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FLUID STRUCTURE SYSTEM WITH BOUNDARY CONDITIONS
INVOLVING THE PRESSURE

JEAN-JEROME CASANOVA

ABSTRACT. We study a coupled fluid—structure system involving boundary conditions
on the pressure. The fluid is described by the incompressible Navier—Stokes equations
in a 2D rectangular type domain where the upper part of the domain is described by
a damped Euler—Bernoulli beam equation. Existence and uniqueness of local strong
solutions without assumptions of smallness on the initial data is proved.

Keywords: Fluid—structure interaction, Navier—Stokes equations, beam equation, pres-
sure boundary conditions.

Mathematics Subject Classification (2010): 35Q30, 74F10, 76D03, 76D05.

1. INTRODUCTION

1.1. Setting of the problem. We study the coupling between the 2D Navier—Stokes
equations and a damped Euler—Bernoulli beam equation in a rectangular type domain,
where the beam is a part of the boundary. Let 7' > 0, L > 0 and consider the spatial
domain Q in R? defined by © = (0,L) x (0,1). Let us set I'; = {0} x (0,1) and
', = {L} x (0,1) the left and right boundaries, I's = (0, L) x {1}, I', = (0, L) x {0} and
I' = 092 the boundary of Q. Let n be the displacement of the beam. The function 7 is
defined on I's x (0,T) with values in (—1,+00). Let €, and I';) be the sets defined
by

Q) = {(z,y) € R? |z € (0,L),0<y<1+n(z1,1)},
{(z,y) eR? |z € (0,L), y =1 +n(x,1,1)}.

The author is partially supported by the ANR-Project IFSMACS (ANR 15-CE40.0010).

Institut de Mathématiques de Toulouse, Université Paul Sabatier, 118, route de Narbonne
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FI1GURE 1. fluid-structure system.

We also set I'; , = I'; UI',. The space-time domains are denoted by
S5 =T x (0,T), 5% =Ty x (0,T), £5 =Ty x (0,7T),
Y= U Dy dth Qo= U Qe < {1}

te(0,T) te(0,7)

We study the following fluid structure system coupling the Navier—Stokes equations and
the damped Euler—Bernoulli beam equation

w + (u-V)u—divo(u,p) =0, divu=0 in Op,
u(w,y.t) = ni(x, 1,t)ey for (z,y,1) € £,
ug =0 and p+ (1/2)[ul> =0 on ¥%°,

(1.1) u=0 on X%, u(0)=u" in Q0.

[t = Bz — Vihax + O] (2,1, 1)
= [u,p,n|(z,1 +n(x,1,t),t) for (z,t) € (0,L) x (0,T),

n(,1,-) =0 and 7,(-,1,-) =0 on {0, L} x (0,7),

n(-,0) =n7 and n(-,0) =3 in T,
where u is the velocity, p the pressure, n the displacement of the beam and

a(u,p) = —pl +v(Vu+ (Vu)?),
Ylu,p,n)(z,y,t) = —o(u,p)(z,y,t)(—na(z, 1, t)e1 + e2) - e,

for all (z,y,t) € ifp For a function f defined on the flat domain I's or on (0, L) we use
the following abuse of notation : f(z) = f(z,1) = f(z,y) for (z,y) € (0,L) x R. This

notation will typically be used for f =n or f = ¢[u, p,n]. Hence the beam equation can
be written

Nt — /Bnarx — MMtzz + WNzzzr = ¢[u,p, 77] on i%
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In the previous statement e; = (1,0)7, e; = (0,1)7, u = uje; + uges, v > 0 is the
constant viscosity of the fluid and 1 is a force term modelling the interaction between
the fluid and the beam (see [21], [18]). The constant 8 > 0, v > 0 and o > 0 are
parameters relative to the structure. This system can be used to model the blood flow
through human arteries, provided that the arteries are large enough (see [18]). The
homogeneous Dirichlet boundary condition on I'y is used to simplify the presentation;
the same system with two beams can be studied in the same way.

The existence of weak solutions to system (1.1) is proved in [18]. Here we would like to
prove the existence of strong solutions for the same system. A similar system is studied
in [15] with Dirichlet inflow and outflow boundary conditions, and in [14] with periodic
inflow and outflow boundary conditions. In [15] a local in time existence of strong
solutions is proved without smallness assumptions on u’ and 79. The initial condition
n{ is not zero, but, as far as we understand, the proof in [15] is valid only if 7{ is small
enough (see below). Since some results in [14] rely on the techniques of [15], it seems that
the global existence result of [14] is also only valid if 1 is small. The existence of strong
solutions to the fluid-structure system with a non-small 1 therefore still seems to be an
open question. The present paper brings an answer to this question, by establishing the
local-in-time existence of strong solutions without smallness conditions on u®, 1} and

75

We prove this result for (1.1), that is to say with boundary conditions involving the
pressure. However the issue raised by a non-small 7{ is purely a nonlinear one, whose
treatment is independent of the boundary conditions (once the proper regularity results
for the linearized system have been established). The technique developped here, based
on a novel change of variables, therefore fills the gap in [15]. The existence of strong
solutions for (1.1) relies on regularity results of the underlying Stokes system and Leray
projector. Three elements challenge this regularity here: the change of variable used to
deal with a generic 7?, the corners of the domain, and the junctions between Dirichlet
and pressure boundary conditions. To overcome these challenges, we use symmetry
techniques and a minimal-regularity transport of H3 functions. We note that, for smooth
domains (no corner, no minimal-regularity change of variables), the regularity result for
the Stokes system was established in [8, 9]. As a by-product of our analysis, we also
obtain the existence over an arbitrary time interval [0, T] of strong solutions to system
(1.1), provided that the initial data u’, ? and 19 are small enough.

Let us detail the gap mentioned above. In [15], a key estimate, obtained through inter-
polation techniques, is

(1.2) 110l oo 5y + 1M2ll oo (55 ) + 12l oo 85y < CTX [I0ll a2z »

for some x > 0 and C' > 0 (see Section 3.1 for the functional spaces). If T goes to 0
the previous estimate implies that Hné“ Loo(Ty) = 0 and thus n} = 0. A careful study of

the interpolation techniques and the Sobolev embeddings used to prove (1.2) shows that
the time dependency of the constants was omitted. The fundamental reason behind this
issue is related to the change of variables, used to fix the domain to €2, that introduces
additional ‘geometrical’ nonlinearities. These nonlinearities are not small for small T if
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the change of variables is not the identity at T = 0. To solve this issue we rewrite the
system (1.1) in the fixed domain Qn? instead of 2. The geometrical nonlinear terms now

involve the difference 7 — n? which is small when 7T is small.

Since our technique fills the gap in [15], this means that the global-in-time existence
result of [14] for periodic boundary conditions is now genuinely established without
smallness assumption on 7. An interesting question is to consider if the result in [14] can
be adapted, starting from our local-in-time existence result, to obtain a global-in-time
existence of solutions with non-standard boundary conditions involving the pressure. To
do so, additional estimates should be proved to ensure that a collision between the beam
and the bottom of the fluid cavity does not occur in finite time.

Finally we would like to mention some references related to our work. The Stokes and
Navier—Stokes system with pressure boundary conditions was initially study in [12], us-
ing weak variational solutions. A first rigorous existence result for (1.1) with periodic
boundary conditions goes back to [6] where an iterative method was used to handle the
coupled system. The feedback stabilization of (1.1) with Dirichlet inflow and outflow
boundary conditions is studied in [21] and provides a semigroup approach for the lin-
earized system, based on a splitting of the pressure, that is used in the present article.
This semigroup framework was already used in [4, 5] for a linear model.

1.2. Main results. The main result of this paper is Theorem 4.3 which proves the
existence of a unique local strong solution for the fluid-structure system (1.1) without
smallness assumptions on the initial data. We also state in Theorem 4.4 the existence of
a unique strong solution on the time interval [0,7] with 7" > 0 an arbitrary fixed time,
for small enough initial data. Several changes of variables are done on (1.1) and these
results are given for equivalent system (see (2.6)).

The structure of the article is as follows. In Section 2, we rewrite (1.1) in a fixed domain
and we explain ideas of the proof which consist in studying a linear system associated
with (1.1) and in using a fixed point argument. In Section 3 we eliminate the pressure
in the beam equation by expressing it in terms the velocity. We then rewrite the system
as an abstract evolution equation and we prove that the underlying operator generates
an analytic semigroup. Finally we prove the nonlinear estimates, with explicit time
dependency, in Section 4 and we conclude with a fixed point procedure. All this process
is based on the extension to non-standard boundary conditions of known result on the
Stokes equations. This is detailed in the appendix.

2. PLAN OF THE PAPER

2.1. Equivalent system in a reference configuration. In order to study system
(1.1), we are going to rewrite the system in a reference configuration which can be
chosen arbitrarily. For that, throughout what follows, we choose a function n° belonging
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to H3(I'y) N HZ(T'y), and satisfying 1 4+ n°(x) > 0 for all x € (0, L). Set

0
Qo ={(z,9) eR* |z € (0,L), 0 <y <1+7n°x)}, Qr = Qo x (0,7),
o= {(z,y) €eR*|2€ (0,L), y=1+n"x)}, »9. =Ty x (0,7),

Iy=ToUT, and 4 =Ty x (0,T). In order to rewrite system (1.1) in the cylindrical
domain Qr for all t € (0,7") consider the following diffeomorphism

(2.2) Ty 0 o :

(2.1)

The variable z can be written under the form z = Y — with 7 = % We introduce
n

the new unknowns

@,z 0) = u(T, A (2.2),0) and Ble,z8) = p(T, A (2. 2), 1),

and we set 6°(z, z) = u0(7;]§1(x, z)). With this change of variables,
p(z, 1+ n(x,t),t) = plz, 1 +0°(x,t),t) and Uz, 14 n(z,t),t) =u(z, 1+ 1%z, 1),1),
for all (z,t) € (0,L) x (0,T). The system satisfied by (u,p,n) is
u; —vAu+ Vp=G(u,p,n), diva=divw(u,n) in Qr,
u = nes on EOT,
lia =0 and p+ (1/2)[d]> =0 on X%°,
(2.3) i=0 on X%, 6(0)=1a" on Q,
Nt — Baw — Vtwx + WNagzr = P+ ¥(U, 1) on T,
n=0 and 1, =0 on {0,L} x (0,T),
1(0) =ny and n,(0) = n in T,

with
ﬁQ
G(uvﬁvn) = 77~lut + ZTN]t +vz (1 fﬁ - ﬁzx)] u;
22 fod
~ ~ — z — 1~
+ v | =22n,05, + MUy + Muzz
147
+ 2(N:P> — NPz)er — (1 + MUty + (27,81 — U2)Us,
wll, 7] = —nuie; + 21, Ues,
and

. N . 2NNz — 2
v = _
(ua 77) v (1 + ﬁULZ + 771“2,1: 1 + 77 UZ,Z)

In Section 5, in order to prove the existence of solution to system (2.6), derived from
system (2.3) by a change of variables, we assume that 7{ is equal to °. In that special
case, the function 7 is equal to 0 at time ¢ = 0 which implies that 7, ) is the identity.
We also obtain that w(u,n) is equal to 0 at time ¢ = 0. But up to Section 5 and in the
appendix, n° is chosen a priori, and not necessarily equal to 7?.
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2.2. Final system and linearisation. In order to come back to a divergence free
system consider the function u defined by u = u — w(u, 7). Set

“ —1uy

(2.4) M) =| ;117 and N(@n) = | L7
Ne _ | 2N U1

—U1 + U2 —

L+n 147

The function u can be expressed in terms of U as follows

To simplify the notation, we drop out the hat over p. Thus the system satisfied by
(u,p,n) = (4, p,n) is

u; — div o(da,p) = F(u,p,n), diva=0 in Qr,

U = nep — w(M (W, n),m) on X,

Ty = —wy(M(W,n),n) and p+ (1/2)[@+w(M(®, 7)) =0 on X7,
(2.5) u = —w(M(u,n),n) on X, w(0)=u"—w(M(d,n),n)(0) in Q,

Nt — 5771:51: — VMtzx + ONgger = P + W(M(ﬁ,ﬁ),ﬁ) on E%,
n=0 and 1, =0 on {0,L} x (0,7,

n(0) =7y and n,(0) =73 in T,

with F(a,p,n) = G(M(1,n),p,n) — &N (u,n) + vAN(T,n).

Recall that w(u,n) = —nuie; + zn,u1e2. Since u; = 0 on EdT and 7 = 17, = 0 on
{0, L} x (0,T), we have w(u,n) = 0 on 9 x (0,T"). System (2.5) becomes

u; — div o(a,p) = F(u,p,n), diva=0 in Qr,
u = ne2 on Z?p,
Ty =0 and p+ (1/2)[W? =0 on X5°,
(2.6) =0 on X%, w(0)=1u’ in Q,
Mt — Bles — Ve + ONaaze = p + H (W, 1) on I,
n=0 and n, =0 on {0,L} x (0,T),
n(0) =77 and 7(0) =73 in T,

with H(a,n) = U(M(W,n),n) and a’ = 0" — w(d,n)(0).
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In order to solve the system (2.6) with a fixed point argument, consider the following
linear system

w, — div o(u,p) =f, divu=0 in Qr,
u = ex on E?p,
upg =0 and p=0© on Zg’f,
u=0 on X%, u(0)=u" on Q,
[t = Blwe — Vtes + ONaawal (2, 1)
= p(x,14+n°(x,t),t) + h for (z,t) € (0,L) x (0,T),
n=0 and 1, =0 on {0,L} x (0,T),
1(0) =n7 and n,(0) =nj in T,
with f € L2(0,T; L?(Q)), h € L*(0,T; L*(Ts)) and © € L2(0,T; H'/?(T;,)).

3. LINEAR SYSTEM

Recall that Qq is given by (2.1) with a fixed n° € H3(T's)NH3(Ts) such that 1+n°(x) > 0
for all € (0, L).

3.1. Function spaces. To deal with the mixed boundary condition for the Stokes sys-
tem
—vAu+Vp=1, divu=0 in Qg,

1
(3.1) u=0only, up=0and p=0 onlI,,

introduce the space

V21 (Q0) = {veL*(Q) | divv=0in Qy,v-n=0onTy},

n,l'y

and the orthogonal decomposition of L2(Qo) = L%3(Q, R?)
L?(Q) = VO 1 (Q0) & grad Hf, (Q),

n’Fd

where Hll‘io(QO) ={u€c H (D) | u=0o0nT;,}. Let IT : L*(Q9) — V2 () be the

n,Fd
so-called Leray projector associated with this decomposition. If u belongs to L? (Qo) then
ITu = u — Vpy — Vgu where py and g, are solutions to the following elliptic equations

pu € Hy (), Apy=divue H (),
9u
on
Through this paper the functions with vector values are written with a bold typography.
For example H?(Qg) = H?(Q,R?). As the boundary Ty is not C>! it is not clear

that the operator II preserves the H2-regularity. However, with extra conditions on u,
this can be proved. Using the notations in [16, Theorem 11.7] we introduce the space

Hg’éz(Fg) = [H§(To), H§(To)]1 2. The following lemma is proved in the appendix.

(3.2)

Gu € H%i,o(90)7 Agy = 0, =(u—Vpy) - nonly gu=0onT;,.



8 JEAN-JEROME CASANOVA

Lemma 3.1. Let u be in HZ(QO) satisfying divu =0, u=0on I', and u = ges on I'y
with g € H%Q(Fo). Then ITu belongs to H ().

The energy space associated with (3.1) is
V={ue Hl(QO) |divu=0in Qp, u=00nTy ug=0o0nT;,}.

The regularity result for (3.1) stated in Theorem 5.4 in the appendix allows us to intro-
duce the Stokes operator A defined in VY 1 (Qq) by

n,l'g
D(A) = HQ(QO) N Va
and for all u € D(A), Au = vIIAu. We also use the notations

Vi(Qo) = {u e H*(Q) | divu=0}, V51 (Q)=V2. (Q)NH*(Q),

n,lg n,l'g
for s > 0. For the Dirichlet boundary condition on I'g set
£2(Ty) = {0} x L*(Ty), Hap (Do) = {0} x Hp*(To),
HS(F()) = {0} X HS(F()), 7—[8(1“0) = {O} X HS(F()) for s > 0.

For s > 0, the dual space of H*(I'o) with £2(T) as pivot space is denoted by (H*(I'y))".

Let D € E(Hgé2(F0),H2(QO)) be the operator defined by Dg = w where (w,p) is the

solution to
—VvAw+ Vp =0, divw =0 in Qy,
w=gonly w=0onl} wy=0andp=0 onl;,.
given by Theorem 5.4. Using a weak regularity result (Theorem 5.7) and interpolation

techniques (see [16, Theorem 12.6] and [16, Remark 12.6]), D can be extended as a
bounded linear operator in £(£2(Tg), H'2(Qp)).

For space-time dependent functions we use the notations introduced in [17]:

L*(Qr) = L*(0, T;L*(0)), HP(Qr) = L*(0,T; H(Q0)) N H(0,T; L*()), p,q > 0,
L*($%) = L*(0,T; L*(T'y)), HPY(S5) = L*(0,T; HP(T';)) N H(0,T; L*(T'y)), p,q > 0.

3.2. Semigroup formulation of the linear system. We want to prove existence and
regularity results for the coupled linear system (2.7). Let R € L(H'Y?(T;,), H'(Q))
be a lifting operator. Classically we transform (2.7) into a system with homogeneous
boundary conditions (for the pressure) by looking for a solution to (2.7) under the form
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(u,p,n) = (u,p1,n) + (0, R(O),0) with (u,p1,n) solution to
u; —div o(u,p;) =f— VR(O), divu=0 in Qr,
u = ey for E%,
us =0 and p; =0 on E?f’,
u=0 on X%, u(0)=u’ in Q,
[Nt — Bwa — Vtwe + WNazaa | (@, 1)
= [p1 + R(O)] (@, 1+ 7°(x,1),£) + h for (x,t) € (0,L) x (0, T),
n=0 and n, =0 on {0,L} x (0,T),
1(0) =7 and 7,(0) =73 in L.

Set F' = f— VR(O). As the boundary I'y may not be flat and the beam equation is
written on I'y consider the transport operator U € L(L?(T'y), L?(Ts)) defined by

Ug)(2,1) = g(z,1+7n°(x)) forall g € L*(Ty).
We can easily verify that U is an isomorphism from L?(T'g) to L?(Ts), and that
UG (z,1+ 1)) = g(z,1) for all g e L*(T,).
Moreover U1 = U*, if L?(Tg) and L?(T's) are equipped with the inner products
(f, 9)L2(r0) = (f(,1+ n°()g(, 1+ 770('))>L2(07L) )

and

(£.3) o, = (FED3CD) L
In order to express the pressure p; in terms of ITu and 1 we introduce the Neumann-to-
Dirichlet operator Ny € £(L?(Ty)) defined by Ns(g) = 7|r, where g € L?(T'y) and 7 is
the solution to
Ar =0 in Qy,
0 0
{ 8—:; =g(1+(1n")?) 2 on Ty and a—z =0 on I}.
Asin [21, Lemma 3.1], Ny ¢ is a non-negative symmetric and compact operator in L?(Tg).
Hence, as U € isom(L?(Ty), L*(T's)) and U~ = U*, the operator Ny = UNsoU ! is a
non-negative symmetric and compact operator in L?(I'). Consequently, the operator
(Ir2(r,) + Ns) is an automorphism in L3(Ts).

m=0 onI',,

We also define the operator Ny € L(H~Y%(I'y),L*(I's)) by No(v) = U (p|r,) for all
v € H Y%(T'y), where p is the solution to

{Ap =0 in Qo,

0
p=0onTl;, and —p:v on I'y.
’ on

Finally set Ds(n;) = DU 'ne2). The following lemma is similar to [21, Lemma 3.1]
and is a direct application of Theorem 5.10 in the appendix.
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Lemma 3.2. A pair (u,p;) € H>(Q7) x L?(0,T; H'(€)) obeys the fluid equations
of (3.3) if and only if

u' = Allu + (= A)IIDs(n) + ITF, u(0) = u’,
(I -Iu= (I ~I)Ds(m), p1=p—q+pr,

where

e ¢ € HY(0,T; H'(Qp)) is the solution to

dq dq

Ag=0in Qpr, p=0 on X7, n =U"'nes-n on ZOT, o =0 on ZbT.
e pc L0, T; H'(Qp)) is the solution to
o O
Ap=0inQp, p=0 on X7, a—p:VAHu-n on X4
n

e pr € L?(0,T; H'(Qp)) is given by the identity (I —II)F = Vpp.
Using Lemma 3.2 the pressure in the beam equation can be decomposed as follows
p1 = vNo(Allu - n) — 9 Ns(n) +U(prlr,). Hence the beam equation becomes
(ILQ(I‘S) + Ns)ntt - /anx - VMtzx + AMxrrr = VNO(AHU : Il) + u[(pF + R(@))|Fo] + h.

The system (3.3) can be rewritten in terms of (ITu,n,n:) = (ITu, 1, n2) as

d ITu ITu
(3.4) Zlm)= Al m | +F,
Uy 72

(I —Iu = (I =)Dy (n),
where A is the unbounded operator in
H =V} 1, () x Hf (L) x L*(Ts),
with domain

D(A) = {(ITu,71,7m2) € V7, 1, () x (H(T)NHG(Ls)) x Hy (Us) | Mu—T1Ds(2) € D(A)},

n,l'y

defined by

I0 0 A 0 (—A)LD;
(3.5) A—(O I 0 )( 0 0 I )
0 0 (I+Ng)™t) \wNo(A(:)-n) BA; — alA? SA

with Ag = 9., and

PRI
— 0 :
(I + Ns)~"U[(pr +R(©))Ir,] + h)
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3.3. Analyticity of A. Let (4,3, D(A43)) be the unbounded operator in L*(T) de-
fined by D(Aa5) = HY(s) N HE(Ts) and for all n € D(An ), Aa sl = Bllee — Wzzaa-
The operator A, s is self-adjoint and is an isomorphism from D(4, ) to L*(I's). The
space H will be equipped with the inner product

((w,m1,m2), (v, G Q))E = (W, V)yo () + (1, G mzr,) + (12, G2) 12y
n,Ig

with V2 1. (Qg) endowed with the natural scalar product of L?(Q) and

Tl,Fd

(1, C) mz(ry) =/F (—Aap) Pm(=Aap)?G :/r (Bm o€z + M zaCles)-

E] E]

This scalar product on HZ(€p) is used to simplify calculations involving the operator
Aq 3. The unbounded operator relative to the beam (A,, D(As)) in

H, = H3(T's) x L*(T),

is defined by D(As) = (HX(Ts) N HE(Ts)) x H3(Ts) and Ag = (AO 52 >

a,fB s
Theorem 3.1. The operator (A, D(A)) is the infinitesimal generator of an analytic
semigroup on H.

Proof. The idea of the proof is to split the operator A in two parts. The principal part
of A will be the infinitesimal generator of an analytic semigroup on H and the rest will
be a perturbation bounded with respect to the principal part. Set K, = (I + Ns)~! — 1.
The operator A can be written

A=A + Ay,
with
A 0 (—A)ID,
A1=10 0 I )
0 A.p 0N,
and

0 0 0
Aoy = 0 0 0 .
v(I+ Ns)TINo(A()) n) KsAnp KA,

According to [19, Section 3.2, Theorem 2.1], the result is a direct consequence of Theorem
3.2 and 3.3. O

Theorem 3.2. The operator (A;, D(A;) = D(A)) is the infinitesimal generator of an
analytic semigroup on H.

Proof. The proof follows the techniques used in [21, Theorem 3.5]. The first part is to
prove that the semigroup 4; is strongly continuous. This property, established using
regularity results on the unsteady Stokes equations, is proved in the appendix (Lemma
5.3).
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The next step is to estimate the resolvent of A;. Using a perturbation argument to
ensure the existence of the resolvent, we have, at least for Re(\) > 0,

1 (A=A (0 (M = A)"H=A)TIDs) (M — As) 71
A=A = ( 0 (M — Ay~ ’
where (A — Ag)~! is given by
_ VUL = 6A,) V!
1 _ S
(A= 4,) = ( V1A, mﬂ) :

with V = AT —X\6As — A, 5. From [11] we know that there exists a € R and 5<bp<m
such that for all A in S, 9, = {A € C| A # qa, |arg(A —a)| < O}
Cs

H()\I - AS)ile:(HS) = N—a|

The Stokes operator A is the infinitesimal generator of an analytic semigroup on V?LI (o)

and the proof of Theorem 5.5 gives the existence of § < 61 < 7 such that for all A € Sp g,
Ca
LVOp () ~ A

Choose @’ > a and 0" = min(6y, 6,). For all X € Sy ¢ and all (f, @) € V%,Fd(QO) x Hy we
have

Jos -]

i (f M — A"+ (M — A) Y —A)D, (M — A,)~'®)
o1 =407 (g) = (V7 or e ),

Remark that (A — A)~Y(—A)[IDs; = IDs — A(AI — A)~'IID,. Using the previous
estimates for the resolvent of A and A; and the continuity of the operator IID; we
obtain

o (9)

V?L’Fd (0)
Ca

CHD Cs CACHD Cs Cs
< —||f = P — || — ||® .
— ’A _ a/| || HV?L,Fd(QO) + |)\ _ G/‘ || ||H5 + |)\ _ G/‘ || HI—IS + |A . a/‘ || H}IS

Hence there exists a constant C > 0 such that

oo =407 -

< EYIE
) T A=
for all A € Sy ¢ and A; is the infinitesimal generator of an analytic semigroup on H. [
Theorem 3.3. The operator (As, D(A2) = D(A)) is Aj-bounded with relative bound
zero.

L(H

Proof. We proceed as in [21]. Split the operator Aj in three parts Ay = Ag 1+ A2 2+ A2 3

with
0 0 0
Az = ( 0 0 O) ,
v(I + Ng)"'No(A(-)-m) 0 0
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0 0 0 00 0
Asa=[0 0 0, As=(00 0 |.
0 KiAap O 0 0 6K.A,

The following lemma is an adaptation of [21, Proposition 3.3].

Lemma 3.3. The norm
(1w, 1, m2) = [ (1w, 1, 1) g + AT+ (= A)TEDstalvo (g + 1 4s (1, m2)ll 1,
is a norm on D(.A) which is equivalent to the norm

(w1, m2) = [ Muallyz - qq) + Il + Iellaze,) -

For Az 2 and Az 3 we can use [21, Lemma 3.9] and [21, Lemma 3.10] to prove that there
exists 0 < 01 < 1 and 0 < 62 < 1 such that Ay (respectively Asg3) is bounded from
D((—A1)%) (respectively from D((—.A1)%)) into H. Hence, according to [19, Section
3.2, Corollary 2.4], the operators Az2 and A3 are Aj-bounded with relative bound
zero. It remains to prove that A is A;-bounded with relative bound zero.

Lemma 3.4. For all € > 0 there exists a constant C. such that
(3.6) [No(Au-n)|[p2py <e Hu”Vi,rd(Qo) +Ce ||uHV9L7Fd(QO) J

for all u € V2 . (Q).

n,I'y

Proof. Using the transposition method, a density argument (as in Theorem 5.6 and
Theorem 5.7) and interpolation, the operator Ny can be defined as a continuous operator
from H~1(T,) into L?(T's). We prove the lemma by contradiction. Assume that there

exists a sequence uy, € Vi’r‘ ,(Q0) such that

INo(Au - 1)l 20y = 15 llukllve @) = 0 lluellvz | (@p) = M,

with M > 0 a fixed constant. By reflexivity of the space Viyp ,(£0), up to a subsequence,

there exists u € Vi,rd(QO) such that uy, — uin Vi,rd(90)~ Since ||ug]|yo () — 0, we
n.ld

obtain u = 0. Then Auy-n — 0 in H~'/?(T,) and the compact embedding of H~'/2(T,)
into H~!(T) ensures that Aug-n — 0in H~1(T'y). Finally the continuity of Ny implies
that No(Auy -n) — 0 in L?(T'y) which contradicts || No(Auy, - n)l 2,y = 1. O
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We come back to the proof that A is Aj-bounded. Using the estimate (3.6) and the
norm equivalence of Lemma 3.3 it follows that for all (ITu, n1,72) € D(A;)

ITu
A2,1 m
2/ g

§5||Hu||v2 (Qo)+c ||H11||V0 L(20)

e(lMullyz - (o) + Il + 2w r,) + Ce lMullyo - o)

Hu ITu
<Ciel||AL | m +Coe ||| m
12 H 12 H
This concludes the proof that As is A;-bounded with relative bound zero. O

3.4. Regularity results. We have seen that the system (3.3) can be rewritten

J Iu [Tu u(0) Tu’
(3.7) alm|= Al m | +F, | m@O [ =] 7 |,
72 72 12(0) 0

(I —=1u = (I — ) Ds(n2)-

We remark that there is no condition on (I — I)u’. As in [21], in order to satisfy the
equality (I — II)u = (I — II)Ds(n2) at time ¢t = 0, we introduce a subspace of initial
conditions belonging to V() x H, and satisfying a compatibility condition

Heo = {(u”,n7,m3) € VI(Q) x Hy | (I -~ M)u’ = (I — 1) Ds(n)}-
To obtain maximal regularity results, introduce the space [D(A), H]; /o given by
[D(A), H]y /o = {(Iu, n1,7m2) € V.1, (Q) x (H>(T's) N HG (Ts)) x Hy (L) |
TTu — IID4(n2) € V).
It is equipped with the norm

1/2
(I, ) > (g gy + il ey + 2l

If the initial condition (ITu®,7?,79) belongs to [D(A),H]; /2, and if the compatibility
condition (I — IM)u® = (I —1I)Ds(nI) is satisfied, then (u’

X(Q0) = {(u°,n,75) € Hee | (IIu®, 1, 73) € [D(A), H]y o}
The space X' () is equipped with the norm

,17,75) belongs to

x! = (uo,n(f,ng) — HXOHX(Q <H HH1 (Q0) + Hnl

+ anHHl(F >

We notice that the above mapping is indeed a norm since (I — H)u = (I —TI)Ds(nY) if
x0 = (u% 1Y, n9) € X(). Defining W7 by

Wr = L2(Qr) x L2(0,T; HY*(I;,,)) x L2(0,T; L*(Ty)),

we obtain the main theorem of this section.
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Theorem 3.4. For all (u%79,79) in X(Qp) and (f,0,h) in Wy, system (2.7) admits
a unique solution (u,p,n) € H>(Qr) x L?(0,T; H'(Q)) x H*?(25). This solution
satisfies

[uflg21g, + HUHH‘W(E%) + Pl 20,11 (020))

(38) < Cu(| o nd) | )+ I1E €.y, ):

X (Q0

Proof. According to [7, Part II, Section 1.3, Theorem 3.1] there exists a unique solution
(u,m1,m2) to (3.7) and the following estimate holds

HHUHHQ»I(QT) + ||(7717772)HL?(O,T;D(AS))QHl(O,T;HS)
0.0 .0
< (e, )| gy, + Iz 0rm0)

(1 — H)uHLQ(O,T;HQ(QO)) + 11 - H)uHHl(QT;Hl/Q(QO))
< Cll(m,m2)ll 20,0 A0)) 0 (0,130,) >
with the estimate on (I — II)u coming from the properties of the operator Dy and the

identity (I —II)u = (I — II)ny. Estimate (3.8) follows by writing F explicitly. O

Remark 3.1. Let Ty be a fixed time with T° < Ty. The constant Cf, in the previous
statement can be chosen independent of T for all T' < Ty. If we extend all the nonho-
mogeneous terms on [T, Tp] by 0 (still denoted by (f, 0, h)) the previous result implies

that there exists a unique solution (1, p,n) of (2.7) and the following estimate holds

+

o
u

o

+||P

H>!(Qr,

< LT )|, )+ 1E O My )

HA2(S5,) L2(0,To;H ()

The uniqueness yields (u,p,n) = (101, P, %) on [0,7] and the constant C, in Theorem 3.4
can be taken as Cr, = CL(Tp).

4. NONLINEAR COUPLED SYSTEM

Throughout this section, excepted for Theorem 4.4 which is stated in a rectangular
domain,  is given by (2.1) for any fixed n° € H3(T's) N H3(Ts) such that 1+n°(x) > 0
for all x € (0,L). We prove the existence of strong solutions for the complete nonlinear
system (2.6). Let Ty > 0 be a given time, fixed for this section. Let 2\?((20) be the affine
subspace of X' () defined by

X (Qo) = {(u’, 00, 15) € X(Q) | ) ="},
that is, the space where the initial data of the beam 7 and the geometric n° are equal.
For T' > 0, set

Yr={(@p.n) € B (Qr) x L*(0,T; H'(Q)) x HY*(Z7) |
a=0on ¥, T =rne on X%, T =0 on £5°, (@(0),7(0),7:(0)) € X ()}
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The usual norm on H>Y(Qr) x L(0,T; H' () x H*2(Z%) is denoted by [RIRY

4.1. Estimates. For every x° = (u%, 79, 79) € X(Q), R > 0, x> 0 and T > 0, define
the ball

B(x°, R, 1, T) = {(@,p,n) € Yr | (@(0),1(0),7:(0)) = x°, (@, p,n)lly, <R,
11+ 77)71HL00(28T) < 2pu}.

For a given x° = (u® n?,19) € X(), Theorem 3.4 ensures the existence of R > 0
and g > 0 such that B(x°, R, u, T) is non empty for 7' > 0 small enough (such a triple
(R, u, T) is explicitly chosen in the beginning of the proof of Theorem 4.2).

Throughout this section, C(Ty, R, 1, ||XO||X(QO)) denotes a constant, depending on Ty,

R>0,pu>0, HXOHX(QO) which may vary from one statement to another, but which is
independent of T

The following lemmas are used to estimate the nonlinear terms (see Theorem 4.1).

Lemma 4.1. There exists a constant Cy depending on Ty such that, for all 0 < T < Ty
and all u € H>!(Qr) satisfying u(0) = 0, the following estimate holds

[ll oo (0,711 (90)) F 1l Lo (0,720 (020)) < Co llull 21y -

Moreover for all v € H4?(3%.) satisfying v(0) = 0 the following estimate holds

”U||Loo(0,T;H3(FS)) < Co ||UHH4»2(E§F) .
If in addition v;(0) = 0, then

[0l oo (0,151 (0)) T 102l L2 0,020y < Co vl (s y -

Proof. These estimates come from interpolation results (see [17]). The only thing to
prove is that the continuity constants can be made independent of 7. Let @ be the
function defined by @ = 0 on [T' — Ty, 0] and @ = w on [0,7]. As u(0) = 0, the function
 is still in H*!(Qr) and, using interpolation estimates, we have

@l oo (r—1 111 (020)) < CT0) Tl 20— 12 (020 )y (=T 7522020 -

This implies that ||ull e 100 < Collullg2ig,) Wwith Co = C(Tp). The other
estimates follow from the same argument. 0

Lemma 4.2. Let x° belong to X(€Qp), R > 0, and p > 0. There exists a constant
C(Ty, R, 1, ”XO”X(QO)) > 0 such that, for all 0 < T' < Ty and all (@, p,n) in B(x’, R, u, T,
the following estimates hold

10l oo 0,71 (020)) + 10l a0, 7m0 (020)) T N7l oo (0,712 (00

+ ”77t”L2(o,T;H2(FS)) + H77mzHL°°(0,T;H1(FS)) < C(To, R, p, HXOHX(Qo))-
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Proof. Let (1,7, p) be the solution to (2.7) on the time interval [0, Tp] with right-hand
side 0 and the initial condition (u® n?,19). We have

u )
Lo (0,T;H (Q0))

1Tl oo (0,711 (020)) Hﬁ_ u Lo (0.75H' () +
then using that u(0) = @W(0) and Lemma 4.1 the following estimate holds with the
constant Cy = Cp(71p)

_ o
[a-u

D) = Co Hﬁ_ &’

Lo (0,7;H (Q0 H>'(Qr)

< Cy ”ﬁHHQJ(QT) + Cy u

H>(Qr)
< CoR + Co[u)

H>1(Qr,)
The second part is estimated as follows

o

u <
L>o(0,T;HY (Q0)) —

o

u
Le°(0,To;H (Q0))

o
u

<G

H2(Qr,) |
Finally estimate (3.8) on u implies

[l 10 (07181 (2)) < CoR + (Co + C)Cl H(UO> m, 77(2))HX(QO) :
The estimates on 7; and 7., follow similarly. O

Lemma 4.3. Set po = [|(1+ 770)_1”1:00(1“8)‘ For n € H%?(3%) such that (0) = 7" the

function 7 = 717;23 satisfies the following estimates
(4.1) Hﬁ”Lw(E;) < N0T1/2 HntHL2(O,T;L°°(Fs)) )
(4.2) Hﬁ:cHLoo(z;) < N0T1/2 HntxHL2(O,T,L°°(FS)) + M(2) 772 Loo(Ty) T'/? HntHL?(O,T;LOO(FS)) .

Proof. The estimates come from the fundamental theorem of calculus and Cauchy-
Schwarz inequality. O

Lemma 4.4. Let u be in L®(0,T; H'(Q)) and v be in H*>!(Qr). The following
estimate holds

1/2 1/2
(4.3) HuaiUHLQ(QT) < cr/ HUHLOC(O,T;Hl(QO)) HUHL/OO((]’T;Hl(QO)) ||,UHL/2([)7T7H2(QO)) )
with C independent of T, and i = 1, 2.

1/3 2/3
JotPion < ([ ) ([ joel)
Qo Qo Qo

and, using Lebesgue interpolation, [[0;v][ s, < HOWHILQQ(QO) HGiUH}:/g(QO). Sobolev em-

beddings then yield

Proof. We have

1/2 1/2
100l o 7500y < CI0IE2 0 st oy 1011 0 22020 -
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Then we use the estimate ||c|[ 2o 7) < T4 lell 1o,y to obtain

[udivll 2(0,7;22 (00)) < I1ll oo 0,11 (20)) 1960 200,728 (020

1/4
< T4 ||ul| oo .11 (20)) 190 a0 1:23(00))

1/2
< CTY ull g o ot o)) 101 0 a1 200y 1P ot 1200 -

O
Lemma 4.5. Let x° belongs to X(Qp), R > 0, and x> 0. For all 0 < T < Tp and

(@, p,n) in B(x, R, u,T), the function M (W, n) belongs to H>!(Qr) and the following
estimate holds

(4.4) 1M @)l gy < C(To, Ry o %] (0

Furthermore, for all (U1, p1,71) and (Wa, pa,12) belonging to B(x’, R, i, T), the following
Lipschitz estimate holds

(4.5)

M (@1, m) = M (W2, n2) || g2 (@) < C(Tos Ry s [0 x(00)) | (@1, p1,m) — (@2, p2,m2) |y, -

Proof. Through what follows we use the following basic estimate

o 14+n°
1 _ < 0
4y = |5, <00
Uup Zﬁa} T . . .
Most of the estimates of M(a,n) = (1 T 1t —U1 —|—u2) and its derivatives are

explicit L>® x L? estimates using the prev10us lemmas and the regularity of 7. To
estimate the second spatial derivative of 77 ~ we compute 7y:

o (e e\ (200 =) = (0 = ") | 2(02)*(n — 1°)
R (170 (EUL

Then
||77:Jc;c||L°°(O7T;H1(F0)) <G (770) + 02(770) ||77:m||L°°(07T;H1(FS))
+ C3(n°) [72[] oo 0,750y + Ca(n°) 7l oo (0,711 (1))
< C(To, R, 1, 1% x(620))-

This estimate is more precise that the one needed here (it implies an estimate on
1Mzl 700 (5 using spatial Sobolev embeddings); we stated it because it is used in the

estimates of Theorem 4.1. For the time derivative we have
‘ —t
(1+7)?

It follows from these estimates that

<ot

pllnell poo sy < C(To, R, g, 1% 2 (00))-
Loo(55.)

L (%5)

< C(To, R, 11, [IX°| v ))-

1+7] ‘H21 (Qr)
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The second component of M (4, n) and its derivatives estimated similarly, except for the
terms

Zﬁ:m:xﬂl o0\ 1~  —
—_— < C , u .
1+77 LQ(QT) = (M n )”naca:a: 1HL2(QT)

The term 7,4, is only in L2 (T's) and we cannot use Lemma 4.4. Let us write 7 = ND
with N =n—n%and D = (1 4+72°)~'. We have

When multiplied by 127U1~7 the terms involving up to two derivatives can be estimated
directly. For
Z(nzxa: - Ugm)%
(L4021 +7n)
we have
2
Z(nﬂmx - ngzm)al 0 /T 0 2 - )
P S C ) — ° t u . t o dt
EE B (") || = 1) ) I D

0
Nexx — Nyax

< C(u,no)‘

< C(u, )T

—2
LA(0,TL2(Ts)) Il 0,71 (00)

0
Nexx — Nyax

=2
L8(0,T;L2(Ts)) Al 20,7512 (020) »

and

1/8]],.0
L8(0,T3L2(T,)) < naaall sz + T HU HH3(FS)

< C (T, Bt [ ) + T’ o

0
Nzzx — Nzzx

H3(T5)

This implies

ZNerzUl

fov S C(T(]vRvM? HXOHX(Q()))

L+7 llz2or)

Thus (4.4) is proved. For the Lipschitz estimate we use the same techniques. Let us

make explicit the estimate on one of the terms, namely
Zﬁl,w _ Zﬁ2,x _ < 771,:)3 772,:1: > Zﬁ2,x

—U1,1 — —U21 =X — — — | u1,1 + —

L+m L+ L+m 1+ L+

Using the previous techniques and Lemma 4.1 we obtain

(Wi,1 —U2,1).

ZﬁQ,x — _ 0 _ _
—(U1,1 — U2;1 < C T(), R, My (| X 0 u; — u2 2,1 .
T oy, = €00 Bt i) 1 = el gy
For the other term we write
ir Mz Mz~ M,z (N2 — 1) (e — N2,2)

L+m 1472 Q+n)0+m5)  Q+m)d+52)  (@+7)1+15)
and

H < 771,1 772,30
2 _

. ~ u <CT,R7 9 0 - s\ .
e B Y <O ) I el
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The nonlinearities in (2.3) can now be estimated.

Theorem 4.1. Let x° belong to X(Qp), R > 0, and g > 0. There exists a function
Pyo(T) = Sp_oT% with n € N* and 6 € (R%)"*! such that, for all 0 < T' < T and
all (w,p,n) € Bx°, R, 1, T), (F(u,p,n),0(0), H(W,n)) belongs to Wy and the following
estimate holds

(4.6) I(F (@, p,n), ©@@), H(W@ 1)l < C(To, R, [1X°] ¥ (020)) Pon (T)-
Moreover, for (u;,p;, ;) € B(x°, R, i, T) (i = 1,2) the following estimate holds
) [(F1, 01, H1) — (F2,02, Ha)||yy,.

< C(To, R, s 1X° | x(20)) Po,n(T) | (W1, p1,m) = (W2, p2,72) |y,
with the notations (F;, ©;, H;) = (F(w;, pi,m:), ©(W;), H (@, n:))-

Proof. Step 1: Estimate of F(u, p,n). We recall the form of F(u, p,n):
F(a,p,n) = G(M (1, n),p,n) — 9N (u,n) + vAN(1,n).

Set u = M (4, n). Thanks to Lemma 4.5 we can prove the estimates with u and then
obtain estimates in terms of u. For

772
Zﬁt+VZ<1+n 7]:ca:>‘| u,

_ _ 2°ng —1n
+ v | 2200, + Mg + Muzz
147

+ Z(ﬁxpz - ﬁpx)el - (1 + ﬁ)ulux + (Zﬁxul - u2)uzv

G(u7p777) = _ﬁut +

we use L estimates on 77 to gain a factor T for terms like the first one:

||_ﬁutHL2(QT) < ||77||Loo(st) ||11t”L2(QT)

< uT? el 20,7000 (00 0l 21 (@) < C (T, R, 1, 11| 220 T
For the product of functions in L (0, T'; H'())) with derivatives of functions in H*(Qr)
we use Lemma 4.4, for example:

~ ~ 1/2 1/2
2l gy < OT Y 1l oo zear (e 12 gt gy 110 oo k2

< C(To, R, . [1%°| 2e0a0) ) T,

and

~ 1/2
V272t |p2 (g < CTY* ||Tlaa|| oo (0,T:H(2)) ||u||L°° (0,T;H(20)) ||u||L/2 (0,T;H2(Q0))

< C(T07 Rvﬂ? HX HX(QO))Tl/47

where we have used the estimates on 7; and 7, given in the proof of Lemma 4.5.

The term N (1, n) = <1_Z_ui, iniui
n n

4.5 and the factor T is obtained with the previous techniques and Lebesgue interpolation

) has already been estimated in the proof of Lemma



FLUID STRUCTURE SYSTEM WITH BOUNDARY CONDITIONS INVOLVING THE PRESSURE 21

for the terms
2(Nuzz = Mowa) W1
(L+n0) (1 +17)
Step 2: Estimate of ©(@). In order to obtain an estimate in L2(0,T; H'/?(T;,)) we
study ©(1) = (1/2)[1]? on Qg and then look for the restriction to I'; ,. We have

and using Lemma 4.4

_ —13/2 _

Hulul,xHLQ(QT) <cor'/4 HUHL/OO(O,T;Hl(QO)) ||uHL2(O’T;H2(QO) < C(Tpy, R, p, ||X0||X(Qo))T1/4'
which implies a L2(0,T; H'(Q)) estimate on ©(w@) and thus a L*(0,T; HY/(T;,)) esti-
mate for the trace.

Step 3: Estimate of H(u,n). We recall that H(a,n) = V(M (a,n),n) with

Nx NaNz? — 2
T(u,n) = + _ .
(u,n) =v (1 ﬁul’z NeU2,z 7 uzz)

For the terms without 77 we use directly the regularity of u to gain a factor 7. Us-

ing fractional Sobolev embeddings [1, Theorem 7.58] and trace theorems we know that
u,(z,1+7%(x),t),u.(z,1+7°(z),t) belong to H/>/4(Qr) and L*(0,T;L?(T's)). Hence

< C(pus ") Ineun,»
L2(0,T;L2(T))

v

—U1,2

147

‘LQ(O,T;LQ(FS)) )
and

T
2 2 2
1721217255 ) < anllLoo(st)/O lwr,z M p, dt

2
T H“LZ”L%QT;LQ(FS))

< C(To, R, ||X0||X(Qo))T1/2'

The other terms are estimated with the previous techniques.

2
< 721700 (25

Step 4: Lipschitz estimates. The Lipschitz estimates are obtained with the same tech-
niques. Let us make explicit some inequalities.

Hﬁlul,t - 772112,75 L2(Qr)

<0 = m)urillpzg, + 172001 —u2e)lly2 g,

<l - ﬁQHLoo(z;) Hul,tHL2(QT) + ||772||L°°(E§,) [ure — u2,t||L2(QT)

< C(To, By [%° L e00) T2l = 2l racagssgy + 1801 = Bollggzr gp)-

All the interest of working in the initial domain g instead of the rectangular 2 comes
from the estimate (4.3) on 77. With the usual change of variables, the term 72(u; — ug)
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cannot be estimated without smallness assumption on 1°. For V2N gz W1,z — V212 2202 2
we have

[v2 (71 2w — T2.22) (@r)

- ~ 1/2 1/2
< crH/ 171,20 — 7727$I||L°°(0,T;H1(Qo HulHL/OO (0,T5H' (Q0)) ||u1||L/2 (0,7H?(Q))
< C(To, R, p, HXOH-X(QO))T1/4 Hm - 772HH472(2,§F) )

and

[v2n2,20 (01, — 2 Z)HL2 (Qr)

< CTY* |Maall o (0 (o)) W1 — u2||L°° (0.7 (00 181~ u2||L2(0TH2(Qo))
< C(T(), R, , HXO”X(Q()))T1/4 ”u1 - u2HH2’1(QT) :

The Lipschitz estimates with lower regularity terms like 7., are obtained as in the proof
of Lemma 4.5. g

4.2. Fixed point procedure. For all x* = (u’,79,79) € X(Q), R > 0, u > 0 and
T > 0 such that B(x°, R, u,T) # (), consider the map

{ B(X07R5M7T) —>yT7
@ pon) = (@50,

where (T*, p*,n*) is the solution to (2.7) with right-hand side (F(u, p,n), ©(1), H(4,n)).
In order to solve (2.6) we look for a fixed point of the map F.

(4.8)

Theorem 4.2. For all x* = (u®,7?9,719) in X(Q), there exist R >0, > 0and T > 0
such that F is a contraction from B(x%, R, u, T) into B(x°, R, 1, T). Hence F has a fixed
point.

Proof. Set p = ||(1 +770)_1||L°°( r,)- Let (1,7, p) be the solution on [0, Ty] to (2.7) with
right-hand side 0. We choose R; such that H u,n,p HX < R;. Writing
To

¢
1+n(t)=1 +n° —&-/0 n.(s)ds

we can choose 0 < T7 < Ty such that

1
<2u.

4.9 1+t <
(4.9) H( ) HLoo(z;l) L+ 0l e,y — TC (1, To, Ras X0l e(00))

Thus the ball B(x°, Ry, 1, T}) is non-empty. From Theorems 4.1 and 3.4, it follows that
7@ p,m)lly,, < Cr (H(uo,n?,n8>H + C(To, R, p, onumo)>Pe,n<T1>) ,

for all (ﬁvpv Tl) € B(Xolenu'le)'

X(Q0)
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Then we choose Ry > R; such that Ry > 2C7, ||(u07 77?, 778)“2((90)7 and To < T3 such that

CLC(To. R, . [l () Poa(T2) < O ()| and (Lo

o ey, <

Therefore F is well defined from B(x?, Ry, u, To) into B(xY, Ro, pi, T3). Still with Theo-
rems 4.1 and 3.4, it follows that

||-7:(ﬁ17p1,771) 7~F(ﬁ27p277]2)”yT2
< CLC(Ty, Ra, i, |1X° || e 020)) P, (T2) || (W1, 1, ) — (A2, P2, m2) |y,

for all (T, p1,7m1) and (s, p2,72) belonging to B(xY, Ry, i, T). We choose 0 < Ty < T
such that CpC(To, R, i1, IX°]| x(02)) Pon(T3) < 1/2. The mapping F is a contraction
from the complete metric space B(x", Ro, 1, T3) into itself, and the Banach fixed point
theorem concludes the proof. O

Theorem 4.3. For all (u’,7?9,19) € X(Qp) there exists T > 0 such that the system
(2.6) has a unique strong solution (4, p,n) in H>*(Qr) x L?(0,T; H'()) x H*2(Z5).

Proof. The existence is already proved. Set x* = (u’ n?,n9) and let (@,p,n) be the
unique solution to (2.6) in B(x", R, u, T') with

p= e L R=20r | n))

Loo(Ty) ‘X(Qo) ’

and T' > 0, constructed by the fix point method in the previous Theorem. Let (W', p’, ')

be another solution to (2.6) defined on [0,7] with the same initial data. Define the

constants Ro = |(@,1f, /)y, and o = [0+ 7) sy Assume that T > 0'i
T

small enough such that ||(1 + U’)_lHLoo(ES) < 2p. From Theorems 4.1 and 3.4, it follows
T
that

H(ﬁlvplanl)uyq"l < OL (H(u0777(1)>77(2))HX(QO) + O(T()a RO?#O’ ”XO”X(QO))PO,H(TI)> )

for all 0 < Ty <T. Let us choose 0 < T} < T such that

CLC(T07 ROHuO’ ||XO||X(QO))P9,TL(T1) < CL H(u077](1)777(2))HX(QO) .

Hence (@', p', 1) belongs to B(x’, R, u, T1) and (1, p,n) = (W,p’,7’) on [0, T1].

Let 0 < T* < T be the greatest time such that the two solutions are equal. We then
consider the system (2.6) starting at the time 7™, rewritten in €, -y, with the initial
conditions (W(T™*),n(T*),n(T*)) = (@ (T*), 7 (T*),n,(T*)). If T* < T, using the fixed
point procedure we prove the existence of a solution (@”,n”,n;') on [T, Ts] with Th > T*.
The previous argument shows that there exists 73 > 0 such that the three solutions are
equal (after a change of variable in order to consider functions in the domain €2, p+))
on [T*, T3] which is a contradiction with the definition of 7. Hence T* = T and the
solution to (2.6) is unique. O

2.
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The previous ideas and techniques can be applied on system (1.1) with the Dirichlet
boundary conditions u = 0 on I'; , and thus fix the gap in the proof of local existence in
[15].

To conclude this section, we state the existence and uniqueness of a solution for (2.6) on
[0,T], with T" > 0 a fixed time and smallness assumptions on the initial data. This result
is proved on the rectangular domain since the estimates of the nonlinear terms are done
through the radius of the ball in the fixed point argument. The existence technique
is similar to the one in [21, Theorem 10.1] and the uniqueness comes from the local
existence and uniqueness result. Let us notice that with this approach the nonlinear
term in the beam equation in (2.3) with n° = 0 writes

2
~ N - z—2
‘I’(uvﬁ) =V (17_?77“1,,2 + NzU2,2 — e n u2,z>

147 1+n
= -2Vl , + v(a,n).

2
R N z—2n .
= —QVUQ,Z +v ( Il U1,z + N2 20 — T nu2,z>

After writing u = M (a,n) = u+ N(u,n) this nonlinear term becomes
H(ﬁ, 77) = _2Vﬂ2,z - 2VN(H7 77)2,2 + @(M(ﬁv 77)7 77)7

and as divu = U1, + Uz, = 0in Q7 and U1, = 0 on X% = EOT we obtain Wz, = 0 on
>%. Hence all the nonlinear terms in the beam equation are at least quadratic.

Theorem 4.4. Let T' > 0 be a fixed time and recall that Q@ = (0, L) x (0,1). There
exists 7 > 0 such that for all (u% 7{,79) in X() satisfying ||(u0,n(1),ng)HX(Q) < r, the

system (2.6) admits a unique solution in H>'(Q7) x L?(0,T; H*(Q)) x H*?(%%.).

Remark 4.1. Note that the initial condition is taken in X'(Q), not X(Q), which means
that n§ can be different from 0.

5. APPENDIX

5.1. Steady Stokes equations. Consider the steady Stokes equations

51 —vAu+ Vp=f1 divua=0 in Qq,
(5-1) u=gonlpu=0only up=0and p=~h onI,,

with f € L%(Qo), g = (0,9)T € ’Hg(/)Q(Fo) and h € H'/?(T;,). We prove in Theorem
5.4 the existence and uniqueness of a pair (u,p) € H2(Qy) x H'(Qp) solution to (5.1).
An existence and uniqueness result for (5.1) with weaker data is given in Theorem 5.7.
The nonhomogeneous boundary condition on the pressure is handled directly with a lift-
ing operator R € L(HY?(T;,), H'(Qp)). For the nonhomogeneous Dirichlet boundary
condition we use the following theorem.
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Theorem 5.1. For all g = (0,9)7 € HgéQ(Fo) the system

div w =0 in Qq,

(5-2) w=g onlog, w=0 onI% wy=0 onl},,

admits a solution w € H?(€) satisfying the estimate

Wik < € el

Proof. We look for w under the form w = (—02¢,01¢)", which ensures the property
div w = 0. The boundary conditions on w imply the following conditions on ¢

J2¢p = 0 and d1¢p = g on Ty,
9 —d1¢p=0o0nT;, 0rp=01p=0onTy
Let 10 be an H3(R) extension of n°. We consider the change of variables
St { R? — R?
(@,y) = (z,y £ nl(2)).
Let 9 be a function in H3(R?). Thanks to the H3-regularity of n?, the function v o ¢

is still in H3(R?). We search for ¢ solution to (5.3) under the form ¢ = ¢ o~ with
¢ € H3((0,L) x (—o0,1)) satisfying

82@5 =0 and 815 =gon Iy,
81¢) =0 on Fi,m (;5 =0 on (O, L) X (—OO, 1-— 5),

(5.3)

(5.4)

with § = go 4™ and

min (14 7°x)) if min (1+7%2)) <1,
if in (1 >1
i xg(lé’nm( +n(x) > 1,
for a fixed a € (0,1). This condition is used to ensure that the function ¢ = ¢ o ¢~ is
equal to zero near ['y, in order to fulfil the boundary conditions 91¢ = 03¢ = 0 on [,

To build gg we first search for qgo such that

~

ajj’o =0onsUT,,

n

(5.6) Po(z,y) = G(z,y) = [§ §(s)ds for (z,y) € T,

¢o=0on (0,L) x (—o0,1—9),
The boundary conditions on I'y are handled directly thanks to a lifting and a symmetry
argument is used to obtain the homogeneous Neumann boundary condition on I',. We
set

. ) G'(z,y) =G(z,y) for (z,y) €T,
G*:

G*(z,y) = G(2L — z,y) for (x,y) € (L,2L) x {1}.
Denote by g, the odd extensionof gon I's s = (0,2L)x{1}. Asg € HgéQ(FS), the function
s belongs to H?/ 2(FS,S). Indeed odd and even symmetries preserve the H'-regularity
(resp. HZ%-regularity) for functions in H{ (') (resp. in HZ(T'p)), thus, by interpolation,
the H3/?-regularity is also preserved for functions in Hgf(ro) = [H§(To), H§(To)]1 /o-
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As 01G*(+, 1) = gs(+) we have G* € H/?(T ;). We still denote by G* a regular extension
of G* on R x {1}. The lifting results in [17] in the case of the half-plan give a function
¢, € H3(R x (—o0,1)) such that ¢; = G* and % =0on R x {1}. We then use cut-off
functions to ensure that ¢; = 0 on (0,2L) x (—oco, 1 — ).

Introduce the symmetric function qgg to <$ with respect to the axis x = L defined by
d2(z,y) = ¢2(2L — z,y) for (x,y) € (0,2L) x (—o0,1). As the Dirichlet boundary
condition G* is symmetric, ¢ satisfies the same boundary conditions as ¢1 on I'y ;. We

finally set ¢, = % The function ¢, belongs to H3((0,2L) x (—00,1)) and admits
x = L as an axis of symmetry. Hence we have %‘ff = 0 on I', and the restriction on
(0,L) x (—o0,1) is a solution to (5.6).

Using the same tools we obtain a function ¢; € H3((0, L) x (—o0,1)) such that

%ﬁi =0onT';UTY,
(5.7) iz, y) = G(z,y) = [ g(s)ds for (z,y) € T,
¢;i =0on (0,L) x (—o0,1—9).

Then we combine ¢, and ¢;. Let o be a function defined on [0, L] such that o = 1 near
I';, a =0 near I', and a € C*°([0, L]). The function ¢ defined by

(Z(l’ay) = a(x)(gl(xﬂl/) + (1 - a(m))ao(xvy) for all (.%,y) € (07L> X (_007 1)7

is a solution to (5.4). Finally the restriction to Qg of the function ¢ = ngS o1~ is a solution
to (5.3). Indeed,

Ba¢p = Bapop™ =0 on Ty,
¢ = 0o~ —ndag o™ =digoyy™ =gotp~ =g on Ty,
%ﬁ =010=00nT,, 020 =01¢ =0 on IY.

and w = (—a¢,010)T is a solution of (5.2). We have w € H?*(Qp) and the estimate
follows from the continuity of the lifting operator in [17]. O

Let w € H?(Qg) be the lifting of g given by Theorem 5.1 and H = R(h). By setting
(v,q) = (u,p) — (w, H) the Stokes system (5.1) is equivalent to
—vAv+Vqg=1, divv=0 in Qo,

(5.8)
v=0onTy vo=0and ¢g=0 onl},,

with f = f + vAw — VH. Using Green formula one can derive the following variational
formulation for (5.8).

Theorem 5.2. Let (v,q) € H%(Qg) x H'(Q) be a solution to (5.8). Then v satisfies
the variational formulation :

Find v € V such that V/ Vv:Vp = f-pforallpeV. (%)
Qo Qo
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Theorem 5.3. The variational formulation (*) admits a unique solution v € V. More-
over there exists a pressure Q € L?(p), unique up to an additive constant, such that
—vAv+VQ=fin H

The pressure Q is mentioned as a pressure associated with v.

Proof. As the only constant in V' is the null function we can use a Poincaré inequality
to prove that the bilinear form

a(v,p) = 1// Vv : Ve,
Qo

is coercive on V. Hence the Lax-Milgram lemma gives us the existence of a unique
solution v € V to the variational formulation (%). For the pressure, we use the equality

<—I/Av —f, <p> =0, for all ¢ € (H}(Q0))? such that div ¢ = 0,

H 1 H]
and [10, Chap 4, Theorem 2.3] to prove the existence of Q € L?(9), unique up to an
additive constant and such that —vAv +VQ = fin H™!. ]

We now state the main theorem of this section.

Theorem 5.4. For all (f,g,h) € L?(Qp) x HgéQ(FO) x HY2(T;,) the equation (5.1)
admits a unique solution (u, p) € H2(Q) x H'(€p). This solution satisfies the estimate

lalle o) + 1Pl 1 00) = CUEIL200) + l8llg372pg) + Mol )

Proof. Let us work directly on the homogeneous system (5.8). We prove the existence of
a unique pair (v,q) € H?(Qq) x H'(€) solution to this system. According to Theorems
5.2 and 5.3, v has to solve the variational formulation (x). Hence we start with the
solution of the variational formulation (x) and we prove that it is the solution to (5.8).
The plan is the following:

e Step 1: We extend the variational formulation (%) on a larger domain Qg . with
a solution denoted by ve.

e Step 2: We prove that the solution v, to this new variational formulation is in
H? in a neighbourhood of T;.

e Step 3: We prove that the restriction of v, to the initial domain € is the solution
v to (x) which implies that v is H? in a neighbourhood of T;, and finally that
v € H3(Qp).

e Step 4: We prove that all the pressures associated with v are in H'(g) and are
constant on I'; ,.

o Step 5: We conclude by taking the pressure satisfying ¢ = 0 on I'; ,, so that the
pair (v, q) is the unique solution to (5.8).
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Step 1: Let n° be the function defined by

o [ n°(x) forall z € (0, L),
Ne * 770(_35) for all z € (—L,O).

We recall that n° is in H3(0, L) and that 7°(0) = n2(0) = 0. Due to the even symmetry
we have 778(07) = 778(0+) =0, ng,x(oi) = ng,x(0+) =0, ng,xx(oi) = ng,a:a:(OJr) and thus we
obtain n? € H3(—L, L) and the curve 'y, = {(x,y) € R? |z € (=L, L), y = 1 +n°(z)}
is C2. We set Qo = {(v,y) eR? |z € (-L,L), 0 <y <1+nd(z)}.

Let v, be the solution to

v Vvesz:/ f. .o forall v €V,
QO,& QO,&

where

Ve={ve Hl(Qo,e) |divv=0inQpe, v=0onTg., va=00nT;,.},
Fd,e = (—L, L) X {0} U FO,ea Fi,e - {_L} X (07 1)7 1—‘i,o,e = Fz’,e U Fm

and f, is the function defined by
?e = f' in Qo,

f.:<_ 1 0\
fe(z,y) = ) f(—z,y) for all (z,y) € Qo ,

with Qo s = {(z,y) € R? |z € (-=L,0), 0 <y < 1+7n%(z)} .

Step 2: We use cutoff functions to prove the H? regularity result near I';. Let ¢ be a
function in C§°(R?) such that ¢ = 1 on Q1 and support(p) C Qg 2, with Q41 and Qg2
two open sets with smooth boundaries such that ﬁ C @ C Qo and ), 1 containing
a neighbourhood of I';.

Let Q. be a pressure associated to v.. The pair (ve,q.) = (¢Ve, pQe) satisfies, in
Hil(QQO72)7

VAV, + V. = —vApv, — 20Vv, Vo + Q. Vo + of,.
Since (v, g.) belongs to H(lJ(Q%g) x L%(Qy2), the previous equality implies that (v, q.)
is a solution to the following Stokes equations (in the usual variational sense)
VAV, + Vq. = —vApv, — 20V v, Vo + Q. Vo + of, in Qy2,

5.9
(5.9) div ve = ve - Vi in Qp0, ve = 0 on 0, 2.

We then use known results for Stokes equations with Dirichlet boundary conditions (see
for example [10, Chap IV, Theorem 5.8]) to obtain (v, q.) € HQ(Q%Q) x H'(Qp2). As
(Vesge) is equal to (ve, Q) on €, 1 we obtain the regularity result for (ve, Q.) in a
neighbourhood of T';.
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Step 3: We want to prove that the restriction to Qg of v, is the solution v to the
variational formulation (x). Using the Lax-Milgram lemma we know that v, satisfies

1 - 1 _
5.10 fu/ Vv 2—/ f. - v. = min 71// \V4 2—/ f. - .
( ) 2" Jou.. Vvl 0.0 e’ Ve = U0 <2 0.0 Vel 0. e P

Hence, using the symmetry properties of f, we can prove that the function v, defined by

1 0
ve(z,y) = (O _1) Ve(—z,y) for all (z,y) € Qo,

is also a solution to the minimization problem (5.10). As (5.10) admits a unique solution
we obtain that vy = ve. The symmetry properties and the regularity of v, imply that
ve,2 = 0 on I';, We can now prove that the restriction to €y of v, is the solution v to
(%). Let ¢ be a test function in V' and denote by ¢, the function defined by

. = ¢ on o,
o 1 0
v p(z,y) = (0 1) p(—z,y) for all (z,y) € Q.

Thanks to the condition ¢2 = 0 on I';, we notice that ¢, is in Hl(Qo,e), and more
precisely in V.. Hence we can use ¢, as a test function in the variational formulation
satisfied by v, we obtain

v Vv, :the:/ f ..
QO,e QO,E

Using the symmetry properties of v., ¢, and f. we have

Vv, : Vo, = / Vve : Ve,
Qo, s Qo

and

Hence,
v Vve: Ve = f- o,
Qo Qo
for all ¢ in V, which proves that the restriction to €y of v, is the solution v to the
variational formulation (x). Hence v is H? in a neighbourhood of T;. The same technique
works for the boundary I', which implies the regularity result on the whole domain 2.

Step 4: Let Q be a pressure associated with v. The regularity of v and the equality (in
the sense of the distributions)

—vAV+VQ =T,
imply that Q belongs to H'(Qg). We now have to prove that Q is equal to a constant
on T ,. Thanks to the regularity of (v, Q), the equality —Av+VQ = f holds in L*(Qy).
For all ®) in V' we have

/Qof~1p: QO(—VAV—l—VQ)-1/):/QOVVV:V1/J+/FWQ(1/J-n),
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and, using the definition of v,
/ Q(¢ -n) = 0.
Fi,o

This implies that Q is constant on I'; ,. To see this, it is sufficient to prove that for all
¢ € CX(I;,) satistying
[ e=o,
Fi,o

there exists 1» € V such that 9 -n = ¢ on I'; ,. Let ¢ be the function defined by
¢ =0on Iy,

Using [13, Lemma 2.2] the equations

diveh =0 O,
P=¢ Ty,

admit a solution 1 in H'(Qp). Such a 1 belongs to V and satisfies % - n = ¢ on Lio.
Hence Q is constant on I'; ..

Step 5: Among the pressures Q associated with v there exists a unique ¢ in H'(Qq)
satisfying ¢ = 0 in I'; , in the sense of the trace for Sobolev functions. The pair (v, q)
in H?(Qg) x H'(Qp) is the unique solution to (5.8) and (u,p) = (v,q) + (w, H) is the
unique solution to (5.1). The estimate on (u,p) follows from classical estimate for the
Stokes equations (5.9) and Theorem 5.1 to estimate w. O

According to Theorem 5.4 the Stokes operator A associated to (5.1) with homogeneous
boundary condition is defined by

D(A) = H*(Q) NV,
and for all u € D(A), Au = vIIAu.

Theorem 5.5. The operator (A, D(A)) is the infinitesimal generator of an analytic

semigroup on Vg,rd(QO)- Moreover we have D(A/?) =V.

Proof. The bilinear form associated with the operator A defined by
V(v,p) €V XV, a(v,p) = 1// Vv : Ve,
Qo

is continuous and coercive, hence [7, Part 2, Theorem 2.2] proves that the operator A is
the infinitesimal generator of an analytic semigroup. For the second part of the theorem
we have, for all u € D(A),

fully = (~Auw) = [ (-2,
n.Tq

By density, the previous equality is still true for u € V' which concludes the proof. [
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We now want to study (5.1) for weaker data using transposition method. The following
lemma, used to solved non-zero divergence Stokes equations, is needed to obtain weak
estimates on the pressure in Theorem 5.6.

Lemma 5.1. For all ® € H}(Qp) the system

divw = ® in ),

(511) w=0 on qu wo = 0 on 1—‘7J,O7

admits a solution w € H?() satisfying the estimate

Wz < C Pl H1 () -

Proof. If ® has a zero average the result comes directly from [22, Chap II.2, Lemma
2.3.1]. This lemma gives the existence of a function w € H3(Qp) such that div w = .
In the general case, the idea is to find a pair (wg, ®¢) solution to (5.11), where &y has
a non zero average, and to use it to come back to the previous framework.

Let 6 > 0 be the constant defined by (5.5) in Theorem 5.1 and p € C>°(R) be a non
zero non negative function compactly supported in (0, ). Let 8 € C°°(0, L) be such that
6 = 0 near 0 and 6 = 1 near L. Define wo(z,y) = (p(y)0(z),0)T for all (z,y) € Q.
The function wy is smooth and satisfies the boundary conditions in (5.11). Finally, set
Oo(z,y) = div wo(x,y) = p(y)0'(z) for all (z,y) € Qo and remark that &g € Hg(Qo)
and

0
/Q p(y)0'(x)dzdy = /O p(y)dy > 0.
0
We look for a solution to (5.11) under the form w = w + cwo with ¢ = [o @/ [o, Po.

The function w needs to satisfy

divw = ® — c¢®g in Qo,

w=0 on Iy, wy =0 on I,
The function ® = ® — ¢®y is in H}(Qp) and has a zero average. The existence of W
follows from [22, Chap I1.2, Lemma 2.3.1]. To prove the estimate on w remark that

<D .

0

Theorem 5.6. For all (f, g, h) € L?(Qp) x 7—[362(1“0) x H'Y2(T;,) the solution (u,p) of
the equation (5.1) satisfies the estimate

(5.12) |l + 1Pl g-1(00) < CUR m2(00)y T 1182wy + 1Bl a3, ,)))-

Proof. The fluid part estimate is similar to [20, Lemma A.3] using as test function the
solution (¥, 7), given by Theorem 5.4, to
— VAV + V71 = ¢, div¥ =0 in y,

1
(5.13) Y=0only ¥Y=0and #=0 onl,,
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with ¢ € L?(€). Let us prove the pressure estimate. For all ® € H} () consider the

system
—vAv+Vqg=0, divv =% in Q,
(5.14)
v=0onTy v2=0and ¢q=0 onI},.

Using Lemma 5.1 and Theorem 5.4 this system admits a unique solution (v,q) in
H?(Qg) x H*(Qo) which satisfies

1Vllez o) + N1l 10y < C I a1 00) -

Using Green’s formula the following computations hold

O:/ (—vAv+Vgq) - -u
Qo
= —v Au~v—1// u~(an)+y/ v-(Vun) + g(u-n)
Q0 2l Q0 0

=/ f-v— Vp-v—l—u/ u-(Vvn)+ [ ¢(u-n)
o0 Lo

Q() Q() 0
:/ f-v—{—/ p@—/ h(v-n)—l—u/ u-(an)—i—/ q(g - n),
Qo QO Fz‘,o 890 F0

and

/ u~(an):/ g~(an)+/ u-(Vvn)
00 To Iio
:/ gPQ(VVI’l) +/ Ulalvl,
FO Fi,o

where g = (0,9)7 and P, is the vectorial projection on the second component. As
0101 + Ovg = ® and vy = 0 on I'; , we notice that d1v1 = ® on I';, and as ® € H ()

we obtain djv1 = 0 on I'; ,. Finally

/Q pq" < C(||f”(H2(QO))’ ||V||H2(QO) + ||h”(H3/2(ri70))/ v - n||H3/2(ri,0)
0

F 118l 1200y P2V VD) llg12(10) + 8l (3172 0oy 1P2(am) [l 012 (1))
< Ol 2y + I8l 22wy + WAl a2, o)) 1Rl 2 ) »

which implies the pressure estimate. O

As for [20, Theorem A.1] we now define a notion of weak solutions for (5.1). For (f, g, h)
in (H?(Q0))' x (H'/2(To)) x (H**(T;,))" consider the following variational formulation:

Find (u,p) € L3(Qg) x H~(€y) such that
(5.15) /Qo W = () o)y (0 + T D g2, )y /()
—(g, (V¥ n)>(yl/2(r0))/,yl/2(r0) + (8, P2(7711»(H1/2(r0))/,7{1/2(r0)a
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for all ¢ € L?() and (¥, 7) solution of (5.13), and
(5.16)
(P, @) r-100), 113 (20) = — (6 VI@2(o)y 12 (00) + V- ) (raraqr, )y w2, )

—(g, P2(Vv n)>(H1/2(Fo))/,H1/2(FO) + (8 P2(qn)>(H1/2(r0))/,H1/2(p0)7
for all ® € H} () and (v, q) solution of (5.14).

Theorem 5.7. For all (f g, h) € (H*(Q)) x (HY%(Ty)) x (H3?(T;,)) there exists
a unique solution (u,p) € L*(Q) x H () of (5.1) in the sense of the variational
formulation (5.15)-(5.16). This solution satisfies the following estimate

(5.17) ||UHL2(QO) + HpHHfl(Qo) = C(Hf||(H2(QO))’ + HgH(Hl/?(rO))/ + HhH(HP’/Q(Fi’o))’)'

Proof. See [20, Theorem A.1]. O

5.2. Unsteady Stokes equations. Consider the unsteady Stokes equations
u —vAu+Vp=f divu=0 in Qr,

u=g onZOT,u:O onE%’p,
(518) 4,0
up =0 and p=0 on X7,

u(0) = u’ on Q.

As for the steady Stokes equations, a nonhomogeneous boundary condition on the pres-
sure p = h in (5.18) can be handled directly with a lifting, hence through this section
we assume that A = 0. We prove the existence and uniqueness of a solution to (5.18)
in Theorem 5.8. Then we transform (5.18) to prove existence uniqueness and regularity
result when the Dirichlet boundary condition g is less regular (see Theorem 5.9). We
use this result to prove Lemma 3.2. Finally we specify the regularity result used in the
study of the fluid structure system in Theorem 5.11 and we apply this result in Lemma
5.3.

Writing the equations satisfied by u — Dg and using standard semigroup techniques we
obtain the following theorem. Remark that the assumption u’ — Dg(0) € V is equivalent
tou’ € Vl(QO), u’ =g on 'y and u = 0 on Lo

Theorem 5.8. For all g € L?(0,T; ’Hg(/)Q(FO)) N HY0,T; (HY?(T))), f € L*(Qr)
and u® € H'(Qy) satisfying the compatibility condition u® — Dg(0) belongs to V, the
equation (5.18) admits a unique solution (u,p) € H*Y(Qr) x L*(0,T; H'(Qp)). This
solution satisfies the following estimate

||11HH271(QT) + ||pHL2(o,T;H1(QO))

< OOl + 18 g0 iy + 18 2000200y + iz
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We now want to study (5.18) for g € L?(0,T; £2(Ty)). We follow the approach of [20].

The operator A, using extrapolation method, can be extended to an unbounded operator
A defined on (D(A*)) with domain D(A) = VY 1 (Qp).

n,Ty
Definition 5.1. A function u € L*(Qr) is called a weak solution to (5.18) if ITu is a
weak solution to the evolution equation
(5.19) IIu' = Allu + (—A)[1Dg + IIf, [Tu(0) = IIu’,
and (I —IT)u is given by
(5.20) (I-Mu = (I - II)Dg in L*(Qr).

Remark that A = A* (the operator A is symmetric and onto from D(A) into V2 1. (Qp)).

n7Fd

By definition to a weak solution for (5.19) (see [7]), Tu € L?(0,T, VY 1. (Qp)) is solution

n,l'y

to (5.19) if and only if for all & € D(A*) = D(A) the map t — [, IIu- @ belongs to
HY(0,T) and
d ~ ~
(5.21) — . [Mu- @ = (Allu, ®)p(ay pa) + (—AILDg, ®)pay pray + (If, @)piay pea)-
0

Using Green formula we compute the adjoint of the operator D.

Lemma 5.2. For all f € L?()) the adjoint operator D* of D is defined by
D*f = (—vVv +q)n,

where (v, q) € H2(Qg) x H' () is the solution to

—vAv+Vqg=f divv =0 in Q,
v=0onTIy, v2=0 and ¢g=0 onI',.

Using that A =Aon D(A) the variational formulation (5.21) becomes

d/ Hu-@:/ Mu-Ad+ [ g-D(-A)d+ [ TIf-&
dt QD QO Fo QO

:/ Mu-A®+ [ g (—vVd+q)n,+ [ TIf- o,

Qo To Qo

with Vg = v(I — II)A®. The previous equality follows from the uniqueness of the
stationary Stokes system and the identity —vA® + v(I — II)A® = —AP. Finally Iu is
a weak solution to 5.19 if and only if

d
(5.22) —/ Hu‘q):/ Mu-A®+ | g (—vV@+gq)n+ | IIf- P for all ® € D(A).
dt Qo ) T'o Qo

We can now state a theorem analogue to [20, Theorem 2.3].

Theorem 5.9. For all TTu® € VY 1. (Q), g € L?(0,T;L£%(Ty)) and f € L*(Qr) the

n,lg
equation (5.18) admits a unique weak solution u in the sense Definition 5.1. This solution
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satisfies the following estimate
(5.23)

Tl o g oyt/2—2 gy + 1Al r1/a—er20,10v0 (@) + I = D 2o rovir2 )
ld

<C (”HuOHV%Fd(QO) + &l 20, 122(r0)) + ||Hf||L2(o,T;v9hFd(Qo))> , for all € > 0.

Proof. See [20, Theorem 2.3]. O

As in [20] we can prove that for g € L?(0,T; HSéZ(FO)) NH(0,T;HY?(y)) a function

u is solution to (5.18) in the sense of Theorem 5.8 if and only if u is a weak solution to
(5.18)(in the sense of Definition 5.1). The following theorem characterize the pressure.

Theorem 5.10. For all g € L?(0,T; ’Hg(/)z(l‘o)) NHY0,T; (HY?(Ty))), f € L%(Qr) and
u’ ¢ Hl(Qo) satisfying the compatibility condition u® — Dg(0) belongs to V, a pair
(u,p) € H*Y(Qr) x L?(0,T; H'(9y)) is solution of (5.18) if and only if

[Mu' = Allu + (—A)[IDg + TIf, u(0) = u°,
(I_H)u: (I_H)ng P =p—qt+ps

where

e g€ H'(0,T; H'(Qg)) is the solution to

~ o 04 o 9¢ b
(524) Aq e 0 1mn QT’ p = 0 on 23107 8n = g - on ZT’ an - 0 on ET
e pc€ L?(0,T; H(Qp)) is the solution to
5.25 Ap=0inQr, p=0 on X2°, 9 = vAllu-n on X4,
T o T
n

where vAllu - n is in L?(0,T; H~Y/?(I'y)) thanks to the divergence theorem.
e pr € L?(0,T; H'(Qp)) is given by the identity (I — II)f = Vps.

Proof. Writing u = ITu + (I — II)u in Equation (5.18), we have
u; — vAu+ Vp =lw + (I — Mu, — vAllu — vA(I - II)u+ Vp = 0.

By definition of (I — IT) there exists ¢ € Hlll _(£9) such that V¢ = (I — II)u. Using the
condition div u = 0 and (I — IT)u = (I — IT)Dg we obtain that ¢ is solution to (5.24).
As g e HY(0,T;H Y%(Ty)) the function ¢ belongs to H(0,T; H'(Q)).

The function ITu is solution to the equation
[Mu; — vAllu+ Vp =0,

with p = p—vAq+ ¢ = p+ ¢:. Taking the divergence of the previous equation and the
normal trace on T'y (which is well defined as AlTu is in L?(0, T; L?(Q0)) with a divergence
equal to zero) we obtain (5.25) and p € L%(0,T; H'()). O
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We conclude this section with a regularity result, coming from the interpolation of the
regularity results stated in Theorem 5.8 and Theorem 5.9, and an application to the
operator A; defined in Section 3.3.

Theorem 5.11. For all g € L?(0,T; H§(To)) N HY2(0,T; £3(Ty)), f = 0 and Hu’ = 0,
the solution u to (5.19)-(5.20) satisfies the estimate

HHuHH3/2_E’3/4_5/2(QT) < C(HgHLQ(O,T;H})(FO)) + HgHHl/Q(O,T;EQ(FO)))v for all & > 0.

Lemma 5.3. The operator (A;,D(A;)) is the infinitesimal generator of a strongly
continuous semigroup on H.

Proof. The first part is to prove that the unbounded operator (21, D(/L)), defined by

D(Ay) = {(Iw, m, m2) € Vi1, (Q0) x (HA(T's) N H3(T)) x HZ(Ts) | Tlu—TID, () € V}

/A 0 (—A)D,
Ai=[0 o0 I :
0 Aag 64,

and

is the infinitesimal generator of a strongly continuous semigroup on V! x H,. Here,
V1 is the dual of V endowed with the norm

oo (e, )

This proof is similar to [21, Theorem 3.5]. Then we consider the evolution equation

g (Hu _ (Tu ITu(0) Tu?
(5.26) (771)=A1(771), (771(0)>:(77?)-
9\ 2 12(0) 5

The solution to (5.26) can be found in two steps. First we determine (1;,72) and then
ITu. We recall that (As, D(As)) is the infinitesimal generator of an analytic semigroup
on Hy (see [11]). Let (ITu®,n?, 1Y) be in V! x Hy. Using [7, Chap 3, Theorem 2.2] we
obtain 171 € H>3/2(2%.) and 1y € HYY/2(¥5.). Now let us assume that (TTu®, 5?,79) € H.
We have to solve

(TTu)’ = ATTu + (—A)[ID4(12), Tu(0) = Tu.
We split this equation in two parts ITu = ITu; 4 ITuy with
(MIuy)" = Alluy + (—A)Ds(n2), Tuy(0) =0,
and
(ITuy)’ = Alluy, ITu(0) = ITu’.

Using Theorem 5.11 we remark that Hu; € H3/2753/4=¢/2(Q). For Iluy, [7, Chap 3,
Theorem 2.2] shows that Tluy € L2(0,T;V) N HY(0,T;V~1). Interpolation result [17,
Theorem 3.1] ensures that ITuy € C([0,T); V2 1 ().

n,l'y
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Hence (ITu,71,72) € C([0,T]; H) and the restriction to the semigroup (e*41),cp+ to H
is a strongly continuous semigroup on H. Finally we can verify that the infinitesimal
generator associated with this restriction is exactly the operator (Aj, D(A1)). g

5.3. Elliptic equations for the projector II. In this section we prove higher regu-
larity result for an elliptic equation, which implies the regularity result on the projector
II given in Lemma 3.1.

Lemma 5.4. Let f be in H!()) such that f =0 on I';,, and g be in Hgé2(Fg). Then
the elliptic equation

Ap=f in Qo,
dp 0y2\—1/2 dp

(5.27) = g(1+(n°)%) on I’y and = 0 on I'y,
p=0 onlI,,

admits a unique solution p € H3(p).

Proof. H? regularity far from the corners of €y is obtained through classical arguments.
To prove the H? regularity at the corners, say along = = 0, we first perform a symmetry
with respect to x = 0 (step 1) and then a change of variables to transport the PDE on
(=L,L) x (0,1) (step 2).

Step 1: Using the notations of step 1 in the proof of Theorem 5.4 for 12, Lo, Q0,5 and
Qo we define f. and g. by

f fezfinQO) ge:ginFOa
. fe(xay) = —f(—%y) in QO,S? Je : ge(x7y) = g(_l',y) in FO@ \ FO‘

Assumptions on f and g ensure that (fe, ge) is in HY(Qp ) X H?/? (To,e). Define p. by

pe = p in Qo,
Pe pe = —p(—z,y) for all (z,y) € Q0,5

Then p, € HQ(QQB) and satisfies

Ape = fe in QOa
Ipe _ 0y2\—1/2 Ope _
o ge(L 4+ (n2)?) on I'g . and o 0 on (—L,L) x {0},

pe =0 on ({—L} x (0,1))UT,.
Step 2: Let Q. = (—L, L) x (0,1) and ¢ be the change of variables

QO,e — Qea

v (w,y)H(x’z)_<x’1+zg(gj))'

As in Theorem 5.1 the function ¢ transports H3(Qo.) to H3(Qc). Hence it is sufficient
to prove the H? regularity after transport. Let J,, be the Jacobian matrix of (. Setting
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be = poyt f. = \Jol "t fe 0o o7t and Ge(x,1) = ge(w,1 + n2(x)) the function p, is
solution to

div(AVp.) = f. in Q.,
(5.28) ¢ AVp.-n=g. on (—L,L) x {1} and A(z,2)Vp.-n=0 on (—L, L) x {0},
pe =0 on ({—L} x(0,1))UTl,,

where the matrix A = (4;;)1<ij<2 = ]det(J@)FlJ@Jg is uniformly positive definite
symmetric with coefficients in W N H2.

Step 8: Deriving (5.28) with respect to x shows that d,p. satisfies (with 9; = 9, and
0y = 0,)

(5.29) div(AV(8,p¢)) = O fe — F(A, o),
with
F(A, pe) = (011411) 01pe + (01411) O11pe + (011 A12) Oape + (01A12) D120
+ (012421) O1pe + (01A21) 021 pe + (012A422) Dape + (01A22) O22pe,

in the sense of the distributions on Q.. From here on, we localize near (0, 1).

Step 4: We use a bootstrap argument. The first step is to find an L™ estimate on Vp,.
In the right hand-side of (5.29) the least regular terms are under the form (911411) Ozpe
or (012A422) 0,pe. Sobolev embeddings show that these terms are in L" for all 1 < r < 2.
Moreover the Neumann boundary condition involves 0,.g. — (01 A21) Ozpe — (01422) O.pe
where the least regular terms are traces of W' functions. Using the results of [2]
and [3] we obtain that 0,p, is in W?2". Then the embeddings W?" ¢ Wl c L*®
with »* = % > 2 show that the terms under the form (011411) Oxpe are in L? and

(D1 A91) Oppe is in H'Y/? (on the boundary). Moreover using the equation (5.28) we
obtain that 0,.p, is in L" and thus 0,p, € W1 C L. Finally the right hand-side
is in L? and the Neumann boundary condition in H'/? and thus d,p. is H? near (0, 1).
For the regularity with respect to z we can use the equation (5.28) and p, is H® in a
neighbourhood of (0,0).

Step 5: The strategy applies for (0,0). If we come back to the initial equation on the
domain Qg we have proved that p is H? near I';. The same proof can be used for the
regularity near I', and finally p € H3(). O
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