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QUASI LINEAR PARABOLIC PDE POSED ON A NETWORK WITH
NON LINEAR NEUMANN BOUNDARY CONDITION AT VERTICES

ISAAC OHAVI
Version: May 24, 2021

ABSTRACT. The purpose of this article is to study quasi linear parabolic partial differ-
ential equations of second order, posed on a bounded network, satisfying a nonlinear and
non dynamical Neumann boundary condition at the vertices. We prove the existence

and the uniqueness of a classical solution.

1. INTRODUCTION

The purpose of this article is to study quasi linear parabolic partial differential equations
of second order, posed on a bounded network, satisfying a nonlinear and non dynamical
Neumann boundary condition at the vertices, also called the junction points. For simplic-
ity of notation, we have focused on a network containing a single junction. More precisely,
giving a final time T" > 0, if [ € N* denotes the number of edges of the single junction,
a; > 0 is the length of each edge i (i € {1...1}), and 70" denotes the junction point, the
problem is reduced to:

4

Oy (t, ) — o3(w, Opus (t, 7)) O%u; (¢, )+

Hy(z, ui(t, x), 0pu;(t,2)) = 0, if (t,z) € (0,T) % (0,a;),

F(u(t,0),0,u(t,0)) = 0, iftel0,T),

with w(t,0) = (ui(£,0),...,u;(¢,0)), Oyu(t,0) = (Byu,(t,0),...,0u;t,0)), (1)
and V(i,7) € {1...T}*, u;(t,0) = u;(t,0),

Vie{l...I}, w(t,a) = o(t), iftel0,T),

\Vie{l...I}, w(0,2) = gi(z), ifzel0a]

To simplify our study, we impose Dirichlet boundary condition (¢;) at the a;. One can
consider classical Neumann boundary conditions, without adding any mathematical tech-

nical issues for the problem (). The multi-junction setting involving the equations of
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type () can be treated with similar tools, with a Neumann boundary condition F' (or a
classical Dirichlet boundary condition) at the junction points. The well-known Kirchhoff
law corresponds to the case where F' is linear in 0,u and independent of u, (for instance:
F(9,u(t,0)) = iy dyui(t,0) = 0).

Originally introduced by Nikol'skii [I5] and Lumer [I3| [I4], the concept of ramified
spaces and the analysis of partial differential equation on these spaces have attracted
a lot of attention in the last 30 years. As explained in [15], the main motivations are
applications in physics, chemistry, and biology (for instance small transverse vibrations
in a grid of strings, vibration of a grid of beams, drainage system, electrical equation
with Kirchhoff law, wave equation, heat equation,...). Concerning applications in biology,
we can cite for instance the recent works ([2],[8] and [I7]), where equations of type ()
are used in the multi-junction case to modelize the dynamic of species in river networks.
Linear diffusions of the form ([l), with a Kirchhoff law, are also naturally associated with
stochastic processes living on graphs. These processes were introduced in the seminal
papers [4] and [5]. Another motivation for studying (Il is the analysis of associated
stochastic optimal control problems with a control at the junction.

There have been several works on linear and quasilinear parabolic equations of the
form (). For linear equations, von Below [I8] shows that, under natural smoothness
and compatibility conditions, linear boundary value problems posed on a junction with a
linear Kirchhoff condition at the junction point is well-posed. The proof consists mainly
in showing that the initial boundary value problem posed on a junction is equivalent to
a well-posed initial boundary value problem for a parabolic system, where the boundary
conditions are such that the classical results on linear parabolic equations [9] can be
applied. The same author investigates in [I9] the strong maximum principle for semi
linear parabolic operators with Kirchhoff condition, while in [20] he studies the classical
global solvability for a class of semilinear parabolic equations on ramified networks, where
a dynamical node condition is prescribed: Namely the Neumann condition at the junction

point = 0 in (), is replaced by the dynamic one:

Buu(t,0) + F(t,ult,0), dou(t,0) = 0.
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In this way the application of classical estimates for domains established in [9] becomes
possible. The author then establishes the classical solvability in the class C'T®2T% with
the aid of the Leray-Schauder-principle and the maximum principle of [I9]. Let us note
that this kind of proof fails for equation (II) because in this case one cannot expect an
uniform bound for the term |dyu(t,0)| (the proof of Lemma 3.1 of [9] VI.3 fails). Still
in the linear setting, another approach, yielding similar existence results, was developed
by Fijavz, Mugnolo and Sikolya in [3]: the idea is to use semi-group theory as well as
variational methods to understand how the spectrum of the operator is related to the
structure of the network.

Equations of the form () can also be analyzed in terms of viscosity solutions. The
first results on viscosity solutions for Hamilton-Jacobi equations on networks have been
obtained by Schieborn in [I6] for the Eikonal equations and later discussed in many
contributions on first order problems [I], [7, [I0], elliptic equations [I1] and second order
problems with vanishing diffusion at the vertex [12]. In contrast second order Hamilton-
Jacobi equations with a non vanishing viscosity at the boundary have seldom been studied
in the literature and our aim is to show the well-posedness of classical solutions for () in
suitable Hoder spaces: see Theorem for the existence and Theorem [2.4] for the compar-
ison, and thus the uniqueness. Our main assumptions are that the equation is uniformly
parabolic with smooth coefficients and that the term F' = F(u, p) at the junction is either
decreasing with respect to u or increasing with respect to p. The main idea of the proof is
to use a time discretization, exploiting at each step the solvability in C?T< of the elliptic
problem:

(

—03(x, Oy (2))02u; (z) + Hy(z,ui(x), dpus(x)) = 0, if z € (0,a)
F(u(0),0,u(0)) = 0,

with u(0) = (u1(0), ..., us(0)), 8u(0) = (Opui(0), ..., 8u(0)), (2)
and V(i,j) € {1...1}% u;(0) = u;(0),

The paper is organized as follows. In section B, we introduce the notations and state
our main results. In Section [3, we review the mains results of existence and uniqueness of

the elliptic problem (2)). Finally Section @] is dedicated to the proof of our main results.
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2. MAIN RESULTS
In this section we state our main result Theorem 2.2 on the solvability of the parabolic
problem with Neumann boundary condition at the vertex, posed on a bounded junction

(), stated in Introduction:

(

Opui(t, r) — oy, Opui(t, ) 0%u,(t, o)+

Hy(z,u;(t,7), Opui(t,z)) = 0, if (t,2) € (0,T) x (0,a),

F(u(t,0),0,u(t,0)) = 0, iftel0,T),

with w(t,0) = (ui(t,0),...,ur(t,0)), dpu(t,0) = (Dpur(t,0),...,0urt,0), @
and V(i,7) € {1...1}% wu;(t,0) = u;(¢,0),

Vi € {]_ .. [}, ui(t,ai) = QSZ(t), ift e [O,T],

(Vie{l...I}, w(0,2) = gix), ifzel0al

There will be two typical assumptions for F' = F(u, p): either F' is decreasing with respect

to u or F' is increasing with respect to p (Kirchhoff conditions).

2.1. Notations and preliminary results. Let us start by introducing the main nota-
tion used in this paper as well as an interpolation result. Let I € N* be the number of
edges, and a = (ay,...a;) € (0,00)! be the length of each edge. The bounded junction
J* is defined by

I

J* = U Ji, with: Vie {1...1} J¥:=10,a;], and V(i,j) e {1...1}* i#j, J*nJ? ={0}.
i=1

The intersection of the (J;");<;< is called the junction point and is denoted by 0.

We identify all the points of J* by the couples (x,) (withi € {1...1},2 € [0, max;eqi..1y as)),

such that we have: (x,7) € J* if and only if x € J. For T' > 0, the time-space domain

Jp is defined by
Jr = 0,7 xJ*

The interior of J7# set minus the junction point 0 is denoted by J7, and is defined by

Ji = (0,T) x (OJ)

i=1
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For the functionnal spaces that will be used in the sequel, we use here the notations
of Chapter 1.1 of [9]. For the convenience of the reader, we recall these notations
in Appendix [Al In addition we introduce the parabolic Holder space on the junction
(C%’l(jj%), H'HC%J(J;)> and the space Cé’l(j)ff), defined by (where [ > 0, see Annexe [Al for

more details)
CH(Tp) ={ [ TE R, (1) o fit), Vg) € {1 TP, Ve (0,T),
fi(t,0) = fi(£,0), Vi € {1...T}, (t,2) = filt,z) € CH(0,T) x [0,a]) },
Yap ={ fia o R (4 0) - i),
Vie {1...1}, (t,2)— fi(t,z) € CZ'((0,T) x (0,a:)) 3

with:

lull g sey = D2 Tuilletigommnionn

1<<T

We will use the same notations, when the domain does not depend on time, namely 1" = 0,
Qp = ), removing the dependence on the time variable.
We continue with the definition of a nondecreasing map F : R — R. Let (z =

(z1,...21),y = (y1...yr)) € R¥ we say that
r<y, if Vie{l...I}, z;<wy;,
and
x <y, if 2z <y, and there exists j € {1...I}, z; <y;.

We say that F' € C(R’,R) is nondecreasing if

Y(z,y) € R, if x <y, then F(x) < F(y),
increasing if

Y(z,y) € R, if x <y, then F(x) < F(y).

Next we recall an interpolation inequality, which will be useful in the sequel.
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Lemma 2.1. Suppose that v € C®*([0,T] x [0, R]) satisfies an Hdlder condition in t in
[0, T x [0, R], with exponent o € (0, 1], constant vy, and has derivative O,u, which for any
t € [0,T] are Héolder continuous in the variable x, with exponent v € (0,1], and constant

vo. Then the derivative Oyu satisfies in [0,T] x [0, R], an Hdlder condition in t, with

oy

exponent Ty

and constant depending only on vy,vs,y. More precisely
V(t.s) € 0,7, [t—s| <1, Ve l0,R],

Tr2

- aatnsl < (on(2)7 ¢ 2n(z) F)e-ats

This is a special case of Lemma I1.3.1, in [9], (see also [I5]). The main difference is that
we are able to get global Holder regularity in [0, 7] x [0, R] for O,u in its first variable.

Let us recall that this kind of result fails in higher dimensions.
Proof. Let (t,s) € [0,T]?, with |t —s| <1, and x € [0, R]. Suppose first that = € [0, g]
Let y € [0, R], with y # z, we write:

Opu(t,x) — dpu(s,x) =

1
Yy—x

/y (Ozu(t, z) — Opul(t, 2)) + (Opu(t, z) — Opu(s, 2)) + (Opu(s, z) — Oyu(s,z)) dz.

Using the Holder condition in time satisfied by u, we have:

21/1|t — S|a

ly — x|

’y i z /: (Orult, z) — axu(S,Z))dz‘ <

On the other hand, using the Holder regularity of d,u in space satisfied, we have:

1 v
’y — / (Opu(t,x) — Oyu(t, z)) + (Oypu(s, z) — &Eu(s,x))dz‘ < 2|y — x|
It follows:
Opu(t,x) — Qou(s,o)| < 2wy —a” + %

Q=

V1

Assuming that |t — s| < ((%)”7&) A 1, minimizing in y € [0, R], for y > z, the right
side of the last equation, we get that the infimum is reached for

. vt — s\ 5
oo (A=)
TV
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and then:
|0,u(t, z) — dpu(s, )] < C(vy,ve,y)|t — s\%,

where the constant C(vy, 1,7), depends only on the data (vq,14,7), and is given by:

v 1
Cvi,12,7) = 2w <i> T oy <B> o
TV2 Vy
For the cases y < x, and x € [%, R], we argue similarly, which completes the proof. [

2.2. Assumptions and main results. We state in this subsection the central Theo-
rem of this note, namely the solvability and uniqueness of () in the class C21+%(J%) N
C;+%’2+a(j7‘f). In the rest of these notes, we fix o € (0,1).

We introduce the following data

F € C°(R! x R, R)
g €CHTY) NCAT?

Y

and for each i € {1...1}
o; € Cl([(),ai] X ]R, ]R)

H; € C1([0,a;] x R%,R)
¢; € CH([0,T],R)

We suppose furthermore that the data satisfy the following assumption
Assumption (P)
(i) Assumption on F

a) F is decreasing with respect to its first variable,

b) F' is nondecreasing with respect to its second variable,

¢) 3(b,B) eRI xR, F(b,B) =0,
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or satisfies the Kirchhoff condition
a) F' is nonincreasing with respect to its first variable,
b) F is increasing with respect to its second variable,
c) 3(b,B) e RI xRI, F(b,B)=0.
We suppose moreover that there exists a parameter m € R, m > 2 such that we have
(ii) The (uniform) ellipticity condition on the (0;);cq1..1y ¢ there exist v, 7, strictly positive
constants such that:
Vie{l...I}, VY(z,p) €0,a;] xR,
v(L+1p))" ™ < oi(ep) < PP
(iii) The growth of the (H;)icq1..;y with respect to p exceed the growth of the o; with

respect to p by no more than two, namely there exists p an increasing real continuous

function such that:
Vie{l...I}, Y(z,u,p)€(0,a] xR* [Hi(z,u,p)| < p(lu])(1+ |p)™

(iv) We impose the following restrictions on the growth with respect to p of the derivatives

for the coefficients (0, H;)icqi...1y, which are for all i € {1...71}:

a) 10p0il0.anxre (L + [p1)? + 10 Hilp.agxre - < y(Jul) (1 + [p))™,
B) 1020l (1 + 102 10 Hiligagoze < (2(ul) + Plul. o)) (1 + o)™,

0 Vwup) €] xR, ~Cy < 0H(wup) < (=(ul)+ P(ul.lp)) 1+ p)",
where v and € are continuous non negative increasing functions. P is a continuous func-
tion, increasing with respect to its first variable, and tends to 0 for p — 400, uniformly
with respect to its first variable, from [0, u;] with u; € R, and Cy > 0 is real strictly

positive number. We assume that (v, e, P,Cy) are independent of ¢ € {1...1}.
(v) A compatibility conditions for g and (¢;)q..n:

F(g(0),0:9(0)) = 0 ; Vie{l...I}, gi(a:) = :(0).
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Theorem 2.2. Assume (P). Then system (0)) is uniquely solvable in the class C2*+(T#)N
C 2Jro‘(jT) There ezist constants (M, Ms, M3), depending only the data introduced in

assumption (P),

My = My (maxieqs.ny { SUbseay | = 0, 0u0:(2)320:(@) + Hilw, (), Dogilx))] +
|at¢z'|(o,T) }, max;ec{1...1} |gi|(0,ai)> CH) )
My = M, <77 v, M(M1)77(M1)7 5(M1)7 SUP|p|>0 P(Mlv |p‘)7 max;e{1...1} |8acgi|(0,ai)7 M1>,

My = My (M, (1 + [p))™ 2, p(Jul) (1 + [p)™, Jul < My, |p] < M),

such that
ullezg) < My, [|0zullezg) < Ma, ||Owullezgy < My, ||02ullezsy < Ms.
Moreover, there exists a constant M(«) depending on (a, Ml,MQ,M3> such that

||u| |c%’1+a(j;5) < M(a>

We continue this Section by giving the definitions of super and sub solution, and stating

a comparison Theorem for our problem.

Definition 2.3. We say that u € C™(J%) N CY*(Jf), is a super solution (resp. sub

solution) of

Opus(t, x) — o5(x, Opus(t, ) O%us(t, )+
Hi(z, ui(t, z), 0,u;(t,x)) = 0, if (t,z) € (0,T) % (0,a), (3)
F(u(t,0),8,u(t,0)) = 0, ifte(0,T),

Opui(t, x) — o5, Opus(t, 7)) 0%uy(t, )+
Hi(x,ui(t,x), Opui(t,z)) > 0, (resp. <0), VY(t,x) € (0,T) x (0,a;),

F(u(t,0),0,u(t,0) < 0, (resp.>0), Vte (0,T)
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Theorem 2.4. Parabolic comparison.

Assume (P). Let u € CO(J%) DC;’Q(JOJ‘%) (resp. v € COHTE) F‘lC;Q(joﬁ)) a super solution
(resp. a sub solution) of @), satisfying for all i € {1...1}, ui(t,a;) > v;i(t,a;), for all
t €[0,7], and u;(0,2) > v;(0,x), for all x € [0, a;].

Then for each (t,(x,1)) € Jf : ui(t,z) > vi(t, ).

Proof. We start by showing that for each 0 < s < T, for all (¢, (z,7)) € J2, u;(t,z) >
v (t, ).

Let A > 0. Suppose that A > C} + Cy, where the expression of the constants (C4, Cy) are
given in the sequel (see (@), and (Bl)). We argue by contradiction assuming that

sup  exp(—A\t + ) (vi(t, x) — w(t, x)) > 0.
(t,(,1)) €T

Using the boundary conditions satisfied by u and v, the supremum above is reached at a
point (o, (2o, jo)) € (0, s] x J, with 0 < xy < a;,.

Suppose first that xq > 0, the optimality conditions imply that

eXp(—>\t(] + LU())( — >\(Uj0 (t(], LU()) — Ujy (t(], .flf(])) + 8ﬂ)j0 (to, Io) — 8tuj0 (t(], ZL’(])) Z 0,

exp(—Aty + o)) (vjo(to,zo) — wjy(to, wo) + 0y, (to, o) — 0xujo(t0,zo)) = 0,
eXp(—)\t(] + LU()) (Ujo (to, LU()) — Ujy (to, ZL’(]) + 2(896@]-0 (to, ZL’(]) — amu]'o(to, LU()))
+ <8§vj0(t0, o) — Oujy (to, 950))) =
exp(—Aty + :Bo)< — (vjo (to, zo) — ujo(to,:zo)) +  02vj,(to, To) — 8§uj0(t0,:£0)> < 0.

Using assumptions (P) (iv) a), (iv) c¢) and the optimality conditions above we have

Hj, (%0, ui(to, xo), Opuj, (to, xo)) — Hj, (2o, vj, (to, o), Oxvj, (to, o)) <
(vialtor w0) = wialto, o) ) (Cir + (1w (to, 20))) (1 + Doty (to, 20)) | V 1024 o, 20)) )™ )
< (vjo(to, xg) — (o, :L'O)),
where
Cr = maxiep.sy { SWeaenmxoa) | (Cr+7(00i(t,2)]) (1+[0,ui(t, 2))

Vot o))"} ) (@
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On the other hand we have using assumption (P) (ii), (iv) a), (iv) ¢), and the optimality

conditions

0o (%0, O3, (to, T0) ) D205, (to, To) — 0 (0, Oatijy (to, o)) Datusy (to, 20) <

(vjo(to, 7o) — ujo(to,ato)> ( T(1 + 19505, (to, 7o) )2 +

53“;'0@07900)‘
+ (1021 (to, 20)|) (1 + [Oatjy (to, 20))| V [0z (to, 20))])™ )

< (O (Ujo (to, z0) — wj(to, »To)>,

where

Co = maXjeqi.n} { Sup(t,x)e[QT}x[O,ai]{ 7L+ [evi(t, 2))" 7 + 03u,-(t,:z)‘

+ (10t 2) (1 + el @) + Dt )" | L (5)
Using now the fact that v is a sub-solution while u is a super-solution, we get
0<
atujo (tOv IO) — Ojo (x(b amujo (tOv xo))aiujo (tOv xo) + Hjo (x(Jv ui(t(b x0>7 890“]6 (tOv SL’O))
_atvjo (tOv ZL’O) + 04 (x(Jv 8ﬂﬁvjo (tOv xO))Q%Ujo (tOv IO) - Hjo (IOv Yjo (tOv x(])v 8ﬂﬁvjo (tOv xo))
< —(A = (C1 + C2))(vjo (to, 2o) — ujo(to, w0)) < 0,
which is a contradiction. Therefore the supremum is reached at (to,0), with ¢, € (0, s].
We apply a first order Taylor expansion in space, in the neighborhood of the junction
point 0. Since for all (4,7) € {1...1}, u;(to,0) = u;(to,0), and v;(to, 0) = v;(to,0), we get
from
V(Z,j) S {1, “ee [}2, Vh € (0, mil’lie{l___[} CLZ']
Uy (t07 O) — Uy (t(]v 0) > eXp(h’) (Ui(t(b h) - ui(t(b h)) )

that

V(Z,j) S {1, “ee [}2, Vh € (0, mil’lie{l___[} CLZ']
’Uj(to,O) - Uj(to,O) > Ui(to,O) — ui(to,O) +

A( vilto,0) = wilto,0) + Buvilto,0) = Buuilto,0) ) + hei(h),



12 ISAAC OHAVI

where
Vie{l,...1}, limpoe;(h)=0.
We get then
Vie {1,...I}, dwi(ty,0) < &meﬁy—OMmﬁ)—m@mm> < duuilto,0).

Using the growth assumptions on F' (assumption (P)(i)), and the fact that v is a sub-

solution while u is a super-solution, we get
0 < F(U(touo)vng(tmo)) < F(U(to,O),amu(to,O)) < 07

and then a contradiction.

We deduce then for all 0 < s < T, for all (¢, (x,i)) € [0,s] x T,
wm—m+x(w@xyﬂmu@) < 0.
Using the continuity of w and v, we deduce finally that for all (¢, (x,7)) € [0,T] x J¢,

Ui(t,.ilf) S ’LLZ(t, LE‘)

3. THE ELLIPTIC PROBLEM

As explained in the introduction, the construction of a solution for our parabolic prob-
lem ([]) relies on a time discretization and on the solvability of the associated elliptic
problem. We review in this section the well-posedness of the elliptic problem (2)):

(

—0i(x, 0pui (1)) 0Pui(x) + Hy(z, ui(x), dpus(x)) = 0, if z € (0,a;)
F(u(0),0,u(0)) = 0, with V(i,7) € {1...1}*, u;(0) = u;(0),
and u(0) = (u1(0),...,us(0)), 0u(0) = (0pu1(0),...,ur(0)),

@
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We introduce the following data for i € {1...1}

;

F e C(R! x R, R)
o; € CY([0,a;] x R, R)

H; € C1(]0,a;] x R%,R)

\Cbi €R
satisfying the following assumption

Assumption (&)
(i) Assumption on F'

a) F is decreasing with respect to its first variable,

b) F is nondecreasing with respect to its second variable,
¢) 3(b,B) € R x R?, such that : F(b,B) = 0,

or F' satisfy the Kirchhoff condition

a) F' is nonincreasing with respect to its first variable,

b) F is increasing with respect to its second variable,
¢) 3A(b,B) € R x R!, such that : F(b,B) = 0.
(ii) The ellipticity condition on the o;
Je>0, Vie{l...I}, Y(x,p) €[0,a;] xR, o;(x,p) >c.
(iii) For the Hamiltonians H;, we suppose

ICx >0, Vie{l...I}, Y(z,u,v,p) € (0,a;) x R?,

ifu<wv, Cylu—v)<H(x,u,p)— Hi(x,v,p).

For each i € {1...1}, we define the following differential operators (52',51')2'@{1... 1y acting
on C'([0,a;] x R*R), for f = f(z,u,p) by

0; = 0u+18x; 6 = pd,.
p
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(iv) We impose the following restrictions on the growth with respect to p for the coefficients

(0i, Hy)ieqr..n = (03(x, p), Hi(x,u,p))icr...1y, which are for all i € {1...1}

0io; = o(oy),
dio; = O(oy),
Hz - O(Uip2)>

6_ZHZ < O(Uip2>7

where the limits behind are understood as p — 400, uniformly in x, for bounded wu.
The main result of this section is the following Theorem, for the solvability and unique-
ness of the elliptic problem posed on the junction, with non linear Neumann condition at

the junction point.
Theorem 3.1. Assume (£). Then system ([2), is uniquely solvable in the class C*T*(J%).

Theorem Bl is stated without proof in [I1]. For the convenience of the reader, we
sketch its proof in the Appendix. The uniqueness of the solution of (2I), is a consequence
of the elliptic comparison Theorem for smooth solutions, for the Neumann problem, stated
in this Section, and whose proof uses the same arguments of the proof of the parabolic
comparison Theorem 2.4

We complete this section by recalling the definition of super and sub solution for the

elliptic problem (2), and the corresponding elliptic comparison Theorem.

Definition 3.2. Let u € C*(J®). We say that u is a super solution (resp. sub solution)
of
F(£(0),0:f(0)) = 0,
if
—0i(, Qi () 3ui(x) + Hi(w,ui(x), Dpui(z)) > 0, (resp. <0), if v € (0,a),

F(u(0),0,u(0)) < 0, (resp.>0).
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Theorem 3.3. Elliptic comparison Theorem, see for instance Theorem 2.1 of [I1].
Assume (€). Let u € C3(J?) (resp. v € C3(J%)) a super solution (resp. a sub solution)
of @), satisfying for all i € {1...1}, u;(a;) > vi(a;). Then for each (z,i) € J* :

ui(x) > vi(x).
4. THE PARABOLIC PROBLEM

In this Section, we prove Theorem The construction of the solution is based on
the results obtained in Section [3] for the elliptic problem, and is done by considering a
sequence u™ € C*(J?), solving on a time grid an elliptic scheme defined by induction. We

will prove that the solution u™ converges to the required solution.

4.1. Estimates on the discretized scheme. Let n € N*, we consider the following
time grid, (! = £L)o<<, of [0,7], and the following sequence (ug)o<k<n of C*T(J?),

defined recursively by
for k=0, uy=g,

and for 1 < k < n, uy, is the unique solution of the following elliptic problem

;

n(uig(z) — uig—1(x)) — oy (z, Opu; k(7)) 0 u; () +
HZ(I,UZ’k($),8xUZ7k($)) = 0, if © c (O,ai),
F(ug(0), 0,ux(0)) = 0,

The solvability of the elliptic scheme ([Z]) can be proved by induction, using the same
arguments as for Theorem Bl The next step consists in obtaining uniform estimates
of (ur)o<k<n. We start first by getting uniform bounds for n|u;, — u;x—1|(0,q,) Using the

comparison Theorem

Lemma 4.1. Assume (P). There ezists a constant C > 0, independent of n, depending
only the data C' = C(max,-e{l,,,f} { SUD e (0,0:) | —0i (%, 029i(2)) 02 gi(2)+Hi(, gi(), Ougi()) |+
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03] (0,1 },CH), such that:

sup max ~ max { Nk — Ui k—1(0,a:) } < C,
n>0 ke{l.n} i€{l..I}

and then

su max max U; @ < C+ ma { il (0. }
@18 ke{0..n} ie{l...[}{ | ’k|(0’ i) } B +i€{1..>.§} |g|(0’ i)

Proof. Let n > |Cy |, where Cy is defined in assumption (P) (iv) c¢). Let k € {1...n},

we define the following sequence:

My = maX;e{1...1} { SUPze(0,a4) | - Uz’(l", axgi(ff))a;%gi(l") + Hi(%gi(l"), axgz(x))l + |at¢z'|(o,T) }>

n
Mn - M—n, k 1... .
k, n_Cn k-1, c{ n}

We claim that for each k € {1...n}:
max { nfuw;, — ui,k—1|(0,ai)} < M.
1e{l...I'}
We give a proof by induction. For this, if £ = 1, let us show that the map h defined on
the junction by:
J*—=R
h:=

(z,4) = Mo 4 g.(2),

is a super solution of (), for £ = 1. For this we will use the Elliptic Comparison Theorem
5.0l
Using the compatibility conditions satisfied by g, namely assumption (P) (v), and the

assumptions of growth on F', assumption (P) (i), we get for the boundary conditions:

F(h(0),0:h(0)) < F(g(0),0:9(0)) = 0,

Vi € {1]}, hz(al) = Ml,n

+ gi(a;)) >

Mo, :
73’ +gi(a;) > @i(t7).



QUASI LINEAR PARABOLIC PDE POSED ON A NETWORK 17

Foralli e {1...1}, and = € (0,q;), we get using assumption (P) (iii):

n(hi(x) — gi(x)) — oi(x, 0phi(x))03hi(x) + Hi(x, hi(x), hi(x)) =

M,
My, — 04(x, 0,9i(2))02g:(x) + Hi(x, 71 + gi(v), 0p9:(x)) >

M, ,,C
My, — Ui(% 8mgi(:c))8§gi(x) + Hi(xagi(x)u amgi(x)> — o

> 0.

It follows from the comparison Theorem B3] that for all i € {1...7}, and = € [0, a;]:

M,

n
Using the same arguments, we show that:
J*—=R
h =
(2,0) = = 4 gi(2),

is a sub solution of (@) for £ = 1, and we then get:

max{ sup nluy(x) — gi(x)| } < M,
ie(ld} U pe0m)

Let 2 < k < n, suppose that the assumption of induction holds true.Let us show that
the following map:
J*—=R
h =
(,4) = 252 oy (2),

is a super solution of (7). For the boundary conditions, using assumption (P) (i), we get:

, M Mo n
VZE{l...[}, h,(az) = 71; +ui,k_1(a,~) 2 727 +Ui,k_1(&i) Z ¢z(tk)

Forallie {1...1}, and 2 € (0,q;):

n(hi(z) — wip1(z)) — o5(x, O,.h(2))02h(z) + Hi(z, h(z), O,h(z)) =

My
My = 032, Dgtti s ()t o () + Hilr, = + i1 (2), gt (1)) >

Cra My,
My, = 03(, Ot o (2)) B2t (2) + Hi2 w3 (), Dot (1)) — =0
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Since we have for all z € (0, a;):
—Ui(SC, 8xui,k—1(x))agui,k—l(x> + Hz'(% Ui,k—l(fb’), 8gcui,k—1(x)> = —n(ui,k—l(I) - ui,k—2(~”€))7
using the induction assumption we get:

n(hi(z) — uip_1(7)) — oi(x, 0,h(x))2h(x) + Hi(x, 0,h(x),0ph(z)) >

CuMy, > M, n—Cy

- Mk—l,n Z 0.

Mk,n - n(uz‘,k—l(fb’) - Ui,k—z(I)) - n

It follows from the comparison Theorem B3] that for all (z,i) € J%

M,
wiplz) < =22

+ uM_l(m).
Using the same arguments, we show that:

J*—= R
h =
(z,4) = —2en 4y, (2),

n

is a sub solution of (), and we get:

i — Uj k— a; < M n:
Zer?lmg}{ nui k() = i p—1(2)](0,a:) } k,

We obtain finally using that for all k € {1...n}:

Myn < My,
M = (=) b0
and
M, » nTER o = exp(Ch) maX;e{1...1} { SUP2ze(0,a4) | — oi(, 89091'(@)8:%92'(55) +
Hi(, 6i(2), 0,:())| + 06l 0y},
that

SUP,>o MaXpe{1..n} maXz’e{l...I}{ n|wi e — Uie—1(0,a;) } < C,
SUpPy, >0 MaXge{0..n} maXie{l...I}{ ‘ui,k|(07ai) } < C+maXie{1...I}{ |gi‘(0,ai) }

That completes the proof. O
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The next step consists in obtaining uniform estimates for [9,u; k|(0,q,), in terms of nfu; ,—
Ui k—1](0,a,) and the quantities (v, 7, u1, v, €, P) introduced in assumption (P) (ii), (iii) and
(iv). More precisely, we use similar arguments as for the proof of Theorem 14.1 of [6],
using a classical argument of upper and lower barrier functions at the boundary. The
assumption of growth (P) (ii) and (iii) are used in a key way to get an uniform bound
on the gradient at the boundary. Finally to conclude, we appeal to a gradient maximum
principle, using the growth assumption (P) (iv), adapting Theorem 15.2 of [6] to our

elliptic scheme.

Lemma 4.2. Assume (P). There exists a constant C > 0, independent of n, depending
only the data:
(ﬁ, v, IU“(|U|)’ 7(|U|), <C:(|u|)? SUp\p\zo P(|u|a |p|)> maxXi;ec{1...1} |a€b‘gi|(0,ai)>
SUPp >0 MaXke{1..n} MaAXic{1...1} { n|uzk - ui,k—l‘(o,ai) }7
with |u| < sup,,soMaXge(o..n} MAXief1...1} { |5 k| (0,,) }),

such that:

su max max Oy U; @ } < C.
@18 k€{0..n} ie{l..I} { | ’k|(0’ i) -

Proof. Step 1: We claim that, for each k € {1...n}, maXie{l___]}{ |02 | 0(0,a) } is
bounded by the data, uniformly in n.
It follows from Lemma [41] that there exists M > 0 such that:

su max max U; NNl — Wi e . } < M.
nz}; keloont ie{loI} { |z,k|(0,az) | i,k i,k 1|(0,a1) >

We fix i € {1...1}. We apply a barrier method consisting in building two functions

w:k, w,, satisfying in a neighborhood of 0, for example [0, x|, with r < a;:

Ql(wi:_k(x)varw:k(x)vﬁgw:k(x)) > 07 Va € [Ov "i]v w:_k(o) = ui,k(o)v wi—t_k(’i) >

Y

Ql(xvwz_,k(x>v8ﬂﬁwz_,k(x)782wz_,k(x>> < Ov Vo € [07’1]7 wz_,k(o) = ui,k(o)v wi_,k(’%) < -

)

where we recall that for each (x,u,p,S) € [0,q;] x R>:

Qi(z,u,p,S) = n(u—uip1(x)) —oi(z,p)S + Hi(z,u,p).
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For n > |CyJ, where Cy is defined in assumption P (iv) c), it follows then from the

comparison principle that:
w; (2) < ujg(r) < w;fk(x), Vz € |0, k],
and then:
Dw;1,(0) < Dy 1(0) < Dpwy i (0).
We look for w;; defined on [0, 5] of the form:

w;,ro = gi(z)

1
wih s u(0) + 3 In(1 + 6x),

where the constants (3,6, k) will be chosen in the sequel independent of k. Remark first

that for all x € [0,x], djw;,(z) = —BO,w; . (x)?, and w;7(0) = u;x(0). Let us choose

ik

(0, k), such that:

VEe{l...n}, 0<k< 'I{I%inl}ai, wih (k) > M, o,w (k) > p.
ie{l... ’ ’

We choose for instance:

0 = B?exp(2BM) + ;exp(QﬁM)

Mmin;e(1...1} 4
1
K= 5<exp(2ﬁM) - 1).

The constant § will be chosen in order to get:

5 > pu(w; () (1 + dpw;fy ()™ + M
> sup sup ,
ke{l..n} zeo,q) V(1 + 3xw{fk(ff))m_2axw:k($)2

where (u(.),v,m) are defined in assumption (P) (ii) and (iii). Since we have:

Vo € [0,k], wi(r) <wi(k) =2M,

B < 0pw;iy (k) < Dewiy(z) < Bpwy(0),

we can then choose § large enough to get (I0), for instance:

“(im (1+ 1>2+£2.

P 5

v

(8)

(10)
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It is easy to show by induction that w;f . 1s lower barrier of w;  in the neighborhood [0, &].
More precisely, since w;fo = u;p, and for all k € {1...n}:

wi(0) = uik(0), wi(k) = uin(k),
M
n

w;h(2) = w1 (2) + uik(0) = wip—1(0) > w;y_(z) — —,

we get using the assumption of induction, assumption (P) (ii) and (iii), and (I0) that for
all z € (0, k):

n(wi(r) = i p-1(2)) — 031(x, Dawiy () wii (z) + Hi(w, wii(z), dwiy(2)) =

=M + Bo;i(z, Qi (2)Opwiiy ()* + Hilw, wiy(x), Opwy(x)) >

—M + Br(1 + d,w; . (2) " 2wy (2)* + p(w)(x)) (1 + dpw;y (z))™ > 0.
We obtain therefore:

S ma; ma; O,u; (0) < =V max 0,¢,(0).
ng% kE{O..}j@} ie{l..}.il} uir(0) = 15} ie{1..}.{1} 9:(0)

With the same arguments we can show that:

Wi = gi(z)
Wy T ui(0) — %ln(l + 0x),
is a lower barrier in the neighborhood of 0. Using the same method, we can show that
Oy, (a;) is uniformly bounded by the same upper bounds, which completes the proof of
Step 1.
Step 2 : For the convenience of the reader, we do not detail all the computations of

this Step, since they can be found in the proof of Theorem 15.2 of [6]. It follows from
Lemma [£.1] that there exists M > 0 such that:

SUPp>p MaXge{o..n} MaXjc{1..1} { |ui,k|(0,ai) } < M.
We set furthermore:

V(z,u,p) €[0,a;] x R?, HI'.(z,u,p) = n(u—u;p_1(x)) + Hi(z, u,p).
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Let u be a solution of the elliptic equation, for = € (0, a;):
oi(x, Opu(x))dpu(x) — Hﬁk(x, u(z), dyu(x)) =0,

and assume that |u|(q,) < M. The main key of the proof will be in the use of the following

equalities:

S;HY (x,u,p) = 6;H;(z,u,p) + n(p — Opttip—1())
| P

, &H{fk(x,u,p) =0;H;(x,u,p), (11)
where we recall that the operators d; and d; are defined in assumption (&) (iii). We follow
the proof of Theorem 15.2 in [6]. We set u = (%), where ¢ € C3[m, M], is increasing and
m=¢(—M), M = ¢(M).

In the sequel, we will set v = 9,u? and v = 9,u%. To simplify the notations, we will
omit the variables (x,u(r),d,u(r)) in the functions o; and HyY, and the variable @ for

¢. We assume first that the solution u € C3*([—M, M]), and we follow exactly all the
computations that lead to equation of (15.25) of [6] to get the following inequality:

0;020 + B;0,v 4+ G}j, > 0, (12)

where B; and G} have the same expression in (15.26) of [6] with (o; = o}, ¢; = 0). We

choose (r = 0,s = 0), since we will see in the sequel (I3), that condition (15.32) of [6]
holds under assumption assumption (P). We have more precisely:
B; = ¢'8,0,0,u — 0,H; + wd,(o;p?),

w/
Gl = = + kw” + Biw + 07,

w/
W= W € Cl([m’_])>
i = — (Fuo?) + e Doil?)
% O'ipz i\Y1 40'1' 7 7 ’
B = (5-(0~p2)—5~H-+p—2((5~+1)0~)(5~0-))
(2 O’Zp2 (2 1 (] (2 2 ; K] (] 11 bl
n o __ 1 p2 2 n o 1 n(p - amui,k—l(x))
O = g (G oo = B ) = 00— g (PP ),

1/ p?
o;p? 40i| 7 |
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We set in the sequel:

1 — ke
Gi= Outs + Kiw? 4+ Biw + 6;, in order to get G7). = G; — (n(p Outii 1(:8))).
Oat) ’ oip? p

More precisely, we see from ([l that all the coefficients (B;, k;, 5;,6;) can be chosen

independent of n and w; ;. The main argument then to get a bound of d,u is to apply

a maximum principle for  in (I2]), and this will be done as soon as we ensure:
n n
ix <0, for [Qyul > Ly.

On the other hand, using assumption (P) (ii) (iii) and (iv), it is easy to check that there
exist constants (a, b, ¢), depending only on the data:
(7). (M) (A0, sup PV, )
p|>0

such that:

IN
B

SUD,e (0,0, jul<p T SUD ) oo Ki(x,u,p)

IA
o

Supr[O,aiLIu\SM lim Sup‘p‘_>+oo ﬁl(flf,u,p)

IA
o
—~

—

w
~—

Supr[O,ai},\uISM lim Sup|p|_)+oo el(x,u,p)

where,

1 b (M)
azz(fy(M)+2u)+§+ R

b (M) + supj o P(M, [pl) +7(M) N (e(M) + Su_p\p\zo P(M, [p))(@ +~(M))

Y

(e(M) + supy, o P(M, [p|))? N 2(e(M) + Sup\p\;o P(M, |pl))
412 v )

C =

As it has been on the proof of Theorem 15.2 of [6], we choose then L = L(a,b,c), and
¥(+) = (a,b,c)(+) such that we have:

G; <0, if |0yu(x)| > L(a,b,c).
We see then from the expression of 6}, that we get

ie <0, if |0 u(x)| > L(a,b,c) V |Opu; -1 ().
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Therefore applying the maximum principle to T in (I2)), and from the relation u = (@),
7 = 0,u° we get finally:

max ¢ (a, b, c)(-)
min ¢’ (a, b, c)(-)

This upper bound still holds if u € C*([0, a;]), (cf. (15.30) and (15.31) of the proof of

|a:cu|(0,ai) S max ( 5 |axu|8(0,ai)> L(aa b> C)> |axui,k—1|(0,ai)) .

Theorem 15.2 in [6]). Finally applying the upper bound above to the solution wuy, we get
by induction that:

SUp,>o MaXpe(o..n} MaAXie(1..1} { |02 | (0,0) }
maxw,(aab>c)(')
min v’ (a, b, c)(-)

This completes the proof. O

S maxie{l...]} max ( ) |8xui,k|8(0,ai)7 L(CL, b7 C)7 ‘amgi|(0,ai)) .

The following Proposition follows from Lemmas .1l and .2} assumption (P) (ii) (iii),
and from the relation:
n(uialx) — s a ()] + VB, ), D)
oi(x, 0pu; ()

< In(uin(@) = wip ()] + pluip(@))( + [Gpus(2)|™)
N (1 + [Dpuip()|™2) '

V€ [0,a;), |02uir(z))| <

Proposition 4.3. Assume (P). There ezist constants (M, Ms, M3), depending only the
data introduced in assumption (P)
My = My (masieqn { - suPseay | = 0ir, 020i(x) i(x) + Hilx, :(x), 0ui(x))] +
1003l (0,1 }, max;e(1..1} |9il(0,a:) CH) :
My = M, (7, v, (M), y(My), e(My), supp,so P(My, [p|), maxic 1.1y [029il (0,0:) M1>,

M; = Mg(Ml,z(l + 1™, ulfu) (X + [p)™, ful < My, Jpl < M2>,
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such that:

sup max ~ max {|uzk\0az } < My,
n>0 ke{0.n} ie{l..I}

sup max  max {|8u2k\0az } < M,
n>0 ke{0..n} ie{l..I}

sup  max max { (Ui ) — i o—1)](0,a:) } < M,
n>0 ke{l..n} ie{l..I}

su max max CL } S
"218 ke{0..n} ie{l..I} { |0z i k] (0.0:) 3

Unfortunately, we are unable to give an upper bound of the modulus of continuity of
D%y in C%([0,a]) independent of n. However, we are able to formulate in the weak sense
a limit solution. From the regularity of the coefficients, using some tools introduced in

Section [I, Lemma 2], we get interior regularity, and a smooth limit solution.

4.2. Proof of Theorem

Proof. The uniqueness is a result of the comparison Theorem 2.4l To simplify the nota-

tions, we set for each 7 € {1...I}, and for each (z,q,u,p,S) € [0,a;] x R?*

Qi(x>u>qap75) = q—UZ(I,p)S—l—HZ(IE,u,p)

Let n > 0. Consider the subdivision (¢} = L), of [0,T], and (uy)o<k<, the solution
of (D).
From estimates of Proposition .3], there exists a constant M > 0 independent of n,
such that:
SUp,>p MaXge{1..n} MaX;c{1..1} { ‘ui,k‘(o,ai) + |n(uzk - Ui,k—1)|(0,ai) +
Ottik 0,0) |02 k] (0,a0) } < M. (14)

We define the following sequence (v,,),>0 in C%?*(J%), piecewise differentiable with respect

to its first variable by:

Vie{l...I}, vo(0,2)=g;(z) ifxe]|0,a,

Vin(t, ) = wip(@) + 0t = ) (g (2) —uin(2)) 3 (4 2) € [t 6y,) ¥ [0, @il
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We deduce then from (I4)), that there exists a constant M; independent of n, depending
only on the data of the system, such that for all i € {1...1}

Vinlomixi0,a] T 102Vinlzprxoe < M

Using Lemma [2.1] we deduce that there exists a constant My(«) > 0, independent of n,

such that for all 7 € {1...[}, we have the following global Hélder condition:

|8xvi7n|g[o,T]x[07ai] + |8xvi7n|g,[0,T}x[0,ai] < Ms(a).

We deduce then from Ascoli’s Theorem, that up to a sub sequence n, (v;,)n>0 converge
in C%([0, 7] x [0,a,]) to v;, and then v; € C2*%([0,T] x [0,a,]). Since v,, satisfies the

following continuity condition at the junction point
V(i,j) € {1...1}%, Vn>0, Vt€[0,T], v;n(t,0) = v;a(t0),

we deduce then v € C21%(J48).
We now focus on the regularity of v in J¢, and we will prove that v € C'+2:2+%(72),

and satisfies on each edge:
Qi(x,vi(t, ), Opv;(t, 1), 0pvs(t, ), O2vs(t,x)) = 0, if (t,z) € (0,T) x (0,a;).

Using once again ([I4]), there exists a constant M3 independent of n, such that for each

ie{l...I}:
10winllz2omx0a) < Ms, [030inll2omxoa)y < Ms.
Hence we get up to a sub sequence, that:
OVin — O, Q,%vm — 8%1%,

weakly in L2((0,7) x (0, a;)).
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The continuity of the coefficients (o, Hi)ie{l___ ry» Lebesgue Theorem, the linearity of Q;

in the variable 9, and 92, allows us to get for each i € {1...I}, up to a subsequence n,:
T a;
/ / Qil, V10, (£,2), 010, (1), Dy, (1), 20, (1)) ) (1, )l

portoc, / / (@, v;(t, x), Opui(t, x), Opui(t, x),@ivi(t,x)))zb(t, x)dxdt,
Vi € C2((0,T) x (0, ;).

We now prove that for any ¢ € C°((0,7) x (0, a;)):
/ / (2, Vi, (t, ), O, (t, ), Opig, (L, ), Oivmp(t,:v)))@b(t,x)dxdt 2.
Using that (ug)o<k<n is the solution of (), we get for any ¢» € C*((0,7") x (0, a;)):

T a;
/ / (Qi(x, Vin(t, 1), vin(t, @), Dyvin(t, ), 020;n(t, x))>w(t, p)dedt =
0 0

ey rai
/k+ / (Ui(x,8xui,k+1(x))8§ui,k+1(x) — 04(2, 0p Vi n (L, 1)) D20, )
t 0
+H;(x,v;0(t,x), 0500 (t, x)) — Hi(2, U jy1 (), Optt g1 () )@b(t, x)dxdt. (15)

Using assumption (P) more precisely the Lipschitz continuity of the Hamiltonians H;, the
Hoélder equicontinuity in time of (v; ., 0,v;,), there exists a constant M, («) independent

of n, such that for each i € {1...1}, for each (¢,x) € [t7,t},1] X [0, a,):

M\D

|Hi (2, wi g1 (), Optts j1 (7)) — Hi(2,05,0(t, @), 0pvi (8, 2))| < Ma(a)(t —t7)2,

and therefore for any ¢ € C((0,7) x (0, a;)):

n—1

k=0

a; My(o) )0, x (0,00 2 ——— 0.

Z / R / (2, W g1 (@ )>8xui,k+1(9§))—Hi(x,vi,n(t,x),axvim(t,:r)))w(t,z)dzrdt <
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For the last term in (IH), we write for each i € {1...1}, for each (t,x) € (¢, 17, ) x (0, a;):

0i(2, Optti g y1(2)) U i1 (2) — 0i(, Oy (t, 1)) 0205 (E, ) =
(0@, Outige1(2)) = (0, v (1,2)) ) () + (16)
(010w, Dt () = nt = )03(w, Dyvin(t, 2)) ) (D2ui s () = Bui(w)). (17)
Using again the Holder equicontinuity in time of (v; ,,, 0,v; ) as well as the uniform bound

on |02u; kjo,e) @), we can show that for (I8)), for any ¢ € C*((0,7) x (0,a;)):

n—1

t;cl 1 a;
/ + / (m(:)ﬁ,@xm,ml(z)) - Ui(x,8xv,~7n(t,x)))@iuivk(z)@b(t,x)dxdt nmres .
tz 0

k=0
Finally, from assumptions (P), for all i € {1...I}, o; is differentiable with respect to all
its variable, integrating by part we get for ([I7):

| Z /. [ (0 Bt = e = ) 10100, ))
(OB () = Puis(a) )t @)dadt] =
/ | (ot sttt ) = ntt = 0, (o 000000,
<8xu,~7k+1(a7) - 8xu,~7k(a:)>datdt‘ notee, g,
We conclude that for any ¥ € C2((0,T) x (0, a:)):

/ / (x,v(t, x), 8tv,~(t,:v),0xvi(t,z),Oﬁvi(t,z)))>w(t,z)d:vdt =0.

It is then possible to consider the last equation as a linear one, with coefficients d;(t, z) =
oi(x, 0pvi(t, ), Hi(t,x) = Hy(x,v;(t, x),dyvi(t, x)) belonging to the class C2((0,T) x
(0,a;)), and using Theorem II11.12.2 of [9], we get finally that for all i € {1...1}, v; €
C*2:2+2((0,T) x (0, a;)), which means that v € CH%’“Q(JZ‘E).

We deduce that v; satisfies on each edge:
Qi(x,vi(t,x),8tvi(t,x),8mvi(t,x),8§vi(t, LU))) = O, if (t,.flf) S (0,T> X (O,ai).

From the estimates (I4]), we know that d,v;, and 92v;,, are uniformly bounded by n. We

deduce finally that v € CH 2+a(jT)
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We conclude by proving that v satisfies the non linear Neumann boundary condition

at the vertex. For this, let ¢ € (0,7"); we have up to a sub sequence n,:

F(vn, (,0), 0,00 (£,0) ———  F(v(t,0),3,0(t,0)).

p——+o00
On the other hand, using that F'(ux(0), dyur(x)) = 0, we know from the continuity of F
(assumption (P)), the Holder equicontinuity in time of ¢ — v,(¢,0), and t — 0,v(t,0),
that there exists a constant Ms(c) independent of n, such that if ¢ € [t} {7, ,):
[F'(vn(t,0), 0pun(t,0))| = [F(va(t,0), Oxvn(t, 0)) — F(ug(0), 9pur(0))] <
sup { [P, ) = F(w.9)l, llu—vls + lo — yllwr < Mafa)n—3 } 2255

Therefore, we conclude once more from the continuity of F' (assumption (P)), the com-

patibility condition (assumption (P) (v)), that for each ¢t € [0,7"):
F(v(t,0),0,v(t,0)) = 0.
On the other hand, it is easy to get:
Vie{l...I}, Vee|0,a], v(0,2)=gi(x), Vt€[0,T], wvit,a;)= pit).

Finally, the expression of the upper bounds of the solution given in Theorem [2.2] are a
consequence of Proposition 4.3 and Lemma 2.1l which completes the proof. O

4.3. On the existence for unbounded junction. We give in this subsection a result
on the existence and the uniqueness of the solution for the parabolic problem (), posed

on an unbounded junction J defined for I € N* edges by:

I

J = UJZ’ with: Vi € {1]} Ji = [O,+OO), and V(Z,j) S {1[}2, 1#£ g, JiNJ;= {O}
i=1

In the sequel, C%'(Jr) N Cva(jT) is the class of function with regularity C%'([0, 7] x

[0, +00)) NCY2((0,T) x (0,+00)) on each edge, and L>(J7) is the set of measurable real

bounded maps defined on Jr.
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We introduce the following data

F € C°(R! x R, R)

geCHIINC(T)
and for each i € {1...1}

o; € Cl(R+ x R,R)

H,; e Cl(]RJr X Rz,R)

O; € Cl([O,T],R)

We suppose furthermore that the data satisfy the following assumption
Assumption (P,,)
(i) Assumption on F:

a) F is decreasing with respect to its first variable,
b) F is nondecreasing with respect to its second variable,
¢) 3(b,B) e RI xR!, F(b,B) =0,

or the Kirchhoff condition:

a) F' is nonincreasing with respect to its first variable,
b) F is increasing with respect to its second variable,
c) 3(b,B) e RI xR!, F(b,B)=0.
We suppose moreover that there exists a parameter m € R, m > 2 such that we have
(ii) The (uniform) ellipticity condition on the (0;)icq1..1y ¢ there exist v, 7, strictly positive
constants such that:
Vie{l...I}, Y(z,p) € Ry xR,
v+ )™ < oixp) < T+ ()"

(iii) The growth of the (H;)icq1..;y with respect to p exceed the growth of the o; with

respect to p by no more than two, namely there exists p an increasing real continuous
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function such that:
Vie{l...I}, Y(z,u,p) e Ry xR? [Hy(z,u,p)] < p(lul)(1+ |p|)™

(iv) We impose the following restrictions on the growth with respect to p of the derivatives

for the coefficients (o3, H;)icqi...ry, which are for all i € {1...1}:

a) |0p0ilr, xr2(1+[p)* + 10 Hilr, ez < (Jul)(1+ [p))™ ",
b) 10,03l xr2(1 + [p)* + |0 Hilr, xr2 < (€(|u|)+P(|u|,|p\)>(1+ )™,

¢) Y(z,u,p) e Ry xR*, —Cy < 0,H;(z,u,p) < <€(IUI)+P(IUI,IPD>(1+Ip\)m,

where v and € are continuous non negative increasing functions. P is a continuous func-
tion, increasing with respect to its first variable, and tends to 0 for p — 400, uniformly
with respect to its first variable, from [0, u;] with u; € R, and Cy > 0 is real strictly
positive number. We assume that (v, e, P,Cy) are independent of ¢ € {1...1}.

(v) A compatibility conditions for g:

F(9(0),0,9(0)) = 0.

We state here a comparison Theorem for the problem [I posed on an unbounded junc-

tion.

Theorem 4.4. Assume (Py,). Letu € Co’l(jT)ﬂCLZ(;T)ﬂLOO(jT) (resp. v € CON(Jr)N
C1’2(\70T) N L>(Jr)) be a super solution (resp. a sub solution) of [Bl) (where a; = +00),
satisfying for all i € {1...1} for all x € [0,400), u;(0,2) > v;(0,2). Then for each
(t, (x,0)) € Ir : wit,z) > vi(t, x).

Proof. Let s € [0,T), K = (K...K) > (1,...1) in R, and A = M\(K) > 0, that will be

chosen in the sequel. We argue as in the proof of Theorem 2.4 assuming

—1)2
sup  exp(—At — (z—1)
(t,(z,0))eTE 2

)(vi(t,a:) . ui(t,:z)> > 0.

Using the boundary conditions satisfied by u and v, the above supremum is reached at a

point (tg, (xo, jo)) € (0,8] x J, with 0 < zy < K.
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If zy € [0, K), the optimality conditions are given for xy # 0 by:
—=A(vjo (to, T0) — ujo(to, 20)) +  Opvjo(to, o) — dyujy(to, o) = 0,
— (@0 = 1) (v to 70) = wo(to, 7))+ Dyvio(to, m0) = Dyt (b, 0) = 0,
(Ujo(tm%) — wjo (to, 930)) — 2z — 1)2<Uj0(t0a o) — wjo (to, 930))

+ (BRug(to,20) — Rusy(to, w0) ) <0,
and if ¢y = O:
Vi € {17[}7 amvi(t070> S 8wul(t070) - (Ui(t(bO) _ul(t(]vo)) < amul(t()ao)

If zo = 0, we obtain a contradiction exactly as in the proof of Theorem 2.4l On the other
hand if ¢ € (0, K), using assumptions (P) (iv) a), (iv) ¢) and the optimality conditions,
we can choose A(K) of the form A\(K) = C(1 + K?), (see @) and (&), where C' > 0 is a

constant independent of K, to get again a contradiction. We deduce that, if:

(x—1)?

sup  exp(—A(K)t —
(t,(z,0)ETHK

)(v,.(t,x) . u,.(t,x)) >0,

then for all (¢, (x,4)) € [0,T] x J&:

(z — 1) (K —1)

exp(—A(K)t — 5

) (vilt,2) = wilt,2)) < exp(=A(K) — ) (it K) = wlt, K) ).

Hence for all (¢, (z,4)) € [0,T] x JX:

(z— 1) (K —1)°

2

exp(— )(vi(t, ) — gt x)) < exp(— )(vi(t, K) — uilt, K)).

On the other hand, if:

—1)2
sup  exp(—A(K)t — (z—1)
(t,(z,i)eTK

)(vi(t, z) — ui(t,x)> <0,

then for all (¢, (x,4)) € [0,T] x JX:
(z —1)?

exp(— (Kt — )(vi(t, ) — wi(t, x)) <0.

So
(v —1)?

)(Ui(t,x) . ui(t,x)> <0.

exp(—
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Finally we have, for all (¢, (z,7)) € [0,T] x JX:
(z—1)
2

max (0, exp(— M vilt,z) — ui(t, z) Sexp(—u) [ul ooy + V][ Lo (g2 ) -
2

Sending K — oo and using the boundedness of u and v, we deduce the inequality v < u

in [0,7] x J. 0

Theorem 4.5. Assume (Pu,). The following parabolic problem with Neumann boundary

condition at the vertex:

4

Opui(t, x) — oy(x, Opuy(t, ©))0%u;(t, )+

Hi(z,ui(t, z),0pu;(t,x)) = 0, if (t,x) € (0,T) x (0,+00),

F(u(t,0),8,u(t,0)) = 0, iftelo,T), "
with u(t,0) = (ui(t,0),...,ur(t,0)), dpu(t,0) = (Fpui(t,0),...,us(t,0)),

and Y(i,7) € {1...1} w(t,0) = u;(t,0),

\‘v’ie{l...]}, w(0,2) = gi(x), ifxe€]0,+00),

is uniquely solvable in the class C21+( Jp)NCYH22%(Jr). There exist constants (M, My, Ms),

depending only the data introduced in assumption (Ps)

My = My (maicqrony { 5Paco o0 | = 03(2, 8,0:(2))320u(2) + Hi(z g:(x), 91 @) .
maX;e{1...1} |gi|(0,+oo)> CH) )
My = M, (E v, p(My),v(My), (M), sup, o P (M, [pl), maxie 1.1y [029i] (0, 400) M1>,
My = Ma(Ma,p(1+ [p)™ 2 () (1 + )™, ful < My, |pl < M),
such that:
luller) < My, [|0zullegry < Mz, ||0iullegry < My, [[0suller) < Ms.

Moreover, there exists a constant M («) depending on <a, M, Mo, Mg) such that for any
a € (0,+00)!:

||u| |c%v1+a(\7;;) < M(a>
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Proof. Assume (P.,) and let a = (a,...,a) € (0,+00)’. Applying Theorem 22, we can
define u® € C%(J%) N 01’2(jﬁ) as the unique solution of:

(

&gui(t, LE‘) — O'Z'(ZL’, 8xu2(t, x))aﬁul(t, LU)-'-
Hi(x,u;(t,x),0u;(t,z)) = 0, if (¢,z) € (0,T) x (0,a),
F(u(t,0),0,u(t,0)) = 0, iftelo,T), (19)

Vie {1...1}, w(t,a) = ga), iftel0,T],

(Vie{l...T}, w(0,2) = gi(z), ifzel0ad]

Using assumption (P) and Theorem 22, we get that there exists a constant C' > 0
independent of a such that:

SUPgso  |[ullerzzey < C.

We are going to send a to +oo in ([I9). Following the same argument as for the proof of
Theorem 2.2, we get that, up to a sub sequence, u® converges locally uniformly to some
map u which solves (I§). On the other hand, uniqueness of u is a direct consequence
of the comparison Theorem [£4] since u € L>®(Jr). Finally the expression of the upper
bounds of the derivatives of u given in Theorem 5] are a consequence of Theorem

and assumption (Py,). O

APPENDIX A. FUNCTIONNAL SPACES

In this section, we recall several classical notations from [9]. Let [, T € (0, +00) and €2 be
an open and bounded subset of R™ with smooth boundary (n > 0). Weset Q7 = (0,7") xQ,
and we introduce the following spaces :

-if 1 € 2N, (C%’l(Q_T), | - HC%’I(QT)) is the Banach space whose elements are continuous
functions (t,z) — u(t, x) in Qr, together with all its derivatives of the form 0] 03u, with
2r + s < [. The norm || - HC%J(QT) is defined for all u € C2(Qr) by:

lull g, = D sup |O[u(t o).

2T+S=j (tvx)EQT

-if 1 ¢ N*, (C%J(Q_T), H'HC%J(Q )> is the Banach space whose elements are continuous
T

functions (t,z) — u(t,z) in Q, together with all its derivatives of the form 97 9%u, with
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H% in their first variable,

2r + s < [, and satisfying an Holder condition with exponent
and with exponent (I — [[]) in their second variable, over all the connected components
of Q27 whose radius is smaller than 1.

The norm || - || .1, . is defined for all u € C2(C27) by:
¢z (Qr)

L]
ullpogy, =l + D lufh,.
j=0
with:
Vi€ {0, 0} Julh, = > sup [9fdu(t,x)|,
27‘+S=j (t,I)EQT
1
ulg, = lulbo, + lulfq,.
ulbo, = Y 1Gosut, 2,5,
2r+s=|1|
—2r—s
ull o, = S gt a)l gl
0<l—2r—s<2
t ) — ult,
lulg o, = sup sup [ult, ) — u( y)|’ 0<a<l,
' te(0,T) =z,yeQz#y,|z—y|<1 |$_y|a
t _
lulfq, = sup sup [ult, z) u(s,:c)|’ 0<a<l.

x€Q t,5€(0,T),t#s,|t—s|<1 |t - s|a
- C24(Qy) is the set whose elements f belong to C24(Oy) for any open set Op separated
from the boundary of {27 by a strictly positive distance, namely:

inf ||z —yllgn > 0.
yE@QT,xEOT

- Cb% ’Z(QT) is the subset of C2(€2y) consisting in maps u such that the derivatives of the
form 0 9yu, (with 2r + s < ) are bounded, namely sup, , cq,. [0} Oju(t, ¥)| < +oo.

We use the same notations when the domain does not depend on time, namely 7' = 0,
Qr = (), just removing the dependence on the time variable.
For R > 0, we denote by L*((0,T) x (0, R)) the usual space of square integrable maps and
by C°((0,T) x (0, R)) the set of infinite continuous differentiable functions on (0,7) X
(0, R), with compact support.
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APPENDIX B. THE ELLIPTIC PROBLEM

Proposition B.1. Let 0 € R, i € {1,...,I} and assume (€) holds. Let u! € C?([0,a;])

be the solution of:

—0oi(z, 0,ul () 02ul (x) + Hi(z,ul(x), 0,ul(x)) = 0, if v € (0,a;)
uf(0) = u?0) = 6, (20)
ui(a:) = ¢

Then the following map:

R — C*([0, a;])

0 — u?
18 continuous.
Proof. Let 6,, a sequence converging to 6. Using the Schauder estimates Theorem 6.6 of

[6], we get that there exists a constant M > 0 independent of n, depending only the data,
such that for all « € (0,1):

[uf"|e2vaqoegy < M.

From Ascoli’s Theorem, uf" converges up to a subsequence to v in C?([0, a;]) solution of
[20). By uniqueness of the solution of (20), u" converges necessary to the solution u¢ of

0) in C*([0, a;]), which completes the proof. O

Proof of Theorem 3.1l

Proof. The uniqueness of (2)) results from the elliptic comparison Theorem
We turn to the solvalbility, and for this let § € R. We consider the elliptic Dirichlet

problem posed on the the junction:
Vie {l...I}, w(0) = u(0) = 6, (21)
ui(ai) = ¢
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For all i € {1...1}, each elliptic problem is uniquely solvable on each edge in C**([0, a;]),
then (2I) is uniquely solvable in the class C?t%(7%), and we denote by u’ its solution.

We turn to the Neumann boundary condition at the vertex. Let us recall assumption

(€)()

I is decreasing in its first variable, nondecreasing in its second variable,
or F'is nonincreasing in its first variable, increasing in its second variable,

J(b, B) € R x R, such that : F(b,B) = 0.

Fix now:

Ki = sup ‘HZ'(SL’,U, Bz)|7

(z,u)€(0,a;)x (—a; Bj,a; B;)

K.
0 > {bi i iBi —Z},
_ien{ﬂl%}l |+ |¢4] + |a |+CH

and let us show that f : z — 0 + Bz, is a super solution on each edge J;" of (2I).

We have the boundary conditions
f(0) = 0, fla))=0+a;B; > |¢5| + | Bi| +a;B; > ¢y,
and using assumption (€) (iii), we have for all z € (0, a;)

—oi(, 0, f(2))0; f(x) + Hy(z, f(x),0.f(x)) = Hi(x,0+ Biz,B;) > Hi(x, Bix, B;)

+ Cxl > Hi(x,Bix,B;))+ K, > 0.

We then get that for each i € {1...1}, x € [0, ], uf(x) < 0 + B;x. A Taylor expansion
in the neighborhood of the junction point gives that for each i € {1...1}, 9,u%(0) < B;.

Since u?(0) > b, we then get from assumption (€) (i):
F(’(0),0,u°(0)) < F(b,B) < 0.

Similarly, fixing:

K;
0 < I {_bi_ il — aiBi| — Z},
< min =il = 10il = laiBil = &
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the map f : x — 6 + xB; is a sub solution on each vertex J of (21), then for each
ie{l...1}, 0,uf(0) > B;, which means:

F(u?(0),0,u°(0)) > 0.

From Proposition [B] we know that the real maps 6 + u%(0) and 6 +— 9,u(0) are
continuous. Using the continuity of F' (assumption (£)), we get that § — F(u%(0), 8,u’(0))

is continuous, and therefore there exists 8* € R such that:
F(u” (0),0,u°(0)) = 0.

We remark that 6* is bounded by the data, namely 6* belongs to the following interval:

[ min { — |bi| = |¢s| — |aiBi| — Sup(x’u)E(O’G%LHi(m7Bix’Bi)‘ },

ie{l...I}

: . . SUP (4 u)€(0,q;) [Hi(z,Biz,Bi)|
z‘e%?%}{‘w + [l + |aiBi] + Cn } ]

This completes the proof. Finally, since the solution u’" of (@) is unique, we get the

uniqueness of 6*. O
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