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Viscosity Solutions of Systems of Variational Inequalities with

Interconnected Bilateral Obstacles.

Boualem Djehiche*!, Said Hamadeénet and Marie-Amelie Morlais®

June 11, 2018

Abstract

We study a general class of nonlinear second-order variational inequalities with interconnected bilateral
obstacles, related to a multiple modes switching game. Under rather weak assumptions, using systems of
penalized unilateral backward SDEs, we construct a continuous viscosity solution of polynomial growth.

Moreover, we establish a comparison result which in turn yields uniqueness of the solution.
AMS Classification subjects: 49N70, 491.25, 60H30, 90C39, 93E20

Keywords: Switching games, variational inequalities, oblique reflection, penalization, backward stochastic dif-

ferential equation, Bellman-Isaacs equation, Perron’s method.

1 Introduction

In this paper we study systems of variational inequalities with interconnected lower and upper obstacles. This
type of inequalities arises as the Bellman-Isaacs equation in a multiple modes switching game between two players.
Besides their classical fields of applications, multiple modes switching games are attracting a lot of interest in the
management of power plants (see Bernhart (2011) ([3]) and Perninge (2011) ([27]), where they are successfully
used to design optimal stopping and starting strategies for power flow control through activation of regulating

bids on a regulated power market.

The objective of this work is to establish existence and uniqueness of a continuous viscosity solution of the

following system of variational inequalities with oblique reflection:

min { (v¥ — LY[d]) (t,z), max{(v¥ —UY[?])(t,2),
—OptI (t, ) — Lo¥ (t,x) — f9(t, x, (v (¢, .’I]))(kﬁl)erlxp2,0'—r(t, x) D0 (t, :1:))}} =0, (1.1)
VvI(T,x) = h¥(x),

for every pair (i, j) in the finite set of modes I'' x I'?, where, for any (¢,z) € [0, 7] x R¥,

Lo(t,2) 1= blt, 2)Dasplt,2) + 5Trloo () D,p(t, )]
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and to any solution ¥ = (’Uij)(i’j)eplxlﬂ we associate the lower obstacle operator

LV @) =, max (o = g,,) (¢ 2),

and the upper obstacle operator

R 2) = min, (0" + g30) (1 0)

where, g (resp. g;i) stands for the switching cost incurred when the first (resp. second) player decides to switch
from mode i to mode k (resp. from mode j to mode ). Finally, the function f* stands for the instantaneous

payoff when the first player is in mode 7 and the second one in mode j.

The system (L) and related switching games have been studied by several authors. The most recent work
discussing this topic includes the papers by Hu and Tang (2008) (|2I]) and Tang and Hou (2007) (|28]) (see also
the references therein) which deal with switching games related to (ILI]), when the switching costs do not depend
on the state variable. To the best of our knowledge, Ishii and Koike (1991) ([I8]) are the latest most general
existence and uniqueness results for the system (L1]), for state-dependent switching costs. They derive existence
and uniqueness of viscosity solutions of the elliptic version of (1)) in a bounded domain of R¥ whose boundary

is of class C2, when the so-called Fichera functions are strictly negative (see [I8], Proposition 4.3).

The main result of the present paper, which is given in Theorem [5.4] establishes existence and uniqueness of a
continuous viscosity solution of the system (IT)), when the state space is the whole R¥ and under rather weak
assumptions on the involved coefficients. Our approach is probabilistic and makes use of penalization schemes
that allow us to connect the related penalized PDEs with systems of reflected backward SDEs with unilateral
interconnected obstacles which, for instance, have been studied in [7], [I1], [I7] or [20]. With the help of these
sequences of solutions of reflected BSDEs and their connection with PDEs, via Feynman-Kac’s formula, we are
able to construct in Propositions B.1] and both a viscosity subsolution and a supersolution for the system
(CI). Relying next both on the comparison result established in Theorem [£.21 and adapting the Perron’s method
we construct a solution for (IT]) which is therefore unique. Finally, using again the uniqueness result, we identify

the limit of the penalized decreasing scheme as the solution of the system (LJ).

We made this detour instead of trying to solve a related system of reflected BSDEs with interconnected bilateral
obstacles, as one would expect, simply because they satisfy neither the so-called Mokobodski condition nor
the condition of strict separation of the two obstacles, which would guarantee existence and uniqueness of the
solutions of the system of BSDEs, since these obstacles depend on the solution. The structure of these bilateral
obstacles suggests a rather new type of conditions to guarantee existence and uniqueness result for the related
system of reflected BSDEs. This problem is beyond the scope of the present paper and therefore left for future

research.

Our plan for this paper is as follows. In Section 2, we provide all the notations used in the paper, state the whole
list of required assumptions and define viscosity sub- and supersolutions along with equivalent characterizations.
In Section 3 we construct two approximation schemes (an increasing and a decreasing on), consisting of sequences
of penalized reflected BSDEs associated with standard switching problems. The counterpart of the decreasing
scheme (resp. the increasing one) in terms of PDEs stands for the penalized scheme of system (II]) (resp. system
([L2) given below). Section 4 is devoted to the proof of a comparison result related to the sub- and supersolutions
of (LLI). In Section 5, the decreasing limit is identified as a viscosity subsolution of (IT]) while a super-solution is
exhibited. Finally, we use Perron’s method to construct a viscosity solution of (II]) and, thanks to the uniqueness

result, its connection with the limit of the decreasing scheme is obtained. As a by product, we also obtain a



similar characterization of the limit of the increasing scheme as the unique solution in viscosity sense of the

following system of variational inequalities: For every (i,j) € I't x T'?,

max { (v — UY[2])(t, z), min {(2(t,z) — LY[1])(t, ),
_atyij (t’ ‘T) - Kyij (ta (E) - fij (ta €, (le(ta :E))(k,l)EI“ xT'2, UT (ta :E)Dmyij (ta ‘T))}} =0, (12)
v (T, x) = h¥ (z).
We do not know whether the solutions of (II)) and (I2]) coincide or not. We note that this is a very important

issue since this will enable to characterize this common solution as the value of the zero-sum switching game.

Since it is beyond the scope of the paper, this question is left for further research.

2 Preliminaries and notation

Let T (resp. k, d) be a fixed positive constant (resp. two integers) and I'* (resp. I'?) denote the set of switching
modes for player 1 (resp. 2). For later use, we shall denote by A the cardinal of the product set I't x I'? and for
(i,j) €TV x T2, (I) ™" :=T" — {i} and (%) :=T% — {j}. Next, for § = (y™) e xr2 € R, (i,§) € I' x T2,
and y € R, we denote by [~ () y| the matrix which is obtained from § by replacing the element y*¥ with Y-

Next, let us introduce the following functions. For any (i,j) € I'l x I'?

b: (t,r) €[0,T] x R* = b(t,z) € R¥;

o: (t,x) €[0,T] x R* v o(t,2) € R¥*4;

9 (t,x,9,2) € 0,T] x RFFAM s fii(t 2. 7 2) €R;
g, (tx) €0, T xRF =g (t,z) eR (ke ()7
gji: (t,x) €[0,T) x R* 5 gy (t,z) e R (1€ (I?)77);
R : z € RF — B (x) € R.

A function ® : (¢t,z) € [0,T] x R¥ s ®(¢,2) € R is called of polynomial growth if there exist two non-negative

real constants C' and  such that
[B(t.2)| < C(L+[al),  (t,a) € [0,T] x RE.

Hereafter, this class of functions is denoted by II,. Let C1:2([0,7] x R*) (or simply C1?) denote the set of real-
valued functions defined on [0, 7] x R¥, which are once (resp. twice) differentiable w.r.t. ¢ (resp. z) and with

continuous derivatives.

In this paper, we investigate existence and uniqueness of viscosity solutions #(t, z) := (vF!(t, T))(k,)ert xr2 of the

following system of variational inequalities with upper and lower interconnected obstacles: For any (i, j) € I'' xI'2,

min { (v — LY[3])(¢,z), max {(v¥ — UY[d])(t, z),
—Qp¥ (ta 1') — Lv¥ (tv :C) - fij (ta €, (vkl (tv x))(k,l)ef‘l xI'2, ol (tv x)Dmvij (ta :L'))}} =0 (2'1)
v9(T,x) = h¥ (x)

where, for any (¢,z) € [0,T] x R¥,
1
Lo(t,x) :=b(t,x)Dyp(t, x) + §Tr[aa—r (t,x)D? o(t,z)],
and (i,7) € Tt x I'?,

Lij [U] (ta ZL') = ke%a{))(ii(vkj (ta :L') - gik (ta :L')) and Uij [U](tv :C) = ZG{II}%I){J' (vil (ta ZL') + f_]jl (ta :L'))



The functions f¥ stand for the instantaneous payoff when the first player is in mode i and the second one in
mode j, and g, (resp. gji) stands for the switching cost incurred when the first (resp. second) player decides to

switch from mode ¢ to mode k (resp. from mode j to mode 1).

The lower obstacle L[] and an upper obstacle U%[#] are called interconnected because each of them depends

on the underlying solution v := (’Ukl)(kyl)epl><112.

In a way, the system (2.I)) is the Bellman-Isaacs system of equations associated with the zero-sum switching game
with utility functions (fij)(iyj)erlxp2, terminal payoffs (hij)(iy‘j)erlxrz and switching costs for the maximizer

(resp. minimizer) given by (gij)(iﬁj)epl><r2) (resp. (Jij)(i,j)ert xr2))-
The following assumptions are in force throughout the rest of the paper.

e functions b and o associated wi e second order operator L are jointly continuous in (¢, z), of linear

HO) The functions b and iated with th d ord tor L joint] ti in (¢ f li
growth in (¢,z) and Lipschitz continuous w.r.t. x, meaning that there exists a non-negative constant C
such that for any (t,z,2') € [0,T] x R*** we have:

b(t,z)| + |o(t,z)] < C(1+ |z|) and |o(t,z) — o(t,2")| + |b(t,z) — b(t,2")| < Clx — 2’|

(H1) Each function f%

(i) is continuous in (¢,z) uniformly w.r.t. the other variables (¥, z) and for any (¢,x) and the mapping

(t,z) — f¥(t,z,0,0) is of polynomial growth.

(ii) satisfies the standard hypothesis of Lipschitz continuity with respect to the variables (7 := (yij)(i, J)ET: xTas Z)s
ie ¥V (t,z) €[0,T] x RE, ¥V (71, i2) € RY x RA, (21, 2%) € RY x RY,

|7t 2,50, 21) — [2 (62,02, 22)| < O (11 — o] + 21 — 22])
where, |¢j| stands for the standard Euclidean norm of ¢ in RA.

(H2) Monotonicity: Let 7 = (y*')( eri xr2, then for any (i,j) € I'' x I'? and any (k,l) # (i,j) the mapping

yol — fii(s, 4, z) is non-decreasing.

(H3) The functions h%, which are the terminal conditions in the system (Z.I]), are continuous with respect to z,

belong to class II; and satisfy

. 1 2 k Ri(o ij - il -
Y (i,7) €I x T'* and = € R”, kelg‘%))(*i (™ (2) 9., (T, z)) < hV(z) < leg}y)l*j (h*(z) + gu(T, ).

e no free loop property: e switching costs g, and g; are non-negative, jointly continuous in (¢, x),
H4) Th free 1 ty: Th itching cost 9k d g; gati jointl ti in (¢

belong to II, and satisfy the following condition:

For any loop in I't xI'2| i.e., any sequence of pairs (i1, j1), - ., (in, jn) of It xT'2 such that (in,jn) = (i1, 1),
card{(i1,71),...,(in,jn)} = N —1land V¢ = 1,...,N — 1, either ig41 = iq Or jo41 = jq, we have
Y(t,x) € [0,T] x R¥,
Z Pigigsr (t,x) #0, (2.2)
¢=1,N—1
where, V ¢ =1,...,N =1, @i, (t,x) = i () Wi, iy + Gjyiger (b 2)Lj 25,00
(resp. Pigiqr1 (t,z) = giqﬁiqﬂ (t, z)]liq#iqﬂ = Gjgrigi (t, z)]qu?éjq+l )-



This assumption implies in particular that

1

V (ir,...,in) € (T")N such that iy =1y and card{i1,...,in} =N —1, »_ g, , . >0 (2.3)
Flkotk+1
p=1
and
N—-1
Y (j1, .., dn) € (T*)N such that jy = ji and card{j1,...,in} =N =1, Y Gj, jisr > 0. (2.4)
p=1
By convention we set g;; =g.. =0

Zii
Conditions (Z3) and ([24]) are classical in the literature of switching problems and usually referred to as the no

free loop property.

Finally, let us mention that if we set

gij(tvx) = |Z *]|g(t7$) and gij(tv'r) = |Z 7j|g(tﬂz)ﬂ (Zaj) S Fl X FQ;

g’;g is not a rational number, then

Q

where both g and g are functions such that, for any (¢,z) € [0,T] x RF,
assumption (2:2) holds.

e

We now define the notions of viscosity super (or sub)-solution of the system (2.I)). This is done in terms of the

notions of subjet and superjet which we recall here.

Definition 1. (Subjet and superjet)

(i) For a lower semicontinuous (Isc) (resp. upper semicontinuous (usc)) function u: [0, 7] x R¥ — R, we denote
by J-u(t,x) (resp. Jtu(t,z)) the parabolic subjet (resp. superjet) of u at (t,z) € [0,T] x R, as the set of triples
(p,q, M) € R x R¥ x SF satisfying
u(t', ') > (resp. <) u(t,z) +p(t' —t) +q¢' (2’ —2) +
(@ =) "Mz —z)+o(|t' —t| + |2/ — x|?)

where SF is the set of symmetric real matrices of dimension k.

(ii) For a lsc (rep. wusc) function u : [0,T] x R¥ — R, we denote by J u(t,z) (resp. JTu(t,z)) the parabolic
limiting subjet (resp. superjet) of u at (t,x) € [0,T] x R*, as the set of triples (p,q, M) € R x R*¥ x S¥ such that:

(pa q, M) = hmn(pna qn; Mn)a (tax) = hmn(tnaxn) with (Pm Adn, Mn) € J_U(tnaxn)
(resp. JTu(ty,x,)) and u(t, ) = limy, u(t,, x,).

Finally, given a locally bounded R-valued deterministic function u, we denote by w, (resp. u*) its lower (resp.

upper) semicontinuous envelope defined by:

Y (t,x) € [0,T] x R*,  u,(t,z) = lim uw(t',2') and u*(t,x) = lim u(t', '), (2.5)
(t' 2’ )= (t,0); t'<T (", 2")—=(t,x); t'<T

We now give the definition of a viscosity solution for the system (2.

Definition 2. Viscosity solution to (2.1))
(i) A function U = (’Ukl(t,fﬂ))(kJ)GI*lXFZ 2 [0,T] x R* s RA such that for any (i,j) € T' x T2, v is Isc (resp.



usc), is called a viscosity supersolution (resp. a viscosity subsolution) to (21)) if for any (i,7) € T x I'2, for any
(t,z) € [0,T) x R¥ and any (p,q, M) € J~v¥(t,z) (resp. JTv¥(t,x)) we have:
min {v" (¢, z) — LY[0](t, z),
max {—p —b(t,x).q — %TT[(O’O’T)(t,l‘)M] — fi(t,z,0(t,x), 0" (t,z)q); v (t,x) — UY [ﬁ'](t,x)}} >0,
vi(T,z) > h¥(z),
(2.6)
(resp.

min {v% (¢, 2) — LY[0](t, z),
max {—p —b(t,x).q — %TT[(O’O’T)(t,l‘)M] — fi(t,z,0(t,x), 0" (t,z)q);vY (t,x) — UY [ﬁ'](t,x)}} <0,
oI (T,) < 1¥()).,
(2.7)
(ii) A locally bounded function ¥ = (v*) 4 yerixr 1 [0, 7] x R¥ — R™ is called a viscosity solution of (21) if the
associated lower (resp. upper) semicontinuous envelope (Ufl)(k,l)erlxw (resp. (’Ukl*)(kﬁl)erlxrz) defined in (2.3)
is a viscosity supersolution (resp. subsolution) of (2).

If, in addition, for any (k,1) € T x I'?, vkl = ok then (Ukl)(k7l)er‘1><1"2 s a continuous viscosity solution of
23).

Remark 1. Under Assumptions (HO)-(H4), the above definition of a viscosity solution for (21) can be relazed
replacing the limiting subjet J~(v?)(t, ) of the supersolution v, (resp. the limiting superjet J*(vi5*)(t, ) of v*)
by the subjet J~ (vij)(t, x) (resp. by the superjet J*(vi9*)(t,x)). This results from the continuity of the functions
b, o, (f, hij,gij,gij)(i7j)erlxl"2 and the monotonicity property (H2) of (fij)(i7j)el"l><1"2.

3 Systems of reflected BSDEs and approximation schemes of the

solutions

Let (92, F,P) be a fixed probability space on which is defined a standard d-dimensional Brownian motion B =
(Bt)o<t<T whose natural filtration is (F := 0{Bs,s < t})o<i<r. Let F = (Fi)o<t<7 be the completed filtration
of (F)o<t<r with the P-null sets of F, hence (F;)o<t<7 satisfies the usual conditions, i.e., it is right continuous

and complete. Furthermore, let
e P be the o-algebra on [0,T] x Q of F-progressively measurable sets;
e H>% (£ > 1) be the set of P-measurable and R’-valued processes w = (w;);<7 such that E[fOT |ws|2ds] < oo;
e 8% (£ > 1) be the subset of H** of continuous processes such that E[sup,<z [w¢|?] < co. Finally let A2

be the subset of §*! of non-decreasing processes K = (K;);<r such that Ky = 0 and E[K2] < oco.

Next, for n,m >0, let (Y¥mm Zij’n’m)(iﬁj)epl «12 be the solution of the following system of BSDEs.

(Yismm ziinmy g §21 x F2d;
dygpmm = — fimm(g X0 (Yoo, ZEm™)ds + Z08MdB,, s < T, (3.1)
Y K4,
where,
Jimm (s, XET (yi0); serixre, 2) = f9(s, X5, (y*) (b yer xre, 2)+
n(y? —maxyepy-i{y™ — g, (5, X0") )™ —m(y” — ming ey {y" + gu(s, Xo")HT.



Note that by Assumption (H1) and the standard result on multi-dimensional BSDEs by Pardoux and Peng (1990)
([24]), the solution (Y™™, Z1:mm) ;o iy pe exists and is unique. Since the generators and the terminal values
depend on (t,z), the processes Y™™ and Z%™™ also depend on (¢, ) but, to avoid overload notation, we do
not mention this dependence in the sequel. Furthermore, the following monotonicity properties holds for the

double sequence (YWmm), ..
Proposition 3.1. For any (i,j) € Tt x I'? and n,m > 0 we have
P—a.s., Y@nmywntlbm  gng yihnm s yunmtl (i,7) € 7' x T2 (3.2)

Moreover, for any (i,7) € I'' x I'? and n,m > 0, there exists a deterministic continuous function v*>™™ in II,
such that, for anyt < T,

yimm — giinm (s XHey s e [t T). (3.3)
Finally, for any (i,7) € T x I'? and n,m > 0,

V() < 0P M(E g and vt ) > 0P (), (t,x) € [0,T] x R*. (3.4)

Proof. The second claim is just the representation of solutions of standard BSDEs by deterministic functions
in the Markovian framework (see e.g. El Karoui et al. (1997) ([13]) for more details). As for the first one, it
is based on the result by Hu and Peng (2006) ([22]) related to the comparison of solutions of multi-dimensional
BSDEs (we recall in Appendix (Al)). To prove this, it is enough to show that for any ¢, (yi;)@ jjertxr2,

(i) i, jyerr xr2 € R and (245) i, jyert xr2, (Zij)@)ert xr2 € (RT)* we have:

=43 3 jyert xr2 Yij (fiamm (s, X5 (g + Jrt) (eyert xr2, 2i5) — 2T (s, X5 () (6 pyert <12, Zij))
<23 jyertxre Ly <oz = Zill? + C 30 jyerxre (W)
where, C' is a constant, Yi; = max(—y;;,0) and y:; = max(y;;,0). This inequality follows easily from the fact
that, for any (i,j) € I't x I'?,
(@) frmm (s, X07 (yrt) kyyert xrz, 2ig) < f20H0 (s, XET(Grr) (kyyert xres Zig)s

(i) For any (u)(kyeri xr2 € R* such that u;; = 0 and ug > 0, for (k1) # (4, ),
FI (s, X0, (Yrt + ukt) i g)ert xres Zig) = [P (8, X907, (ki) (kyert <025 Zig) -

i11) f;; depends only on z;; and not on the other components zy;, (k, 1,7).
J J
Consequently, we have
P—a.s., yimm < yigntlm (i,7) € T* x T2

In the same way one can show that Y¥"m+l < yumm_ Rinally, the inequalities of (3.4]) are obtained by taking
s =t in [32) in view of the representation ([B3.3) of Y™™ by pifmm and X2, [ |

We now suggest two approximation schemes obtained from the sequence (Y™™ (i, j) € I't x T'?),, ,, of the
solution of the system (BJ). The first scheme is a sequence of decreasing reflected BSDEs with interconnected
lower obstacles and the second one is an increasing sequence of reflected BSDEs with interconnected upper

obstacles.

Let us first introduce the decreasing approximation scheme by considering the following system of reflected
BSDEs with interconnected obstacles: V(i,j) € 't x T'?,
Fiim g §21, Ziim g 424 and Kim e A%+ ;
Vi = W) + [ 90, X1, (V) e ere, 29N+ K™ = R — [ 2504,

\1,m v kjm t,x
Yo > kelgag)gi{Ys 9., (8, X5}, s <T,

T (yijm y kj,m T 715, m
Jo (V3m —maxye(oy-{ V™ — g (s, Xb7) PR ™ = 0,

(3.5)



where, for any (i,7) € Tt x ', m > 0 and (s, ¥, 2%),

Fij,m T 2 ij ij x ij ij : il | = )T

f 7 (Sa X? YUY, 2 J) = f J(SaXz, ) (ykl)(k,l)Eleanz J) - m(y 7 — le?lggl*j(y ! + gjl(S’Xz’ ))) .
Thanks to Assumptions (H1)-(H3) and (23], by Theorem 3.5 in Hamadéne and Zhang (2010) ([17]), the solution
of (B3] exists and is unique. In fact, this holds again under weaker assumptions (see Hamadene and Morlais
(2011)([19], Theorem 1). For sake of completeness, a statement of this recent result is given in Appendix (A2).

Moreover, we have the following properties.

Proposition 3.2. For any (i,j) € I'* x I'? and m > 0, we have
(i)

E[ sup |[Y/9™™ —Yi™2] 50, as n— oo, (3.6)
t<s<T

(ii)
P—a.s., yim > yijmtl
(iii) There exists a unique A-uplet of deterministic continuous functions (’L_)kl’m)(k,l)el"lxl’ﬂ in II, such that, for
everyt < T,
Yim = gt (s, X5, s e [t,T). (3.7)

Moreover, for any (i,j) € T x T'? and (t,z) € [0,T] x R¥, v9™ (¢, z) > v9mTL(¢, ).

Finally, (’ljij’m)(iﬁj)eplxp2 is the unique viscosity solution in the class Il; of the following system of variational
inequalities with inter-connected obstacles. V (i,j) € 1 x T'2,
min{o""™ (¢, x) — ker&%})(ii(ﬁkf*m(t, z) — g, (L, 2));
—0 0™ (t, ) — b(t, ) Dav ™ (¢, x) — 3 Tr(oo ' (t, x) D2 0™ (t, x))
—fm (@, (Ot @)) (ke yert xrz, 0| (8, 2) D (E @)} = 0,
o m™(T, x) = hil(x)

(3.8)

where,

id . i _ +
kl)(k,z)erlxr%z) —m(yJ — .(yl+9jl(3a$)))

fij,m(s,x, (ykl)(k,l)EFIXFQaz) :fij(saxa (y -
le(T2)~7

Proof. Let us prove (i). For this, it is enough to consider the case m = 0, and we will do so, since for any
(i,4) € Tt x T'?, the function

]

(s, 2, (V") kpyer xr2) — —m(y? — min (v + gu(s,z))*

le(T2)=J
has the same properties as f% displayed in (H1)-(H2).
To begin with, let us show that for any ¢, 7 and n > 0,
P - a.s., Ym0 <y, (3.9)

First andt w.l.o.g. we may assume that f% is non-decreasing w.r.t. (ykl)(kyl)eplxp2, since thanks to Assumption
(H2), it is enough to multiply the solutions by e®*, where w is appropriately chosen in order to fall in this latter

case, since f¥ is Lipschitz in 4. Now, for fixed n, let us define recursively the sequence (Y*#:7), 5 as follows:



For k = 0 and any (i,5) € I'! x I'?, we set Y% := Y4:0 and, for any k > 1, let us define (Y*iin, zkiin) ¢
8?1 x 1?4 as the solution of the following system of BSDEs: V(i,j) € 't x I'2,

7d}~/sk,ij,n _ fij(S,Xz’z, (Y/Skfl,pq,n)(p,q)erlxr%Zf,ij,n)ds+
n{Ykiimn — maxle(rl)fi(};sk’l’lj’" = 9., (s, Xt =ds — ZF9mdB,, (3.10)
Y = 1 (Xp")

The solution of [BI0) exists since it is a multi-dimensional standard BSDE with a Lipschitz coefficient, noting
that (f/;k_l’pq’n)(p7q)erl «12 is already given. Since, n is fixed and the coefficient

e (5,0, (U) (e pyerixrz, 27) o= 7 (s, X0, (") (e pyert wre, 27) + n{y — lergg;gi(y” — g, (5, X))

is Lipschitz w.r.t. ((y*)er: xr2,27), the sequence (Yki3m), converges in S>! to Ym0 as k — oo, for any
1,7 and n.

Using an induction argument w.r.t. k, we prove that, for any 4, j and n,
P—a.s., yhkiin < yii0 k> 0.

Indeed, for k = 0 the inequalities hold true through the definition of Y%"  Assume now that these inequalities

are valid for some k — 1, i.e., for any i, j and n,
P—as., YkLion<yul (3.11)

Thus, taking into account that Y% satisfies ([3.5) with m = 0 and the fact that f¥ is non-decreasing w.r.t.

(ykl>(k7l)er‘l><1"2 then for any 1, j, n, it holds

fij(sﬂ X?Iv (?skilypqynkp,q)el—‘l xI'2y Zij) + n{i/i%O - maXle(Fl)*i (i}skfl,lj,n - gil(sa X?I))}i
S fij(sa X§7Za (S_/qu’o)(p,q)el‘l xI'2, ZU)

Using the standard comparison result of solutions of one dimensional BSDEs we obtain that, for any n,i,j,
ykiin < Y30 a5 Thus the property (3II) is valid for any k. Taking the limit as & tends to oo, we obtain

3.

We can now apply Peng’s monotonic limit (see Peng (1999) ([26])) to the increasing sequence (Y*™0), -y, This
yields the existence of processes Y, Z# and K%, (i,5) € I* x I'2, such that:

(a) Y is ROLL and uniformly P-square integrable. Moreover, for any stopping time 7, lim,, o, Y0 = }A/T”
(b) K% is RCLL non-decreasing, K¢/ = 0 and for any stopping time 7, lim,, ., K% = K% P — a.s.

(c) Z¥ € H>% and for any p € [1,2),

n—oo

T
lim IE[/ |Zi3m0 _ 71 P ds) = 0.
0
(d) For any (i,j) € I'! x I'2, the triple (Y, 2 K/) satisfies: Vs < T,

Ay SN L B A L

}A/Sij Z mane(Fl)ﬂ'{Y/skj — sz(st?I)}
The remaining of the proof is the same as in Hamadéne and Zhang (2010) (([I7]), Theorem 3.2) and it mainly
consists in proving both the continuity of ¥ and K% and the Skorohod condition (these properties are deduced
using the no-free loop property (H4)). Finally we obtain that the triple (Yij AN ¢ ) satisfies (B.8]) with m = 0.
Hence, by uniqueness of the solutions of (), Y% = Y0 a.s, which completes the proof of (i).



(ii) is an immediate consequence of (i) and Proposition [311

We now establish (iii). The existence of the deterministic continuous functions (7*™™); jjerixr2 such that for
any s € [t,T], Y™ = 59 (s, Xy), (i,7) € T' x ', m > 0, and which satisfy the system (3.8)), is obtained in
[19] (see Appendix A2, Theorem [6.2). Finally as Y™ > Yim+l a5 we deduce that v9™ > 9¥m+1 taking

into account (ii), which completes the proof. |

We now introduce the increasing approximation scheme by considering the following system of reflected BSDEs

with interconnected obstacles: for any (i,7) € I't x I'?,

YU e 82 ZUn e 424 gnd K" e A2
YO = hi(X5") + fST fj’n(ra Xhe, (Xfl’n)(k,z)erlxFZ,Zij’n)dT — (K2 — K9y — fST Z9"dB,,

Y7' < min {YDP" 4 g(s, X))}, s <T, (3.13)
le(r2)-J
T
/ 9" — min {YP" + gu(s, XET)HAED™ =0,
0 1e(r2)-i

where, for any (i,7) € T'! x ', n > 0 and (s, 7, 2¥),
iijyn(s’ Xﬁ’l’g’ Zij) = fij(s’ Xﬁ’l’ (ykl)(kvl)GNXFQ’ Zij) + n(yij N kerﬁ“al))(n{ykj - Qik(S’Xz’I)})_'
Thanks to assumptions (H1)-(H3) and (H4)-(24), by Theorems 3.2 and 3.5 in Hamadéne and Zhang (2010) ([I7])

the solution of (3] exists and is unique.

Below is the analogous of Proposition 3.2l We do not give its proof since it is deduced from this latter proposition

in considering the equation satisfied by (=Y ", —Z%" K"7™).

Proposition 3.3. For any (i,j) € Tt x I'? we have
(4)

E[ sup [Y2m™m Y92 50 as m — oo. (3.14)
t<s<T

(i) For any n >0,
P—a.s.,  Y9r<y st

(iii) For every n > 0, there exists a unique A-uplet of deterministic continuous functions (v

such that, for everyt < T,

1n)(k,l)€l—‘1 x T2 m Hg

YUm = iin(s X, t<s<T. (3.15)
Moreover, for anyn >0 and (i,j) € Tt x I'?,
vt x) < Tt ), (t,z) € [0,T] x R*.
Finally, (Qij’n)(iyj)eI‘lXFZ is the unique viscosity solution in the class Il of the following system of variational
inequalities with inter-connected obstacles: ¥ (i,7) € Tt x I'2,
max{v?"(t,z) — min (V" (t,2) + Gi(t, T));
le(r%)-3
78tyij7"(t, ZL') - b(ta z)DzQijﬁn(ta ZL') - é TT(UUT (tv :C)Dgxﬂijﬁn(tv .CC)) (3 16)
_i ij#n(ta Z, (le’n(ta 'T))(k,l)EFl xI'2, UT (ta 'T)Dlyu’n(ta 'T))} = 0)
v (T, x) = h ()

where,

I (s, 2, (") eperixre, 2) = 7 (s, 2, (") rpert xre, 2) + n{y” — kerglrag)gi(ykj — g, (s,2))}~
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For (t,z) € [0,T] x R¥ € [0,T] x R* and (i,5) € I'* x I'?, let us define

oU(t ) == lim 59" (t,a) and 09 (t2) = lim vV ().

Then, as a by-product of Propositions and B3] we have

Corollary 1. For any (i,j) € Tt x I'2, the function v (resp. v¥) is usc (resp. lsc). Moreover, v and v%

belong to Il i.e., there exist deterministic constants C > 0 and v > 0 such that, for any (t,z) € [0,T] x RF,

5% (¢, )| + [ (¢, 2)] < C(1 + |z]), (t,z) € [0,7] x R".

Finally, for any (t,z) € [0,T] x R¥,
v (t,x) <09 (t, ).
Proof. For any (i,j) € I'' x T2, 9% (resp. v¥) is obtained as a decreasing (resp. increasing) limit of

continuous functions. Therefore, it is usc (resp. lsc). Next, for any (i, 5) and n,m,
VI (¢ ) < om0t x),  (t,x) € 0,T] x RF,
as the sequence (v"™™), - is decreasing. Thus, taking the limit as m — oo we obtain
piIm < idm0,
Now, using ([B.3)) and (B.8)) it follows that, for any ¢t < T and s € [t,T], Y70 = ¢m0(5, X1®) and the processes
Ym0 converges in 82, as n — oo, to Y0 solution of (35 with m = 0. Furthermore, by (3.7, there exists a

deterministic continuous function 9*:* of class II, such that for any ¢t < T and s € [t,T], Y90 = 9:0(s, X5).

Then, taking s =t and the limit as n — oo to obtain

v (t,x) = lim v (t,x) < lim v9"0(t, x) = 590(t, x), V(t,z) € [0,T] x R*.

n—oo n—oo
But, 999 and v™" belong to II, and v*" < v%"+1 Thus, v/ belongs to Il,, for any (i,j) € I'' x I'2. In the
same way one can show that 9% belongs to Il,, for any (i,j) € I'! x I'2. The last inequality follows from (3.4

and the definitions of #% and v¥. [ |

4 A comparison result

In this section we investigate some qualitative properties of viscosity solutions of the system (2.1]). In particular,
we show in Corollary Rl below that if the system (2.I)) admits a viscosity solution in the class Iy, then it is unique

and continuous.

We first show that if (Uij)(iﬁj)eplxp2 (resp. (wij)(iyj)erlxrz) is an wusc subsolution (resp. lsc supersolution) of
() which belongs to I1,, then for any (i,7) € I'' x I'?, % < w%. To begin with, we give an intermediary result

which is required in the second step of the proof of the comparison result.

Lemma 4.1. Let @ := (u"); jyerixr2 (resp. @ := (W) jyerixrz) be an usc subsolution (resp. lsc supersolu-

tion) of (Z1). Let (t,x) € [0,T] x R* and let T'(t,x) be the following set.

D(t,z) :={(i,j) e T' x %, u¥ (t,2) —w™ (t,x) = max {uf(t,z) — w*(t,2)}.
(k,1)ET xT'2

Then, there exists (ig,jo) € f‘(t, x) such that

u'do(t, x) > LP[g](t,x) and w7 (t,x) < U [](t, ). (4.1)
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Proof: Let (t,z) € [0,T] x R¥ be fixed. Since the set I'' x I'? is finite then T'(t, ) is not empty. Next, let us show
the claim by contradiction. So for any (i,j) € I'(t,z) either v (t,x) < LY[d](t,z) or w¥ (t,x) > U¥[w](t,x)
holds. Let us first assume that:

u¥ (t,2) < LYd|(t, ). (4.2)

Then, there exists some k € (1"1)71., such that
u¥(t,x) < L9a)(t, z) = uM (t,x) — g, (t, ).
But, since @ is a supersolution to (2] we also deduce
wij (tv JS) 2 wkj (tﬂ 1') - gik(tﬂ :L'),

which implies that
u¥ (t,x) —ub(t,z) < —g,,(t,x) < w (¢, z) — wh (t, )

and then

u(t,x) — w (t,z) < uM(t,x) — wh(t, z).

Since, by assumption (i, j) € (¢, z), the two previous inequalities are instead equalities, (k, j) belongs to I'(, z),
k # 4 and finally it holds that

¥ (t,x) —uM(t,z) = fgik(t, z) = w(t,z) — wh (t, x). (4.3)

Next, if (£2) does not hold, then necessarily u% (t,z) > L¥[d](t,z) and w' (t,z) > UY[i](t,z). As (u);; is a
subsolution of (Z1]) we obtain

u¥ (t,x) < UYd)(t ) < ul(t,z) + gu(t,xz), le Iy,
On the other hand, for some index [ € I's ™7 it holds
w (t,x) — w (t,x) > gu(t,x) > u(t, x) —u'l(t, ).
Once more as (i,7) € [(t, ) then the previous inequalities yield that (i,1) € T'(t,z), [ # j and
u(t,x) —ul(t,x) = gu(t,x) = w9 (t,z) — w (t, ). (4.4)

Repeating now this reasoning as many times as necessary, and since I'' x I'? is finite, there exits a loop

(ilajl)a ceey (Z.Nflaijl)v (iNajN) = (7:17].1) such that

Z Pigigt1 (ta ,T) =0,

q=1,N—-1
which contradicts Assumption (H4), whence the claim is proved. |
We now give the main result of this subsection.

Theorem 4.2. Assume that @ = (u"” ) jyerixrz (resp. @ = (W) jerixr2) is an usc (resp. lsc) subsolution
(resp. supersolution) of the system (Z1)) such that, for any (i,7) € T' x I'?, both u" and w' belong to 1 , i.e.,

there exist two constants v and C' such that
W(i.j) €TH % T2, ¥(t, o) € [0,T] x RY, [u? (t,2)| + [w” (t,2)] < C(1 + [2]). (4.5)
Then, it holds that for any (i,j) € Tt x I'?,

u(t,z) <w(t,x), (t,z) € [0,T] x R*.
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Proof. Let us proceed by contradiction and let (Uij)(iﬁj)epl «r2 (resp. W = (wi‘j)(iﬁj)epl «12) be use (resp. lsc)
and a subsolution (resp. a supersolution) of the system (ZIJ) such that there exists eg > 0 and (o, zo) € [0, T] xR*
such that

max (" —w"”)(to,20)) > eo. (4.6)

Next, w.l.o.g. we may assume that for any (i,j) € I'* x I'?,
lim (u" —w")(t,x) = —oc0. (4.7
Indeed, if this is not the case, one may replace w” with w*?# defined by
WOt x) = w (¢, ) + e M x|27 2 (K, x) € [0,T] x R,

which is still an usc supersolution of 21I) for © > 0 and p > o which satisfies (7)) (a proof of the supersolution
property for good choices of ¥ and p can be found in e.g. Pham (2009) (([25]), pp.76). Therefore, it suffices
to show that u¥(t,z) < w’%H(t, x), (t,x) € [0,T] x R¥, since, by taking the limit as ¥ — 0, we deduce that
u (t,z) < w(t,x), (t,7) € [0,T]xR¥. Thus, assume that (@8] and (@) are satisfied. Then, there exists R > 0
such that

Max(s g)efo,r)xkk Max; j{ (u? —w)(t,x)} = max( a)eo,r)xB0,r) Max;,j{(u? —w)(t,z)}

- iy (4.8)
= max;;(u”? — w”)(t*,2*) > € > 0,

where, (t*,2*) € [0,T) x B(0, R), where, B(0, R) denotes the ball in R* with center the origin and radius R,
since by definition u% (T, x) < w¥ (T, z), for all (i,j) € Tt x T'2.

The remaining of the proof is obtained in two steps: the first step which is the main one establishes the comparison

result under the additional condition (@3] and the second step provides the proof in the general case.

Step 1. Let us make the following assumption on the functions (f*); jjer: xrz. For all
A> c(fP)) A =1), (i,5) €T x T2, (t,2,7,2) € [0,T] x R¥ x RA4 and (u,v) € R?s.t.u > v,

FAt [l 2) — f (@, [77 ) 0], 2) < —Au — ), (4.9)

where, ¢(f%7) is the Lipschitz constant of f¥ w.r.t. (ykl)(kJ)eFlXFZ. Next, let (ig, jo) be an element of f‘(t*, x*)
that satisfies ([@I). For n > 1, let ®¥+J0 be the function defined as follows.

O (t2,y) = (W0 (t2) — w0 (ty)) — gult i y),  (ta,y) € [0,T] x R,
where,
e e e e N (R

Since ®%+70 is usc in (t,z,y), there exists (t,,Tn,yn) € [0,T] x B(0, R)? such that

Piosdo (¢ T, — Pio:Jo t,z,y).
w7 (tns Ty Yn) o e o me &7 (t,z,y)

Moreover,

iosdo (¢ g% p*) = wlodo (¢, ) — wiodo (¢, ) < wiodo (¢ a*) — wiodo (¢, %) + ¢ (tn, Ty Yn)

o o (4.10)
< %0570 (tm xn) — quto,Jo (tm yn)
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The definition of ¢,, together with the growth condition of u* and w® implies that (z,, — yn)n>1 converges to 0.

Next, for any subsequence ((t,,n,, yn,)): Which converges to (£, %, ) we deduce from (@I0) that

rodo (t*, x*) — todo (t*, x*) < u0-Jo (E’ .i') — qtodo (E’ .i'),
since u%J0 is usc and w'7° is [sc. As the maximum of u®Jo —wiJo on [0, 7] x B(0, R) is reached in (t*,2*), then
this last inequality is actually an equality. Using the definition of ¢,, and (£I0), we deduce that the sequence
((tns Tn, Yn))n converges to (t*,x*, x*) which also implies

nlzn = ya7T2 =0 and (w0 (tn, 24), w7 (tn, ya)) — (WO (E,2%), w0 (7)),

as n — oo. This latter convergence holds, since we first obtain from ([@IQ) and in taking into account that u‘J°
and w7 are Isc and usc respectively,

wiodo (1, ) — wiodo (t*, 2*) < limy,, (07 (tn, ) — WO (b, yn)) < Timy (0090 (b, ) — w90 (£, Y )

< limy, u™70 (b, ) — lim,, w70 (4, y,)) < w00 (£*, %) — wiodo (t*, z*).

Thus the sequence (u'70(t,, x,) — w9 (t,, y,))n>0 converges to uJo(t* z*) — w'Jo(t* z*) as n — oo. Then

lim,, u®90 (t,, 2,) = w90 (+*, 2*) — w0 (t*, %) + lim,, w70 (t,,, y,) > w00 (¢*, x*) > lim,, u’7°t,, x,).
It follows that the sequence (u%Jo(t,,x,)), converges to u%’o (t* x*) and then (w7 (t,,y,)), converges also to
whodo (¢ x*).
Next, recalling that w7 (resp. w®7°) is usc (resp. lsc) and satisfies ([@I]), then, for n large enough and at least

for a subsequence which we still index by n, we obtain

w9 (t,, ) > max (UM (tn, 2n) — Gigk (tns Tn)), (4.11)
ke~
and
w'Jo (tn,zn) < min .(inZ(tnvxn) = Gjot (tn, Tn))- (4.12)
le(FZ)*J

Applying now Crandall-Ishii-Lions’s Lemma (see e.g. [5] or [10], pp.216) with ®{070 and ¢,, at the point (¢, n, yn)
(for n large enough in such a way that this latter triple will belong to [0, T x B(0, R)?), there exist (p?, ¢, M) €
J2H (utI0) (t,, x,) and (p, ¢, M) € J>~ (w9°)(t,, y,) such that

P = Py = 0t@n(tn; Tnyyn) = 2(tn — t7), qii (vesp. ¢;) = Opn(tn, Tn,Yn) (vesp. — Oypn(tn, Tn,yn)) and

M? 0 1
( " ) <A+ —A7, (4.13)
0 —NT 2n
where, A4, = D(QI )P (tn, Tn,yn). Taking into account that (u'); ; (resp. (w");;) is a subsolution (resp.

supersolution) of ([2)) and using once more (@I1)) and [@I2) we get
n T n 1 T n i0J0 ij T n
—pyy — b(tn, Tn) gy — 5T7‘[(00 Y(tn, o) M| — [0 (tn, T, (u" (Eny T0)) (5, jyer x 02, O (tns Tn) gy ) <0,
and
—P — b(tn, yn)T-Qw - _Tr[(UUT)(tn; Yn) M) — [0 (tn, Yn, (w j(tnvyn))(i,j)el“lxl“2’U(tmyn)T'Qw) > 0.
2
Taking the difference between these two inequalities yields

—(pZ - pg) - (b(tm xn)T-qg - b(tn,yn)—r.qgj) - %TT[{UUT(tnaxn)Mg - UUT(tna yn)M:uL}]
7{fi0j0 (tnv L, (uij (tn; zn))(i,j)er‘l xI'2, U(tna zn)T ' QZ) (414)
7.]”.0].0 (tna Yn, (wij (tn; yn))(i,j)efl xT'2, U(tnv yn)qu)} < 07
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and then

_{fi[)jo (tna Tn, (Uij (tna xn))(i,j)eFl xI'2; U(tna xn)T-qg)
7.]”.0].0 (tna Yn, (wij (tn; yn))(i,j)er‘l xI'2, U(tna yn)qul;)} < On;
with lim, o0 0n < 0, using the fact that all the terms in the first line of [{I4) are converging sequences.
Linearizing f*7° (see Appendix A3), which is Lipschitz w.r.t. (y”/)( jyer: xr2, and using Assumption E3), we

obtain

)\(uiojo (tna -Tn) - wiojo (tna yn)) - Z @2] (uij (tn; :En) - wij (tna yn)) S On;
(4,) €T XT'2, (4,5)# (40 o)

where, ©%7 is the increment rate of f“©/ w.r.t. 3% which is uniformly bounded (w.r.t. n) and non-negative

thanks to the monotonicity assumption (H2). Therefore,

/\(uinO (tn7 xn) —wh7 (tnv yn))
< Z(i_7j_)€1"1XFZv(i,j)i(io»J‘o) 057 (u (ty, xn) —w (ty, yn)) + On
< e(f7) x Z(i»j)efl><F27(i,j)¢(iovjo)((u” (tns xn) — W (tn, yn)) " + on-

Taking the limit as n — oo we obtain

A(uhodo(t,z%)  —w'lo(t*, y*))
< Ty, o0 ¢(f7°) (Z(i,j)el‘l><F2,(i,j);£(ig,j0)(uij(t’m Tp) = w (tn,yn))*
< ¢ frodo) D (5,7) €T X T2, (4,7) i o) Timy, 00 (U (tn, ) — W (tn, yn))F
< e(f1070) (200 er x2, i, o,y (U (¥, %) — W (87, iﬂ*))Jr)

since u (resp. w") is usc (vesp. lsc). As (ig,jo) belongs to T(t*, z*), we obtain
A, %) = w3 (1)) < e i) (A = 1) (i (1 27) — w1, 27))

But this is contradictory with ([L38) and [@3). Thus, for any (i,j) € I'' x I'?, ¥ < w¥. O

Step 2. The general case.
For arbitrary X € R, if (u”); jyerixr2erixre (vesp. (W) jerixr2) is a subsolution (resp. supersolution) of
@) then @¥ (¢, z) = eMu¥ (t,z) and 0¥ (t, x) = eMw™ (¢, ) is a subsolution (resp. supersolution) of the following

system of variational inequalities with oblique reflection. For every (i,j) € 't x I'2,

min{o¥ (¢, 2) — maxc p1y-: {09 (8, x) — Mg (t,2)};
max{ 0 (t, ) — ming ¢ pey-i {eMgjr(t, x) + 09 (t, ) }; —0,0% (¢, ) — L (¢, 2) + X0 (t, x)
*e)\tfij (tﬂ xz, (ei)\tf)ij (t, z))(iaj)efl xT'2, e Mgl (tﬂ z)DI’D” (tﬂ :L'))} =0,

99(T, x) = AT hi ().

(4.15)

But, by choosing A large enough the functions
Fij (ta €T, (ukl)(k,l)ef‘le27 Z) = 7Auij + e/\tfij (tv €, (eiAtukl)(k,l)El—‘lxl—‘Qaei)\tz)v (Zaj) € Fl X F27

satisfy Condition (£9). Hence, thanks to the result stated in Step 1, we have 4 < @%, (i,4) € I'' x I'2. Thus,
u¥ < ¥ for any (i,5) € 't x I'?2, which is the desired result. [ |

As a consequence of this comparison result, we obtain the following one related to uniqueness of the solution of

@I).
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Corollary 2. If the system (21) admits a viscosity solution in the class Ily, then it is unique and continuous.

Proof. Indeed, assume that (v*7)(; jjerixr2 is a solution of (I that belongs to II;. Then, thanks to
the previous comparison result, for any (i,j) € I'' x I'> we have v¥* < v Thus, v¥* = v and then
Vi =¥ = v¥*  which means that v¥ is continuous. Next, if (’IAJZ.j)(Z'J')eFlXFZ is another solution of (Z1]) in the
class II,, then it is also continuous and by the Comparison Theorem [£2 we have v/ < ¢% and v*7 > /. Hence,

v =99, (i,5) € I'! x I'?, i.e., uniqueness of the solution of (Z.1]). u

5 Viscosity solution of the system (2.1))

In this section we prove that the family (9%); ; constructed in Section 3 provides the unique continuous solution

in viscosity sense of the system (Z1]). For sake of clarity, the proof is divided into several steps.
Proposition 5.1. The family (") (; jyerixr2 is a viscosity subsolution of the system (2:1)).

Proof. First recall that for each (i,7) € 't x I'2, 9% is usc, since 9% = lim,, N\, v*™, where vi¥™ is a
continuous function solution of the system ([B.8). Thus, for any (i,5) € I't x T'2] it holds that v%* = 9%. Next,
at T we have

(T, x) = 1i7£n N 0T, ) = b (x), x € RE.

We shall now prove that, for any (¢,z) in [0,7) x R¥, any ((i,5) € I'' x I'? and (p, ¢, M) in J™0 (¢t,z),

min[(0% — LY) (¢, z), max{ (0" — UY)(t,z),

i _ (5.1)
—p —b(t,x)q — %Tr(oaT(t, 2)M) — f9(t,z, (7™ (t,.’L'))(kﬁl)eI‘lXF2,O'T(t,.’L').g)}] <0,
with LY and U% defined as follows:
LY(t,x) = kergag)(ii (0% (t, z) — gik(t,x)) and UY(t,x) = ze?r%?ff (o' (t,2) + gju(t, x)).
Now, let (i,5) € I' x I'? be fixed. Then it is equivalent to show that, either
(09 — LY)(t,z) <0, (5.2)
or .
max{ (0" — U"Y)(t,z), —p — b(t,z)q — §Tr(UUT(t, )M) — f9(t, 2, 0(t,x), 0" (t,2).q)} <O. (5.3)

If (52) is satisfied then the subsolution property (B.I) holds. Therefore, from now on, we suppose that there
exists €p > 0 such that
oY (t,x) > LY (t,x) + o, (5.4)

and show (5.3). Thanks to the decreasing convergence of (v%™),,>¢ to 9, (i,5) € I'' x I'?, there exists mg such

that for any m > mg, we have
VUMt ) > LMt 7)) + %0 (5.5)

Next, by continuity of v*™ and L%™ there exists a neighborhood O,, of (¢, ) such that

oI al) 2 LI ) + T, (7)€ O (5.6)

Now, by Lemma 6.1 in [5] there exists a subsequence ((tx,zx))r>0 such that

(th, Th) = koo (t, ) and oY (t,z) = klim vij’k(tk,xk). (5.7)
—00
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Moreover, there exists a sequence (pg, qx, M) € J* (Uij’k(tk, xk)) such that

(Pks gk My) = (p, g, M). (5.8)

lim
k— o0
But, the subsequence ((tx, zx))k>0 can be chosen in such a way that for any k > 0, (tx,xx) € Ok. Applying now
the viscosity subsolution property of v*** (which satisfies (3.8))) at (¢, z)) and taking into account of (5.6) we

obtain

1 .
— pi — bty k) gk — §TI"(UUT(tka-Tk)Mk) — FR (e, 2, (VPR (8, 28)) (prgyer xr2, 0 (s ) ) <0, (5.9)

where, once more,

i i ii . i B +
f J’k(saxa (ypq)(p,q)GFIXF2a Z) = f J(Saxa (ypq)(p,q)GFIXF2a Z) - k(y ) — legjly)l*j(y : + gjl(sa :E)))

Next, thanks to the boundedness of the sequence ((tx,*k))k>0, the uniform polynomial growth of ¥P%* k > 0,
(by Proposition and Corollary [I), the assumptions (HO0)-(H2) on b, o and f%, and the convergence of
((pr> qr, M)k to (p, ¢, M), we deduce from (5.9) that

€k 1= (’L_)ij’k(tk, :L'k) — le?IgI)l*j (’L_)il’k(tk, :L'k) + gjl(tk; :L'k)))+ —0, k— oo.

But, for any fixed (¢, z) and ko, the sequence (9% (¢, 2))g>k, is decreasing and then for any k > ko > mo,

7k (g, ) < I&m (0" * (b, k) + Gjo (ke 2k)) + €x < I};m (0% (te, ) + Gjo(ts 1)) + €
J J

Taking now the limit as k — 400, in view of the continuity of 7%, we get

ln 57 (b1, 1) = (¢, ) < im0 (£,2) + 1 (t,2)).
J

Finally, passing to the limit as kg goes to 400 to obtain

09 (t,2) < min(o (1, 2) + gt 2) = U9 (1, ). (5.10)

Let us now consider a subsequence of (k), which we denote by (k;), such that for any (p,q) € I'! xI'?, the sequence
(0P9F (ty,,x,)); is convergent. This subsequence exists since the functions 9*"% are uniformly of polynomial
growth (by Proposition [3:2] and Corollary [[l). Then, taking the limit w.r.t. { in equation (5.9]), we obtain

_2_) - gb(ta CE) - %T‘I‘(UUT (ta (E)M) S ml—><>o fij’kl (tkl y Lk y (/qu’kl (tkl y Ly ))(p,q)GFl xI'2y U(tkl y Ly )qul)
<im0 fij (tkz » Lk (1_)pq7kl (tkz y Ly ))(p,q)eFl xT'2, J(tkl y Ly )Tle) (5'11)

= fij (ta x, (hml%oo 'qu’kl (tkl s Thy ))(p,q)el"l xI'2, J(tv SC)TQ),

since f% is continuous in (¢, z,%,z). Now for any (p,q) € I'* x I'?, since 9P9™ is continuous and #P%™ > P9+l
Vn > 0, it holds that
oPO*(t, x) = oM (t,x) = lim P (¢ a), (t,z) € [0,T] x R¥.
t' —t,x’ —>xr,n—00
Therefore, for any (p,q) € T'* x T2 ((p,q) # (4,7)), we have
oPl(t, ) > lim oPR (4, xx,) and 09 (¢, x) = lim o9% (t,, x5, ). (5.12)
l—o0 l—o0

As f¥ is non-decreasing w.r.t. y*!, (k,1) € Tt x T2, (k,1) # (i,7), we deduce from (5.I1)) and (5.12) that

—p — qb(t,z) — %TI‘(O’O’T(t, x)M) < fU(t,x, (VPI(t, z))(%q)eplxm,o(t, :c)Tg). (5.13)
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Finally, under the condition (5.4)), the relations (5.13)), (5.10) imply that (5.3)) is satisfied. Thus 9% is a viscosity

subsolution for
min[(3% — L) (¢, ), max{ (v — UY)(¢,z),
—p = b(t,x) g — §Tr(oo T (t,2) M) — f9(t, x, (0" (t,2)) k1yerr xr2, 0 ' (,2).9)}] = 0,

(T, x) = h" (x).
Since (i, j) is arbitrary, (%), jerixr2 is a viscosity subsolution for (ZI]). This finishes the proof. |

Proposition 5.2. Let mg be fized in N. Then, the family (v ”’mo)(”)eplxm is a viscosity supersolution of the
system (21]).

Proof. First and thanks to Proposition B2, we know that the triples ((Y:mo, Zi:mo Kidmo)), o i pe
introduced in (B.5]), solve the following system of reflected BSDEs: For every (i,j) € I't x T'2,

Yiimo ¢ 3271, Zimo ¢ H2d and Kimo ¢ A2+ :
— .. .. t, T—H — —_. —-<7 —_. . T—.,
Yiimo = pii (X I + f fiamo (7“, X;f,w, (kal,mo)(kﬁl)eFerZ, Z}_Lmo)dr + K;g mo _ Kigmo fs ZFmodB,

kj ) .
Yzj »1M0 > kelg%x {Y J,M0 7Qik(S7X§’z)}’ s < T,

Jil (7280 — ey {TH70 = g, (5, X AR =0
(5.14)
where, for any (i,7) € I'! x I'? and (s, ¥, 2%),
Fij,m x = _ij i,j z ij ij +
f ’ U(SaX‘? Y, 2 J) = f J(SaX? a(ykl)(k,l)GI“XFZaZ j) - mo(y 7 — min (y +gjl(3 Xt )))

le(r2)—7

Furthermore, it holds true that
V(i,j) € T x T2, Y(t,x) € [0,T] x R*, Vs € [t,T], Yimo =gidmo(s X17),

On the other hand, we note that Y™ is the value function of a zero-sum Dynkin game (see Appendix A4),
i.e., it satisfies, for all s < T

Yi3imo = ess sup, ess infTZSE[f:AT F(r, X0, (Ym0 serixre, Z97m0)dr+
maxye oy~ {5770 — g, (0, X5) Hlgcq) + {V70 Amingg oy -5 {VE70 — gju (7, Xp7) M <oy
+h (Xg") Lo | F)-
(5.15)
Thus, by Theorem 3.7 in Hamadene-Hassani (2005) ([15]), it follows that 9™ is the unique viscosity solution
for the following PDE with two obstacles.

min[d(¢, x) — maxke(rl)fi{ﬁkj’mo (t,z) — g, (t,2)}, max{d(t,x) — o (t, ) V ming ¢ pay - i (0o (t,x) — gt x)),
—0y9(t,x) — b(t,z) T DI(t, x) — éTI‘(O’O’ (t,z)D2, 9(t,x))—
St @, (0™ (8, 2)) (ke yert xr2, 0 (8 2).Ded(t, @)} = 05
T, z) = hd(z).

Next, let (t,z) € [0,T] x R* and (p,q, M) € J~[07™0](t,x). As 9"/™° is a solution in a viscosity sense of the
previous PDE with two obstacles then it holds that

P a) > max ($970(a) — g (t0) (5.16)
ke(r1)~i =
and
max{o""0 (t, x) — 0" (t, ) V mingg oy i (0070 (8, ) — Gt x)) ; (5.17)

—p—b(t,z) g — 5Tr(oo " (t,2)M) — f9(t, 2, (T (t, 2))kpyerixr2, 0 (8,2).9)} = 0.
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But, for any constants a,b € R we have a — (a Vb) < a — b and thus a — (a Vb) > 0 = a — b > 0. Therefore, we

have from (BI7]),
max{vm0 (¢, 1) — ming ¢ p2)-i (oMo (t,z) — gu(t,x));
—P— b(t, 'T)Tq - %TY(UUT (t’ 'T)M) - fij (t’ €T, (T)kl’mo (t, -T))(k,l)eFl xI'2; ol (t, -T)Q)} > 0.
Combining this inequality with (5.I6) and since v*»™0 (T, z) = h* (x) it follows that v*»™0 is a viscosity superso-
lution of the system
min[d(¢, x) — maxke(rl)fi(ﬁkj*m“ (t,z) — gik(t, x)); max{d(t,x) — min, ¢ p2)-i (vimo(t,z) — gu(t,z));
—0y0(t, ) — b(t,x) " Dyd(t,z) — 1 Tr(oo ' (t,2)D2,9(t, x))—
9 (t, z, (BFhmo (¢, ) (k,1)ert «12,0 1 (t,2).D9(t, )} =0,
(T, x) = hI(x).

Since (4,7) is arbitrary in I't x I'?, the system of continuous functions (’Uij’mo)(i’j)eplxrz is a supersolution of
R.1). n

Consider now the set U,,, defined as follows.
U=A{i:= (’U,ij)(i,j)er‘lxrﬁ s.t. i is a subsolution of 1) and V (i,5) € T' x I'?, o™ <y < g*mo},

Obviously, Uy, is not empty since it contains (0%7)(; jyer: xr2. Next for (¢,z) € [0,T] x R¥ and (i,5) € T'* x I'?,
let us set:
™0 4% (t,x) = sup{uij(t,:c)7 (ukl)(k-J)er‘erQ € Uy }-

We now state the main result of this section.

Theorem 5.3. The family (movi‘j)(iﬁj)eplxrz does not depend on mg and is the unique continuous viscosity
solution in the class I1, of the system (2.1).

Proof. We first note that for any (i, j) € I'' xI'?, 4% < ™moyhd < iMoo Since 9% and 9% are of polynomial

growth, then ("°v")(; i xre2 belongs to II,.

The remaining of the proof is divided into two steps and mainly consists in adapting the Perron’s method (see
Crandall-Ishii-Lions, [5] Theorem 4.1, pp 23) to construct a viscosity solution to our general system of PDEs. To

ease notation, we denote ("0v™); yerixr2 by (v9)(; jerixr2 as no confusion is possible.

Step 1. We first show that (’Uij)(iyj)erlxrz is a subsolution of (ZI)). Indeed, it is clear that for any (¢,2) €
[0, 7] x RF, 9% (t,z) < v (t,x) < v¥™o(¢,z). This implies that v < v¥* < %m0 gince, as pointed out
previously, ¥ is usc and v*™0 is continuous. Therefore, for any x € R*, we have v**(T,x) = h(z), since
v9(T, x) = v9™ (T, z) = h¥ (z).
Next, fix (i,7) € T'! x I'? and let (’f}ij)(iyj)erlxlﬂ be an arbitrary element of U,,,. Then, for any (¢,z) € [0,T) x R¥
and any (p,q, M) € Jt5%7*(t, ) we have

min[ (09 — LY (0% ),0)) (¢, @), max{ (0" — U7 ((0"*)r,) (¢, 2)

—-P— b(ta ‘T)Tq - %TY(UUT (ta ‘T)M) - fij (ta Z, (6kl7*(ta :E))(k,l)EI“ XanUT (ta ZC)(])}] < 0.
By definition we have 5 < vkl and then 9¥* < v¥* for any (k,1) € T x 2. Since the operators i = (w*!);; —
79 — LW (W) ,), @ = (M) w— 99* — UY((w*)g,) are decreasing, in view of the monotonicity property
(H2) of the generator f%, we have
min[ (0 — LY (o)) (8, 2) ;- max{ (09 — UY (o)) (¢, 2),
—p = b(t,x) g — 5 Tr(oo " (t,2) M) — f9(t, 2, [(0™ 7 (t, 2)) enert are, 095 (t,2)], 0 T (E,2)g)}] <0

(k,1)#(4,5)
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where [(V*"* (¢, %)) (e.pyert xr2 , 997 (, )] is obtained from (2%*(, 2)) (x1)er: xr2) by replacing 0% (t, z) with 0% (¢, z).
(D) #(5,9) .
This means that (t,x) € [0,T) x R¥ — §%3(¢, ) is a subsolution of the following equation.

min[(w — LY (")) (¢, 2),  max{(w — UY ((v"*)0)) (¢, z),

1 i *
—p—b(t,x) q— §TI“(0’0’T (t,x)M) — fi(t,z, [(V**(t, 2)) (s nert xr2 swl,o " (t,3)g)}] = 0.

Next, relying on the lower semi continuity of the function
(t.2,0.p,0. M) € [0.T] x REH5 85 s minf (w0 — maxy (09 (1,2) — g, (1.2)))
. 1
max|(w — mingz; (v* (¢, z) + ga(t,2))) , —p — b(t,z) g — §Tr(aa—r (t,x)M)

_fij(t’ €, [(Ukl’* (ta :E)) (k,1)erl x12 ’LU], GT (ta 'T)q)]}
(k,1)#(4,5)

and using Lemma 4.2, in Crandall et al. (1992) ([5], pp.23), related to suprema of subsolutions, combined with

the above result, it holds that v is a subsolution of the following equation:
min[(w — LY ((v"*)i)) (t, @),  max{(w — U7 ((0*"*)r0)) (¢ 2),
bt 0) g~ Tl TR 5 (R (4 2)) e it ) 0T (D] =0, (519
v (T, x) = h¥ ().

Since (i, ) is arbitrary in T'* x T2, (v7); ;yer1 <2 is a subsolution of ().

Step 2. In this step we use the so called Perron’s method to show that (Uij)(iﬁj)em «T2 18 a viscosity supersolution
of (ZTJ).
Indeed, we first note for any (i,j) € I' x I'?
Vi =0 < gl < i < gidme = gidmo
since 7%™0 is continuous and v¥ is lsc. Therefore, for any x € R¥,
vI(T, z) = hd(x) (5.19)

thanks to v”/(T,z) = h"(x) = 0" (T, z). Next, assume that (v"7)(; jyerixr2 is not a supersolution for ().
Then, taking into account of (5.I9) and Remark [I there exists at least one pair (4, ) such that v/ does not
satisfy the viscosity supersolution property: this means that for some point (tg, xo) € [0,7) x R¥ there exists a
triple (p,q, M) in J~ (v¥)(to, zo) such that

min[(vij - Lij((“fl)(k,z)erlxF?))(th o) ; max{ (Uij - Uij((“fl)(k,z)erlxﬂ))(toaxo),
—p — b(to, z0) " q — 3Tr(o0 " (to, wo) M) — [ (to, zo, (v (to, 20)) (kyerixrz, 0 ' (to, %0).q)}] < 0.

We now follow the same idea as in Crandall et al. (1992) ([5], pp.24). For any positive ¢, v and r, set us , and

(5.20)

B, as follows:
» 1
us H(t, ) = v (to, x0) + 0 + (g, x — x0) + p(t — to) + §<(M —29)(z — o), (x — o)),

and
B, :={(t,x) € [0,T] x R¥, s.t. |t — to| + |# — z0| < r}.

Using (B20) and continuity of all the data, choosing §, v small enough we obtain

min[(v + & — L7 ((0¥) . yerixr2)) (to, 2o), max{(v¥ + 8 — U9 ((0F) 4 nerixr2))(to, o),
—p—b(t,x)"q— 1Tr(o0 " (to, z0) (M — 27)) (5.21)
—fi (to, zo, [(vF (to, ZCO))(k,l);e(i,j),Uij(to,xo) +6],0 " (to, z0)q)}] < 0.
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Next, let us define the function T as follows.
. ki . il _
T(t, :C) = min {u&'y(t; 1') - I?;B( (U*J - Qik)(ta 1")’ max{u(;ﬁ(t, :C) - Ilgél? (’U* + gjl)(tﬂ 1")’ w(tﬂ :L')}} ,
where,
=—p—b} T lT T M —2 _rij kl o T
W(t,.’L') =P (t,(E) q 2 I’(O‘O‘ (t,ZE)( ’Y)) f (t,ZE, [(U* (tax))(k,l)#(z,j)au57’y(t’x)]’a (t,x)q)

First we note that from (G2I), Y(to,x0) < 0, since us(to,z0) = v¥ (to,zo) + J. On the other hand by the
continuity of us -, Assumptions (H1)-(H2) on f¥ and finally the lower semi-continuity of v, (k,1) € T'* x I'2, we
can easily check that the function Y is usc. Thus, for any € > 0, there exists 7 > 0 such that for any (¢,z) € B,
we have Y (tg,z9) > Y(t,z) —e. Since Y(tg, o) < 0, then choosing € small enough we deduce that Y(¢,z) < 0
for any (t,z) € B, with an appropriate n. It follows that the function s, is a viscosity subsolution on B,, of the

following system.

min {Q(tv'r) — MmaXg£; (vfj - Qik)(t, ), max{o(t, z) — mingz; (v + g;) (¢, z),
—0so(t,x) — b(t,x) " Dyolt,x) — éTI‘(O’O’T (t,z)D? 0(t,z))

7fij (tv €, [(vfl (tv x))(k,l);ﬁ(i,j)v Q(tv JS)], ol (tﬂ :L')ng(t, SC))}} =0.

Since, for any (k1) € I't x I'2] vkl < kb* and since f¥ satisfies the monotonicity condition (H2), us . is also a

viscosity subsolution on B, of the system

min {Q(t,x) — maxgz; (V9 — g ) (t,2); max{o(t, ) — mingg; (v + g;) (¢, ),
*atg(tv :C) - b(tﬂ :L')Tng(t, 1') - %TI‘(O’O’T (tﬂ z)DZmQ(tﬂ 1')) (5'22)
—fI ([0 (8 2) (k) 0t )], 0 T (8 @) Dot x)} ;= 0

Next, as (p,q, M) € J~ (v (to, z0)) then

vij(tﬂ 1') > vij (t,:C) > vij(tO; 1'0) +p(t - tO) + <Qﬂ T — :CO>
+5(M(z — o), (¥ — z0)) + o(|t — to]) + 0|z — o).

In view of the definition of us, and taking d = év, it is easily seen that

v (t,x) > us(t,x),

as soon as 5 < [z — x| < 7 and r small enough. We now take r < n and consider the function a:

i (t, ) maX('Uij (t,z), usy(t,2)), if(t,z) € By,
av(t,x) = y
v (t, ), otherwise.

Then taking into account of (5.22)) and using Lemma 4.2 in Crandall et al. (1992) ([5]), it follows that @% is
a subsolution of (5.I8). Next, as @ > v* and using once more the monotonicity assumption (H2) on f*,
(k,1) € Tt x T%, we get that [(v*)(41)£zi,5), @] is also a subsolution of ([ZI]) which belongs to II,. Thus, thanks
to the Comparison Theorem B2} [(v™)4.1)£(i,5), @] belongs also to Un,. Finally, in view of the definition of vl
there exists a sequence (t,, Tpn,v" (t,, T,))n>1 that converges to (to, zo, v (to, zp)). This implies that

1171;11(11” — 07 (tn, 2n) = (usy — v7)(to, 20) = v (to, mo) + & — v (to, o) > 0.

This means that there are points (t,,z,) such that @ (¢,,z,) > v (t,,z,). But this contradicts the definition

of v", since [(vkl)(kﬁl)#iyj),ﬂij] belongs also to U,,,. Therefore, (’Uij)(i’j)epl 12 1s also a supersolution for (21).
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Now, in view of Corollary 2] (™ovi )(i,j)ert xr2 is the unique continuous viscosity solution in the class II, of (2.1

Thus, using once more uniqueness, we deduce that (™v")(; jyerixr2 does not depend on my. [ |
As above, let us denote by (’Ui"j)(i’j)eplxI*Z the family (mo’l}i’j)(iy‘j)EFIXFZ. Here is the second main result of
the paper.

Theorem 5.4. For any (i,j) € ' x T2, 9% =" i.e., (V) jyerixr2 is continuous and is the unique viscosity
solution in the class I1, of the system (2.1).

Proof. For any (i,j) € I'' x I'? and mg € N we have
ki < v < pimo
Taking the limit as mg — oo we obtain v*/ = v¥, for all (i,5) € I'! x I'2. Finally, Theorem completes the
proof. |
As a by-product of this result, we have the following theorem for the family (v%7)(; jyert xr2.

Theorem 5.5. The functions (Qij)(iﬁj)epl><1‘2 are continuous, of polynomial growth and unique viscosity solution

in the class 11, of the following system of variational inequalities. For every (i,j) € I't x T'2,

mae {9 (1, ) — iy gy o (07 + G506 ), min {3 (t,2) — maxge ey (249 — g, ) (8. 2),
787521‘]‘ (ta ZL') - Eyij (tv :C) - fij (tv €z, (le(ta z))(k,l)el—‘l xI'2, UT(ta 1‘>D12ij (tv SC))}} =0 (523)
v(T,z) = h (z).

Proof. It is enough to consider (—v% )(i, jyert xrz which, in view of Theorem [5.4] is continuous, of polynomial

growth and the unique viscosity solution of the following system. For all (i,j) € T't x T'?

min {vij (t, ) — max;e oy (0" = gji)(t, x), max {vij (t, ) — minge oy (0% + g )(t, ),
_atvij (ta -T) - E’Uij (ta 'T) + fij (ta Zz, (_vkl (ta :L'))(k,l)EFl xI'2, _UT (ta ‘T)DZ’Uij (ta :E))} } =0 (524)
vI(T,x) = —h¥ (z).

Using now the result by Barles ([2], pp. 18), we obtain that (v% )(i,j)ert xr2 are continuous, of polynomial growth

and unique viscosity solution in the class II,; of system (5.23)), which is the desired result. |

Remark 2. We do not know whether or not we have v¥ = v, (i,5) € I't x I'2,
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6 Appendix

A1. Comparison of solutions of multi-dimensional BSDEs ([22], Theorem 1, pp.135)

Theorem 6.1. Let (Y,Z) (resp. (Y,Z)) be the solution of the k-dimensional BSDE associated with (f :=
(fi(tawayvz))iil,lmg) (T@Sp. (f_: (ﬁ(tvwvya'z))i:l,kvg)) where:

(i) & and & are square integrable Fr-random variables of R* ;

(ii) the functions f(t,w,y,z) and f(t,w,y,2) defined on [0, T] x Q x R¥+Fxd gre R¥_yalued, Lipschitz in (y, z)
uniformly in (t,w) and the process (f(t,w,0,0))i<r (resp. (f(t,w,0,0));<7) belongs to H>*;

(iii) for anyi=1,... k, the i — th component f; (resp. fi) of f (resp. f) depends only on the i — th row of
the matriz z.

If there exists a constant C > 0, such that for any y,7 € RF, 2, 2 € RF*4

4y (filtw,ud 00y 06 2) = filtw, B 06 2) S22 Dpcgle— 2P+ C > ()’
i=1,k i=1,k i=1,k

where y;¥ = maz(y;,0) and y; = max(—y;,0). Then for anyi=1,...,k, P-a.s., Y < Y. |

A2. Systems of reflected BSDFEs with one inter-connected barrier and their related systems of variational in-
equalities (see e.g. [I7] or [19]).
Let J :={1,...,m} and let us consider the following functions: for i,j € J,

fi: (toyt, .o y™, 2) €10, T) x REFm+d oy £t 2yt .y, 2) €R;
gij + (t,z) € [0,T] x R = gij(t,2) € R (i # j);
hi:xeRthi(x)eR.

We now make the following assumptions.

[Af]. For i € J, f; satisfies
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(i) The function (¢,z) — fi(t,z,y*,...,y™, z) is continuous uniformly w.r.t. (/,z) := (y*,..., 4™, 2).
(ii) The function f; is uniformly Lipschitz continuous with respect to (7, 2) = (y%,...,y™, 2), i.e., for some
C >0,
|fi(t)$ayla s aymﬂz) - fi(t,.’l],gl, R agm52)| < C(|y1 - g1| +eee |ym - gml + |Z - Z|)
(iii) The mapping (¢,z) — fi(t,,0,...,0) is B([0,T] x R¥)-measurable and of polynomial growth i.e. it
belongs to Ilg;

(iv) Monotonicity. Vi € J, for any k € J~¢, the mapping yx € R fi(t, @, Y1, -+, Yk—1, Yks Ykt 1s-- -, Ym) IS

non-decreasing whenever the other components (¢, 2,41, ..., Yk—1, Yk+1, - - - » Ym) are fixed.

[Ag]. (i) The function g;; is jointly continuous in (t, ), non-negative, i.e., g;;(t,z) > 0, V(t,x) € [0,T] x R* and
belongs to II,.
(i) The no free loop property. for any (t,z) € [0,T] x R¥ and for any sequence of indexes i1, ..., such that

i1 =i and card{iy,...,ix} = k — 1 we have
Givia (ta x) + Gizis (ta x) +o Tt Gigin (t,l‘) + Gipia (t,l‘) >0, V(ﬁ, x) € [Oa T] x R¥.

As a convention we assume hereafter that g;;(t,z) = 0 for any (t,2) € [0,T] x R* and (i,5) € T'* x I'2.

[Ah1]. h; is continuous, belongs to II,; and satisfies:

Vo € R, hi(z) 2 max (h;(z) = g:5((T 7).

[Ah2]. The function h; is continuous, belongs to II, and satisfies

Vz e R, hi(z) > jrenjirli(hj () + 9i;((T, x)).

Then, we have

Theorem 6.2. Assume that [Ah], [Ag] and [Ah1] are fulfilled. Then, there exist m triples of processes
((Yite zite Kute)).. 7 that satisfy: Vi € J,

Y K'eS8?, 7' € >4, K' non-decreasing and Ki=0;
Vi = ha(XE") + [T fi(r, X070V LY Z0dr + Ky — K — [T ZidB,, Vs <T
Y] > maxje s {YJ — gij (s, X)), Vs < T
T yi j z i
fo (Ys - maxjej*i{ysj - gij(sﬂXz’ )})sz =0.
Moreover there exist m deterministic functions (v'(t,x))ies continuous and belonging to 1, such that:

Vs € [t, T), 50" = o' (s, X1).

Finally (vi(t,x))icg is the unique solution, in the sub-class of I, of continuous functions, of the following system

of variational inequalities with inter-connected obstacles: ¥ i € J

€T
—0wi(t, x) — Log(t,x) — fi(t, @, 0 (t, @), ..., 0" (t,2),0" (t,2)Dyv'(t,2))} =0 (62)
vi(T, 2) = hilz).

min {vi(t,x) — max (—gi; (t, ) +v;(t, 2)),
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Remark 3. In equations (61l) and (6:2), if instead we have required an upper barrier reflection, then one would

have obtained a similar result which can be stated as follows.

Assume that [Af], [Ag] and [Ah2] are fulfilled. Then there exist m triples of processes ((Y54®, Zite Kib)), 7
that satisfy, for alli € J,

Yi KieS8? 7' e H> K non-decreasing and f((i, =0;
Vi=hi(XED) + [T fi(r, XE2 VY Y 2 dr — (K — KDY — [T ZidB,, t<s<T,
V) <minjeg-o{V7 +gi(s, X0")}, t<s<T,

SV = minge - {V7 + gij(s, Xbo) AT = 0.

(6.3)

Moreover, there exist m deterministic functions (0'(t,x))ics continuous and belong to 11, such that:
YibT = gi(s, XbT), st T).

Finally, (0'(t,x))icg is the unique solution, in the subclass of Il of continuous functions, of the following system

of variational inequalities with interconnected obstacles. For alli € J

max {ﬁi(t, x) — jgl}gi(gij (t,z) +v;(t,z)),
—0y0;(t, ) — LO;i(t,x) — fi(t,z, 0 (t,2),..., 0™ (t, ), 0 (t,r) D' (t, z))} =0;
34(T, ) = ha(a).

(6.4)

The proof of this result is obtained straightforward from Theorem [6.3, in considering the equations satisfied by
(=Y, =21 K"))ieg-

A3. Linearization procedure of Lipschitz functions. Let f be a function from R? to R which with (z1,z2)

associates f(x1,x2) which is Lipschitz in its arguments. Then, we can write

f(x1,22) — f(y1,92) = f(w1,22) — f(y1,22) + f(y1,72) — f(y1,2)

= Ilzl—y1¢0—f(xl’le):£l(yl’z2) (1 —y1) + Nay—ya0

= ai(z1,22,91)-(v1 — Y1) + az2(x2,y1,y2)- (2 — y2)

M(@ — 1) (6.5)

T2—Y2

where, a; and as are measurable functions and bounded, i.e.,

|a’1(1‘151‘25y1)| \ |(12(1'2,y1,y2)| < C(f)a 1= 1725

where, C(f) is the Lipschitz constant of f. Moreover, if f is non-decreasing with respect to x; (resp. z1) when

29 (resp. x7) is fixed, then a; > 0,1 =1,2.

Linearizing f consists of writing f as

f(thcz) - f(yhyz) = al($1,$27y1)-($1 - yl) + az(zz,yl,yz).(zz - yz)-

A4. Representation of a penalization scheme of two barriers reflected BSDE.
For n >0 let (Y™, Z", K™") be the solution of the following one barrier reflected BSDE.
(Yn, zn, KTm) € S x {24 x AT2

Y=+ [Fg(s)ds —n [ (VP —U)*tds + K" — K" — [T ZrdB,, t<T; (6.6)
Y > Ly, 0<t<T and [ (Y]~ L)dK;™ =0

S
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where, the processes L and U belong to 81, (g(s))s<r € H>!, £ is square integrable and Fr-measurable.
Moreover, we require that L < U and Ly < €. Under these conditions, the solution (Y™, Z" KT™") exists and is
unique (see e.g. [12]). Next, for n > 0 and t < T, set K"~ = nfg(YS” — Us)Tds. Then, K=" € A™? and

fOT (Y =YV Ug)dK;™ = 0. Therefore, the equation (6.6) can be expressed as a BSDE with two reflecting

barriers in the following manner. For all t < T,

n T n n —.n —n T n
Y, :§+ft g(s)dsqL(K;f *KtJr ) — (K" — K )*ft ZdBs;
L <Y <YV (6.7)
fOT(Yn — LS)dK;‘an — foT(Y;n _ Y;" vV Ué)sz—,n —0.

S

Thus, a result by Cvitanic and Karatzas [6] or Hamadeéne and Lepeltier [16] allows to represent Y as a value

function of a Dynkin game, i.e., it holds true that for any t < T,

Y = ess sup,sess infr> B[ g(s)ds + Lolljgar) + (Y7 V Ur) Up<ger) + £l rmgr) | Fi]

= €8s inftheSS SupaZtE[fta/\T g(S)dS =+ La]l[a<7'] + (an \ UT)]I[T§0<T] + é]l[‘r:a:T] |-Ft]

where 7 and o are F-stopping times.
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