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REVERSE HARDY-LITTLEWOOD-SOBOLEV INEQUALITIES

JOSE A. CARRILLO, MATIAS G. DELGADINO, JEAN DOLBEAULT, RUPERT L. FRANK,
AND FRANCA HOFFMANN

ABSTRACT. This paper is devoted to a new family of reverse Hardy-Littlewood-Sobolev
inequalities which involve a power law kernel with positive exponent. We investigate the
range of the admissible parameters and the properties of the optimal functions. A strik-
ing open question is the possibility of concentration which is analyzed and related with
free energy functionals and nonlinear diffusion equations involving mean field drifts.

RESUME. Cet article est consacré a une nouvelle famille d’'inégalités de Hardy-Little-
wood-Sobolev inversées correspondant a un noyau en loi de puissances avec un ex-
posant positif. Nous étudions le domaine des parametres admissibles et les propriétés
des fonctions optimales. Une question ouverte remarquable est la possibilité d'un phé-
nomene de concentration, qui est analysé est relié a des fonctionnelles d’énergie libre et
a des équations de diffusion non-linéaires avec termes de dérive donnés par un champ
moyen.

1. INTRODUCTION

We are concerned with the following minimization problem. For any A > 0 and any
measurable function p = 0 on RY, let

— A
Ia[p].—ffRNxRle Vo) p(y)dxdy.

For 0 < g <1 we consider

: I)[p] 1 N
Enp, ::1nf{ ——:0<peL NnLIR™), p#£0;,
T U o) ) (fi p0)9 )
where
_2N-g@N+A)

N(1-gq)
By convention, for any p > 0 we use the notation p € L” (RN) if fRN lo(x)|P dx is finite.
Note that « is determined by scaling and homogeneity: for given values of A and g, the
value of a is the only one for which there is a chance that the infimum is positive. We
are asking whether 6y, 4 is equal to zero or positive and, in the latter case, whether
there is a unique minimizer. As we will see, there are three regimes g < 2N/(2N + 1),
g=2N/(2N+A)and g >2N/(2 N+A), which respectively correspond to « > 0, @ = 0 and
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a <0. The case g =2N/(2N + A), in which there is an additional conformal symmetry,
has already been dealt with in [19] by J. Dou and M. Zhu, in [2, Theorem 18] by W. Beck-
ner, and in [37] by Q.A. Ng6 and V.H. Nguyen, who have explicitly computed 6y 3,4 and
characterized all solutions of the corresponding Euler-Lagrange equation. Here we will
mostly concentrate on the other cases. Our main result is the following.

Theorem 1. Let N =1, 1 >0, g € (0,1) and define a as above. Then the inequality

a 2-a)lq
q
I[p] =2 €naq (fRNp(x) dx) (fRNp(x) dx) (1)

holds for any nonnegative function p € L' nLI(RY), for some positive constant €y, Aqr if
and only if ¢ > N/(N + A). In this range, if either N =1, 2 or if N = 3 and g = min {1 —
2IN,2N/@2N + /1)}, there is a radial positive, nonincreasing, bounded function p € L'n
L9(RN) which achieves the equality case.

This theorem provides a necessary and sufficient condition for the validity of the in-
equality, namely g > N/(N + A) or equivalently a < 1. Concerning the existence of an op-
timizer, the theorem completely answers this question in dimensions N =1 and N = 2.
In dimensions N = 3 we obtain a sufficient condition for the existence of an optimizer,
namely, g = min{l —2/N,2N/(2N+ A)}. This is not a necessary condition and, in fact, in
Proposition 17 we prove existence in a slightly larger, but less explicit region.

In the whole region g > N/(N + A) we are able to prove the existence of an optimizer
for the relaxed inequality

a 2-a)lq
Ia[p]+2Mf |x|AP(x)dXEC€N,A,q(f p(x)dx+M) (f p(x)qu) 2)
RN RN RN

with the same optimal constant €, 3 4. Here p is an arbitrary nonnegative function in
L' nL9(R"M) and M an arbitrary nonnegative real number. If M = 0, inequality (2) is re-
duced to inequality (1). It is straightforward to see that (2) can be interpreted as the
extension of (1) to measures with an absolutely continous part p and an additional Dirac
mass at the origin. Therefore the question about existence of an optimizer in Theorem 1
is reduced to the problem of whether the optimizer for this relaxed problem in fact has a
Dirac mass. Fig. 1 summarizes these considerations.

The optimizers have been explicitly characterized in the conformally invariant case
qg=qA):=2N/2N+A)in [19, 2, 37] and are given, up to translations, dilations and
multiplications by constants, by

p=(1+1x2) V7 vxerV.
This result determines the value of the optimal constant in (1) as
N_ A 1+4
v 1 F(E+§)(F(M)+N
NAq) = —x N
r(z)

n? F(N+§)
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By a simple argument that will be exposed in Section 2, we can also find the optimizers
in the special case A = 2: if N/(IN+2) < g < 1, then the optimizers for (1) are given by
translations, dilations and constant multiples of

-1
1-q

p(x) = (1+1x%)

In this case we obtain that

2-N(l-¢) (-1 N
N(l—q)((N+2)q—N) NI-9 I-q
CgN,Z,q = 7 .

/4 2 1 N
9 9 r(5-4)
Returning to the general case (thatis, g # 2 N/(2 N+ A1) and A # 2), no explicit form of the
optimizers is known, but we can at least prove a uniqueness result in some cases, see also
Fig. 2.

Theorem 2. Assume that N/(N+ A1) < qg<1andeitherq=1-1/NandA=1,0r2<A1<A4.
Then the optimizer for (2) exists and is unique up to translation, dilation and multiplica-
tion by a positive constant.

We refer to (1) as a reverse Hardy-Littlewood-Sobolev inequality as A is positive. The
Hardy-Littlewood-Sobolev (HLS) inequality corresponds to negative values of A and is
named after G. Hardy and J.E. Littlewood, see [23, 24], and S.L. Soboley, see [39, 40]; also
see [25] for an early discussion of rearrangement methods applied to these inequalities.
In 1983, E.H. Lieb in [31] proved the existence of optimal functions for negative values
of A and established optimal constants. His proof requires an analysis of the invariances
which has been systematized under the name of competing symmetries, see [11] and [32,
8] for a comprehensive introduction. Notice that rearrangement free proofs, which in
some cases rely on the duality between Sobolev and HLS inequalities, have also been
established more recently in various cases: see for instance [20, 21, 28]. Standard HLS
inequalities, which correspond to negative values of A in I [p], have many consequences
in the theory of functional inequalities, particularly for identifying optimal constants.

Relatively few results are known in the case A > 0. The conformally invariant case, i.e.,
q=2N/(2N+ A), appears in [19] and is motivated by some earlier results on the sphere
(see references therein). Further results have been obtained in [2, 37], still in the confor-
mally invariant case. Another range of exponents, which has no intersection with the one
considered in the present paper, was studied earlier in [41, Theorem G]. Here we focus
on a non-conformally invariant family of interpolation inequalities corresponding to a
given L' (RY) norm. In a sense, these inequalities play for HLS inequalities a role anal-
ogous to Gagliardo-Nirenberg inequalities compared to Sobolev’s conformally invariant
inequality.

The study of (1) is motivated by the analysis of nonnegative solutions to the evolution
equation
0:0=0p 7+ V-(oVWy %p), 3)
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where the kernel is given by W) (x) := % |x|*. Eq. (3) is a special case of a larger family
of Keller-Segel type equations, which covers the cases g = 1 (linear diffusions), g > 1
(diffusions of porous medium type) in addition to 0 < g < 1 (fast diffusions), and also the
range of exponents A < 0. Of particular interest is the original parabolic-elliptic Keller-
Segel system which corresponds in dimension N = 2 to a limit case as A — 0, in which
the kernel is Wp(x) = % log|x| and the diffusion exponent is g = 1. The reader is invited
to refer to [27] for a global overview of this class of problems and for a detailed list of
references and applications.

According to [1, 38], (3) has a gradient flow structure in the Wasserstein-2 metric. The
corresponding free energy functional is given by

Flp):= —ﬁ P %Ium VpeLl®RY),

where LL (RY) denotes the positive functions in L! (RV). As will be detailed later, optimal
functions for (1) are energy minimizers for % under a mass constraint. Smooth solutions
p(t,-) of (3) with sufficient decay properties as |x| — +oo conserve mass and center of
mass over time while the free energy decays according to

iff[p(t )] :—f p‘iqu‘l—VW *P‘de
dt ’ RN 1179 * '

This identity allows us to identify the smooth stationary solutions as the solutions of

__1
ps=(C+ Wy xpy) T4

where C is a constant which has to be determined by the mass constraint. Thanks to the
gradient flow structure, minimizers of the free energy % are stationary states of Eq. (3).
When dealing with solutions of (3) or with minimizers of the free energy, without loss of
generality we can normalize the mass to 1 in order to work in the space of probability
measures Z(RY). The general case of a bounded measure with an arbitrary mass can be
recovered by an appropriate change of variables. Considering the lower semicontinuous
extension of the free energy to 2(R") denoted by #!, we obtain counterparts to Theo-
rems 1 and 2 in terms of 7.

Theorem 3. The free energy " is bounded from below on 2 RYN) ifand only if N/ (N+1) <
qg<1. If g > NI/(N+ A), then there exists a global minimizer . € P RNY and, modulo
translations, it has the form
Ps = P« + M., g

for some M, € [0,1). Moreover p,. € L} nL4(RYN) is radially symmetric, non-increasing and
supported on RV

If M, =0, then p. is an optimizer of (1). Conversely, if p € L1 nLIRY) is an optimizer
of (1) with mass M > 0, then there is an explicit ¢ > 0 such that [‘Np(x/ﬁ)/M is a global
minimizer of ' on 2 RN).

Finally, if NI(N+ A1) < g <1 and eitherq =1—-1/N and A = 1, or 2 < A < 4, then the
global minimizer . of ' on 2 [RY) is unique up to translation.
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In the region of the parameters of Theorem 1 for which (1) is achieved by a radial func-
tion, this optimizer is also a minimizer of %. If the minimizer u. of %! has a singular
part, then the constant €y, 4 is also achieved by . in (2), up to a translation. Hence the
results of Theorem 3 are equivalent to the results of Theorems 1 and 2.

The use of free energies to understand the long-time asymptotics of gradient flow
equations like (3) and various related models with other interaction potentials than W)
or more general pressure variables than p?~! has already been studied in some cases: see
for instance [1, 15, 16, 43]. The connection to Hardy-Littlewood-Sobolev type functional
inequalities [10, 5, 9] is well-known for the range A € (—N,0]. However, the case of W)
with A > 0 is as far as we know entirely new.

This paper results from the merging of two earlier preprints, [18] and [13], correspond-
ing to two research projects that were investigated independently.

Section 2 is devoted to the proof of the reverse HLS inequality (1) and also of the op-
timal constant in the case A = 2. In Section 3 we study the existence of optimizers of the
reverse HLS inequality via the relaxed variational problem associated with (2). The regu-
larity properties of these optimizers are analysed in Section 4, with the goal of providing
some additional results of no-concentration. Section 5 is devoted to the equivalence of
the reverse HLS inequalities and the existence of a lower bound of & I'on 2(RY). The rel-
ative compactness of minimizing sequences of probability measures is also established
as well as the uniqueness of the measure valued minimizers of & I' in the same range
of the parameters as in Theorem 2. We conclude this paper by an Appendix A on a toy
model for concentration which sheds some light on the threshold value g =1—-2/N and
by another Appendix B devoted to the simpler case g = 1, in order to complete the pic-
ture. From here on (except in Appendix B), we shall assume that g < 1 without further
notice.

2. REVERSE HLS INEQUALITY

The following proposition gives a necessary and sufficient condition for inequality (1).

Proposition 4. Let A > 0.
(1) If0<g=<N/(N+A), then€n,,q4=0.
2) IfNI(N+A)<q<1, then€nq>0.

The result for g < N/(IN + 1) was obtained in [14] using a different method. The result
for g = N/(N+ A7), as well as the resultfor2N/(2N+ 1) # g > N/(N + 1), are new.

Proof of Proposition 4. Part (1). Let p = 0 be bounded with compact supportandleto =0
be a smooth function with [y 0(x) dx = 1. With another parameter M > 0 we consider

pe(x) = p(x) +M£_N0(x/8),
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where € > 0 is a small parameter. Then fpn p(x) dx = [pnv p(x) dx + M and, by simple
estimates,

f ,OE(X)quﬁf p(x)7dx as e—0, (4)
RN RN
and
I(pel — I [p) +2M‘[RN|x|Ap(x) dx as e€—0,.

Thus, taking p, as a trial function,

I [p] +2MfRN|x|Ap(x) dx
(Jan () dx+ M)* (fon p(x)7 dx)
This inequality is valid for any M and therefore we canlet M — +oo. If @ > 1, which is the

same as g < N/(N + 1), we immediately obtain €y 3,4 = 0 by letting M — +o0. If a =1,
i.e, q= N/(N+A), by taking the limit as M — + oo, we obtain

2 [ 1x1} p(x) dx
(fin 007 dx) "7

Let us show that by a suitable choice of p the right side can be made arbitrarily small. For
any R > 1, we take

EN g = =:2[p, M]. (5)

2-a)lq

CgN,/lyq S

pr(x) = 1xI" N1 ().
Then
fRNIxIAdex:fRNpde: |§N_1|logR

and, as a consequence,

y) d -2
Jen X" pr(X) dx :(|§N_l|logR) /N_>() as R— oo.
(f Y (VD dx)(N+M/N
R R

This proves that ‘6,1, =0 for g = N/(N + A). 0

In order to prove that €, 4 > 0 in the remaining cases, we need the following simple
bound, which is known as a Carlson type inequality in the literature after [12] and whose
sharp form has been established in [30] by V. Levin. Various proofs can be found in the
literature and we insist on the fact that they are not limited to the case g < 1: see for
instance [4, Ineq. 2(a)], [36, Chap. VII, Ineq. (8.1)] or [34, Section 4]. For completeness,
we give a statement and a proof for the case we are interested in.

Lemma 5 (Carlson-Levin inequality). LetA >0 and N/(N+A) < g < 1. Then there is a
constant cy,p,q > 0 such that for all p = 0,

N(d-q) N(d-q) 1/6]
q
> CN g ul;Np dx) .

1-=73 1 1q
(fRdix) (fRNIxI p(x)dx)

Equality is achieved if and only if

p(x) = (1 + IxIA) o
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up to translations, dilations and constant multiples, and one has

1-q

. _l((NHL)q—N)%( N(-q) )%Tq r(¥)r(;)
N,A,q A q (N+1)g— zngr(ﬁ_%)r(%)

Proof. Let R > 0. Using Holder’s inequality in two different ways, we obtain

q q
f pldx= ([ de) |Bgl'™7=C (f de) RNO-®
{lxI<R} RN RN
qd - 1 q _1,17,1 1-qg
plax= |x|” p(x) dx |x|" 79 dx
{lx|=R} RN {|x|=R}

P T,
=C2(fN|x| ,O(x)dx) RAG+NU-9)
R

The fact that C» < oo comes from the assumption g > N/(N + 1), which is the same as
Aql/(1—-q)> N. To conclude, we add these two inequalities and optimize over R.

The existence of a radial monotone non-increasing optimal function follows by stan-
dard variational methods; the expression for the optimal functions is a consequence of
the Euler-Lagrange equations. The expression of ¢y 4 is then straightforward. U

and

Proof of Proposition 4. Part (2). By rearrangement inequalities it suffices to prove the in-
equality for symmetric non-increasing p’s. For such functions, by the simplest rearrange-
ment inequality;,

f Ix—yl’lp(y)dxzf Ix*p(x)dx forall xeRN.
RN RN

Thus,
I;L[p]zf IxIAp(x)dxf pdx. (6)
RN RN

In the range N ~i1 < g <1 (for which a < 1), we recall that by Lemma 5, for any symmetric
non-increasing function p, we have

__ el (f pdxdx)l_af 1x1* p(x) dx = ¢ (f pqu)ZTa
(Jiv p(x) dx)*  Wha

Aq

because2 —a = Ni-9

As a consequence, we obtain that

2—a
CgN,/lyq = CN,/I,q >0.
O

Corollary 6. Let A =2 and N/(N +2) < q < 1. Then the optimizers for (1) are given by
translations, dilations and constant multiples of

_;
I-

p(x) = (1+1xI%)
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and the optimal constant is
2q
_ N(1-q)
CgN'qu =2 CN,Z,q .

Proof. By rearrangement inequalities it is enough to prove (1) for symmetric non-increa-
sing p’s, and so [pn X p(x) dx = 0. Therefore

Lp] :2[ p(x) dxf 1x12 p(x) dx
RN RN

and the optimal function is the one of the Carlson type inequality of Lemma 5. 0

By taking into account the fact that

=

T ()

e

1((N+2)q—N)%( N(1-gq) ) T
CN,z,q=§
q (N+2)gq—-N T

N

2n2 |5 7

we recover the expression of € 2, 4 given in the introduction.

Remark 7. We can now make a few observations on the reverse HLS inequality (1) and its
optimal constant €, 3, 4-

(i) The computation in the proof of Proposition 4, Part (2) explains a surprising feature
of (1): Iy[p] controls a product of two terms. However, in the range N/(N+ 1) < g <
2 N/(2 N+A) which corresponds to a € (0, 1), the problem is actually reduced (with a non-
optimal constant) to the interpolation of fpv 07 dx between v p dx and fpn 1x1* p(x) dx,
which has a more classical structure.

(ii) There is an alternative way to prove (1) in the range 2 N/(2N + A1) < g < 1 using the
results from [19, 2, 37]. We can indeed rely on Holder’s inequality to get that

f ()7 dx “q<f (x)%dxn%f x| |
av’ = U ? av’

with n:= %ﬁi—q)' By applying the conformally invariant inequality

2N+A

IA[P]EC@N,A 2N (RNp(x)%dx)

"2N+A

shown in [19, 2, 37], we obtain that

aT(5+3)
CgN,/l.L] Z%N,A,% =2 F(N+ %)

F(N) )l+%
)
We notice that @« = —2 (1 —n)/n is negative in the range 2N/2N+ 1) < g < 1.
(iii) We have

G—NI(N+A)+
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because the map (A, g) — 6,1, 4 is upper semi-continuous. The proof of this last property
goes as follows. Let us rewrite 2[p, 0] defined in (5) as
I [p]

(fiow p ) d)* (o ()9 dx) "7
In this expression of the energy quotient, we emphasize the dependence in g and A. As
before, the infimum of Q3 over the set of nonnegative functions in L' NLIRN) is €y 2, g
Let (g, A) be a given pointin (0, 1) x (0,00) and let (g, 1,,) nen be @ sequence converging to
(g, ). Let € > 0 and choose a p which is bounded, has compact support and is such that
Qg,1[p] = 6N 2,4 + €. Then, by the definition as an infimum, €y, g, 1, < Qg,,1,0]. On the
other hand, the assumptions on p imply that lim, .., Qg, 1, [p] = Qg1[p]. We conclude
that limsup,,_, ., €n,g,,1, < €n,1,q + €. Since ¢ is arbitrary, we obtain the claimed upper
semi-continuity property.

Q)

Qq,/l [p] :=

3. EXISTENCE OF MINIMIZERS AND RELAXATION

We now investigate whether there are nonnegative minimizers in L' nLY (RY) for €y Ag
if N/(N+A) < g <1. As mentioned before, the conformally invariant case g =2 N/(2 N +
A) has been dealt with before and will be excluded from our considerations. We start with
the simpler case 2 N/(2 N + 1) < g < 1, which corresponds to a < 0.

Proposition 8. LetA>0and2N/(2 N+ A) < q < 1. Then there is a minimizer for €y 3,4

Proof. Let (p;) jen be a minimizing sequence. By rearrangement inequalities we may as-
sume that the p; are symmetric non-increasing. By scaling and homogeneity, we may
also assume that

. = (x)9dx = j

f[RNp](x)dx fRNp](x) dx=1 foralljeN.

This together with the symmetric non-increasing character of p ; implies that
p;(x) < Cmin{lx|™", |x|7V'}

with C independent of j. By Helly’s selection theorem we may assume, after passing to a
subsequence if necessary, that p; — p almost everywhere. The function p is symmetric
non-increasing and satisfies the same upper bound as p ;.

By Fatou’s lemma we have

liminfIy[p;] = I1[p] and 12[Np(x)dx.
j—oo R

To complete the proof we need to show that [y p(x)9dx =1 (which implies, in particu-
lar, that p # 0) and then p will be an optimizer.

Modifying an idea from [3] we pick p € (N/(N+ A), q) and apply (1) with the same A
anda(p)=(2N-p@2N+1)/(N1-p))toget

2-a(p)/p
Dlpjl = Enap (fuan oY dx)
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Since the left side converges to a finite limit, namely €y 3 4, we find that the p; are uni-
formly bounded in L? (R") and therefore we have as before

pj0) = C'x™N'P.
Since min {|x|™, |x|~N/P} € L9®RY), we obtain by dominated convergence
qag._ q
Rij dx fRNp dx,
which, in view of the normalization, implies that [y p(x)? dx =1, as claimed. 0

Next, we prove the existence of minimizers in the range N/(N+ 1) < g<2N/(2N+7)
by considering the minimization of the relaxed problem (2). The idea behind this relax-
ation is to allow p to contain a Dirac function at the origin. The motivation comes from
the proof of the first part of Proposition 4. The expression of 2[p, M] as defined in (5)
arises precisely from a measurable function p together with a Dirac function of strength
M at the origin. We have seen thatin the regime g < N/(IN+A) (thatis, a = 1) itis advanta-
geous to increase M to infinity. Thisis no longersoif N/(N+A1) < g <2N/(2 N+A). While
itis certainly disadvantageous to move M to infinity, it has to be investigated whether the
optimum M is 0 or a positive finite value.

Let

G = inf{,@[p,M] :0<pel nLIRY), p£0, M= 0}

where 2[p, M] is defined by (5). We know that ‘6}\?1/1 q < €n,),4 by restricting the mini-
mization to M = 0. On the other hand, (5) gives %ﬁl/l g2 %nN,2,q- Therefore,

rel _
cgN;/lvq - cgN’A’q ’

which justifies our interpretation of %}jlﬂ g 82 relaxed minimization problem. Let us
start with a preliminary observation.

Lemma9. LetA>0and N/(N+A) < q < 1. Ifp =0 is an optimal function for ¢eil‘lzer<€]r\‘;l/1 q
(foran M = 0) or €n,1,q (with M = 0), then p is radial (up to a translation), monotone

non-increasing and positive almost everywhere on RV

Proof. Since 6,4 is positive, we observe that p is not identically 0. By rearrangement
inequalities and up to a translation, we know that p is radial and monotone non-increa-
sing. Assume by contradiction that p vanishes on a set E c RN of finite, positive measure.

Then
2—«a |E|

g Jaxpx)7dx
as € — 04, a contradiction to the minimality for sufficiently small € > 0. U

e+ o0(e

2[p,M+elp]=2[p,M]|1-

Varying 2[p, M] with respect to p, we obtain the Euler-Lagrange equation on R for

f i rel .
any minimizer (p., M.) for <€N’ P

2 f[RN|.7C_yl/lp*(y)dy'F]\4>;<|)C|/1 3 a _-a p*(x)—l+q o
D« +2M, [en Y () dy  [gvpsdy+ M. Jan px (4 dy

(8)
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This equation follows from the fact that p. is positive almost everywhere according to
Lemma 9.

Proposition 10. Let A >0 and N/(N+A) < g <2N/(@2N+ A). Then there is a minimizer

rel
for <€N) na

We will later show that for N =1 and N = 2 there is a minimizer for the original problem
%N,2,q in the full range of A’s and g’s covered by Proposition 10. If N = 3, the same is true
under additional restrictions.

Proof of Proposition 10. The beginning of the proofis similar to that of Proposition 8. Let
(pj, Mj) jen be a minimizing sequence. By rearrangement inequalities we may assume
that p; is symmetric non-increasing. Moreover, by scaling and homogeneity, we may
assume that
idx+M; = T=1.
RN p‘l I RN p]

In a standard way this implies that
p;(x) < Cmin{|x|™", x|V}

with C independent of j. By Helly’s selection theorem we may assume, after passing
to a subsequence if necessary, that p; — p almost everywhere. The function p is sym-
metric non-increasing and satisfies the same upper bound as p;. Passing to a further
subsequence, we can also assume that (M) jen and ( fRN pj dx) jery converge and define
M :=L+1im;j_.o M; where L =1im; .o fpv pj dx — [pv pdx, so that fpvpdx+M =1. In
the same way as before, we show that

f p(x)9dx=1.
RN

We now turn our attention to the L!-term. We cannot invoke Fatou’s lemma because
a € (0,1) and therefore this term appears in £ with a positive exponent in the denomina-
tor. The problem with this term is that |x|~N is not integrable at the origin and we cannot
get a better bound there. We have to argue via measures, so let dy;(x) := p;(x) dx. Be-
cause of the upper bound on p; we have

1 (RN\BR(O)):f

{Ix|=R}

dx
(x) dstf =C' RNU-dq,
Pi {xzRy |x|V/4

This means that the measures are tight. After passing to a subsequence if necessary, we
may assume that u; — u weak * in the space of measures on RV, Tightness implies that

RN = limf dx=L+ dx.
I i [RNp] [RNP

Moreover, since the bound C|x|~"4 is integrable away from any neighborhood of the
origin, we see that y is absolutely continuous on RV \ {0} and du/dx = p. In other words,

du=pdx+1L6.
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Using weak convergence in the space of measures one can show that
liminfI[p;]1 = I1[p] + 2Mf 1x1* p(x) dx.
j—oo RN
Finally, by Fatou’s lemma,
liminf [ |x|* p;(x) dx = f lx* (o(x) dx + L&) = f x|t p(x) dx.
j—oo JrN RN RN

Hence
liminf2([p;, M;] = 2[p, M].

j—oo
By definition of <€}Ve,l/1'q the right side is bounded from below by %ﬁa'q. On the other
hand, by choice of p; and M; the left side is equal to ‘élr\fl/l " This proves that (p, M) is a

.« e . re]
minimizer for %N, L O

Next, we show that under certain assumptions a minimizer (p., M,) for the relaxed
problem must, in fact, have M, = 0 and is therefore a minimizer of the original problem.

Proposition 11. Let N=1, A >0and N/(N+A1) < g<2N/2N+A). If N=3 and A >
2N/(N-2), then assumein addition that g =1-2/N. If (p«, M,) isa mim’mizerfor<€Ir\$l/,L 7
then M, = 0. In particular, there is a minimizer for € 4.

Note that for N = 3, we are implicitly assuming A < 4N/(N —2) since otherwise the two
assumptions g <2N/(2N + A) and g = 1 —-2/N cannot be simultaneously satisfied. For
the proof of Proposition 11 we need the following lemma which identifies the sub-leading
term in (4).

Lemma 12. Let0< g < p, let f € L nL9(RY) be a symmetric non-increasing function and
let g € LY(RYN). Then, foranyt >0, ase — 0,

(x)+e NProxle)! dx= qdx+eN1=a/P) zq lg|9dx+o(eN0-9'P) 74
g g
RN RN RN

Proof of Lemma 12. We first note that
f(x):o(IxI_N/p) as x—0 9)
in the sense that for any ¢ > 0 there is an r > 0 such that for all x € RN with |x| < r one has

f(x) < clx|~N'P. To see this, we note that, since f is symmetric non-increasing,

1
(x)P <
/ [{y eRN: 1yl < Ixl}| Jiyi=ix

The bound (9) now follows by dominated convergence.
It follows from (9) that, as € — 04,

fnPady.

eN'P f(ex) -0 forany xeRY,
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and therefore, in particular, 7 g(x) + eN'P f(ex) — 7 g(x) for any x € RY. From the Brézis—
Lieb lemma (see [7]) we know that

f|Tg(x)+eN/pf(8x)|qu:T‘7f Ig(x)lqu+f (NP fex)) T dx+o(1).
RN RN RN

By scaling this is equivalent to the assertion of the lemma. U

Proof of Proposition 11. We argue by contradiction and assume that M, >0. Let0 <o €
(L' nL9 (RY)) L (RY,|x|* dx) with [px o dx = 1. We compute the value of 2[p, M] for
the family (o, M) = (o« + £ V10 (-/€), M, — T) with a parameter T < M,.

1) We have

L [p«+e Nta(/e)] +2(M, —‘L’)fN IxIA(p*(x) +£_Nra(x/£)) dx
R

=Ia[p*]+2M*fRNIxIAp*(x)dx+R1
with
R, :erfRNXRNp*(x) (Ix—yl’l— IxI’I)s_NU(y/f:) dxdy
+£AT2L1[O']+2(M* —T)TgAfRNIxIAU(x)dx.

Letus showthat Ry = O (eﬁ 7) with §:= min{2, A}. This is clear for the last two terms in the
definition of Ry, so it remains to consider the double integral. If A < 1 we use the simple
inequality |x — y|7L —Ix* < yll to conclude that

A Al .—N A 1
ﬂl;NxRNP*(x)(Ix & =lxl )s o(yleydxdy<e fRlel a(x)dfoNp*dx_

If A > 1 we use the fact that, with a constant C depending only on A,
=yt =l < = Alx 2 o+ C 1@ 1y1P 1) (10)

Since p. is radial, we obtain
—_ylt ZxM) N
fjl;NxRNP*(x)(lx yI"=lxl )E o(yleydxdy

sC(sﬁf IxI(Z_;”*p*(x) dxf Iylﬁa(y) dy+£;tf IxIAJ(x) dxf 0+ (X) dx).
RN RN RN RN

Using the fact that p., o € L' (RY) nL! (RY, |x|* dx) it is easy to see that the integrals on
the right side are finite, so indeed R = O (P 7).
2) For the terms in the denominator of £[p, M] we note that

f (p*(x)+£_NTG(x/£))dx+(M*—T):f P« dx+ M,
RN RN
and, by Lemma 12 applied with p =1,

f (0« (x) +e N0 (x/8))’ dx:f pfdx+£N(1_q)T‘7f oldx+o(eN1 D7),
RN RN RN
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Thus,
_2-a
(fN(p*(x)+e_Nra(x/e))q dx) !

R

_2=a B q
= (f pd dx) ! 1——2 & eNU-a)q —fRNUq ax + Ry
RN q Jrn Py dx

with Ry = o (eN1=D 7).
Now we collect the estimates. Since (p., M,) is a minimizer, we obtain that

2-a Jpno9dx

f[RN pZ dx
—a _Z—Ta
+R (f p*dx+M*) (f (0.(x)+e Nro(x/e)? dx) :
RN RN

If § = min{2,1} > N(1 — g), we can choose 7 to be a fixed number in (0, M.), so that
R; = 0(eN1~9) and therefore

£N(l—q)_[q

Q[p*—i-e_NTU(-/s),M*—T] =%6N g (1— +R,

2[p.+ e Nto(le), M, — T <6naq (1 - 2_—a.€N(1_")T" fRLde +0 (EN(l_q))) )
q fRN P« dx
Since a < 2, this is strictly less than €y 3 4 for € > 0 small enough, contradicting the defi-
nition of €y 3,4 as an infimum. Thus, M, = 0.

Note that if either N =1, 2 orif N =3 and A <2 N/(N —2), then the assumption g >
N/(N+A) impliesthat > N(1—-¢qg). fN=3and A>2N/(N—-2),thenf=2=N(1-q)
by assumption. Thus, it remains to deal with the case where N >3, A >2 N/(N —2) and
2= N(1 - g). In this case we have R; = O(&? 1) and therefore

2 —
2[p+eN10(1e),Mi—T) < Enpq|l- —— +0(e’7)
.[IRN P« dx
By choosing 7 small (but independent of €) we obtain a contradiction as before. This
completes the proof of the proposition. U

Remark 13. The extra assumption ¢ =1—-2/N for N =3 and A > 2 N/(N —2) is dictated
by the €2 bound on R;. We claim that for any A = 2, this bound is optimal. Namely, one

has
oA A o—N
ffRNxRNP*(x)(Ix " =lxl )e o(yleydxdy
Al A-2
_ 2l A=-2 12 ) ,
=€ 2(1+ N )fRNIxI p*(x)dfoN|y| o(y)dy+o(e?)

for A = 2. This follows from the fact that, for any given x # 0,

. A (x-y)° -
Ix_y|/l_|x|ﬂz_/1|x|/l Zx'y+§|x|/1 2(|y|2+(/1_2) |x-|); )+O(|y|mln{3,/1}+|y|/l).
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4. FURTHER RESULTS OF REGULARITY

In this section we discuss the existence of a minimizer for €, 4 in the regime that is
not covered by Proposition 11. In particular, we will establish a connection between the
regularity of minimizers for the relaxed problem %ﬁa q and the presence or absence of
a Dirac delta. This will allow us to establish existence of minimizers for €, 4 in certain
parameter regions which are not covered by Proposition 11.

Proposition 14. Let N=3,A>2N/(N-2)and N/(N+ 1)< q < min{l 2IN,2N/2N+
D} If(py, My) isaminimizerfor‘érell such that (p., M) e LNI=D2(RN) x [0, + 00), then
M, =0.

The condition that the minimizer (., M) of %ﬁa ‘ belongs to LN 1=9/2(RN) x [0, + c0)
has to be understood as a regularity condition on p..

Proof. We argue by contradiction assuming that M, > 0 and consider a test function
(0« +e N1 0(-/€), My —1,) such that fpvodx =1. We choose T, = 71N 72179 with a
constant 7; to be determined below. As in the proof of Proposition 11, one has

I [p« +e Nt 0(18)] +2(M. —Tg)f (0+(x)+e Na(x/e))dx

= I1[p«] +2M, fN 1x1* o (x) dx+ R,
R

with R; = O(£°1,). Note here that we have A > 2. For the terms in the denominator we
note that

(0+ () +e N1 0(x/€))dx+ (M, —1;) :f P« dx+ M,
RN RN

and, by Lemma 12 applied with p = N(1-¢g)/2 and 7 = 1, i.e., e N1, = VP71, we have

f (p*(x)+£_NTga(x/£))qu:f pfdx+£N(l_")Tgf oldx+o(eN" 7).
RN RN RN

Because of the choice of 7, we have

N(l q) Ci q 2

N—-qg(N+2
1 M>O

l-q

=¢¥’t] and e1.=¢€"1; with y:=

and thus

1 q
f[RN P« dx

By choosing 7; small (but independent of €) we obtain a contradiction as before. U

2 —
2[pe+e N1.00/8), My —T¢] <N g (1 — qa e't +0(e")

Proposition 14 motivates the study of the regularity of the minimizer (p., M.) of € ]r\fl/,l "
We are not able to prove the regularity required in Proposition 14, but we can state a di-
chotomy result which is interesting by itself, and allows to deduce the existence of mini-

mizers for €y 3,4 in parameter regions not covered in Proposition 11.

Proposition 15. Let N> 1, A >0and N/(N+A1) < gq<2N/2N+A). Let (p«, M) be a
minimizer for ngr\?ll " Then the following holds:
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a ) [p+] _ . .
D) If fqvpdx>$ T o dx” then M, =0 and p . is bounded with

-1 [p«] fpv ps dx
(Jow 07 dx) (2 fpu 114 01 (X) dix fpu o dx — alyp.])

_a__ Lips _ -
@) If fgnpxdx =15 TonTep. s’ then M, =0 and p . is unbounded.

a A lp+] ;
B) If fpvpxdx< S TnTxlp. 0 dx’ then p.. is unbounded and

1/(1-¢q)
.(0) =

_alylp.] =2 fpy1x* p.(X) dx fgn . dx
2(1-a) fpv X1 pu(x) dx

To prove Proposition 15, let us begin with an elementary lemma.

>0.

*

Lemma 16. For constants A, B>0and0< a <1, define

fM) = A+ M forany M =0
" (B+ M) v
Then f attains its minimum on [0,00) at M =0 ifaA<BandatM = (a@A-B)/(1—-a)>0

ifa A> B.

Proof. We consider the function on the larger interval (—B,c0). Let us compute
(B+M)-a(A+M) B-aA+(1-a)M

(B + M)a+1 - (B + M)a+1
Note that the denominator of the right side vanishes exactly at M = (¢ A— B)/(1 — a),
except possibly if this number coincides with —B.

We distinguish two cases. If A < B, which is the same as (¢ A—B)/(1 —a) < —B, then f
is increasing on (—B,00) and then f indeed attains its minimum on [0,00) at 0. Thus it
remains to deal with the other case, A > B. Then f is decreasing on (- B, (¢ A— B)/(1-a)]
and increasing on [(aA —-B)/(1- oc),oo). Therefore, if ¢ A— B <0, then f is increasing on
[0,00) and again the minimum is attained at 0. On the other hand, if aA— B >0, then f
has a minimum at the positive number M = (¢ A— B)/(1 — a). O

£l =

Proof of Proposition 15. Step 1. We vary 2[p., M] with respect to M. By the minimizing
property of M, the function
2 fen XM pu(x)dx A+ M
M— 2[p.,M] = - q @-a)/q (B + M@
(Ja 0’ dx) (B+M)

with
I [p+]

T2 fg X s (x) dx
attains its minimum on [0,00) at M... From Lemma 16 we infer that
— < () dx,
2 Jox 1t pu o dx S

aly[p]-2(fun 1x11 pu () dix) (fun p+ () dY)
2(1-a) fon 1x1* pa(x) dx

and B::f 0« (x)dx
RN

M, =0 ifand onlyif

I [p«]

and that M, = S 1A . (x) dx

a
2

> [y P (X) dx.
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Step 2. We vary 2[p, M..] with respect to p. Letting x — 0 in the Euler-Lagrange equa-
tion (8), we find that

Jan 1y o) dy . 1 g PO

Llps] +2M, fon 1y p. (1) dy CTvpedy+ M, “ Jenp9dy

with the convention that the last inequality is an equality if and only if p. is unbounded.

Consistently, we shall write that p.(0) = +oo in that case. We can rewrite our inequality
as

)

alilp«] =2 (fav [y} 04 (1) dy) (Jav 0+ dy)
2(1-a) fpn Iy p(n dy
with equality if and only if p. is unbounded. This completes the proof of Proposition 15.
0J

* =

Next, we focus on matching ranges of the parameters (N, A, q) with the cases (1), (2)
and (3) in Proposition 15. For any A = 1 we deduce from

x =y < (1x+ 1y1)* <227 (1t + 117 (11)
that
I [p] <2’1fRN|x|Ap(x)dfoNp(x)dx.
For all @ <27**1, which can be translated into
y 2N(1-27%)
T2N(1-274)+A]

CZ IA[P*]
«adx
f Py e x pa () dx

so that Cases (1) and (2) of Proposition 15 apply and we infer that M, = 0. Note that this
bound for ¢ is in the range (N/(N+1),2N/(2 N+ 7)) for all A = 1. See Fig. 1.

A better range for which M, = 0 can be obtained for N = 3 using the fact that superlevel
sets of a symmetric non-increasing function are balls. From the layer cake representation

that is,

we deduce that

I)L[p]SZAN,JLf IxIAP(X)dxf p(x)dx, Anap:= sup F(R,S),
RN RN 0<R,S<oo

where

ffBRxBS lx-yl*dxdy
|Bgl fp|x1* dx+Bs] f5, 1yt dy’
Forany A = 1, we have 2 Ay ) < 22 by (11), and also Ay, = 1/2 because by (6) I}[1p,] =
IBllfBl Iyll dy. Note that Ay, = 1 since, for A =2 and for any R, $ >0, F(R,S) = 1 by ex-
panding the square in the numerator. The bound Ay ) = 1/2 can be improved to Ay j > 1
for any A > 2 as follows. We know that

N(N+A m ing)"V 2
Anaz F(1,1) = ¥ff N1 ghN= l(f (r2+52—2r3005(p)]“2%d(p drds
0<r,s<1 0 Wn

F(R,S):=
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with the Wallis integral Wy := [; (sing)V~2d¢. For any A > 2, we can apply Jensen’s
inequality twice and obtain

T : N—Zd
f (r*+s*—2rscos (p))”2 Sing)” “dy
0 Wy

T . N_Zd A2
> (r*+s*—2rscosg) Sing)” 7dg) - _ (r2+s2)/”2
0 Wy

and

ff rN_lsN_l(r2+sz)M2drds
0<r,s<1
A/2
1 2N
(ff N=LN=L( +52)N2drds) :—(
NZ O<rs<1 N2 N+2

N+A (2N M2

2N (N+2) =Bva

where A — By ) is monotone increasing, so that Ay y = By ) > By =1forany A >2. In
this range we can therefore define

Al2

Hence

AN,/I =

2N(1—2AM)

2N(1-z=)+2

qA,N) := (12)

Based on a numerical computation, the curve A — (A, N) is shown on Fig. 1. Note that
in the case A = 2, the curve g (A, N) coincides with N/(N+ A). The next result summarizes
our considerations above.

Proposition 17. Assume that N = 3. Then q defined by (12) is such that

N(1-27%) 2N

AN
N = 2N(1- 21)+A<2N+A

N
for A=1 and 6'/(/1,]\[)>N+/1 for A>2.

If(p«, M,) isa minimizerforcglr\?a,q and ifmax{G(A, N), i35} < g < 22, then M, =0 and
P« 1S bounded.

Notice that N NiT NN means A > ==. We recall that the case q > == N 2 has been covered

in Proposition 11.

Proof. We recall that g > g(A, N) defined by (12) means that
I)[p«
f P« dx > ¢ rlp-] ,
RN 2 fanxItpi(x)dx

so that Case (1) of Proposition 15 applies. The estimates on g follow from elementary
computations. 0

Next we consider the singularity of p. at the origin in the unbounded case in more
detail, in the cases which are not already covered by Propositions 8, 11 and 17.
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Lemma 18. Let N >3, 1 >2N/(N-2) and N/(N+A) < g <min{l - N/2,q(A, N)}. Let
(p«, M) be a minimizer for ng‘{]ell q and assume that it is unbounded. Then there is a con-
stant C > 0 such that

P+ (x) = C|x|"2 1D (1+0(1)) as x—0.
Proof. Since p.(x) — oo as x — 0 we can rewrite the Euler-Lagrange equation (8) as

ZIRN(lx_yI/l_|y|/1)p*(y)dy+M*|XI/l_(Z_a)M_O
Lp«]+2M, f[R{leMp*(y) dy .[RNP*(Y)qdy

By Taylor expanding we have

fw(m—yﬁ—|y|‘)p*(y)dy+M*|x|A:cl|x|2(1+o(1)) as x—0

with C; = %/1()1 - l)fRN Iyll_zp*(y) dy, which is finite according to (6). This gives the
claimed behavior for p. at the origin. O

The proof of Lemma 18 relies only on (8). For this reason, we can also state the follow-
ing result.

Proposition 19. Let N =21, A >0and N/(N+A) <g<1. IfN=3 and A >2N/(N -
2) we assume in addition that q = min{1-N/2,G(A, N)}. If (p., M) € L1 nLI(RN) n
L! (RN, | x|t dx) x R* solves (8), then M, =0 and p . is bounded.

As a consequence, under the assumptions of Proposition 19, we recover that any min-
imizer (p., M,) of ‘6}\?1/1 q is such that M, =0 and p. is bounded. Notice that the range
g(A,N) <1-2/N is covered in Proposition 17 but not here.

Proof. Assume by contradiction that p, is unbounded. If A = 2, the proof of Lemma 18
applies and we know that p, (x) ~ |x|72(1=® as x — 0. For any A € (0, 1] we have that |x —
yI* < |x|* + 1y} If A€ (1,2), using inequality (10) with the roles of x and y interchanged,
we find that fpn (1x— yI* = [y1}) p« () dy < C|x|* for some C > 0. Hence, for some ¢ >0,

0.(x) = ¢ x|~ miniA,.21/(1-q)

for any x € RY with |x| > 0 small enough. We claim that min{A,2}/(1 — g) = N, which
contradicts fpn o« dx < oo. O

By recalling the results of [19] in the conformally invariant case g =2N/(2N + 1), and
the results of Propositions 4, 8, 11, 19 and Lemma 9, we have completed the proof of
Theorem 1.

5. FREE ENERGY

In this section, we discuss the relation between the reverse HLS inequalities (1) and
the free energy functional
1

1
Fp] = —— Tdx+—I[pl.
(o] =g Jax® x+ > Dlp)
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We also extend the free energy functional to the set of probability measures and prove a
uniqueness result in this framework.

5.1. Relaxation and extension of the free energy functional. The kernel |x — y|* is pos-
itive and continuous, so there is no ambiguity with the extension of I) to 2(R"), which
is simply given by

_ A
IA[p]—ffRNX[RNIx yIhdu(x)duly).

In this section we use the notion of weak convergence in the sense of probability theory:
if u, and p are probability measures on RY then y,, — p means [y @ du, — [pn @ dp for
all bounded continuous functions ¢ on RY. We define the extension of & to 2(R") by

Fl ) = inf liminf%[p,].
(P nencCENPRN) 00
st.pp—p

We also define a relaxed free energy by
1 1 M
rel —_ q - — A
F*lp, M) =~ — quNp(x) dx+ = Llpl+ fRNm p(x)dx.

The functional Z" can be characterized as the restriction of ' to the subset of proba-
bility measures whose singular part is a multiple of a § at the origin.

5.2. Equivalence of the optimization problems and consequences. According to Pro-
position 4, we know that €, 3, =0if 0 < g < N/(N + A1), so that one can find a sequence
of test functions p, € LL nL9(RY) such that

lonlli@yy = Ialpnl =1 and fRan(x)quZnEN.

As a consequence, lim;,_..o & [p;] = — 0.
Next, let us consider the case N/(N + A) < g < 1. Assume that p € L} nLI(R") is such
that I, [p] is finite. For any ¢ > 0 we define p,(x) := ¢~ p(x/0)/l|pllx ®~) and compute
Flog =01 PNA+ 0B
where A = ﬁfRNp(x)q dx/llpllq andB = ﬁh[p]/llpll2 The function ¢ — F[p/]

LI(RN) LI®RN)*
has a minimum which is achieved at ¢ = ¢, where

. N(1-gA )L—Nl(l—q)
Ce=\"78

and, with Qq, 1 as defined in (7), we obtain that

N(1-q)

—M(ZN)W.

_ _N{a-g
Zp1 =z Flpe,]=—xx(Qqalpl) N9 where .= 7

As a consequence, we have the following result.

Proposition 20. With the notations of Section 5.1, for any q € (0,1) and A > 0, we have

Fyjq = nf % [p] = Fi)%grd[p,M] = ilﬁff/f‘r m
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where the infima are taken on L1 nLIRY), (L1 nLYRN)) x [0,00) and 2 RY) in case of,
respectively, &, F' and F*. Moreover Fy, A,q > —oo if and only if €N 5,4 > 0, that is, if
N/(N+ Q) < q <1 and, in this case,

N(1-q)

Fnpg=—%x Gyt = F ., M) = Z' ]

for some p. = M, 6 + py, (s, M) € (LL NLI@®RN)) x [0,1) such that [on p+(x) dx + M, =1.
Additionally, we have that

I,l[p*]+2M*f |x|"p*(x)dx:2Nf P ()9 dx.
RN RN

Since (p«, M) is also a minimizer for cglrve’l/lyq, it satisfies all properties of Lemma 9 and
Propositions 11, 15 and 17.

Proof. This result is a simple consequence of the definitions of %™ and #'. The exis-
tence of the minimizer is a consequence of Propositions 8 and 10. If p € L}r NLIRN) is a
minimizer for Fy,) 4, then I [p] = 2NfRN p(x)9dx because ¢, =1, and p is also an opti-
mizer for €y, 4. Conversely, if p € L! nL9(RY) is an optimizer for €y 1. ¢ then there is an
¢ > 0 such that [‘Np(-/I)/IIpIILl ®VN) is an optimizer for Fy ) 4. O

The discussion of whether M, =0 or not in the statement of Proposition 20 is the same
as in the discussion of the reverse Hardy-Littlewood-Sobolev inequality in Section 3. Ex-
cept for the question of uniqueness, this completes the proof of Theorem 3.

5.3. Properties of the free energy extended to probability measures. From now on, un-
less it is explicitly specified, we shall denote by p the absolutely continuous part of the
measure [ € PRN). On Z(RN), let us define

1 1
[ - q
Glul: ZAI;L[;L] 1 fRNp(x) dx (13)

if I} [u] < +o00 and extend it with the convention that ¥4[u] = +oo if I} [u] = +0co. Notice
that fpv p(x)7 dx is finite by Lemma 5 and Eq. (6) whenever I)[p] < I, [u] is finite. Let us
start with some technical estimates. The following is a variation of [14, Lemma 2.7].

Lemma2l. Let N =1 and A >0, then for any a€ RY, r > 0 and p € 2(RY) we have
T} = 27970 (B (a) (fN ly—altdu(y) - 24D+ 1
R

As a consequence, if I)[u] < oo, then [pn|y — al* du(y) is finite for any a € RN and the
infimum with respect to a is achieved.

Proof. If x € B;(a) and y € B, (a)¢, then

Ix—y*=(ly—al-lx—a) = (ly—al-r)* =27 *Dsjy— gt — 2,
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We can therefore bound I [¢] from below by

5 f f =yt dp(o) du(y)
By (a)xBr(a)°¢

> 2(B(a)) (2‘(7“”+ f ly-al*du(y) - rlu(Br(a)C))

B, (a)°¢

_ol-(A-1) u(Br (@) (fuan ly — al* du(y) —f ) ly — al* du(y) _ 9=y rlu(Br(a)c))

(a

>2!"A=V+ (B, (a)) URN ly—al* duy) - p(Br (@) -2V rl#(Br(d)c))

> 214D+ (B (@) (fuw ly —al* dun(y) — 247D+ rA) :

This proves the claimed inequality.
Let R > 0 be such that u(Bg(0)) = 1/2 and consider a € Bg(0)¢, so that |y — al > |al —
for any y € Br(0). From the estimate

1
f Iy—alﬂdu(y)zf ly—al*duy) = = (lal - R)",
RN BR(0) 2

we deduce thatininf, gy fev |y al* du(y), a can be restricted to a compact region of R,
Since the map a — fpn |y — al* du(y) is lower semi-continuous, the infimum is achieved.
OJ

Corollary 22. Let A >0 and N/ (N + 1) < q < 1. Then there is a constant C > 0 such that

Iyl f ) N
> — inf A4 R
5 -C= 4/1 aléllw |x—al"du(x)-C HEZRT).

Glul =

Proof. Let u € 2(R") and let p be its absolutely continuous part with respect to Lebes-
gue’s measure. By Theorem 1, we know that

p(x)"dx<( Ii[p] )

cgN A,q
because [pvpdx < (RN = 1. Hence we obtain that

N(-g)
I [p] X ( X ) z
——-C with C= 1 X>0p.
Glul = " wi mm{élit G >

As 1 is a probability measure, the proof is completed using the inequality
inf x—al*d xsff x—al*du(x)du(a) =1 .
Infl RNI 1" dp(x) IRNX[RNl I dp(x) dpla) = 1) [p]

Lemma23. I[fA>0and N/(N+ A1) < q <1, then¥ is lower semi-continuous.

Proof. Let (u,) c 2 [RY) with u,, — p. We denote by p,, and p the absolutely continuous
part of u, and p, respectively. We have to prove that liminf,, .. ¥4[u,] = ¢[u]. Either
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liminf,, .o, ¥[u,] = +oo, or it s finite and then, up to the extraction of a subsequence, we
know from Corollary 22 that £ := sup,,cn I2 5] is finite. According to [38, Proposition
7.2], we also know that

Hminf 7y (pn] = [yl

According to [38, Theorem 7.7] or [6, Theorem 4], for any r > 0 we have

liminf(—f_pn(x)"dx) >—| px)%dx.
B,

n—oo B,

Notice that the absolutely continuous part of the limit of ., L B, coincides with the abso-
lutely continuous part of uL B, as the difference is supported on 0B,

We choose rg > 0 to be a number such that p(B;,) = 1/2 and find ng € N such that for
any n = no we have p,(B;,) = 1/4. By applying Lemma 21, we obtain that

fRN |x* dpay (x) < 24D (ré +2[7L[Un]) <2+ (rr2.x)

for any n = ny. We apply Lemma 5 to p = p,, 1 p¢

N(1-q) Nd-9)

_ 4==7
fopn(x)quscNf7M(fopndx) (fBngp"dx)

and conclude that

N(-q)

N(1-gq)
liminf(—f pn(x)qu) Z_C;;q,lq(ﬂ(Bﬁ))q_ 4 (2(/1—1)+(r61+2l/)) Py
Bf Yy

n—oo

The right hand side vanishes as r — oo, which proves the claimed lower semi-continuity.
O

After these preliminaries, we can now prove that ¢4, defined in (13), is the lower-semi-
continuous envelope of &. The precise statement goes as follows.

Proposition 24. Let0<g<landA>0. Letpe P RN

() Ifg<NI/(N+A), then F'[u] = — co.
2) Ifg> NI/(N +A), then F' [u] = 4[ul.

Proof. Assume that ¢ < N/(N + A). Using the function v(x) = |x|~N~4 (loglxl))_llq, let us
construct an approximation of any measure in u € 22(R") given by a sequence (0,) yen Of
functions in C°n P (RN) such that lim,,_.., & [pn] = —oo0.

Let n € C°(By) be a positive mollifier with unit mass and { € CZ°(Bz) be a cutoff func-
tion such that 15, < { < 1. Given any natural numbers i, j and k, we define n;(y) :=
iNn(iy), {;(y):={(y! ) and

fi,j,k:: (1—%) (H*T]i)(i"‘%Ci,j,k(l_(i)(jv

where C; ; i is a positive constant that has been picked so that f; j x € 2 (RY). We choose
i=n, j=e"and k = k(n) such that

lim k(n) =+co and lim k(n)"V9log(n/logn) = +oo.
n—oo n—o0
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By construction, pp := fy,jm),km — M as n — oo and lim, . & [pn] = —00, s0 gr[u] =
—o0.

Assume that g > N/(N + A) and consider a sequence of functions in C° n 2 (R") such
that p, — g and lim,, ... % [p,] = F'[ul. If I;[u] = oo, by the lower-semicontinuity of I,
(see for instance [38, Proposition 7.2]), we know that lim,_, I}[p,] = co and deduce
from Corollary 22 that ﬁ I)lpn] — C < Fpy,l diverges, so that F [u] = co = ¢G[u.

Next, we assume that I [u] < co. According to Lemma 23, we deduce from the lower
semi-continuity of ¢ that

F' W= lim Flp,] = lim G(p,] = F(u].

n—oo

It remains to show the inequality %! [u] < ¢4[u]. Let ug := u(Bg)~' uL Bg. We have that
Ur — 1 as R — oo and, by monotone convergence,

lim Glpgl =Flul.

Let n¢(x) := eV n(x/¢) for a sufficiently regular, compactly supported, nonnegative func-
tion 7 such that [pyndx = 1. Then ug *n, € CX N2 ®RN) and g *ne — g as € — 0. Here
we are using implicitly the metrizability of weak convergence. Since ug * . — pg almost
everywhere, Fatou’s lemma implies that

.. q q
lngllglffRN(pR*ng) dxzf[RNdex.

Moreover, since pg has compact support, the support of ug*1. is contained in a bounded
setindependent of € and therefore the interaction term is, in fact, continuous under weak
convergence (see, e.g., [38, Proposition 7.2]), that is,

Hminf Iy (g *nel = Llprl-
Thus, we have shown that
limiglff’]’[ug * 1Nl <9G[UR].
g—>

Hence for any R = n € N, we can find an ¢, > 0, small enough, such that u, *n,, — pand
finally obtain that
Flu) < lim Flpn 1,1 <G,

In Section 3, using symmetric decreasing rearrangements, we proved that there is a
minimizing sequence which converges to a minimizer. Here we have a stronger property.

Proposition 25. Let N/(N+) < q < 1. Then any minimizing sequence for &' is relatively
compact, up to translations, with respect to weak convergence. In particular, there is a
minimizer for F'.
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Proof. Let (i) nen be a minimizing sequence for #' in 22(RYN). After an n-dependent
translation we may assume that for any n e N,

A _ A
fRN |xI” dpn(x) = aleIﬂng\’ . |x —al” du,(x)
according to Lemma 21. Corollary 22 applies

f IxIAd,un(x) < 4/1(sup9r[yn] + C) ,
RN n

which implies that (i) ,en is tight. By Prokhorov’s theorem and after passing to a sub-
sequence if necessary, (i,),en converges weakly to some p,. € 2(RY). By the lower-
semicontinuity property of Lemma 23, we obtain that

inf 'yl = lim ' {u,)= inf F'(u,
UEP (RN) L] ueP RN)

which concludes the proof. 0

Remark 26. By symmetrization, Lemma 9 and Proposition 20, we learn that, up to trans-
lations, any minimizer u of &' is of the form yu = p + M§, with M € [0,1) and p € L} n
L9(RY). Moreover, p is radially symmetric non-increasing and strictly positive. The min-
imizers of ! satisfy the Euler-Lagrange conditions given by (8). This can be also shown
by taking variations directly on %! as in [13].

5.4. Uniqueness.

Theorem 27. Let N/(N + 1) < q < 1 and assume either that1 -1/N<qg<1andA =1, or
2 < A < 4. Then the minimizer of F* on 2 (R") is unique up to translation.

Notice that Theorem 2 is a special case of Theorem 27. Theorem 3 is a direct conse-
quence of Proposition 20 and Theorem 27.

Proof. The proof relies on the notion of displacement convexity by mass transport in
therange 1 -1/N < g <1, A =1 and on a recent convexity result, [33, Theorem 2.4], of
O. Lopes in the case 2 < A < 4. Since N/(N +4) <1-1/N for N = 2, there is a range of
parameters g and A such that N/(N+1) < g<1-1/N and 2 < A <4, which is not covered
by mass transport. Ranges of the parameters are shown in Fig. 2.

e Displacement convexity and mass transport. We assume that1 -1/ N<g<land A= 1.
Under these hypothesis, [35, Theorem 2.2] and [1, Theorem 9.4.12, p. 224] imply that the
functional ! restricted to the set of absolutely continuous measures is strictly geodesi-
cally convex with respect to the Wasserstein-2 metric. As the minimizers might not be ab-
solutely continuous, we cannot apply these results directly but we can adapt their proofs.
We shall say that the mesurable map T : RN — RY pushes forward the measure y onto v,
or that T transports pu onto v, if and only if

f‘P(T(x))d#(x)Zf @ (x) dv(x)
RN RN

for all bounded and continuous functions ¢ on RY. This will be written as v = T#p.
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Let us argue by contradiction and assume that there are two distinct radial minimizers
Uo = po+ Mpd and u; = p1 + M; 6, with My = M. We define

F(s) = po(Bs) and G(s) = p1(Bs)

on (0,00). Both functions are monotone increasing according to Lemma 9 and Propo-
sition 20, so that they admit well defined inverses F~! : [0,1) — [0,00) and G™!: [0,1) —
[0,00). Let T: RN — RN with .

| x|

be the optimal transport map pushing py forward onto p; according, e.g., [43], which is
noted as T#ug = pp. With s, := F~1(M, — My), we note that G‘l(F(s)) =0 for any s < s,
and s — G‘l(F (s)) is strictly increasing on (s«,1). This implies that T : Bf* — RN\ {0} is
invertible and VT is positive semi-definite. We consider the midpoint of the nonlinear
interpolant which is given by

T(x):=G'(F(lx])

pr2 =5 I+ T)# g
where I(x) = x denotes the identity map. For any A = 1, we have that

A
Inlps2) = f fR ‘o |3 (x+T) =3 (y+TW)|" dpo(x) duo(y)

A A
< fmeN (31 =y + 1T = TO)|") dpto ) dpao) = § (Ialpol + L))
Let Id be the identity matrix. By the change of variable formula as in [35], we obtain that

q
1 1 po(x)

B Tdx=- f det(L(Id+VT(x))dx.
1—67.[RNPI/2(x) Ty RN(det(%(Id+VT(x)))) et (5 (x))) dx

Using g = 1 —1/N, the fact that VT is positive semi-definite and the concavity of s —
det((1-s)Id+sVT)" "9, we obtain that

—det (1 (1d+VT))' "7 < -1 det(id) - 1 det (VT)' .

Hence
1 1 Po

1 1 q
q q
dx<-|- dx— det(VT)dx|.
1—q Ju P12 X<2( 1-q a0 "1 RN(det(VT)) et(V7) x)

Since T': By, — RV is invertible and T#pg L By, = p1, we can undo the change of variables:
b (L
1-q Jrv \det(VT)

q 1
) det(VT)dx=-—— (
1-qJs

Po 1
—) det(VT)dx
det(VT)

1
=—— p? ax.
1-qJrN
Altogether, we have shown that & F[,ul 2] < % (ﬂ F[,uo] +F F[,ul]), which contradicts the
assumption that po and p, are two distinct minimizers. Notice that displacement con-
vexity is shown only in the set of radially decreasing probability measures of the form

u=p+M?o.
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e Linear convexity of the functional &' . We assume that 2 < 1 < 4. Let g = po + My 6 and
U1 = p1+ M; 6 be two radial minimizers and consider the function

0,113 t—F [A-t) o+t =: f(1).

We shall prove that f is strictly convex if yg # p;. In this case, since g is a minimizer, we
have f (1) = f(0) for all 0 < r < 1 and therefore f'(0) = 0. Together with the strict convexity
this implies f(1) > f(0), which contradicts the fact that y; is a minimizer. This is why we
compute

f//(t) = %I,{[/J,() — U1l + qLN ((l — 1) po+ tpl)q—z(pl _po)zdx.
According to [33, Theorem 2.4], we have that I [i] = 0 under the assumption 2 < A < 4, for
all i such that that fpn (1 +|xI*) |kl dx < co with fpv hdx =0and [ x hdx = 0. Applied
with h = pg— p1, this proves the strict convexity if My = M; = 0. We have now to adapt the
result of O. Lopes to the measure valued setting, i.e., (M, M) # (0,0).

Some care is needed with the second term as the power g — 2 is negative, but since we
know that the optimizers are positive a.e. in R" the last term in the expression of £ (¢) is
strictly positive if p; #Z po, or eventually +oo.

We have to show that Iy [ug— p1] > 0. If A =2 or A =4, the convexity follows by expand-
ing |x — y|*, so we can restrict our study to 2 < A < 4. By Plancherel’s identity we obtain

that
()

(-

where H_(y44) € ' (RY) is a radial tempered distribution of homogeneity —(N+ 1). In
particular, for any ¢ € . (RY) we have

Lilpo -l = @m) 2 2M2

<H—(N+)L)» [0 — iy |2>

1 a
(H. ,>=f L ee- ¥ = %0 d
(N+A), @ RN|5|N+A(¢€ w%u“! @ )6

where [A] denotes the integer part of A: see [33, 22]. These identities extend by continuity
to all bounded functions ¢ € C?>(RY) if A <3 and C3[RN) if A < 4.

By Lemma 21, we know that [pn |x|* d; (x) is finite for i = 0, 1, so that fi; is of class C?
if A <3 and of class C% if 1 < 4. Since u;(RY) =1 and fpv xdu; =0, we infer f1;(0) = 1 and
V(1;(0) = 0. This implies that 0%| gy — ﬂ1|2(0) =0for|a|<2if A <3 andfor|a|] =3if X < 4.
We conclude that

Ipo— a1z 0
with strict inequality unless py = y;. Thus, we have shown that f”(r) > 0 as claimed. [J

APPENDIX A. TOY MODEL FOR CONCENTRATION

Eq. (3) is a mean field-type equation, in which the drift term is an average of a spring
force VW) (x) for any A > 0. The case A = 2 corresponds to linear springs obeying Hooke’s
law, while large A reflect a force which is small at small distances, but becomes very large
for large values of |x|. In this sense, it is a strongly confining force term. By expanding
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the diffusion term as Ap? = qp9~ ! (Ap+(g—1) p~!|Vpl?) and considering p7~! as a dif-
fusion coefficient, it is obvious that this fast diffusion coefficient is large for small values
of p and has to be balanced by a very large drift term to avoid a runaway phenomenon
in which no stationary solutions may exist in LY(RYN). In the case of a drift term with
linear growth as |x| — + o0, it is well known that the threshold is given by the exponent
g =1-2/N and it is also known according to, e.g., [26] for the pure fast diffusion case (no
drift) that g = 1 -2/ N is the threshold for the global existence of nonnegative solutions
in LY(RN), with constant mass.

In the regime g < 1-2/N, a new phenomenon appears which is not present in linear
diffusions. As emphasized in [42], the diffusion coefficient p7 ~1 becomes small for large
values of p and does not prevent the appearance of singularities. Let us observe that W)
is a convolution kernel which averages the solution and can be expected to give rise to
a smooth effective potential term V) = W) * p at x = 0 if we consider a radial function p.
This is why we expect that V) (x) = V4(0) + O(|x|?) for |x| small, at least for A > 1. With
these considerations at hand, let us illustrate some consequences with a simpler model
involving only a given, external potential V. Assume that u solves the fast diffusion with
external drift given by

du=Aul+V-(uvv).
To fix ideas, we shall take V(x) = % |x)? + % |x|*, which is expected to capture the behavior
of the potential W) * p at x =0 and as | x| — + oo when A = 2. Such an equation admits a
free energy functional

u— | Vudx- 1 uldx,

RN 1- q JrN
whose bounded minimizers under a mass constraint on fpn udx are, if they exist, given
by

1
l-q

uh(x):(m%\/(x)) VxeRN.

Alinear spring would simply correspond to a fast diffusion Fokker-Planck equation when
V(x) = |x|?, i.e, A = 2. One can for instance refer to [29] for a general account on this
topic. In that case, it is straightforward to observe that the so-called Barenblatt profile uy,
has finite mass if and only if g > 1-2/N. For a general parameter A = 2, the corresponding
integrability condition for uy is ¢ > 1—-A/N. But g =1—-2/N is also a threshold value
for the regularity. Let us assume that A >2 and 1-A/N < g <1-2/N, and consider
the stationary solution uy, which depends on the parameter h. The mass of u;, can be
computed for any & =0 as

L 1
1- “1-¢q 1-— =
ma(h)::[ (h+—qV(x)) 1 Tdx< m"(o):f (%|x|2+—q|xlﬂ I T ax.
RN q RN Aq

Now, if one tries to minimize the free energy under the mass contraint fRN udx=m,itis

left to the reader to check that the limit of a minimizing sequence is simply the measure
(m—m(0)) 6 + up for any m > m,(0). For the model described by Eq. (3), the situation



REVERSE HLS — September 14, 2019 29

is by far more complicated because the mean field potential V} = W) * p depends on
the regular part p and we have no simple estimate on a critical mass as in the case of an
external potential V.

APPENDIX B. OTHER RELATED INEQUALITIES

It is natural to ask why g has been taken in the range (0,1) and whether an inequal-
ity similar to (1) holds for g = 1. The free energy approach of Section 5 provides sim-
ple guidelines to distinguish a fast diffusion regime with g < 1 from a porous medium
regime with g > 1 and a linear diffusion regime with g = 1 exactly as in the case of the
Gagliardo-Nirenberg inequalities associated with the classical fast diffusion or porous
medium equations and studied in [17].

Theorem 28. Let N =1, 1> 0 and q € (1,+00). Then the inequality

)(a—Z)/q

LﬂM(ﬁQgﬂm“dx > %Nﬁq(LNpujdx) (14)

holds for any nonnegative function p € L' nLI(RY), for some positive constant €y, g
Moreover, a radial positive, non-increasing, bounded function p € L' nLI®RN) with com-
pact support achieves the equality case.

Compared to (1) with 2N/(2N + A) < g < 1, notice that, as in the case of Gagliardo-
Nirenberg inequalities, the position of fpn p dx and [y p9 dx have been interchanged in
the inequality. As in the case g < 1, the exponent a is given by

L G@N+D)-2N
N(g-1)
and takes values in (2+ A/ N, +00) in the range g > 1.

Proof. For any nonnegative function p € L' nL7(R") we have
. 2+4
Iﬂm2%4f mmmﬂdﬂ
RN

with €. = €n1,2n/2nN+1) by Theorem 1. By Holder’s inequality,

A a— a
(f p(x)—zzzvlia dx)2+N (f p(x)‘f dx)( 2 > (f p(x) dx) ,
RN RN RN

(@-2)/q a
I [p] (f p(x)"dx) > 6 (f p(x) dx) . (15)
RN RN

This proves (14) for some constant €y,1,4 = €. The existence of a radial non-increasing
minimizer is an easy consequence of rearrangement inequalities, Helly’s selection the-
orem and Lesgue’s theorem of dominated convergence as in the proof of Proposition 8.
We read from the Euler-Lagrange equation

and so

v lx-ytowdy @-2pw' o
Ly[p] Jevoidy  favp(y)dy
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that p has compact support. Indeed, because of the constraint p = 0, the equation is
restricted to the interior of the support of p, which is either a ball or RY. Then we can use
the Euler-Lagrange equation to write

1/(g-1)
p(x) = (C1 - szuw Ix—yl*p(y) dy

+
for some positive constants C; and C,, and since fpn [x — yr oy dy ~|x1* Javp dy as
|x| — +o0, the support of p has to be a finite ball by integrability of p. 0

As in Proposition 20, we notice that the free energy functional also defined in the case
qg>1by Zl[pl:= ﬁ JevpTdx + ﬁ I [p] is bounded from below by an optimal constant
which can be computed in terms of the optimal constant €, 4 in (14) by a simple scal-
ing argument.

At the threshold of the porous medium and fast diffusion regimes, there is a linear
regime corresponding to g = 1. If we consider the limit of & [p] - ﬁ Jenpdxasq—1,
we see that the limiting free energy takes the standard form p — [y plogpdx + ﬁ I [p],
which is bounded from below according to the following logarithmic Sobolev type in-
equality.

Theorem 29. Let N =1 and A > 0. Then the inequality

N I [p] )
logpdx+—1o =0 (16)
fw" BPAXT g(%w,l

holds for any nonnegative function p € L'(RY) such that [pn p(x)dx = 1 and plogp €
LYRYN), for some positive constant €y ).1. Moreover, a radial positive, non-increasing,
bounded function p € L} "\LI(RYN) achieves the equality case.

Proof. With € = 1/a, taking the log on both sides of (15) and multiplying by ¢ yields
I 1-2
g(e) ::slog( ,(1;*,0]) + 7 ¢ log(‘[RNpqu) —log(fRdix) >0.

Since g(e) =1+ % €+ O(e2) for small € > 0, we obtain g(0) = 0 in the limit, and the first
order term is nonnegative for small enough ¢,

I 2N+ A A 1 d
A[p])— i log(f pdx)+——fRNp o8P xZO
b N RN N  [fevpdx

Hence there exists an optimal constant 6,11 = 6 such that

N I)[p]
LNplogpdx+7(LdiX)log( 2N+A)20'

Enar (favpdx) ¥
and (16) follows by taking into account the normalization. 0

g'0) = log(
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FIGURE 1. Main regions of the parameters (here N = 4), with an enlargement of the region
inside the black rectangle. The case g = 2N/(2N + 1) corresponding to a = 0 has already been
treated in [19, 2, 37]. Inequality (1) holds with a positive constant (gN,A,q ifg>N/(N+A), ie,
a < 1, which determines the admissible range corresponding to the grey area, and it is achieved
by a function p (without any Dirac mass) in the light grey area. The dotted line is g =1—-A/N: it
is tangent to the admissible range of parameters at (1, g) = (0,1), and it is also the threshold line
for integrable stationary solutions in the toy model in the Appendix. In the dark grey region, Dirac
masses with M, > 0 are not excluded. The dashed curve corresponds to the curve g = 2N (1 -
274 /(2N(1-27%) + 1) and can hardly be distinguished from ¢ = 2N/(2 N + 1) when ¢ is below
1-2/N. The curve g = (A, N) of Corollary 17 is also represented. Above this curve, no Dirac mass
appears when minimizing the relaxed problem corresponding to (1). Whether Dirac masses appear
in the region which is not covered by Corollary 17 is an open question.
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FIGURE 2. Darker grey areas correspond to regions of the parameters (1, g) € (0, +o0) x [0, 1) for
which there is uniqueness of the measure-valued minimizer, with N = 4 (left) and N = 10 (right).
The dashed curve is g = (A, N), above which minimizers are bounded, with no Dirac singularity.
Horizontal lines correspond to g =0,1—-2/N,1—-1/N and 1.
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