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Abstract

We study in this paper compression effects in heterogeneous media with maximal packing constraint.
Starting from compressible Brinkman equations, where maximal packing is encoded in a singular
pressure and a singular bulk viscosity, we show that the global weak solutions converge (up to a sub-
sequence) to global weak solutions of the two-phase compressible /incompressible Brinkman equations
with respect to a parameter ¢ which measures effects close to the maximal packing value. Depending
on the importance of the bulk viscosity with respect to the pressure in the dense regimes, memory
effects are activated or not at the limit in the congested (incompressible) domain.

Keywords: Compressible Brinkman Equations; Maximal Packing; Singular Limit; Free Boundary
Problem, Memory Effect.

MSC: 35Q35, 35B25, 76T20.

Introduction

We analyze in this paper macroscopic models for heterogeneous media like mixtures, sus-
pensions or crowds, in dense regimes. These regimes exhibit interesting behaviors such as
transition phases with congestion (also called jamming for granular flows) and non-local (in
time and/or in space) effects which are both due to a physical packing constraint, that is the
finite size of the microscopic components. At the macroscopic scale this packing constraint
corresponds to a maximal density constraint p < p*. A very challenging issue in physics and
mathematics is then to model and analyze the change of behavior in congested domains p = p*
and close to a transition phase p* — e < p < p*.

Two different approaches are generally considered in the literature to model congestion
phenomena at the macroscopic level. The first one, usually called hard approach, consists in
coupling compressible dynamics in the free domain {p < p*}, with incompressible dynamics
in the congested domain {p = p*}. Associated to the incompressibility constraint on the
velocity field, an additional potential (seen as the Lagrange multiplier) is activated in the
congested regions. The second one which, by opposition, is called soft approach, prevents the
apparition of congested phases by introducing in the compressible dynamics repulsive forces
which become singular as p approaches p*. These repulsive effects can be describe either in
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the pressure (constraint on the fluid at equilibrium) or in the bulk viscosity coefficient, which
represents the resistance of the material to a compression. The interested reader is referred on
these two approaches to [26] and Section 2 below for additional references. An intuitive link
can be made between the two approaches: if the scope of action of the repulsive forces tends
to 0, one expects that the soft congestion model degenerates towards a hard congestion model.
We give in the Section 2 below some conjectures on this singular limit and recent results that
have been obtained in this direction. In particular, one interesting conjecture made initially
by LEFEBVRE-LEPOT and MAURY in [22] is that a singular bulk viscosity would degenerate
in the singular limit towards a (incompressible) pressure and would activate memory effects
in the limit congested domain.

We want to investigate rigorously the link between soft and hard systems, by showing how
the choice of the constitutive laws, the pressure and the bulk viscosity as functions of the
density in the soft models, impacts the behavior of the limit hard system in congested regions
assuming a constant shear viscosity. More precisely, the main objective of this paper is to
characterize the respective effects of singular pressure and bulk viscosity close to the maximal
density constraint in order to understand when memory and pressure effects are activated on
the limit hard congestion system. To that end, we consider the following three-dimensional
soft congestion system (based on compressible Brinkman equations) in (0,77) x T3:

{ Ope + div (peus) =0, (1a)
Vpe(pe) — V(Ae(pe)divue) — 2div (uD (ue)) + rue = f (1b)

with p. the density satisfying the constraint
0<p.<1lae. (t,z)€[0,T]x T3, (2)

and u. the velocity vector field in the material. The coefficients p. and A, are respectively the
pressure law and the bulk viscosity coefficient, defined in this paper as

v B
Pe Pe :
e(pe) =€ , Aelpe) =€ with ~,8 > 1, 3
pe(pe) (1—;}5) (pe) <1_p€> v, B (3)

while the shear viscosity is assumed to be constant: p > 0. Finally, ru. with » > 0 represents
the drag and the right-hand term, f, is a given external force. Initially p.|:=0 = pf with

1
0<p?<R.<1and R. — 0 when ¢ — 0, |T?”/Tgpg(:lt)deMO<l. (4)

Let us encode the effect of the singular bulk viscosity through the following PDE equation
that may be obtained from the mass equation

O (Ac(pe)) + div(Ae(pe)ue) = —Ac(pe) divaue

where

Pe 9
Melp) =g [ A = e[

The main objective now is to understand the asymptotic regime which may be obtained
by letting € go to zero. This corresponds to the limit towards the hard approach explained

L1+7=8)/7 (pg(ps))(ﬂ—l)”] . (5)



previously. Let us assume that (pg, ue, pz(pe), Ac(pe)) tends to (p,u,p,A). Then we get the
following system in (0,7) x T3:

Op + div (pu) =0 (6a)
Vp —VII —2div (D (u)) +ru = f (6b)
0<p<landp>0 (6¢)
where
IT = —(0A + div(Au)) with A > 0. (7)

We also get the following limit initial data
pli—o = p° €10,1], Ali—g = A° in T3 (8)

It remains now to close the limit system by deriving two constraints. One of these constraints
will result from Equality (5) depending on the sign of 1 + v — 8 appearing explicitly in the
power of €. For the last constraint, different scenarios will be obtained using one of the two
following relations

(1= pe)pe(pe) = 61/7P5(ps(p5))(7_1)/7, (9)

or

(1 — pe) Aa(ps) = c(ﬁ)gl/(ﬁil)pg/(ﬁil)(Aa(ps))(ﬁim/(ﬂil)- (10)

More precisely, passing to the limit in (5) and (9)-(10), we find the following relations in
addition to System (6)—(8):

o If 14+~ — /=0 (memory and pressure effect):
p=(B—1)A and (1—p)p=0. (11)
e If 1+~ — 8 <0 (memory but no pressure effect):
p=0 and (I-p)A=0. (12)
e If 1+~ — >0 (pressure but no memory effect):

A=0 and (1-p)p=0. (13)

Observe that this formal analysis could be generalized to more general pressure and bulk
viscosity laws than (3), to take into account different (singular) possible behaviors close to the
maximal constraint. The key argument relies here in the comparison between the pressure
pe and the coefficient A, in the vicinity of the maximum density. Let us emphasize the fact
that there is no consensus in physics around the order of singularity of these laws (see for
instance [2] or [9]).

Note that it is well known that the compressibility of a fluid may be encoded in the
pressure and in the bulk viscosity. Indeed, incompressible systems may be obtained by letting

the Mach number Ma, which appears in the dimensionless Navier-Stokes equations in front
1

Ma?2

of the pressure Vp(p), go to zero (see for instance the works of DESJARDINS et al. [13],



L1oNs, MasmouDI [24], FEIREISL, NOVOTNY [19]). But the incompressible equations can be
also obtain from a large bulk viscosity limit: if in the bulk viscosity term V(A°divu) one lets
A% go to +oo then, formally, divu should tend to 0. This result has been recently proved by
DANCHIN and MUCHA in [10].

In our paper, the main novelty is to consider both singular pressure and singular bulk viscosity
depending on the density which will encode incompressibility of the material at the maximal
packing value p* = 1, assuming the shear viscosity to be constant. Below this maximal packing
value, the material remains compressible. Historically, studies on compressible Navier-Stokes
system with (non-singular) density dependent bulk viscosity A(p) and constant shear viscosity
> 0, start from the beautiful paper [36] by KAzHIKOV and WAIGANT where they prove
global existence of strong solutions in two dimensions with periodic boundary conditions and
with no vacuum state if initially no vacuum exists. In their paper, the pressure is assumed
p(p) = ap”, p > 0 and A\(p) = p® with 8 > 3. Following this result, PEREPELITSA proved
in [30] the global existence of a weak solution with uniform lower and upper bounds on the
density when the initial density is away from vacuum. Finally, the hypothesis on the coefficient
B has been recently relaxed with possible vacuum state in [20] and bounded domains have
been considered in [15]. It would be interesting to investigate the problem for singular bulk
viscosity and singular pressure laws for the 3D compressible Navier-Stokes equations but this
is not the main objective of our paper.

We focus here on Brinkman equations where the total acceleration of the fluid is neglected.
A typical application we have in mind is the modeling of flows in porous media. Brinkman
equations are a classical extension of the Darcy equation:

with additional viscous terms, here V(Adivu)+2div (4D (u)). In their incompressible version,
these equations have been rigorously derived by ALLAIRE in [1] by homogenization techniques
from Navier-Stokes equations in a perforated domain. His result has been then extended by
DESVILLETTES et al. [14] and MECHERBET, HILLAIRET [28]|. The recent study [16] provides
some new analysis and numerical results on these equations in the incompressible case. These
equations may also apply in biology in tumor growth modeling. The interested reader is
referred to the study of PERTHAME, VAUCHELET |[35] and the references therein.

The paper will be organized as follows: We will first present the main existence and
convergence results, then we will review mathematical studies that have been realized recently
around the subject of congestion problems. In the second section, we present important
mathematical properties linked to the system under consideration and the truncated system
we first study. Passing to the limit with respect to the parameter of the truncation, §, we get
the global existence of weak solutions for the original system (1) at ¢ fixed. It will be then
possible to pass to the limit with respect to € to recover the hard congestion system (6)—(7)
with two additional relations which will be, depending on the parameters v and 3, given by
(11) or (12) or (13). We will divide the study in two sections depending on the sign of v — 3
which correspond to the dominant pressure regime v > /3 (Section 4) or dominant bulk regime
B > (Section 5).



1 Main results

We first prove in the paper the existence of global weak solutions to the soft congestion system
(1) when the pressure and the bulk viscosity are defined by (3). For simplicity, we assume in
addition that

f € L*(0,T; (LY(T*))?) with ¢ > 3. (14)

Namely, we obtain the following existence result

Theorem 1.1. Let p? satisfying condition (4). Assume in addition that

e fl< <y
ABM%)HSEO<+OO (15)
o ifl<y<g
[, () < 2% < 4o (16)
T3

Then there exist global weak solutions of (1)—(4) at e fized.

The next result justifies the formal derivation of system (6)—(8) respectively with relations
(11) if v = g — 1, with relations (12) if v < f — 1, relations (13) if v > 5 — 1. More precisely

Theorem 1.2. As e — 0, there exists a subsequence (pe,u:) of global weak solutions of (1)—
(4) such that (pe,ue, p(pe), Ac(pe)) converges weakly to (p,u,p, ) a global weak solution of the
hard congestion system (6)—(8) satisfying two algebraic relations which encode the competition
between the singular pressure and bulk viscosity, namely

I) Memory effect in the congested domain (y < f—1):

e Fory < 3 —1 (no pressure effect):

p=0, (I1-pA=0
e For~ = [ —1 (pressure effect):
p=(B-1A, (1—p)A=0.
II) No memory effect in the congested domain (pressure effect) (y > 8 —1):

A =0, spt p C {p=1}.

Incompressible dynamics in the congested domain. In addition to the limit equa-
tions (6)—(8), one could have add the incompressibility condition divu = 0 on the congested
sets {p = 1}. More precisely, we have the following lemma.

Lemma 1.3 (Lemma 2.1 in [25]). Let u € L*(0,T; (HY(T))?) and p € L*((0,T) x T3) such
that
Op +div (pu) =0 in (0,T) x £, p(0) = p°

then the following two assertions are equivalent



(i) divu=0 a.e on {p>1} and 0 < p < 1,

(i) 0 < p(t,x) <1 ae. (t,z).

Remark 1. An important issue concerning the limit systems that we obtain, is the regularity
of the limit pressure p. Through our approximation procedure, the limit pressure p, if it is
not 0, is a priori a non-negative measure. If one is able to prove that p € L'((0,T) x T3), it
is thus possible to give a sense a.e. to the product pp at the limit and then to the “exclusion
constraint”

(1-pp=0

which is another way to express the activation of the pressure in the congested zones (see
system (17) written below). In fact, this is less the justification the exclusion constraint than
the regularity of the pressure which is crucial in the mathematical understanding of partially
congested flows.

2 Historical remarks

For reader’s convenience, we present below the context of this study and give some historical
remarks concerning limits from soft approaches to hard approaches for congestion problems.

I — Derivation from compressible Fuler equations. A first generic hard congestion model is
derived in [5] by BOUCHUT et al. from one-dimensional two-phase gas/liquid flows. The
Equations read

Op + Op(pu) =0 (17a)
dr(pu) 4+ 9y (pu?) + 0up =0 (17b)
0<p<1, (1-pp=0,p=>0 (17¢)

in which the constraint (1 — p)p = 0, sometimes called “exclusion constraint”, expresses the
activation of the pressure p in the congested phase where p = 1. The pressure ensures that
the maximal density constraint p* = 1 is not exceeded. This system has been then studied
theoretically by F. BERTHELIN in [3,4] who constructs global weak solutions by means of an
approximation with sticky blocks (see [27] for an associated numerical method). P. DEGOND et
al. approximate numerically in [11,12] the solutions of (17) with an appropriate discretization
of the soft congestion system

Oep+ Ox(pu) =0 (18a)

0i(pu) + 9z (pu) + Bupe(p) = 0 (18b)
o\

pe(p) =€ (1 - p) , oy >1 (18¢)

Although the rigorous derivation of Equations (17) from (18) (i.e. the limit ¢ — 0 in (18))
has not been proven theoretically, the authors obtain satisfactory numerical results thanks to
smart treatment of the singular pressure p. for small €. Let us also mention on the subject
the study [8] which addresses the issue of the creation of congested zones in 1D and highlights
the multi-scale nature of the problem.



II —Derivation from compressible Navier-Stokes equations.

IT — i) Compressible Navier-Stokes equations with constant viscosities. The first justification of
the link between a soft congestion system and a hard congestion system is given in [7] for the
one-dimensional case. In [33], the existence of global weak solutions to the multi-dimensional
viscous equations

Op +div (pu) =0 (19a)

Or(pu) + div (pu @ u) + Vp:(p) — V(Adivu) — 2div (D (u)) =0 (19Db)
gl

ps(p):e(lfp> , Y>3, 2u+A>0 (19¢)

is first proven for a fixed ¢ > 0. Then, the authors show the weak convergence of these
solutions as € — 0 toward global weak solutions of the viscous hard congestion system

Op + div (pu) =0 (20a)
O(pu) + div (pu @ u) + Vp — V(Adivu) — 2div (uD (u)) =0 (20b)
0<p<1l, (1-pp=0,p=0 (20c)

Remark 2. Note that the condition v > 3 was assumed in [33| to prove the existence of
global weak solutions to (19). Precisely, it was used to prove the equi-integrability of the
approximate truncated pressure p. s5(pes5) as & — 0 (see details of the truncation process in
the next Section). It is possible in fact to improve the bound on 7 and show the existence for
v > 2 as it has been done by FEIREISL et al. in [18].

Remark 3. Originally, P.-L. L1ONS and N. MASMOUDI in [25] have obtained the same viscous
system from the compressible Navier-Stokes equations with constant viscosities and pressure
p(p) = ap’™ letting 7, — 400. The same limit has been used by PERTHAME et al. [34] for
tumor growth modeling on the basis of the porous medium equation instead of Navier-Stokes
equations (see the study of VAUCHELET and ZATORSKA [37] in the case of Navier-Stokes
equations with additional source term in the mass equation). In this context the singular
limit leads to the Hele-Shaw equations, this problem is sometimes called in the literature
“mesa problem”.

I —ii) Compressible Navier-Stokes equation with singular density dependent viscosities. In the
modeling of immersed granular flows this type of singular limit has enabled to prove in [31]
the link between the suspension regime and the granular regime which was an open conjecture
in physics (see [2]|). Precisely, global weak solutions to the following suspension model

Op + div (pu) =0 (21a)
O (pu) + div (pu @ u) + Vpe(p) — V(A (p)divu)
—2div (4 (p) D (u) + rplulu = 0 (21b)
are proven to exist at € > 0 fixed for singular viscosities and pressure such that
v
) = alp (o). o) == (125) 4

and A satisfying a specific relation with the shear viscosity (and thus with the pressure),
namely

Ae(p) = 2(ppc(p) — pe(p))- (22)



Under these hypothesis, the solutions are shown to converge to global weak solutions of

Op +div (pu) =0 (23a)

O (pu) + div (pu @ u) + Vp + VII — 2pu0div ((p+ p) D (u)) + rpluju =0  (23b)
II

Op+u-Vp= 2 (23c)

)

0<p<1, (1-pp=0,p>0 (23d

where the pressures p and II are respectively the weak limits of pe(p:) and A¢(ps)divue. The
important difference between (23) and (20) is the activation of an additional equation (23c)
linking the two pressures p and II. It results from the relation (22) that is imposed at ¢ fixed.
Indeed, the conservation of mass and (22) yield (at least formally)

. 1 .
6t,ue<p€) +div (Ns(pa)ua) = _5)‘6(p€)dlv Ue

which gives at the limit (23c) due to the incompressibility constraint divu = 0 that is satisfied
in the congested domain. From a modeling point of view, Equation (23c) expresses some
memory effects in the congested regions, effects that were first identified by A. LEFEBVRE-
LEPOT and B. MAURY in a macroscopic 1D model for “viscous contact” [22] (see also [21]
for a microscopic approach). From a mathematical point of view, this equation is necessary
to close the system and relates II, which can be seen as the Lagrange multiplier associated
to the constraint divu = 0 in the congested domain, and p called adhesion potential which
characterizes the memory effects. This is thus the singularity of bulk viscosity A. which is
responsible for the activation of memory effects in (23).

In the present paper, we characterize precisely the respective effects of pressure and bulk
viscosity. At the limit on the hard congestion system, we cover in particular the two cases
introduced in [33] and [32] where pressure effects or memory effects are activated.

3 Structural properties and approximate system

This section is decomposed in three parts. After introducing some important quantities,
such as the effective flux, and deriving crucial properties linking the pressure and the bulk
viscosity, we present an approximate truncated system which formally degenerates to our
original singular system (1) as the cut-off parameter tends to 0. The last part details how we
can construct global weak solutions of the truncated system.

Structural properties, effective flux

Let F' be the viscous effective flux defined as

F=(2p+ Ap))divu — p(p) (24)
and the function v from the viscosity coeflicients
v(p) = — . (25)
2+ Alp)

We prove the following Lemma.



Lemma 3.1. Let (p,u) satisfying in the weak sense the equations
{ Op + div (pu) =0
Vp(p) — V(A(p)divu) — 2div (1D (u)) + ru = f
and denote
S = (=A)"ldiv (f — ru).
Then the following relations hold
~Jps (p(p) + S)v(p)
f'ﬂ‘:% V(,O) ’

< (p(p) + S) v(p) >
<v(p) > '

< Mp)divu >=< p(p) >

F=8-

Proof. Observe first that integration in space of the momentum equation yields

7“/ U= I
T3 T3

Applying the div operator to (1b) we obtain
AF =div (f —ru).

1

h(z)d
|T3| /’]TS (:’C) x)
F=<F>+5,

Then, denoting < h >=

l.e.

(2p+ Ap))divu —p(p) = S + < A(p)divu —p(p) > .

(26a)
(26Db)

(30)

(31)

Let us now characterize the mean value of the effective flux in terms of the density: rewriting

this equation as
divu = v(p) (S’ + < A(p)divu — p(p) > +p(P)>

and integrating in space, we arrive at (27). Replacing this expression in (31), we finally

get (28).

Approximate system

O

We introduce now a cut-off parameter 6 < 6° € (0,1) in order to truncate the singular laws

pe and v.. Namely, we define the truncated laws

if p<1-9,
— 7)Y —
pe,zS(p): E}y P)
B
and  As(p) =4 V77
5%— if p>1-6

(32)



and consider the associated system
{ Otpes + div (pe gue,s) = 0, (34a)
Ve s(pes) = V(Acs(pe,s)divue 5) — 2div (uD (ues)) + rues = f (34b)
with initial data
P25 = p?. (35)
Let us first give some properties related to v. 5(pe,s)-

Lemma 3.2. Assume that pQ satisfies (4). There exist C1,Cq > 0 which do not depend on &
or € such that

vestoeilliz, <C [ vesloes) = Co
T

Proof. By definition of v, 5 (25), we directly get

1

= < — < +oo.
2+ Aes T 2p

Ves

Under the assumption on the initial mass (4)2 (which does not depend on § or ), we have

MO|TS| > / 0o
’]I‘S

> 1
= /Td Ped® {pe 52 1EM0)

14+ M°
> 5 meas g Pg,§ =

1+ MO
5 )

1+ M°
Now, since M < *

, it follows that

o T < |T°] (36)

14+ MY - 2M0O
2 14+ M

meas {,0575 >

and
1+ MO

meas {pa(; < } >K>0 (37)

. 2M0
with K’ =1 — ——= independent of ¢ and e. Then,

1+ M
frestoe) = [ i,
Ves(Pes) = | o 7
T3 woPe, T3 2:“"’_)\5,5(/)5,6)

1

> -
= / 7 L ey

T3 '05,5
2” Te (l_pa,é)ﬁ

1
> 1
_/ (1+M0)ﬂ {p€,6<#}

T3
2/14 + e 1_ MO
K

= 3
2 + (if%(é)

where we have used the fact that A; 5(p ) is bounded (uniformly in ¢ and ¢) when p, s is far
from the singularity. O

10



Lemma 3.3. Let us assume u. s € L*(0,T, (H(T?))?) and f € L*((0,T) x T3). Then, we
get for all (p,q) € [1,+00)2:

Pes(pes) € LP(0,T; LUT?)) = Acs(pes)divuc s € L™ 3P (0, T; L9 (T%))
Proof. We come back to the formula

< (pe,é(ps,z?) + 55,5) Ve,é(ps,é) >
< Vs,é(ﬂs,&) >

As,é(ps,é)div Ueg,s = _2Mdivus,6 +ps,5(p5,5) + 55,6 -
It suffices now to use previous lemma to conclude. O

Existence of global solutions to the approximate System

At 9§ fixed, one can construct global weak solutions to the truncated. system

Theorem 3.4. Let 0 < § < 6° = 1 — R, and pgﬁ = p? satisfying (4). Let us assume

f € L*0,T; LI(T?)) with ¢ > 3. Then for all T € (0,+00) there exists a global weak solution
(Pe,5,ue,s) to the truncated system (34a)-(34b), i.e

1. pes € C([0,T); LY(T3))NL>®((0,T) x T3) for all g € [1,4+0), uc s € L*(0,T; (H(T?))3);

2. (pe,s,uss) satisfies (34a)— (34b) in the weak sense:

T T
/ / pe,éat(b + / / Pe,sUe,s * Vo
0 T3 0 T3

:/ﬁ%@mawi/pwm> v 6 ecl((0.T) x T: (33)
']1*3 ']1‘3

T
/ / p€,5 Pe,s d1V1/1+/ / 2M+/\55(,055))dlvu55d1V1/1
0 T3 T3

T
+/ / peurlug s - Curl¢+T/ / Ues - P
0 T3

:/Tgf-w v o € CH([0,T] x T%) (39)

3. The renormalized continuity equation holds

Oeb(pe,5) + div (b(pes)ue,s) + (V) (pe,5)pes — b(pe,s))divue s =0, (40)
for any b piecewise C* and where bl is the right derivative of b.

4. The energy inequality holds

T
sup / H. 5(pes) / / U+ Acs ps(;))(dlvue(g) / \curl(ugy(;)\2
te[0,7] /T3 T3 0o JT3
1+C
+r/ el < [ HesoD) + o ey (41)

11



with C the constant linked to Poincaré- Wirtinger inequality

lg— < g > H%Z(TS) < CHVQH%P(T3)’

and where
€ p7 .
if p<1-46
—1(1—py1t
=4 7 0T (42)
r o 15 i _
po— (7_1)57(1 N'p if p>1-—0.
Note that defining A, s by
B
€ p .
if p<1-96
—1(1—p)p1 =
Mgty = § P (13)

(1-6)Pp if p>1-6

B—167  (B-1)o°
we get the following renormalized continuity equation in D’'((0,7) x T3)

atAs,z? (p€,6) + div (Ae,é(ps,é)ue,é) = _)\5,6 (Ps,é)div Ue,§- (44)

The existence of global weak solutions to the approximate system, namely Theorem 3.4, follows
from a standard procedure. For reader’s convenience, since our main goal is the study of the
singular systems, we just present the idea of the proof. The analysis is in fact very similar
to the classical case with constant bulk viscosity treated in [23] Chapter 8.2. We construct
exactly in the same way the solutions by solving first the system for a regular initial data p°
via a fixed point argument. Then, for a general initial density p° € L°(T?), we regularize p"
and prove that we can pass to the limit with respect to the parameter of the regularization.
Compactness arguments are needed to identify the limit quantities, and in particular, we
need to prove the strong convergence of the sequence of densities. The arguments to justify
this strong convergence are non-standard, and different from the case with a constant bulk
viscosity term, but we justify in details this point in Section 4.1.2 for the limit 6 — 0. We
refer to [23] for more details.

Once we have our global weak solutions (ps,us5), we want to pass to the limit with
respect to 0 at e fixed to get global existence of weak solutions for the singular PDE. It will
be then possible to pass to the limit with respect to € to get the congestion systems.

We will divide the study in two sections depending on the sign of v — 5. First, we treat the
dominant pressure regime vy > [ (Section 4), then the dominant bulk viscosity regime 5 > ~
(Section 5).

4 Dominant pressure regime v > (> 1

4.1 Existence of weak solutions at ¢ fixed
4.1.1 Uniform estimates with respect to §
First of all, observe that if we consider § small enough, 6 < 1— R, (¢ is fixed), we ensure that
initially
Hg,g(pg(;) = H.(p°) bounded in L'(T?).
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Thanks to Theorem 3.4, the solutions (p. s, ucs) satisfy the energy estimate (41), so that
(ue5)s is bounded in L2(0, T (H(T?))3) and (H. 5(pe.s))s is bounded in L>(0,T; L(T?)). In
particular, the control of the internal energy H, s leads easily to a control of the density

ps is bounded in L*(0,T; L7(T?)). (45)
In the following Lemma, we improve the control of the density by using the singularity of H, s
in 4.

Lemma 4.1. Let (pe5,uc5) be a global weak solution of the compressible Brinkman system.
Then
sup meas {z € T?, p.5(t,2) >1 -0} <C(e) 7. (46)
t€[0,T

Proof. The energy H. s being defined as (42), recalling that v > 1, we have

C> sup / HE,(S(pE,(S)Z/ Ha,&(pa,é)l{p5,5>1—6}
tefo,7] /13 T3

€ _ _ _
>0 [ S|l = =077+ (L= 0770 sl o1y
T3
€
S (=971 1m0
which ends the proof. O

Lemma 4.2. Let (p.s5,uc5) be a global weak of the compressible Brinkman system (34) with
v>p>1. Then

[Acs(peo)llLr(0.m)xT3) + P2, (P=8) | 1 (0,7 xT3)
+|

Ae,5(Pe,5)divue sl 0,1y x3) + [ Ae s (Peo)l L8 (0,1 x13) < Ce
where C. does not depend on §.
Proof. Integrating in space (44) and using (27), we have

d

a (Se,é +p€,6(ps,6))ys,6(ps,6)
dt T3 '

fTS Ve,é(ﬂe,é)

A 5(pes) + / Pei(pes) = !T?’!”fw
T

Using Lemma 3.2 we can bound the right-hand side

d Cy|T3 T3
/&wm+/%mms”'wmﬂﬂ‘/%wmw@@ (48)
dt Js T3 Co Co Jr3

where
1Se sl = [(=A)div (f — rucs)|lpr < C(Ifle2o,r;pacrsy) + lluesllr2mr ),
and
&, &, £, g, 2#—1—)\576([)575)
ps,é(pe,é) +p5,§<p€,5)1 a1 + ps,é(pe,é)l s
S M, T LM< _ ~— 8}
2 {pe,s<Mo} Aes(pess) {Mo<pc 5<1-56} Aes(pes) {pe,5>1-0}
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The first term of the right-hand side is bounded since p. s is far from 1. For the two other
terms, which become singular as § — 0, we ensure

pa,é(ﬂe,é)

Aé«’& (paé) 1{M0§pe,5<175} S ( ~—B 1{M0§p8,6<1*5}

1- ps,é)
S C(g)HE,a(pE,(S)1{M0§p5,5<175}

=B

pe,&(ﬁs,&) £,0
() Heesz1-6) S Cmg L >1-6)

)\5,5<p6,5)
<C(e) [Haﬁ(Pa,&) + |1 s>1-6)

since # € (1,7v) and thus 0 < v — 8 < 7 — 1 (recall Definition (42) of H, 5). Using now the
control of H, s and the fact that the total mass is constant we deduce (¢ is fixed here)

d
dt/ Aa,é(ﬂe,é) +/ pe,&(pa,d) < 0(5)
T3 T3

To conclude, let us observe that, using that § < - and the initial conditions (4) and (15), we
have

[ Acstoest0 = [ Aty <
T3 T3
Hence, we get from integration in time of (48) that

(pe,5(pe,s)) 5 is bounded in L'((0,T) x T%).
Coming back to Lemma 3.3, we obtain

(Ae,s(pe,s)divue 5) s bounded in L'((0,T) x T?).

Note that from the pressure estimate, since v > 3, we deduce that

(Ac5(pes))s is bounded in L7 ((0,T) x T?).

These controls on the pressure and the bulk viscosity can now be used to prove a maximal
bound on the density.

Proposition 4.3. The density p. s is bounded in L°°((0,T) x T3) uniformly with respect to
the cut-off parameter J.

Proof. The continuity equation can be rewritten with the Lagrangian point of view

D .
Eps,é = _pe,édlv Ue,5
D . o .
where DL O¢ + u - V denotes the material derivative. Using (31), we get
D
Eﬂa,a + p5,6V8,5(pa,5)p5,6 (ps,é)

Pe,sVe,s(Pe,s .
= _ps,éVs,é(ps,S)Se,é - E|.?r3(|£) /3 ((Asﬁ)(p‘s,&)dlv Ue,§ _ps,ﬁ(ps,é))
T
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and thus by integration in time along the trajectory X;(z¢) starting at time ¢ = 0 from xo,

pe.s(t, Xe(20)) < p2(w0) + [|pe.sves(p=6)ll ez, |1Sz.s5]
||pa,67/e,6(:05,5) ”Lff’z
|T3|
<1+C(e),

LiLge

/T3 ((Ness) (pe,5)div ue 5 — pes(pes))

L;

where we have used the fact that p? is bounded by 1 and 8 > 1, so that

Pe,s
PesveslPes) = 35 oes)
£, &

0
17
< ﬂl{Pe,(KMO} + 0(5)pa,6ﬂ1{Ps,52M0}
< C(e).

Moreover, thanks to (14), we ensure that

I1S2sllzge = I(=2) " div (f = rues)llzge < C(IF 2 + llueslize)-
since ¢ > 3. This achieves the proof of Proposition 4.3. O

We now improve a little bit the estimate on the pressure. That will ensure that its weak
limit is more regular than a measure.

Lemma 4.4. The sequence (pes(pes))s is equi-integrable.

Proof. Let us take in (39) the test function

v—1

2
)

= VA_I((Ha,J(pa,(S))a_ < (Ha,d(pa,é))a > ) with a = € (0,1)

where for a periodic function g such that < g >= 0, h = (—A)~!g is the unique periodic
solution of
—Ah=g in T3, <h>=0.

We have
T
/0 »/11‘5 p€,5(ps,5) [(Hs,é(ps,tS))a_ < (Hs,é(p5,6)>a >]

= /OT /T3 (;u + )\e,é(ﬂs,a))divue,a [(Hes(pes))"— < (Hes(pes))™ >]

/OT/qrg(fTUs,a)'¢

and using the controls resulting from the energy inequality, we obtain
T
& fo
| [ pestoe) [(Heslpod) " < (Heslpes))” >
o Jr

T
= C+ / /]1‘3 (He,é(pa,é))a)‘e,é(p&(s)|div (u575)|.
0

15



Since a < 1 and H, 5(pe,s5) is bounded in L>®L', we control

T
[ pesto) < (st >| < VL0 e 202 s
0

and we get then
T o
| [ pestoed) (Hes(oe)” < C | Hepes) [ allpespe) 10
0 T
T «
b [ Eespes)) Nl v ()
0 T

T
< C+/ /Tg (Hs,5(p€,5))2a)‘6,6(p5,5)1{05,52M0}'
0

In the right-hand side we have

(He 5(p2.5)) " N (02,) L (. s 010

1 E204-1-1 0+
= (/7 _ 1)2& (1 — pe 5)20[(771)4»5 p€,5 1{.05,62M0}
1 Pyt

N (v —1)~ (He5(p25))" Pes(pes) (1 — peg)@O—D+8— Lip. s>M0}-

For o = — f, using the L bound on p. s, we obtain

2« o «
(He,é(ps,ﬁ)) As,é(ps,é)l{pEﬁZMO} < Ce (HE,(S(pE,J)) p5,5(p5,5)

with € < €% small enough, so that this term is absorbed in the left-hand side of the previous
inequality. Finally

(H.5(pe5))" Pe,s(pes) is bounded in  L'((0,T) x T?). (49)

Thanks to the De La Vallée-Poussin criterion (see [19] Theorem 0.8), we deduce the equi-
integrability of (p. 5(pe,s))s- O]

4.1.2 Limit § — 0

First convergence results Thanks to the estimates we have just derived, there exists a
limit density p. such that

Pes — pe  weakly-* in L=((0,T) x T3) (50)
and, passing to the limit 6 — 0 in (46) we get
0<pe(t,z) <1 ae (t,x)el0,T]x T3 (51)
In addition, there exists a limit velocity u. such that

Ue s — ue weakly in L0, T; (H'(T?))?) (52)
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and, due to the continuity equation, we have
Pes — pe i Cueax([0,T), L7 (T?)) V7 € [1,+00). (53)

To identify the weak limit of the nonlinear term psugs we use the next compensated-compactness
Lemma.

Lemma 4.5 ( [23] Lemma 5.1). Let (g5), (hn) be two sequences converging respectively to g,
h in L™ (0, T; L9 (T3)) and L™(0,T; L%(T3)) where 1 < 71,79 < 00 and % + % = qil + q%.
Assume in addition that

1. Oygn is bounded in L'(0,T; W~="-1(T3)) for some m independent of n;
2. ||kl L2 g is bounded for some s > 0.

Then gnhy converges to gh weakly in D'((0,T) x T3).

We apply the result to g. = p., he = u.: we ensure the control of 9;p. in L? (07 T; H_l(T3))
from the continuity equation, while Vu, s is bounded in L? ((O, T) x T?’) thanks to the energy
inequality. Hence

Peslles — pete  weakly-* in  L°°(0,T} L5(T3)). (54)

With the estimates on the pressure we deduce
P=5(p=s) = pe(p) weakly in  L*((0,T) x T°), (55)

where h denotes the weak limit of the sequence (hs)s. Our next goal is to get the strong
convergence of the density p. s in order to identify the limit of the pressure and bulk viscosity
which are non-linear functions of the density.

Convergence a.e. of the density. Thanks to the bounds on p. s, u. 5, we can pass to the
limit in the sense of distributions in the renormalized continuity equation

O%P?’(; + div (pg(;um;) = —pg’(gdiv Ue 5

which reads at the limit o B
Op? + div (p2uc) = —p2divue.

On the other hand, the limit density p. € L°°((0,T) x T?) satisfies the renormalized continuity
equation
drp? + div (pgug) = —p2divu,.

Defining ¥ := p2 — p2 > 0, we have then
O + div (Pu) = p2divue — p2divu, in D. (56)

By replacing divu. by its expression in terms of effective flux and pressure, the previous
equation can be rewritten as

OV + div (Yu) = pg Ve(pe)Fe — p2ve(pe) Fe (57)
+ pg pe(p)ve(pe) — p2p=(p)ve(p:)
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Remark 4. In the classical case of constant bulk and shear viscosities u°, A°, the previous
equation writes

. 1 =
8 + div (Tu) = T p2 Fze — p2F. + p2p(p) — p2p(p)

and one can prove some weak compactness property of the effective flux (see [23] Chapter 5
or [29]). This property ensures that

PEE:PEFe

so that

; 1 hevon Sy g,
OV + div (Yu) = 20+ 20 (Pe p(p) — PeP(P)> :
In the usual case where the pressure is a monotone (increasing) function, independent of the
parameter J, then (see Lemma 3.35 in [29])

p2p(p) < p2p(p) (58)

and
VU + div (Yu) <0.

We conclude by an integration in space
d
— ¥ <0.
dt Jps

Recall that by the convexity of the functional s +— s2

¥(0,-) =0, we obtain

we have ¥ > 0. Hence, if initially

V=0 ae. (tz).

This ensures the strong convergence of (ps)s. Note finally that this calculation has been
extended by FEIREISL in [17] to non-monotone pressure that are increasing only from a critical
density. In this case, one controls the part where the pressure is non-monotone in such way
that a Gronwall inequality can be applied to recover at the end ¥ = 0 a.e.. We will see below
that we will have to use with such kind of arguments to prove the strong convergence of the
density in case of density dependent bulk viscosities. We refer the reader to [6] for recent
developments on more general non-monotone pressures.

Our study is original in two ways: first, we have here to deal with a density dependent bulk
viscosity, secondly, the pressure (as well as the bulk viscosity) depends on the parameter of
approximation . We begin with proving some similar weak compactness properties satisfied
by the effective flux.

Proposition 4.6. We ensure the two following properties

<2u fi(ﬂ)) N <2u +p2Aa(p)) Eoin D (59)
<2u +F;s(p)> N <2u —l—l)\s(p)) F in D (60)

where g denotes the weak limit of the sequence (gs).
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Proof. The proof of these properties follows again from Lemma 4.5 with h.s = F;; and
gal(s = pg 5Ve.5(Pes)s gfé = Ve 5(pe5). Let us check that we control the time derivative of ggé
and gg s that satisfy the renormalized continuity equations

0ug (p=5) + div (g2 5(pestcs) + (950 (p=) Py = GE5(ps) )diviues =0 (61)

with
2p (Ae 6), (p) (Ae 6), (p)
1 / _ _ ,0/+ 2 / — ,0/+ .
el = 5mns) @it rea? O S T ()7
Recall that
AR 5
et if p<1-—
— p)B+1
Cesilp) =4 7P
65/056 if p>1-94
hence
(As) (p) (M) () (Aes)s ()
[ St b L C]_ _|_ ’71 _ _|_ ’71 _
@i+ hep(p))? = 7S T )2 TSI T (p))2 st

C _ C
<C+_-(- pe6)’ o<y, <15y + ;561{%,521—6}
< C(e)

and thus ¢’ 4, (g° )" are bounded in L? uniformly with respect to § (but not wrt €). By a
Cauchy-Schwarz inequality

| (9209 (025) pes = g 5002 )divucs |,

< (92,6)/4-(/)576) Pe,s — 9275(%,5) lr2r2||div Ue s

22 <C
and, coming back to Equation (61), we get
8tg<51,5, atgi(; bounded in  L?(0,T; W~ 51(T3)).
On the other hand, we have
hes = Ses+ < Aes(pe,5)divue s — pes >
which is bounded in L(0,T; H*(T?)) since
IV Sesllzere < C(Ifllzera + lluesllzomm)-

Applying Lemma 4.5 we arrive finally at (59)-(60). O

Thanks to these properties, Equation (57) rewrites

OV + div (Vu) = p2 ve(pe) Fe — p2ve(pe) Fe
+ p?: pa(p)ya(pa) - pgpa(p)’/e(pa)
= Fs (,Og Va(ps) - ngs(ﬁe))

+ pg Pe(p)ve(pe) — p2p=(p)ve(p2). (62)
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Pes(s
Let be 5(s) := pe,s(s)ves(s) = 2u—i/\(3(s)
€,

on the parameter ¢ which prevents us from writing directly (58) on b, 5. Nevertheless, for all
6 < 50, 65750(') < 5575(') then

i (520 ) it L20Ped o)
=\ 20+ Ac(pe) §-0 21+ Ac 5(pe,5)

< p2 <p€(p6) > — lim inf —pg’ap&go(pg,g) .
=T\ 20+ Ac(pe) 6=0 2u+ A 50(pe,s)

Since moreover v > 3, the function b, 50 is increasing for any 8% > 0 and it follows that (see
for instance Lemma 3.35 from [29])

p? <p5(p5>> — liminf M
5 2/,L + Ag(pg) 6—0 2/1, + )‘€,5<p€,5)

( pa(ﬂa) ) . < pe,(io(pé) ) -0
21+ Ae(pe) 2p+ /\a,éo (pe)
where the last equality holds due to the strong convergence in L' of b, s0(p) to b-(p) as

6% — 0 (this follows from the equi-integrability of the singular pressure and then from the
equi-integrability of bs). We get then by integration in space

d/@s/ngl
dt Jps T3

P2ve 5(pes) — p?,avs,s(ps,a)‘ = . 5(pes) |02 = p25| < C |p2 = p2s

. As we said before, our constitutive laws depend

2
< pe

Pg Ve(pe) — P?Vs(Ps) . (63)

with

thanks to Lemma 3.2. Letting 6 — 0 we get

L7 <c [ w7
T3 T3
<c [ -2 =c [ [me.
T3 T3

Pg Ve(pe) — ngf:‘(ps)

Since |F.| € L'(0,T; L>°(T?)) and since / U(0,-) = 0 (the initial data does not depend on
9), we conclude by Gronwall’s Lemma thag3

¥=0 ae.
There exists then a subsequence such that

pes — pe  strongly in  LI((0,T) x ’JI‘3) Vg € [1,+00). (64)

Limit of the singular laws. From the strong convergence of p. s and the fact that p. <1
a.e. (see (51)) the following convergences hold

pa,é(pe,é) — pz—:(ps) strongly in L! ((O7T) X Tg)

Aes(pes) — VAelps) strongly in L7 ((0,T) x T%).
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Limit in the weak formulation of the equations. We can now pass to the limit in
the weak formulation of the mass and momentum equations. The only delicate term to deal
with is the bulk viscosity term A 5(pe ;)divu. 5. We use the strong convergence of \/Ac 5(pe,5)

towards y/Az(pe) in LZI combined with the weak convergence in LZI of divu, s to get

Ae5(pes)divue s — /Ae(pe)divu.  weakly in  L*((0,T) x T?)

Since \/Ac 5(pe5)div ue 5 also converges weakly in L2((0,T) x T?) (from the energy estimate),
we deduce that the previous convergence holds in L2((0,T) x T?). Using once again the strong
convergence of /A 5(ps5) we obtain the weak convergence of the whole bulk viscosity term

Ag(pg’(;)div Ue s = \//\575(p5’5)\//\575(p575)div Ug 5 — Ae(pe)divue in Ll((O,T) X Tg). (65)

Finally, the limit (ps,ue) is a global weak solution of the system

Orpe + div (peue) =0 (66a)
Vp:(pe) — V(Ae(pe)divue) — 2div (u D (ue)) + rue = f (66b)
0<p.<1 ae (0,7)xT3 (66¢)

In addition, we have the energy inequality

r T
3 .
sup He(pa)+/ / (2/J'+)\g(p€))’leu5’2+g/ / \Curl UE‘Q (67)
t€[0,7] /T3 o Jr3 0o Jr3
T
1+C
2 o 1.0 14+C 0 -
i /O [P < /qr () + T I ascony
where
IS5 p’y

Ho) ==

4.2 Congestion limit ¢ — 0
4.2.1 Uniform estimates in ¢

From the energy estimate (67), we deduce the controls of different quantities uniformly with
respect to the parameter ¢

(Hg(pg))E is bounded in L>(0,T; L' (T?)), (68)
(ue)_ is bounded in L*(0,T; (H'(T%))?), (69)
(VA (pe)div ue)6 is bounded in LZ((O, T) x ']I'3). (70)

Control of the pressure.

Lemma 4.7. Let (p-,u:) be a global weak solution to (1) with v > 8 > 1. Then, there exists
a constant C' > 0 independent of € such that

[P (pe)ll L1 0,7y x13) < C. (71)
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Proof. Let us consider in the weak formulation of the momentum equation the test function
b =VA (p.— < pe >).

The resulting equation writes

/T/ pe(pe)(pe— < pe >)
0 T3 . T
:/0 [ (§M+A5<p€>)dw<u€>(p€—<ps>)—/0 =)

Using the controls resulting from the energy inequality and the maximal bound on the density
pe, we get then

/OT /Tspe(ps)(pa— <pe>)

T
<CUlm)+ [ [ VEur Al Aol ()
<C+// S+ Ac(pe))ldiv (ue) [ + //TB —p+ Xe(pe))
<C+2/0 Ag&(pe)

for some 1 > 0 determined below. The integrals of the singular terms can be split into two
parts (recall that for low densities the functions p., A are bounded)

/ / Pe(pe) (e < pe > )1y, 5 tespesy
1 T
SC—/O A3ps(ps)(ps—<Ps>)1{p5<1+<2pa>}+2/0 /ﬂ‘3)\5(p5>1{ps<1+<2"5>}
n T
- 2/0 /Tg Ac(pe)lip, > respezy
n T
=C 2/0 /Ts Aclpe) Ly tespe

Since 8 < vy, we have in addition that

(< >\ (s Y
)\a(ps)l{pez 1+<2ﬂa>} — (1—<,05>) g 1 — p&(; 1{p821+<295>}

< Pelpe)lp, > 1izpeny.

1— MO
2 )

1—<p.> [T L
T A A L

1— MO T
<C+ 1 /0 /’]1‘3 ps(ﬂs)l{pez Lt<pe>y;
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Now, with n =




and recalling that we have
1—<,og>_1—<p2>> 1—M°
2 B 2 -2

“Q 1 3 Q ~ 14+< e >
due our assumption (4)2, we control the integral of the pressure on the set {p. > =5~}

1 — MO T
4 /0 /]1‘3 pe(ps)l{p521+<2ps>} <C.

Finally, since the pressure is bounded on {p. < WTPQ} (far from the singularity), we get
(p(p)), bounded in L' ((0,T) x T?). (72)
O

4.2.2 Limit ¢ — 0

The boundedness of p.(p.) in L' yields

pe(pe) = p weakly in M, ((0,T) x T?). (73)
Since
pE(pE)l{paglfsl/(WH)} < g/ H—S 0
we deduce that the limit pressure is such that
sptp C {(t,z), p=1}. (74)

On the other hand, we have
1-8 B
)\E(pg) < Cgl{pESMo} +Ce 7 (pa(pe)) ¥
ol

with 3 < 7, so that A\.(p:) converges strongly to 0 in L?((0,7) x T3). Hence, \/A-(p-)
converges strongly to 0 in L? and

Lip.> 0y

Ae(pe)divue = Aedivu =0 in D', (75)
The limit system reads in this case

Op + div (pu) =0 (76a)

Vp —2div (uD (u)) +ru= f (76b)

0<p<1, sptpC{p=1}, p>0 (76¢)

where the memory effects are never activated.

5 Dominant bulk viscosity regime 1 <y < j

Let us now consider the case where 8 > ~. If the approach proceeds formally in the same way
(regularization of the system by truncation of the singular laws and study of the behavior as
e — 0), we have here to adapt the arguments to get the appropriate uniform controls in § and
e. For that purpose, we shall distinguish in the estimates three cases: v < g —1,vy=—1
and f —1 < v < [ that correspond to the sub-cases presented in Theorem 1.2. In these
three cases, we are not able to control the bulk viscosity coefficient A\, from the pressure p..
Nevertheless, we will see that Equation (31) enables to pass to the limit ¢ — 0 in the two
cases v € (8 — 1, ] (no memory effects at the limit), v < f — 1 (memory effects).
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51 Case f—-1<y<8,7>1
5.1.1 Existence of weak solutions at ¢ fixed

We consider the same regularized system (34) with truncated pressure (32) and bulk vis-
cosity (33) as in the previous section. Recall that we ensure from Lemma 3.2 the following
properties on v:

3C1,Co >0 st. HVe,B(pe,é)HLt"j’z <y, /71‘3 1/5,5(/)575) > (. (77)

Lemma 5.1. Let (p.s5,us5) be a global weak solution of the compressible Brinkman sys-
tem (34) with v < B. Then,

[Ac5(pe.s) L1 (0,1 x13) + [1Pe,6(Pe6) |11 ((0,1)x13) + [ Xe,6 (P25 )divue sl L1 0,y <3y < C - (78)
where C' does not depend on & or e.

Proof. Starting again from the equation on A, s (44), using (27) to replace A; sdivu. s, and
integrating in space we have

d

— [ Aes(pes) + / Pes(pes)

dt T3 T3

= C<HSE’6HL1 + /3 pa’é(pg’g)y‘f"s(p875)1{P5,6§M0} T /3 p5»5(:08,5)”8,6(pa76)1{M0<pa,6})
T T

c C
<C+ C/Ts Ly s<moy + /w A= poy B HMO<pe sy T /TB 595 Lpes>1-0)

for some constant C' independent of §,e. Now, since v < 3, we can bound uniformly in 4, e
the right-hand side and therefore

(As,ﬁ(ps,cS)) is bounded in L*° (O’T; Ll(r]r?,))’

(pg,g(p575)) is bounded in L' ((0, T) x 'H‘S).
We have as a byproduct (Lemma 3.3)

(Acs(pes)divue 5) bounded in L' ((0,T) x T?).

O

Uniform upper bound on the density. Proposition 4.3 still holds in the case v < §: there exists
C which does not depend on § such that

[pesllLg < p < oo (79)

Lemma 5.2. For any t € [0,T], we have

meas {z € T3, pes(t,z) >1— 6} <Cl(e) 6Pt (80)
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Proof. Since initially, we assume (16), we can mimic the proof of (46) by using A. s instead
of He s

C > sup / Ae,a(pg,a)Z/ Ac5(pe6)Lip. s>1-6)
te[0,7] J T3 T3

3 _ _ _
>0 | S|l = (1= + (1= )76 peslip. o19)
T3
e
>C s 351 [(1 - 5%} Lip. s>1-6}

O

As explained in the previous section, passing to the limit in the weak formulation of the
equations requires additional estimates on the singular laws.

Lemma 5.3. Let (p.s5,ucs) be a global weak solution of the compressible Brinkman sys-
tem (34) with v € (8 — 1,5]. If initially (16) is satisfied, then there exist two constants
C' > 0 independent of §,&, and C? > 0 independent of &, such that

1A 5(pe.o)ll poo (0,702 < C, (81)
_s(pe _ Aes(pe _ <C?, 82
1pe,s(p ,6)||L1+%((0’T)XT3) + [ Acs(p ,J)HL/H[; L oy S 2 (82)

Proof. We multiply Equation (44) by A. 5(pes):

O (As,6 (ps,é))2 +div ( (Ae,é(ps,z?)) 2“5,6)
= — [Ps,(s(As,s)ﬁr(Pe,a)As,a(Ps,é) + Az—:,é(ﬂs,&)/\s,6(ps,5):| div ue s

As) ;
- |:p€,6( 576)+(p€,6) + 1 A876(p875)A675(p875) dlvu575 (83)
)\876(/05,5)
where
IS (B - p)pﬁ_l if p <1-— )
/ (1 - p)’B f—1
(Aes)i(p) = 8-1 B
B —(A=07 4 p>1-196

5 B—1
which is such that

Pe,é (As,é)l—i-(ps,é) < B

0< .
- Ae,s(Pe,s) —pB-1

Recall now that
As,é(ps,é)div Ue,§ = Pe,s (ps,é) +S5 - 2p div Ue s

1 .
] (Ae(p20)div tie 5 — Pe.6(pe,6))
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that we can replace in (83). Integrating next in space, we obtain

d 2 20—-1
& T3 (As,E(pa,cS)) + -1 /']1*3 A€,5(ps,5)ps,6(Pg’5)
26—1 295 1 .
= — BB_ 1 /ES Ae,ﬁ(ﬂ&‘,(i) Sa,(s + 2# BB— 1 /H:?) A&(S(p&g)dlv Ue,§

26—-1 1 .
- BB_ 1 9] </qu As,é(/&,&)) </T3 (Ne,6(pe,6)div ue s — pe,a(pe,a))>
=1+ 12+ Is.

By a Cauchy-Schwarz inequality, we have

B+ 1] < OISl + v ucslfe) + [ (ealpes))

while, due to the previous estimates,

T
/0 I3 < CllAc5(pes)ll oo (A5 (pe.s)divue sl i + lIpes(pes)lpin)-

We conclude then with a Gronwall inequality (recall that initially we assume (16)) and get

sup / (A6,5 (ps,é))2 +
T3

te[0,7

25 - /T Acs(pes)peslpag) < C+C /T (Aal)’ ()

With the control of A s(pes)pes(pes) in LY, we deduce that

1
1 _ <C
H(l_pm)wﬁ—l {pe,6<1-6} 0 ()
and
pv-gﬁ—l
g,
57751 Lpes>1-0)|| < Ce)
Lt

since (see Lemma 5.2 and (79))

e(1—6)8
Ac5(pe5)Lip. s>1-5) 2 (5;3_1) and ||pesllp < C.
Hence,
B—1
(pgva(pgv(s))é is bounded in L1+T((0,T) % ’H‘3), (85)

v+g—l(

(Ae,s(pe,s)); 1s bounded in L (0,T) x T). (86)

We emphasize the fact that these controls are not uniform in €. This is due to the fact that the
pressure p, and the bulk viscosity Ac are “more singular” than A; close to 1 (y,8 > f—1). O

Remark 5. We assumed in this case that v > 1 which enables, thanks to (86), to bound
Aes(pes) in L1((0,T) x T3).
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Limit 6 — 0

We can pass to the limit in the weak formulation of the equation except in the non-linear
terms. As in the previous section, we need to prove the strong convergence of p, 5. Note first
that the results of Proposition 4.6 still hold:

<2u fi(ﬁ)) N <2u +p2As(p)> EonD (87)

<2u +F;a(p)> = <2u +1)\a(p)> F.  in D.

Hence, for ¥ = p? — pg >0,

OV + div (Vu) = F. (pg ve(pe) — pgyg(pa))

+ Pg Pe(pe)ve(pe) — p2pe(pe)ve(pe)-

where, in this case, the function s — b.5(s) = pe5(5)ve6(s) is non-monotone. In fact it is
not a problem, because b, s is now bounded and we can then treat it as the first part of the
right-hand side. We obtain similarly

3 [ovea<c [ qme e (58)
dt T3 T3
with |FZ| € L1(0,T; L>(T?)) which yields again ¥ = 0 by Gronwall’s inequality. The strong
convergence of the density is thus preserved in this case. In addition, due to (80), we ensure
that the limit density satisfies
0<p:.<1 ae. (89)

We can then pass to the limit in all the terms of the equations. In particular, for the bulk

viscosity term, the strong convergence of p. 5 and (89) imply that A, 5(p. ) converges strongly
y+B8-1

to A\e(pe) in L 7 ((0,T) x T3). As in the previous section we deduce that

As,é(pe,é)div Ue,s = \/)\6,5 (ps,(S) \/)\5,6 (Ps,é)diV Ug,§

converges weakly to A:(p.)divu,. in L9((0,T) x T?) for some ¢ > 1.
Finally, we pass to the limit in (44) (recall A 5(pes) is bounded in L>(0,7; L*(T?)) so that
Ac 5(pes)ues is bounded in L2(0,T; (L3/2(T?))3)):

A (pe) + div (Aa(pa)ug) = —Ac(pe)div ug (90)

5.1.2 Limit ¢ — 0.
At this stage, we control uniformly

(pe), in L¥((0,T) x T?),
(ue), in L*(0, T3 (HY(T?))?),
(Ac(pe)), in L0, T L*(T%)),
(p-(p)). in LN(0,T) x T9),
(Ae(pe)divus)_ in L'((0,T) x T?).
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Therefore
pe(pe) = p in M4((0,T) x T?)

and
Ae(pe)divue — —IT in M((0,T) x T?),
whereas

B—1 B-1

Ac(pe) < Cal{pESMO} + Ce'™ (pe(pg))Tl{pE>M0}

with v > 8 — 1, so that A.(p.) converges strongly to 0 in Lﬁ((O,T) x T3) (and thus in

L2(0,T; L%(’]I‘?’))). Passing to the limit in (90), we have then
II=0.
We thus conclude that the triplet (p,u,p) is a global weak solution of

Op + div (pu) =0
Vp—2div(uD (u)) +ru=f
0<p<1 sptpC{p=1}, p>0.

52 Casel<y<f-1

In this case we expect the activation of the memory effects in the limit € — 0.

5.2.1 Existence of weak solutions at ¢ fixed

First we observe that Lemma 5.1 still holds in this case, so that
(Ag,(g(p&g))é is bounded in L (0, T, LI(T3))
and, since vy < 8 — 1,

ﬁ_
(110575([)575))5 is bounded in  L*°(0, T} LTI(']I‘?’)).

(91a)
(91b)
(91c)

With this control of the pressure and the energy estimate, we deduce from Lemma 3.3 that

. ﬁ_
(Ae,5(pe,6)div “575)5 is bounded in L? (0,T; me{z’Tl}(’]I‘B)).

Uniform upper bound on the density. The same arguments as before show that

[pesllLg < p < oo

and
meas {x € T3, pes(t,z) >1— §} < Cle) 6Pt

Additional integrability on A.s.
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Lemma 5.4. Let (p.s5,uc5) be a global weak solution of the compressible Brinkman sys-
tem (34) with 1 < v < B—1. If initially ||A:(p2)|| 12 < C, then there exist C' > 0 independent
of 0,¢, and C? > 0 independent of §, such that

HAs,ﬁ(ps,é)HL‘x’Lz + ”ps,é(pe,é)HLmLQ(ﬁ—l) < Cla (93)

[ Ae,5(pe,5) HLooL2<551) < C2 (94)

Proof. We can reproduce exactly the same estimate on (Ag,(g(peﬁ))2 by multiplying Equa-
tion (44) by Ac s5(pe,5). We obtain

sup / (As,é(ps,é))2 +
T3

te[0,7]

2IB__ : / AE,J(/OE,(S)pE,&(pE,J) < C+C/ (As’é(pg))2.
=1 Jrs B

Hence
(Aa,5(pa,6))6 is bounded in L%°(0, T; L*(T?))

and consequently
2(8=1)

(pe,6(pe.5)) 5 is bounded in L=(0,T; L (T3)),
2(8-1)

()‘875(/05,6))5 is bounded in LOO(O’ T;L 7 (TS))

This last control on A:(pe) being not uniform in e. O

Remark 6. We assumed in this case that 1 <y < 8 — 1, so that § > 2 and

2(8-1)
&

The bulk viscosity coefficient (A 5(pe,5)), is then bounded in L'((0,T) x T?).

> 1.

Limit 6 — 0. We can pass to the limit in the weak formulation of the equations exactly in the
same way as before, showing first the strong convergence of the density and using the control
of \/Ac5(pes) in L?((0,T) x T?) to identify the limit of the bulk viscosity term:

A5 (pes)divue s — Ao(pe)divue weakly in L'((0,T) x T?).

5.2.2 Limit e —0

Thanks to the uniform controls of the singular quantities, we ensure the following convergences
Ac(ps) — A weakly-* in L>(0,T; L*(T?)), (95)

Ae(peo)divu, — —II  weakly in M((0,T) x T?).

In addition,

c pf e/ — 0

716% _ﬁfl e—0

Aa(ﬂa)l{pegl_al/ﬁ} = 3
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Hence
spt A C {p =1},

or written differently, the product pA making sense almost everywhere,
(I-=pA=0. (96)
On the other hand, we have v < 8 — 1, which yields
pe(pe) — 0 strongly in L'((0,T) x T?).
Compared to the previous case, the limit A is not 0 and we close the system by passing to the
limit in
O\ (pe) + div (Ae(pe)ue) = —Ac(pe)div ue.

Here, A. is controlled in L>°(0,T; L?(T?)) and [0cAc|lrw—11y < C, while u. is bounded
in L2(0,T; (H'(T?))3). We can then pass to the limit in the product A.(p:)u. thanks to
Lemma 4.5 and get the limit equation

O\ + div (Au) =

We have thus justified the activation of memory effects in the congestion limit. The tuple
(p,u,m, A) is finally a global weak solution of

Op + div (pu) =0 (97a)
VII — 2div (uD (u)) + ru = f (97b)
O\ + div (Au) =11 (97¢)
0<p<l, 1-p)A=0, A>0 (97d)

53 Casel<~y=p0-1

The estimates remain mostly unchanged compared to the previous case v < § — 1. Neverthe-
less, in the limit € — 0, we do not have the convergence of p.(p;) to 0 anymore and p.(p.)
converges now to p = ( — 1)A. The limit system then writes

Op +div (pu) =0 (98a)
(B—=1)VA+ VI — 2div (uD (u)) +ru= f (98Db)
O\ + div (Au) =11 (98¢)
0<p<1l, (1—-pA=0,A>0 (98d)

Acknowledgments. C. Perrin is supported by a PEPS project « Jeunes chercheuses et jeunes
chercheurs ». Part of this work was carried out when D. Bresch was inviting in Prague by
the GACR project P201-16-032308 and RVO 67985840. S. Necasov4 is supported by GACR
project P201-16-032308 and RVO 67985840. D. Bresch is also supported by the ANR project
FRAISE.

30



References

1]

2]

3]

4]

[5]

(6]

7]

8]

9]

[10]

[11]

[12]

[13]

[14]

[15]

ALLAIRE, G. Homogenization of the Navier-Stokes equations in open sets perforated
with tiny holes i. abstract framework, a volume distribution of holes. Archive for Rational
Mechanics and Analysis 113, 3 (1991), 209-259.

ANDREOTTI, B., FORTERRE, Y., AND POULIQUEN, O. Granular media: between fluid
and solid. Cambridge University Press, 2013.

BERTHELIN, F. Existence and weak stability for a pressureless model with unilateral
constraint. Mathematical Models and Methods in Applied Sciences 12, 02 (2002), 249—
272.

BERTHELIN, F. Theoretical study of a multi-dimensional pressureless model with unilat-
eral constraint. Accepted for publication in SIAM, Journal on Mathematical Analysis 49,
3 (2017), 2287-2320.

BoucHuT, F., BRENIER, Y., CORTES, J., AND RIPOLL, J.-F. A hierarchy of models
for two-phase flows. Journal of NonLinear Science 10, 6 (2000), 639-660.

BRESCH, D., AND JABIN, P.-E. Global existence of weak solutions for compresssible

Navier—Stokes equations: Thermodynamically unstable pressure and anisotropic viscous
stress tensor. arXiv preprint arXiw:1507.04629 (2015).

BRrESCH, D., PERRIN, C., AND ZATORSKA, E. Singular limit of a Navier—Stokes system

leading to a free/congested zones two-phase model. Comptes Rendus Mathematique 352,
9 (2014), 685-690.

BRESCH, D., AND RENARDY, M. Development of congestion in compressible flow with
singular pressure. Asymptotic Analysis 103, 1-2 (2017), 95-101.

CoussoT, P. Rheometry of pastes, suspensions, and granular materials: applications in
industry and environment. John Wiley & Sons, 2005.

DANCHIN, R., AND MucCHA, P. B. Compressible Navier—Stokes system: Large solutions
and incompressible limit. Advances in Mathematics 320 (2017), 904-925.

DEGoOND, P., Hua, J., AND NAVORET, L. Numerical simulations of the Euler system
with congestion constraint. Journal of Computational Physics 230, 22 (2011), 8057-8088.

DeconD, P., MINAKOWSKI, P., NAVORET, L., AND ZATORSKA, E. Finite volume
approximations of the Euler system with variable congestion. Computers € Fluids (2017).

DESJARDINS, B., GRENIER, E., LIONS, P.-L..;, AND MAsSMOUDI, N. Incompressible

limit for solutions of the isentropic Navier—Stokes equations with Dirichlet boundary
conditions. Journal de Mathématiques Pures et Appliquées 78, 5 (1999), 461-471.

DESVILLETTES, L., GOLSE, F., AND RiccI, V. The mean-field limit for solid particles
in a Navier-Stokes flow. Journal of Statistical Physics 131, 5 (2008), 941-967.

DUCOMET, B., AND SARKA NECGASOVA. On the 2d compressible Navier—Stokes system
with density-dependent viscosities. Nonlinearity 26, 6 (2013), 1783.

31



[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

28]

[29]

[30]

EL DINE, H. N. Etude mathématique et numérique pour le modéle Darcy-Brinkman pour
les écoulements diphasiques en milieu poreux. PhD thesis, Lebanese University-EDST;
Ecole Centrale de Nantes (ECN), 2017.

FrIREISL, E. Compressible Navier—Stokes equations with a non-monotone pressure law.
Journal of Differential Equations 184, 1 (2002), 97-108.

FEIREISL, E., Lu, Y., AND MALEK, J. On PDE analysis of flows of quasi-incompressible
fluids. ZAMM-Journal of Applied Mathematics and Mechanics/Zeitschrift fir Ange-
wandte Mathematik und Mechanik 96, 4 (2016), 491-508.

FEIREISL, E., AND NOVOTNY, A. Singular limits in thermodynamics of viscous fluids.
Springer, 2009.

Huang, X., anD L1, J. Existence and blowup behavior of global strong solutions to
the two-dimensional barotrpic compressible Navier—Stokes system with vacuum and large
initial data. Journal de Mathématiques Pures et Appliquées 106, 1 (2016), 123-154.

LEFEBVRE, A. Numerical simulation of gluey particles. ESAIM: Mathematical Modelling
and Numerical Analysis 43, 1 (2009), 53-80.

LEFEBVRE-LEPOT, A., AND MAURY, B. Micro-macro modelling of an array of spheres

interacting through lubrication forces. Advances in Mathematical Sciences and Applica-
tions 21, 2 (2011), 535.

LioNs, P.-L. Mathematical Topics in Fluid Mechanics: Volume 2: Compressible Models,
vol. 2. Oxford University Press, 1998.

Lions, P.-L., AND MAsMoUDI, N. Incompressible limit for a viscous compressible fluid.
Journal de mathématiques pures et appliquées 77, 6 (1998), 585-627.

LioNs, P.-L., AND MAsSMOUDI, N. On a free boundary barotropic model. In Annales
de 'IHP Analyse non linéaire (1999), vol. 16, pp. 373-410.

MAURY, B. Prise en compte de la congestion dans les modeles de mouvements de foules.
Actes des colloques Caen (2012).

MAURY, B., AND PREUX, A. Pressureless Euler equations with maximal density con-
straint: a time-splitting scheme. Topological Optimization and Optimal Transport: In the
Applied Sciences 17 (2017), 333.

MECHERBET, A., AND HILLAIRET, M. Lp estimates for the homogeneization of Stokes

problem in a perforated domain. Journal of the Institute of Mathematics of Jussieu
(2018), 1-28.

NOVOTNY, A., AND STRASKRABA, [. Introduction to the mathematical theory of com-
pressible flow, vol. 27. Oxford University Press on Demand, 2004.

PEREPELITSA, M. On the global existence of weak solutions for the Navier-Stokes equa-
tions of compressible fluid flows. SIAM journal on mathematical analysis 38, 4 (2006),
1126-1153.

32



[31]

[32]

[33]

[34]

[35]

[36]

[37]

PERRIN, C. Pressure-dependent viscosity model for granular media obtained from com-
pressible Navier-Stokes equations. Appl. Math. Res. Express. AMRX, 2 (2016), 289-333.

PERRIN, C. Modelling of phase transitions in one-dimensional granular flows. ESAIM:
Proceedings and Surveys 58 (2017), 78-97.

PERRIN, C., AND ZATORSKA, E. Free/congested two-phase model from weak solutions

to multi-dimensional compressible Navier-Stokes equations. Communications in Partial
Differential Equations 40, 8 (2015), 1558-1589.

PERTHAME, B., QUIROS, F., AND VAZQUEZ, J. L. The Hele-Shaw asymptotics for

mechanical models of tumor growth. Archive for Rational Mechanics and Analysis 212,
1 (2014), 93-127.

PERTHAME, B., AND VAUCHELET, N. Incompressible limit of a mechanical model of
tumour growth with viscosity. Phil. Trans. R. Soc. A 373, 2050 (2015), 20140283.

VAIGANT, V. A., AND KAZHIKHOV, A. V. On existence of global solutions to the
two-dimensional Navier-Stokes equations for a compressible viscous fluid. Siberian Math-
ematical Journal 36, 6 (1995), 1108-1141.

VAUCHELET, N., AND ZATORSKA, E. Incompressible limit of the Navier—Stokes model
with a growth term. Nonlinear Analysis 163 (2017), 34-59.

33



