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Abstract

This work falls within the general framework of melted polymers flows characterization. It deals with the
development of a thermo-rheological Reduced Order Model (ROM) which could be used in future works for on-
line estimation of viscosity from temperature measurements in the flow, especially in high shear zones. A steady
incompressible flow of a pseudo-plastic fluid in a circular runner is considered. The dynamic viscosity is thus
described by a shear rate power law defined by consistency index K and flow behavior index n. An approach is
developed for building a ROM able to compute a radial temperature profile at the channel outlet for any (K, n)
couple in a predefined range. Assuming the temperature field approximation on a reduced set of m space
functions, the general form of the ROM is obtained through a Galerkin projection of the energy equation. The
ROM constitutive parameters are then identified through an optimization procedure using temperature data for a
set of (K, n) couples in the construction ranges K €[5000; 20000] and n €[0.3; 0.6]. These data are computed by
a Finite Elements reference model experimentally validated on an instrumented apparatus. A series of ROMs of
order m = 1 to 5 is identified and then tested for a second set of (K,n) couples. The order 5 ROM is able to
reproduce the temperature profile computed by the reference model with a r.m.s. error of about 102 °C. The

temperature profile computed with ROMs is also compared to the profile measured for a real flow.

Keywords: pseudoplastic fluid, elastomer, Galerkin projection, Modal Identification Method,

optimization, intrusive sensor

1 Introduction

The diversity of natural resources and the increase of biosourced and recycled materials
involve quality fluctuations of raw materials used in polymer forming process. The

consequence is a variation of the polymer rheological behavior and thus difficulties during

1



forming. Polymers, and especially elastomers, have a high pseudo-plastic behavior which
concentrates the high shear rate near to the walls. Thus, the viscous dissipation, which highly
depends on the material viscosity, is preponderant close to the wall. The resulting thermal
gradient can be very high in the runners of industrial tools [1-3]. The knowledge of the flow
rheology variations during forming process should be helpful to define production stability

criteria.

Usually, the rheological apparatus used in production, and largely studied in literature, are
based on the detection of pressure gap in derivation runners of rheometer arrangement [3,4].
Such apparatus are only devoted to mechanical parameters (flowrate, pressure) and allow
measuring an average viscosity if the prerequisite condition of a stationary regime is met.
Such average viscosity does not take into account the thermal heterogeneity of the material in
the measurement area [5,6]. Moreover, in most cases, the process conditions lead to unsteady
flow or thermal regimes, which are hardly suitable for the required stationarity hypothesis
previously mentioned.

Another possible way consists in exploiting the intrinsic thermal information of the flow
(especially viscous heating) in order to estimate viscosity or slight change of viscosity. To
study this possibility, we want to use the thermal measurements obtained with a cylindrical
runner specifically equipped. This device has been developed in the context of former works
[1] and is presented in Figure 1. It is thermally regulated and equipped with two intrusive
measurement cells called TMC (Thermal Measurement Cell). These innovative sensors with
an elliptic shape are introduced within the flow and contain 25 thermocouples of 50 um

diameter.

Inlet pressure Outlet pressure
. sensor
Regulation sensor
thermocouples ) ) 210
Heating wire runner

Extruder /lnletTMC I OutletTMC\

Inlet part Modulable part Outlet part

Figure 1: Experimental device constituted of a cylindrical runner instrumented with two TMC
(Thermal Measurement Cells).

Despite the perturbations of the flow induced by their invasive nature, these sensors allow to

measure the temperature profile of elastomer or thermoplastic flows at the inlet and the outlet
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of the runner. The measurements obtained and numerically checked are sensitive to the
process parameters and flow conditions, namely the rheological behavior of the material.
Through the association of these temperature measurements with a numerical procedure for
parameter estimation, it is possible to consider an on-line indirect measurement of viscosity,
which is a characteristic quantity of the flow rheological behavior.

A thermo-rheological model of the flow is required to solve the parameter estimation
problem. In order to build a device able to perform on-line viscosity estimation, this model
should be a Reduced Order Model (ROM) allowing fast resolution of the inverse problem.
Thus, the aim of this numerical preliminary work is to develop a thermo-rheological ROM for
a steady incompressible viscous flow of a non-Newtonian pseudoplastic fluid.

A ROM is a model involving a small number of degrees of freedom (dof), which mimics the
behavior of an actual system or a reference model of this system (model with a large number
of dof sometimes called detailed model), whatever the time-varying boundary conditions
and/or source terms, or for a range of values of some parameters. A ROM may be obtained by
transformation of a detailed model or identified from data coming either from simulations of a

detailed model or from measurements on the real system.

Among methods for building ROMs we may first cite those based on Proper Orthogonal
Decomposition (POD) followed by a Galerkin projection. As an example, such an approach
was used in [7] for building a ROM for the Fokker-Planck equation modelling dynamics of
solute molecules in complex fluids, with an application to the flow of dilute polymeric liquids
over a cylinder described by the FENE model. POD-Galerkin ROMs were also developed in
[8] for a vibroacoustic system used for characterizing viscoelastic properties of solids by
means of an inverse problem.

The Branch Eigenmodes Reduction Method (BERM) relies on a special spectral problem
where the eigenvalue of each mode appears in a Steklov boundary condition. The resulting
branch basis allows handling nonlinear problems. Reduction is then obtained by selecting or
amalgamating the branch modes. The BERM was used for instance in [9] for an advection-
diffusion problem featuring a rotating disk with variable velocity and multiple time-varying
loads.

The Reduced Basis (RB) approximation method [10] allows building ROMs for parametrized
Partial Differential Equation (PDE). It uses a Greedy algorithm to compute the reduced basis

thanks to solutions of a reference Finite Element model at optimally selected points in the
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parameter space. The ROM is then formed by Galerkin projection of PDE onto the reduced
basis. The RB method provides errors bounds but in turn requires a reference FE model on
which it relies. Therefore the construction of ROMs from experimental data does not appear
to be possible with the RB approach. One should note that Greedy sampling methods are
usually used in parameter domain whereas POD-based approaches are often used in temporal
domain. Both techniques can be combined for parameter-time problems.

Both the goal oriented model-constrained approach developed in [11] and the Proper
Generalized Decomposition (PGD) [12] allow the building of ROMs able to mimic dynamics
of a system for both a time-varying load and a physical parameter range.

The former uses an optimization problem for computing the basis of space functions: an
output error between solutions of the reference model and those of the ROM is minimized,
assuming that each basis vector can be represented as a linear combination of snapshots. The
approach has been applied to a compressible flow around a rotor blade, showing that for a
small number of basis functions (<10), stable ROMs were obtained whereas POD-Galerkin
ROMs were unstable [11].

The latter (PGD) appears to provide a discrete solution in physical space, time and possibly
parameters space rather than a continuous ROM. In [12] are gathered applications of PGD to
some rheology-related problems where the interested reader will find additional references.
Applying PGD to our steady problem would consist to seek the temperature field as a sum of
products of functions of physical space coordinates and functions of the rheological
parameters defining the fluid viscosity. We would then obtain a discrete solution in the
physical space as well as in the parameters space. Because the ROM we wish to build is
intended to be used in an inverse problem for the estimation of rheological parameters, we
have preferred to build a ROM depending explicitly on these parameters, thus allowing for

direct differentiation with respect to these parameters in order to compute sensitivities.

The Modal Identification Method (MIM) allows the building of ROMs linking the system
inputs (i.e. the quantities influencing its behavior — external loads and/or internal parameters)
to the outputs (either the whole fields of the problem variables, like temperature, velocity,
etc., or their value in some specific locations). ROMs are identified from the knowledge of
input-output data characterizing the system behavior, through the minimization of a quadratic
functional based on the residues between reference output data on the one hand and solutions
of the ROM on the other hand, corresponding to the same inputs. MIM hence uses

optimization tools (here a Particle Swarm Optimization algorithm) for the identification of
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ROMs. So far, MIM has been mainly subject to works involving heat conduction [13,14] or
Newtonian fluid flows in forced convection [15,16] or mixed convection [17] regimes. In
particular, ROMs built by MIM have been used to solve efficiently inverse problems of heat
conduction [13] and transport-diffusion [15] and also thermal state-feedback control problems
[14]. Moreover, until now, inputs considered were mainly time-varying boundary conditions
[14,16] or internal sources [13,15] rather than parameters. In the frame of heat conduction, an
extension of MIM to the construction of a ROM having as inputs both a time-varying thermal
load and a physical parameter in a predefined range (thermal conductivity) was addressed in
[18].

In the present work is presented an extension of the MIM aiming at the construction of a
parametric thermal ROM for a steady incompressible flow of a non-Newtonian fluid in a
cylindrical duct. The ROM is explicitly parametrized by two thermo-rheological parameters
defining the dynamic viscosity of a pseudoplastic fluid: consistency index and power law
index [4]. The ROM allows the computation of the flow temperature profile at the channel
outlet whatever the two input parameters in a predefined range of values. Due to the fact that
an assumption of no thermodependence of viscosity is considered in this first approach, the
developed model is more adapted to polymers having a low value of the activation energy of
the viscosity [4].

The paper is structured as follows. In section 2 are presented the geometry, equations and
boundary conditions of the problem as well as the numerical reference model developed with
a finite element software. In section 3 is presented an overview of the approach proposed for
building a ROM of heat transfer parametrized by viscosity. The development of the ROM
formulation is described in details in section 4. Only the energy balance equation is concerned
as the velocity field is obtained by an analytical solution. A Galerkin projection is used for
defining the ROM equations. Data generation and ROM identification are briefly presented in
section 5. In section 6 the developed approach is applied to an elastomer cylindrical flow
corresponding to an experiment performed with the device described in Figure 1. Several
“viscosity-temperature” datasets are generated with the numerical reference model of the
flow. Some of them are used to build a series of ROMs. The others are used for the ROMs
validation: the outlet temperature profile computed with the identified ROMs is compared to
the one computed with the reference model. Concluding remarks and prospects are given in

section 7.



2 Pseudoplastic fluid flow in a cylindrical channel

Let us consider the steady incompressible viscous flow of a polymer melt in a channel. The
polymer melt is considered as a non-Newtonian fluid. The complete domain Q is composed of
two sub-domains: Q) is the fluid domain inside the channel and Q,, the solid domain in the

channel wall.

2.1 General local governing equations
Because of the strong viscous nature of polymers, inertia terms are not taken into account and
the flow is assumed to be steady. Buoyancy effects being also neglected [4,19], equations for

conservation of mass, momentum and energy in the polymer flow hence write:

V.o=0 1)
P HVL=0 @)
pC, 0. VT = ¢, + V. (kVT) (3)

where p, C, and k; are respectively the density, specific heat capacity and thermal
conductivity of the fluid. ¢, represents the power dissipated by internal forces. By
considering an incompressible viscous fluid, the power dissipated by pure shear, can be

expressed by:

¢, =

1=

P E

= (4)
with £ the strain rate tensor.

The viscous stress tensor z depends on the fluid viscosity. In the case of generalized

Newtonian fluids, the dynamic viscosity  depends on the generalized shear rate y. This one is

linked to the second invariant of strain tensor J, by [4]:

=2 () wih 1(¢) =188 ©

For polymer flows, the shear rate terms are much more important than the elongation ones in
most of processes. This leads to the relation ¥ = y where y is the shear rate (SI unit s%).

Thus, the viscous power can be expressed as:
by, =ny? (6)

Moreover in this work, we describe the viscosity of pseudoplastic fluids through a power law:



n=Ky"* @)
where K is the consistency index (SI units Pa.s") and n <1 is the power law index
(dimensionless).
For polymers, the quality of viscosity curves fitting by power law depends on polymer
molecular weight and molecular weight distribution [20] and also on the effect of fillers [21].
Concerning the most important industrial processes (e.g. extrusion, injection) the shear rate
range is mostly located in the pseudoplastic area of viscosity curves [4]. Due to the high
dependence of viscosity with shear rate (several orders of magnitude), the smaller variation of

viscosity with temperature, currently expressed by an exponential law [22] was neglected.

In the channel wall depth, diffusion is the lone heat transfer mode. The energy equation then

comes down to the heat equation:
V. (ky¥T) = 0 ®

where k,, is the channel wall thermal conductivity.

2.2  Established flow in a circular channel
Let us consider the special case of a circular channel as depicted in Figure 2.

F“’d\ T =T, (2)
Fxfn: < Lwn
VT =0 n‘” VT =
o ~ :
i i
17 = Tin () ) Dt
: T ' FT=0
: — :
. .
! !
0 L "z

Figure 2 : Flow in circular channel. Schematic view including boundary conditions



2.2.1 Local governing equations

The flow is assumed to be established in the z-direction (channel axis) with a symmetry of the
velocity field with respect to angular coordinate ¢. Hence the velocity field has a single non-
zero component u, depending on the radial coordinate r. The dynamic viscosity n defined by
Eq.(7) therefore writes:

-1
du,|"

dr

n=K )

In the present work viscosity is assumed to be independent of temperature. Properties of the
fluid and of the channel are also assumed to be temperature-independent. In addition
buoyancy effects are neglected. As a consequence of these hypothesis, the velocity field does
not depend on temperature.

Under the previously mentioned assumptions, mass conservation equation (1) and momentum

conservation equation (2) have an analytical solution. The velocity field writes [4]:

1

w0~ ) (32) (55 %)

Where Ap is the pressure difference between inlet and outlet sections of the channel of length
L.
Taking into account the above mentioned assumptions, the energy equation (3) takes the

following form describing steady heat transfer in the flow [4,19]:
2

oT -, - du,
pCytz = V.(kVT) +1 ( = ) (11)
Using equations (9) and (10), equation (11) writes:
A n aT A e
n Ap \n "_+1_ "_*‘1)__~ = (_P)" (12)
’DCp(n+1)<2KL> (R" T ) oy = VeV + K (Gprr

2.2.2 Thermal boundary conditions
The boundary of the whole domain Q is noted I'. The fluid domain boundary is I = I, U

[rw U Ty Whereas the solid domain (wall) boundary is T, = I,4 U Iy, U T,p.

Thermal boundary conditions are described in the following and shown in Figure 2.

At the channel inlet I;,,, a radial temperature profile is assumed:

I, ¢ T(r,z=0)=T,(r) ; 0<r<R (13)



At the channel outlet T,,;, the flow is considered as thermally established, a homogeneous

Neumann condition is hence applied:

aT —_
Toue @ 5 (rz=1)=VI(rz=1).e;=0; 0<r<R (14)

On the channel wall external surface I, 4, the temperature profile is assumed to be function of
z:
[wa : Tr=R+e2z)=Ty(z); 05z<L (15)
On the channel wall boundary T,,,, (z = 0 and z = L), homogeneous Neumann conditions are
assumed:
oT - .
a—z(r,Z=0)=VT(r,Z=O).eZ=0; R<r<R+e

aT _ _ (16)
5(r,z=L)=VT(r,z=L).eZ=O; R<r<R+e

On the channel wall internal surface I, i.e. the fluid/solid interface, continuity of both

temperature and heat flux density (perfect contact) are assumed.

2.3 Numerical reference model
The Ansys Polyflow software [23] has been used to model the system. This proprietary Finite
Elements software is particularly well suited for viscous fluids flows. This reference model
will be called Detailed Model (DM) in the following.
The problem considered is a one-way coupled problem as temperature depends on velocity
whereas velocity does not depend on temperature because viscosity is assumed to be
independent of temperature. Hence for the fluid domain, only energy equation (12) has to be
solved. However doing this with Ansys Polyflow is not convenient. Therefore the system of
coupled equations (1) and (2) has first been solved for computing the velocity field, which is
of course equal to the analytical profile (10), and then equations (3) and (8) have been solved
to compute the temperature field in the fluid and solid domains respectively. The thermal
boundary conditions (13)-(16) are completed by following boundary conditions for velocity:
For both inlet and outlet sections, a homogeneous Neumann condition is applied:

ov

I g(T.Z =0)=0 (17)



61_7) —
out * &(rrz =L)=0 (18)

On the channel wall internal surface I}, a no-slip condition is applied:
Iry + ¥V(r=Rz)= 0 (19)
Gaussian elimination has been used along with an iterative Picard scheme. A geometric mesh

with 1.1 factor and minimal cell size 0.5 mm has been used to obtain convergence. Thus, the

number of finite elements is N,,.;, =33322.

3 Heat transfer Reduced Order Model parametrized by viscosity: overview

The velocity field being analytically determined by Eq.(10), model reduction is here
concerned with energy equation only for both the fluid (Eqg.(12)) and the solid wall (Eq.(8))
domains. Our goal is to build a Reduced Order Model with explicit dependence on the
parameters governing the dynamic viscosity n defined by Eq.(9): consistency index K and
flow behavior index n.

The approach used in the present paper is based on the Modal Identification Method (MIM)
[13-18]. The MIM consists in three main steps:

1) Defining the structure of the ROM equations able to adequately describe the involved
physics (see section 4). This is the core of the paper;

2) Generating some input-output data representative of the system. Those data may come
from in-situ measurements or, like in the present paper, from numerical simulations (see

section 5.1 for a brief presentation and section 6.1 for the practical application);

3) Identifying the fixed constitutive parameters of the ROM equations through the
minimization of a functional based on the quadratic residuals between the previously
generated output data of the system on the one hand and the outputs of the ROM on the
other hand, for the same input data (see section 5.2 for a brief presentation of technical

aspects and section 6.2 for the practical application).

The MIM therefore aims to adjust the ROM constitutive parameters using optimization
techniques, in order for the ROM to mimic the data characterizing the input-output responses
of the system. Main conceptual differences with POD-G and PGD approaches are highlighted

in section 5.3.
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4  Reduced Order Model formulation

The general form of the ROM equations is given in section 4.1. Then, the Galerkin projection
of the energy equation (Eq.(12) in Qr and Eq.(8) in £,,), briefly presented in section 4.2, leads
to a first structure for the ROM equations. An additional hypothesis allowing to separate the
radial direction r, intrinsically linked to the flow behavior index n, from the z direction, is
made in section 4.3. A simplified treatment of diffusion terms is then done in section 4.4. The

final form of the ROM is given in section 4.5 before some comments in section 4.6.

4.1 General form of ROM equations
For a steady-state problem, the ROM to be built takes the following general form:
F.(X,0,K,n) =0 vk € [1;m] (20)
And:
Yo = G;(X,6) Vj € [1; Nops] (21)
Equation (20), called ROM state equation, is a set of m equations (m < Nyspn), explicitly
parametrized by K and n, which allows computing a so-called state vector X € R™. This set
of equations also depends on constitutive fixed parameters gathered in vector 6(m) €
RVvaram(™ \Which have to be determined in order to build the ROM.
Equation (21), called ROM observation equation, is a set of N,,s equations allowing to
compute the outputs of interest Yj"bs (some temperatures in our case) once X computed.
Fy, k € [1;m], G, j € [1; Nops] as well as vector 6(m) depend on the considered problem

and on additional hypotheses, as shown in the following sections.

4.2  Galerkin projection of energy equation
Energy equation (Eq.(12) in Q; and Eq.(8) in Q,,), parametrized by K and n, is considered.

It is here assumed that the temperature field T(r,z K,n) can be written as a linear

combination of some space functions ¢;(r,z), i = 1, ..., m:

T(rz K,n) ~ Z b:(r, 2)X,(K, 1) 22)

where space functions ¢;(r,z), i = 1,...,m are a truncation of a basis of the Hilbert space
formed by the £2(Q) space of square integrable functions equipped with the usual inner

product {.,.)q:
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(u,v)q = fuvdﬂ (23)
Q

where functions u and v are defined on Q.

The X;(K,n), i =1, ..., m are the coefficients of the approximation.

Of course, our goal will be to find a ROM, hence corresponding to a small number m of
functions used in the temperature field decomposition.

Let us call R the residual of energy equation (Eq.(12) in Qf and Eq.(8) in Q,,).

The Galerkin projection consists in forcing the residual R, written with the approximation
(22), to be orthogonal to each ¢, (r,2), k = 1,...,m, so that the projection of the residual
onto the subspace of £2(€) generated by the ¢, would be null.

According to the inner product (23), the Galerkin projection of the energy equation writes:
R uda = [ Rpu(r. )0 =0 Vi€ [ 24)
Q

Taking into account the respective forms of energy equation on the fluid domain Qf and on

the solid domain Q,,, Eq.(24) writes:
1

® b0 = 06, () (512) | (R =) 2 pran

n+ 1/ \2KL
O
T
-K (m) fr n rdQ— fv. (kfVT)pdQ — fv. (kwVT)¢rdQ =0
Qf Qf Qw
P D
Vk € [1;m]

T,P and D are respectively the transport, production and diffusion terms.

Four steps are successively performed, for which the detailed developments are not given
here.

1. Noting that in cylindrical coordinates Z—Z = VT. e, in the transport term, both the transport

term T and the diffusion term D are integrated by parts using the Green formula:

j U.VfdQ = f fU.RdT — J fV.4dQ (26)
Q r Q
This makes the boundary terms appear (Dirichlet-type for transport term and Neumann-

type for diffusion term). Further treatment is required in order to make Dirichlet-type
12



boundary conditions on I}, and I,,; appear in the diffusion boundary terms. The relation

V(fg) = fVg + gVf is used for that matter.

2. The known thermal boundary conditions (13) to (16) are introduced in terms where they

explicitly appear;

3. The temperature field approximation (22) is inserted in integral terms on domain € and in

remaining boundary terms;

4. Finally the resulting equation is written in compact form.

The Galerkin projection (25) can finally be written as follows:

m
Z‘Aki(K' n)Xl(K,n) = Bk(K, n) Vk € [1,m] (27)
i=1
Or under matrix-vector form:
A(K,n)X(K,n) = B(K,n) (28)
With:
"/lki(K' Tl) =

( 1\

0 (D) | S (5o~ [0 (1550 |
Qf

\Fout
[A1]ki [A2]ki (29

Sl

+ ks Jﬁ¢i.v’¢kdn+kw fﬁqbi.v’(pkdn —ks fﬁ’(qsiqsk).ﬁdr— k., fﬁ(qbiqbk).ﬁdr
Qf Qy Tin Twa
[As]ki [Aalki

Vk € [1;m],Vi € [1;m]

And:
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1

n Ap \n nt1  n+l
B = 06, (7)) [ 7o) (R =
Tin

[B1lk

— ks f T, (r)Ve,. RdT — k,, f T, (2)V,. idT

l—‘in T'wa (30)
[B21k [Bs]k
n+1
e S [ kell
+K(2KL> frnqbk Vk € [1;m]
Qf
[Balk

Equation (27) is a system of m algebraic equations for m unknowns that are the coefficients
X;, i =1, ..., m, of the temperature field approximation (22).

As shown by equations (29) and (30), A(K,n) € R™™ and B(K,n) € R™ in equation (27)
both depend on space functions ¢;(r,z), i =1, ...,m. These functions could be defined by
different means: they might be arbitrarily chosen, obtained by POD or, in the frame of an
identification method as in the present work, obtained via an optimization algorithm.
However, in order to simplify the ROM identification procedure, we are going to make an

additional hypothesis about the form of space functions ¢;(r,z), i =1, ..., m.

4.3 Additional hypothesis: separation of r and z dependencies

In [18] a heat diffusion ROM explicitly parametrized by thermal conductivity was developed.
As thermal conductivity was assumed to be uniform throughout the whole domain, it was
possible to extract it from the integral diffusion term arising in the Galerkin projection. As a
consequence, all matrices and vectors defined by integrals depending on space functions in
the Galerkin projection were independent of thermal conductivity. In the frame of the Modal
Identification Method, the space functions themselves were not identified. The special
integral form of matrices and vectors arising from the Galerkin projection was not taken into
account and the components of matrices and vectors in the ROM were identified through an
optimization problem.

For the problem studied in the present paper, the flow behavior index n of the pseudoplastic
fluid is intrinsically associated with radial coordinate r, as shown by heat transport and
production terms in local energy equation (12) and consequently in equations (29) and (30)

defining A(K,n) and B(K,n) appearing in equation (27). The flow behavior index n cannot

14



therefore be extracted from integral terms [cA4],; and [A;]x; in €q.(29) and [B; ], and [B,]x
in eq.(30). In order to make further simplifications in the ROM formulation, an additional
hypothesis is thus made for space functions ¢ (r,z), k = 1, ..., m, which are now assumed to

be written as:

b, z) =P (Mé(2), k=1,...m (31)

This hypothesis allows to separate the radial direction r, intrinsically linked to the flow
behavior index n, from the z direction.

Using (31) the temperature field approximation defined by eq.(22) is written as:

Tz, Km) ~ ) yiOEE@X K n) (32

Injecting additional hypothesis (31) into equations (29) and (30) and taking into account the
expressions of the divergence of a vector and of the gradient of a scalar in cylindrical

coordinates, yields the following expressions for A (K, n) and B(K,n):

l =R
Ak,m) = 06, (—=) (50 T j (R =% )i o (ryar
Tay dy
Mol by [ ) @Y
r=0

r= R+e
tky ] _( ) ()d ~ ok, d(lpi(r)ll’k(r)) -

_ (33)
e (r=R+e)

r=R
+ (Mool + [Msleo) ks f Y (P)dr
r=0

r=R+e

+ Mol Ko f YW dr k€ [L;m], Vi€ [Lm]
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Where M, Mp,, My, and Mp; are m by m matrices which depend on space functions ¢&;(z),

i =1, ...,mand/or on their partial derivatives with respect to z. Their expressions are given in

Appendix A.
A 7 TR 1 1
Bekm) = Gy (7)) Wrinl, [ Ton) (R =7 )3
r=0
r=R dl/)
+ kf[VD,in]k f Tin (MY (r)dr — ky, [Wyy ]k d_rk (R+e) (34)
r=0
A n+1 r=R L
LK (ﬁ) W], f ra P (r)dr vk € [1;m]
r=0

Where Vr in, Vp i, Wy, and W are vectors of size m which depend on space functions &;(z),
i =1,..,m and/or on their partial derivatives with respect to z. Vector W,, also depends on
the wall temperature T,,(z) of Dirichlet boundary condition (15). Their expressions are given
in Appendix B.

Matrices My, Mp, Mp,, Mp3 and vectors Vr i, Vi in, W,,,, W are independent of parameters K
and n. In the frame of an approach such as the MIM based on the identification of a ROM,
their components are identified using optimization techniques. In fact functions &;(2), i =
1, ..., m are not computed, they are embedded in these matrices and vectors to be identified. A
space discretization in direction z is hence avoided and a reduction in this direction is

obtained.

n+1

On the contrary, the r-dependence needs to be retained in the model because of terms r = in
transport and production terms of equations (33) and (34). Considering the physics involved
and our goal to build a ROM parametrized by the flow behavior index n, the radial direction
is in fact “irreducible” due to its intrinsic link to n.

Further simplification of the diffusion terms is going to be made in the following.

4.4 Simplified form of diffusion terms
First derivatives of functions ¢, (r), k = 1, ...,m which appear in some diffusion terms in
equation (33) are sources of numerical errors. Moreover they should be calculated at each

iteration step of the particle swarm optimization algorithm used for the ROM parameters
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identification and for each particle of the swarm. Thus their calculation may turn out to be
time consuming, especially if the derivation is performed with a compact scheme on a fine
radial mesh.

In addition, diffusion terms in equation (33) require the identification of three m by m
matrices Mp,, Mp,, Mp5 to build the ROM.

In order to reduce the number of parameters to be identified and to avoid numerical
difficulties involved by the computation of first derivatives of functions (), we have
chosen to replace diffusion terms in equation (33) by a unique term [My],; without taking
into account the particular form of diffusion terms. This is possible since parameters K and n

do not appear in the diffusion terms of equation (33) which is thus replaced by:

1

Ak, = pCy (22 (52 el fR (R =5 )i rar
r=0

(35)

+ [Mp]ii vk € [1;m],Vi € [1;m]

In a similar manner, the diffusion term inside the wall depth in equation (34), that is

—ky [W, 11 dd—llif‘ (R + e), is replaced by k,, [VD_W]k. Equation (34) is thus replaced by:

1 =R
Ap \n n+1 n+
Bo(K,n) = pC, () (ﬁ) [Viin], f Tin(r) (RT—rTl)t/)k(r)dr
r=0
r=R
e Voinl, | T wdr + e Vo], (36)
r=0
A n+1 r=R L
+K<ﬁ) W], J ra P (r)dr Yk € [1;m]

r=0

Therefore, instead of using equations (33) and (34) for which matrices Mp,, Mp,, Mp €
R™ ™ and vector W, € R™ need to be identified and first derivatives of space functions
Y, (r), k =1,...,m, have to be computed, we have chosen to use equations (35) and (36) for

which matrix M, € R™™ and vector Vp,,, € R™ are going to be identified.
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Another consequence of these simplifications of diffusion terms is that we do not need to
evaluate functions ¥, (r), k = 1,...,m in the wall depth (r € |R; R + e]) anymore, but only
inside the channel (r € [0; R]).

4.5 Final form of the Reduced Order Model
Usually the flow rate Q in the channel is given rather than the pressure difference Ap. The

flow rate is defined as:

r=R
Q= fﬁ. nds = f u,(r)2mrdr (37)
S r=0
According to the velocity profile (10) in the channel, the flow rate (37) writes:
1
_ n Ap \n 3n+1 (38)
¢ —”(3n+1)(m) ko

The Reduced Order Model is composed of two sets of equations.

The first one is a set of m algebraic equations:

> AuX; = BKn) ke [Lm] (39)

Equation (39) allows the computation of the vector X € R™ as a function of explicit

parameters K and n.

According to (35) and taking into account (38), Ay;(n) writes:

r=R
_ 3n+1\Q 1 n+1 n+1
Ai(n) = pCy ( n+1 );R% [Mr ]y TJO (R n —rmn >l/)i(7")1/1k(7”)d7” (40)
+ [Mp ki Vk € [1;m],Vi € [1;m]

One can notice that since the model is expressed as a function of the flow rate Q, matrix A

depends only on the flow behavior index n.

According to (36) and taking into account (38), B, (K, n) is given by:
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=R

3n+1\Q 1 nt1  n+l
Bekm) = Gy (27 ) sz [Veanl,, | T (R =175 )t
R n r=0

r=R

+ kf[VD,in]k f Tin (MY (r)dr + k,, [VD,W]k (41)

r=0

n+1 r=R

3n+1y0 1 n1

(o) s W [ T vke um
r=0

R n

The second set of equations allows the computation of some temperatures of interest once
vector X has been computed. Here we focus on a particular observable set consisting in N,

temperatures referred to as Y}, j = 1, ..., N,, along the radial direction at a given position z*.

Using eq.(32) and setting ; = ¢;(z*), i = 1, ..., m, one obtains:

Y, =T(r,z") = lei(rj)fi(Z*)Xi = lei(rj)aixi j=1..,N; (42)
i=1 i=1

The ROM finally consists in equations (39) and (42) (respectively corresponding to general
forms (20) and (21)), where A and B are defined by (40) and (41) respectively. It is explicitly
parameterized by K and n which define the dynamic viscosity. Parameters p, C,, Q, R, k¢, ky,
in (40) and (41) are considered as fixed and known in the model. The inlet temperature profile
T;,(r) is also assumed to be known. Matrices My, M, € R™™ and vectors
V1 in Vp,in Vow, W € R™ need to be identified to build the ROM, as well as coefficients «;

and space functions y;(r), i =1,...,m.

In order to ease the estimation of functions y;(r), i = 1, ..., m, these are written as the linear

combination of chosen functions which are here Bernstein basis polynomials [24] By y, (r*),

k=1,..,N,withN, =15and r* =r/R € [0; 1]:

Np=15

i) = ) BuBien, () i=1,.m (43)
k=1

Coefficients B, i =1,...,m, j=1,...,N, with N, = 15 are thus estimated instead of the
Yi(r), i=1,..,m, j=1,.., N, with N, = 100.
The discrete values ¥;(r;) of space functions ¥;(r), i = 1,..,m are computed using (43)

and used to compute integral terms in (40) and (41) and are also used in (42).
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4.6 Comments on the Reduced Order Model
4.6.1 Temperature outputs at other locations
Equation (42) corresponds to a series of temperatures along the radial direction at a given
position z*. Adding temperatures Y/, j = 1, ..., N, at another position z" is very simple. Using

eq.(32) and setting y; = &;(z"), i =1, ..., m, one would have:

Y =T(52) = ) ()& = ) wi)yiXe  j=1,..N,
i=1 =1

It would simply add m parameters y;, i = 1, ..., m to be identified in the ROM.

4.6.2 Known fixed physical and geometrical parameters

Density p, specific heat capacity C, and thermal conductivity k; of the fluid, wall thermal
conductivity k,,, mass flow rate Q, channel internal radius R, channel length L and wall depth
e are all known fixed parameters in the ROM which is then valid only for the values used for
all simulations of the DM providing the reference temperature data. p and C,, could have been
embedded in matrix My of (40) and in vector Vr;, of (41). kf and k,, could have been
respectively embedded in vectors Vp ;,, and Vp,,, Of (41). However they have been retained
explicitly in the ROM equations in order to provide a better understanding of the different
transport and diffusion terms. Due to the simplifications made in sections 4.3 and 4.4, L and e
do not appear explicitly in the ROM equations. Both are in fact implicitly taken into account
in the temperature data used for the ROM identification. If one wants to build a ROM for
other specific values of any of these fixed parameters, the identification procedure has to be
performed again with temperature data corresponding to the new specific parameter values.
Building a ROM valid for any value of a third parameter (say Q for instance) in addition to K
and n is possible but requires to use temperature datasets for different values of these three

parameters.

4.6.3 Inlet temperature profile
As mentioned in section 4.3, because our goal is to build a ROM parametrized by the flow

n+1

behavior index n, the radial dependence has to be kept in the model because of terms r n» .
Hence the radial distribution T;,(r) of the inlet temperature does not involve additional

difficulties. In this work the developed ROM is valid only for a specific given profile T}, (r)
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which is injected in the two first terms of the equation (41) during the ROM construction.
Building a ROM valid for any distribution T;,,(r) could be possible, for instance by using an
approximation T, (r) = X7_, cxgx(r) on a basis of known functions g,(r) with the
coefficients ¢, as additional explicit parameters in the ROM. In such case the ROM
identification would require to use temperature datasets corresponding to several couples

(K,n) and several sets (¢, k = 1, q).

4.6.4 Wall temperature profile
As shown in Appendix B, the wall temperature distribution T, (z) appears in vector W, of
equation (34):

z=L

(W, 1 = f T, (2)¢é,(2)dz, k=1,..,m

z=0
The particular form of vector W, is not taken into account in the ROM. In fact the term
—kW[Ww]kdd—l’;"(R + e) in equation (34) is even replaced by kW[VD,w]k to get equation (36)
and finally equation (41). Thus, in this work, the developed ROM is valid for a specific given
wall temperature distribution T,,(z) which does not appear explicitly in the ROM equations.
T, (z) is in fact implicitly taken into account in the temperature data used for the ROM
identification. Building a model valid for any distribution T, (z) would be conceivable by

considering approximations of T,,(z) and functions &, (z) on some bases of known functions,

at the expense of adding many explicit parameters to the ROM.

4.6.5 Taking into account the dependence on angular coordinate

The ROM formulation has been developed for the axisymmetric case with no dependence on
angular coordinate ¢. Should the wall temperature distribution be T, (¢, z), vector W, in
Ty(p,2)¢é (@, 2)depdz, k=1,.. m.

However, ¢ would be handled just as z. Therefore, except for equation (42) that could take

equation (34) would be such as [W,, ], = fZZ:OL (;p:ozn

into account several angular positions, the final ROM formulation (equations (39), (40) and
(41)) would be the same as in the axisymmetric case, with functions &;(p,z), i =1,..,m
embedded in the matrices and vectors to be identified. The ROM constitutive parameters

would be identified in order to fit the particular non-axisymmetric temperature datasets.
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5 Data generation and Reduced Order Model identification

5.1 Data generation

The ROM parameters identification requires some input-output data, that are a set of NM¢
couples (K,n)%% i=1,..,Ni% in a chosen range of values and the corresponding
temperatures Y,***((K, n){*%), i = 1,..,N}%, j = 1,...,N, along the radial direction at the
chosen position z*. In the present work, the temperature datasets are computed with the Finite

Elements detailed model briefly presented in section 2.3.

5.2 Reduced Order Model identification

In order to effectively build the ROM consisting of equations (39) and (42) with A and B
defined by (40) and (41) respectively and space functions y;(r), i =1, ..., m defined by
equation (43), components of matrices My, M, € R™™, vectors Vr i, Vp in, Vpw, W € R™,
matrix B € R™*Nb and vector a« € R™, need to be identified. Matrix M;, which corresponds
to diffusion terms in eq.(40) is symmetric (see term Az + A, in eq.(29) or see eq.(33) along
with Appendix A), so only m(m + 1) /2 components are identified to build M.

The ROM construction is recast into a parameter estimation problem. For a given model order

m, all parameters to be identified, whose total number is Nygrqm(m) = m(m + (m +1)/2 +

5+ N,) with N, = 15, are gathered in vector 8(m) € R¥reran(™ and identified through the
minimization of a functional J;;(6(m)) based on the quadratic deviation between
temperature data computed with the detailed model (see previous section 5.1) on the one hand
and corresponding temperatures computed with the ROM on the other hand, for all couples
(K,n)fate, i =1, .., Ni:

N N,

Jld(e(m)) = Z Z (Y] (H(m)’ (K’ n)?ata) — deata((K’ n);iata))z (44)

i=1 j=1
In order to quantify the global quality of the ROMs identification process, we use the mean
quadratic deviation al.(f) (or root mean square of the residues) between reference data

computed by the DM and corresponding ROM outputs, defined as:

o = |0/ (N x ) (45)
The optimization procedure for a given model order m is shown on Figure 3. The

minimization of J,,(6(m)) is performed with a Particle Swarm Optimization (PSO)

algorithm [25]. The stopping criterion is based on the lowest absolute value
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al.(dm)(ebe“'“(m)) obtained. The process is terminated if either this quantity is not improved

for a pre-defined number of successive iterations or if the accuracy wished by the user is

reached: ag")(ebm'a(m)) < &yser- A model of order m =1 is first of all identified,

meaning that a vector 6(1) is obtained by minimizing J;4(6(1)). Then, a model of order

m = 2 is built by minimizing J,;;(6(2)). Models of higher orders are obtained by repeating

(m+1) _

the building process until the accuracy wished by the user is reached or until gV ~ o™,

Vector 8(m) of structural parameters of the order m model are used as initial guesses for the

corresponding parameters in vector (m + 1) to be estimated in the order m + 1 model.
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Iteration k = 0: initialization of unknown ROM constitutive parameters gathered
in vector & (m): components of tensors My, Mp, Vr i, Vo ins Vo, W, @, 8

For each particle p € [1;Np] of the swarm:
6o (m) =6, (m)and 8°°°F (m) = 6, (m)
Computation of J;4 (-9555?@ (m])

'

Best absolute #7°°"“(m) such as J;4 (-9 besta (m)) = 11:131[]9] (er (-936”'-“(m]))

" k—k+1

b

For each particle p € [1;Np] of the swarm:

Moving of the particle i.e. new \.rector-ﬁf (m) (PSO algorithm)

For each couple (K,n)#%%%, i € [1;N}?] used asinputs for the
ROM corresponding to -:“-?_f(m), computation of:

1. spacefunctienswi[?}-), i€ [1;m], j€[1;N,] defined by eq.(43)

2. matrix A (1) by eq.(40) and vector B(K, n) by eq.(41)

3. X € R™ by solving eq.(39): X172, A (n)X; = B (K,n) k €[1;m]

4. ROM outputs through eq.(42):¥; = B, ;(r)a:X;  j € [L;N,]
Reduced Order Model (ROM)

!

ROM outputs ¥ (67 (m), (K, n)#%9),  je[1;N,], i€[1;N]

!
N N,

Jdia (@f(m)) = Z Z (E{@i(m), [K{?’l)meJ _ }j_data{[KJ.n)i_mm})z

i=1j=1
!

1 Jia (07 M) < Jia (07577 (m) ) then:

f2 best,p (m:] — gj (m:]

Jia (9 365?'?(?’?’1)) = Jia ('gj (m))

!

Best absolute & 79°"“(m) such as J;4 (Q pesta (m)) = i} 11;%;0] (er (.ﬁﬁafr'i"(m)))

YES

Stopping criterion based on JI.{?) (-95"3”'“ (m)

Figure 3: Sketch of optimization procedure for ROM identification, for a given model order m.
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5.3 Main conceptual differences with POD-G and PGD approaches

The POD-G approach [7,8] is a two-step procedure. First space functions ¢ (r,z), k =
1, ...,m, would be computed by performing a Proper Orthogonal Decomposition (POD) on
some temperature datasets corresponding to a set of (K, n) couples. Functions ¢, (r, z) would
then be plugged in the Galerkin projection corresponding to equations (27), (29) and (30) to
form the ROM. In a different way, for the MIM, no POD is performed and the ROM
parameters (including space functions) are identified simultaneously through an optimization
procedure. Unlike MIM and POD-G, Proper Generalized Decomposition (PGD) [12] does not
rely on datasets coming either from measurements or simulations to build the ROM: in PGD,
space functions and potentially functions of parameters of interest, are found a priori.
Applying PGD to our steady problem would consist to seek the temperature field as a sum of
products of functions of physical space coordinates and functions of the rheological
parameters defining the fluid viscosity. A complete decomposition would write
T(r,z,K,n) = Y7 Y;(r)é(2)K;(K)N;(n) but a decomposition of the form (32) is also
possible, among others. Whichever decomposition is used, PGD would lead to a discrete
solution in the physical space as well as in the parameters space. In the present work, MIM
aims at building equation (39) for the computation of X € R™ as a continuous function of K

and n, temperatures being then computed using (42).

6 Results and discussion

In this section, the feasibility of the method is presented by considering an elastomer flow
experimentally tested with the experimental set-up previously described (Figure 1). The flow
length is L = 205 mm and the radius R = 5 mm. The die is made of stainless steel,
(k,, = 49 W.m1.K?), its external radius is 15.5 mm thus corresponding to e = 10.5 mm. An
experiment performed with a rotation speed of the extrusion screw of N = 70 RPM
(corresponding to a mass flowrate of Q,,=41.2 kg.hl) is retained as an example. The
temperature profile measured at the outlet section is given in Figure 4. It is compared to the
numerical outlet temperature profile, obtained with the physical model described in section

2.1. The inlet temperature profile is also shown in Figure 4.
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Figure 4: Comparison of experimental and numerical outlet temperature profiles of an elastomer
flow. The inlet temperature profile is drawn in dashed line.

In the modelling, the thermophysical properties of the elastomer are considered to be
constant. The average flow temperature is 136°C, one uses the following values: p = 1030
kg.m?, C, = 2015 J.kg*.K™* and k; = 0.36 W.m™.K™. As the device allows measuring the
pressure drop (Ap) and the mass flowrate (Q,,) inside a straight cylindrical flow, with known
dimensions and a precise thermal regulation, it was made possible to use it to determine
viscosity. Based on the classical procedure [26], we calculate the viscosity through the ratio
(n = t/y) where 7 is the shear stress calculated with the pressure drop Ap in the flow. y is
calculated taking into account both flowrate Q and the Rabinowitsch procedure [27].
Experiments with screw rotation speed varying from N = 5 to 70 RPM are investigated to
estimate by this way the rheological fluid properties. The identified values are K = 11618
Pa.s" and n = 0.529. The temperature profiles imposed on the die wall and the channel inlet
correspond to the measured temperature profiles [28]. As shown in Figure 4, the physical
model fits well the experimental results, with a root mean square of ¢ = 1.4 K. Such
numerical validation was also obtained with lower flowrates [28].

As mentioned in section 5.1, the identification of the ROM parameters requires some input-
output data. Thus, in the following work, the physical model is used by keeping this
experimental configuration (thermal properties and boundary conditions). Only values of K

and n are modified to provide the datasets necessary to the ROM building.
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6.1 Input-output data for ROM identification and validation

Instead of a Cartesian regular mesh of this (K, n) space, an Improved Hypercube Sampling
(IHS) approach [29] has been used in order to cover the space with a limited number of (K, n)
couples. Using IHS the coordinates in the parameters space are regularly spaced out but the
set is formed so that any two distinct (K,n) couples do not share a common K or n value.
Chosen ranges of parameter values are K € [5000; 20000] and n € [0.3; 0.6].

The input data for the identification of a series of ROMs are the set of N4 = 60 couples
(K,n) depicted by the blue diamond dots in Figure 5. The output data are the corresponding
60 temperature profiles along the radial direction (N,. = 100) at the channel outlet (z* = 205

mm), computed with the detailed model.

Once the ROMs identified, some test cases are conducted for the ROMs validation: a second
set of NY% = 30 couples (K,n) depicted by the red square dots in Figure 5 is used as input
data for the ROMs and the resulting 30 outlet temperature profiles are compared with the

profiles computed with the detailed model for the same couples (K, n).
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Consistency index Kx10**3 (Pa.s**n)

Figure 5: Sets of (K, n) couples generated by Improved Hypercube Sampling. The set of blue
diamond dots is used as input data for ROMs identification. The set of red square dots is used as input
data for ROMs validation.
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6.2 ldentification of a series of ROMs

The radial temperature profiles computed by the Detailed Model (DM) for N4 = 60 (K,n)
couples (blue diamond dots cloud in Figure 5) are shown in Figure 6. For a better
understanding of how the temperature profile depends on parameters K and n, temperature
profiles for 6 (K,n) couples among the 60 used for identification are shown in Figure 7.
Using the 60 input-output data a series of ROMs of order m = 1 to 5 has been built by
minimizing the functional J;;(6(m)) defined by equation (44).

The second line of Table 1 shows the value of a%”) defined by equation (45) as a function of

the ROM order m. As expected, a ) decreases with respect to order m, from 1.5878 °C for
the order 1 ROM to 9.5 1072 °C for the order 5 ROM.

The mean quadratic error a%lob(K ) (7)., j = 1, ..., N,,, for which the mean is made only on

the N4 = 60 (K,n) couples, is also defined:

Nid

claoncm(7) = | (500w, (K. myfese) —yosa (g o))" [t (49

i=1

(m)

Figure 8 shows the value of ;; 1,k n

yasa function of r, for model order m=1 to m=5. It
can be observed that:

e For a given model order m, the error is of the same order of magnitude along the radius.

e The error tends however to be higher close to the duct wall, which is logical since

temperature gradient is much higher close to the wall than elsewhere in the duct.

e For almost all positions, the error decreases with model order m, however slightly from

m=3 to m=>5. This is consistent with the global error a ) shown in Table 1.

Whereas aig”) is a global quantity, Figure 9 shows the difference between radial temperature
profiles computed by the DM on the one hand and by the order 5 ROM on the other hand, for
each of the 60 (K, n) couples: for all couples, residues are comprised between + 0.025°C for
0 <r <4 mm and almost never exceed + 0.05°C except in the very near wall zone where

shear is maximal and temperature gradients are the largest.
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Figure 6: Outlet temperature profile computed by  Figure 7: Outlet temperature profile computed by

DM for 60 (K, n) couples used for ROMs DM for 6 (K, n) couples among the 60 used for
identification. ROMs identification.
ROM order m = 1 2 3 4 5
o (°C) 15878 | 8.02x107 | 1.34x102 | 1.11x10? | 9.5x10%
o (°C) 17155 | 7.67x102 | 1.38x102 | 1.13x102 | 9.7x10°

Table 1: Identification and validation of ROMs. Values of ai(;n) and o—le? as functions of ROM

order m.
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Figure 8: ROMs identification. Mean quadratic
error between ROM and DM as a function of r
(mean on 60 data (K, n) couples), for model
order m=1 to m=5.

Figure 9: ROMs identification. Difference
between outlet temperature profiles computed by
DM and order 5 ROM for 60 (K, n) couples.

6.3 Numerical validation of the identified ROMs

Once identified, the ROMs are tested with the N?* = 30 (K,n) couples (red square dots
cloud in Figure 5) as inputs. The radial temperature profiles computed by the DM for these 30
(K,n) couples are shown in Figure 10. As examples, temperature profiles for 6 (K, n) couples

among them are also shown in Figure 11.
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Similarly to ¢( and al(;";lob(,(n)(rj), j=1,..,N,, mean quadratic deviations o= and
éz)glob(K ) (), j = 1, ..., N, between temperatures computed by the DM and corresponding

ROM outputs are respectively defined for these 30 couples. The last line of Table 1 shows the

value of o™ as a function of ROM order m. Just as o}, o<1

id val

order m, from 1.7155 °C for the order 1 ROM to 9.7 102 °C for the order 5 ROM. As

decreases with respect to

expected for this set of (K,n) couples which had not been used for the construction of the

ROMs, 6™ is slightly higher than ad ™ for a given order m, except for m = 2.

val
(m)

Figure 12 shows the value of g,,,; 105k »y S @ function of r, for model order m=1 to m=5.

The observations corresponding to Figure 8 can also be made for Figure 12. Values of error

O'%)gzob(x (1) are also very close to those of al(;”;lob(K )"

In order to add insight to the global quantity o val , Figure 13 shows the difference between
radial temperature profiles computed by the DM on the one hand and by the order 5 ROM on
the other hand, for each of the 30 (K, n) couples: as for the models identification, residues for
all couples are comprised between + 0.025°C for 0 < r < 4 mm and almost never exceed +
0.05°C except in the very near wall zone.

The results of these validation tests allow us to conclude that the identified ROMs may be
used for any (K, n) couple in the construction ranges K € [5000; 20000] and n € [0.3; 0.6]
with a good knowledge about their accuracy with respect to the DM. In particular, the order 5
ROM is able to reproduce the temperatures computed by the DM within + 0.05°C maximum

except in the very near wall zone.
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Figure 10: Outlet temperature profile computed Figure 11: Outlet temperature profile computed
by DM for 30 (K, n) couples used for ROMs by DM for 6 (K, n) couples among the 30 used
validation. for ROMs validation.
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Figure 12: ROMs validation. Mean gquadratic
error between ROM and DM as a function of r
(mean on 30 test (K, n) couples), for model order
m=1tom=b.

Figure 13: ROMs validation. Difference between
outlet temperature profiles computed by DM and
order 5 ROM for 30 (K, n) couples.

6.4 Asset of using ROM in parameter estimation problem

Assumed values for the real flow K = 11618 Pa.s" and n = 0.529, which were deduced from
measurement of pressure drop at several flowrates with the experimental device, have been
used to compute the outlet temperature profile with both DM and order 5 ROM. The root
mean square of the residues between both models is o = 9.1 10 °C for these parameters,
showing again that the ROM provides results very close to those of the reference model.
However Figure 4 shows that the temperature profile given by DM (and consequently ROM)
is not in full agreement with the profile measured on the experiment, especially at the location
where temperature is maximal. Considering the simple geometry of the system and all
precautions taken to properly handle experimental boundary conditions, we may assume that
the DM built with the Ansys Polyflow software should be a good model of the experiment.
The discrepancy between simulated and measured outlet temperature profiles could thus be
due to the fact that actual values of K and n for the real flow are different of the estimated
values K = 11618 Pa.s" and n = 0.529. Better estimates for K and n could possibly be
obtained from temperature measurements through an inverse problem, which would be solved
efficiently thanks to the ROM, for which the computing time is less than 1 s compared to 390
s for the DM.

7 Conclusion

An approach based on the Modal Identification Method has been developed to build a thermo-

rheological Reduced Order Model (ROM) for a steady incompressible flow of a pseudo-
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plastic fluid in a circular runner. The dynamic viscosity has thus been described by a shear
rate power law defined by two parameters: consistency index K and flow behavior index n.
Dependence of viscosity on temperature has not been taken into account and the analytical
expression of the velocity field has been used. The aim was to build a ROM able to compute
the radial temperature profile at the channel outlet for any (K, n) couple in a predefined range.
Thus the ROM had to be explicitly parametrized by K and n.

An approximation of the temperature field on a reduced set of m space functions has been
considered. In a first step a Galerkin projection of the energy equation has led to a first
formulation of the ROM equations. In a second step an additional hypothesis about the form
of space functions, consisting in separating the radial direction r, intrinsically linked to the
flow behavior index n, from the z direction, has allowed simplifying the ROM formulation. In
a third step, a simplification of some diffusive terms has been made, allowing to reduce the
number of fixed parameters to be identified during the ROM construction.

A numerical example has then been proposed. The fixed constitutive parameters of the ROM
have been identified through an optimization procedure using temperature data for a set of 60
(K,n) couples in the construction ranges K € [5000;20000] and n € [0.3; 0.6]. These data
were computed by a Finite Elements reference model experimentally validated on an
instrumented apparatus. A series of reduced models of order m = 1 to 5 has been identified
and then tested for a second set of 30 (K,n) couples. The order 5 ROM has been able to
reproduce the radial outlet temperature profile computed by the reference model with a r.m.s.
error of about 102 °C. The good quality of the obtained results allows us to expect that such
ROMs can be used for estimating K and n from temperature measurements. Moreover, thanks
to their small number of degrees of freedom, ROMs allow fast resolution of the inverse
problem for parameters estimation and hence can be used for on-line estimation of viscosity.
An intermediate step could consist in improving developments by taking into account the

thermodependence of the viscosity in the establishment of the ROM model.

Appendices

Appendix A: matrices in EQ.(33)
Matrices in Eq.(33) have the following expressions:

Vk € [1;m],Vi € [1;m]:
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Appendix B: vectors in Eq.(34)
Vectors in Eq.(34) have the following expressions:

Vk € [1;m]:
[VT,in] = Ek(z =0)
0
[VD,in]k ‘fk(z)( _ 0)
Z=L
Wl = | Tu@é)dz
- [ 4
z=0
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