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THE COST OF CONTROLLING STRONGLY DEGENERATE
PARABOLIC EQUATIONS

P. CANNARSA, P. MARTINEZ, AND J. VANCOSTENOBLE

ABSTRACT. We consider the typical one-dimensional strongly degenerate par-
abolic operator Pu = us — (2%ugz )z with 0 < z < £ and a € (0, 2), controlled
either by a boundary control acting at * = ¢, or by a locally distributed con-
trol. Our main goal is to study the dependence of the so-called controllability
cost needed to drive an initial condition to rest with respect to the degener-
acy parameter . We prove that the control cost blows up with an explicit
exponential rate, as ec/((z_“)zT), when o — 2~ and/or T — 0F.

Our analysis builds on earlier results and methods (based on functional
analysis and complex analysis techniques) developed by several authors such
as Fattorini-Russel, Seidman, Giiichal, Tenenbaum-Tucsnak and Lissy for the
classical heat equation. In particular, we use the moment method and related
constructions of suitable biorthogonal families, as well as new fine properties
of the Bessel functions J, of large order v (obtained by ordinary differential
equations techniques).

1. INTRODUCTION

1.1. Presentation of the problem and of the main results.
The aim of this paper is to study the null controllability cost for the typical 1D
degenerate parabolic operator

(1. 1) Pu=wu — (2%uy) s (x €(0,1), t >0)

under the action of a boundary control H:

ur — (2%uz )z = 0, xz € (0,1), t >0,
(1. 2) (2%ug)(0,1) = 0, t>0,

u(l,t) = H(t), t>0,

u(x,0) = ug(x), z € (0,1),

and under the action of a locally distributed control h:

Ut — (xau-’ﬂ)m = h(x7t)X[a,b](I) T € (07 1)7 t>0,
u(1,t) =0, t>0,
u(z, 0) = uo(z), z € (0,1).

In [11], we established the following property:
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given a > 1, T > 0,0 < a < b < 1, then, for any ug € L?(0,1),
problem (1. 3) admits a control h € L?((a,b) x (0,T)) that drives
the solution to 0 in time T" > 0 if and only if o < 2.

In the same way,

given o > 1, T > 0, then, for any uy € L?(0,1), problem (1. 2)
admits a control H € L?(0,T) that drives the solution to 0 in time
T > 0 if and only if o < 2.

The aim of this paper is to understand the behavior of the cost of control as:

a — 27 (since o = 2 is the threshold for null controllability) ,
and/or T — 07, an issue related to the so-called ’fast control problem’.

It is well-known that the cost of control blows up when 7' — 01 (at least for
nondegenerate parabolic equations, as we will recall in the following), and it is
expected to blows up when o« — 27. In this work we will prove precise upper and
lower bounds for this blow-up: denoting by u(® the solution of (1. 3) for any given
h € L*((a,b) x (0,T)), we prove that the null controllability costs, defined as

and

blow up

Cctr—bd(a7 T) = sup inf{HI{HHl(O,T)a u(H) (T) = 0}7

”'“'0”[,2(0,1):1

Cetr—toc(a,T) := sup  inf{ ||kl r2(0,1)x (0.1, u" (T) = 0},

HU(J HLQ(o,l):l

as a — 27,
and/or as T — 07T,

at a precise speed: there exist positive constants C, C’ such that

L 1 (lnzi-+Ink) <€ _c
e ©@-at/3 2—a T/ eT(2-a)2 < Cctr—bd(a,T) < eT(2—a)? ,

and, in a similar way,

’

- 5 173 (In 525 +In 7) == T T
€ (2-e) eT-a) S Cctrfloc(a; T) S eT@-a)®

(See precise statements in Theorems 2.1, 2.2, 2.3 and 2.4.)

1.2. Re
This

lation to literature.
question of the cost of null controllability when some parameter comes into

play has been studied for several equations and in several situations:

(1. 4)

the ’fast control problem’; that is, the cost of null controllability with re-
spect to time 7" as T — 0T, has been investigated for the heat operator

Pu=u; — Au

(with a boundary or localized control) and the Schrodinger equation by sev-
eral authors, see, in particular, the works by Seidman et al [58, 59], Giiichal
[32], Miller [47, 48, 49, 50], Tenenbaum and Tucsnak [61, 62], and the more
recent papers by Lissy [42] (for dispersive equations) and Benabdallah et
al [5] (for parabolic systems);

the ’'vanishing viscosity limit’, that is the cost of null controllability of a
heat operator with the addition of a transport term when the diffusion
coefficient goes to zero:

Pou=u — cugy + Mu,

(again with a boundary or localized control) has been investigated by Coron
and Guerrero [17], Guerrero and Lebeau [30], Glass [28], Glass and Guerrero
[29], and Lissy [43];



e the 1D degenerate parabolic equation, controlled by a boundary control
acting at the degeneracy point (and o — 17, 1 being the threshold value
of well-posedness in this case, see [13]).

1.3. Description of the method and connection with the literature.
For the proof of our results we follow the classical strategy which consists in:

e the spectral analysis of the associated stationary operator (see Proposition
2.4) in order to determine the eigenvalues and eigenfunctions of our problem
by typical ODE techniques,

e the use of the moment method, that was developed in the seminal papers
by Fattorini and Russell [23, 24|, to give, at least formally, a sequence of
relations satisfied by the desired control,

e the construction and the properties of suitable biorthogonal families which
are the main tool (at this point we will use two extensions of the results of
Seidman-Avdonin-Ivanov [59] and Giiichal [32], that we proved in [13] and
[14]),

e the construction of suitable controls, mainly based on the behavior of the
eigenfunctions of the spectral problem in the control region.

Hence a starting point is the study of the spectral problem. In the context of
degenerate parabolic equations, it is classical that the eigenfunctions of the problem
are expressed in terms of Bessel functions of order v, = g‘f_olt, and the eigenvalues
in terms of the zeros of these Bessel functions, see Kamke [35]. This was a crucial
observation in the work by Gueye [31], where the null controllability of the degen-
erate heat equation for o € [0, 1) was addressed for the first time when the control
acts at the degeneracy point, and in [13] where we obtained optimal bounds for the
cost of control for such a problem. For strongly degenerate parabolic equations, an
additional source of difficulty is that the order of the useful Bessel functions blows
up as o — 2~. To cope with such difficulties several classical results from Watson
[64] and Qu-Wong [55] will be needed.

It turns out that there is a common phenomenon in the classical fast control
problem ((1. 4) when 7' — 0%), the vanishing viscosity problem ((1. 5) when ¢ —
07), and the null controllability of the degenerate parabolic equation (1. 1) when
the degeneracy parameter approaches its critical value: the eigenvalues concentrate
when parameters go to their critical values. Such a concentration phenomenon can

be observed:

e for the vanishing viscosity problem, in [17];

e for degenerate parabolic equations, once the eigenvalues have been com-
puted, in Lemma 5.1;

e for the classical heat equation and the fast control problem, once time has
been renormalized to a fixed value, see Remark 5.1.

This common feature is the key point in understanding the behavior of the control in
every context. Indeed, the construction of suitable biorthogonal families is strongly
related to gap properties: the gap A,+1 — A, — 0 when the degeneracy parameter
goes to its critical limit, and the speed at which it goes to zero govern the upper
and lower estimates for the associated biorthogonal families (since the norm of such
biorthogonal families involve large products of the inverse of such differences), hence
for the null controllability cost.

In the context of degenerate parabolic equations, in order to obtain optimal
bounds,

e we refine classical results providing sharp gap estimates for the zeros of
Bessel functions of large order, see Lemma 5.2,
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we will combine these gap estimates with some recent results [13, 14] that
complete classical results of Fattorini-Russel [24], obtaining explicit and
precise (upper and lower) estimates for biorthogonal families, even in short
time, under some gap conditions, namely:

Vn Z 17 "szn S \V4 )\n+l -V )\n S ’Ymaac
Vn Z N*7 ’Y;knln S vV >\n+1 -V )\n S ’Y:naac

these gap conditions are a little more general than the asymptotic develop-
ment of the eigenvalues used in Tenenbaum-Tucsnak [61] and Lissy [42, 43]:

A = rn? +0(n),

but, which is more important, they allow us to obtain precise estimates
for the biorthogonal family when some parameter comes into play, as it
happens here or in 2D problems (see, e.g., [4, 25]); (the proof of the general
results obtained in [13, 14] concerning biorthogonal families is based on
some complex and hilbertian analysis techniques developped by Seidman-
Avdonin-Ivanov [59], Giiichal [32] and the adjonction of some well-chosen
parameter, inspired from Tenenbaum-Tucsnak [61]);

we complete the analysis of the asymptotic behavior of Bessel functions
of large order, see Proposition 2.5; this issue is related to the so-called
"transition zone’ (see Watson [64] and Krasikov [37]) and recent results
of Privat-Trélat-Zuazua [53] p. 957, even though we prove Proposition 2.5
directly by estimating the norm of the solution of a second-order differential
equation depending on a large parameter.

1.4. Plan of the paper.
The plan of the paper is the following.

In section 2, we state our main results concerning the null controllability
costs (Theorems 2.1-2.4) and the spectral properties of the problem (see
Propositions 2.4 and 2.5).
In section 3, we recall the main properties of Bessel functions, and prove
Propositions 2.4 and 2.2.

e In section 4, we establish useful identities by the moment method.
e In section 5, we prove Theorem 2.1; the proof is based on a recent result [14]

based on hilbertian techniques developed by Giiichal [32], the concentration
of the eigenvalues (Lemma 5.1) and a precised form of a classical property
concerning the gap of the zeros of the Bessel function of large parameter
(Lemma 5.2).

In section 6 we prove Theorem 2.2; the proof is based on the construction
of some suitable biorthogonal family, based on [13] and inspired by the
construction of Seidman et al [59].

In section 7, we prove Theorem 2.4, which is a direct consequence of the
biorthogonal family constructed in section 6, assuming Proposition 2.5.

In section 8, we prove Theorem 2.3; the proof is based on energy methods
and uses Theorem 2.1.

In section 9, we study the eigenfunctions in the control region, proving
Proposition 2.5; the proof is based on ODE techniques.

2. THE COST OF NULL CONTROLLABILITY: MAIN RESULTS

2.1. The controllability problems.
We study the cost of null controllability of a degenerate parabolic equation, using
either a boundary control acting at the non degeneracy point or a locally distributed



control. More precisely, we fix £ > 0, « > 1, T > 0, and for any ug € L?(0,¢), we
wish to find a control H such that the solution of

— (2%uy)y = x € (0,0), t >0,
2. 1) (as ug) (0, ): t >0,
u(l,t) = H(t), t >0,
u(z,0) = up(x), xz € (0,1),

also satisfies u(-,T) = 0.
Similarly, given 0 < a < b < £ and for any ug € L?(0,¢), we wish to find a control
h such that the solution of

Ut — (xauﬂﬁ)x = h(x7t)X[a,b] (.’E) MS (an)a t >0,
(2 2) (.’17 ul’)(o7t) = 07 t> O,

u(l,t) =0, t>0,

u(z,0) = up(x), x € (0,0),

also satisfies u(-,T") = 0.
In space dimension 1, these two problems are very close. From [11], we know that
such controls exist if and only if o € [1,2).

2.2. Functional setting and well-posedness.

2.2.a. Functional setting and well-posedness for a locally distributed control.
For 1 < a < 2, we consider the following spaces :

HL(0,0) := {u € L*(0,£) | u locally absolutely continuous in (0, €], 2%/?u, € L*(0,¢)},

Hg0(0,6) == {u € Hy(0,0) | u(¢) =0},
and
HZ2(0,0) :={u € HL(0,0) | z®u, € H'(0,0)}
Then, the operator A : D(A) C L?(0,¢) — L?(0,¢) will be defined by

Yu € D(A), Au:= (2%uy)q,
D(A):={ue HL,(0,0) | 2u, € H'(0,0)} = H2(0,£) N H} ,(0,0),
= {u € L?(0,¢) | w locally absolutely continuous in (0, £],
x%u € H}(0,0), 2%u, € H*(0,¢) and (z%u,)(0) = 0}.
Notice that, if u € D(A), then u satisfies the Neumann boundary condition (z%u,)(0) =

0 at z = 0 and the Dirichlet boundary condition u(¢) =0 at z = £.
Then the following results hold, (see, e.g., [7] and [10]).

Proposition 2.1. A: D(A) C L?(0,¢) — L*(0,¢) is a self-adjoint negative opera-
tor with dense domain.

Hence, A is the infinitesimal generator of an analytic semigroup of contractions
et on LQ( ,0). Given a source term h in L?((0,¢) x (0, 7)) and an initial condition
vg € LZ(O,E), consider the problem

v — (%), = h(x,t),
(*v,)(0,t) = 0,
v(l,t) =0

v(z,0) = vy (x).

(2. 3)
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The function v € C°([0,T]; L*(0,£)) N L*(0,T; H}, 4(0,¢)) given by the variation of

constant formula ,

v(-,t) = ety + / e=)Ap(. 5)ds
0
is called the mild solution of (2. 3). We say that a function
v € CO([0,T]; Ho o(0,6)) N H'(0,T5 L2(0,£) 01 L*(0,T5 D(A))

is a strict solution of (2. 3) if v satisfies vy — (x®v;), = h(z,t) almost everywhere
in (0,¢) x (0,7T), and the initial and boundary conditions for all ¢ € [0, 7] and all
x € 10,4].

Proposition 2.2. If vy € H] ,(0,£), then the mild solution of (2. 3) is the unique
strict solution of (2. 3).

The proof of Proposition 2.2 follows from classical results, see subsection 3.4.

2.2.b. Functional setting and well-posedness for a boundary control.

To define the solution of the boundary value problem (2. 1), we transform it into
a problem with homogeneous boundary conditions and a source term (depending
on the control h): formally, if u is a solution of (2. 1), then the function v defined
by
33270‘

(2. 4) v(z,t) = u(z,t) — i

H(t)
satisfies the auxiliary problem

vy — (2%y)z = —%%:H’(t) + ZQZ_,?; H(t),
(x%v,)(0,¢) = 0,

v(l,t) =0,

v(@,0) = ug(z) — L= H(0).
Reciprocally, given H € H(0,T), consider the solution v of
v — (20,)r = — S H'(t) + 222 H (1),
(z%*v,,)(0,t) =0,

v(£,t) =0,

v(z,0) = vo(x).

Then the function u defined by

2. 5)

(2. 6)

(2.7) (e, t) = ol 1) + S H (1)
satisfies

up — (%Ug ) = 0,
@ 8) (x%uy)(0,t) = 0,

u(l,t) = H(t),
u(x,0) = vo(x) + L H(0).

This motivates the following definition of what is the solution of the boundary value
problem (2. 1):

Definition 2.1. a) We say that u € C([0,T]; L?(0,£)) N L?(0,T; HL(0,£)) is the
mild solution of (2. 1) if v defined by (2. 4) is the mild solution of (2. 5).
b) We say that

u € C([0,T]; Hy (0,0) 0 H' (0,13 L*(0,€)) 0 L2(0, T3 HZ(0,6))
is the strict solution of (2. 1) if v defined by (2. 4) is the strict solution of (2. 5).



Then we immediately obtain

Proposition 2.3. a) Given ug € L?(0,¢), H € H*(0,T), problem (2. 1) admits a
unique mild solution.

b) Given ug € HY 4(0,£), H € H'(0,T) such that ug(f) = H(0), problem (2. 1)
admits a unique strict solution.
The proof of Proposition 2.3 follows immediately, noting that

~ 2—«

H(z,t) = ——
satisfies
H e C([0,T]; H(0,€)) N H*(0,T; L*(0,£)) N L*(0, T; H2(0,¢)).
2.3. Null controllability results for the boundary control.

Consider
(2. 9) Cetr—va(a, T,0) :=  sup  if{[|H]||r10,m),u™(T) = 0},
HUUHL2(0,5>:1
where u#) is the solution of problem (2. 1). Then we prove the following estimates:

2.3.a. Lower bound of the null controllability cost.

Theorem 2.1. There exists a constant Cy, > 0 independent of a € [1,2), of £ > 0
and of T > 0 such that

1—a/2
2—a

02—

(2. 10)
627(1 2 1 pl—a/2

a2 T _ C, - +4
Cetr—vi(a, T, £) > Cyy—mee——=e " @ e "TC-o7¢ o (st e
(2—a)T?

Y(In £

+In £)

Remark 2.1. This proves that the cost blows up when 7" — 0%, or a — 27,
or / — 400, and at least exponentially fast. When ¢ is fixed and T < Ty, this
simplifies into

w 11 1A
Cct?”fbd(a) T, g) 2 CueT(gc_a)z e Cuy (g_a)4/3 (ln P +In T).
2.3.b. Upper bound of the null controllability cost.

Theorem 2.2. There exists a constant Cy, > 0 independent of a € [1,2), of £ > 0
and of T > 0 such that

2—o
G i Cerer
(2—a)T?

(2 11) Cct?"—bd(av T7 E) <
Remark 2.2. This proves that the cost blows up exactly exponentially fast as
T — 0T, ora— 27, or £ — 4+0o. When /£ is fixed and T' < Ty, this simplifies into
C, _cy _
Cetr—pa(a, T, l) < ———==eTC-7%.
2-a)T
2.4. Null controllability results for the locally distributed control.
Consider

(2.12)  Cepr—toc(a, T,0) :=  sup  inf{||A]l L2 ((ap)x (0.1, u™ (T) = 0},

Hu0\|L2(o,z):1

where u(®) is the solution of problem (2. 2). For this problem, we are mainly
interested in the dependence with respect to the degeneracy (o — 27) and to time
(fast controls, when T'— 0), see Remarks 2.3 and 2.4. And we prove the following
estimates:
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2.4.a. Lower bound of the null controllability cost.

Theorem 2.3. Given { > 0, and 0 < a < b < {, there exists a constant C =

C(a,b, ) > 0 independent of a € [1,2) and of T > 0 such that

(In2tz+n3)—&T

. _ & _1_1
(2. 13) Cetr—ioc(a, T, ) > CeT-02¢ € (2-a)1/3 1.

Remark 2.3. In the proof of Theorem 2.3 we obtain an explicit expression of
C(a,b,?). And of course Theorem 2.3 proves that the cost blows up (exponentially
fast) when T'— 0", or @« — 27: when T'— 0 and/or o — 27, this simplifies into

~ c *%é(ln 1 +lni)
CctT—lOC(a7T7 Z) 2 Ceme C (2—a)t/3 2-a T X

2.4.b. Upper bound of the null controllability cost.

Theorem 2.4. There exists a constant C,, = Cy, > 0 independent of a € [1,2), of
T>0and of 0 <a<b<{, and v§ =~3(a,b,€) >0 such that

Cu Tfj::ﬂ e Ta max{ ! L
\/T(2 _ a)’ gl—a/2

Remark 2.4. This proves that the cost blows up exactly exponentially fast as
T — 0", oraa— 27, or £ = +oo. When ¢ is fixed and T < Ty, this simplifies into

(2 14) Octr—loc(a7Ta e) < gre
Yo

}.

Cu+
Cctr—loc(av T, E) < Cue "Te-0?,

2.5. The eigenvalue problem.
The knowledge of the eigenvalues and associated eigenfunctions of the degenerate
diffusion operator u — —(z®u')’, i.e. the solutions (A, ®) of

~(@0¥(2)) = AB(z) @€ (0,0),
(2. 15) (2°®'(2))(0) = 0,
B(0) = 0.

will be essential for our purposes.

2.5.a. Eigenvalues and eigenfunctions.
It is well-known that Bessel functions play an important role in this problem,
see, e.g., Kamke [35]. For « € [1,2), let

a—1 2—«
Vo = s Ko 1=
« 2—« a 2
Given v > 0, we denote by J, the Bessel function of first kind and of order v (see
section 3.2) and denote j,1 < jy2 < - - < jun < ... the sequence of positive zeros

of J,. Then we have the following:

Proposition 2.4. The eigenvalues \ for problem (2. 15) are given by

(2. 16) N R I A

and the corresponding normalized (in L?(0,¢)) eigenfunctions takes the form

- 2Kq
5]}, (Jva,n)l

Moreover the family (4., )n>1 forms an orthonormal basis of L*(0,£).

—a . Tk
I(l )/2(]”& (]an(,) a)a T e (076)

(2. 17) Do () 7

Remark 2.5. Gueye [31] proved Proposition 2.4 in the case a € [0,1) and when
¢=1. The case « € [1,2) and ¢ # 1 is very similar.



2.5.b. The eigenfunctions in the control region.
We will prove the following property:

Proposition 2.5. Given 0 < a <b < ¢, there exists v5 = 5 (a,b,€) > 0 such that
b
(2. 18) Ya € [1,2),¥m > 1, / Do) dr > 75 (2 — ).

It is classical in the nondegenerate case (Lagnese [38]) that

b
. 2 .
1371Lf/ @7 . > 0;
a

but, in our purpose of estimating the cost of null controllability, it is necessary to
have a lower bound of fab @2, with respect to the degeneracy parameter v when
« — 27, and the dependence is given in Proposition 2.5. This does not come easily,
since @ p, is solution of a second-order differential equation depending on a large
parameter. We will overcome this difficulty with ODE techniques.

3. PROOF OF PROPOSITIONS 2.4 AND 2.2

In this section, we study the spectral problem (2. 15) and the properties of
the eigenvalues and eigenfunctions, and as a first application we deduce the well-
posedness result stated in Proposition 2.2.

Let us study the spectral problem. First, one can observe that if A is an eigen-
value, then A > 0: indeed, multiplying (2. 15) by ® and integrating by parts,

then
4 4
)\/ @2:/ P2,
0 0

which implies first A > 0, and next that ® = 0 if A = 0.

3.1. The link with the Bessel’s equation.

There is a change a variables that allows one to transform the eigenvalue problem
(2. 15) into a differential Bessel’s equation (see in particular Kamke [35, section
2.162, equation (Ia), p. 440], and Gueye [31]): assume that ® is a solution of
(2. 15) associated to the eigenvalue A; then one easily checks that the function ¥
defined by

(3. 1) B(z) = 2 20 ( —Va's® )

is solution of the following boundary problem:

v (y) +y ¥ (y) + (v* — (55 >a) 22) (1) =0, ye(0,525VAr),

(3. 2) (2 - 04)yﬁ U'(y) — (e —Dy>=—=¥(y) > 0asy — 0,
(VAT ) =

3.2. Bessel’s equation and Bessel’s functions of order v. For reader con-
venience, we recall here the definitions concerning Bessel’s equation and functions
together with some useful properties of these functions and of their zeros. Through-
out this section, we assume that v € R,.
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3.2.a. Bessel’s equation and Bessel’s functions of order v.
The Bessel’s functions of order v are the solutions of the following differential
equation (see [64, section 3.1, eq. (1), p. 38] or [41, eq (5.1.1), p. 98)]):

(3. 3) VU (y) +y¥ (y) + (=) (y) =0,  y e (0,+00).

The above equation is called Bessel’s equation for functions of order v. Of course
the fundamental theory of ordinary differential equations says that the solutions of
(3. 3) generate a vector space S, of dimension 2. In the following we recall what
can be chosen as a basis of .S,,.

3.2.b. Fundamental solutions of Bessel’s equation when v ¢ N.
Assume that v ¢ N. When looking for solutions of (3. 3) of the form of series of
ascending powers of y, one can construct two series that are solutions:

mzz:om! F((wlr):wrl) (%)V+2m and mzzzom! r(iylimer 3 (g)f”“m,

where I' is the Gamma function (see [64, section 3.1, p. 40]). The first of the two
series converges for all values of y and defines the so-called Bessel function of order
v and of the first kind which is denoted by J,:

ZOO (=)™ )2t ZOO metv
B4 Lly):= m! T(m+v+1) (5) B St y=0,
m=0

(see [64, section 3.1, (8), p. 40] or [41, eq. (5.3.2), p. 102]). The second series
converges for all positive values of y and is evidently J_,:

@9 = 3 Sy (3) - S v
' m=0

(m—-—v+1

When v € N, the two functions J,, and J_, are linearly independent and therefore
the pair (J,, J_,) forms a fundamental system of solutions of (3. 3), (see [64, section
3.12, eq. (2), p. 43]).

3.2.c. Fundamental solutions of Bessel’s equation when v =n € N.

Assume that v = n € N. When looking for solutions of (3. 3) of the form of
series of ascending powers of y, one sees that J,, and J_,, are still solutions of (3. 3),
where J,, is still given by (3. 4) and J_,, is given by (3. 5); when v =n € N, J_,
can be written

X I = X ittt (B

m>n

However now J_,,(y) = (—1)"J,(y), hence J,, and J_,, are linearly dependent, (see
[64, section 3.12, p. 43] or [41, eq. (5.4.10), p. 105]). The determination of a
fundamental system of solutions in this case requires further investigation. In this
purpose, one introduces the Bessel’s functions of order v and of the second kind:
among the several definitions of Bessel’s functions of second order, we recall here
the definition by Weber. The Bessel’s functions of order v and of second kind are
denoted by Y, and defined by (see [64, section 3.54, eq. (1)-(2), p. 64] or [41, eq.
(5.4.5)-(5.4.6), p. 104]):

WEN Y() = A S

Vn € N, Yo (y) = lim, ., Y, (y).

b

For any v € Ry, the two functions J, and Y, always are linearly independent,
see [64, section 3.63, eq. (1), p. 76]. In particular, in the case v = n € N, the
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pair (J,,Y,) forms a fundamental system of solutions of the Bessel’s equation for
functions of order n.

In the case v = n € N, it will be useful to expand Y, under the form of a series of
ascending powers. This can be done using Hankel’s formula, see [64, section 3.52,
eq. (3), p. 62] or [41, eq. (5.5.3), p. 107):

(3.7) VneN",  Y,(y= %Jn(y) log (%) - % nf W (%)%_n
=0

13X (™ s\t [D(m+1)  T'(m+n+1)
_;mzzzom!(n—i—m)! (5) {I‘(m—l—l) F'm+n+1 }’

r'(1)
T(1)

where 1% is the logarithmic derivative of the Gamma function, and satisfies
—~ (here 7 denotes Euler’s constant) and

IM(m+1) 1 1
—— =14+_-+...— — forall .
T(m+ 1) +2+ — = fora m €N

In the case n = 0, the first sum in (3. 7) should be set equal to zero.

3.2.d. Zeros of Bessel functions of order v of the first kind.

The function .J, has an infinite number of real zeros which are simple with the
possible exception of x = 0 ([64, section 15.21, p. 478-479 applied to C, = J,]
or [41, section 5.13, Theorem 2, p. 127]). We denote by (j,.n)n>1 the strictly
increasing sequence of the positive zeros of J,:

0<jy71 <ju72 <0 e <K jym < ...
and we recall that
Jv,n — +00 as n — +00.

We will also often use the following bounds on the zeros, proved in Lorch and
Muldoon [44]:

1 v 1 v 1
. > = > == 32)<Jun < 5 )
(3. 8) VI/_2,Vn_1, 7r(n+4 8)_]’ 7r(n+2 4)
Note also that ([44]):
1 v 1 v 1
. Zl,¥n>1 2 o) <jyn < ——
(3. 9) Yv € [0,2],Vn_ , 7w(n+ 5 4) < Jon < m(n+ 1 8)

We will also use the following asymptotic development of the first zero j, 1 of J,
with respect to v ([64, section 15.81, p. 516]) when v — +o0:

Jua = v +1,85575701/3 + O(1),

and a similar develoment for j, o, extracted from [55] where it is proved that

1/3
Ak 173 _ . ag 173 | 3 92
(3. 10) V= SiEY < Juk <1/7m1/ +%akm,

which is valid for all v > 0, all £ > 1, and where a;, is the k-th negative zero of the
Airy function.

3.3. Proof of Proposition 2.4.

As noted before, A = 0 is not an admissible eigenvalue for problem (2. 15), hence
A > 0. So, using (3. 1), we can transform problem (2. 15) into problem (3. 2). In
the following, because of the difference in the construction of a fundamental system
of solutions of (3. 3), we treat the following cases separately: v, € N, v, =n € N*
and v, = 0.
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3.3.a. Case v, € N. Let us assume that v, ¢ N. Then we have

(I) - C+ ¢+ + C,@,
where & and ¢_ are defined by

(I)+($) = xl;a Jya(iﬁxzza% @7(1‘) = xl;a ya(i\/xl'an),

2—« 2—«

Using the series expansion of J, and J_,,_, one obtains

(3 11) Z Va7 (Q*Q)m’ Z Cya, 1 chr(Qfoz)m.7

m=

+

l/

(3.12) &b . =cf m( 2 ﬁ)zmwa, C o i=Cp (L\&)Qm_ua.

Vo, M Vas 2 _« Vo ,m Vasm\ 9 _

where the coefficients ¢, ,, and ¢, _,, are defined by

We deduce that
D (x) ~o 5,270, $a/2<bg_(z) ~o (2 — ()[)51-1&-(“1x1704/27

O_(z) ~o G, gr' 7, 22" (x) ~o (1 — 0)6;0703370‘/2,
hence ®, € H!(0,¢), while ®_ ¢ H!(0,¢). Therefore, ® = C, &, + C_d_ €
H’(0,¢) implies that C_ = 0 and ® = C $,. Moreover, z*®’, (z) — 0 as z — 0,
hence the boundary condition in 0 is automatically satisfied. Finally, the boundary

condition ®(¢) = 0 implies that there is some C; and some m € N, m > 1 such
that

A= K22, 77 and @(@) = Cha 2, G (7)™):

In the same way, any ®(z) := Cz =" J,, (Jve,m(F)") is solution of (2. 15), and
the family (&, (z) := ' Jve (Jvan(%)7))y forms an orthogonal family of L?(0,£),
which is complete since the family is composed by the eigenfunctions of the operator
T,:

T, : L*(0,0) = L*(0,€), [+ Tolf) :=us
where uy € D(A) is the solution of the problem —Au; = f, which is self-adjoint
and compact (Appendix in [1]). Finally, it remains to norm this orthogonal family:

L 1
|t ey de = 270 [0 G dy
0 0

=Ly, Gran)l
2Kq

52704

1
= / sza (Joo.n2)dz =
0

Ka

2=
Ko 2

[']Va+1(]ua,n)]2 =

)

which gives us that the family given by (2. 17) forms an orthonormal basis of
L?(0,¢). This ends the proof of Proposition 2.4 when « € [1,2) is such that v, ¢ N.

3.3.b. Case v, = n, € N*. Let us assume that v, = n, € N*. In this case, we have
recalled in subsection 3.2.c that a fundamental system of the differential equation
(3. 3) is given by J,_, and Y,,_ . This gives us that ® is a linear combination of ®
and @ _, where

1—a 2 2—«
(3. 13) O, _(z):=z2 Yna(m\[\x 7).

As we have done above, we now study if ®;, _ € H1(0,¢). First we need its
decomposition in series: it follows from (3. 7) that
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(3. 14)

Ng—1 +oo

2 1 —a .
oy (v) = ;<p+(z) log (Hﬁxzz)Jr Z &mx(lfa)+(2fa)m+z by 2™,
m=0 m=0

where
2m—ng,
4y, = _Lmazm - DUVA
m o m! 2K
and
2m~+neq
A S G VS 2N D(m+1) , D(m+ng +1)
T aml(ng +m)!\ 264 F'm+1) T(m+n,+1)]"

We study the three functions that appear in the formula of ®, _. First

2 —

2 1 2-a
Oy _q(x) = ;<I>+(z) log ( aﬁz2)

satisfies

2Kq

2K
~+ a/2q! ot —lta/2
Dy _q(x) ~o 7cnmologx, %P () x 2

~0 T Cna,O

hence 4 _ 1 € HL(0,¢) since o > 1. Next
Na—1
Be o) S oo
m=0
satisfies
© - o(r) ~o doz' T, @R o(x) ~o (1 - a)doa ™,

hence @4 _ o ¢ H(0,¢), since Go # 0. Finally,

—+oo
Do) i= 3 b
m=0

satisfies

- a(@) ~obo, 2P g(w) ~o (2 a)biat T2,
hence ¢)+7_73 S Hé(O,E) Thus ‘I)+7_ = (I>+7_71 + (I)+7_72 + (I)+,_,3 % H&Y(O,E), and
if®=C 0, +Cp _®, _ € H)(0,0) then necessarily Cy _ =0, and ® = C,P.

Then we are in the same position as in the previous case and the conclusion is the
same.

3.3.c. Case v, =0 (hence o =1). In this case, the first sum in the decomposition
of Yy is equal to zero, hence we have &, _ =&, _ 1 + & _ 3. Moreover,

2K1 2K
~+ 28/ 1+ —1/2
Q4 1(x) ~o o Co,olnxv z®/ (I’Jr,—,l(f) ~0 o Co,0T / )

hence ®; 1 ¢ HL(0,¢). On the contrary ®; _ 3 € HL(0,¢), which implies that,
once again, &, =&, _1+P, 3¢ HL(0,¢), and the conclusion is the same. O
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3.4. Proof of Proposition 2.2.
Since {®,,,,n > 1} is an orthonormal basis of L?(0, £), it suffices to observe that

(3. 15) H} (0,0) = {u € L*(0,0), Y Xan(t, Pan) 720, < 00H= D((—A)"/?)).

n=1

Indeed, since A generates an analytic semigroup of negative type on X = L?(0,£),
the conclusion follows from the variation of constant formula

¢
u(t) = ety +/ e=)An(. 5)ds
0

and well-known maximal regularity results which ensure that both maps
t
t ety and  t »—>/ et=94n (., s) ds
0

belong to H'(0,T;X) N L*(0,T; D(A)) N C°([0, T); D((—A)Y?)) whenever ug €
D((—A)'/2) and h € L?(0,T; X) (see, e.g., [6]). Finally, in order to check (3. 15),
it suffices to observe that for any u € D(A), given by

Z U, (ban L2(0, E)q)oz ny
n=1

we have that

¢
/ a(x)u? dr = —(Au, u)12(0,0) Z/\an u, @q n)L2(o 9. H
0

n=1
4. PRELIMINARIES: THE MOMENT METHOD

We follow the strategy initiated by Fattorini and Russell [23, 24]. The precise
estimates given in Theorems 2.1-2.4 are based on identities given by the moment
method. We separate the boundary case from the locally distributed case.

4.1. The boundary control problem (2. 1).

4.1.a. The moment problem satisfied by a control H € L*(0,T).
In this part, we analyze the problem with formal computations. First, we expand
the initial condition ug € L*(0,£): there exists (u), ,)n>1 € £?(N*) such that

= Z Mg,nq)a,n(x)
n>1
Next we expand the solution u of (2. 1):
)= Bam®)Pan(z), z€(0,0),t>0
n>1
with
> Bam(t)? < +oo.

n>1
Therefore the controllability con&ition u(+,T) = 0 becomes
Vn > 1, Ban(T) =0.
On the other hand, we observe that wy, ,(7,t) := @4, (x)eran=T) is solution

of the adjoint problem:

(Wan)t + (@ (Wan)z)s =0 xz € (0,£), t >0,
(4. 1) (@%(wa,n)e)(0,1) =0,

wa,n(ev t)=0 t > 0.
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Multiplying (2. 1) by wq ., and (4. 1) by u, we obtain
T
0= [ [ wonlin — @)+ (@) + (0 (wan)o)e)
o Jo
¢ T T
:/ [wamu]gdm—/ [wamxo‘ux}gdt—k/ [uz® (W )]t
0 0 0
¢ ¢ T
:/ u(z, T)Pq,n(z)dx— / u(a:,O)q)a,n(x)e*)‘a*"Td:r+/ w(l, t) (2% (Wan)z) (£, t)dt
0 0 0
T
= Banl) = o Tpl [ HOA ], ) o = O
0

It follows that, if the control H drives the solution to 0 at time 7', then

/ H(t)e rer Tt = e7ron®y0
where we have set
(4. 2) Tan = (2@, ) (x = 0).

Hence, the controllability condition u(-,T) = 0 implies that
T
(4. 3) Vn > 1, rayn/ H(t)erntdt = pgyn.
0

4.1.b. The moment problem satisfied by a control H € H*(0,T).

Moreover, since we want a solution of the moment problem that belongs to
HY(0,T), it will be more interesting to see what its derivative has to satisfy. Inte-
grating by parts, we have

T T
1
J A e (O e O
0 >\a n 0 )\a n

Hence the derivative H' has to satisfy

(4. 4) “ / ' H'(t)erent dt = 1l , — ~n [H(T)e’\”v"T - H(O)].

a,n )\a,n

We will provide a solution of this problem that satisfies H(0) =0 = H(T).

4.1.c. A formal solution to the moment problem, using a biorthogonal family.
Assume that there is a family (o} ,,)m>1 of functions o ,, € L*(0,T), which is
biorthogonal to the family (e*«=*),,~;, which means that:

1ifm=mn,

T
(4. 5) Ym,n > 1, / o (t)erentdt =6, =4
0 ’ 0 if m # n.

Then, at least formally, the function
0 0
«

Hit) =Y Boamor (1)

m=1 T‘O(ﬂ"ﬂ

satisfies the moment problem (4. 3). To enter into our functional setting, we would
need to verify that this gives a function belonging to H'(0,T), then at least to
L?(0,T). For this, we will need suitable bounds on ||ajé‘7m\|Lz(0’T), first with respect
to m (to ensure the convergence of the series that defines H), then with respect to
«, to measure the null controllability cost.
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Since our functional setting demands the control to belong to H*(0,7), we are
going to repeat the same arguments, but with the moment problem (4. 4): set

AO¢,0 = 07

and assume that we are able to construct a family (o ,,)m>0 of functions ot €
L%(0,T), which is biorthogonal to the family (e**:#!),,>¢, which means that:

T .
lifm=
(4. 6) Ym,n > 0, / ok (t)erentdt = 6,,, = 1 m=n,
0 ' 0 if m # n.

Then consider
——2et (t), and H(t / K(r
Then at least formally K solves the following moment problem

T
Vn > 1, —ra—m/ K(t)etert dt = [
o,N

moreover, if K € L*(0,T), then H € H*(0,T), clearly H' = K, and H(O) =0, and
moreover H(T') = 0 thanks to the additional property that the famlly (0d m)m>1is
orthogonal to e*=0* = 1; hence H will be in H'(0,7') and will satisfy the moment
problem (4. 4). It remains to check that all this makes sense, in particular that K €
L?(0,T). Clearly, we will need suitable L? bounds on the biorthogonal sequence
(0 u)m=1, that will come from the study of the eigenvalues Ay, and from the
behavior of the real sequence (Tim)m.

4.2. The locally distributed control problem (2. 2).

4.2.a. The moment problem satisfied by a control h € L*((a,b) x (0,T)).

First we expand the initial condition ug € L?(0,€): there exists (4, ,)n>1 €
¢2(N*) such that

=Y 1, Pan(x), =z E(0,0).
n>1
Next we expand the solution u of (2. 2):
)= Bam)Pan(z), 2€(0,0),te(0,T), with > Ban(t)® < +oc.
n>1 n>1

Once again multiplying (2. 2) by wq (7, t) = @4 (z)etent=T)
of the adjoint problem (4. 1), one gets:

' Zh(xyt)X[a,b]@)wa,n(%t)dﬂ?dt: ' Zwa,n(xat)(ut—(xaua:)w)
/0 e
:/ Wa,nul) / / wantu—/o [Wea.n (2%u2)]5 / / Wan )z T Uy

14
@a,nU(T)*e Aa, nT/ (pa,nuo / [wam(az Um)]g
0 0
[

, which is solution

/OT
“

T (Wep ) ] — /T OZ ((wayn)t + (ma(wa,n)m)z)u

¢ ¢
:/ Sy nu(T) — e_’\"““T/ D, nuo.
0 0
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Hence, if h drives the solution u to 0 in time 7', we obtain the following moment
problem:

(4. 7) Yn > 1, / / (7, 1)X[a,p) () Pa,n()e Aot dydt = _“gm'

4.2.b. A formal solution to the moment problem, using a biorthogonal family.
Assume for a moment that there exists a family (o7 ,,)m>1 in L*(0,T) that
satisfies (4. 5). Then let us define

<I>a m(a:)

Let us prove that, formally, h is solution of the moment problem (4. 7):

T 0
/ / h(z,t)X[a,b] (:c)@a,n(x)e’\a'“tdxdt
o Jo

fI)am T
/ / Z ,ua m am Pam(@) By (x)erntdtd

m>1 f (P

/a Z f m;)@a () (/OT U;;m(t)e’\a“tdt) dx

m>1

, b Ho,n-
2
m>1 fa (I)a,m

Hence, formally, h defined by (4. 8) solves the moment problem. It remains to
check that all this makes sense, in particular that h € L?((0,¢) x (0,7)). Clearly,
we will need suitable L? bounds on the biorthogonal sequence (01 ,,)m>1, that will
come from the study of the eigenvalues ), and from the behavior of the real

b
- Z _/‘l’gz m(smn fa (I)a,m(x)@ayn(x)dx - _,,0

sequence (ff ®2 . )m (given in Proposition 2.5).

5. PROOF OF THEOREM 2.1

In this section, we are going to work on the moment problem (4. 3) given by the
moment method to obtain the desired lower bound on the null controllability cost
for (2. 1). The proof will use in particular ideas of Giiichal [32].

5.1. The contribution of the eigenfunctions to the blow-up of the null
controllability cost.

Assume that H € H'(0,T) drives the solution u of (2. 1) to 0 in time 7. Then
H satisfies (4. 3). Let us compute the coefficient that appears:

o V2Ka .
(5. 1) |7’a,n| = |($ (I):x,n)(x =/{)| = Eamf(l a)/2jua,n |J1',a(3ua,n)\

= Ea_na""(l_a)/Q_l\/ﬁﬂag/2jl/a,n - \/§€(2a_3)/2 }ig/Q jya,’n
= V2002 Sl -

This implies that the null controllability cost blows up, at least at a rational rate:
indeed, we deduce from (4. 3) that

|1 |

‘ a,n|

Vn>1, |[H| 20,1 ||€’\O“”t|\L2(0,T) 2
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hence
|1 2Xan
\/§g(a—1)/2 /Koo /7)\%” e2ranT _1°
Fix up = ®,,1. Then any control that drives ®,,; to 0 in time 7" satisfies
1220, :
L2(0,1) = (=172 s [e2AanT _ 1

This implies a first bound from below for the null controllability cost:

Vn>1, |[[H| 207 >

Octr— bd >

1
— pla=1)/2 N [e2XanT 1

In particular, just looking the behavior with respect to «a € [1,2), we see that there
exists Cr ¢ independent of « € [1,2) such that

Crye
Vi—a

This gives a first estimate of blow-up (that we will improve in the following).

Cct'r‘fbd >

5.2. A connection between null controllability and the existence of biorthog-
onal sequences.

We notice the following fact: fix m > 1 and consider the initial condition ug =
Dy.m; let Hy o be a control that drives the solution of (2. 1) to 0 in time T'; then
the sequence (ro,mHa,m)m>1 is biorthogonal to (e*en?),>1 in L*(0,T). Indeed,
H,  satisfies (4. 3):

T
Vn > 1, ra’n/ Ha’m(t)e’\“’"t dt = ,ugm = Omn,
0

hence

T .
Omn 1 f =n,
Vn > 1, / (ra mHea m(t))eA“’"t dt =rg m—0n = 1 m=mn
0 ' ’ " Tan 0 if m+#n,

hence

T
VYm,n > 1, / (roévaa’m(t))e)‘“v"t dt = Smn,
0

which means that the sequence (ro,mHa,m)m>1 is biorthogonal to (e*ent),~; in
L%(0,T).

In the literature, there exists several bounds from below for the biorthogonal
families, we refer in particular to Giiichal [32] and Hansen [33]. In the following we
will use two extensions of the one of Giiichal [32], obtained in [13] and in [14].

5.3. The concentration of the eigenvalues.
The following observation is fundamental in the understanding of the blow-up
of the null controllability cost:

Lemma 5.1. The eigenvalues concentrate when oo — 27 :
Yn>1, Aan+1 —Aan—0 asa—27.

Before proving Lemma 5.1, let us explain why this property if clearly important
in the understanding of the blow-up of the null controllability cost: as noted before,
if null controllability holds, and if H, ,, is a control that drives the solution of
(2. 1) with ug = @4, to 0 in time T, then (rqmHam)m>1 is biorthogonal to
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(erent),~1 in L2(0,7T); now, if additionnally some eigenvalues concentrate, for
example Aq 2 — Ao,1 — 0 as o — 27, then 7, 1 H, 1 will have to satisfy

T T
/ (raylHajl(t))e)‘“vlt dt =1, and / (ra,lHaJ(t))e)‘“’?t dt =0,
0 0
hence

T
/ (Ta,lHa,l(t)> (eAa’lt — eAa’zt) dt =1,
0

but this will only be possible if ||ra.1Ha 1| is sufficiently large, since [e*a1t —
e*2t|| 120, will be small. We will come back on this later.
Proof of Lemma 5.1. We note that

Ao+l — Aan = Hi(jfa,nﬂ - J'fa,n) = ’ii(jva,r&l - jva,n)(jua,n+1 +jua,n)-
It is classical ([36] p. 135) that

o if v e |0, %], the sequence (jy.n+1 — Ju.n)n is nondecreasing and converges
to m,
o ifv> %, the sequence (ju.n+1 — Juv,n)n is nonincreasing and converges to .

Then, when v, > 3 (i.e. when o € [3,2)), the sequence (ju. n+1 — Juan)n 18

nonincreasing, hence

Aaynt1 — Aan < Hi(jua’Z = Jva1)Uvant1 + Jvan)s

and using (3. 8),

. . Vo 1 Vo 1
>\a,n+1 — )\oz,n S Iii(]ymg 7]yml)<’/T(Tl + 1 + 7 - Z) + 7T(TL + ? — Z))

Using (3. 10), we obtain

1/3
L L RVE 32L)_( _m 1/3)
Jva.2 g,,mlg(z/a 21/3ua +20a2%1/3 Vo 21/31/a
(1170,21/1/3 30321/3'
91/3 "o 20 ,/g/3

Hence there is some C independent of o € [%, 2) such that
(5. 2) Jua2 = Gran < OV,

and
Al — Aam < CVY3RE(n +vy) < O +£53n). O

Remark 5.1. A similar concentration phenomenon can be pointed out in the fast
control problem for the classical heat equation

Ug — Uge = N2, 1) X[a,p)(T) z€(0,1), 0<t<T,
5. 3) u(0,t) =0 =u(1,t), 0<t<T,

’LL(;E, O) = UO(:C)a T e (Oa 1)7

u(z,T) =0, z € (0,1).

Indeed, as is well-known, the eigenvalues of the stationary operator associated with
(5. 3) are A\, = 7?n? for all n > 0. On the other hand, if we are interested in
studying the behaviour of the above system for controls yielding u(-,T) = 0 as
T — 07, then it might be useful to normalize the time, hence to look at the
normalized solution

v(x, ) =u(z,7T).
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This function v is solution of the problem

Vr — Tze = Th(x, 7T) X[0,5 () r€(0,1), 0 <7<,
v(0,7) =0=wv(1,71), 0<r<l,
v(x,0) = ug(x), xz € (0,1),
v(z,1) =0, z € (0,1).

Clearly, the eigenvalues of the stationary operator associated with this last problem
are given by the sequence {T'r?n?},>1, which concentrates as 7' — 0.

5.4. An additionnal property of the eigenvalues.
As we recalled, it is classical ([36] p. 135) that

o if v e |0, %], the sequence (Jy.n+1 — Ju.n)n is nondecreasing and converges
to m,
o if v > %, the sequence (ju.n+1 — Juv.n)n IS nonincreasing and converges to .

Hence there exists a rank N, such that

t>N, = jl/,i+1 _jll,i < 2.

However, the asymptotic development (3. 10) tells us that
41— a2 43
s v
Hence this rank N, probably satisfies NV, — 400 as ¥ — oo. In the following,

we estimate this N, (using the classical theory of Sturm concerning second order
differential equations); we will need this estimate later.

(5 4) jl/,2 - ju,l ~y—oco

Lemma 5.2. Given v > %, then
(5 5) Vn > v, ju,n+1 - jl/,n < 2m.

Proof of Lemma 5.2. We follow and use the proofs of section 7.3 in [36]: first we
note that

yl,(:L’) = \/EJV(I)

satisfies the second-order differential equation

vy (x) + o (2)yo (2) = 0,

with
2 1

v 1

hy(x)=1- =

Of course, y,, and J,, have the same positive zeros. We are going to use the following
classical property of Sturm type (see Proposition 7.6 in [36]): assume that

e f,g:[a,b] — R are continuous and satisfy
Vz € fa,b],  f(z) <g(x),
e u,v are functions of class C? satisfying
Vz € [a,b], v+ fu=0, v +gv=0,

e a,b are two consecutive zeros of u,

then v has at least one zero in (a, b).
We recall that, in a classical way ([36]), this implies that J, has an infinite
number of positive zeros: indeed:

Ve >v, h,(z)>-—
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hence choosing

k>1, a:=2kvr, b:=2(k+ 1)vm,

1 .z
flx):= YL u(x) := sin 2
g(z) = h,(z), v(x):=y,(x),
we can apply the Sturm property, and we derive that y, (hence J,) has at least
one zero on (2kvm,2(k 4+ 1)vw). From (3. 8) we also have

1 1
Vk>v, o >mv+ Z(l/ - 5)) =1,
and then we can apply the Sturm property with

T

k>V, a = j%k, b= jyyk+7,

b (7w)

@)= ho(), (@) i=sin(Vi ()@ = o) ).

9(@) = hy(z), v(z):=y,(2),

and we deduce that y, has at least one zero inside (ju k, ju.x + #), hence
v Tv

T
vkt < Juk + —F——.
V hy ()

Hence

) ) T T
Yk >v, Juk+l — Juk < = —.
\/hy(’)’u) \/1 _ri

o

It can be easily checked that

1
Vuzg, — < 27:

indeed, if v > %, then

(l_uz—%)_1_§ vE—1 3 —40P-17)
4

7 4 7 Av; ’
and
1 1 1..\2 1
32— 4 - ) =3(rlv+ v —3)) —407 = )
and the discriminant of this quantity is negative, hence the quantity remains posi-
tive. This implies (5. 5). O

5.5. A lower bound of the norm of any sequence biorthogonal to (e*~?),
when v, € [0, %]

If v, €0, %], the gap (Ju. n+1 — Jva.n)n is nondecreasing and converges to m,
hence

n Z 1a ,jl/a,7l+1 - .jl/(,,n S T,
hence

vn 2 17 V >\a,n+1 Y )\a,n = ggilﬂa(jva,n-l—l - jva,n) S 6%71’{(1777

hence

vn Z 17 V )\a,n+1 Y )\a,n S Tmazx with Ymaz = E%_lﬁaﬂ—~

Let us apply the following extension of Giiichal [32]:
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Theorem 5.1. (Theorem 2.5 in [13]) Assume that
Yn>0, A\, >0,
and that there is some 0 < Ymin < Ymaz Such that
(5. 6) V>0, Fmin < VAt — VA < Yinas-

Then there exists ¢, > 0 independent of T', and m such that: any family (o},)m>0
which is biorthogonal to the family (e*),>¢ in L?(0,T) satisfies:

(5. 7) loflZz0m) = e 2T TR BT, Ymaz, M),
with

c? 1 1
5.8 (T, Ymaz,m) = u 2m .
(5.8 U man ) = G o ) @ T 1y
and

2/ X0 2V A\

(5. 9) C(m, Ymaz, o) = m! 2" a1 (m 4+ [Z220] 41),

’Vmax

Using Theorem 5.1 with Y,,qe = £2 1Ko, one obtains that any family (o T )m>1
which is biorthogonal to the family (e*>?),~; in L?(0,T) satisfies a lower bound

with the classical dominant exponential factor of the type e©/7:
2 9 62_(1 9
Cu > spFTN2m o 2C m 1—a/2 1
ol 2 e () () e i
« + . (m+ 1)2+ a;{/l(g]ﬂ_z

This will immediately give an exponential blow-up of the cost as T — 0T, as
explained in subsection 5.7, but the interesting behavior is when o — 27, and we
study it in the following.

5.6. A lower bound of the norm of any sequence biorthogonal to (e*=?),
when v, > %

This is the interesting case, where e — 27. In this case, the gap (Ju, .n+1—Jva.n)n
is nonincreasing and converges to m, hence

V’I’L 2 17 s S jl/a,n-&-l - jl/a,n S jl/(,,Q - jumla

hence

Vn 2 ]-a \/ a,n+1 — \/ a,mn < Ymax Wlth Ymaxz = e%ilﬁ (jy“ - jyml);

but this time, we already noted that j,_ 2 —j,, 1 behaves as v/ (see (5. 4)), hence
Ymaz = Cagg_lﬁi/3v
with some uniformly bounded c,.
On the other hand, we proved in Lemma 5.2 that

Vn > vy + 1, jl/(x7n+1 7‘7‘1/(1777, < 2m,

hence

Vi > N, Vdanti—vVAan < Vo  With Ny = [va]+1, and 7, = 2702 "'k,
Note that

’ymaz _ Ca

%%x 271'/431/3
In that context, when there is a "bad’ global gap Ymaz, and a ’good’ (much smaller)
asymptotic gap v,.., it is interesting to use the following extension of Theorem

5.1:

—00 aso — 2.
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Theorem 5.2. (Theorem 2.2 in [14]) Assume that
Vn > 1, An > 0,
and that there are 0 < Ymin < Vimaz < Ymaz Such that

(5. 10) Y0 > 1, Ymin < vV Anr1 — VA < Ymazs

and

(5. 11) Yn > Ne, Vg1 — VA <o

Then any family (0,5,)m>1 which is biorthogonal to the family (e**),>1 in L*(0,T)
satisfies:

2
(5 12) ||U7—i_l||%2 (O,T) Z 6_2)\MT eT(’Y;kmu)z b* (T7 'Ymama ,Y:nam7 N*? )\1) m)Q?

where b* is rational in T (and explictly given in Lemma 4.4 of [14]).

Applying Theorem 5.2, we obtain that any family (o}, ),,>1 which is biorthogonal
to the family (e*«t), > in L?(0,T) satisfies

2
||U'r+n||2L2(O,T) > ¢mPamT gt Tin=2 b*(T, "Ymaxa'}/:namN*a/\a,lam)z

with an explicit value of b* (see Lemma 4.4 in [14]): when m < N,, we have

(5. 13)
14+ T T (~*  )2)K«+K.+2
b*(T,’Ymm;,vf,ww,N*,)\l,m):C*\/ﬁ (T (Vynaa)?) .
VT (L + (T (aq)?)) Ve A RS

where
2 N* max
K, = (YA Nt M Ymany
’y;knam
K. = [N, —m)] = N. +2,
rymaz
o — 1 Cu(Vimaz)* VY

(N, + K, + K, +3)! cHcH)

where

2V |
C(+) :('ymaw)N*_l (N*—i-m—l-[vmw}—i—l)

Vmar' (o [221) 4 1)) (A e | 4 1)1 (9 4 [2440] 4 1)

and
C(f) _ (’Ymax)N*,l (m — 1)' (N* — m)l

Vowe) Ot 2= (N )

These expressions seem be a little frightening, but we are looking for the behavior
as a — 27, and this is not difficult to study: one immediately sees that

K, + K = cyﬁ/s + 0y, 4 c”yé/Bm,

(,ﬁnax)ﬂN*fl) _ —cValnva—c'v, lnf,
1 > efC(l/f;/erZl_a/2ua+uclx/3m)(ln Va+(1—-%) In+Inm)
(N. + Ko + KL +3)! — ’
and finally
1 1

—c(Va+m)(Inve+Inm)
cooE =€ (m -1
hence we obtain that
1

C* > e*C(Vi/3+217a/2ya+1/(1¥/3m)(1n1/(1+(17%)ln€+lnm) -
(m —1)!
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This gives that

b* > o= CWaP+0 Pva /P m) (Inva+(1-§) In 4 In mtIn 3) 1 V14 T,
B (m—-1)! VT
hence
||0’7J'r_L||%2(O,T) 2 Q(T’ a, m)27
with

a1 1+T
(5 14) b(Tv «, m) = 67)\a,mT€Cu T"‘% \/T
(m—1)! VT

e—C(ui/3+€17‘l/2ya+l/i/3m)(ln vo+(1-%) Inl+Inm+In %) )

This will give the expected blow-up of the cost, as a — 2~ and/or as T — 0.

5.7. The exponential blow-up of the cost.

In the previous subsection, we obtained a bound from below for any biorthogonal
sequence. But we already noted that if ug = ¢o.m, and if H, ,, is any control that
drives ug to rest in time T, then (7o mHa m)m>1 is biorthogonal to (erent),~; in
L?(0,T). Hence

”Ta,mHa,m”L?(&T) > (T, a,m),
where b(T, o, m) is given in (5. 14). By definition of the cost, we obtain that

Ym>1, Ceprpa > 7@(T7 aam)a

|70,

which gives the expected exponential blow-up of the cost: choosing m = 1, and
using the fact that |re1| = ,/2/{,1/\%15(0"1)/2 and that Ao 1 = /{aj,,mlﬁ(a’m/z >
%/{ayaﬁ(a_m/ 2. we obtain that there exists some C, independent of all the other
parameters such that

22—« 2—«a

£
Compa > Cly ¢ e—’\avlTeC“iTni e—C(u§/3+eI*a/2ua)(1nua+1ne1*a/2+1n%)

Kall

2—a 02—
¢ 2 Cu TrZ e—C(Vﬁ/‘v’—&-El*O‘/Zua)(lnua-&-ln@l*“/z—f—ln x)
)

—T

T
e 2-ae
Kall

and this is (2.1) and concludes the proof of Theorem 2.1. O

> Cy

6. PROOF OF THEOREM 2.2
We will use the following result (Theorem 2.4 in [13]):

Theorem 6.1. (Ezistence of a suitable biorthogonal family and upper bounds) As-
sume that
Vn >0, A, >0,

and that there is some Ymin > 0 such that

(6 1) vn Z O, \V /\n+1 -V An Z Ymin-

Then there exists a family (o,})m>0 which is biorthogonal to the family (e ), >¢
in L2(0,T):

T
(6. 2) VYm,n >0, / of (et dt = .
0

Moreover, it satisfies: there is some universal constant Cy independent of T, Ypmin
and m such that, for all m > 0, we have

Ness
(6. 3) o N300y < Cue™ 2 e Tmin B(T, Ymin),
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with
1 1 P - 1
(6. 4) B(T, Ymin) = (T + Tzvfnm) ermin® T = Voin
b) main 2 .

Note that (6. 3) and (6. 4) imply that there is some universal constant C,, in-
dependent of T, ymin and m such that, for all m > 0, we have

o _Cu
(6. 5) 0 202y < Cue™ 2T ot T BH (T, i),
with
* Cu 2 1

mzn

Now, as we have already noted, the eigenvalues of the problem satisfy

037 0 (Jua2 = Juan) if Vo €
Vn > 1, V Aant1— \/ —Zz ]Vu,n+1 Jvmn)z {£g1 “ V-7 Vl/ :

Ko if v > 5

Define artificially

Then

Va1 = Va0 =2 Y Kadiv 1

Then consider

min{~, j, 1} if vo > %

L {min{jl/a,Q - jl/a,hjl/a,l} if Vo € [05 %]7
Co i=
and

c:= inf c,.
«€l0,2)

It is clear from (3. 8)-(3. 9) that ¢ > 0, and by construction we have

n 2 07 V )\a,n+1 BV )\oz,n Z Ymin with Tmin ‘= g%_lfiag'

Then, applying Theorem 6.1 with fymm = 6%—1%&7 we obtain that there exists
a family (0 ,,)m>0 biorthogonal to (e**:nt),,5¢ in L2(0,T), and such that

am

Viam
Y Ymin _B(T7 ’Ymin)

_ Cue—QAa,mTeCujua,mB(T7 ’Ymin)-

- C
”UI,m”zL?(o,T) < O e PremTe

Then define
(6. 7) K(t) -:—iwﬁ (), and H(t /K
. P P 0L

and let us check that H is an admissible control that drives the solution of (2. 1)
to 0 in time T"

e first we check that K € L?(0,7T): using (5. 1) and (6. 3), we have

o0

[Aat,m b > \)\a m| 1/2
> S ol o < (Z 2l?)” (Z 2 10E mlE0.m))
m=1 o,m m=1

which is finite (we will come back on this in the followmg) this implies that
H € HY(0,T), and of course H(0) = 0, and also H(T) = 0 using (6. 2)
with n = 0;
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e next, we check that H satisfies the moment problem (4. 4):

entdt 4 S H(T)e T — H(0)]

Vn > 1, . [

T
= _Tan / K(t)etert dt = ,ugé’n;

a,n

e finally we check that the solution of (2. 1) satisfies w(7") = 0: multiplying

the first equation of (2. 1) by wa (1) i= @y pn(z)er»=T) and integrat-
ing by parts, we obtain that

¢
VYn > 1, / w(z, T)Pqn(z)de =0,
0

hence u(T') = 0.
Hence H is an admissible control, and therefore

I H || &7 0,7 <C||K||L2(0,T)

Cotr—

tr—bd > = )

lluoll 22 (0,6) lluoll 22 (0,¢)

hence
oo
I | 1/2
Cetr—pa < C(Z | = m‘g || o mHQLZ(O,T)) :

m=1
Since ’I“i,m = 2/{a€°‘_1)\a7m, we have

|)\C‘477n|2 _ K:(ngoﬁm

I70.m|? 20
hence

C e 1/2
Cctr—bd < 7 (Z Jva m”o—;r,m”zL?(O,T))
m=1
C e o Vam 1/2
< 7 (Z ]umm amTe ¢ Ymin B(T7 ’szn))
R o Vam\1/2
= ﬁ\/@\/B(ﬂ %m‘n)(z jga,me_Q’\“'mTe “ Ymin )
m=1
But
vV Aam C?
Cy, S AamT + 55—,
’szn T ’ITL'LTL

hence

(6 8) C('tr bd S \[\/a\/B a’-szn mm (Z ],,mm Aam )1/2

c?é 2—a 2 1/2
\[ /Fa /B 7’7mm e2c? Tk (§ juam Vas mez a)

It remains to estimate the last sum. We distinguish the cases v, <1 5 and v, > %
Take Y > 0. When v, < 3, using (3. 9) we see that

1 1
Vo — 5 2 Ya—3 2
Y §7r2(m+ I 2)26 Yo (m+—52) )

-2
j e_Jua,m,
Va,m

When m > 1, we have

(m+ 22
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hence

. _ 2 22 o2
.731’777,6 JoamY < 71_2m2€ Yrim /26 Y /16.

. Y a2y? . . .
The function V : z — 7w2z2e~Y™ /2 attains its maximum at zy := 1/%, is
increasing on [0, zy], decreasing on [zy,+00), and its maximum is % If zy <1,
then

i m2m2e YT m /2 = i Vim)= V(1) + i Vim+1)

m=1 m=1

00 m—+1 00
<V()+ Z/ V() de = V(1) +/1 V(z) da.

m=1v"m

If zy > 1, then

o0 o0

2 2
g w2m2e YT /2 = E V(m)
m=1 m=0

[.’I:y]—l

= D V) +V(ay) + Vvl + 1)+ Y V(m)

m=0 [zy]+2

< V(z)dx +V([xy]) + V([zy] +1) + i /"i V(x)dx

m=0 v [zy]+2 1

< V([ey]) + V(ay] + 1) + /Ooo V(z)de < eiy + /Ooo V(x) da.

Hence in any case,
o0 4 [e')
2 2 2, 2
(6 9) Z 71'2m 67Y7r m*/2 < = +/ 7T2.Z‘267Y7T z%/2 do
m=1 0

eY
4 232 >,
:W+W/O se™" ds,

and
R KR e
e s s7e sje .
n;”mm =\oy T

hence there exists some C, such that, when v, < %,

o0
. 1
.2 —Jﬁa‘my L —CuY
(6. 10) YY > 0, Z Juem® < C’UY3/2€ .
m=1
When v, > %, we proceed in the same way, using (3. 8): we see that

Voo — 5 2 ”a—% 2
2)267)’71' (m+ 7 ) )

-2 —j2 Y 2
S

But
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hence
1

1

.2 Vo — 5 2,2 2/ Pa"35 2

]3 6_‘]”'1””Y < 7r2(m+ o 2 )Qe—Y‘n— m /26—Y7r (—2)
o) — 2

1

1
< 2(1 + (La — )2>€7Y”2(m4_% ) pZp2e= Y m?/2,

Hence, using (6. 9), we obtain

e _1 v —1 3/2 oo
R A Va = g3y2) ~vm(p2p (4 207 2,5
Zj,,mme Tvam¥ < 2(1+( D) ) )6 3 eY+7rY3/2 ; s%e” % ds),

m=1

hence there exists some C,, such that, when v, > %,

00 2
. —42 Y Va _CuV2Y
(6. 11) VY > 0, E szme Jva,m < Cuyg/ze ot

m=1

And then, there is some C, independent of a € [1,2) of T > 0 and of £ > 0 such
that

00 2 < w2 T ) 1 Cu ( w2T )
.9 —Jve.m\ 25w 2 \a%s
(6 12) E ]Va’me S W@ .
m=1 CUH3<€2(¥—“>

That allows us to complete the estimate from above of the null controllability cost:
we deduce from (6. 8), (6. 12), (6. 4) that

1 o’ 02—

W BT oS e

€ )
Kol
which is (2. 11). This completes the proof of Theorem 2.2. O

Octr— bd S C;

7. PROOF OF THEOREM 2.4

In section 4.2, we constructed, at least formally, a control that drives the initial
condition ug to 0 in time T'. This control is given by (4. 8), and depends of a suitable
biorthogonal family ag’m satisfying (4. 5), and of the norm of the eigenfunctions
in the control region. Theorem 6.1 (in fact (6. 5) and (6. 6)) gives the existence
and bounds for a biorthogonal family (of ,,)m>1 satisfying (4. 5). Proposition 2.5
gives an estimate of the norm of the eigenfunctions in the control region (and will
be proved in section 9). Here we use these results to prove Theorem 2.4: using

Theorem 6.1 and Proposition 2.5, we have

v . _ Tr el L
(Jez,,) SO e (2-m)

CuB*(Ta7m1n> Cuﬂj —52 i2

||U;r,m||2L2(o,T)

"3T e a]va,l 2—a
7617(2 — a)?
Hence, there is some C,, independent of ' > 0, £ > 0, « € [1,2), m > 1 such that
1 < CuB*(T, Ymin) Cu—fg;‘ e

||0';m|‘%2(0 T) 2 = *|2 2
’ ( b p2 ) %617(2 — a)
a,m

a
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Of course, if (1, ,,,)m € £*(N), then the series

1
Z ‘:u’gz,m|2 ||UI,m||%2(O,T) ﬁ
m>1 (fa (I)?x,m)

is convergent. Hence the control given by the formula (4. 8) is in L%((0,¢) x (0, 7)),
and

1
”hH%Z((O,Z)X(O,T)) = Z ‘Ng,m|2||gi,m||2L2(0,T)ﬁ
m>1 (fa @i’m)

CuB™ (T, Ymin) Cuiz - b > el

“12(9 _ )2
heP2 - a) 2
Hence )
* . 22—
Cor < it O e,
612 (2 —a)
This gives (2. 14) (with another constant Cy). In particular, note that the depen-
dence in the control region appears only in ~§. O

8. PROOF OF THEOREM 2.3

Given ug € L?(0,¢), assume that h € L?((a,b) x (0,T)) is a control that drives
the solution of (2. 2) to 0 in time 7T'. Denote

H(t) := u(a,t).
Then the function u satisfies
up — (x%Ug )y =0 z € (0,a), t >0,
(8. 1) (x%uy)(0,t) =0, t>0,
u(a,t) = H(t t>0,
u(z,0) = ug(x), z € (0,a)

and

u(z,T) =0, z€(0,a),
hence H is a boundary control that drives the solution of (8. 1) to 0 in time T". Let
us choose m > 1 and

wo@) e { TG e (B, @€ 00)
0, x € (a,f),

in such a way that the initial condition of (8. 1) is exactly an eigenfunction of the
associated Sturm-Liouville problem. Then we know from subsection 5.7 that

(8. 2) [T a,mlllw(a, ) z20,7) = 1TamHmll L2007y = (T, o, m),

where b is defined in (5. 14), but where a replaces £ in the expressions of 7, ,, and
b(T, o, m).

On the other hand, energy methods tell us that the control A and the initial
condition dominate the solution of (2. 2): indeed, first we have

4
Wza —ult)= [ uleb)ds
Y

hence

£ L

u(y,t)? = (/y Uy (1) dw)2 < (/y zu? (x,t) dx) (/ye x~« dm),
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hence
Vy € [a.0), uly)* < C(ava,f)/éx 2 (2,t) da
with 0
Cla,a,l) = {m;ﬁ %fa €(1,2),
In 2 ifa=1

Then, multiplying the first equation of (2. 2) by u, we have

T T 1t T
/ /UhX(a,b):/ /u(ut_(xaua:)x>:_§/ U%‘f’/ /.’L’O‘ui7
o Jo o Jo 0 o Jo
hence
T 1/t T b
//zo‘ui:f/ug+//uh
o Jo
¢ 1/2
_2/u0 // aa€/xu(mt)dw> |h|
_ T b
77/ ud + = / / xtdxdt—i—( 2(a,a7€)/ /h(a@t)zdxdt.
0 a

We obtain that

T ¢ ¢ T b
/ / U2 §/ u(2)+(bfa)0(a,a,€)/ / h(x,t)? dx dt,
o Jo 0 0 Ja
hence

/0 (at)dt<Caa€//xu

<C(aa£)/u0+(b—a)(](aa£ / /hxt da dt.

0

The initial condition ug that we have chosen has an L?-norm equal to 1, hence
T b ) 1 T , 1

h(z,t)* dx dt > t)y'dt — —r——

[ [ e tea> e [ et~ s

and the lower bound (8. 2) of ||u(a, ')HL2(0 7y implies that

b(T, o, m)? - 1
/ / (z,t)*dx dt > = a)C(@ a,0)? 1%, (b—a)C(a,a,b)

As we did in subsection 5.7, choosing m = 1, this implies that

T b
/ / h(z,t)? dz dt
0 a

> 1 c a2(2—a) _271_2%620“’1“?5%:)
= (b—a)C(o,a,0)? 7" k. Ta
e o= (1)4/3“12 —2/%)(ln a2 +ln%):| S
(b—a)C(o,a,0)

Then the null controllability cost for (2. 2) blows up at least exponentially fast
when a — 27, as stated in Theorem 2.3. One can note that the bound from below
is very poor when £ is large. But this is due to the method: indeed, we concentrate

the initial condition on the zone at the left of the control region.
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9. THE EIGENFUNCTIONS IN THE CONTROL REGION (PROPOSITION 2.5)

The goal of this section is to prove Proposition 2.5, that was be useful to prove
Theorem 2.4.

9.1. The reduction to an ordinary differential equation question.
Using Proposition 2.4, we note that

b b
2K T
(bam 2 = = 1o v, .u m\ 7, o )2
\/ai ) (Z‘) da: /a 62"1(1 Jl/ja (jy(“m)|2x J a(J s (() ) dx

2K dra.m(3)" Yy l-a ¢ 1 2
= « o(—— 1/f€a) Jy 2 v Eild
62"”"&|Jéa(jumm)|2/j ( ( ) - () 1/kao may Yy

vo,m (§)Fe Jva,m Jva,m

Yinlo ey,
= . / Ly TR W (y)? dy
Kal25e i tm " |Jt//(1 (jua,m)|2 Juam(g)"e

)t

2 jua,m(%

= / yJVa (y)2 dy7
J

jgmm|‘]La (jVoum)|2 va,m(§)ra

where we used the change of variables

. T 1
Yy = ]Va,m(z)’{a7 T = E(.L)l/ﬁa, dr = ‘772/&& 1 dy
Jva,m a

Now introduce the function

Kyom(y) =y
With the help of K, ., we have

JVa (y) .
S Gva.m)

2 jua,vn(%)ﬁa

b
(9. 1) / Bpn(r)? de = " K, m(y)*dy.

T gy m (2o
Moreover, it is well known that K, ,, is solution of the second order ordinary
differential equation
Kga,m + hu (Y) Ko om = 0,
where )
hz/a (y) =1- Oty2 1

(We already recalled this in the proof of Lemma 5.2.) Hence in fact K, ., solves
the Cauchy problem

v —

KH + hVa y)Kya,m = 07

Vo,
(9~ 2) Kumm(jva,m) =0,
Ky, Gvam) = /Jve,ms

and we want to estimate it on the zone [jumm(%)“a,jymm(%)"a]. Let us normalize
the localization of the Cauchy conditions and the localization of the integration
interval, using a suitable change of variables: consider

(9. 3) Lym(z) = ——

.7Kumm(jua,m - Zchum)'
V Jva,m

Then L, ,, solves the Cauchy problem

2_1
L/u/mm + kvmm(z)Lumm =0, with kua,m<z) = jg(,,m - (Vla_iz)élz,

(9 4) Lua,m(o) = 07
L/ua,m(o) = jl/a,ma
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and
b 1—(&)"e

(9. 5) / Doy ()? dr = 2/ Ly, m(2)?dz.

a 1—(%)"a
Once again, the term we are interested in is the norm of the solution of a Cauchy
problem, but now with Cauchy conditions at the point 0, and we have to estimate
its norm on some fixed interval (that does not contain 0). To do this, we are going
to study the Cauchy problem (9. 4).

9.2. The study of the Cauchy problem: a uniform bound on L,_,,.
We begin by the following observation: when o — 27, then

b 1. b
14%Zfazlfe@m%@ﬂ”:4{§mzx2—a)+0«27af%
hence ) '
1—(2)“”~/1a1n5 asa — 27,
and in the same way
4
1—(%)””~/¢alna asa— 27,

hence the integration interval shrinks to 0, and its length satisfies
b b
(1 — (%)”a) — (1 — (Z)KQ) ~ Ko In o asa — 27,
In particular, there exists some 0 < 7.(a,b,?) < v*(a,b,f) and y(a,b,£) > 0 such
that, for all « € [1,2),

06 @b O <1- (G <1- () <57 b O,
. 7) (1= (G)) = (1= () = (@b, O

Let us prove the following uniform bound:

Lemma 9.1. There ezists C,, independent of o € [1,2) and of m > 1 such that
(9.8)  Vae[2[vm>1Yz€ 0,1 (5"] |Lym()l < Cu

Proof of Lemma 9.1. To obtain an integral equation satisfied by L, ., we write
the Cauchy problem (9. 4) under the form

2_1
" -2 _ Va—131
Lua,m +Jua,mLVa,m - (1,2)2 LVu,ma

(9- 9) Lua,m(o) = 0,
Ly m(0) = jom-
Since the solution of the Cauchy problem
Y+ w2 = g(2),
Y(0) =0,
Y'(0) =w

Y (z) = sin(wz) + jj/oz g(s) sin(w(z — s)) ds,

we deduce that L, ., satisfies

1 [ va—g -
(9. 10) Ly, m(2) = sin(jv,,m2) + ] /0 1- 5;2 Ly m(8)sin(jy, m(z — s)) ds.
Ve ,M
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Hence

1 Z‘VQ_}l
e
LD € 14 —— [ i, 9] ds

Jva,m

and the classical Gronwall inequality gives that

2 1 2 1
lva—g lva—gl 2

|
|Lua,m(z)| < e dvam Jo (1*15)2 ds _ e Jva,m 1=%

But then, since we know from (3. 10) that j,_ m > Vo, we have

lva—gl 1-(§)"e

Vae[1,2[,Vm21,Vze[071—(%)””‘1], Lyom(z)| <e = =

Using (9. 6), we see that this is uniformly bounded with respect to «, hence we
obtain (9. 8). O

9.3. The L? norm of L, m for fixed values of v,.
The integral expression (9. 10) and the uniform bound (9. 8) allow us to prove
the following

Lemma 9.2. There exists ¥ = 7(a, b, ) such that

1—(¢)" 1
(9. 11) Vo € [1,2),Vm > 1, / Ly, m(2)2dz > ~yko —
1

_(%)”’va 2= jl/a,m.

Proof of Lemma 9.2. From (9. 10) we have

1-(%)" 1—(g)"e
/ L,,m (z)2 dz = / sin? (Jvo,mz) dz
1 1

~(§yre ~(§yre

1=($) 4 21 9
n /1 /0 (1(1 5312 Ly, m(s)sin(jy, m(z—s)) ds) dz

_(%)K/Q Jva,m

1—(g)"e 1 =21
b s ([ L (o) sinG (e~ 5)) ds)
1 o (I—y9)

7(%)'9& Jva,m

Of course

1-(%)”0 1 z V2 1 )
/1 ( /0 (la_ S;lg Lya,m(s) Sin(jua,m(z — S)) ds) dz >0,

—(%)ra Jva,m

and
1-(3)" 1—(4)re 1_ 9i
/ SmQ(jva,mZ) dz = / M dz
=@ 1= (pe 2
1 a b 18025, mz,1—(2)re
=5 1_7'%0_1_*&(’)—77"“ ‘
4<W)>(%))ﬂzmmhwa
> 1 1
1. '
=2 g,
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And using (9. 8) and (9. 6), we have

1_(%)Na 1 z 1/2 1
2si ‘l/ m = 4 Ll/ m i .11 m - d d ‘
‘/1_ sin(jy,, z)( - /0 szl (s)sin(ju, m(z —9)) s) z

(5)re Jva,m

9 1—(2)e ez 2 1 2 _ 1) pl=(g)"
< / (/ lva —il ds) iz — 90, e il 2 4
1 0 S

B jl/u,m —(4)ra Jve,m 1—(4)ra 1—2

2C, |va — 1l i]l—(%w
2 1= (§)re

< 29" (7" — 1 )K2.
(Z)RO‘ Jva,m
Hence
1-(§)" 1 1 C. | 2 _ l‘
Ll,umZdeZf’yna— - — au = 427*7*—7* Hiy
/1_(2);%, ’ ( ) 2— 2]1/0“7)7, (Z)Ha Jva,m ( )

Hence there exists ¥ = 7(a, b, £) such that

1-(3)"e 1 -
/ Ll,mm(z)2 dz > =Vkq — = 7
1—(%)”& 2= Jva,m

This implies (9. 11) . d
9.4. A first consequence for the eigenfunctions on the control region.

The consequence of (9. 11) is immediate: combining (9. 5) and (9. 11), we ob-
tain

)

b
(9. 12) / <I>Oé’m(9ﬁ)2 dr > YEq — =
a - ]Vavm

hence we find again what is well-known at least in the nondegenerate case ([38]):

b
lim o (7)? dz > 0,

m—roo a

hence the sequence of positive terms ( f; ‘I’i,m)mzl is bounded from below by a
positive constant. But this constant may depend on «. At least, we obtain the
following uniform result: given @* € [1,2), there exists m* > 1 such that

b
1
Vo € [1,a%],Ym > m", / Doy (7)? dz > 3ra

Hence, since @, ,, depends continuously on the parameter o, we obtain that, given

a* € [1,2), the sequences (f;J @i,m)m21 are bounded from below by a positive
constant, uniformly with respect to a € [1,@*]:

b
(9.13) Va* € [1,2),37" > 0,Ya € [1,a°],Ym > 1, / (@)’ da > 1 -

This is not sufficient to conclude, since we want a lower estimate valid for all
€ [1,2), but this is a first step, and we will use this partial result later.
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9.5. Another integral equation for L,_,, when v, is large.
Now, we would like to obtain bounds from below when v, is large. In this case,

we have to integrate L7 . in an interval close to 0. So, since we are interested in
;

looking what happens near 0, it is more interesting to write
v:— 1 1
Bram(2) = 2 = e = 2 = 02— (1 =5 1)
o (Z) ]Va,m (1 —2)2 Juu,m (Va 4) + (1 —2)2
1 1,2z — 22
(2 _ 2\ _,/2_ L
- (]Umm l/a+4) (Va 4)(1—2)2
Then we can write the Cauchy problem (9. 4) under the form
. Z*Z2
L/V/avnl + (]gavm - Vgé + %)Lyavm = (V(2)4 - %) (21_2)2 Lua,mv
(9. 14) Ly, m(0) =0,
L:/a,m(o) = jl/a,m'
Since the solution of the Cauchy problem
Y7+ WY =g(2),
Y (0) =0,
Y(0) = p
is

i 17 ,
Y(z) == +— —s)d
(2) _ sinwz + — /0 g(s)sinw(z — ) ds,

we obtain a new integral equation satisfied by L, ,: denote
2 .
Wy,m = ]ummiyoz+1;

L,, m(z)= Jvam sin(wy, m?z)

then we have

Wy, ,m
1 z 1. 25— g2 .
+ W/O (V2 — z)mLumm(s) sin(wy, m(z — s)) ds.
Hence
1—(§)"e =0
(9. 15) / Ly, m(2)*dz :/ (M sin(wy, m2)
1—(%)ra 1—(4)ra “Wug,m
? 1, 25— s? 2
+ o /0 (V2 — Z)ﬁL,@m(s) sin(wy, m(z —s)) ds) dz
] 1_(%)'104
= .]I/2a,m / SiDQ(UJUC“mZ) dZ
wumm 1—(%)"(1

1 @ e 1,25 — 52 2
+ oz ) (/ (1/2 _ 1) (13_ 88)—2 Ly, m(s)sin(wy, m(z—s)) ds) dz
Vo,m J1 (() 0

; 1=(§)" z 1 95— g2

Jva,m . 2 S S .

—|—277/ sin(wy,, mz) (/ (vi—=)7——5Lu, m(s)sin(wy, m(z—s)) ds) dz.
w2 17(%);@& 0 4 (]. - 8)2

We are going to study the behavior of the first and third term of the right hand
side of (9. 15), the second one being nonnegative.

9.6. The L? norm of L, ,, for large values of v,.
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9.6.a. The first term of (9. 15).
We study

1-(4)"
(9. 16) / sin? w,,, mzdz.
1

~(§me

It appears that we need to distinguish the cases w, mkqo small and w,_ mkq nOt

small: indeed,

1_(%);@& 1 "-)l/a,m[l_(%)ma]
/ sin?(w,,, mz)dz = / sin® z du,
1—(§)re Wram Jwpyg m[l=(§)"e]
and we derive from the elementary convexity inequalities:
(9. 17) Y >0,Yue[0,1], (I1—-eMu<l—e " <pu,
that
o first, using (9. 17) with u = k, and g =1n g, we have
l
(9. 18) [1—(%)%] =[l—e"mi<In Ko

e next, using (9. 17) with u = ko and = In%, we have

(9. 19) 1= Gy = e > (1 e = (1

and (9. 18)-(9. 19) give that
b b a

(1= ) Wyamba < Wy m[l — (Z)Ha] < wyym(l — (Z)Ha] <

7 <

naa

!
1 - Vo, mMva -
(na)wm K

Hence the bounds of the integral appearing in (9. 16) are both small or both non

small, depending on the value of w,, mKaq.
We prove the following

Lemma 9.3. There exists ng = no(a,b,¢) > 0, and vo =
independent of a € [1,2) and of m > 1 such that

L4 Zf Wy, mBa S 7o, then

1-(4)"e
(9. 20) / sin?(w,,, mz) dz > Yo Wi m K
1

~(§)re

o if Wy, mKka > N0, then

1—(g)re
(9. 21) / Sin2(wymmz) dz > Yoka-
1

~(§yre

Yo(a,b,£) > 0 both

Remark 9.1. A similar property of the function sinus appears in Haraux [34]
(Lemma 1.3.2) and [52] (Theorem 1). In our case, we have to bound from below
the integrals of z ~ sin®(w,, n2) with respect to the size of the integration zone
(and this size is small, of the order k), and the coefficients w,_ ., that appear are

non integer and possibly small.

Proof of Lemma 9.3. It comes from the following observations:

e First,

T
2
Indeed, if 0 < A < B < 7, then

(9. 22) 0<A<B<
A

2
Vx € [A,B], sinz> —x,
™

B 4
= / sin z dz > —2A2(B —A).
7r
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hence
B 4
/ sin® z dw > — A*(B — A).
A ™
e On the other hand, consider 777, A and B such that
0<m<A<B, and B-—A2>2n.

Then, first the function
s+m
S / sin? x dx
S

is continuous, 27-periodic, and positive, hence is bounded from below by a
positive constant, denoted ;. Next, there exists one and only one integer

k such that
k’l]l SB*A< (k+1)7717

then

B A+kny E=1 L A4+(j+1)m
/ sin’ z dx > / sin? zdx = Z/ sin? z dx
A A j=0 A+jim
k—1
B — B—-A B-A o]

> =kvy; > —1) = —1)>—(B-A
_j;]’h Y1 > i ) =mn( o o ) > 771( )

Hence

(9. 23) <O<m§A<B, and B7A22771)

B

= / siandle(B—A) with v1 = y1(m1).
A 2m

Now we are in position to conclude the proof of Lemma 9.3. This is based on the

observation that we are in one of the two situations studied previously: using (9. 6),

we see that there is some 79 such that

R

b T
Wyymba <o =  0<wy, m[l— (z)““] < wyy mll—( 5

in this case, (9. 22) gives that

Wy, m[1=(F) ]
/ sin? z dz
w

v m[1—(4)Fa]
> 4 (vl = 1) (ol = (%] = 0l = ()
= Sl = QR = G- - ).

2
hence, thanks to (9. 6) and (9. 7), there exists some 7y(a, b, ¢) > 0 such that

Wrg,m[1=(F)"]
Wy mba <No = . sin® xda > y(a,b,0) W), KD,
w‘/a‘m[l_(z)ﬁa]

which gives (9. 20).
Now if wy, mka > no: then, thanks to (9. 6) and (9. 7), there is some 7; =
n1i(a, b, £) such that

b a
m < wVa,m[l - (Z)Ko‘] < Wua,m[l — (Z)HO‘],
and ,
a
Wy, m[1 = (Z)M] — Wyym[l— (Z)K"‘} > 2.
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Then (9. 23) gives that there exists v = v1(a, b, ¢) such that

Wog,m[1=(%)" ]
“ 2 gal a. . b,
sin®zdr > — (wy, m[l — ()] —wp, m[l — (=)"]),
/%m[l()m] _2,71( wmll = (5)%] - (5)])

hence, once again with (9. 7), we obtain that

Wye,m [1— ()] ) o
Wy, ,mKa = 10 = sin“ x dx > Q—wymml/@a,
Wig,m 1= (B)re] T

which gives (9. 21). O

9.6.b. The third term of (9. 15).
We study

=" i 1, 25— s?
M3 ::/ sin(wummz)(/ (Vi—f)igLymm(s) sin(wy,, . m(z—s)) ds) dz,
1—(b)ra 0 47 (1-s)
and we prove the following
Lemma 9.4. Choose n9 = no(a,b,£) > 0 given in Lemma 9.3. Then there exists
¥ = v6(a, b, €) > 0 independent of a € [1,2) and of m > 1 such that
o if Wy, mka < Mo, then

(9. 24) | Ms| < 3o m#d,s
L4 Z.fwymm’ia > 1o, then
(9. 25) |M3] < yphas

hence in any case
(9. 26) M| < Yo

Proof of Lemma 9.4. First we prove (9. 24). Assume that w,, mke < 1o. Then,
since we have proved in Lemma 9.1 that L, , is uniformly bounded in [0, 1—(% )"”"a],
we have

1-(3)" 1 )
|M3|< | sinw,, mz| | MMV m(9)||sinwy, m(z—s)|ds) dz
e ety e -

1=(g)"
S/ Wyy m? / |2 — f\ C, ds) dz
1—(%)ra )
] - mfﬂ
gw,,mm|1/§—f|C;/ 23 dz
1

< Wl = 710U = (G (= Gy =1 - ()

< Cllw V2 = IRk < Ol i = Ol i
which is (9. 24) (which implies (9. 26)).
Now we prove (9. 25). Assume that w,, mke > 70. Then, once again using the
fact that L, ,, is uniformly bounded in [0,1 — (%)"*] (Lemma 9.1), we have

1=(8)" 1 25 — s
o< [ sl ([ W )2'|Lya,m<s>|sinwua,m<z—s>|ds)dz
1—(L)ra

(g 1 ()
/ / 2 —f|C'sds) dz < C! |2 —f|[ ] (byra
1—(§)ra

< cup = 110 = P (= (o) = 1= () < Cling e = Cl'ka
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which is (9. 25). O

9.6.c. The L? norm of Ly, .m for large values of v,.
We prove the following

Lemma 9.5. Choose 19 = no(a,b,£) > 0 and vyo = yo(a,b,£) > 0 given in Lemma
9.3. Then there exists @ € [1,2) such that

1-(g)" S R
, . - Ly o (2)2ds > L0 _Jvamfa
(9. 27) Va € [@,2),Ym > 1, /1(2)m am(2)7dz 2 55 T Wi ka

Proof of Lemma 9.5. We start from (9. 15), that gives

1—(§)" 52 1=(g)"e
(9. 28) / Ly, m(2)?dz > %/1 sin?(wy,, mz) dz

1-(§)re Wiasm J1-(4)me
(

o 2, 1 25— 82
+2iua,m /1_(2)m sin(wya,mz)(/o (Vi—z)ﬁ[/ymm(s)sin(wua,m(z—s))ds) dz.

First we prove (9. 27) when w,,_ mkq < Mo. Using (9. 20) and (9. 24) in (9. 28),
we have

1—(2)ra 9 .

jumm 2 3 Jva,m 2

/ LVa,m( ) dz > S V0Wyym Ko — 2 2 YoWra,mbKq
1

_(%)Na ua,m Va,m

Jva.m 2 275
- gy L2 (00— —2—).
’YO]VQ,m a Yo v jua,m o\ 70 Jve @ mba
Now remember that (3. 10) ([55]) says that
1/3

. ay
Juv.k ZV—WV )

where a; < 0. Hence

Jumm = Va2 =578,
and
jl/a,m + Vo 2 21,
therefore

) 1 2a1 4/3
= [ Bum = 2 |

Since j,, m > Vq, this implies that

. 2aq \ /2
]Va,mwua,mﬁa - <_21W) 2/3"€a~
That last quantity goes to infinity when aw — 27, hence there exists ag € [1,2) such

that
=) 0
Yo € [a,2),Vm > 1, / Ll,mm(z)2 dz > jfa kS
1—(%)ra 2 ’
which implies (9. 27) when w,, mka < Mo
Next we prove (9. 27) when w,, mka > M. Using (9. 21) and (9. 25) in (9. 28),
we have

2 2

7(%)’“& Ve ym Ve M Ve ,m Jva,m

1-(8)"e 2 , 2 ,
[ Lo de 2 gy — a2ty — B (55 0
1

Hence, once again, there exists a1 € [1,2) such that

1=(§) e
Va € [an,2),¥m > 1, / Ly, m(2)?dz > VOJVLvéima_
17(%)'““ 7 2 wu m
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Finally, since

a

1
) 1,, _a
inf{a, b} ~1+ab’

we obtain that

1-(F)" 2 e
/ Lua,m('z>2 dz > inf{ﬁ 2 KD Ejuu,m a}
1

~(§)re 2 Meme 3w
_ 70 .2 3 infll 1 s 0 .2 3 1
2 jua,m’%a m { ’ ga,mﬁla} =9 ]ua,m"{a 1 +w3mm"f§’
which is (9. 27). O
9.7. Proof of Proposition 2.5.
We deduce from (9. 5) and (9. 27) that, for o > @,
b j2 3 j2 2
Vm > 1, / By (2)? da > yg—temle e JvamTa
et ., a,m( ) _701+w3 mﬁg Y0 a1+ gmmma
R b
YoRa 1+w3mm/€i
Since vaka —+ 3 as a — 27, there exists a@* € [@,2) such that (v2 — $)k2% > § for

all @ € [@*,2). Then, for all a € [@*,2), we have

wga,mhj?x + (1/2 - %)K?x wgmmﬁi + % > 1
Ltw aha 7 14w? k2 T8
Hence
b
(9. 29) Va € [@*,2),¥m > 1, / o () do > %na-
a

But we already proved in (9. 13) that (f: ®2 . )m>1 is uniformly bounded from
below when « € [1,@*]. Hence (9. 13) and (9. 29) give (2. 18) and the proof of
Proposition 2.5 is completed. U
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