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Linear Inverse Problems: Regularization methods

g = Hf + €,

» Regularization (L2, L1, TV, ..)

1
J(F) = Sllg = HF[l3 + AR(f)

R(f) = {nfn%. 1115, IDF|I3, [ DFf, Z¢([Df],.)} L 1<B<2

» Optimization algorithms
» R(f) quadratic: Gradient based, CG
» R(f) nonquadratic, but convex and derivable:
Gradient based, Conjugate Gradient (CG)
» R(f) convex but non-derivable: sub-gradient
> R(f) convex: all the convex optimization algorithms
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Linear Inverse Problems: L2 & L1 Regularization methods

» L2 or quadratic: g=Hi+e

J(f) = 3llg — Hf |13 + A||Df|3
Analytic solution: f = (H'H -+ AD'D) 'H'g
Gradient based: VJ(f) = —H'(g — Hf) + 2AD'Df
» L1 : convex but not derivable at zero:
J(f) = 3llg — HF |3 + A[|Df|y
Fenchel conjugate, Dual problem, subgradient,
proximal operator, ...
» Variable splitting and Augmented Lagrangian

. (1
<f,z>=argfmm{2||g—Hf||%+A||zn1+q||z||§} st 2= Df
(1.z)

» A great number of optimization algorithms have been
proposed: ADMM, ISTA, FISTA, ...
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Linear Inverse Problems: Bayesian approach

» Bayese rule g=Hf+e
p(glf)p(f
pig) = PP iy pig) = [ piglr)p
p(g)
» Gaussian noise:

—1
plelr) = N(glHF,wl) exp | 21 g - W3
€

v

Prior models:
1, 1, ~1
p(0) e | 2103 e | S210M13] . e | 217l
> MAP estimate: J(f) = ||g — Hf||3 + AR(f):
1 _ .
p(tle) o exp | 3 J(0)| = Faae = arg ()} = rg min { (1)}
€
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State of the Art Bayesian methods for the simple case
g=Hf+e

Supervized Gaussian case:

(flg) = N(f]f, £)
p(glf) = N (g|HF, vel) 2
{ p(f) = N(F0,ve) 52 [H[:E/}:]A:]H% A=

vi
Unsupervised Gaussian

B(f!g, Ve, v,c) N (f|f, X)

p(g|f, ve) = N (g|HF, vl) f=[HH+ M'Hg

p(flve) = N(f]0, v¢l) ) T=v[HH +AMTL A=&
(V ) Ig(vf‘aeo'ﬁeo) P(Ve\g,f) :Ig(vemey,ge)
p(vr) = ZG(vrlag, Br) p(velg, £) = ZG (v¢|ds, Br)

ae:ﬁevaf:,gf

A. Mohammad-Djafari et al. Bayesian inference with error variable splitting ..., EUSIPCO 2018 5/16



p(f, ve, velg) o exp [—J(F, ve, ve)]
» JMAP: Alternate optimization with respect to f, v, v¢:

J(F,ve, ve) = o1 llg — HEI3 + o113+

(aeo+1)|nv€+’%+(o¢f0+1)|nvf+ﬁi

Vf

» Gibbs sampling MCMC:

f~ P(f: Ve, V&’g) — Ve ™~ p(ng,f) — V§ p(w\g, f)

» Variational Bayesian Approximation: Approximate
p(f, ve, vz|g) by a separable one
q(f, ve, ve) = q1(F)g2(ve) g3 (v) minimizing KL(q|p).
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Hierarchical models for more robustness

g = Hf 4 €,
i|v2;) = N (2|0, vz)),
f=Dz+, zsparse Student — p(zjlvz;) S5 2
C P {P(sz) :Ig<vzj‘azo'ﬁzo)
p(g|f) = N (g[HF, vl) p(f.z, vz ve, vc|g) °<1e><p [=J(F. 2, vz, ve, ve)
p(f|z) = N (f|Dz, vl) J(f.z, Ve v ve) = 2 llg — Hf||2
p(zlvz) = N(2[0,V;) — s lIf - DZHz i V22 2|3+
p(vz) =T, ZG(vzjlaz, Bz) V(@ + 1) In v + B/ vajh
p(ve) = LG (Vve|ae,, Beo) (ey +m/2)Inve + Bey / Vet
(p(ve) = ZG(velagy Beo)  ( (wgy +n/2) Inve + By / ve

Main advantages:
» Quadratic optimization with respect to f and z
» Direct updates of the hyperparameters v, and vz
> Possibility to compute posterior mean and quantify

uncertainties analytically via VBA
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Variable splitting or How to account for all uncertainties

Standard case:

_ g =go t+E€,
g—Hf—i—e—){ 2o = Hf

Error splitting:

g = go + €, measurement error

g:Hf+§+e—>{ go = Hf + &, modeling error

or even

g = gotu+e€, ubackground

g:Hf+u+(';‘+e—>{ G0 = HF 42
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Proposed Error splitting Method 1

g = go + €, measurement error: Gaussian with unknown variance
go = Hf + ¢, modeling error: Student-t or Normal-Gamma

» Direct Sparsity enforcing prior: (f,vf) Normal-IG, f Student-t

(g :lﬁfoj (aeo, Beo)
]

H
go=Hf+¢ | g | | ve |

|
g=gote
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Proposed Error splitting Method 1 (details)

» g =gp+e€, :e€ Gaussian:

P(g‘gOv Ve) = N<g‘g0- Vel)- p<V€) = Ig<V€|“eov,B€0)'

» go = Hf +¢, ¢ Student:

{ p(golf,ve) = N (go|HF, Vi), Ve = diag {v;},
p(ve) =TTy p(vei) =TT ZG (veilag, . Be, ),

» f Sparse:

{ p(flve) = N(f|0, V), V¢ =diag{vr}
p(ve) =T p(ve) = T1L1 ZG (v lag, Br)

which results in:
p(f, 8o, ve, v, vr|g) o exp [—J(F, 8o, ve, ve, vr)|  with
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J(F, 80, Ve, v, vr) = 5|18 — goll3 + (wep + 1) Inve + 550

31V (g0 — HE) 3+ Ty [(ag + 1) v, + o]

VAR [(%+1>Inw +’5f°}

Alternate optimization:

: . _1 —-1/2 o 2, 1 51¢ _ 2
> with respect to f: J(f) = 5(|[V;"* (g0 — Hf) [|5+ 7 |If —Dz||5
> with respect to go: L

J(go) = 2\/e g — g0||2 2 ||V_ / (g0 — Hf) ”%
> with respect to ve: J(ve) = %Hg 013 + (e + 1) Inve + ﬁ%

> with respect to vg;:

J(V€i>

Mz

ﬁ
3V 2 (g0 — HE) I3+ Y [(agy +1) v + 52

1

> with respect to VE:

Jvg) = 5lIV: 2B+ 2

(zx,co+1)|nvf+ﬁf°}
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Proposed Error splitting Method 2

g = go+ €, measurement error: Gaussian with unknown variance
go = Hf + &, modeling error: Student-t or Normal-Gamma
f=Dz+, Sparsity enforcing in Transformed domain

[“Cov :B(:O} [‘Xéo' ﬁéo} [D‘Zo' :BZoj [“Eo' lgeoj

<
I U

[l\lﬁ;fiif\$

Hf + &

')
o

| ve |

/

g=8gote€

H
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Proposed Error splitting Method 2 (details)

» g =go+e€, e Gaussian:

P(g‘gOv Ve) = N<g‘g01 Vel)v p<V€) = Ig(%’“eovﬁeo)v
» go = Hf +¢, ¢ Student:
{ p(golf, ve) = N (go|Hf, Vi), Ve = diag {v;},
p(ve) =TTy p(vei) = T ZG (veilagy, By,
» f=Dz-+(, ( Gaussian:
p(flz, v¢) = N(f|Dz, v1), p(v;) = ZG(v¢|azo. Bro),
» z Sparse:

{ p(z|v;) = N(z|0,V;), V. =diag{v,}
p("z) = HJN:1 p(sz) = HJ,V:]. Ig(‘/2j|0‘20' .BZO)

which results in:
p(f, 80,2, Ve, v, vz|g) o exp [—J(F, 80,2, ve, vz, vz)]  with
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J(F, 80,2, Ve, Ve, vz) = 5+ |lg — goll3 + (e, + 1) Inve + B2
+ 32 (0 — HF) 3+ £ [(ag, + 1) n v, + 29]
+ 2 [If = Dz|3 + (g0 + 1) In v + B2
2 ||V —1/22’|2 . ZJN 1 [(azo | 1) In VZJ /320:|

Vzj

Alternate optimization: Lo
> with respect to f: J(f) = %HVg /2 (go — Hf) |13 + i”f — Dz|3

> with respect to go: Lo
J(go) = 2v6||g goll3 + 2||VE /2 (go — HF) I3

> with respect to z: J(z) = 27‘1/Z||f —Dz|3 + 3|V, 1?23

> with respect to ve: J(ve) = i||g —g0l13 + (g + 1) Inve + By

Ve

B
e J(0) =3IV (g0 — M) B+ 32 [(ag + 1) v + 2]
i=1 Gi

> with respect to v;: J(v;) = 2"& |f — Dz||3 + (azo + 1) Inve + ﬁv—io

> to vzt J(vz) = BIVE Y22+ D [(g + 1) Inv + B
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Main advantages and limitations

Advantages:
» All the optimization are either quadratic or explicite

» Quadratic optimizations can be done efficiently

v

For great dimensional problems, the needed operators H, H,
D and D’ can be implemented on GPU

For Computed Tomography, efficient GPU implementation of
these operators have been done in our group for 2D and 3D
CT.

Limitations:

v

» Huge amount of memory is needed for f, go, vz and v,
» No easy way to study the global convergency of the algorithm.

> The number of hyper-hyperparameters (t¢y, Be,). (2, B, )
(az0, Bzo), (2, Bz) to be fixed is important.
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Applications:

v

Biological time series analysis: Estimating periodic
components in very short time biological time series

> Signal deconvolution in Mass Spectrometry

> Image restoration in RAMAN Mass Spectrometry or in Radio
Astronomy

» 2D and 3D Industrial Computed Tomography for Non
Destructive Testing Application

> Low dose and limited angle CT for biological or medical
applications
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