|" +E max |a7k+n| (Eltm—r — Tm—k|")2.
Se[oatrn,—k] l<tzm

The assertion follows then from Lemma 5.1 and from the estimates

E sup |aters — aF 7,11 < C(b,0,T,8) (1 Xy, — X[ |* + 1) (67)
SE[O,tm_k}ﬁ[‘l:g_l,‘I:g]
B sup faneel' +E_max ol o[t < 2olds (68)

SE[0,tm—k] 1<t<m

So it remains to show these inequalities. We put

ot o(ty, Xt,) P R, U Se i)
te+s * N an Tet+Te—1 " STk Xry,
o(te +s th+s ) o (tr+e, er-i-ﬁ,l)
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and notice that by Assumption 2.1 both expressions are bounded by ||o||sd . To show (67) let

us split ag, +s —al! | = in the following way:

n It Sti, Xty te, Xty te, Xty th th
Atp+s = Qppp7, = Ktk+8(vth,+8 vth+tz—1)+Vth+tﬁ 1(Ktk+3 Kthrtﬁ 1)
th Xty oy Tk X7y, th T
Kthrte 1(Vth+te 1 VXTk+TZ 1)+VX k+Te— 1(Ktk+tz 1 KTk"F%Z—l)'
Then
= Frthe o, Xy te, Xty \14
E sup |Ktk+e(Vth+s Vka+t@ 1)‘
SE[Te—1 At — ks TeNbm — k]
4 c—A t, Xt ti,Xt, 4
< oo iE sup VX X < O, 0,T, 0)h

SE[Te—1 Atk Te Nt — k]

since one can show similarly to Lemma 5.2-(ii) that

- olr, Xty e, Xeyp 14
E sup VX s VthH/ 1P <C,0,T,6)h
se[%l—lAtnl—kﬂif/\thfk]

(66) and (65), respectively. There-

. Str, X X7
Notice that VXZ’“ * and VXT,’Z * solve the linear SDEs
fore,
~ X ~ g
E sup |VX :kjrst’“ P <C(b,0,T,p) and E max |VX:“_;T P <C(byo,T,p). (69)
SE[0,t k] 0<t=m—k e
For the second term we get
E VXS (R - K 4
sup | tk-l—tg,l( tpts trtto— 1)|
SE[To—1 At —k,Te At —k]
th,X 1 4 tr,X tk,X 1
i | )2( sup (Ite —sI* + |th+sfk tk+t2k| )2

< C(o, 5)(]E|Vth+tg .

SE[To—1 Ntm—k,Te Nt — k]
< C(b,o,T,8)h

For the third term Lemma 5.2-(vi) implies that

(VX = VAT )P < Cb0,T) 0|40

trtte—1

E|K§:+t[ 1 - (lth - Tk|4+h)'

The last term we estimate similarly to the second one

Tl > X. t 4
E|V ‘F:JrT;kl(Kt:-i‘ttz 1 7K‘?Flk?ﬂa 1)|
s Tk Cr, 1 Th, Xr tr,X 1
< Cloy ) BV [PV (1X0, — X [P+ BIXT T = X )3

< CO(b,o,T,0)(| Xt — X |2+ ).

To see (68) use the estimates (69).
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We close this section with estimates concerning the effect of 7, | and the discretized Malliavin
derivative D} (see Definition 2.1) on X™.

Lemma 5.4. Under Assumption 2.1, and for p > 2, we have

(i) EIX{-T, . X;P<C@bo,T.ph?, 1<lm<n,

1

n, .,Xn' Dn Xn p p

(i) E|vx, "o T | < 0 o Tp)hE, 0<k<m<n.
m U(tk-‘rletk)

(iii)  E[DpX{ [P <C(b,o,T,p), 0<k<m<n.

Proof. (i) By definition, T', , X{* = X} for [ <m — 1, and for [ > m we have

Tnz,iXZ; = Xgn—l + b(tm’ Xgn—l )h i U(tm’ thn—l)\/ﬁ

1 l
+h > bt T, X ) +Vh Y ot T, X[ e
j=m+1 j=m+1

By the properties of b and ¢ and thanks to the inequality of Burkholder-Davis-Gundy and Holder’s
inequality we see that
E|X; —T, X[

l
gC(p)(E|g(tm,XfM)\/E(1ism)|p+hp1E\ S (bt X2 ) bt T, X7 )
Jj=m+1

l

P —1 £-1 n n

< C) (o8 + hUIb B, + loallieti ) > EIXE, =T, X5, 1)
j=m+1

p

(SIS

l
5] S (X))

Jj=m+1

It remains to apply Gronwall’s lemma.
(ii) By the inequality of Burkholder-Davis-Gundy (BDG) and Hoélder’s inequality,

P

n,tk, X, Dr, X n n
L S & 2 uk.. 2 SC(P,T)Obz(tkﬂ,th)thUz(tkﬂ,th)\/EEkHp

E|\VX —
’ e o(trr1, X12)
m n n p
7tk'1Xt" Dk:+1th,1
+ h? E by (t;, X )VXn ko bgk+1,1)7
1:22 e o(tesr, X7)
By n ot X iy w1 PraXi, |7
+ h2 Elo.(t;, X )VX k *U:(n DAR e/ E D
l§r2 ti—1 ti—1 U(thrlath)

Since by Lemma 5.4 (i) we conclude that

ESHED — by (4, X7 )P + Elol D) — o (4, X0 )PP < C(b, 0, T, p)I?,
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and Lemma 5.2 implies that

n 2p
E sup tk < C(ba g, T7p)’
k+1<I<m

n,tg, X
VX,

-1

the assertion follows by Gronwall’s lemma.

(iii) This is an immediate consequence of (i).
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