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Lipschitz stability for an inverse problem

for the 2D-Sellers model on a manifold

Abstract. In this paper, we are interested in some inverse problem
that consists in recovering the so-called insolation function in the 2-D
Sellers model on a Riemannian manifold that materializes the Earth’s
surface. For this nonlinear problem, we obtain a Lipschitz stability
result in the spirit of the result by Imanuvilov-Yamamoto in the case of
the determination of the source term in the linear heat equation. The
paper complements an analogous study by Tort-Vancostenoble in the
case of the 1-D Sellers model.

Keywords. PDEs on manifolds, nonlinear parabolic equations, cli-
mate models, inverse problems, Carleman estimates.

Mathematics Subject Classification (2010): 58J35, 35K55.
1 - Introduction

1.1 - The Sellers model

In this paper, we are interested in some inverse problem that consists in
recovering the so-called insolation function ¢ in the nonlinear Sellers climate
model. The case of the 1-D Sellers model has been considered in [39]. Here we
focus on the 2-D Sellers model on the Earth’s surface:

Ra(t,z,u) Re(u)
/_/% /—/A
(1) ur — Apqu = r(t)q(2) Bu) —e(u)ulul® e M, t >0,

u(0,z) = u’(z) r e M.



The Earth’s surface is materialized by a sub-manifold M of R? which is assumed
to be of dimension 2, compact, connected, oriented, and without boundary.
The function u represents the mean annual or seasonal temperature, and A
is the Laplace-Beltrami operator on M. The right hand side of the equation
corresponds to

e the mean radiation flux depending on the solar radiation R,
e and the radiation R. emitted by the Earth.

For more details on the model, we refer the reader to [14, 15] and the references
therein.

1.2 - Assumptions and main results
1.2.1 - Geometrical and regularity assumptions

Consider a sub-manifold M of R3 which is assumed to be of dimension 2,
compact, connected, oriented, and without boundary.

Throughout this paper, we make the following assumptions (that are com-
patible with the applications, see [39]):

Assumption 1.1.

2) B eC'R)NL®(R), B € L=(R), B is k-Lipschitz (k > 0),
(3) ABmin > 0,Yu € R, (1) > Bmin,

(4) qeL*M), ¢=0,

(5) r € CY(R) is T-periodic (T > 0),

(6) Irmin >0, YVt € R, 7(t) > rmin,

(7) e € CY(R)N L>®(R), ¢ is K-Lipschitz (K >0),

(8) Jemin > 0,Vu € R, e(u) > emin-

We also make the following geometrical assumption:

Assumption 1.2. Let w be a non empty open subset of M. We assume
that there exists a weight function ¥ € C°°(M) that satisfies:

(9) Vy(m)=0 = mecw.

(Here V stands for the usual gradient associated to the Riemannian structure,
see section 2.)

1.2.2 - Main results

As in [39], our aim is to prove some Lipschitz stability result for the inverse
problem that consists in recovering the insolation function ¢ in (1) from partial
measurements. We introduce



e the set of admissible initial conditions: given A > 0, we consider U4:

(10) U = {u® € D(Ap) N L (M) : Apqu® € L®(M),
luoll oo () + [[A MU0l Lo (i) < A

where D(A ) is the domain of the Laplace-Beltrami operator in L?(M)
(we will recall the definition of Ay and D(A ) in section 2),

e and the set of admissible coefficients: given B > 0, we consider

(11) Qp :={q € L=M) : [lgll=m) < B}

The main result of this paper is the following one:
Theorem 1.1. Consider

to €10, T) and T’ € (to,T),

o A>0 and ul,ud € Ua (defined in (10)),

e B>0 and q1,q2 € Qp (defined in (11)),

uy the solution of (1) associated to g1 and the initial condition ul, and us
the solution of (1) associated to qo and the initial condition u3,

o w C M such that Assumption 1.2 holds.

Then there exists C(to, T',T, A, B) > 0 such that, for all ud,u € Ua, for all
q1,q2 € Qp, the corresponding solutions ui, ug of problem (1) satisfy

(12) llor = g2lz2 < Cllua(T) = w2 (T Da g + lure = w2l Ze (o) xw))-
We complete Theorem 1.1 by the following remarks:

e the geometrical assumption 1.2 is satisfied when M is simply connected
(hence in particular for the sphere S?):

Proposition 1.1. Additionnally, assume that M is simply connected.
Consider any w non empty open set of M. Then Assumption 1.2 is full-
filled: there exists some smooth function ¥ that satisfies (9).

e as a consequence of the stability estimate (12) and of the Carleman esti-
mate that we will prove in Theorem 3.1, we obtain a weighted stability
estimate for the difference uy; —uq: there exists C’(to, 77, T, A, B) > 0 such
that,

(13)  [le™" (ur — w2) 172 0.7y x M)
< C'(ua(T") = w2 (T a ) + e = u2ell7z 10,7 x))s

where o is the weight function defined in (35).



The proof of Theorem 1.1 is based on
e global Carleman estimates for the heat equation (see Theorem 3.1),

e maximum principles, useful to study this nonlinear problem (see Theorem
5.2 and Corollary 5.1),

e and Riemannian geometry tools, since we are in the manifold setting.
The proof of Proposition 1.1 is based on

e a direct construction when M is the sphere S?, using the stereographic
projection,

e the celebrated uniformisation theorem ([1, 40]) when M is simply con-
nected.

(Remark: we no not know if the result remains true if 77 = T'.)

1.3 - Relation to literature

A similar problem is considered in [39], where stability estimates for the
insolation function are obtained combining Carleman estimates with maximum
principles, the main difference with the present paper being that the problem in
[39] is stated and studied in the interval (—1,1) and with a degenerate diffusion
coefficient.

Global Carleman estimates have proved their usefulness in the context of
null controllability, unique continuation properties, we refer in particular to
[25] for the seminal paper on the null controllability of the heat equation on
compact manifolds, to [21, 18] for Carleman estimates in a general setting, to
[29] for unique continuation properties for the heat equation on non compact
manifolds, to [31, 32] for uniqueness results for manifolds with poles, to [6] for
stabilization results of the wave equation on manifolds.

Concerning inverse problems, Isakov [23] provided many results for elliptic,
hyperbolic and parabolic problems. Imanuvilov-Yamamoto [22] developped a
general method to solve some standard inverse source problem for the linear
heat equation, using global Carleman estimates. In the context of semilinear
parabolic equations in bounded domains of R™, we can also mention in particular
[33, 34], where uniqueness results are obtained under analyticity assumptions,
[11], that combines also Carleman estimates with maximum principles to obtain
stability estimates (for two coeflicients but under rather strong assumptions on
the time interval of observation).

1.4 - Contents of the paper

Let us now precise the organization of the paper.



e First of all, since the equation is stated on a surface, the operators needed
for the definitions and the computations (Laplacian, divergence, gradient)
are defined through a Riemaniann metric associated to the surface. So, in
order to fix the ideas, we begin in section 2 by introducing all the notations
and recalling all the definitions and the properties useful for computations
on manifolds.

e Next, in section 3, we state and prove some global Carleman estimate for
the heat operator on a compact manifold without boundary. This will be
a crucial tool in order to study our inverse problem.

e In section 4, we prove Proposition 1.1, studying first the case of the sphere
S2, and then the general case of a simply connected manifold.

e In section 5, we make some preliminary studies concerning the 2-D Sellers
model on the manifold M (well-posedness of course but also regularity
results and maximum principles that will also be essential in the proof of
the stability result for the inverse problem).

e Finally, in section 6, we prove Theorem 1.1.

2 - Notations, computations and heat operator on manifolds

In this section, we fix the notations and recall some classical definitions and
results on manifolds. We refer in particular to [9, 19].

2.1 - Notions on topological and Riemannian manifolds

Charts, atlas, smooth manifolds. A topological manifold M of dimension
n is a separated topological space such that every point m € M has a neigh-
bourhood U which is homeomorphic to some connected open subset of R™. For
any neighbourhood U and any homeomorphism ¢ : U — ¢(U) C R"™, we say
that (U, ¢) is a coordinate chart on U. A set (U;, ¢;)ier such that the set of
neighbourhoods U; covers M is called an atlas on M.

When two coordinate charts (Uy, ¢1) and (Us, ¢2) have overlapping domains
U, and U,, there is a transition function ¢, o (;51_1 : 01 (U NU) — ¢o(Up NU3)
which is a homeomorphism between two open subsets of R™. A smooth manifold
(or a C*°-manifold) is a manifold for which all the transition maps are C*>-
diffeomorphims. In the following, M always denotes a smooth manifold.
Tangent vectors, tangent spaces, basis. A tangent vector at m € M is an
equivalence class [c] of differentiable curves ¢ : I — M with I sub-interval of
R such that 0 € I and ¢(0) = m, modulo the equivalence relation of first order
contact between curves i.e.

c1 =cy & c1(0) =co(0) =m and (poc1) (0) = (¢pocz)(0)

for every coordinate chart (U, ¢) such that m € U.



The tangent space to M at m, denoted by T,, M, is the collection of all
tangent vectors at m. Let (U, ¢) be a chart such that m € U and define the
map 0g:

0p: TyM — R™
[ — (¢00)(0).
Then 64 : T, M — R™ is a bijection (see [24, p. 64]). Therefore T;, M can
be endowed with a structure of a vector space. It is possible to exhibit a basis
(0;(m))1<i<n of T, M in the following way. Let m € M and (U, ¢) be a chart
of M such that m € U. In ¢(U) C R™, we have n coordinate fields:

B {¢(U) ~R®

V1l <i<n, :
-7 Oz; |z ~ (0,0,...,1,0,...,0)

where 1 is at position i. Then we set
vi<i<n di(m) = 0" i((b(m))
= = 9 (2 ¢ axl .

Regularity, derivatives. A continuous function f : M — R is of class C* if,
for any m € M and for any chart (U, ¢) withm € U, fop™!: ¢(U) CR* — R
is of class C*.

Assume f : M — R is of class C* and m € M. For any vector ¢ € T), M,
the directional derivative of f at m along £, denoted by &. f,,, or (£.f)(m), is:

§-fm = (fow)/(O),

where w : I — M satisfies w(0) = m and w'(0) = £. For all m € M, the map
Q€ — E.fp is a linear form on T, M.

Let us explicit now the derivatives of f along each vector of the basis of the
tangent space. Let f : M — R be regular, m € M and (U, ¢) be a chart of
M containing m. Then 9;(m).fm = (f ow;)’(0) where w; : t — ¢~ 1(p(m) +
t(0,...,1,0,...0)). Moreover (f o w;)(t) = (f o o~ 1)(¢(m) + ¢(0, ..., 1,0,...0)).
Hence ;(m). fn = 222 (¢(m)).

Tangent bundle, vector fields. The tangent bundle of a differentiable mani-
fold M is a manifold T'M, which assembles all the tangent vectors at M, that is
TM = UnemTinM = Unem{m} x T,nM. We denote by I : (m,§) € TM —
m € M the canonical projection.

Vector fields, derivative along a vector field. A vector field X on a
manifold M is a regular map X : M — TM such that ITo X = Idy (ie.
X (m) € T, M for any m € M).

Let X : M — TM be a vector field on M and f : M — R regular. We
define X.f : M — R the derivative of f along X in the following way: for all
m € M, for any chart (U, ¢) with m € U,

(X.f)(m) = (f ow)(0),
where w : I — M satisfies w(0) = m and w'(0) = X (m).



Lie bracket of two vector fields. The Lie bracket of two vector fields X and
Y is a third vector field [X, Y] defined by

VM —R, [X,Y].f:=X.(Y.f) - Y.(X.f).

For the computations of Carleman inequalities, we will need the following result
(see e.g. the proof in [38]): for all 1 <i,j < n, then [9;,0;] = 0.
Riemannian manifolds. Let M be a smooth manifold. A Riemannian metric
on M is a family g = (g )mem of (positive definite) inner products g, := (, )m
on T, M for all m € M. Moreover the map m —— g,, is assumed to be regular.
Then we say that (M, g) is a Riemannian manifold.

Let m € M and (U, ¢) be a chart containing m, the matrix G = (g;x) €
M(n,R) of the scalar product g,, := {, )., in the basis of T;,, M is given by:
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) 95,k ‘= <8j78k>m-
As (, ), is a scalar product, G is invertible. We also denote
(15) g:=det(G)#0 and G~ := (g")).

Connexion on a manifold. A connexion on a manifold M is an operator D
which associates to any vectors fields X and Y a third vector field DxY on M
such that, for all X,Y, Z vector fields and for all regular function f: M — R,

(16) Dx(Y + Z) = DxY + Dx Z,
(17) Dx(fY)=fDxY + (X.[)Y,
(18) &+ D¢Y is linear on T, M for all m € M.

Levi-Civita connexion. From the fundamental theorem of Riemannian ge-
ometry, there is a unique connection I', called Levi-Civita connection, on the
tangent bundle of a Riemannian manifold (M, g) such that:

e [ is torsion-free, i.e. for all vectors fields X and Y on M, then

(]_9) I'sY - Ty X = [X,YL
e and I' preserves the Riemannian metric g, i.e., for all vector fields X, Y, Z,
(20) X.g(Y,Z) =g(TxY,Z) +g(Y,T'x 2Z).

Gradient. Let f: M — R be a regular function. The gradient of f, denoted
by grad (f) or Vf, is the vector field on M defined for any m € M as the
unique vector grad (f),, such that

Ve e TnM,  (grad(f)m,&)m = (§.f)(m).

where (£.f)(m) is the derivative of f at m in the direction &.
Divergence. For X vector field on M, we define the function div (X) on M
by

Vme M, div(X)(m):=Tr(+—T¢X), where ¢ belongs to T, M.



Laplacian. Let f: M — R be a regular function. The Laplacian of f is the
function Af defined by:

(21) Vm e M, Afp = div(grad(f)m)(m).

Hessian. Let f be a regular function on M. Then, for all m € M, the Hessian
of f at m is the bilinear form defined by:

(22)  V(&,&) € (TnM)?,  (Hess(f)m)(1,62) = (D, Vim, o).

Rules for computations.

(23) grad(fh) = f grad(h) + h grad(f),
(24) div(X +Y) = div(X) + div(Y),
(25) div(fX) = fdiv(X) + (grad(f), X).

Expressions in local coordinates. It can be proved (see [9] p. 4-5), that for
f: M — R regular, X regular vector field on M and for all m € M, then

(26) grad(f Z ng’lal.fak.
k=1 1=1
1 noo
27 div(X — 0i-( if X = ;.
(27) (X(m) \/g Z (n'V/9) ;77
(28) 19 SO 00 (g /5000,

1:1l 1

2.2 - Integration on a compact manifold and Sobolev spaces

In the following, M is a compact connected oriented Riemannian manifold
without boundary. With the Riemann metric is associated an integration theory,
the measure d M being defined globally on M with the help of a partition of
unity (see [9], p. 5-6).

Then we have ([9] p. 6):

Proposition 2.1.
(29) VX : M — TM regular , / div(X)dM =0,
M
and

(30) Yh, f: M — R regular , / hAf + (grad(h), grad(f))dM = 0.
M

L?-spaces. A function f: M — R is measurable if, for any chart (U, ®), f o
®~! is measurable. The space L?(M), constituted of the measurable functions



f+ M — R such that [, |f|?dM is finite, is a Hilbert space for the scalar
product

(f,h) 2oy = /M fhdM.

Let X and Y be two regular vector fields. We define their scalar product by
(31) (V) = [ (X¥)am.
M

Then L?(T M) is defined as the completion for the associated norm of the set of
regular vector fields. It is a Hilbert space constituted of the vector fields whose
components in the local basis of the tangent space are measurable and such that

the integral / | X|?dM is finite.

Sobolev space H!'(M). Let M be a compact Riemannian manifold of dimen-
sion n without boundary. If f € C(M) then f € L*(M). As M is compact,
the set of compactly supported C'°°-functions on M is simply the set of C°°-
functions on M and it is dense in L2(M) ([2] p. 79).

We define on C*°(M) the scalar product (.,.); in the following way:

Vf, f € C®(M), (f. 1=, Dezowy + (VEV ) 2o

H'(M) is defined as the completion of C°° (M) for the norm associated to (.,.)1.
Weak derivative. Let f € L?(M) be given. f admits a weak derivative in
L*(TM) if there exists a vector field ¢ € L?(TM) such that, for any regular
vector field X,

(32) /M F div(X)dM = — /M (6, X)dM.

Then we denote ¢ = Vf. Of course, if f € C1(M), then it coincides with the
classical gradient of f. H'(M) is also the set of functions in L?(M) having a
weak derivative in L?(TM). It is endowed with the scalar product (.,.);.

Let us end this subsection by a general result (see [35] for its proof), that
will be useful for the proofs of maximum principles:

Proposition 2.2. Let (U;, ®;)1<i<n be an atlas of M. Then f € H (M)
if and only if, for all 1 <i < N, fo® ' € HY(®;(Uy)).

2.3 - The heat equation on a Riemannian manifold

The Laplace Beltrami operator in L?(M). f € L*(M) admits a weak
Laplacian in L?(M) if there exists F' € L?(M) such that, for any ® € C>°(M),

(F, @) 2y = (f; A®) p2 ().

Then we denote F' = Af. Of course, if f € C?(M), the weak Laplacian of f
coincides with the classical one.



Proposition 2.3. Let f € H'(M) admitting a weak Laplacian in L*(M).
Then, for all ® € Hl(./\/t), (Af, (I))Lz(/vl) = —(Vf, V(I))LQ(TM).

The Laplace Beltrami operator is the unbounded operator in L?(M) defined
by the domain D(A) := {u € H*(M) having a weak Laplacian in L?(M)} and
the weak Laplacian. Note that, as C*°(M) C D(A), D(A) is dense in L*(M).
For all u,v € HY(M), we define a(u,v) := / (Vu, Vv)ydM. Then we define an

M
unbounded operator in L?(M) by:
D(A) :={ue H' M) :w e H' (M) — a(u,w) is C° for the norm ||.||p2(m) } ,

and for all uw € D(A), v € HY(M), (Au,v)r2(pm) = —a(u,v). The operator
(A, D(A)) coincides with the Laplace-Beltrami operator (A, D(A)). Moreover,
(A, D(A)) is the infinitesimal generator of an analytical semigroup.

The heat equation on a compact Riemannian manifold. We consider

u—Au=f (0,T)x M,
(33) { u(0) = ug M.

HY(M), (see [27, Prop. 21 p. 22]).

Theorem 2.1. Ifug € D(A) et f € HY(0,T; L*(M)), (33) has a unique
classical solution u € C([0,T], D(A)) N C([0,T]; L?>(M)).

Ifug € HY(M) et f € L?(0,T; L2(M)), (33) has a unique solution such that
u € L*(0,T,D(A)) N HY(0,T; 2 M)).

Ifug € L2 (M) et f € L*(0,T; L?(M)), (33) has a unique weak solution such
that u € C([0,T); L>*(M)) N LQ(O T; HY(M)), i.e. for any v € HY (M),

(34 ;lt()u(t),v)LQ(M) + /M (Vu(t), Vo)) dM = (f(t),v)Lz(M),
u(0) = up.

The interpolation space [D(A), L?(M)]

Moreover, for all e >0, u € L?(¢, T; D(A)) N HY (e, T; L2(M)).
Proof.: apply Prop. 3.3 p. 68, Theorem 3.1 p. 80 and Prop. 3.8 of [3]. O

In order to treat later the questions of inverse problems, we will need some
more regularity results for the time derivative of the solution:

Proposition 2.4. Let ug € D(A) and f € HY(0,T; L*(M)) be given.
Let u be the classical solution of (33) associated to ug and f. Then z := us €
L?(0,T; HY(M)) and z is the weak solution of

{ztAzft (0,7) x M,
(0) = Aug + f(0) M.

For the proof, we refer for example to [38, Proposition 2.5]. Finally, we end
this section with a result concerning regular solutions (see [10] p. 139):

Theorem 2.2. Let ug € C°(M) and f € C*((0,T) x M) be given. Then
(33) has a unique regular solution.
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3 - Global Carleman estimates for the heat operator on a compact
manifold without boundary

In this section, we state and prove some global Carleman estimate for the
heat operator on a compact Riemannian manifold without boundary M with a
locally distributed observation in some non empty open set w of M.

3.1 - Global Carleman estimate

We define the heat operator on M:
Vz € C([0,T); D(A ) N CH[0, T); LE(M)), Pz =2z — Apmz.
We denote Q% := (0,T) x M, Q%T := (0,T) x w and we consider R > 0,

S > 0, ¢ satisfying Assumption 1.2. Then we introduce first 0 < Ty < Ty < T
and 6 : (0,7) — R% smooth, convex, such that

=

)4 t € (0,To)
e(t)_{Tl_t, te (T, T),

next

Y(t,z) € QOA’/[T, p(x) = ?IWllee _ S¥@)  p(t, 2) := RSOV,
and finally
(35) V(t,z) € QY. olt,z) = 0(t)p(x).

And we prove the following

Theorem 3.1. Let w be such that Assumption 1.2 holds. There exists con-
stants C' = C(T, To,Tl,w) >0, Ry = Ro(T, T(),Tl,CU) >0, Sy = S()(T, T(),Tl,b.)) >
0 such that, for all S > Sy and all R > Rye*SI¥ll=  we have for all z €
C([0,T}; D(Apm)) N CH[O, TT; LHM))

1
(36) //OTp3e—2RUZ2+//0Tpe—2Ra|vz|2+//0T *6_2R02t2
Q% Q% Q% P

—Ro 2 3 —2Ro 2
<C (He PZ||L2(QUJ\,/IT) +//QDMYTp e z > .

The proof of Theorem 3.1 is classical. It follows combining the proof of the
Carleman estimate for the heat operator in a bounded domain of R™ with the
properties of the operators divergence, gradient, laplacian on the manifold M.
We refer to [38] for detailed proofs, and we mention here the main properties
and steps:

11



3.2 - The basic properties

The following property are basic:

Lemma 3.1. For any regular function h on M, one has:

(37) V(h?) = 2hVh,

(38) Vel = e"Vh,

(39) A(h?) = 2hAh + 2|Vh|%

(40) (V(|Vh|*),Vh) = 2Hess(h)(Vh, Vh).
Lemma 3.2. For any w € C*((0,T) x M), one has:

(41) V(w) = (Vw)y.

(42) Hess(w)(Vw, Vp) = Hess(w)(Vp, Vw).

Proof of Lemmas 3.1 and 3.2. The proofs are classical and derive from the basic
material of Chavel [9], and can be found in [38], lemmas 3.3.4-3.3.7, p. 128-132.
As an exercise, we prove (38): let m € M, (U, ¢) be a chart such that m € U
and ¢ € T,, M. Consider w : I — M a smooth curve with 0 € I, w(0) = m
and w'(0) = &. Then, if we set f = e, we have (using the definition of the
gradient):

(Vf(m),&)m = (€.f)(m) = (f 0w)'(0) = ("**)'(0)
= ("*)(0)(h o w)'(0) = "™ (h o w)'(0)

and, on the other side, (Vh(m),&),, = (£.h)(m) = (how)’(0). So, identifying
the two expressions, we get Ve = ¢"Vh, hence (38). The other proofs are in
the same spirit. O

3.3 - The main steps to prove Theorem 8.1

First we note that it is sufficient to prove (36) for regular functions. Indeed
we have the following result (see the proof in [38]):

Lemma 3.3. Let u € C([0,7]; D(A)) N CL([0,T); L2(M)) be given. Con-
sider (fu)n C D((0,T) x M) converging to Pu in L*((0,T) x M) and (ug n)n C
C>(M) converging to ug € H*(M). We denote by u, the regular solution
(given in Theorem 2.2) of (33) associated to wg,, and f,. Then we have

U, — u in L2(0,T; L*(M)), Vu, — Vu in L*(0,T; L*(TM)),

and (tn)e — ug in L2(0,T; L*(M)).

12



3.3.1 - The decomposition of the weighted heat operator

So let z € C*°((0,T) x M)NC([0,T] x M) be given and let us prove that
2 satisfies (36). We set w := ze 7. Then we have

(43) (wel); — A(we®?) = P(wef’) = Px.
We have (wef'?); = wief” + RO pwe?s and

A(wef'?) = div(V(wef'?)) = div(Vwe?) 4 div(wV (e7))
= e Aw + 2(V(w), Re® Vo) + Alef)w.

Of course Vo = 0(t)Vp. And A(ef*?) = div(V(e?7)) = div(ROVpel?). Hence
A(ef'7) = RO(e™ Ap 4 (Vp, V(ef9))) = ROApe™ 4 R*6?|Vp|?e.

This allows us to consider PE and Py as follows:

(44) Prw = RO;pw — R*0*|Vp|*w — Aw,
(45) Prw =w; — ROIApw — 2RO(Vw, Vp),
so that

P}'{w +Prw = e Bop,.

This implies that

(46) HPEWHZ«Q‘}’AT) + HPIQWHQL%Q%U

_ —Ro 2
+2<Plj{Lw7PRw>L2(QO/\‘AT) = He R PZHL2(Q9\'AT)'

3.3.2 - The expression of the scalar product

With some integrations by parts (see [38]), using Proposition 2.1 and the
properties stated in Lemmas 3.1 and 3.2, we obtain

(47) 2(Pfw, PRw),, @7

= // (4R%06,|Vp|? + ROA(Ap) — Rpfy)w?
QN
— 4/ R30*Hess(p)(Vp, Vp)w? — 4/ ROHess(p)(Vw, Vw).
QA QA

The proof of Theorem 3.1 follows from suitable lower bounds of the terms ap-
pearing in (47).
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3.3.3 - A bound from below of the zero order term of the scalar product

The main property is the following:

Lemma 3.4. There exists C > 0 independent of R and S such that
(48) —4R30 Hess(p)(Vp, Vp) > —CR3S303e3%% 4+ R35403e35V |V |*.
Proof of Lemma 3.4. Since Vp = —Se“*¥V1), we have

— Hess(p)(Vp, Vp) = —=(I'vpVp, Vp)

= _<F—Seswv¢(—seswv¢)7 —Seswvw
= —(—8e%Tyy (—Se5Y Vi), —SeS V)
= —S2e* Ty (—Se' Vi), Vi)
= —S%e?(—5e5YTyy (Vi) + Vio.(—Se) Vi, Vi)
= —S26259 (=S5 Dy (VO), Vi) + Vb (- 5e59) (Ve T5) ).
Now choose m € M, w a smooth curve such that w(0) = m, w'(0) = Ve. Then

Vi (-Se) = G (=SS0 = _s2SME  (u(w(0)
= 525V Mgy 4p = —§2e5V M) (Vih, Vi),
Hence
—Hess(p)(Vp, Vp) = 52> (S5 Dy (V) V) + 5257 Ts|1).
Hence

— R363Hess(p)(Vp, Vp) = R3S363e35¢ (<rw(v¢), V) + S|w|4).

Therefore, there exists C' > 0 independent of R and S such that

—4R303Hess(p)(Vp, Vp) > —CR3S303>5Y + R38103e35% |Vt
Hence (48) is proved. O

3.3.4 - A bound from below of the first order term of the scalar product

Now we turn to the last term of (47), and we prove the following

Lemma 3.5. There exists C > 0 independent of R and S such that
(49) - 4/ RfHess(p)(Vw, Vw) > // RS0V |Vw)|?
QN QN

¢ AR 3 a3p3 35,2
_S|PRw”L2(Q?\hT)_C//Qo,TRSee we.
M

14



Proof of Lemma 3.5. We have

Hess(p)(&,€) = (TeVp, §)
= (Te(=8e V), &) = (=S5 Te (V) + £.(—5e°V)V, )
= —8e%(Te(Ve), &) + (=52 (Ve )V, £)
= =SSV (Te(VY)), &) — S2eV(Vy, £)°.

Hence, there exists ¢; such that

— RbHess(p)(Vw, Vw) = RSOV Ty (Vih), V) + RS?0e5Y (Vih, Vw)?
> —c1RS0e5Y |Vuw|? + RS?0e5Y (Vih, Vw)?,

hence
(50) —ROHess(p)(Vw, Vw) > —c; RSOV |Vw|>.

On the other hand,

(RSO w, Pw) = (RSO w, RO;pw — R*0?|Vp|*w — Aw)
= / RS0V (ROp — R%S26%e*5V |V |?)w? + / / (V(RSOe5Yw), Vw)
QO,T QOMT

_ // RS@@SV)(Retp_ R25292625¢|Vw|2)w2
QN
+ / / RS0V |Vw|? + RSOV w(Vy, Vw),
kv
hence
/ / RS0V |Vw|? = (RSO w, Pjw)
Q!
- / / RS0V (RO,p — R2520%e*%Y | V| )w?
v
— / / RS0e5Yw(V, Vw)
Nt

1 1
< —||Ptw|? C// R35393¢35% 2 // Z RS0 Vw2
— 25” RwHLz(Q(/J\’AT) + Q(/)\,/IT e w* + Q?\/{T 2 e | w|

Hence

(51) / /Q .

From (50) and (51), we deduce that

1 ] Q-
S S
RS0e5Y |Vw|? < EHPEWHZH(Q%T) + 20// . R35303e35V .

0,
Qi
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_ //Q(}MT ROHess(p)(Vw, Vw)

Oy pral2 30303 35y, 2
> 1P wls gy — 20e: //QOMTR S33e35 00

1 + C1
S 2 _ 40112
> //QOMT RSOe ‘VU}‘ S ”PRwHL2(Q9\'4T)
—2C0(1+c1) // R38303e35V 2,
QN
hence (49) is proved. O

3.3.5- A first Carleman estimate
Now we are in position to obtain a first Carleman estimate: using (46), (47),
(48), (49), and classical estimates of the type |0;| < C6?, |0,| < CO3, we obtain
that
—Ro 2
e PZHH(Q?;AT)
_ + 2 _ 2 + _
= HPRwHL2(Q9\’AT) + HPRwHLz(Q(}\’f) +2(Prw, PRw) o)
2
> || PRl

_ 2
@) T I1Prwl e gur

+ / / (4R200,|Vp|® + ROA(Ap) — Rpbu)w?
ovd

—4 / / R303Hess(p)(Vp, Vp)w?
QN

= 4// R6Hess(p)(Vw, Vw)
Q%
> ||Pjwl|? Pl
> || RwHL2(Q?\’AT) + H RwHLZ(Q‘}\;lT)
+ / / T(4R290t|Vp|2+R9A(Ap)—Rp@tt)w2
QR

_,_//O (—CR3539363W+R3S493e35¢|v¢|4)w2
QN

C
+ RS0V |Vuw|? — = || PEwl|? _ 3G343,35¢, 2
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Hence, for S large enough,
/ R3540335V |V *w® + / / RS0V |V wl|?
v QN
1 2 — 12
+ 5 ‘|P$w|‘L2(Q‘/)\’/lT) + HPRme(Q?\f)
T
+ / / (4R%06,|Vp|? + ROA(Ap) — Rpby)w? — C / R35303e35V?
Q%r 0 JM\w

< He—RUPzHiz(Q(/)\,/lT) + C//OT R35303e35% 2.

Moreover, assuming that Assumption 1.2 is satisfied, there exists Cy > 0 such
that |V(m)y| > Cy for all m € M\ w. Thus

g R35303635% 2 < ¢ R3S403e35 | Wap e
0 JMmw =5 JJgor '
We deduce, for S large enough,
// R3836%e35% (1 + §|w|4)w2 + // RS0V |Vw)|?
QT 2 Q0T
M M
1 2 2
+ —_
T3 HPRwHL?(QoMT) + ||PRw||L2(Q%AT)
+ //QO‘T (4R?00:|Vp|*> + ROA(Ap) — Rpby)w?
M
—Ro 2 30303 ,35%, 2
SH@ PZHH(Q?;AT)'FC//O,TRSQE we.
Finally, using the properties of the function # and R > Rye?S1¥l= we get
S
(52) // R3SP03350 (1 + 21wy hyu? + // RS05% |V
Q(/)\,/lT 4 Q(/)\,AT
1 2 2
+ —
+ by HPRwHL%Q?\’f) + HPRwHLQ(QOMT)
—Ro 2 3 q3p3 .35, 2
< e Pz g +c//QMR 30363502,

Going back to z = ef?

(53) // Y R3830%e39% (1 + %vw‘)e*&’z? + // o RSeSY e 27| 4|2
QN Q1

7w, we have

1 2 — 2
+ 5 PRl oy + PRl 2oy

< He—Rcsz||iz(Q?\,4T) +C’ //OT R3§30335¢ o—2Ro 2
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3.3.6 - End of the proof of Theorem 3.1
To complete the proof of Theorem 3.1, we only need to estimate z;. First

we estimate wy, using Ppw: we have

wy = Ppw + ROApw + 2RO(Vw, Vp)
= Prw — p(A¢ + S|VY[*)w — 2p(Vw, Vi),

Hence

[
\[
Using (52), we obtain that

(54) //Q%Tu{ww pw+// oIVl + // St

1 -
T3 HPEwHLQ(Q%T) T3 HPRwHLQ(Q?\f)

—Ro 2 3 a3p3 .35, 2
SCH@ PZ|}L2(QOA,4T)+C//Q%TR S20°e>Yw?.

f

Finally, going back to z = ef*”

55)
S 4\ —2Ro , 3.2 —2Ro 2 —2Ro’1 2
1+ —|VY|*)e poze + e p|Vz|* + e ~z
Q(/)\,AT 4 QOA,AT Q(j\,/lT p

1
Pl g, + 5 PRl

w, we have

(QO T
2
<C HB_RUPZHLZ(QO,T) + C'/ R39303e35% =280 2.
M QT

This gives (36) and completes the proof of Theorem 3.1. O

4 - Proof of Proposition 1.1

In this section, we study the validity of the geometrical assumption 1.2.

4.1 - The case of the sphere S?

Let us prove that Assumption 1.2 is satisfied in the case of the sphere S2.
Consider wgz a non-empty open domain of the sphere. Choose N € wgz, that
will play the role of the North pole. Choose S € ws2,S # N. Consider a
small neighborhood wy of NV included in wgz, and a small neighborhood wg of
S included in ws2 such that wy Nwg = 0.
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Now consider 7 the stereographic projection of pole N:
7:8?\ {N} - R%

Then Q, := 7(S?\wy) is a bounded domain of R?, 7r(wg) is an open subdomain
of Q.. The classical geometrical lemma of Fursikov-Imanuvilov [18] (see also
[7]) ensures that there exists

Yo Qr = R,y Pr(y)
smooth such that
Vi(y) =0 = yem(ws)
Then consider
Y S\ wy = R, Yge(z) := ¢ (n(2)).
Let us prove that
Vips2(z) =0 = =€ wsg.

Indeed, fix € S? \ wy and consider any ¢ € T,S?, and take a smooth curve
v:I—S2 4(0) =z, (0) =& Then

(Vs @), = (Ee)@) = T (s0l) = 51 (Wn(mr(2)
Denote
Vo L — Rga '77r(t) = 7T(’Y(t))'
Then d
<vaz (.13),5> = %/tzo(wﬂ(’ﬁr(t)) = war(ﬂ-(x)) : 77/7(0)

Since 7. (0) can be taken arbitrary in R?, we obtain that
Vips2(x) =0 = Vi(m(x)) =0,

which implies 7(z) € m(ws), hence x € wg. Then it is sufficient to extend g2
to S2. This can be done, it can bring new zeros of V)2, but inside wy, hence
inside wg2. This proves that Assumption 1.2 is satisfied in the case of the sphere
S2. O

4.2 - The case of a simply connected oriented manifold of dimension 2

Assume that M is simply connected, and still compact, oriented, of dimen-
sion 2 and without boundary. Then the celebrated theorem of uniformisation of
Riemann [1, 40] implies that there exists a C'-diffeomorphism between M and

the sphere S?. We denote it

d:M—S% me d(m).
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Consider also a (small) non-empty open subdomain wpq of M, and denote
wsz 1= D(wam).
Then consider 152 constructed in the previous section, that satisfies
Vi () =0 = = € wee,

and
Y M =R, Pap(m) = thgz(@(m)).
Then let us prove that
VwM(m)ZO - m e WanMm-

Indeed, fix m € M and consider any £ € T,, M, v : I — M such that y(0) = m,
~'(0) = £. Then

(Voaa(m). = (Eva)(m) = & (r() = 5 (s (@(3(0)
Denote
ver i T — % Ag2(t) := B((1)).
Then

(Vi a(m), ) m (52 (Y52 (1)) = (Vg2 (®(m)), 762 (0))s2-

~ dt ji=0
Since 74, (0) may describe all the tangent directions at ®(m), we obtain that
Viom(m) =0 =  Vig(P(m)) =0,

which implies ®(m) € wg2 = ®(waq), hence m € wpy. This completes the proof
of Proposition 1.1. O

5 - Preliminary study of the Sellers model on a manifold
5.1 - Local existence of classical solutions

In order to apply the theory in [28], we need to rewrite (1) as an evolution
equation in L?(M). We recall that (A, D(A)) = (A, D(A)) defined in subsection
2.3. The natural energy space is H'(M) and the bilinear form a is H'(M)-
L?*(M) coercive, i.e.

Ja>0,38€R, Yo € H'(M), a(v,v)+BlolF2(n) = allvlF -

To rewrite (1) as a evolution equation in L?(M), it remains to check that the
second member of the equation takes its values in L?(M). So we define G by

_ {[O,T] x HY(M) — L2(M)
| (tw) — r(t)gB(u) — e(u)ulul®.
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If G is well-defined, then problem (1) on [0,T] is equivalent to the evolution
equation in L?(M)

(56) {u (t) + Au(t) = G(t,u(t)), te0,T],

t
u(0) = up.
We prove

Lemma 5.1. G is well defined on [0,T] x H*(M) with values in L*(M).
Moreover, G satisfies

o Vit €[0,T],VR > 0,3C > 0,Yus,us € Byi (pp)(0, R),
(57) |G(t,u1) — G(t, u2)[[L2(m) < Cllur — vzl mr(my-
¢ VR>0,30 € (0,1),3C > 0,Yu € By (p0)(0, R), Vs, t € 0,T],
(58) Gt u) — G(s,u)| L2 (am) < Clt —s]°.

Proof. For the proof, we will need the following result (see [37, p. 14]):

Lemma 5.2. For all ¢ € [1,+00), HY(M) C LI(M) with continuous em-
bedding .

Let us first prove that G is well defined on [0,T] x H'(M), with values in
L*(M). We set Q = rq and Q1 = ||Q| o ®x1)- For t € [0,T], u € H' (M), we

write
1G(tw) 125 ) = / Ra(t, u) ~ Re(u)]? < 2 /M Qt, 2)(u)? +2 /M (u)u®

<207 |1BII7 o (ry + 2lell7 = r) /M u® < 2Q1C|IB)1 7~ m) + Cllull 3 (an):

where we used Lemma 5.2 (with C = / 1dM < +00).

M
Next, we prove that (57) is satisfied. Let ¢t € [0,7], R > 0 and uj, ug in
BHl(M)((LR). Then

2
1G(t,u1) = G(t,u2)[[ 7200y = /M ‘Q(t,x)(ﬂ(ul) = Blu2)) + Re(ur) — Re(uz)
<2Q718' 17~ m) /M lup — ug|? + 2//\/1 |Re(u1) — Re(ug)|?
<2078 [T o0 (myllur — a3 + 2/ [Re(u1) — Re(uz)]*.

M

To conclude the proof of (57), it remains to show

(59) / Re(i1) = Re(us) PdM < Cllur — wslZps
M
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for some C' > 0. We compute
(60) / Re(ur) — Re(uz)? < 3 / leur) — e(uz) Pl [
M M
2 2 6 2 2 3 3 2
43 [ el —uaPlunf 43 [ c(wlual (juf - fuaf’)
M M

So it remains to estimate the three terms in the right hand side of the above
inequality. From the assumptions on ¢ (Assumption 1.1), we have:

/M e (ur) — e (u2) Plua ¥ < (||| gy llun — w2llZs uny lua s ()

/M (uz)2lur — ua 2lun |® < |l ey 0 — w22 ngy 1 [ 1200

and

2
[ ctw?tuap (juf* - fuaf?)
M

2 2
< Nl ay /M a2 (| = fuz! ) (Jua|? + fua o] + Juz )

4\ 1/2
< el ey lin = a2l aay /M s * (Jua 2 + fuafua] + ual?) )

Using Lemma 5.2 and u1,us € Byi(am)(0, R), we end the proof of (57).
Finally, we prove condition (58): for all ¢,s € [0,T],

IG(t,u) = G(s,u) |72 ) = /M [ (t) = r(s)|*a(x)?B(u(z))?
< Ol @y lalZoe () 181 Lo @y 1t = 51,
where C' = / 1dM < +o0. This implies (58). O
M

We are now ready to deduce a result of local existence:

Theorem 5.1. For allu® € D(A), there exists T*(u") € (0, +00] such that,
for all0 < T < T*(u®), problem (56) has a unique solution u € C([0,T], D(A))N
CH([0,T], L*(M)). Moreover, if T*(u®) < +oo, then ||u(t)||m(pmy — +00 as
t — T*(u).

Proof. Since (A, D(A)) generates an analytical semigroup and since the
interpolation space [D(A),LQ(M)]I/Q is H'(M), Lemma 5.1 allows to apply
[28, Theorem 7.1.2] to (56). So there exists a unique weak solution defined
until a maximal time T*(u"). Then [28, Proposition 7.1.8] implies that, if
T*(u®) < oo then |[u(t)|| gy — 400 as ¢ — T*(u’). Moreover, since
Au® + G(0,u%) € L*(M), [28, Proposition 7.1.10] ensures that, for all T <
T*(u%), u € C([0,T], D(A)) N C*([0, T], L*(M)). O
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5.2 - Weak mazimum principle

First we prove

Lemma 5.3. Let v € HY (M) andt M > 0. Then (u — M)+ := sup(u —
M,0) € HY (M) and (u+ M)~ :=sup(—(u+ M),0) € H'(M). Moreover

(61) grad(u — M)t (m) = { gmd(uﬂm) Zﬁ%ﬁ M
(62) grad(u+ M)~ (m) = { (;gmd(u)(m) de(gu)ii M

Proof. In the context of a manifold, Lemma 5.3 replaces [39, Lemma 6.1]
that is the classical result when working in an open subset of R™. Consider
(Us, ®;)1<i<n an atlas of M. Let us first prove that: V1 <i < N, Vf € L?(M),

(63) sup(f,0) o ;' = sup(f o @;*,0) on &;(1;).

Indeed, let y € ®;(U;) be such that (f o ®;')(y) > 0. Then f(z) > 0 with
z =& (y) € U;. Consequently,

sup(f o @71, 0)(y) = (f 0 27 ")(y) = f(z) = (sup(f,0) 0 2;')(y).

The reasoning is similar when (f o ®;')(y) < 0. This proves (63).
Let us now prove Lemma 5.3. From Proposition 2.2, it suffices to show that,
forall 1 <i <N, (u— M)t o®; ' € H (®;(U;)). But u— M € H*(M), so, for
al1<i< N, (u—M)o <I>;1 € H'(®;(U;)). Using [12, Proposition 6 p. 934],
((u—M)od; 1)t € H'(®,(U;)). But, from (63),

(u=M)Tod; ! = ((u—M)od )"
So we proved that (u — M)* := sup(u — M,0) € H'(M). Moreover, from [12,
Proposition 6 p. 934], we know that

-1 . 1
V(- M) oa () = { Yot ()M,

From the local definition of the weak gradient (see the proof of Proposition 2.2),

gty ) = { Tt im0 (0= M) 007800 i ) >

otherwise.

We immediately deduce (61). The proof of (62) is similar. O

Then we prove the following maximum principle:
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Theorem 5.2. Let u® € D(A) N L>®(M) and T*(u®) defined by Theorem
5.1. We denote

1/4
64 Mo mex {”uouw)’ (anm(mnruw)ﬂan(R)) }

Emin
Then the solution u of problem (1) satisfies |[u||ro 0,7+ w0y x M) < M.

Proof. Theorem 5.2 replaces [39, theorem 3.3] obtained in case of the 1-
dimensional Sellers model. The proof (based on Lemma 5.3) is similar so we
omit it here. It can also be found in [38]. O

From Theorem 5.2, we deduce that, for all u® € D(A) N L>(M), |lul| L2 )
does not blow up as t — T*(u®). However, this is not sufficient to ensure the
existence of a global classical solution since we did not prove that |[ul| g1 (¢ does
not blow up. Before showing this, we begin by proving some regularity result
on the time derivative of the solution.

5.3 - Regularity of the time derivative of the solution of (1)

We work with initial conditions defined in
(65) U:={u’ € D(Ap) N LZ(M) : Au’ € L=°(M)}.
We denote:
W(0,T; H' (M), (H' (M))') := {v € L*(0,T; H'(M)) : v € L*(0,T; (H'(M))")}.
Then we prove

Theorem 5.3. Let u® € U and u the corresponding solution of (1). Let T
be such that 0 < T < T*(u") (where T*(u®) is defined in Theorem 5.1). Then
2 = uy belongs to L?(0,T; HY(M)) and is solution of the following variational
problem:

(66)
z € W(0,T; H{(M), (H'(M))'),
Vwe HY M), (a(t)w) + bt 2(0),0) = (¢ (DaBu(®),w) |

< L2(M)
2(0) = —Au® + G(0,u?),

where b: [0, T] x H*(M) x HY (M) — R is the time-dependent bilinear form:
b(t,v,w) = / (grad(v), grad(w))dM +/ 7(t, z)vwdM,
M M

with 7(t,x) := RL(u(t,x)) — r(t)g(x)p (ult, x)).
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Proof. Consider u° € Y. Multiplying the equation satisfied by u by

w € H'(M), we obtain, thanks to Proposition 2.3: Vt € [0, T},

(20 w) ot (0 T0) = (raB ) e () u(b) u(t) P w)

LA(TM) L2(Mm)

In order to prove that z € L?(0,T; H'(M)), we use the method of differential
T

quotients (see e.g. [26]). Let 0 < 6 < 3 te (6,T—0)and —6 < s <. We

observe that

(67) {Ut(t +s)—Aut+s) =

Q(t + s)B(ult + s)) — Re(u(t + 3)),
ug(t) — Au(t) Q ).

+
()B(u(t)) — Re(u(t)

Then we define, for all t € (6,T — 9),

w) (1) = M

For all t € (6, —6), u*(t) € H'(M) and (67) implies

ou®)

(68) En

(t) — Aul ()
_ QU+ 5)Bult +5) — QM)But) | Re(ult)) = Re(ult +5))

Multiplying (68) by u(*)(t), using Proposition 2.3 and integrating over (8,7 —§),
we get

(69)
L 2 " (g (®)
STt [ (T O0)

X /H / {Q(t+s)6(u(t+5))Q(t)ﬂ(u(t)) | Re(u(®) = Refult +5))
) M

S S

1 S
dt = §||U( )72

wt(t).

With computations identical to [39, equations (6.11) and (6.12), p. 697], we
have

T—6 _ u
oy [ Q) Q03

< C’THBHLOO(]R)||Q||2L°°(M)||T/”2L°°(R)

1 / e 2
+ (318l + QU @erol Fleww) [ [ 10
2 5 M

where C' = / 1dM and
M

T-9 _ u S. T T—90
(71) /6 /M Re(u(tvx)) Re( (t+ ) ))Us(t) < 0/5 /M ‘U(S)(t,z)|2_

S
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Thanks to (70) and (71), (69) becomes

T-6 T—6
S ]' S S
/5 IVul (£)12 2y dE < §||u( )(5)\\%2(M)+C+C/5 /M |ul®) (t, z)|2dMdt.

As u € C1([0,T); L*(M)), we obtain

T—6
s 1
/ Va0 32 ranydt < 5 sup_ JfuelFapgy +C+CT sup fuelFauy-
§ t€[0,T] t€[0,T]

-5
Consequently, the quantity / [Vu'®(t) ||%2(TM)dt is bounded by a constant
5

independent of s. So, there exists a sub-sequence, still denoted by (u(s))s,
that weakly converges to some v € L2*(§,T — 6; H'(M)) as s — 0. But
L?(8,T — §; HY(M)) is continuously embedded in L?(6,T — §; L?*(M)). So the
sub-sequence (u®)), weakly converges to v in L2(6,T — §; L*(M)), (see e.g. [5,
Theorem II1.9 p. 39]). But, from [8, Corollary 1.4.39 p. 15], (u(*)), strongly
converges to u; in L?(5, T — &; L>(M)). Hence u; = v € L*(6, T — &§; HY(M)).
Moreover,

el 25,7811 (M) < lim sup 1w 22 (5,7 551 ()
S—>
1 § 2 } 2
< 5 sup Jluellzang +C+CT sup fuellzzrg-
te[0,T) t€[0,T7]

As the right hand side above does not depend on J, we may let § tends to 0 and
we obtain that z € L2(0,T; HY(M)). O

Corollary 5.1. Let u® € U and 0 < T < T*(u®) with T*(u®) defined by
Theorem 5.1. Then the solution z of (66) satisfies

2]l oo 0,y ety < elIFlecomxan DT,

with N := maz {|| — Au® + G(0,u°)]| Lo (), |77 | oo (®) | a1 oo () 1Bl Lo () } -

Proof. This result replaces [39, Corollary 3.1] obtained in the case of the
1-dimensional Sellers model. The proof (that uses Lemma 5.3) is similar to the
proof of [39, Corollary 3.1] for dimension 1. The main difficulty in the proof
relies on the lack of coercivity of the bilinear form b so one has to introduce
some auxiliary variational problem associated to some coercive bilinear form b .
We omit the proof here. It can also be found in [38]. O

5.4 - Global ezistence of the solutions of (1)
Theorem 5.4. Let u® € U. Then the solution u of (1) is defined on

[0, +00), i.e. T*(u®) = +o00. Consequently, Theorem 5.2 and Corollary 5.1 hold
true with T*(u") = +oo0.
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Proof. Theorem 5.4 replaces [39, Theorem 3.5] obtained in the 1-dimensional
case and it can be proved in a similar way (except the fact that computations
are now on a manifold). So the proof (that can be found in [38]) is omitted. O

6 - Proof of Theorem 1.1

STEP 1: Reduction to some non standard linear inverse source prob-
lem. Let T' > 0, uj,up € C([0,7];D (A)) NC*([0,T];L*(M)) the solutions
of (1) corresponding respectively to g; with the initial condition u{, and to g»
with the initial condition ug. We introduce w := u; — us. Then one can prove
that w € C([0,7]; D (A)) NC* ([0,7]; L?(M)) solves

wy—Aw=H*+H+H (t,z) € (0,T) x M,
(72) {w(O,x)zu(l)—ug r e M,
with
(73) H* ==r(q1 — q2) B (w1),
(74) H :=rqz (8 (w1) — B (u2)),
(75) H :=¢(ug)us|us|® — &(ur)ug us .

As r and 8 are bounded from below (see Assumption 1.1), it suffices to estimate
H* to deduce an estimate of ¢g; — g2 in L?(M). So we reduced the problem to
the determination of H* in the above linear problem (72).

STEP 2: Condition satisfied by h;. Let us recall that in inverse source
problems, the source term has to satisfy some condition otherwise uniqueness
may be false. Motivated by [22], we introduce the following condition: given
Co > 0, we consider the condition

@) | L)

o < Co|h(T',z)| for almost all (t,z) € (0,T) x M,

and we define the set of Cy-admissible source terms:
G (Co) :=={h € H'(0,T;L* (M)) |h satisties (76) } .

Coming back to (72), we prove that the part H* defined in (73) (and which is
the part we wish to identify) is admissible (with some explicit C):

Lemma 6.1. The function H* = r(q1 — q2)B(u1) belongs to G (Cy) with
Co > 0 defined by

B ||’I‘/HLOQ(]R) ”BHLOC(]R) + ||’I"||Loo(R) ||ﬁ/||LoC(R) e(Hﬁ'IHLOC((O,T)XM"Fl)TNl

BminT(T/) ’

where 71 is given in Theorem 5.3 with u® = u§ and Ny is given in Corollary 5.1

with u® = ul.

Co:
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Proof. The proof is based on Corollary 5.1. As it is identical to the similar
result established in [39, Lemma 7.1], we omit it. (]

STEP 3: Application of global Carleman estimates and link with some
more standard inverse source problem. In the following computations, C'
stands for generic constant depending on T, tg, T, B, w and the parameters in
Assumption 1.1. Let us introduce Z := w; = uy, — ua, where w solves (72).
Using Proposition 2.4, Z € L? (to, T; D (A)) N H' (to,T; L* (M)) and satisfies

(77) Zy—AZ=H+H,+H, (tz)€ (to,T)*x M.

Then we apply the Carleman estimate (36) to Z on the time interval (¢o,T),
with 6 : (to,T) — R* smooth, convex, such that

1 to+T’
0(t) =4 b te (o, 25-)
1 te (T;T,T),

and # attains its global minimum at T’. And we obtain

T T T 1
(78) IO = / / p3226—2RU 4 / / p|vz‘26—2Ro’ + / / 7Zt26_2RU
to J M to JM o JMP

t
T
<0 (I P2l + | [ 9727
0 w

Inequality (78) is the first step when dealing with standard inverse source prob-
lem, see [22]. Here the problem consists is retrieving only the part H* in the

T
source term H* + H + H. First we estimate / / (H? + H?)e P2 d Mdt in
to M
the left hand side of (78):

Lemma 6.2. There exists a constant C' > 0 such that

(79) /tOT /M(Hf + H2)e 2R < C(/tOT /M Z2e 2o 4 /M w(T’)2).

Proof. The proof is similar to the proof of [39, lemma 5.2] (using Theorem
5.2 and Corollary 5.1 instead of their analogous 1-dimensional forms) and can
also be found in [38]. O

Coming back to (78), we deduce:

T T
(80) I() S C(/; /M(H:)QQ_QRU +/t /M Z2€—2R0'
0 o .
_|_/ w(T’)Q—l—/ /p?’ZQe*QR”).
M to w
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For all ¢ € (to,T), 1 < CH(t), so that, for R large,

T 1 T
0/ / Z2672R0' S - / / p322672RG.
to M 2 to M

Hence, there exists R; > 0 and C > 0 such that: VR > Ry,

T
(81 IO <C / / 2 —2R0'+/ w(T/)2+/ /p3z2€—2R0
tO M to w

=1

Let us note that, without the term / w(T")?dM, inequality (81) would be the

kind of inequality that one would obtain when dealing with the standard inverse
source problem that consists in retrieving H* in the equation w; — Aw = H*.
Let us observe that this extra term satisfies

/M w(T")? = [|(ur = u2)(T", )2y < s = w2)(T7, ) Day-
Consequently, it can easily be estimated by the right hand side of (12).

STEP 4: Estimate from above of [;. Let us prove that there exists C' > 0
such that

* —2Ro 2
(82) I < C \/»/ (H*(T"))%e~2Ro(T") 4 1w (T2 ) + H’LUt||i2((t0’T)Xw):|.
Indeed, there exists pmi, > 0 such that p(z) > pn for all z € M, hence

pPe 2Ro(te) < R3 G335Vl (1)3e=21Pmind(t) " and since O(t)3e2Pmin0(t) — (
ast — tg and as t — T, there exists C' such that

T
/ /P‘;Zz@*ma < CNZ1Z2 (10,7 xw) = Cllwel 2 (to,yxw)-
to w

Finally, the proof of (82) follows from
Lemma 6.3. There exists C' > 0 such that

/ / (H;)? *QRadet<C—/ (H*(T"))2e 2R M.

Proof. Lemma 6.3 is classical in inverse source problems. We refer to [22]
for its proof. Indeed, the fact that one works on a manifold does not change the
reasoning. The key point is the form of the weight function 6. O

STEP 5: Estimate from below of I;. Let us show that there exists C' =
C(to,T) > 0 such that

(84) / Z(T')?e 2R () < C1,,.
M

29



Indeed, since Z(t, z)%e 2872 — (0 as t — to for a.a. 2 € M, we can write

T/
(85) /Z(T/)26—2RU(T’):/ 8(/ Z(t’x)2e—2Ra(t,m)>
M o Ot \Jm
= / / {ZZZt—QRatZQ}e’QR".
to M

First, we estimate

T R T’ R Zte—Ro
(86) / /QZZte_ ”:/ /2\/526— o2t
to M to M \/IB

! 720—2Ro
g/ / (p7%e 2 + 2L ) < CI.
to M

p
Next we estimate the other term of (85): since |6;(t)| < CO(t), we have
T’ T
(87) / / 2R|oy|Z%e 217 < C/ / P2 722 < C1,.
to M to M

Finally, (85), (86) and (87) imply (84).
STEP 6: Conclusion. Using (84), (81) and next (82), there exists C' > 0 such
that
’ C ’
(88) / Z(T/)2e—2RU(T ) < = / H* (T/)Qe—QRU(T )
M VR Jm

2
+ C (T z2my +C Hthi?((to,T)xw) :
Let us recall that
2(T") = wy(T")) = Aw(T") + H*(T') + H(T') + H(T"),

hence
/ H*(T/)26—2RU(T/)
M
< C(/ Z(T/)2e—2Rcr(T’) +/ ‘A’w(T’)|2€_2R0(T,)
M M
+/ H(T/)Qe—QRa'(T’) +/ INJ(T/)Qe_QRU(T,)>.
M M
Applying (88), we get
/ H* (T/)2e—2RO'(T/)
M
1 (N2, —2Ro(T" 2 2
< (g [ @Vl + 0T o)

+/ H(T/)Qe—QRa(T’)+/ f{(T/)ze—zRa(T’))
M M
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Choosing R large enough so that C'/vR = 1/2, we get

1 * —2Ro (T’
9 5 [ AR < (e + 0T b
+/ H(T/)26—2RU(T’)+/ H(T/)Qe—QRo(T’)).
M M

Let us now estimate the two last terms of the right hand side of (89). First, we
recall that [H| = [rq2(B(u1)—B(uz2))| < |7z @) BlIB'|| Lo (r)|u1 —u2|. Therefore

(90) / H(T/)2672RU(T') < C/ w(T/)2eszo'(T') < C||w(T/)||2L2(M)'
M M

Next, we write

1] = (2(2) = eur) Juzhua* + e(un) (2 = wn) Jual® + e )un (Jusf? = )|
<" || poe (ry [uz — i [Jus|* + |||l Lo () lu2 — wa ||ua?

el oo my ozl = | (lual? + fuzn] + fua )
By Theorem 5.2, for i = 1,2, |[u;|| 1o 0.1y x ) < C- Hence,
|| < Cluz = wa] + C|jus| = fur]| < Cluz = ],
We deduce
(91) / H(T')2e= 2R (1) < Cllw(T)Z2 -
M
Finally, putting (90) and (91) into (89), we get
/ H*(T')?e 2171 < C[Hwt”%z((toj)m) + [w(T) B |-
M

On the other hand, R being now fixed, there exists some C),;, > 0 such that
e 2Ro(T) > ¢ . > 0. Hence

/ H*(TI)2€72R0'(T/)dM
M

- /M r(t)?lq(z) — q2()[*B(ur (T))) e 2F7 TV dMm
> C’mmT?nmﬂ?nm”(Jl - q2||2L2 (M)*

It follows
lar = @allfzay < Clwela g 7y 0y + 10T s |

This concludes the proof of Theorem 1.1. O
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3.1

for

1]

2]

3]

[9]

[10]

[11]

[12]

[13]

And (13) follows then immediately from the Carleman estimate of Theorem
and the stability estimate (12).

Acknowledgements: The authors would like to thank the anonymous referee
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