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Abstract
We consider the stochastic heat equation on R? with multiplicative space-time white
noise noise smoothed in space. For d > 3 and small noise intensity, the solution is known
to converge to a strictly positive random variable as the smoothing parameter vanishes.
In this regime, we study the rate of convergence and show that the pointwise fluctuations
of the smoothened solutions as well as that of the underlying martingale of the Brownian
directed polymer converge to a Gaussian limit.
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1 Introduction and the result.

We fix a spatial dimension d > 3 and consider a space-time Gaussian white noise B on Ry x
RY. Tt is formally described by a family {B (¢)}pes(r, xrayof Gaussian random variables on a
complete probability space (€2, B,P) with mean 0 and covariance

IE[B(gpl) B(cpg)] =E [/000 y dt dz B(t,m) p1(t, ) X /000 y dt de(t,x) wa(t, x)

5 (1.1)
= / / w1(t, z)pa(t, z)dt do .
0 R4
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with 1,9 being in the Schwartz space S(Ry x RY) of all smooth and rapidly decreasing
functions on R, x R%. Throughout the article, E will denote expectation with respect to P.

We fix a non-negative, smooth, spherically symmetric function ¢ : R* — R with support in
the Euclidean ball B(0,1/2) and normalized to have unit mass [pq ¢(2) dz = 1, and we define

b:(-) = e %¢(-/¢). Then,
Bt,5($) =B (%,t,m) with QDg’t,x(s’y) = ]I[O,t](s)(bs(y - x) )

denotes the spatially smoothened white noise, which is again a centered Gaussian process with
covariance

E[Bte(2)Bse(y)] = (s A1) (9 % 0c) (z — y) = (s At) e~V (2 —y) /e),

where V' = ¢ x ¢ is a smooth function supported in the ball B(0,1). In particular, for any
z, (Bie(z);t > 0) is a linear Brownian motion with diffusion constant e=4V'(0). Following
[MSZ16], we consider the (smoothed) multiplicative noise stochastic heat equation:

1 _
dus,t = §Aus,t dt + Bg%us,t st,t > U€,0($) =1, (1'2)

where 8 > 0 and the stochastic differential is interpreted in the classical Ito sense. Then, by
Feynman-Kac formula [K90, Theorem 6.2.5]

d—2 t X ﬁ? t5_2
wesle) = B exp{ 8% [ [ oW =) Bl as ay- v ) )
o JR
By time reversal, for any fixed ¢ > 0 and € > 0,
law -1
Uey(r) = Me-2(e),
where
T . /32T
Mr) = oo {5 [ [ o —nsepasa-Tlvol]. o

and E, denotes the expectation for the law P, of a Brownian motion W = (Wj)s>¢ starting
from z € R? and independent of the white noise B. See (Eq.(2.6) in [MSZ16]) for details. Then
it was shown [MSZ16, Theorem 2.1 and Remark 2.2] that for § > 0 sufficiently small and any
test function f € C°(RY),

/Rd us(t,z) f(x) de — u(t,x) f(z) do (1.5)

Rd

as € — 0 in probability, with @ solving the heat equation

Ou = %AH (1.6)
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with unperturbed diffusion coefficient. Furthermore, it was also shown in [MSZ16] that, with /3
small enough, and for any ¢ > 0 and = € R, ue () converges in law to a non-degenerate random
variable Mo, which is almost surely strictly positive, while u.¢(x) converges in probability to
zero if 3 is chosen large. The law of M., was not determined in [MSZ16].

Following the standard terminology used in the literature on discrete directed polymers,
the Feynman-Kac representation (1.4) relates My (and thus, u.¢) to the (quenched) polymer
partition function, and existence of a strictly positive limit My, for small disorder strength
B is referred to as the weak-disorder regime, while for 8 large, a vanishing partition function
limp_, o, M7 underlines the strong disorder phase ([CSY04]). The polymer model corresponding
to (1.4) is known as Brownian directed polymer in a Gaussian environment, and the reader is
refered to [CC18] for a review of a similar model driven by a Poissonian noise.

Throughout this article we will focus deep inside the weak disorder regime, i.e., we will
assume that g is small enough and M, is a non-degenerate strictly positive random variable.
The goal of the present article is to study the rescaled pointwise fluctuations

for x € R? as T — oo, where My, () is the a.s. limit of the positive martingale Mz (x). Here
is our first main result:

Theorem 1.1. There exists By € (0,00) such that for 8 < By, and x € R?, with d > 3,

2 Mrp(x) — Mo ()
(e

) B (0,02(8)),

as T — oo, where

2 2 oo .
O'2<5) _ W /I;d dy V(\/iy) Ey [eﬂ Jo V(V2Ws) d ) (1.7)

d—2 . . .
Moreover, T"7 (Mr(x) — Moo (x))/Mso(x) converges in law to the same limit.

We point that the variance o2(3) in Theorem 1.1 becomes infinity for 3 > B, for some
Be € (0,00). We also conjecture that Theorem 1.1 holds in the whole “L2-region”, i.e., for all 3
such that M7 remains bounded in L?-norm, but such a proof seems out of reach at the present
time.

We now derive the rate of convergence of the solution of the stochastic heat equation (1.2).
For simplicity we focus on the case x = 0, although the result easily extends to the general
case. We will write My = Mp(0). Note that

Fr(B) = By[e/PO-FVOT2] = with o(t,x) = N1 (H)$(W; — ) , (1.8)
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defines a measurable function .#r on the path space (£2,B,P) of the white noise, such that
Fr(B) = My. Since My converges almost surely, we can select a representative .Zo(B) of the
limit, i.e. JOO(B) M. Without loss of generality, we can assume that the definition of the
white noise B extends to negative times, and for ¢ > 0, T > 0, the random process BT given

by
BED( - / / 2t e ly)B(t,y) dt dy
Rd

is itself a Gaussian white noise. Moreover, in view of (1.8) and Brownian scaling (for W), the
solution (1.3) of the stochastic heat equation (1.2) can be rewritten as

ey (0) = Foay (BETD),

: : law _
Since BT & B we have for T = ¢ %,

Foo(BET)  Fo(BET)  law Foo(B) | Mu

uet(0) g, (Bm ) F.2/(B) M.

and the following result is a direct consequence of Theorem 1.1.

Corollary 1.2. Fiuz 8 < o as in Theorem 1.1. There exists a functional Fo, on the path
space (2, B,P) which is positive and measurable with E[Fo(B)] = 1 and My = Foo(B), such
that for allt > 0, as e — 0,

a2 [ Foo(BE70) law, 5 a2
e |22 1) B N(0,6%(B) ).
( ue1(0) (0,0%(8) )

d—2
Moreover, e~ 2 % — 1) converges in law to the same limit.
goo(B(e,s t))

While we do not discuss it in detail, Theorem 1.1 and Corollary 1.2 provide Edwards-
Wilkinson type limit as T — oo and € — 0 respectively. We mention two recent articles
([GRZ17], [MU17]) where a similar problem has been studied in a different context. It was
shown [GRZ17, Theorem 1.2] that, if 3 > 0 is chosen sufficiently small, then for f € C°(R?),

el-% / dz [uc(t,z) — E(us(t, 2))] f(z) = de % (t,z) f(x) (1.9)
R4

R4

where % solves the heat equation with additive noise, or the Edwards-Wilkinson equation:

OU = %A% +Bo%(B)uB,  #%(0,z)=0, (1.10)
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and @ is the solution of the heat equation (1.6). We remark that the nature of the results in
(1.9) and in Theorem 1.1, as well as their proofs are different. In particular, in the present
case we consider pointwise fluctuations of the form My (z) — My () for 2 € R? (i.e., we do not
study the spatially smoothened averages of Mp(z) — E[Mp(x)]).

The case when the noise B is smoothened both in time and space has also recently been
considered. If F(t,x) = [ga [~ ¢1(t — s)p2(x —y) dB(s,y) is the mollified noise, and . (t, z) =
u(e2t,e~'z) with u solving dyu = $Au + B F(t,x)u, then it was shown in [M17] that for any

1

B >0and z € RY e E0) Elu.(t,x)] — u(t,x) as ¢ — 0, where k(e,t) is a divergent constant

and (¢, x) solves the homogenized heat equation
N N
Oyt = idlv(agVu) (1.11)

with diffusion coefficient ag € R4 Tt was then shown in [GRZ17, Theorem 1.1] that, for 3 > 0
small enough, a result of the form (1.9) holds also for the rescaled and spatially averaged fluc-
tuations e'=%? [ dx f(2)[ie (¢, ©) —E(de(t, )], and the limit % again satisfies the additive noise
stochastic heat equation ;% = %div(a[gV% ) + Bv2(B) @ B with diffusivity ag and variance
v2(/3), and @ solves (1.11). Note that, unlike (1.10), due to the presence of time correlations, in
this case both the diffusion matrix and the variance of the noise are homogenized in the limit
e —0.

Finally we briefly comment on the strategy for the proof of Theorem 1.1 for which we
loosely follow [CL17] as a guiding philosophy. The first step relies on a technical fact stated
in Proposition 2.2 whose proof constitutes Section 3. However, a key step for the proof of
Theorem 1.1 is utterly disparate from [CL17]. In particular, we do not take the approach via
central limit theorem for martingales or use stable and mixing convergence (see [HL15]) as in
[CL17] which can conceivably be adapted to the present case. Instead, we invoke techniques
from stochastic calculus as in [CN95] which are well-suited and efficient in the present scenario.
The details can be found in Section 2.

2 Proof of Theorem 1.1.

2.1 Rate of decorrelation.

In this section we will provide the following elementary result, which provides an estimate on
the asymptotic decorrelation of u.(z) and u.(y) as € — 0. This estimate also underlines the
fact that smoothing u.(z) w.r.t. any f € C3°(R?) makes [pq dzuc(x) f(x) deterministic (recall

(1.5)).

Proposition 2.1. Let d > 3 and 8 small enough.
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o We have:
E;p/\/i {eﬁz Lo VVRWds | g c Rd’
Cov(Moo(0), Moo(2)) = o (2.1)
Ql(\ﬂ:l) Vx| > 1,
’U)’Lth Q:]. = E(al/\/5 652 fooo V(\/EWs)dS _ 1:| .
o Finally,
[ Moo — MTH; ~ ¢1€2E[M§O]T_% as T — oo. (2.2)

with €4 = E[(ﬁ/|Z|)d_2] , where Z is a centered Gaussian vector with covariance 1.

Proof. For any Brownian path W = (W;)s>0 we set

O (W) = exp{ / / o(W, )B(s,y)ds dy — BQTV(O)} (2.3)

and see that, for any n € N,

[H@T (W } —exp{,BQ/ Y V(WY —W)ds } (2.4)

1<i<j<n

By Markov property, for 0 < S < oo,
Mrpys(z) = Ey [®p(W) Mg o 0w, | - (2.5)

where for any ¢ > 0 and = € RY, 0;» denotes the canonical spatio-temporal shift in the white

noise environment. Then, Var(My(z)) = Ey [eﬁQ Jo V(VaWads _ 1] and the first line of equation
(2.1) follows from (2.5) and (2.4) with n = 2 and Brownian scaling. Now, the second line of
(2.1) follows by considering the hitting time of the unit ball for v/2IW and spherical symmetry
of V.

We now show (2.2) as follows. For two independent paths W® and W (which are also
independent of the noise B), we will denote by Fr the o-algebra generated by both paths until
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time 7. Then, by (2.5),
Moo — Myl = E[E?2{‘I’T(W D) or (W) ( 00 @0y = 1) <M°° 0w — 1) H

= B VO Cov(ar (W), M)

d—2
1) @) 2
~ O E®2 |V -whas [ 4 by (2.1
B T (by (2.1)
5\ 92
- E B2 [o V(V2Ws)ds V2
1L0 (€ 0 ‘I%&F‘

Then (2.2) is proved once we show

alrivmio) Jenlprme] ) 7] e

But as T' — o0,
(/OT (V2W,) ds, T~ 1/2WT> Law (/OOO V(\@Ws)ds,Z>

with Z ~ N(0, I;) being independent of the Brownian path W, and then (2.2) follows from the
requisite uniform integrability

1+6

, jﬂ/2 d—2
sup Ep | | €° Jveewgds (2 < oo (2.7)
T>1 |Wr|

for § > 0. By Holder’s inequality and Brownian scaling, for any p,q > 1 with 1/p+1/¢ =1,

. L+5 ﬁ2lf \/,M/) /q 1 1/p
(1. h. s.) of (2.7) < Ey [e 0 ) } Eo LWIWHM_Q)]
1/q 1 1/p
q(1+6)82 [ V(V2W5) ds - lalPr2
< Ey [e 0 ] |:/Rd dx |x’p(l+5)(d—2)e }

<C - dr r@-1 71 e T2 v
= 0 rp(1+6)(d—2)

Then the last integral is seen to be finite provided we choose § > 0 and p > 1 small enough so
that 1 < p(1+0) < 7%5. m
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2.2 Proof of Theorem 1.1.

In this section we will prove Theorem 1.1. We start by computing the stochastic differential
and bracket of the martingale M7 defined as follows:

dMr = PBEp [@T(W) /Rd o(y — Wp)B(T,y)dT dy] ,
dM)yr = BEF” [<I>T(W“>)¢T(W<2>)V(W;” - W}”)] aT
= BPMF x EgS o [V(W = Wi)] dT (2.8)

where ES?Z,’T is the expectation taken with respect to the product of two independent polymer
measures,

: 1 T . : .
Py gr(dW®) = % exp {5/0 » (W —y) B(y,s)ds dy} P(dW®) i=1,2,

. _8? o .
with Zgr =€ 2 TV M. The proof of Theorem 1.1 splits into two main steps. The first step
involves showing the following estimate whose proof consititues Section 3:

Proposition 2.2. There ezists fy € (0,00), such that for all B < By, as T — oo,

[SIIoH

d
T ( (M>> —eam2 By,
T

dt
with €3 = €3(8) = %52 0%(B) and o*(B) from (1.7).

For the second step, we define a sequence {G(TT)}Tzl of stochastic processes on time interval
[1,00), with

(M
GO =T ( T 1> . T>1 (2.9)
M

Then, for all T, G is a continuous martingale for the filtration BT = (Bg))Ql, where B&T)
denotes the o-field generated by the white noise B up to time 77". Then we need the following
result, which provides convergence at the process level:

Theorem 2.3. For 5 < By, as T — oo, we have convergence
Go 2 g (2.10)

on the space of continuous functions on [1,00), where G is a mean zero Gaussian process with
independent increments and variance

a—2

g(r)=a*(B) L =772 ].
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Proof of Theorem 1.1 (Assuming Theorem 2.3): We write

d—2 M
o0 — (T)
T 1 < 1) G (o0)

T [Moo — My1]
My ’

G (1) +

and we consider the last term. By (2.2), the numerator has L?>-norm tending to 0 as 7 — oo
uniformly in 7" > 1 whereas the denominator has a positive limit. Then, the last term vanishes
in the double limit T" — oo, 7 — oo, and therefore

-2 (Mo : .
lim 77 (M - 1> = lim lim G™(r),

T—o0 T T—00 T'—00

which is the Gaussian law with variance g(co)= o%(3) by Theorem 2.3. Theorem 1.1 is proved.
|

We now complete the
Proof of Theorem 2.3 (Assuming Proposition 2.2): From the definition (2.9) we compute
the bracket of the square-integrable martingale G™,

d—2
T % T% (T /¢
™y, = Mg = — Lon) d
(@) =T Oer =T [ (a0 as

d
T2 [T/ d
— (L) 4
M’I% 1 (dt< >)0'T 7

by replacing the variables s = ¢T. Then,

on-sr= [ 155 () -

TMQ T T

= / UQT (o 2) (d(M>> —¢3| 0¥ do + 632/ [MgT—M%] o2 do
1 MT Mo‘T de oT MT 1

=L+

[SI[oH

va

As T — oo the last integral vanishes in L? and I vanishes in probability. For ¢ € (0,1],
introduce the event

A = {sup{Mt;t € [0,00]} Vsup {M; 5t € [0,00]} < 81}
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and observe that lim._,oP(A:) = 1 since M, is continuous, positive with a positive limit. So,
we can estimate the expectation of I; by
1}

which vanishes by Proposition 2.2. Thus, (G")) — ¢ in probability. Since for the sequence
of continuous martingales G™ the brackets converge pointwise to a deterministic limit g, we
derive that the sequence G'™ itself converges in law to a Brownian motion with time-change
given by g, that is, the process G defined in the statement of Theorem 2.3 (see [JS87, Theorem
3.11 in Chapter 8|), which is proved now. ]

T
E[lalh] < 5 fgg{

a( d
t2 <dt<M>)t—Q:3Mt2

3 Proof of proposition 2.2

Denote for short by Ly the quantity of interest,

[Sl[oH

d
Ly = T <<M>> — C3ME
dt .

= Ef” [(I)T(W“))@T(W@’) (Tiv(W;,” -Wy) — etgﬂ ,
and proceed in two steps.

3.1 The first moment.

We first want to show that

Proposition 3.1. There exists f1 € (0,00) such that for all < (1, if we choose
_ —d/2 B2 [°V(V2We) dt
& = (2m) 2 [ B, [ V(vay)dy | (3.1)

then E(Ly) — 0 as T — oo.

The rest of Section 3.1 is devoted to the proof of Proposition 3.1. For any ¢ > s > 0 and
z,y € R?% we will denote by P;;g the law (and by EE% the corresponding expectation) of the
Brownian bridge starting at « at time s and conditioned to reach y at time ¢t > s. We will also

write ,
plt. x) = (2mt) =26 lo/2

to be the standard Gaussian kernel.
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We note that
E(Ly) — ng |:eﬁg JTvwO-w®) ar (TSV(W}” —W:(rQ)) _ ¢3>]
— E [652 Jo V(Vawy) dt (TSV(\@WT) - cgﬂ
and

Ey|ePfo V(\/EWt)dtTgV(\/iWT)} - /Rd V(V2y)Eyy [652 Iy V(ﬂW*)dt]Tgp(T, y) dy.

Now, we fix a parameter m = m(T'), such that m — oo and m = o(T') as T' — oo, which helps
us prove Proposition 3.1 in two steps:

Proposition 3.2. For small enough 3, we have for any y € R% and as T — oo,
B [652 Jo V(ﬁw’f)dt] =Ti +o(1),

where 2 .
T, V(V2Wy) dt
T = EO,Oy [eﬂ f[O,m]u[T%,T] ( t) ] ‘

Proposition 3.3. For small enough 3, we have as T — 00,

T o~ ET [652 Sioumy V(V/2W) dt] ETY {862 Sty V(V2W2) dt]

N [652 IS V(Vawy) df] E, [652 Jo” V(ﬁWt)dt} _

We will provide some auxiliary results which will be needed to prove Proposition 3.2 and
Proposition 3.3. First, we state a simple consequence of Girsanov’s theorem:

Lemma 3.4. For any s < t and y,z € R%, the Brownian bridge PS:Z s absolutely continuous
w.r.t. Pyy on the o-field Fg 4 generated by the Brownian path until time s <1, and

t,2
R B

dPyy Foo p(t,z —y) t—s 2t

We will need the following version of Khas’minskii’s lemma for the Brownian bridge:
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Lemma 3.5. If E, [252 I V(\/iws)ds} <1, then
t
sup Eé’i[exp {Bz/ V(V2Wy) ds}] < 0.
zz€RLES0 0

Proof. By Girsanov’s theorem, for any s < t, « € R¢ and A € Flo,s]s

@Dt —s:2—-W
t,z _ (@) p (t S;% s)
Pyi(A) = ES { o)

(3.3)

where E(®) (resp. P(®) refers to the expectation (resp. the probability) with respect to Brow-
nian motion with drift @ and transition density

1 |z — tal?
exX —_— .
(2mt)dz P 2t

With a = (2 — x)/t and s = ¢/2, applying (3.3), we get
Py (4) < 2972 PIV(A).

)

pl(t,2) =

Replacing A by e28° L2V (VW) ds

t/2 t/2
sup E(t); [exp {262/0 V(V2W,) ds}] < 242 qup E(®) [exp {ZBZ/O V(V2Wy) ds}]

z,2€RZ >0

, we have

9

S 2d/2% < o0

where the second upper bound follows from Khas'minskii’s lemma provided we have

282 sup E(®) [/ V(V2Wy) ds] <a<l1
0

T,0

But since the expectation in the above display is equal to [~ ds [pa d2V (v/22) P\ (s, z — )
and is maximal for z = 0 and a = 0, the requisite condition reduces to

252130[/000 V(\@Ws)ds] <1,

which is satisfied by our assumption. Finally, the lemma follows from the observation

exp {52 /OtV(\@WS) ds} < ;[exp{QﬁQ /Ot/QV(x/iWs)ds} +exp{2/32 /t;V(ﬂWs)dsH

combined with time reversibility of Brownian motion. [ |
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Recall that V = ¢ % ¢ is bounded and has support in a ball of radius 1 around the origin,
and therefore, for some constant ¢, > 0, and any a > 0,

oo o0 2 /
PO[/ dSV(\/iWs)>a] SC/ ds/ dyV(\/iy)exp{—M} < Voo =0
m B(0,1)

a )m s3/? 2s am?/?
as m — 0o, implying
Lemma 3.6. For any a > 0, limp_, Po[f;:bo ds V(vV2W,) > a] =0.
By Lemma 3.5, we also have

Lemma 3.7. For any a > 0,

T—m
lim sup POTOZ [/ V(V2W,)ds > a] =0.

T—o00 eRd

Proof of Proposition 3.2. Note that, for any a > 0, we only need to show that

T—m
limsup sup Ei [ﬁfo (/W) 1{ / V(\@Ws)ds>aH:0.

T—oo yeR4
But the above convergence follows by Hoélder’s inequality, Lemma 3.5 and Lemma 3.7. [ |
We now turn to the proof of

Proof of Proposition 3.3. Condition on the position of the Brownian bridge at time 7'/2,
then use reversal property of the Brownian bridge and change of variable z — v/T'z, to get:

T = / E(?élz [652 f[o,m] V(V2W) dt} ET7y |:eﬁ2 f[T,m,T] V(\/EWt)dt} p(T/2, Z)p(T/2, Yy — Z) dz
Re

/e p(Z.y)
_/ E.T/Z,zﬁ |:€52 me V(\/ﬁWt)dti| ET/Q,Z\/ [ 32 fo th)dt} (1/2,2) (1/2 z — y/\ﬁ)
- 0,0 0,y
Rd p(1,y/vT)

-\/-Ve Nnow Claim that’ fOr ﬁXed Z,
27Zf 2 t d 2 [/[/t d
on,g// [ B8 fo V(V2Wy) t} ~ E |: B fo V(V2Wy) t} . (34)

Then, by dominated convergence theorem applied to the above integral, where the expectations
in the integrand are bounded thanks to Lemma 3.5, we obtain that:

- B2 [V (VaW;) dt g2 (= v(vawy ar] P(1/2,2)p(1/2,2)
7 /RdEO[ [ B e J£ o1,0)

= Fy [ B2V \th)dt} E, [ B[V th)dt} .
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To prove (3.4), we use Lemma 3.4:

ng,z\ﬁ[ B2 [mv th)dt}

- zlﬁ iy |7 VRT3 g, 2T — V2|
! E [e/sz [V (/W) dt @gmlz] |
p(1/2,z — y/VT) (m(1 — 2Z2)) ¥ Y
By monotone convergence and the fact that m = o(T'), we obtain:
|2=v/2/T Win |

P-as. ST VIVAWOAL _y (B2 [FVVAW AL anq T mmT oy o2
Then, we have the following uniform integrability property for small § > 0 and small S:

2\ 146
B [ (o voawon,

< B, [e(1+5)/32 [ V(\/EWt)dt:| < oo.

Hence,

—222

EOTész [ B2 [V (V2 Wt)dt:| = ¢

oy B [TV < [TV OO ],
p ,2)T

3.2 Second moment.

The goal of this section is to show
Proposition 3.8. There ezists 3y € (0,00), such that for all B < By, E(L%) — 0.

For the proof of the above result, it is enough to show that limsup;_,. E(L%) < 0. Com-
puting second moment, we get an integral over four independent Brownian paths:

) ) (1)_yp7(9)
E(L7) = E§* [Hie{l,?,} (TSV(W:(;)—W%H)) - €3>e*8221<i<j<4 Jo vovO-w? )dt}

T (i) (i+1) i
= Eg§>4 [ Hie{l,?)} {652 Jo VW —w, )dt <T2 V( W7(~+1>) _ @3) }

XeBZZ fO W<Z) W(]))dt:|

where the sum _* is considered for 4 pairs (i,7),1 < i < j < 4 different from (1,2) and (3,4).
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Throughout the rest of the article, for notational convenience, we will write
Hy, = 652 Di<icj<a o V(Wt(i)_Wt(j))dt 7
T (i) (i+1) ‘ ‘ .
Hr-mr =] {652 Jrom VWS A (Td/QV (Wi —wrf ) — 014)}. (3.5)
ie{1,3}

We will now estimate each term in the expectation in (3.5). Proposition 3.9 stated below enables
us to neglect the contributions of fnf—m V(WP-W2) dt for all i, j and of fg_m V(WO-w)dt
for all (4, 7) # (1,2), (3,4). More precisely, we want to show that

Proposition 3.9. For m = m(T) as above, there exists a constant C > 0 such that, for small
enough B,
lim sup EL?F < C'limsup 7,

T—o0 T—o00

where

Ty = E$" [Hp Hr—mr]. (3.6)
Then, Proposition 3.8 will be a consequence of

Proposition 3.10. For small enough 3, we have as T — oo:

T> = ES* [652 SicicjcafoT VW) dt]

9 (3.7)
(1) _p7(2)
x [ng <e’82 P VOVEWE a [y (D w2 - etgm +o(1).
As a result, To — 0.
3.3 Proof of Proposition 3.9.
We pick up from the first display in (3.5), and write
E(L3) = T3 + T (3.8)
where
(%) _yp/(3) . )
7-2(11) _ E8§>4 {652 Pi<icj<a IS vwP-wyae H (Td/QV(Wj(f)—WI(fH)) . @3)
i={1.3) (3.9)

T—m
X 1{/ VWS W) dt > a for some 1 <i < j < 4}]

m
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and 75(1) is defined canonically. We claim that,

lim sup 7'2(11) =0. (3.10)

T—o00

To prove the above claim, in (3.9) we first estimate, using that V, &3 > 0,

[T [revorp—w—e] < 1 [rvon ) e
ie{1,3} i€{1,3}

Note that,

2 T (4) (4)
tmsnp B o Drsvcos VO
T—o00

T—m
X 1{/ V(WP —WP)dt > a for some 1§i<j§4}] =0,

m

by Holder’s inequality combined with Khas'minskii’s lemma and Lemma 3.6. Therefore,

7'2(11) < ESM [652 2i<icj<a foT V(Wt(i)*Wt(j)) dt H (Td/QV(W}i) _Wi(Fi"'l)))
. =13} (3.11)
X 1{/ V(Wt(i)—Wt(j))dt > a for some 1 <i<j< 4}] + o(1).

m

Next, we switch from free Brownian motion to the Brownian bridge in the first term on the
right hand side above, such that, writing y = (y1,...,y4), we get

- _aj2, il

Ty 7 < dy H T e T V(ys — yis1)

(Re)4 i
4 | |

® Egbyi [652 2i<icj<a Iy vw-w9) ae

i=1

T—m . :
af [T w)aes atorsome 1 <1< < af |+ o)

m

Note that V' has support in a ball of radius 1 around 0. We now again use Holder’s inequality
which, combined with Lemma 3.5 and Lemma 3.7 finish the proof of (3.10).

We now turn to estimate 7;(1), which, by the second display in (3.5), (3.8) and (3.9) is given
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by

70 = B [Hm Hromr {e52 = v<W§”—W§”>dt}

—m i i T—m . .
x o Tusicyza VW LWt(J))dtl{/ V <Wt(l)* t(J)> dt<aforall1<i<j< 4}]

m

< S gt [Hm Hr .7 {e62 = fTT—mV<Wf”—Wf”>de.

We again want to ignore the contribution of the last term. But this can be done exactly as in the
way we estimated 7;(11) by splitting interactions for (i, ) € >_* when fTT;m VWSO W) dt > a
and fz?—m V(Wt(i)—Wt(j )) dt < a. In order to avoid repetition we omit the details, and conclude
the proof of Proposition 3.9. [ |

3.4 Proof of Proposition 3.10.

If we denote by Fjg 1/ the o-algebra generated by all four Brownian paths until time T/2,
then, using Markov’s property,

To = ESYH,y, Hy—mr) = ES* {ESM (Hm HT—m,T‘(WJ(%)?:l)}
= EX* [Egg“ {E(?4 (Hm HTfm,T’]:[O,T/Q])‘(WY(“(;;)?:I}}

_ o4 4 (@) \4 4 (@) \4
- E(? [E(G)Z) {Hm‘ (WT/2)i:1} ESZ) {HT—mvT’ (WT/2)1:1H :
We will prove that there exists a constant C' < oo, such that:
. i 4 .. i 4
(1) sup ESEA {Hm‘ (W/I(“;Q)Zzl} S C (11) sup ES@4 {HT_WHT‘ (W%;Q)ZZI} S C’
>0 >0

(iii) B {Hm‘ (WO

T/2)4 }M—W>E(‘)84 [Hx], as T — 0.

=1

where Ho, is defined as H,, with the time interval [0, m] replaced by [0, c0), recall (3.5).
Let us first conclude the proof of Proposition 3.10 assuming the above three assertions. The
difference of the two first terms in (3.7) writes:

T2 — EgM [HOO] ESM [HT—m,T]
= g (S {H| W), } = B9 (M) B { B | (W) 1}

which goes to 0 as T — oo by (i)-(iii), proving (3.7). Finally, computations of Section 3.1
ensure that:

[E?Q{eBQ S VOV W) ds (Td/2V (W —wi?) — €3> H — 0.

T—00
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We now owe the reader the proofs of (i)-(iii). To prove (i), we use Holder’s inequality to

get
4 (1) \4 @4 [ 682 [ vwD-w Dyt (i
Ey {Hm (WTI/2>1':1}S I £ [eﬁ o ) ‘(WT/2)Z 1
1<i<j<4

}1/6

@) ) 1/6
_ H E(j)jé2 Wrja=Wr/s |:6662 o V(\/§Wt)dt:|

1<i<j<4
< sup EOTé2z [6662 foT/2V(\/§Wt)dt:| < o0,
T,z ’
by Lemma 3.5. For (ii), we note that by Markov’s property,
; 4 2 [1/2 2W;)d
ESM {HT_mj‘(Wj(ﬂ/)z i 1} H E :(rz/) ;@/+1) [eﬁ Jrj2em V(V2W) dt (Td/2V ([WT/Q) —Cg)] .
2 2
1€{1,3}

We have:

C3E () G+
WTl/Q_WTZ/Q ’

[B 7%2‘"”‘ V(ﬁWt)dt] < ¢€3supFE, [B o vvawnd } < 00

while, for some constant C’ > 0,

T/2
EW§)2 W;}/J;l) [ 82 T/2—m V(V2Wy) dt Td/QV (\/§WT/2> :|
T/2 2 (T2 y(/awy)d
SC,/ dz Eoév(z) - |:5 Jrj2mm V(V2WA) ] (fz)
R4 T/27 VT2

<(C'sup E /22[ 82 fy P v (vaw) de } / sz(\/§z>
B(0,1)

Ty,z

< 00,

again by Lemma 3.5.
Finally, to prove (iii), we fix any smooth test function f: R — R, so that

= [f (E(?‘* {Hm‘ Wéj/?)f 1})} N /(Rd) ay f< Eop” [H m]> f[lp(T/Zyi)
:/(Rd) dz f( BT m])iljlpu/gzi), (3.12)

Now, letting T' — oo, we get similarly to (3.4) that ET/2 VT [H,] — E$* [Hs). By dominated
convergence, the RHS of (3.12) converges to f (ESM [Hoo]), implying (iii). [ ]
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