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Viscosity Solutions of Systems of PDEs with Interconnected Obstacles
and Multi-Modes Switching Problem

S.Hamadene* and M.A. Morlais'

Abstract

This paper deals with existence and uniqueness, in viscosity sense, of a solution for a system of m
variational partial differential inequalities with inter-connected obstacles. A particular case of this
system is the deterministic version of the Verification Theorem of the Markovian optimal m-states
switching problem. The switching cost functions are arbitrary. This problem is connected with the
valuation of a power plant in the energy market. The main tool is the notion of systems of reflected

backward stochastic differential equations with oblique reflection.

AMS Classification subjects: 60G40 ; 62P20 ; 91B99 ; 91B28 ; 35B37 ; 49L.25.
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1 Introduction

The multi-modes switching problem is by now well documented both in the economics or mathematical
literatures (see e.g. [4, Bl 6, 9 10) 15, I8 19, 20, 27, 28, 29], etc. and the references therein). The
pioneering work of Brennan and Schwarz [4] deals with a two-modes switching problem describing the
life cycle of an investment in the natural resource industry. A major switching problem of interest
is related to the energy market. Actually let us consider a power plant which has several modes of
production and which is put in a specific mode according to its profitability which depends on the
electricity price in the market. The manager of the plant aims at maximizing its global profit. For this
objective, she implements an optimal strategy ¢* which is a pair of two sequences (7x)r>1 and (&x)r>1
describing respectively the optimal successive switching times and modes. However switching the plant
from one mode to another is not free and generates expenditures and, on the other hand, when the

plant is in a specific mode it provides a profit which depends on that mode.
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It is well-known that the optimal switching problem is related to systems of reflected backward
stochastic differential equations (BSDEs for short) with inter-connected obstacles or oblique reflection

(see e.g. [0 [10] 18| 19} 201 27]) of the following type: Vi € J := {1,...,m},

Yi=he() + [] filwr)dr + Kf - K= [[ Z1dB,, Vs <T
Yi> manej—i{Y:qj — gij(w,8)}, Vs <T (1.1)
f(]T(Y;i - manEjfi{YYSJ - gij(w7 8))dK; = 07
where J ¢ = J — {i}. Actually it is shown in the aforementioned papers that Y¢ is the optimal profit
if the plant is in mode 7 at ¢ =0, i.e., Vi € 7,
. 6 T
Yy = sup ) E[Rr(T,w) + / fs(s,w)ds — ngk75k+1 (Tk+1)1[rk+1<T]] (1.2)
0=(Tk Ek) k>0 €AY t k>0
where, A} stands for the set of all admissible strategies starting from mode i at time t = 0, f5 the
instantaneous profit per unit of time when ¢ is implemented, g¢, ¢, ., is the switching cost from mode
£ to mode &yq (€9 =i, 79 = 0) and finally h%(T) is the terminal profit under 4.
Additionally, if we are given the solution (Y);1 ... ,, then the optimal strategy * = (&,77) is

uniquely characterized as follows: if we set 7 = 0, and £} = ¢ then for any £ > 1

Th+1 = inf{t > 7, V" = maxjej,gz(Y;] - gg;;,j(w,t))} AT,
(1.3)

. f* .
S € argmax{j, Vi = max__ e (V] — ggr.i(w, 1))}
In the case of Markovian setting and when randomness stems from an exogenous It0 diffusion process

(Xe™)s<r, (t,2) € [0,T] x R¥, of the following type:
dXL" = b(s, X0")ds + o (s, XL")dBy, s € [t,T]; Xb% = x for s <,

that is to say, the processes fi(s,w), hi(s,w) and g;;(s,w) are deterministic functions of (s, X&™(w)),
the optimal switching problem is also related to the following system of variational inequalities with

inter-connected obstacles: Vi€ J

min {fui(t,x) — %?X_(—gij(t,m) +vi(t,x)), —Oi(t, x) — Lv;(t,x) — fi(t,x)} = 0;
jeg—i

vi(T,x) = hi(x)

(1.4)

where £ is the infinitesimal generator associated with X%®. The process X** can be the electricity price
in the market or the dynamics of factors which determine that price. System ([.4]) is the deterministic
version of the verification theorem of the optimal switching problem.

Actually in [I5], the authors have proved that if, mainly, the switching costs satisfy g;;(t, ) > 79 > 0
then the system (L)) has a unique continuous solution (v!,...,v™) in viscosity sense and the following

relationship holds true:

Vie J,(t,z) e0,T] x RF, Vs € [t,T], Y =vi(s, X17).



where (Y?);c7 are the processes solution of (II)) with f;, g;; and h; which are deterministic functions
of (s, X4).
So the main objective of this paper is to deal with system (4] in its general setting, i.e., to study
the existence and uniqueness of a solution in viscosity sense for the following: Vi € J
min {v,-(t,a:) — max (—g;j(t,z) + v;(t, z)),
JjeJg—"
—(9,51),'(?5, ‘T) - ﬁvi(ta ‘T) - fl(t7 xz, Ul (t7 .Z'), s 7Um(t7 .Z'), UT(ta ‘T)val(ta x))} =0 ) (15)

As previously pointed out, system ([L3]) is connected with the following system of reflected BSDEs with

oblique reflection :

VI = BIXE) + [ filr, XP7, V500 Y 25 de 4 K — K — [T 25 dB,, s < T
Yot > maxje g (Y9 — gyj(s. X57)}, s < T
Jo (V5% —maxje 7 {YST = gy (s, X07) AR = 0.

(1.6)

This system has already been studied in [7, [19] in this general form.

There are at least two motivations for considering this problem. The first one is to extend, as much
as possible, the Feynman-Kac’s representation of the solution of (L6]) via the solution of (LI]) and the
process X%, This issue is very important if we are willing to consider the numerical study of (L8]
especially in connection with the pricing of gas options in the energy market (one can see e.g. [2] for
more details). The second one is that solving this problem is a step toward the study of zero-sum
switching games which are encountered especially in the carbon market by energy firms (see e.g. [2] for

more details).

The novelty of this paper lies in the fact that we investigate both existence and uniqueness of a
continuous viscosity solution of (L)) under the following relaxed hypotheses:
(i) the switching costs are non-negative and satisfy the no free loop condition (see [H3]-(ii) below)
(ii) for any i € J, either :
(a) V k € J7%, the mappings yx — fi(t,z,y',...,v* "1, y¥ ¢*+1 ... 4™, 2) are non-decreasing ;
or

(b) ¥ k € J~%, the mappings yr — fi(t,z,y",...,y*¥ L oy* ¢*1, ... 4™, 2) are non-increasing.

In both cases we show existence of a solution for (L5]) while we have been able to show uniqueness

only in the case (ii)-(a).

The closest paper to ours is the one by Elie-Kharroubi [II] where the authors deal also with the
representation of solution of (L)) by the viscosity solution of (LB]). However their approach, based
on the minimal solutions of constrained BSDEs with jumps introduced in [23], is not very satisfactory

since it induces assumptions on the data of the problem which are either not natural or difficult to



verify in practice. Finally note that there are also works related to viscosity solutions of the switching

problem but their settings and/or approaches are not the same as ours [I], 3, 20} 28], etc.

This paper is organized as follows:

In Section 2 we collect the main assumptions on the data of the problem and we define the notion
of a viscosity solution for the system (LH]). In Section 3, we once more introduce the switching problem
and provide some results related to solutions of systems of reflected BSDEs with oblique reflection
which are rather new since they are obtained under weaker conditions than the ones of the literature
on the subject (see e.g. [7, [19], etc.). In particular, we mainly deal with the non free loop property
[H3]-(ii) on the switching costs. Those results are basic to deal with the main purpose of this work. In
Section 4, we provide a comparison result between sub-solutions and super-solutions of the system (I.5])
in the case when for any i € J the function f; depends on (y');c7 only through 3. We then show, in
this specific framework of functions f;, that system (L5) has a unique continuous solution (v(t,z));cs
which is moreover of polynomial growth. As a by-product, we provide a probabilistic representation
for the solution of (L8] via the deterministic continuous functions (v'(t,z));cs and the process X',
In Section 5, we deal with the general framework under mainly conditions (i)-(ii) above. Using the
results of Sections 3 and 4, we construct in each case an approximating scheme which is convergent
and whose limit is a solution in viscosity sense for system (L5)). Finally under condition (ii)-(a), we
show that system ([LI)) satisfies the comparison property between sub- and super-solutions. Thus under

conditions (ii)-(a) the solution of system (LE]) is unique. [ |

2 Assumptions and problem formulation

Let T (resp. k) be a fixed real (resp. integer) positive constant, let 7 := {1,...,m} and let us consider

the following functions: for i,j € 7,
b:(t,z) € [0,T] x RF — b(t,z) € RF;
o:(t,x) € [0,T] x R¥ = o(t,z) € RF*,
fi : (t7 Z, y17 ey ym’ Z) € [07 T] X Rk—i—m-{-d = fl(tv x, y17 ey ym, Z) € Ra
gij : (t,x) € [0,T] x RF = g;(t, ) € R (i # j);
hi:l‘ERkl—)hi(l‘)ER.
Next let ¢ : (t,2) € [0,T] x R¥ = ¢(t,x) € R be a function. It is called of polynomial growth if there

exist two non negative real constants C and  such that:
(6(t,2)] < C(1 + [2]"), ¥(t,2) € [0,T] x RE.

Throughout this paper, we denote by II9 the class of functions with polynomial growth and by
CY2([0,T] x R¥) (or simply C"?) the set of functions defined on [0,7] x R¥ with values in R which

are Clin ¢t and C? in z. O



We now consider the following assumptions:

[H1]: The functions b and o are jointly continuous and of linear growth in (¢, z), and Lipschitz contin-

uous w.r.t. z, i.e., there exists a constant C' > 0 such that for any t € [0,T] and z, 2’ € R*
b(t,z)| + |o(t,z)] < C(1+|z|) and |o(t,x) —o(t,2’)| + |b(t,x) — b(t,2")| < Clz —2'|.  (2.1)

Throughout this paper we assume that assumption [H1] holds.

[H2]: for i € J, f; satisfies:
() (t,z) — fi(t,z,y',...,y™, 2) is continuous uniformly w.r.t. (7,2) = (y', . y™, 2);

(ii) f; is uniformly Lipschitz continuous with respect to (7, 2) == (y!,...,y™, 2), i.e., for some C > 0,
|fi(t,33,y1, ”"ym’ Z) - fi(t7$7glv ‘”,gm, 2)| < C(|yl - :’j1| +oeee |ym - gm| + |Z - Z|) ;
(iii) the mapping (¢,z) — fi(t,x,0,...,0) is B([0,T] x R¥)-measurable and of polynomial growth
i.e. it belongs to I19;
(iv) Monotonicity: Vi € J, for any k € J %, the mapping yx € R+ fi(t, 2, Y1, oos Yh—1s Yk> Ykt 1y o> Ym)

is non-decreasing whenever the other components (t,x,y1, ..., Yk—1, Yk+1, ---» Ym) are fixed;

[H3]: (i) g;; is jointly continuous in (¢, ), non-negative, i.e., g;;(t,z) > 0, ¥(¢t,z) € [0,T] x R¥ and
belongs to I19;
(ii) The non-free loop property: for any (t,z) € [0,T] x R* and for any sequence of indices iy, ..., i

such that i1 = iy and card{iy,...,ix} = k — 1 we have:
Givio (tvx) + Gisis (tvx) +oeee Gir_1ig (tvx) + Gigiy (tvx) > 07 V(t,a;) € [OvT] X Rk'
As a convention we assume hereafter that g;(t,2) = 0 for any (t,z) € [0,7] x R* and i € J.

[H4]: h; is continuous, belongs to I19 and satisfies:

vz € R, hi(z) = jglgg(hj(:ﬂ) —9i((T,)). M

Next let us introduce the following infinitesimal generator

Lo(t,z) = %TT[(J.UT)(Lm)Dixcp(t,x)] +b(t,z) "Dyt ) (2.2)

for a function ¢ which belongs to C12([0,T] x R¥;R) (Tr is the trace of a symmetric matrix and (.)"
stands for the transpose). It is associated with a stochastic process which we will describe precisely

below. [ |



In this paper we are concerned with the existence and uniqueness in viscosity sense of the solution
(W', ™) s (tx) € [0,T] x RF s (v'(t,2),...,v™(t,z)) € R™ of the following system of m partial
differential equations with inter-connected obstacles: Vi € J

min {vi(t,az) — max (—g;;(t,x) +v;(t,z)) ;
JET !
—Ow;(t, ) — Lui(t,x) — fi(t,z,v (¢, x), ..., 0™ (¢, 2), JT(t,x).vai(t,x))} =0; (2.3)
vi(T,x) = hi(x). [ |

To proceed we will precise the notion of a viscosity solution of the system (23]). It will be done in
terms of sub- and super-jets. So for any locally bounded function u : (t,7) € [0,7] x R¥ = u(t,x) € R,
we define its lower semicontinuous (Isc for short) envelope u,, and upper semicontinuous (usc for short)

envelope u* in the following way:

ug(t,x) = lim u(t',2') and u*(t,z) = lim u(t', 2).

x> (tx), ' <T (2" ) = (t2), t'<T
Definition 1 : Subjects and superjets

(i) For a function u : [0, T] x R¥ — R, Isc (resp. usc), we denote by J~u(t,z) the parabolic subjet (resp.

Jru(t,z) the parabolic superjet) of u at (t,x) € [0,T] x R¥, as the set of triples (p,q, M) € R x R¥ x SF
satisfying

w(t',x') > (resp. <) ult,z)+plt —t)+ < q, 2’ —x >+

1<l —a, M@ —2) > +o(|t/ —t| + |2/ — z]?)
where S¥ is the set of symmetric real matrices of dimension k.

(i) For a function u : [0,T] x RF — R, Isc (resp. usc), we denote by J-u(t,z) the parabolic limiting
subjet (resp. Jtu(t,x) the parabolic limiting superjet) of u at (t,x) € [0,T] x R*, as the set of triples
(p,q, M) € R x R*¥ x S* such that:

(pryM) = hm(memMn)’ (tv$) = hmn(tna$n)

with (Pny Gy, Mp) € J - u(tn, xn) (resp. JTu(ty, )  and u(t,z) = lim, u(t,, z,).

We now give the definition of a viscosity solution for the system of PDE equations with oblique

reflection (2.3]).

Definition 2 : Viscosity solution to (2.3)
(i) A function (vi,...,vm) : [0,T] x RF — R™ such that for any i € J, v; is Isc (resp. usc), is called
a viscosity supersolution (resp. subsolution) to (23) if for any i € J, for any (t,z) € [0,T) x R* and



any (p,q, M) € J-vi(t,x) (resp. JTvi(t,z)) we have:

JjeET "
—p—b(t,2)".q — $Tr[(o0T)(t, x)M] — fi(t,z,v1,... ,Vm,0(t,2) T . M)} >0 (resp. < 0);

vi(T,x) = (resp. <) hi(z).

min {fui(t,x) — max (—g;;(t,z) + v;(t,z));

(ii) A locally bounded function (vq,...,vm) : [0,T] x R¥ — R™ is called a viscosity solution to (23) if

(V1sy ooy Ums) (TESD. (U], ..., %)) is a wiscosity supersolution (resp. subsolution) of (2.3). [ |

As pointed out previously we will show that system (23] has a unique solution in viscosity sense.
A particular case of this system is the deterministic version of the optimal m-states switching problem

which is well documented e.g. in [10} 20] and which we will describe in the next section.

3 The optimal m-states switching problem

3.1 Setting of the problem

Let (2, F,P) be a fixed probability space on which is defined a standard d-dimensional Brownian
motion B = (By)o<i<t whose natural filtration is (F7 := 0{Bs,s < t})o<i<r. Let F = (F)o<i<r be
the completed filtration of (FP)o<i<7 with the P-null sets of F, hence (F;)o<i<7 satisfies the usual
conditions, i.e., it is right continuous and complete. Furthermore, let:

- P be the o-algebra on [0,7] x © of F-progressively measurable sets ;
- H?* be the set of P-measurable, RF-valued processes w = (w;)<7 such that E[fOT lws|?ds] < oo ;

- 82 be the set of P-measurable, continuous, R-valued processes w = (w¢)e< such that

Efsupicr [wi?] < oo.

The problem of multiple switching can be described through an example as follows. Assume we
have a plant which produces a commodity, e.g. a power station which produces electricity. Let J be
the set of all possible activity modes of the production of the commodity. A management strategy of
the plant consists, on the one hand, of the choice of a sequence of nondecreasing stopping times (7,,)p>1
(i.e. 7, < 741 and 19 = 0) where the manager decides to switch the activity from its current mode to
another one. On the other hand, it consists of the choice of the mode &,, a r.v. F;, -measurable with
values in 7, to which the production is switched at 7, from its current mode. Therefore the admissible
management strategies of the plant are the pairs (0,€) := ((7)n>1, (§n)n>1) for which we require also
that P[r, < T,Vn > 0] = 0. This set is called of admissible strategies and denoted by D.

Next, assuming that the production activity is in mode 1 at the initial time ¢ = 0, let (oy)i<7 denote
the indicator of the production activity’s mode at time t € [0, 7], i.e.,

Oét = H[O,Tﬂ(t) + Z Enﬂ(Tnﬂ'nJrl}(t)' (31)

n>1

7



Finally, for i € J, let (i(t,w))t<T be a process of H*! which stands for the instantaneous profit
when the system is in state i and for i, j € J, i # 7, let (g;;(t,w))i<r be a process of S? which denotes
the switching cost of the production at time ¢ from current mode ¢ to another one j. If the plant is run
under the admissible strategy (6,£) = ((7n)n>1, (§n)n>1) the expected total profit is given by:

T
I6.) = B[ v (5)ds = 3 g, s () i)
0 w1
Therefore in several works authors are usually interested in either finding an optimal strategy, i.e, a
strategy (0*,&*) such that J(6*,&*) > J(6,€) for any (4,£) € D ([10L 20]) or at least in characterizing
the quantity sup(s¢yep J(0,€) in some specific cases ([5, [15]). This latter quantity is in a way the price
of the power plant in the energy market. |

3.2 Connection with systems of reflected BSDEs with oblique reflection

In order to tackle the switching problem described above, we usually relate it to systems of reflected
BSDEs with oblique reflection which we introduce below in the case we need in order to deal also with
the system of PDEs (2.3)).

Let (t,z) € [0, T]x R* and (X4),<7 be the solution of the following stochastic differential equation:

dX5* = b(s, Xb%)ds + o (s, X0")dB,, s € [t,T] and X5* = x for s € [0,1].
The solution of this equation exists, is unique, since b and o verify [H1], and satisfies:
Vp > 1, Elsup | X ®[P] < O(1+ [z[P). (32)
s<T

Next let us introduce the solution of the system of reflected BSDEs with oblique reflection associated
with the deterministic functions ((fi)ic7, (9ij)ijes, (hi)ies) introduced in Section 2. The solution
consists of m triplets of processes ((Y%4®, Z&b® K46T)),c - which is denoted, for convenience, by

(Y4, Z', K%))ies and satisfies: for any i € 7,

Yi KieS? Z' € H*? and K’ non-decreasing and K} = 0;

Y= hi(Xg") + fsT filr, XPE Y, Y Zdr 4+ K — K — fST ZidB,, Vs <T
Yi> maxjejfi{ysj - gz’j(S,Xﬁ’z)}, Vs <T

Jo (Vi —max;c 7 {¥7 — gij(s, X&) })dK? = 0.

(3.3)

We first provide an existence and uniqueness results of the solution of ([B.3]) and some of their

properties as well.

Theorem 1 Assume that:
1) the functions (f;)icg satisfy (H2)-(ii), (i) and (iv) ;
2) For any i,j € J, the functions g;; (resp. h;) verify (H3) (resp. (H4)).

Then the system (3.3) has a solution (Y, Z', K"))i=1.m-



Proof: Since the above assumptions are not exactly the same as the ones of Theorem 3.2 in [19] we give

its main steps for sake of completeness.

Step 1: Let us consider the following BSDEs:

Y € 82,7 € {24

_ o _ (3.4)
Yy = maxi—1m hi(X5") + [T maxi—m £i](r, X0°, Ye, .. Y0, Z,)dr — [] Z,dB,,s < T,

and

Y € 82,7 € H>A

(3.5)
XS = mini:l,m hZ(Xélm) + fST[miniZLm fl] (Ta Xf"xer7 cee 7Xrazr)dr - fST ZrdBTy s < T.

Thanks to the result by Pardoux-Peng [24], the solutions of both (B.4]) and (3.5]) exist. We next introduce
the following sequences of BSDEs defined recursively by: for any i € J, Y% =Y and for n > 1 and
s<T,

yin Kin e 82, Z¢n € H2? and K*" non-decreasing;
Vi = hi(XE") + [T filr, XPE Y Ty eyt ZE
VKR - K" — [T Zi"dB,; (3.6)
Yo" > maxje s { Y = gy (s, X b
Jo (V" = maxje - VP  — gig(s, XM DA™ = 0.

By an induction argument and the result by El-Karoui et al. ([I2], Theorem 5.2), we claim that the
processes (Yo" Zt" K%") exist for any n > 1. Next using the comparison theorem of solutions of
BSDEs (see e.g. Theorem 2.2 in [13]) we deduce that for any i € 7, Y* < Y%Ll Now since f; satisfies
the monotonicity property (H2)-(iv) and using once more the comparison of solutions of reflected BSDEs

(see e.g. Theorem 4.1 in [12]) we obtain by induction that:
Vn>0andiec J, Yo" <ybntl

Since the processes ((Y, Z,0));c7 is a solution for the system of obliquely reflected BSDEs associated
with (([maxi=1m fil(s, X3 4%, 4™, 2))ics, (maximy m hi(XE"))ies, (9:(s, X%))ijes), an induction
procedure and the repeated use of comparison theorem, which is justified taking into account that f;

satisfies the monotonicity property (H2)-(iv)), leads to

Vn>0, VieJ, YY" <Y,

Step 2: Using Peng’s monotonic limit theorem (see Theorem 2.1 in [25]), we deduce that for any i € 7,

there exist:

(i) a cadlag (for right continuous with left limits) process Y such that Y*" 7 Y? pointwisely ;



(ii) a process Z° of H>? such that, at least for a subsequence, (Zi’")nzo converges weakly to Z' in
#H>4 and strongly in LP(dt ® dP) for any p € [1,2] ;
(iii) a cadlag non decreasing process K such that for any stopping time 7, (Ki’")nzo converges to

K! in LP(dP) for any p € [1,2].
Additionally in taking the limit in (3.8]), the triple of processes (Y, Z¢, K*) satisfies:

Yi= (X35 + [T filr, XE2 Y LY ZEydr 4+ K — KL — [T Z8dB, and

. . (3.7)
Y! > max,. 7—i{YJ — Qi s,Xﬁ’m , Vs < T.
s Jj€T J

Next let us consider the following m independent reflected BSDEs with a cadlag barrier which, in
addition, are independent of each other (for existence and uniqueness results for such BSDEs, we refer

to [16]):

Yi=h(XE") + [T filr, XPO VN YL Y Y Y 20 de + K — K — [T ZidB,, s <T

Vi > maxje s {YY — gij(s, X)), Vs < T

(Vi = maxje (VY — gij(s, X0T)ARE =0, 5 < T

(3.8)

where Y (resp. K}_) = lim, /tf/si (resp. K!), t > 0. Henceforth in using once more comparison
theorem (e.g. [16], Theorem 1.5) we have for any i € J, Y*" < Y and then Y? < Y?. On the other
hand using It6’s formula with (Y — Y;})*)2, t < T, we obtain that Y} < Y}, for any t < T. Actually
this is true because Y7 is the minimal solution which satisfies system B). It implies that Yi =Y,
and then Z' = Z!, K' = K*, for any i € J. Therefore (Y, Z!, K') satisfies not only the system (B.7)
but also:

T . .
/0 &= jrél?}fi{w_ — 9ij(5, Xg")}AK; =0, Vie J.

It remains to show that, for each i € 7, Y is continuous. For this, let us assume that for some 4 and tg,
AY = (Y =Y ) <0, therefore AK] > 0 and then from (B.8) we deduce the existence of iy € J
such that th)_ = Yt?_ — giil(to,Xf(’)x) and as Y;f) > Yt? — Giiy (to,Xf(’)m) then AY;? < 0. Repeating this
reasoning as many times as necessary we deduce the existence of a sequence of indices (ix) such that
i € J %=1 and

lk—1 __ ik . . t,x
}/;fo— - X/t()— - gzkfllk(to’XtO )

As J is finite then there exists a sequence ji, .., j,—1 which are all different such that
t, t,
Gi1ja (to, Xtox) 4+ 4 9jp_11 (to, Xtom) =0.

But this is contradictory with the assumption [H3]-(ii) and then such a tg does not exist and Y is

continuous for any i € J. Therefore ((Y?, Z%, K'));c7, is a solution for the system of reflected BSDEs

B.3). ]
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We now give a remark related to comparison of the solutions of system (3.3]) constructed in Theorem
[l Its proofis rather easy since an induction argument allows to compare the solutions of the convergence

schemes. Actually we have:

Remark 1 : Let (f])icg (resp-(9i;)ijeg, resp. (hi)ieg) be functions that satisfy (H2)-(ii), (iii), (iv)
(resp. (H3), resp. (H4)) and let (Y, 2", K'"))ics be the solution of the system of reflected BSDEs

associated with ((f])ie7,(9;)ijer, (h)ieg) constructed as in Theorem[D. If for any i,j € J we have:
fi < fis hi < b and gij > g3

then for any i € J,
Yi<Y"
In case of uniqueness of the solutions of those systems, this result reduces to the comparison of the

solutions. [ |

We now focus on the regularity properties of the solution of system (3.3]) constructed in Theorem

@

Proposition 3.1 Assume the assumptions of Theorem[1l are fulfilled. Then there exist lsc deterministic

functions (v');er, defined on [0,T] x R¥, R-valued and which belong to 119, such that:
Vie J,Vselt,T], Yi=n0i(s,X\),
where (Y, Z', K%));e7 is the solution of (3.3) constructed in Theorem [l

Proof: Actually under the hypotheses of Theorem [Il there exist deterministic continuous with polyno-
mial growth functions @(t,2) and (¢, ) with values in R such that for any s € [t,T],Y; = o(s, X1")
and Y, = v(s, Xo") ([13], Th.4.1).

Next by induction and thanks to the result by El-Karoui et al. ([12], pp.729), there exist determin-

istic continuous functions v*"(¢, z) in the class I19 such that for any i € J and n > 0,
Yin = otn(s, X0 Vs € [t,T], (3.9)

the process Y™ being defined as the unique solution of (3.6]) (see step 1, Theorem[) As Y" < Yintl <
Y then for fixed i, the sequence (vivn)nzo is non-decreasing and such that v»™ < o, then it converges
pointwisely to v*. This latter function is therefore lower semi-continuous on [0, 7] x R* of polynomial

growth since v < v’ < o and finally for any s € [t,T],Y! = vi(s,Xé’x). O

Remark 2 : Since v, i € J, belongs to 119, then classically (see e.g. [12]) one can show that for any
i €T, |2 y2a(t, ) is also of polynomial growth. [ ]
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We next give a representation result for the solutions of system (B.3) and, as a by product, we
obtain a uniqueness result in some specific cases. Actually let fix U = (u")i=1,m in H2™ and let us
consider the following system of reflected BSDEs with oblique reflection:

Vie J,Vs<T,

yuwi Kwie 82z ¢ H>4 and K" non-decreasing (ng =0);

uz o h ( tw +f fz r, Xﬁw,’LTr), ;hi)d,r_i_K;,i _K;L,i_ fsTZru’idBr;
Y > maxe g (Ve — gij(s, Xo7)};
fOT(Ys“’Z —max;c 7-i{Ys" — gij(s, X" Dds = 0.

(3.10)

Let s < T be fixed and i € J and let D! be the following set of admissible strategies :
D; = {a = ((Ta)n20, (n)n>0) € D, &0 = 4,70 =0, 71 > s and E[(A%)?] < oo}

where for any r € [0,T], A% is the cumulative switching costs up to time r, i.e.,

= ngnflvgn (Tn,X,trf)l[Tngr] for r < T and Ap = gi_IE%AT, Pa.s.

n>1
Therefore and for any admissible strategy a we have:
Af = ZQ&L 175n(Tn7X )1[Tn<T}
n>1

Note that, by definition of the set D, (7,,(w)) is a stationnary sequence (for almost all w) and therefore
the previous sum is finite, P-almost surely.

Let us now consider a strategy o = ((75)n>0, (£n)n>0) € D% and let (P¥, Q%) := (P%, Q%)s<r be the
solution of the following BSDE (which is not of standard type):

® is RCLL and E[sup,<y |P&%) < 0o, Q% € H>Y;

xto) P T (3.11)
_h +f fa 7‘ 7UT7Q$)dT_fs Q?dBT_(A%_A?)7V8§T7

with

Z hﬁn ]1[77L<T<Tn+1[ and fOé(t €, ZEJ? Z fﬁn ., 2677 Q)H[Tngr<'fn+1['
n>0 n>0

In setting up P® := P® — A% we easily deduce the existence and uniqueness of the process (P®, Q%),
since A® is adapted and E[(A%)?] < oo, and the generator as well as the terminal value of the trans-

formed BSDE are standard.

We then have the following representation for the solution of (3.I0]) which is the main relationship
between the value function of the optimal switching problem and solutions of systems of reflected
BSDEs with oblique reflection. This result usually referred as the verification result is not new and has

been already shown in several contexts and under various assumptions.
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Theorem 2 Assume that for any i,j € J:

(i) f; satisfies (H2)-(ii), (iii) and for any fized (3 , z) the mapping (t, ) — f;(t, 2, 3, 2) is B([0, T]xR¥)-
measurable ;

(it) gij (resp . h;) satisfies (H3) (resp. (H4)).

Then the solution of system of BSDEs (310) exists and satisfies:

Vs <T, ViecJ, Y = ess $UPqepi Py - (3.12)
Thus the solution of (310) is unique.

Proof: Thanks to Theorem [l and considering once more the same assumptions on the functions
(fi»9ij» hi)i jes the solution (Y% Zwi Ki),c 7 of system (B.I0) exists. Next using that Y% is so-
lution to system (B.I0) and following the strategy o € D% in (B.3]), we obtain:

T T
Yoz ha (X + [ gl X T 20— [ 2B, - (a5 - A+ Rp (313)
S S
where

K= (K-K)ift<r<m, K=K +(K&"—K&) if 7, <7 < 11 Vr < T, Z2 = Z Z5 1, <r i
n>0
As f(% > 0 then we have:
Y& > P* Y a €D

Note that the right-hand side in (8.I3]) is not a BSDE, therefore we shall rather consider the equation
satisfied by Y% — P where the pair (P%, Q%) satisfies (3.I1). Then using an equivalent change of
probability we deduce the previous inequality.

Next let o = (7, )n>0 be the strategy defined recursively as follows: 7§ = 0, {} = ¢ and for
n >0,

Thy1 = inf{s > 7, Ys“,iii = max (Ys“’j — Gex ,j(s,Xz’m))} AT
jej*f;} "

and
* ) j * t’
€n+1 = argmaxjeJ,g,»; {Y;jtil — 9¢x g (Tn+17 XT:il)}
Let us show that o* € D! and, for this, let us first prove that P[r}f < T,V¥n > 0] = 0. Actually assume
the contrary i.e. P[r;; < T,V¥n > 0] > 0. Therefore thanks to definition of 7}, we have:
PYEST = YIS — e e (my, XET ), €0 € T 50, Wi > 1] > 0,

7—n«b»l 7—n«b»l

As J is finite then there is a state i9 € J and a loop 1ig,%1,...,7k, % of elements of J such that

card{ig, i1, ...,i} = k + 1 and

gy UL t,x i . iy
P[YT;:1 = YT:;+1 — gilvil+1(T;+17XT;+l)’ 1=0,...,k, (ike1 =10), Yn > 1] > 0.
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Therefore taking the limit w.r.t. n to obtain:
PIY 5 = YU g (1, XET), 1= 0, k, (ige1 = d0)] > 0
where 7 := lim,,_,o 7. But this implies that
Plgio,ir (7, X7%) + - + giyio (1, X2%) = 0] > 0

which contradicts assumption (H3) — (7). Thus we have P[r} < T,¥n > 0] = 0.
Next it only remains to prove that E[(A% )?] < co and a* is optimal in D for the switching problem
(B.12). Actually following the strategy a* and since Y% solves the reflected BSDE (B.10), it yields: for

any n > 1,
7_*

T';: * n * *
Yyl = Y:ﬁz’g" +/ for (r, X5 00, 297 )dr — / Z; dB, — AL (3.14)
S S

noting that K=" — K& = 0 holds for any r, 7/ < r < Tny1- Taking now the limit w.r.t. n in (3.14) to

obtain:
o T * T * *
YV = o (X2F) +/ for (r, X5 02, 297 )dr — / Z¥ dB, — AT . (3.15)
S S

But taking into account the assumptions (H4) and (H2)-(ii),(iii) satisfied by h; and f; respectively and

since ¥ € H2™ and Z% € H2? and (Y?); € (S2)™, we deduce from (BI5) that E[(A37)?] < oo. Tt

follows that a* € D! and Yi*" = P2, thus (312) holds and the solution of (3.10) is unique. |

Next for o := (ui)i:Lm € H>™ let us define by
() = (Y )izt,m (3.16)

where ((Y%! Z%¢ K%%));—1 m is the solution of system (@.I0) which exists and is unique if the assump-
tions of Theorem [ are fulfilled. Note that when the processes (Y“%);—1 ,, exist they belong to (S?)™

and then ® is a mapping from H>™ to H>™.

The following result, established by Chassagneux et al. [7], shows that ® is a contraction in H>™
when endowed with an appropriate equivalent norm. Therefore the existence and uniqueness of a
solution for (3.3)) is deduced for general functions f; since, contrary to Theorem/[I] they are not supposed

to satisfy any monotonicity assumption. Actually we have:

Theorem 3 Assume that for any i,j € J the following assumptions are fullfiled:
(i) fi verifies (H2)-(ii), (iii) ;
(11) gij (resp. h;) verifies (H3) (resp. (H4)).

Then we have:

(a) For any U = (ui)izl,m, U = (vi)izl,m e H>m,
T
Vie J, Vs <T, B[V — VPP < C(| W - V|3m = E[/ ay — o7 || 2dr]) ; (3.17)
0
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(b) The mapping ® is a contraction when H>™ is endowed with the following equivalent norm:
()il = EL[ 53 i Phasly?, where @ = (u)ics m € H
0 i=1,m
for some appropriate By € R.
Proof: We provide it only for the sake of completeness since it has been already given in [7]. For i € J,

U and U € H2™ let us set
@i(r, X%, 2) = filr, X% ur, 2) V fi(r, X5%, 07, 2), v < T,

and let us consider the solution, denoted by (f”, 7\ K H)ic7, of the system of obliquely reflected BSDEs
associated with (¢;(r, X2, 2))ies, (hi)ies and (9ij)i,jes which exists and is unique by Theorem [l As

shown in Theorem [2], the following representation holds true:
Vs <T, Yi = ess SUPgepi P,
where for a € D! the pair of processes (15“, Q“) verifies:

P is RCLL and Elsup, < |pa|2] < o0, Q% € H>%,
Pe = ha(XE") + [ @alr, X0, Q2)dr — [ QdB, — (A% — A2), ¥y < T.

Additionally an optimal strategy a exists i.e. f/; = pf Note here that the dependence of P% on i is

S

made through the strategy a which belongs to D%. Now since for any » < T and z € R, ;(r, Xﬁ’x, z) >
filr, X5 ur, z) and @;(r, xb z) > fi(r, X o, z) then by comparison and uniqueness (see Remark
) we have:

Y% <Y?and Y <Y (3.18)

Next for a € D, let (P%, Q%)< be the solution of the non-standard BSDE (B.I1)) and let (P/*, Q'%),<r

be the solution of the same non-standard BSDE with generator f,(r, X" ol 2 z). Then we have:
Py <Y <Y} =Pland P <Y <Y =P}
which implies,
Yo =Y < |PE = P+ |P] = P (3.19)

But for any n < T we have:

Py — Py =

S L falr, X070, Q) V falr, X077, Q1) — fa(r, X0%,ul, Q1) ydr — [1{Q2 — Q}dB,,

and a similar equation is valid for ]5,? — Pé&. Next using [t6’s formula to obtain:

|PE— PA2+ [T1QF — Q2Pdr = —2 [T (PF — P){Q} — Q1}dB,

+2 [T(PE — PO{ fa(r, X0", !, Q2) V falr, X0%, 07, Q) — fa(r, X2, 0y, Q%) hdr.
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As for any z,y € R we have |z Vy —y| < |z — y|, then
. N T~ N T, =x N _
[Py — P>+ [ |QF — QFfPdr = =2 [ (P — PI{QF — QF}dB,
+2 fnT |p7(‘~1 - Pﬁ”ffl(r’ X7t“7x7 U_T)) Q?) - ffl(r’ X7t“7x7777“>7 Q?)|d’f’

Now classically we obtain the existence of a real constant C' > 0 such that:

T
Blsup [P}~ P < CE[ [ |2 - % |Par]. (3.20)
n<T 0

In the same way considering \]55” — P*|? we obtain a similar inequality as ([3.20) where P is replaced by

P'%. Finally going back to (3.I9), squarring and taking the expectation, we obtain the first estimate.

Let us now show that ® is a contraction. Let S > 0 and let us make use of It6’s formula to obtain:
e B — P2 + [ e7|Q — QPdr = 2 [ P (PF — P2)(QF — Q)dB, — B [ | PY — P dr
+2 [ e (PE — PO{falr, X0%, ul, Q2) V falr, X0%, 07, Q%) — falr, X270y, Q%) bdr, n < T.

But
| falr, X507 ur, Q2 V falr, X0, 07, Q%) — fa(r, XE*, ur, Q2 < C(Ivy — wi| +1QF — Q7))

where C'is the Lipschitz constant of f. Therefore taking expectation in the previous equation and using

both inequalities 2Czy < (Cz)? + y? and 22y < j—% + +/By? for any x,y € R, we obtain: V7 < T,

. ~ T . _ C T
E[ef) B3 — P32] < (C? + C\/B - B)E| / o PE — PEdr] + | / i — o2 2dr]
n n

But the same estimate can be obtained for E[EB"@,‘? - Péa|2]. Taking 8 > C? + C+/B and going back

to (B.19) to obtain:

Bs |y u,i 0,12 2C T — —2
Ele™|Y"" = Y] < \/—BE[ ; [ur — 7 |"dr]. (3.21)

Next summing for ¢ = 1,m in (B2I) and integrating w.r.t. dt we obtain that:

T . , 20T T
o 2 . eﬁs w082 S 17)_?]—)274.
18(T) — B(D)|3 - E[/O (3 [y — vpip)ds) < ﬁﬂz[/o i — o|2dr]

Choosing now 8 = By > 2max{(207T)?,C? + C/B} yields that ® is a contraction in the Banach

i=1m

space (H>™,|\.|l5,), therefore it has a fixed point (Y?);=1,, which can be chosen continuous since
P((Y)iz1.m) € (S?)™. Thus the system of reflected BSDEs with interconnected obstacles has a unique

solution. [ |

Remark 3 Let (Y0),c7 be fived processes of HE™ and forn > 1 let us set (Y"");er = ®(Y" 1) 7).
Then the sequence ((Y*™)ic7)n>0 converges in (H>™,|.||) to the unique solution of the system of
reflected BSDEs associated with ((fi)ie7,(9ij)ijeq, (hi)ies) since ® is a contraction in (H>™,|.|I5,)

and the norms ||.||g, and ||.| are equivalent. [ |
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4 Uniqueness of the solution of the system of PDEs

In this section we deal with the issue of uniqueness of the solution of system (2.3]) and to do so, we first

establish an auxiliary result which is a classical one in viscosity literature (see e.g. [26], pp. 76).

Lemma 4.1 Let (v;(t,z))i=1,m be a supersolution of the system (2.3), then for any v > 0 there exists
)\0 > 0 which does not depend on 0 such that for any A\ > X\g and 6 > 0, the m-uplet (v;(t,x) +

e M|z|2+2), 1 is a supersolution for (2.3).

Proof: Without loss of generality we assume that the functions vy, ..., v, are lsc. For sake of conve-
nience, we do not use the previous definition of a supersolution but an equivalent one (see e.g. [§]). Let
i € J be fixed and let ¢ € C12 be such that the function ¢ — (v’ + fe=**|2|?7+2) has a local maximum
in (¢,z) which is equal to 0. As (v;)i=1,m is a supersolution for ([2.3)), then we have: Vi € 7,

min {ut,) ~ o (<5 (t.0) + 03(t2)

JjeJ—t
—0(p(t, ) = 0N |2 P12) — 5Tr (0.0 (t, ) D, (p(t x) — O |z[*+2))
_b(t7 l‘)T.Dm(C,D(t, $) - 06_M|$|2’y+2) ( (Ulv )(t l‘) T(tv $)Dm((p(t7 l‘) - 96_M|x|2ﬂﬁ_2))} >0

which implies that

(vi(t, z) + Oe~ M |z|272) — max (—gqi;(t, z) + (v;(t, x) + O |z[2172))
JET ! (4.1)
= v;(t,x) — max (—g;;(t,z) +v;(t,z)) > 0.
jeET "

On the other hand:

—0y(o(t, ) — 0 M[x|P142) — ITr (0.0 T (t,2) D2, (@(t, x) — fe= M |x[>72))

_Dw((p(t7 l‘) - 96_M|x|2ﬂﬁ_2)'b(tv $) - fi(ta €, (Ul, “ee 7Um)(t7 $)7 JT (t7 ﬂj‘)Dx((,D(t, $) - 06_M|$|2’y+2)) 2 0
and then

—op(t,x) — %TT‘(U.O‘T(t,l‘) D2 p(t,x)) — b(t,x)T.Dmgo(t,x)
—filt,z, (V' (t, ) + 0e M@ P1F2)iy 0 T (t,2) Dap(t, )
> Ore M|z [P H2 — 20e M Tr(0.0 " (¢, 2) D2, |2|*7T2) — 0e =MDy (|2|22).b(t, z) (4.2)
+filt,z, (0 0™ (), 0T (E2) Da(p(t, @) — B[z 27H2))
—filt,z, (v, ..., 0™)(t, x), ol (t,z)Dyp(t, x))].

But the last term in the right-hand side of this latter inequality is equal to
ee_AtCti,x,e,)\‘O-T (t7 x)D$(|$|2ﬁ/+2)v

where Of,x,e, ) is bounded by a constant independent of ¢ since the function f; is uniformly Lipschitz
w.r.t. z. Therefore, taking into account the growth conditions on b and o, there exists a constant

Ao € RT which does not depend on 6 such that if A > \g, the right-hand side of ([£2]) is non-negative.
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Henceforth, noting that i is arbitrary in J together with (@.I]), we obtain that (v’ + e |z|>7+2),;

)

is a viscosity supersolution for (2.3]). [ |

We now establish the comparison property between supersolutions and subsolutions of (2.3]) in the
case when f; does not depend on (y', ...,y 1 4T ... y™) for any i € J. Actually let us introduce

the following assumption on the functions f;’s.

[H5]: For any i € J, the function f; does not depend on (y',..., 4"~ ¢+ ... y™). Note that this
assumption replaces assumption (H2)(iv): this last one does not make sense any more when f; depends

only on y*, 2°.

Proposition 4.1 Assume both (H3) and (Hj) and let suppose that the functions f;, i € J, verify (H2)-
(i),(ii) and (H5). Let (u'(t,x))i=1.m (resp. (v(t,x))i=1.m) be a subsolution (resp. a supersolution) of
the system (2.3) which belongs to 119, then for any i € J, we have:

V(t,z) € [0,T] x RF wi(t,z) < vi(t, z).

Proof: First w.l.o.g we assume that u; (resp. w') is usc (resp. lsc) for any i € J. Next let v > 0 and

C be such that that for any ¢ € J we have:
lui(t, )| + [v'(t, )] < C(1+ |=|7), Y(t,z) € [0,T] x R¥.
For sake of clarity, the proof is divided into two steps.
Step 1: To begin with we additionally assume that the functions f;, i € J, satisfy:
IN<O0st. Vi,x, 2z, Vu>o, fi(t,z,u,z) — fi(t,x,v,2) < AMu—v). (4.3)

According to the previous lemma we know that for any # > 0 and X\ large enough (v;(t,z) +
fe=|x|>7%2);21 ,, is also a supersolution for (Z3). Therefore it is enough to show that for any i € 7,
we have:

V(t,z) € [0,T] x Rk,ui(t,:n) < vi(t,x) + He_At|:17|2“/+2,

since in taking the limit as # — 0 we obtain the desired result. So let us set w*? (¢, z) = vi(t,z) +
Ge M|z |27H2) (t,z) € [0,T] x R* and we still denote w?* by w’. Next assume there exists a point
(t,Z) € [0,T] x R* such that for i € J: max;c 7 (u'(, ) —w'(f,Z)) > 0. Next using the growth condition
there exists R > 0 such that:

V(t,z) € [0,T] x R* s.t. |z| > R, ui(t,z) —w'(t,z) < 0.
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Taking into account the values of the subsolution and the supersolution at T', it implies that

0 < max( zefo,7]xrF Maxie 7 (W' (t, ) —w'(t,z)) =

MAaX(y p)ef0,7]x BO0,R) MaXies (u'(t, ©) — w'(t, ) = max;e 7 (u'(t*, ) — w'(t*, 2*)), )
where B(0, R) is the open ball in R¥ centered in 0 and of radius R and (t*,2*) € [0, T[xB(0, R).
Now let us define J as:
J = 1{j € T,u;(t',z*) —wl(t*, %) = Igleag(uk(t*,x*) —wk(t*, %)} (4.5)
First note that 7 is not empty. Next for j € J and n > 1, let us define:
) (1 a,y) = uy(t,2) —w (ty) —ealt,z,y), (tay) € [0,T] x R, (4.6)

where: @, (t,z,y) == n|z —y[22 + |z — 2|2 + |t — t*|%. Now let (tn,zn,yn) € [0,T] x B'(0, R)? be such
that

&7 (t,, x = max I (t,x
n( n» nayn) (t.2.0)€[0.T] X B'(0.R)? n(7 ,y),

which exists since 4, is usc (B'(0, R) is the closure of B(0, R)). Then we have:

O (¢, ) = uy(t*,27) —w! (¢, %) < up(t,27) —w? (%, 2%) + ontns s yn) < wj(tn, ©n) = w (tn, yn).
(4.7)
The definition of ¢,, together with the growth condition of u; and w! implies that (Tr,—Yn)n>1 converges

to 0. Next for any subsequence ((tn,, Tn,, Yn,))1 Which converges to (¢, %, ) we deduce from (A7) that
wi(t*, z*) — w! (t*, %) < u;(f,3) — wi (£, ),

since u; is usc and w’ is lsc. As the maximum of u; — w’ on [0,7] x B’(0, R) is reached in (t*,z*)
then this last inequality is actually an equality. It implies, from the definition of ¢,, and ([&7]), that the

sequence ((ty, Tn,Yn))n converges to (t*,z*, *) from which we deduce
n|zn — yu7*? =0 0 and (wj(tn, @), w? (tn, yn)) —n (u; (¢, %), 0! (8, 57)).
Actually this latter convergence holds since from (4.71]) we first obtain,

uj(t*v$*) - wj(t*v$*) < h_muj(tna$n) _@wj(tmyn)y
n

whereas the fact that u; (resp. wj) is usc (resp. lsc) gives

Tim w;(tn, 2n) — Hmw? (t,, yn) < uj(t,2*) —w? (£, 2%).
n n

All these inequalities imply that

lim w; (tn, 2n) = lmw;(ty, ) = u;(t*,2%) and limw’ (t,, z,) = lmw! (t,, z,) = w’ (£*, 2%).
n n n n
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Next as in [21], let us show by contradiction that for some k € J we have:

J

Actually suppose that for any k € J we have:

ur(t*, ") < max (u;(t*, ") — gi;(t*, 7)),
jeg—k

then there exists j € J % such that

up(t™, ™) —u;(t", 2) < —gpi(t*, 2%).
But w* is a supersolution of (23], therefore we have

wh () > Wl (tF, %) — Gt ")
and then

up(t, @) —uj(t*,2%) < —giy (¢, 2%) < wh(t*,27) — w! (¢, 2%).
Therefore
up(t*, %) — wh(t*, 2%) = ui(t*, x") — w’ (t*, *)

which implies that j also belongs to J and
up(t™, 2*) —u(t*, %) = —gi; (1%, 27).

Repeating this procedure as many times as necessary and since J is finite we get the existence of a

loop of indices 41, ..., %p, ip4+1 Of J such that i; = ip+1 and
gihiz(t*vfp*) t ot Gipipga (t*,z%) = 0.

But this contradicts the assumption (H3) on g;;, i,j € J, whence the desired result.0

To proceed let us consider k € J such that:
ug(t”, 27) > jgljafk(u]'(t*7 %) = g (7, 7). (4.8)
As the functions uj;, j € J, are usc and g;; are continuous, then there exists p > 0 such that for
(t,x) € B((t*,z"),p) we have ug(t,r) > max;c 7—r(u;j(t, ) — gr;(t,z)). Next and by construction it
holds that (¢, xn, uk(tn, Tn))n —n (£5, 2%, uk(t*, 2*)) and once more since u; is usc then for n large
enough we have:

g (tn, ) > max (wj(tn, Tn) — grj(tn, 2n))- (4.9)
jeJk
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Now applying Crandall-Ishii-Lions’s Lemma (see e.g. [§] or [14], pp.216) with ®* (note that k € J
and (£9) is satisfied) in (t,,%n,yn), there exist (p, ¢, M?) € J?>Fuy(tn,z,) and (p?,q2, M) €
J>~wk(t,, yn) such that:

Py — Py = Oton(tn, TnyUn)s @y (resp. qy) = Oxpn(tn, Tn,Yn) (resp. = —0y@n(tn, Tn,yn)) and
M" 0 1
0 —NI 2n

where A4,, = D(Qx’y)gon(tn, TnyYn). But

Qpnk(t,z,y) = 2(t =), Oupn(t,z,y) = 2(y + Dn(z — y)le — y|* + 2(z — 2*) and

Ayen(t,z,y) = 2n(y + 1) (z — y)|z — y|*.

On the other hand,
D%x(p(tfh Ly yn) D%y@(t €L, y)

D? o(t,z,y) =
(@y) P\ Y
D%ygo(t,x,y) Dgygp(t,:v,y)

with
DZo(t,x,y) =2n(y+ )|z -y 2{|lz — yPPLI + 2y(z — y)(x — y) " } + 21,
D2 o(t,x,y) =2n(y+ )|z — y[P |z -y I + 2v(z —y)(z —y) "}
and finally
D2 ¢(t,m,y) = —2n(y + 1)|z — y|*' I, — dny (v + D) (2 —y)(z —y) T |z —y|2 72

As (u;)ier (resp. (w')ie7) is a subsolution (resp. supersolution) of ([3.3]) and taking into account (&),

we obtain:
n T n 1 T n T n
Dy — b(tn7 l‘n) Gy — §T7"[(O'O' )(tn7 xn)Mu] - fj(tna LTy uj(tn7 l‘n), O-(tnv $n) 'Qu) <0
and
n T n 1 T n 7 T n
—Py — b(tns Yn) Gy — §TT[(00 ) (s Yn) M) — fi(tns Yns W (tns yn), 0 (tn, Yn) * -qu) = 0.
Making the difference between those two inequalities yields:

=0 = pi) — (bt ) Ty — b(tns yn) Toqih) — 5Tr[{o0 T (tn, 2n) My} — 00T (b, yn) M3 }]

, (4.11)
_(fj(tm T, uj(tna xn)y UT(tm xn)qzl) - fj(tna Yn, W (tna yn)y UT(tm yn)qu;)) <0.
But
Timn {16t ) T2 = bt yn) g |+ [0t ) Tl = ot y) T} =0, (412)
As usual taking into account (£I0) we have:
T Tr[{oo " (ty, zn)M? — 00 (tn, yn) M"}] < 0. (4.13)
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Finally taking the limit in (A.I1]) and using the assumption ([4.3]) to obtain:
“A(u; (5, 2%) — wd (t*,2%)) <0,
which is contradictory with (#4) and then for any j € J we have u; < w’. [ |

Step 2: The general case.

Once more let (u;)jer (resp. (w?);je7) be a subsolution (resp. supersolution) of [2.3)). For j € J let us
set @;(t,x) = eMu;(t,z) and @/ (t,x) = eMwi(t,x), (t,x) € [0,T] x R*. Then (iij)jes (resp. (@7)jcr)
is a subsolution (resp. supersolution) of the following system of variational inequalities with oblique

reflection: for any ¢ € 7,

jeg—
—O0i(t,x) — LO;i(t,x) + A (t,x) — eM fit,x, e M (t, z), e Mo T (t,2). D0 (t, z)) } = 0;
(T, x) = X hy(x).

min {Uz(t ) — max (—eMg;(t, x) + 0;(t, 2)) ,

(4.14)

Actually let i € J and let ¢(t,z) be a C12-function such that ¢ — @; has a minimum at (¢,z) and

—At

@(t,z) = @;(t,z). Therefore e M — u; has a minimum at (¢,2) and e Mp(t,z) = u;(t,x). As u; is a

subsolution then @;(T, z) < e’ h;(x) and,
min {ui(t,x) — max (—g;(t,x) +u;(t,z)),
jEJ*Z
_815( (t $)) £(6_>\t(10)(t7x) - fi(t7$7e_)\t('p(tv$)7O-T(t7x)'D$€_)\t90(tv$))} <0.
(4.15)
Now if
ui(t,x) — max (=gij(t, ©) + u;(t, z)) <0,
FISVAR
then we have
@it ) — max (—eNgi;(t,x) + 1, (t, x)),
JET "
and the viscosity subsolution property is satisfied. If not, i.e., u;(t,x) — max (—g;; (¢, z) +u;(t,z)) >0
VISV
then:

_8t( (t LL’)) ﬁ(e_)‘t(p)(t,x) - fi(taxae_)\tgp(tv‘T)7UT(t7x)'D:ce_)\t90(t7x)) <0

which implies
—0ip(t,x) + Ap(t, ) — Lo(t,z) — e)‘tfi(t,x, E_M’LNLZ'(t,$) At T(t x).Dyp(t,x)) <0.

Therefore once more the viscosity subsolution property is satisfied. As i is arbitrary in J, then (u;);c7
is a viscosity subsolution for (Z.15)).

In the same way one can show that (@/);c7 is a viscosity supersolution of (&I5]), whence the claim.
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Next for i € J let us set:
Fi(t,z,u,2) = —du+ M fi(t, z, e Mu, e Mz).

Taking now A\ = (1 + max;—1,, C?), where C? is the Lipschitz constant of f; w.r.t. to u, to obtain
that for u > v, F;(t,z,u,z) — Fi(t,z,v,2) < —(u — v). It means that F; satisfies the assumption (4.3]).
Therefore and according to the result proved in Step 1, for any j € J, we have u; < @/ and also

u; < w?. The proof of the proposition is now complete. |

Next, thanks to Proposition 4.1, we classically deduce both uniqueness and continuity results of any
solution of ([2.3)) which belongs to II9. Actually if (u;);cs is a solution then (u})ics (resp. (uix)ics) is
a subsolution (resp. supersolution) for the system (2.3)) in the class II9, then we deduce that u} < u.

and then u} = ;. = u;, for any i € J. Whence the continuity of (u;)icy. To sum up, we have:

Theorem 4 Assume that Assumptions (H2)-(1),(ii) and (H5) for fi, i € J, are fulfilled. Then:
(i) The system of variational inequalities with inter-connected obstacles (2.3) has at most one solu-
tion in the class 119 ;

(ii) If the solution in 119 exists, it is necessarily continuous. |

5 Existence of a solution for the system

5.1 Case 1: f; depends only on (y', 2").

In this specific case we have the following existence result:

Theorem 5 Under (H2), (H3), (H4) and (H5), the following system of variational inequalities with
inter-connected obstacles
min {vi(t,:n) — max (—g45(t, ) +v;(t,z)) ,
Jjeg—
=Opilt, @) = Lui(t,@) — filtw,vi(t,2), 07 (4,2). Dot )} = 03 (5:1)
vi(T,x) = hi(x)

has a unique continuous solution (v');c7 in the class I19.

Proof: First note that the hypothesis (H2)-(iv) does not make any sense in consideration with (H5).
Now let (v');c7 be the functions constructed in Prop. Bl which are associated with the solution of the
system of reflected BSDEs with inter-connected obstacles associated with ((f;)ic, (hi)ic7, (9ij)ijeT)
which both exist under (H2)-(H5). The functions v?, i € J, are of polynomial growth, thus locally

bounded. Next let us show that they are viscosity solutions for the system (G.1]).
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For any i € J, v’ is Isc, then v = vl. So let us show that the m-uplet (v');cs is a viscosity

supersolution to (5.I)). First note that for any i € 7,

vt = lim S ob", (5.2)

n—o0

where v", for n > 1, is defined in (3.9). By El-Karoui et al.’s result ([12], Thm. 8.5), v*" is a viscosity

solution of the following variational inequality or PDE with obstacle:

min{v""(t, #) — max;e 7-i[v7" 1t x) — gi; (¢, 2));
O — Lot ) — it 0 (L e), ot e) T Dyttt a)} =0, (5.3)
V(T x) = hi(T, x).

Now let us fix i € 7, let (t,x) € [0, T[xR¥ and (p,q, M) € Jvi(t,x). By (5.2)) and Lemma 6.1 in [§],
there exist sequences

nj — 0o, (pj, a5 Mj) € J 0" (t5, ;)

such that:
(tj7xj7’ui’nj (t]7$J)7pj7qjv MJ) — (t,$,’[)i(t,$),p, q, M)

Now from the viscosity supersolution property for v>™ we have:
T 1 T 0,15 T
—pj = bltj,25) a5 — 5 Tr(oo (¢, 25)My) — filty, 2, 0" (¢, @), 0(t;, 25) " ¢5) 2 0,
and taking then the limit as 7 — oo we obtain:
1 .
i 2 b(ta ‘T)Tq - §TT(O'O'T(t, ‘T)M) - fz(t7 z, 'Ul(t7 .Z'), U(t7 x)Tq) > 0.

As v'(t,z) > max;c 7-i (v (t,x) — gi(t,2)) and v*(T,z) = hi(x) then v’ is a viscosity supersolution for
the following PDE with obstacle:
min{v!(t,2) — max;e g9 (t,2) — giy(t, )]
—Op' — Lot x) — fi(t,x, ' (t, x),0(t,z) T Dyvi(t,z)} =0
V(T z) = hi(x).
Finally as 4 is arbitrary in J then the m-uplet (v!,... ,v™) is a viscosity supersolution for the system

of variational inequalities (5.I]). O
Next let us show that (v™*);c7 is a subsolution for (5.I)). First let us show that for any i € J,

v* (T, z) = hi(x). To begin with we are going to show that:

min{v™ (T, z) — hi(z); v (T, z) — max (v/*(T, x) — gi;(T,x))} = 0.

SVA
Actually
v (T, z) = lim it 2y > lim V(¢ 2, for any n >0
(" 2" )= (T,x),t'<T " x")—=(T,x),t'<T
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therefore

V(T x) > vo™(T, x) = hi(x) (5.4)

since v*" is continuous and at t = T it equals to h;(z). On the other hand for any (,x) we have:

’Ui(t,$) > max.(vj(t,:n) - gij(t7x))}v

VISV
then
Ui* (T7 .Z') > maX_(’Uj*(T, ‘T) — 9ij (T7 .Z')), (55)
JjeJ?
which with (B3] imply that:
min{v™* (T, z) — hi(x);v"™*(T,z) — max (v/*(T,z) — g;;(T,z))} > 0. (5.6)

JjeJ "
Let us now show that the left-hand side of (5.6]) cannot be positive. We first follow the same idea
as in [3]. So let us suppose that for some g, there is ¢ > 0 such that:
min{v™ (T, z¢) — hi(zo); v™* (T, 2q) — m?x.(vj*(T, x0) — 9ij (T, x0))} = 2¢,
Jjeg—

and let us construct a contradiction. Let (tg,rx)r>1 be a sequence in [0,7] x R¥ such that:

(t, x) — (T, 20) and v'(tg, 21) — v (T, 20) as k — oc.

* is usc and of polynomial growth and taking into account of (5.2]), we can find a sequence

Since v"
(0™)n>0 of functions of C12([0, T] x R¥) such that ¢" — v** and, on some neighbourhood B,, of (T, z)
we have:

min{o" (¢, ) — hi(z), 0" (t,z) — max (v/*(t,x) — g;;(t,z))} > ¢, V(x,t) € B,. (5.7)

JET "

After possibly passing to a subsequence of (t,zy)r>1 we can then assume that it holds on B} :=
[tr, T] x B(zy,dk) for some 6% € (0,1) small enough in such a way that BP C B. Now since v** is
locally bounded then there exists ¢ > 0 such that [v"*| < ¢ on B,,. We can then assume that " > —2¢

on B,,. Next let us define:

4 o 2
3t 2) = oMt ) + % +VT 4.
k
Note that g > o™ and
(v™* — g0 (t,x) < —C for (t,z) € [ty, T] x OBz, 6}). (5.8)

Next since 0;(v/ 1T —t) = —oo as t — T, we can choose tj, large enough in front of §;' and the derivatives

of o" to ensure that

— L3P (t,z) > 0 on BF, (5.9)
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Next let us consider the following stopping time 6% := inf{s > ty, (s, Xﬁkx’“) € BF°YAT where B is the
complement of BY, and ¥y := inf{s > t;, v'(s, X" = manej—i(Uj(S,X£k7mk) - gij(s,Xﬁk’xk))} AT.
Applying now It6’s formula to the process (37(s, X)) stopped at time 6% A9, and taking into account

G7), (5.8) and (B9) to obtain:

Gt o) = BIGR(OK A0, Xppms ) — [ £ (r, X1 )]
> E[g} (65, th’xk)ﬂ[eggﬁk} + O (O X ™) g, 1]
= E[{a; (0}, th’xk)ﬂ[e;gd] + Op (T, X ) g _qy M gi <g,) + 0 (9, X ) g, con]
> E[{(v™(6F, th’xk) + O Mg 7y + (& + haT, X7 ) g _y Hljgr <,

+{e + maxe 7 (v/* (O, X&’xk) = 9ij (U, Xﬁi’xk))}ﬂwkwg]]
> E[{(v* (65, Xgi ™) + OLgg <y + (€ + bl T, X75)) g —y g <y
+{e + manej—i(’Uj(ﬁk,X;;Zxk) — gij(ﬁk,X;;’Z’x’“))}]lwkdm] since v™* > v’
> E[vi (6% A 9y, X;;:fg )]+ g Ae
= E[vi(ty, z1) — f9 Nk f(s, XU 0 (s, XY, ZEW TR ds] + ¢ A e
since on [ty, 9;], K" = 0. Finally since v® and ||Z%||32.4(t, z) belong to T1¥ (see Prop/3.Jl and Remark
) and taking into account ([B.2]) and assumption (H2)-(iii), we easily deduce that
9,,L/\’l9k ) )
lim E[/ fi(s, Xk (s, XoTk) Z0Tk) ds] = 0.
k—o00 i

Therefore taking the limit in the previous inequalities yields:
lim o (th, 2) = lim 0" (tr, z) + /T — tp = 0" (T, xz0) > lim v (tg, 1) + C Ae = v*(T,x0) +  Ae.
k—o0 k—o0 k—o0

But this is a contradiction since " — v** pointwisely as n — co. Thus for any (¢,) € [0,T] x R¥ we

have:

min{v"™ (T, z) — hi(z); v™ (T, z) — jgl;}fi(vj*(T, z) — gij(T,z))} = 0.

Let us now show that v**(T,z) = h;(z). So suppose that v™*(T,z) > h;(x), then for for some
j e J" we have
Ui*(T,l‘) = ’Uj*(T,l‘) - gij(T7$)‘

But once more we have v/*(T, ) > h;(T,z). Otherwise, i.e. if v/*(T,z) = hj(T, x), we would have:
hi(x) < hj(z) — gi5(T', @),
which is contradictory with (H4). Therefore there exists £ € J 7 such that:
v (T, x) = v™*(T,z) — gje(T, z) and then v™*(T,z) = v"*(T,z) — gjo(T,x) — gi;(T, ).

Repeating this reasoning as many times as necessary we obtain a sequence of different indices i1, ..., %

such that
’Uil*(T’ l‘) = ’Uil*(Tv ‘/E) - (gi1i2 (T7 l‘) +e Giy_1i; (T7 l‘) + Giyiq (Tv :E)),
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which is contradictory with (H3)-(ii). Thus for any i € J we have:
Vo e RE o™ (T, z) = hi(z). O

Let us now show that (v™*);c 7 is a subsolution to (G.I)). First note that since v*™ ~ v® and v®™ is

continuous then we have (see e.g. [26], pp.91)

o™ (t,z) = lim sup™v"™(t,x) = lim sup v (2. (5.10)

n—00 n—oo,t/ —t,x'—zx

Next let us fix i € J and let (¢,2) € [0, T[xR¥ be such that

v (t, x) — Zrél;z(i(vz*(t,x) —gie(t,x)) > 0. (5.11)

Let (p,q, M) € Jtv™(t,2). By (510) and Lemma 6.1 in [§], there exist sequences
nj — oo, (D, 4j, M) € JF0" (¢, ;)
such that:

lim (tj,a:j,vi’"j(tj,xj),pj,qj,Mj) = (t,a:,vi*(t,a:),p,q, M).

Jj—o0

Now from the viscosity subsolution property for v*™ at (tj,z;) (see @), for any j > 0, we have:

min{v"" (t;,2;) — maxye 7— (V"7 (t5, 25) — gie(ty, x;5));

] (5.12)
—Pj — b(tj’ xj)TqJ - %TT(UO-T (tjv ‘/Ej)Mj) - fi(tj’ Ly, v (tj’ xj)’ J(tjv ‘/Ej)TQj)} <0.

Next the definition of v* implies that
o™ (t, ) > lim sup v5" (tj,zj),

j—o00

therefore by (G.11]), there exists jo > 0, such that if j > jo we have

v (t, @) > gg?i(ve’"j (tj,25) — gij (5, 75)).

Then (5.12]) implies that, for any j > jo,
T 1 T ing T
—pj — b(tj,l‘j) (Jj — §TT’(O'U (tj,:Ej)Mj) — fi(tj,xj,v ’ ](tj,$j), U(tj,$j) Qj) § 0.
Taking the limit as j — oo we deduce that
1 .
—Db— b(t7 x)Tq - §TT(UUT(t7 .Z')M) - fl(ta z, UZ*(ta x)? U(ta x)TQ) < 0
since f; is uniformly continuous in (¢,z) and Lipschitz in (y, z). Then

min{v™ (¢, z) — max,c ;i (v (t,2) — gi(t, 7));
—p — b(t,:E)Tq — %TT‘(UO‘T(t,l‘)M) — fi(t,:E,’Ui*(t,:l?),O'(t,$)Tq)} <0
which means that v™* is a viscosity subsolution for (5.I). Thus the m-uplet (v');cs is a solution for
(510) and Theorem [ implies that it is continuous and unique. |

As a by-product we obtain:
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Corollary 1 Under (H1)-(H5), there exist deterministic continuous functions (v'(t,x))ics which be-
long to I19 unique solution of ({.13]) and such that the unique solution of the system of reflected BSDEs
with inter-connected obstacles associated with ((fi)ies, (hi)ies, (9ij)ijeg) has the following representa-
tion:

Vie J,Y(tz) € [0,T] x RF, Vs € [t,T], Yi® =4i(s, XL%). B (5.13)

5.2 Case 2: Existence and uniqueness in the general setting

In this section we deal with the issue of existence and uniqueness of the solution of (23] in its general
form, i.e., when the functions f;, i € J, depend not only on y* but also on the other components
(y1,---,Ym). More precisely, we successively consider the cases when either f; or — f; satisfies (H2)-(iv)

for any i € 7. Considering the first case, we have:

Theorem 6 Under (H2), (H3), (H4), the system of variational inequalities with inter-connected ob-

stacles (2:3) has a continuous solution (v,... v™) in the class I19.

Proof: We first prove existence. Let A € R and for ¢ € 7, let F; be the function defined by:
E(t7 Zz, y17 s 7ym7 Z) = e)\tfi(t7 z, e_Atyla ey e_Atyma e_)\tzi) - )‘yl (514)

Since f; is uniformly Lipschitz w.r.t. y; then F; is so and for A small enough (A < 0) the function F;
is non-decreasing in all variables (y1, ...,y ). Next thanks to Theorems [Il and [2] there exist processes
(Y%, Z%, K");cs solution of the system of reflected BSDEs with interconnected obstacles associated
with ((F(t, 2,y ., y™, 2))ics, (T hi(X5"))ies, (€M gij)i jes). Additionally thanks to Proposition (1]

there exist deterministic Isc functions v*, i € J, such that:
Vie J,Vt < T,Vs€[t,T],Y:=v'(s, Xb"). (5.15)

Let us now analyze the decreasing scheme. First let us consider (Y, Z) the solution of the following
standard BSDE:
Y €82, Z e M
Ys = max;—1 e)‘Thi(Xélm) + fsT [max;—1 , F;(r, Xy Y, Z,)dr — fsT Z.dB, s <T.

(5.16)
Next for any i € 7, let us set Y% =Y and for n > 1 let us define (Y*", Z4" K%") by:
yin Ko e 82, 70 e H24 and K" non-decreasing;
Vi = TR [ E G X O i, 22+ K K [ 2B

Y > maxje - (Y9 — eXgi;(s, XM}

ST — maxe - {YI" — eAsgii(s, X0} AKE™ = 0.
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First note that the existence of Y is obvious by Pardoux-Peng’s result [24] and then we easily deduce
by induction:
(i) for any n > 1, there exists a unique m-uplet of processes (Y7, Z4" K%") i € J, ;

(ii) for any n > 1, there exist deterministic continuous functions v*", i € J, such that:
Vie J,Vt < T,Vs e [t,T], Y =" (s, X0); (5.18)

(iii) for any i € J and n > 0, Yo"+t < Y4n and ob" > bt
(iv) for any i € J, the sequence (Y*"),, converges to Y in H*!, where such a process Y has been

introduced in equation (5.15]).

Actually for (i), we just need to use Theorem [M and 2l since Y*? exists. To show (ii), we use induction:
obviously the property is valid for n = 0 (see e.g. [13], Thm.4.1). Next if the property holds for some
n then it holds also for n + 1 in using Corollary [l As for (iii), the property is true for n = 0 since
(Y4, Z), K%)= (Y, Z,0));e7 is the unique solution of the system associated with

(fi := [maxicym E](r, X0, 4", o y™, 2))ies, (hi == maxi—y m e’ hi(XE"))ies, (€Mgij)ijers) and then
it is just enough to use the comparison result of Remark [l Next if the property is valid for some n then
it is also valid for n+1, in using once more comparison since Fj(t, z, (y')ic7,2), i € J, is non-decreasing
in (y')ic7. Finally (iv) holds true because the mapping ® defined in ([B.I6)) is a contraction in H>™
and we obviously have:

Vn > 0, (Yi’n+1)i:1,m = q)((yi’n)i:l,m)'

Let us now show that the deterministic functions (v');c7 of (5.I5) are continuous. Recall that
thanks to Proposition B.1] each v is the limit of some increasing sequence and hence it is Isc: therefore,
it is enough to show that they are upper semicontinuous. But from the estimate given in (BI7]), we

know that:
Y(t,z) € [0,T) x RE, [v'(t,2) —v™"(t,2)| = B[]V} = Y;""|] < Cl(Y)ieg — (V" Nies | pzm.

As limy, o0 | (YD) ies — (Y0 1) e 7]l32m = 0 then for any i € J, the sequence (v®™),, defined in (5.17))
converges pointwisely and decreasingly (from (E.I7)-(iii)) to v’. As a decreasing limit of continuous
functions, v is usc and then continuous. It follows that the solution (3%, 2% k%);c7 of the system of
reflected BSDEs with oblique associated with

((fils, X%y g™, 2))iea, (hi(X5"))ies, (9ij(s, X5%))i jes) has the following representation:

Vie IVt <T\Vselt,T],Ve e RF, yi = e 0i(s, X12).

As o', i € J, is continuous and of polynomial growth then using the result by El-Karoui et al.([12],
Thm. 8.5) related to connection between solutions of reflected BSDEs and viscosity solutions of PDE

with obstacles we deduce that (e *v'(t,x));cs is a viscosity solution for system (23)). [ |
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As previously mentioned, we now consider the case when the functions — f;, i € J, verify (H2)-(iv).

Then we have:

Theorem 7 Assume that assumptions (H3), (H4) are fulfilled and that the functions (—f;)ics verify
(H2). Then the system of variational inequalities with inter-connected obstacles (2:3) has a continuous

solution (v',...,v™) in the class I19.

Proof: We first prove existence of a candidate to be a viscosity solution of the system. As previously,

we will relate it to the unique solution of the multidimensional reflected BSDE (3.3]).

Step 1: Construction
For i € J, let F; be defined as in (5.14). Choosing A large enough, we obtain that each F* is
decreasing with respect to all the variables y;, j = 1,--- ,m. Next let us consider the following iterative

Picard scheme: for any i € 7, Y%? = 0 and for n > 1, we define (Y*");c7 by:
(yln o ymmy =@yttt ymntly),

Therefore we know from Theorem B that the sequence (Y*");c7 converges in H>™ to the unique

solution (Y?);c7 of the system of reflected BSDEs with oblique reflection associated with
(Fy(s, X5yt sy, 2))ieg s (A hi(X5)ie g (M gij (s, X5))ije)-

Next using Proposition B.I] and an induction argument, we deduce the existence of continuous

functions with polynomial growth such that:
Vn > 0,Vi € J,¥(t,z) € [0,T] x R¥ Vs € [t,T], YI" = v (s, XL%).
But from Theorem [BF(a) we have: for any ¢,n,m and s < T,

E”YVSZ’” - Y;iva] < CH(Yi’n_l)iEJ - (Yi7m_1)ie*7H3-l2'm and (5 19)
E[Yy - Y P < Cl(YDies — ™ DiegFpm:

where, to obtain the last inequality, we rely on the characterization of the solution (Y?);c 7 constructed
in [7, i.e., (Y¥)ies = ®((Y%);ic7). Taking s =t we obtain: V (¢,z) € [0,7] x R¥,

E[lY;" =Y, = [v""(t,2) —o""(t,2)] < OV Vieg — (V" Dieg llpm.

As the sequence ((Y%™);c7)n>0 is convergent in H*™ then it is of Cauchy type which implies that
(v™),>0 is so and then converges pointwisely to a deterministic function v, for any i € J. Thus going

back to (5.19]) we deduce that:
Vie J,Vs€[t,T],P—a.s., Y =0v'(s, XL7). (5.20)

Let us now show that v?, i € J, belongs to I19. Actually since ® is a contraction in (H>™, ||.|s,) and

by some induction procedure on n we get:

Vn,q >0, (Y )icq — (V" iegllgy < —2

Yi,l ; .
< T2 el
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with Cg (such that 0 < Cp < 1) which is the contraction constant of the mapping ® (constant which is
independent of (¢,x)). As the norms ||.|| and ||.||3, are equivalent then there exists a constant C such
that:

Vn,q 2 0, (Y )ics — (Y")ieg | < CLCEN(Y " ieg |l

Taking now the limit as g goes to 400 and in view of (5.19) and (5.20)), if we then take s =t we deduce
that:
V(t, @) € [0,T] x R, [v'(t,2) — ™" (t,2)] < Col|(Y™")ieg |l

Finally one can check easily that [[(Y"!)ies]/(t,2) is of polynomial growth (since E[sup,<r | X5
belongs to I19 for any v > 0, see ([3.2])) and since v*" is so, then we deduce that v* is also of polynomial

growth for any i € J.

Step 2: Continuity of v*, i € J.
We again rely on the convergence result of any sequence (Y*"), constructed via the Picard iterative

scheme. So let us initialize the scheme as follows:
Vie {L,-- m}Vs<T, YO=C(14|XLP), (5.21)

with the constant C' and the integer p given by the fact that v’ is in I19.

Next let (Yi’tvx)i:{l,...7m} be the unique solution of the multidimensional RBSDE associated with
(B, X%t o y™, 2)ieas (T hi(X57))ies, (eMgij (s, X6%))ijes) then we have Y = vi(s, Xg7)
for any s € [t,T] and i € J. By definition of Y*? in [5.21] and the hypothesis on v’, we obtain

P—a.s.,Vi€ J,Vs €[t,T),YIH* < YO,
Let us now prove by induction that for any n > 0 we have:
VneN, VieJ,VseltT], Y2 <y!<yh?n (5.22)

For n = 0, the inequality of the right-hand side is already true. Let consider the left-hand side. Recalling
that by construction we have (Y%!);c 7 = ®((Y*9);c7) and (Y);er = ®((Y?);c7), we get the following
comparison result for the two drivers of the RBSDE satisfied by Y and Y%!

t 1 : t, 1,0 0 i
E(87X57x7§/:9 y T 7}/;m7z7,) 2 E(S7ng7}/t9 y T 7Ym 722)7

S

since F; is non-increasing w.r.t. all variables y;, j € J. Next using the comparison result (see Remark
) and uniqueness of the solution of the system associated with

(Fy(s, XP" gt g™, 2))ie s (e)‘Thi(Xfp’x))iej, (e)‘tgij(s,Xz’m))i,jej) we deduce that Y% < Y? for any
i € J. Thus the property (5.22)) is valid for n = 0. Now if it is satisfied for some n and repeating the

same argumentation, it also holds for n + 1, whence the claim.
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Next and relying once more on the result obtained El-Karoui et al.([12], Thm. 8.5) let #*", i € J

and n > 0, be the deterministic continuous functions of I19 such that:
V(t,z) € [0,T] x R¥, Vs € [t,T], Y™ = ¢8"(s, X17).

First and as previously for any i € J, the sequence (7°"),,>¢ is of Cauchy type and converges pointwisely

to v'. Next the inequalities (5.22]) imply that: Vn > 0 and i € J,
T2+l < i < Fi2n,
which implies
o' = lim A 92 = 1im N\, 092",
n n

Therefore for any i € J, v’ is both usc and Isc and thus it is continuous. Next, since (Y, Z%, K%);c 7
is the unique solution of the system of reflected BSDEs associated with the following triplet of datas
(Bi(s, X571 g™, )i, (T B X5 i, (Mg (s, X)) gegr) then

(e MY}, e MZE e MdK])<T)ics is the solution of the sytem of reflected BSDEs associated with
((fi)ieg, (hi)ies, (gij)ijes) then using once more the result by El-Karoui et al. ([I3], Thm.8.5) to
deduce that (e *v?);c 7 is a continuous with polynomial growth solution of the system of variational

inequalities with inter-connected obstacles (2.3]). The proof is now complete. |

Next we deal with the issue of uniqueness of the solution of (2.3]) in the general case.

Theorem 8 Under Assumptions (H1),(H2),(H3) and (H4), the solution of the system of variational
inequalities with inter-connected obstacles (2.3) is unique in the class (v1,....,vm) of continuous func-

tions which belong to 119.

Proof. As usual it is enough to show that if (uq, ..., uy,) (resp. (vi,...,vy)) is a continuous subsolution
(resp. supersolution) of (Z3)) such that wu;,v', i € J, belong to II9 then u; < v¢, for all i € J. Thus

classically we have uniqueness of (2.3)).

Step 1: We first assume the existence of a constant A < —m. max{C’j ,j=1,...,m} (C’} is the Lipschitz
constant of f; involved in [H2]-(ii)) such that for any i € J, f; verifies:

Vb2, Y1y s Yin1s Yit s s Yy U, U i y > § then
filt, 2 Y1, Y1, Y5 Vi1, o Ym) — Fill @Y1 s Ui 1 U Yi 15 o Ym) < Ay — §)- (5.23)
Let v > 0 and C be such that for any i € J we have:
lui(t, )| + |0l (t,2)| < C(1+ |z|), V(t,z) € [0,T] x RF.

Next as in Lemma H.J], for § > 0 and v large enough (v'(t,z) + 0e="*|x[*772),_1 ., is also a super-

solution for (B.3]). Therefore it is enough to show that for any i € J, we have:
V(t,z) € [0,T] x RF u;(t,z) < v'(t,z) + e |z|P T2,
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and taking the limit as # — 0 we obtain the desired result. So let us set w"%¥(t,z) = vi(t,z) +
Ge vt |z|>7 2, (t,2) € [0,T] x R* which is denoted by w® for simplicity. Assume now that there exists a
point (£,Z) € [0,T] x R* such that max;c 7 (u'(, %) — w'(f,Z)) > 0. Using the growth condition on u;
and w’, there exists R > 0 such that:

Vie J, V(t,z) € [0,T] x RF s.t. |z| > R, ui(t,z) — wi(t,z) < 0.
Taking into account the values of the subsolution and the supersolution at T', it implies that

0< maxX ¢ z)e[0,T]xRF max;e 7 (ui(t, ) — w' (t,z)) =

. , (5.24)
maX(; 2)e(0,7[x B(0,R) MaXie 7 (ui(t, r) — w'(t,z)) = max;e s (ui(t*, %) — w' (t*, 27))
where (t*,2*) € [0, T[xB(0, R). Now let J be as in (@3] and let j € J be such that
uj(t* ) > max (ug(t,2%) — giu(t*, 7). (5.25)

keg—7

Next let ®4 (¢, z,y) and ¢, n > 0, be the same functions as in @8] and let (tn, Tn, yn) € [0, T]x B'(0, R)?
be the triple such that:

I (ty,, T, = max I (t,x,y).
n{tns @0, Yn) (t,2,9)€[0,T]x B’ (0,R)? n(t2,)

As in the proof of Theorem Il one can show that:
(trs T, Yn) — (5, 2%, 2%) and nlz, — yo|*7 — 0 as n — oo. (5.26)

Now as u; and g, are continuous functions and taking into account (5.25) we deduce that for n large

enough:

'tna n) > tna n) — Yj tn: nj)): 5.27
uj(tn, Tn) kg?’fj.(uk( Zn) = gjk(tn, Tn)) ( )

We next apply Crandall-Ishii-Lions’s Lemma (see e.g. [8] or [14], pp.216) with &7, u;, w’ and ¢,, (recall
that (5.27)) is satisfied) at (t,,Tn,yn), there exist (p2, ¢, M) € J>(u;)(tn,zs) and (p2,q", MD) €
J? 7 (w?)(tn, yn) such that:

n

D=0y = 0@n(tn, Tn,Yn) = 2(tn—1t*), ¢} (resp. qpy) = Or@n(tn, Tn, yn)(resp.—0yn(tn, Tn, yn)) and

M? 0

1
<A, +—A2 (5.28)
0 —NI 2n

where A4,, = D(2x y)gpn(tn, Tpn,Yn). Taking now into account that (u;);cs (resp. (w');cs) is a subsolution

(resp. supersolution) of (2.3)) and once more (5.27)) we deduce:

—py — b(tn, ;pn)T_qZ - %TT[(JUT)(tm o) M| — fj(tm T, (Ui (tns Tn))ie g, o (tn, xn)T-QZ) <0
and

—ly = bty yn) Tty — %TT[(UUT)(tnayn)MzTUL] — fi(tn, yn, (W' tn, yn) )i o (tns yn) T-a1p) 2 0.
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Making the difference between those two inequalities yields:

—(py — Phy) — (b(tmxn)—r-qg - b(tn,yn)—r.qg) - %TT[{UUT(tmxn)MS - UUT(tmyn)MZuLH

_{fj(tm o (Ui(tna xn))i€J7 U(tna xn)T'qg) - fj (tna Yn, (wi(tny yn))i€J7 U(tna yn)T'qg)} <0
(5.29)

and then

—{fi(tns 2, (wi(tn, 20))ieg, o (tns 2n) ) = Fi(tns n, (W' (tns yn))ieg, o (tns 20) Toa1)) < Ay,
where as in ([@I2) and [EI3) we have lim, .o A, < 0. Next linearizing fj, which is Lipschitz w.r.t.
(y")ics, and using (5.23)) we obtain:

AWt ) — 0 (b)) — S O (it ) — 0t ) < A
keg—i
with ©%* which stands for the increment rate of f; wr.t. y, and which, thanks to the monotonicity

assumption (see [H2] (iv)), is nonnegative and bounded by C; the Lipschitz constant of f;. Thus

_)\(uj(tna xn) - wj(tm yn)) < Zkej*j @%k((uk(tna xn) - wk(tm yn))+ + A,
< C]]f Zkej*j ((Uk(tn, xn) - wk(tna yn))+ + An
Taking now the limit as n — oo and since j € J to obtain:
Ay (t,2%) = w (t*,27)) < OF Ypeqms (un(t' a*) — wh(t*,27)*
< (m = Oy, 2°) — wi (1", %))
which contradictory since u;(t*,z*) — w’ (t*,z*) > 0 and —\ > mCJJ;. Thus for any i € J, u; < w'.

Step 2: The general case.

For arbitrary A € R, if (uj);jes (resp. (v7)jes) is a subsolution (resp. supersolution) of (2.3]) then
@;(t,x) = eMuj(t,x) and 7 (t,x) = eMvI(t,z) is a subsolution (resp. supersolution) of the following
system of variational inequalities with oblique reflection (see the proof of Proposition 1], Step 2):

VieJ,

min {50, — ma (=i (t2) + 3,0,2).
—Oi(t, ) — LO;(t, ) + Ao;(t, ) — e fi(t, z, (e N0 (t, ) )ier, e Mo T (t,x). D0t (¢, z))} = 0;
(T, x) = X h;(x).
(5.30)
But in choosing A small enough the functions Fj(t, x, (u;)ic 7, 2) = —Au+ M fi(t, x, (e Muy)ier, e M2),
i € J, satisfy condition (5.23]) and then thanks to the result stated in Step 1, we have @; < 0;, 7 € J.

Thus u; < v; for any i € J which is the desired result. |
As a by-product we have:
Corollary 2 Assume that (H1), (H3), (H4) and (H2) are fulfilled, then there is a unique solution of

the system (Z:3) in the class of continuous functions with polynomial growth. |
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