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Abstract

A topological (commutative) ring is said to be rigid when for every
set X, the topological dual of the X-fold topological product of the
ring is isomorphic to the free module over X. Examples are fields with
a ring topology, discrete rings, and normed algebras. Rigidity trans-
lates into a dual equivalence between categories of free modules and
of “topologically-free” modules and, with a suitable topological tensor
product for the latter, it lifts to an equivalence between monoids in this
category (some suitably generalized topological algebras) and coalge-
bras. Several notions of topological semisimplicity for these (commu-
tative) monoids are introduced, and over an algebraically closed field
k, with a ring topology, all these notions, in addition to cosemisim-
plicity for coalgebras and classical Jacobson semisimplicity, are proven
to coincide. Accordingly this leads to the new rigidity result that the
function algebras of k-valued maps defined on a set, with the topology
of simple convergence, are the only topologically semisimple monoids.
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1 Introduction

In this presentation a (Hausdorﬂﬂ) topological field (k,7) is said to be rigid
when for every set X, the topological dual ((k,7)%)" of the X-fold topo-
logical product (k,7)¥ is isomorphic to the vector space k(X of finitely-

supported k-valued maps defined on X (i.e., those maps X ER k such that
for all but finitely many members of X, f(x) = 0). Roughly speaking, this
means that the topological dual of (k,7)% does not depend on the field
topology 7 and which only really matters, is the fact that it has a product
topology. This is essentially the main result of [I8] (where it is established for

! All topologies will be assumed separated.



division rings instead of fields) of which this contribution is a continuation,
in the commutative setting.

Actually this topological property of rigidity is shared by more general
topological (commutative unital) ringsﬂ than only topological fields (a fact
not noticed in [I8]). For instance any discrete ring is rigid in the above sense
(see Lemma p. . And even if not all topological rings are rigid (see
Section for a counter-example), many of them still are (e.g., every real
or complex normed commutative algebra).

It is our intention to study in more details some consequences of the
property of rigidity for arbitrary commutative rings in particular for some of
their topological algebras. This is logically performed in two steps. In the
first step, which is carried out from Section [2] to Section [5] the basic ingre-
dients, needed for the second step, are set up. The second step — Sections [0]
and [7| — concerns some issues of (topological) semisimplicity for topological
algebras over a commutative rigid ring.

The content of the first step is as follows. So far, for a topological ring
(R,7), rigidity reads as ((R,7)%)" ~ R™X) (here, and everywhere else, R
stands for the canonical left R-module structure on the underlying abelian
group of R) for each set X. Suitably topologized (see Section , the
algebraic dual (R*))* turns out to be isomorphic to (R,7)~. Accordingly
rigidity leads to a one-one correspondence between free R-modules RO
and topological (R, 7)-modules of the form (R, 7)%, said to be topologically-
free. In this contribution one observes that topologically-free modules are
particularly nice since they have topological bases which play a réle similar
to linear bases of free modules (or vector spaces) and make them quite easy
to handle.

More appropriately the above correspondence may be upgraded into a
dual equivalence of categoriesﬂ between free and topologically-free modules
(Theorem p. in Section {4)) under the algebraic and topological dual
functors. (A similar interpretation of the main result [I8, Theorem 5, p. 156]
was given in the quoted reference as a dual equivalence between some cat-
egories of (topological) bimodules over a topological division ring. At this
point what is new in this contribution is a similar interpretation for arbitrary
(commutative) rigid rings.)

It is also worth mentioning at this stage that as a consequence not only
one recovers a result of J. Dieudonné [§] namely that for a field K, the category

2In this contribution, every ring is assumed non-trivial, commutative and unital (see
Conventions .

3By dual equivalence is meant an equivalence between a category C and the opposite
D of another.



of vector spaces over K is equivalent to the dual of that of linearly compact
vector spaces since these are nothing but topologically-free vector spaces
over k with its discrete topology (this was already noticed in [18]), but also
that the category of linearly compact K-vector spaces is equivalent to any
category of topologically-free (K, 7)-vector spaces, with 7 a ring topology on
k (Section , p. . We take advantage several times of this opportunity
we have to replace a ring topology 7 on a field by the discrete topology (in
particular when we study the relations with dual coalgebras and the notions
of topological semisimplicity, see below).

Under the rigidity assumption, the aforementioned dual equivalence en-
ables to provide a topological tensor product &g ) for topologically-free
(R, 7)-modules by transporting the algebraic tensor product ®g along the
dual equivalence. It turns out that @ . is (coherently) associative, com-
mutative and unital, i.e., makes monoidal the category of topologically-free
modules. Not surprisingly the above dual equivalence remains well-behaved,
i.e., monoidal, with respect to the (algebraic and topological) tensor products
(Proposition p- and Theorem p. in Section .

The reason for this monoidal approach is twofold: On the one hand it
makes it possible to consider monoids in these tensor categories and on the
other hand such a category-theoretic treatment makes it easy and plainly
accessible relationship with some dual objects, namely the comonoids or
coalgebras, just by “reversing the arrows”.

Let’s take the time to be a little more specific here. Monoids in the ten-
sor category of topologically-free modules form a particular kind of suitably
generalized topological algebras or, more generally algebras with a separately
continuous multiplicationlﬂ (see Section p. to which one simply
refers to as “monoids” in the continuation of the Introduction, while monoids
in the dual category of free modules are coalgebras (with a free underlying

modul, i.e., modules C together with a “comultiplication” C o C®RrC and
a “counit” C' > R satisfying axioms which are formally dual to associativity
(for the multiplication) and to the defining property of a (two-sided) unit.
Under the rigidity assumption, the dual equivalence between topologically-
free and free modules, because it is monoidal (see above), has the nice feature
to induce a dual equivalence between monoids and coalgebras (Corollary
p. . Thus one has two constructions: a topological dual coalgebra of a
monoid (in the tensor category of topologically-free modules) and an alge-

4For the exposition, in this Introduction one does not make any more distinction be-
tween topological algebras and algebras with a separately continuous multiplication.
SOf course, this is automatically fulfilled when the base ring R is a field.



braic dual monoid of a coalgebra, and these constructions are inverse one
from the other (up to isomorphism).

There already exists a standard duality theory between algebras and coal-
gebras, over a field, known as finite duality (see Appendix p- but
contrary to our “topological duality” it is merely an adjunction, not an equiv-
alence. One discusses how these dualities interact (see Section p.
and in particular one proves that the algebraic dual monoid of a coalgebra
essentially corresponds to its dual in the finite duality sense (Section
p. , that over a discrete field, the topological dual coalgebra of a monoid
always is a subcoalgebra of the finite dual coalgebra of its underlying algebra
(see Section , p. , and furthermore that they are equal exactly when
finite duality provides an equivalence of categories (Theorem p- .

This is pretty much what the first step of our study contains. It is now
time to address the second step. Again over a discrete field, our topological
duality between monoids and coalgebras induces a one-one correspondence
between the closed ideals of the former and the subcoalgebras of the latter,
which in particular restricts to a bijection between closed maximal ideals and
simple subcoalgebras (see Section@, p. . Because of the discrete base field
it seems to be quite restrictive, but due to the above dual equivalence, still
we have the opportunity to replace the discrete topology by a ring topology
on the base field.

This nice relation is involved in the last part of the paper (Section
p- which deals with different notions of (topological) semisimplicity over
a field k with a ring topology. Roughly speaking ring-theoretic (Jacobson)
semisimplicity depicts the function algebra behaviour of a commutative alge-
bra. Indeed, any commutative algebra A admits a canonical ‘representation”
as a function algebra on its “spectrum” spec(A), i.e., a conveniently chosen
set of ideals (for instance all maximal ideals, or all closed maximal ideals for

Banach algebras), namely A A Tespec(A) A/I. An algebra is semisimple
precisely when this representation is one-to-one.

For a commutative monoid over topologically-free (k,7)-vector spaces
(recall that it corresponds to a certain kind of topological commutative
(k, 7)-algebras), there are several possible approaches for semisimplicity. The
most direct consists of declaring semisimple those monoids whose underlying
algebra (essentially obtained by forgetting the topology) is semisimple. Con-
sidering the topology too, by taking all closed maximal ideals for the spec-
trum, leads to the notion of topological semisimplicity (see Section
p- . Still more specialized, inspired by Gelfand’s work on C*-algebras,
one may only consider the kernels of continuous characters (i.e., continuous



algebra maps from the monoid to the base topological field) as a spectrum,
and this provides the notion of Gelfand semisimplicity (see Section
p- . Finally using our dual equivalence one has access to the concept of
cosemisimplicity of the topological dual coalgebra (Appendix p- .
These different notions are not unrelated since one immediately observes
that Gelfand semisimplicity implies topological semisimplicity which in turn
entails semisimplicity of the underlying ordinary algebra.

By the Fundamental Theorem (Appendix p. , coalgebras es-
sentially are, at least locally, finite-dimensional because any finite subset
spans a finite-dimensional subcoalgebra. This property should be reflected
in some way, along our dual equivalence, for monoids in the tensor category
of topologically-free (K, 7)-vector spaces. In fact over a discrete field, the
closed maximal two-sided ideals of a monoid are finite-codimensional, and
furthermore when the field is algebraically closed and the monoid is com-
mutative, they even all have codimension one (Theorem p. . This
observation is directly related to Gelfand semisimplicity through the kernels
of continuous characters (Proposition p. , and has for consequence
the equivalence between Gelfand semisimplicity and topological semisimplic-
ity (Corollary p. for a discrete algebraically closed field.

Because the categories of topologically-free vector spaces are equivalent
for all ring topologies on the same field, and in particular for the discrete
topology, all of this interact in Theorem (p. where, for an alge-
braically closed field k with a ring topology 7, is established the equivalence
between all the above notions of semisimplicity. As a last and direct conse-
quence this leads to a new topological rigidity result: there is one, and only
one, kind of (Gelfand or topological) semisimple commutative monoids in the
tensor category of topologically-free (K, 7)-vector spaces, namely the X-fold
topological products (K, 7)%X of the beginning of the Introduction, for vary-
ing set X, together with the point-wise multiplication, i.e., the algebra of all
functions from X to kK with the topology of simple convergence. This extends
the result from algebra that any Jacobson semisimple finite-dimensional com-
mutative algebra over an algebraically closed field k, is canonically isomor-
phic to an algebra of k-valued functions defined on a finite set.

Some remarks on the presentation

As illustrated above, this contribution about topology and its applications
to algebra essentially is at the confluence of two domains, topological alge-
bras and coalgebras. Moreover the language of category theory is adopted,
not only for the exposition, but more soundly for the theory of monoidal



categories which brings the fundamental tools and results we need to deal
with (co)algebras.

The intention of the author is to make this presentation accessible to
readers who, even familiar with categorical language, are not necessarily
specialists in the theory of monoidal categories or in that of coalgebras. It
follows that category-theoretic notions beyond the standard ones, as well as
definitions and results on coalgebras, will be put together in the Appendix.
In this way, the reader is not obliged to refer to the specific literature. Fur-
thermore many proofs concerning monoidal categories basically consist in
checking that some diagrams commute. They are sometimes tedious and
provide only a minimal understanding. There are thereby all postponed into
a specific Appendix to which the reader may refer if desired.

Of course, it results a long paper and the author’s belief is that it is
the reasonable price to make the presentation directly accessible for a large
audience.

2 Conventions, notations and basic definitions

This section introduces the conventions adopted in the text as well as the
most basic ingredients (e.g., function algebras, algebraic and topological dual
functors) needed for the presentation. It also gives the opportunity to recall
that other notations and definitions (e.g., names of some categories such as
Set, Modg, Algg, etc.) are provided in the Appendix (p-[85)). The reader
should refer to this Appendix for the standard categorical notions used in
the presentation. An index of notations and notions is also available at the
very end of this contribution.

2.1 Conventions

Let us mention the conventions which are applied hereafter.

1 Conventions 1. Ezxcept as otherwise stipulated, all topologies are Haus-
dorff, and every ring is assumed non-trivial (i.e., distinct from the triv-
ial ring (0) ), unital and commutative. (To the contrary an algebra over
a ring won’t be assumed commutative nor unital or even non-trivial,
but associative.)

2. For a ring R, R denotes both its underlying set and the canonical left
R-module structure on its underlying additive group. Likewise if A
is an R-algebra, then A is both its underlying set and its underlying



R-module. The unit of a ring R (resp., a unital algebra A) is either
denoted by 1g (resp. 1a) or simply by 1. The bilinear multiplication
will be denoted mg(xz,y), ma(xz,y), m(z,y), by jurtaposition xy or
even using an ad hoc notation.

3. A ring map (or morphism of rings) is assumed to preserve the units.

4. A module M over a ring R is actually a um’taﬁ left-R-module, and
when R is a field — usually denoted K — it is called a vector space.

5. Let X be a set, let (E;,7:), © € X, and (F,0) be topological spaces.

That a map [1yex Ex EN F' s continuous means that it is continuous
from the product topological space [1yex (Ex,Tz), i-¢., [1, Fx with the
product topology, to (F,o).

6. When all (E,,7;)’s are equal to the same topological space (E,T), then
the X-fold topological product [1yex (Ez,Tz) 18 canonically identified
with the set EX of all maps from X to E equipped with the topology
of simple convergence, and is denoted by (E,7)~. Under this iden-
tification, the canonical projections (E,T)% Iz, (E,T) are given by

7.(f) = f(z), xe X, fe EX.

7. Given a topological space (E,7) and x € E, U (g ) (x) is the set of all
neighborhoods of x.

2.2 Topological rings, modules and algebras

2 Definition Let R be a ring, and let T be a (Hausdorff, following our con-
ventions) topology on (the carrier set of) the ring. It is said to be a ring
topology when the structure maps of the ring, namely addition (z,y) — z+y,
multiplication (x,y) — m(x,y), and opposite x — —x, are continuous. By
topological ring (R, 7) is meant a ring together with a ring topology T on it.
(In view of Convention @ the multiplication of a topological ring is jointly
continuous.) By a field with a ring topology, denoted (K,7), is meant a
topological ring (K, 7) with K a field. A topological field is a field with a ring
topology (K, T) such that the inversion o = o' is continuous from K~ {0}
to itself with the subspace topology.

3 Example A ring R with the discrete topology d is a topological ring. Ac-
tually the multiplication Rx R "% R is even uniformly continuous. (Indeed,

mr({0} x R) +mr(Rx{0})={0}.)

5This means that 1zz =z for all z € M.
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Let (R, 7) be a topological ring.

1. A pair (M,o) consisting of a (left and unital) R-module M and a
topology o on M which makes continuous the addition, opposite and
scalar multiplication R x M — M, is called a topological (R, T)-module.
Such a topology is referred to as a (R, 7)-module topology. In particular,
when R is a field k, then this provides topological (K, T)-vector spaces.

2. Given topological (R, 7)-modules (M,0o),(N,v), a continuous (R, 7)-

linear map (M, o) EA (N,7) is a R-linear map M 7, N which is contin-
uous. Topological (R, 7)-modules and these morphisms form a category
TopMod g ;y, which is denoted TopVect, ,y, when K is a field.

3. A pair (A,0), with A an R-algebra, and o a topology on A, is a topo-
logical (R, T)-algebra, when o is a module topology for the underlying
R-module A, and the multiplication of A is a bilinear (jointlyIZI) contin-
uous map. A topological (unital, commutative and non-trivial) (Z,d)
-algebra thus is a topological ring.

4. Given topological (R, 7)-algebras (A,0),(B,7), a continuous (R,T)-

algebra map (A, o) ER (B,7) is a R-algebra map A ER B which is also
continuous. Topological (R,7)-algebras with these morphisms form
a category TopAlg g ;). One also has various full subcategories (cf.
Appendix p- such as e.g., 1TopAlg ), - TopAlg ) and
1, TopAlg g ;) of topological unital, resp. commutative, resp. unital
and commutative algebras. (In the categories of unital algebras, the
morphisms are assumed unital, i.e., they preserve the units.)

4 Remark Following Convention it is clear from the above definitions,
that any non-trivial commutative and unital (topological) algebra has an un-
derlying (topological) ring (obtained by forgetting the scalar action).

5 Remark For each topological ring (R,7), one has obvious forgetful and

" At some point (see Section[5.3.2.3] p. one notwithstanding derogates from our con-
ventions by considering “topological algebras” with a separately continuous multiplication,
called “separately continuous algebras”. See also Appendix E, p. @

11



embedding functors which make commute the following diagram.

1 TopAlg . 1Algg (1)

~ e

I,CTOPAlg(R,T) - l,cAlgR

! !
cTOpAlg(R,T) — cAlgR\‘

TopAlgr ;) Algg

-

TopMod g ;) — Modpg

6 Example (R, 7) is a topological (R,T)-module and the topological ring
(R, 7) with the previous module structure, is a topological (R, T)-algebra.

7 Remark A R-module (resp. R-algebra) with the discrete topology d is a
topological (R,d)-module (resp. (R,d)-algebra).

The following construction (see e.g.,[0] 23]) will be useful in what follows.

8 Definition Let (R, 7) be a topological ring, and let M be a R-module (resp.
R-algebra). Let F = (M EN My) ter be a family of R-linear (resp. R-algebra)
maps, and for each f e F, (Myg,0) is a Hausdorff topological (R, T)-module
(resp. (R,7T)-algebra). The coarsest topology 'p on M that makes the maps
of F' continuous is called the initial topology induced by F. It is a not
necessarily Hausdorff (R, 7)-module (resp. (R, T)-algebra) topology, and is
Hausdorff when F separates the points of M, i.e., when for each x #y in M,
there is a map f € F such that f(z) + f(y).

A fundamental system of neighborhood of zero for the above topology !r
consists in the sets Myfea f_l(Uf), where A ¢ F'is a finite set, and Uy is an
open neighborhood of zero in (My,of). Moreover a R-linear map (resp. R-

algebra map) (N, o) Z, (M, F) is continuous if, and only if, for each f € F,
(N,o) ERA (My,0y) is continuous.

2.3 Restriction of scalars
Let (R,7) and (S, o) be topological rings, and let (R, 7) EN (S,0) be a con-

tinuous ring map. It may be used to transform a topological (S, o)-module
into a topological (R, 7)-module by restriction of scalars along f.

12



In details, let (M,~) be a topological (S,o)-module. There is a scalar
action of R on M given by a-v := f(a)v, a« € R, v € M (where by juxtaposition
is denoted the scalar action S x M — M). Furthermore this action is again
continuous (by composition of continuous maps).

Let f*(M,~) be the topological (R, 7)-module just obtained. At present
let (M,~) 2 (N,7) be a continuous (S,)-linear map. g is also R-linear
because of g(a-v) = g(f(a)v) = f(a)g(v) = a-g(v), and thus provides
a continuous (R,7)-linear map f*(M,~) 2, f*(N, 7). All this results in

a functor TopMod s ) EAN TopMod g ;y of restriction of scalars along f
(here f* should not be confused with the image of f by the algebraic dual
functor (see below)).

2.4 Example: X-fold product and finitely-supported maps

More than just examples, the algebras of all functions from a set to a topo-
logical base ring, and the free modules play a fundamental réle in this con-
tribution and so deserve some attention.

2.4.1 (Topological) module structures

Let R be a ring, and let X be a set. It is possible to consider the R-module
R¥ of all maps from X to R. It may be equivalently defined as the X-fold
power of R in the category Modg. Therefore it is the object component of a

P
functor Set®® —> Modg whose action on maps is as follows: given X Ly
and g€ R, Pr(f)(9) =go f.
Actually when the base ring is topological, then R itself may be given
a somewhat natural topology (see Example [9 below).

9 Example Let (R,7) be a topological ring and let X be a set. The X -fold
topological product (R, )X of the topological (R, T)-module (R,T) is actually
an instance of the more general construction given in Definition[8, obtained
by taking for F' the family of all projections (RX = R)zex, ma(f) = f(2),
feRX.

Let R be a ring and let X be a set. Let x € X. Then, 55, or simply 9,
is the member of R¥ given for y € X, by

R, \_ | 1Ir ifz=y
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6R
10 Remark Because R is assumed non-trivial, the map X —> RX, z — 8,,

1s one-to-one.

Let f € RX. The support of f is the set supp(f) == {x € X:f(x) #0}. Let
R™) be the sub-R-module of RX consisting of all finitely-supported maps (or
maps with finite support), i.e., the maps f such that supp(f) is finite.

R&X) is actually the free R-module over X, and a basis is given by { (55: T €
X}

11 Notation Let R be a ring and let X be a set. Let x € X, and define
Py = R & RX Iz, R, where R & RX s the canonical inclusion.

12 Remark 1. The construction RX) is functorial in the set X . Indeed,
let Set 1% Modg be the functor given by Fr(X) = R, and for
xLy per®,

FR(f)(p):Z( > p(ﬂs))%R-

yeY \zef1({y})
In other words, Fr(f)(0R) = 5?(1)7 reX.

RXO being free means in category-theoretic terms, that Fr is a left
. o%

adjoint of the obvious forgetful functor Modgr |—> Set. The map X —
IR (Remark@ 1s the component at X of the unit of the adjunction
Fr |- |:Set > Modg.

2. The construction of (R, 7)™ is also (contravariently) functorial in X.
P T
Let Set®® —=7, TopMod g -y be given by Pr ) (X) = (R,7)~, and

Prr(f)(g)=gof, X EN Y, ge RY. In other words, for each x € X,
7z © PRy (f) = Tf(a) (which also ensures continuity of Pry(f)). Of
course, the following diagram commutes (where the unnamed arrow is
the obvious forgetful functor).

op PR
Set°® —— TopMod g ;) (2)
1
r MOdR

14



2.4.2 Algebra structure

Given a ring R, and a set X, R is merely not just a R-module but, under

M
point-wise multiplication RX x RX =% R¥X | a commutative R-algebra, the
function algebra on X, denoted Ar(X), with unit 14,(x) = Xzex SR,

13 Remark Ag(X) is functorial in X because for X ER Y,g,heRY,zeX,
(Pr(f)(gh)) (@) = ((gh)ef)(x) = g(f(x))h(f(x)) = (Pr(f)(9)Pr(f)(h)) ().

A
This provides a functor Set°® —> 1,cAlgg.

14 Notation Let X # @ (in order to consider non-trivial rings). The un-
derlying ring of AR(X) is denoted RX. Of course, 1gx = ¥ yex OX.

15 Lemma (R, 7)% x (R, 7)% Mx, (R, 7)X is continuous. In consequence
AR (X) = ((R,7)%, Mx,1gx) is an object of 1, TopAlg g ).

Proof: The multiplication RX x RX Mx, R¥ is continuous since for each
x € X, mpoMx = mgro (my x ;). Indeed, this equation directly implies
separate continuity in each variable of Mx (because so is mg), and given a
finite subset A € X and for each z € X, an open neighborhood U, of zero in
(R, T), by continuity of mg at zero, there are neighborhoods of zero V,, W,
such that mg(Vy, W) € Uy, and thus Mx(Naea Ty’ (Vie), Nuea my  (Wy)) €
Naea T, (Uz) which ensures continuity of Mx at zero, and thus by [23]
Theorem 2.14, p. 16|, M is continuous. m|

16 Remark Here again, AR ,)(X) is functorial in the set X as it readily
follows from Remarks and . Besides Diag. (@ may be completed into
the following commutative diagram with unnamed arrows the obvious forgetful
functors.

1 TopAlgr ) — 1,cAlgr (3)
®Re7)

AR

Set°P l
’ M

TopMod g odgr

17 Notation Let X # @. The underlying topological ring of Ay (X) is
denoted (R,7)X. (It of course coincides with the X -fold product of (R, T) in
the category of topological Tings.)
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2.5 Recollection of results about algebraic and topological
duals

2.5.1 Algebraic dual functor

Let R be a ring. Let M be a R-module. Let M* := Modgr(M, R) be the

algebraic (or linear) dual of M. This is readily a R-module on its own.
When (R, 7) is a topological ring, then M* may be topologized with the

initial topology wéR’T), called the weak-* topology, induced by the family

Ay (v
(M~ Aarle), R)yenr of evaluations at some points, where (Aps(v))(€) := £(v).

This provides a structure of topological (R, 7)-module on M*, which is even
Hausdorff (since if ¢(v) = 0 for all v € M, then ¢ =0).

Moreover given a linear map M ER N, N* EAN M* b f*(0):=Lo f,is
continuous for the above topologies. Consequently, this provides a functor

Alg g -
1\/Iod‘;’{p N TopMod g ;y called the algebraic dual functor.

18 Remark M™ or f* stand for Algr (M) or Algr)(f)-

Up to isomorphism, one recovers the module of all R-valued maps on a
set X, with its product topology, as the algebraic dual of the module of all
finitely-supported maps duly topologized as above.

19 Lemma For each set X, (R,7)~ = Alg(R,T)(R(X)) (in TopMod g )
under the map

px: (R, 7)Y = (RU)* wig )
given by (px (£)(p)) := Tpex p(z) f(2), f e RY, pe R,

Proof: Let £ € (R™))*. Let us define X LR by U(z) = £(8), © € X.
That the two constructions are linear and inverse one from the other is clear.

It remains to make sure that there are also continuous. Let (€ (R(X ))*,
and let € X. Then, m,(¢) = {(x) = £(6;) = (AR (6z))(£), which ensures

continuity of ((R(X))*,w(*R’T)) p_}}) (R,7)%. Let f ¢ RX, and p ¢ R(Y).
As (Ageo (P))(px () = (px ())(D) = Zoex p(@) f(2) = Epex m(p) f(x) =

Yeex Tz ()T (f), A (p) o px is a finite linear combination of projections,
whence is continuous for the product topology. In conclusion, (R,7)* X,

((R(X))*,wELR T)) also is continuous. ]
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20 Definition Let M be a free R-module. Let B be a basis of M. This

defines a family of R-linear maps, the coefficient maps (M LR R)pep such
that each v € M is uniquely represented as a finite linear combination v =
Ypep 0 (v)b. One denotes FreeModg the full subcategory of Modg spanned
by the free modules.

21 Remark When K is a field, FreeMody is just Vecty itself.

22 Example For each set X, {0R:x € X} is a free basis of R and
=63, x € X (see Notation[11] p.[1]).

23 Remark Given b,d € B, b*(d) = 0p(d). In particular, B AN B* =

{b*:be B} is a bijection.

Given a free R-module, any choice of a basis makes it possible to define a
module topology on the algebraic dual: given a basis B, let II; be the initial

Aps(b)

topology on M* induced by the evaluations (M* R)pep. (In view of

Remark this is clearly a Hausdorff topology.)

24 Lemma Let M be a free R-module. The topology 11 is independent of
the choice of the basis B of M since it is equal to wER e Moreover, for each

basis B of M, (M*,wE’R 7_)) ~ (R,7)B (in TopMod g ).

Proof: Let us assume that B is a basis of M. By construction it is clear
that the initial topology induced by (Aps(b))pep is contained into w(*R,T).

Conversely for each v € M, v = ¥ .x b*(v)b uniquely, where all but
finitely many b*(v)’s are zero. Given £ € M*, (Apr(v))(£) = (Xpep b*(v)b) =
Ypep 0 (0)(b) = Xpep b (v) (Anr(b))(€) so that Aps(v) is a finite linear com-
bination of some As(b), whence is continuous from (A *,II%) to (R, 7), and
therefore this topology contains wy, Rr

The last assertion is due to Lemma ! by functoriality of Algr). O

2.5.2 Topological dual functor

Let (R,7) be a topological ring, and let (M,o) be a topological (R,7)-
module. Let (M,0)" := TopMod g -y ((M, o), (R,T)) be the topological dual
of (M,o0). Tt is itself a R-submodule of M*.

Let (M,U) (N,v) be a contlnuous (R, 7)-linear map between topo-

logical modules. Let (N,v)" — (M,0)" be the R-linear map given by
[0 = to f
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TOp(R,T)

All of this evidently forms a functor TopMod(()E M

Let (R, 7) be a topological ring, and let X be a set. Let R(Y) 2x, (RX)*

be given by (Ax(p))(f) = Lpex p(2) f(2), pe R, f e RX.

Let px be the map introduced in Lemma . Then, for each p ¢ R(X),
Ax(p) = Apx)(p) o px, which ensures continuity of Ax(p), i.e., Ax(p) €
((R.7)Y).

MOdR.

25 Lemma Let (R,7) be a topological ring, and let X be a set. Then

RO X, ((R,7)X)" is one-to-one.

Proof:  Assume p € ker A\x, then in particular for each x € X, p(z) =
(Ax(p)(d:)) =0. Whence p = 0. ]

3 Rigid rings: definitions and (counter-)examples

The term of rigidity to which the title of the present contribution refers, was
originally introduced in [I8] as a part of the title of the quoted reference.
The corresponding notion of rigidity, recalled at the beginning of the In-
troduction, was originally but only implicitly introduced in [18, Theorem 5,
p. 156] as the main result therein. Nevertheless the possibility that the con-
clusion of this result could remain valid for more general topological rings
than topological division rings was not noticed. This is the reason why no
explicit definition of a rigid ring was provided then. Since a large part of
this presentation is given for arbitrary rigid rings (Definition 27| below), one
here provides a stock of basic examples.

3.1 Duality pairing
Let R be a ring, and let X be a set. Let us define a R-bilinear map, called

('7‘)X

the duality pairing, R x RX 25, R by
(. f)x = ), p(x)f(x)

xeX

(which is a sum with finitely many non-zero terms since p is finitely-supported).
This R-bilinear map is non-degenetate, i.e., (p, f)x = 0 for each p e R(X)
implies that f =0, and (p, f)x = 0 for each f ¢ RX implies p = 0.

1. The one-to-one linear map R(X) Ax, ((R,7)*)" from Lemma [25| is
related to the pairing by (Ax(p))(f) = (p, f)x, which implies that
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(-,-)x is separately continuous in its second variable, when its first
variable is fixed.

2. The isomorphism py:(R,7)* = ((R(X))*,wE‘R T)) from Lemma
p. is also connected to the pairing by (px(f))(p) = (p, f)x.

3.2 Rigid rings: definition

26 Lemma Let (R,7) be a topological ring, and let X be a set. For each
feRX, (f(2)8z)zex is summable in (R, )X with sum f.

Proof: According to [23, Theorem 10.10, p. 76| it suffices to check that for
each z € X, (m,(f(2)dz))zex is summable with sum 7.(f) = f(2) in (R, 7).
But since 7, (f(x)d,) = f(x)d(z) this is obvious. ]

27 Definition Let (R,7) be a topological ring. It is said to be rigid when

for each set X, R Ax, ((R,7)%)" is an isomorphism in Modg, i.e., Ax
1s onto. In this situation, one sometimes also called rigid a ring topology T
such that (R,T) is rigid.

By a rigid field (K, 7) is meant a field K with a ring topology T, which is
rigid as a topological ring.

28 Lemma Let £ ¢ (R, 7)X)". e im(\x) if. and only if, /: X > R given

by £(z) = €(3,), belongs to RX). Moreover, im(\x) 9, RX) 0 i =
Yoex U(02)0z, is the inverse of Ax.

Proof: Let /e ((R,7)%) such that 7€ R, Then, Ax(#) = ¢, and thus £ €
im(Ax) since for f e R*, (Ax(0))(f) = Tpex £(0:) f(2) = U(Zpex f(2)ds) =

¢(f) (Lemma [26)).
Let £ € ((R,7)%)" such that £ € im(\x). Let p, ¢ R with Ax(pg) = €.

Then, for each z € X, £(0;) = (Ax(pe))(0z) = X.ex Pe(2)02(2) = pe().
Whence ¢ = py € R,
The last assertion is obvious since Ax is known to be one-to-one. ]

3.3 Rigidity and finite powers

Let (R,7) be a topological ring. Remember from Section (p. that
for each set I, the I-fold topological product (R, 7)! of the underlying topo-
logical module of (R, 7) inherits from the latter a structure of a topological
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(R, 7)-algebra A(g ;)(I) under component-wise multiplication and with unit
1A(R,T)(1) = Yiel 5ZR‘

Let us assume that I # @ so that the underlying ring (R, 7)! (Notation
p. of Ar)(I) is non-trivial (Convention , p. @

Any topological (R, 7)’-module is also a topological (R, 7)-module under

restriction of scalars (see Section D along the unit map (R,7) - (R,7)?,
nr(1r) = 1gr, which of course is a ring map, and is continuous (because
nr(a) =mgr(ni(a),1gr), o€ R.)

Let X be a set, and let £ ¢ (((R,7)))X), ie, (R,7))X 5 (R,7)!
is continuous and (R, 7)-linear, and by restriction of scalar along 7y it is
also continuous and (R,7)-linear. Therefore for each i € I, ((R,7)!)% 4
(R,7)" =5 (R, 7) belongs to the topological dual space of ((R,7)")¥ seen
as a (R, 7)-module.

Let us assume that (R, 7) is rigid. Then, by Lemma supp(m; o 0) is
finite for each i € I. One may also define X LRI by () = 6(551), reX,
and thus supp(?) = {z € X:0(5R') #0} = {x e X:Fi e I, L(sR')(i) #0} =
{zeX:Tiel, m(LOR)) # 0} = User supp(m; o). Whence if I is finite,
then supp(é) is finite too, and (R, 7)! is rigid.

29 Proposition Let (R,7) be a rigid ring. If I is finite and non-void, then
(R, 7)! is rigid too.

When 1 is infinite, then (R, 7)! never can be rigid as shown in Section
below (p. [25)).
3.4 Basic stock of examples

Several examples of rigid rings are now presented.

3.4.1 A field with a ring topology

The first assertion of the following result is a slight generalization of the
main theorem in [18] (which is precisely the second assertion below).

30 Lemma Let (k,7) be a field with a ring topology (see Deﬁm’tion@ p. @)
Then, (K, 7) is rigid. In particular, any topological field is rigid.

Proof: Let £ ¢ ((k,7)X)". Let f e kX. By Lemma (f(2)0z)zex is
summable in (K,7)% with sum f, and by (linearity and) continuity of ¢,
(f(2)0(3;)), is summable in (k,7) with sum £(f). Let f; € k* be given

20



by fo(x) = £(6;)7", when £(6;) # 0, and fo(x) := 0, when ¢(d,) = 0. In this
situation, f(2)0(8,) = 1k for all z € supp(¥) (see Lemmafor the definition
of é) Now let U € Uy -(0) such that 1x ¢ U. By [23, Theorem 10.5, p. 73|,
since (fe(x)€(0z) ), is summable, for all but finitely many z’s, fy(2)¢(d,) € U.
By definition of f;, there are thus only finitely many z’s with fy(2)¢(d,) = 1k
which means that £ € k(X) | so that (K, 7) is rigid by Lemma ]

3.4.2 Discrete rings

There are also rings that are not fields, but still they are rigid. The most
obvious is given below.

31 Lemma For each ring R, the discretely topologized ring (R,d) is rigid.

Proof: Let £ € ((R,d)*)". For each f e RX, according to Lemma
(p-[19), (f(2)0(62))gex is summable in (R,d), with sum ¢(f). Since {0}
is an open neighborhood of zero in (R,d), f(z)f(é;) = 0 for all but finitely
many = € X (|23, Theorem 10.5, p. 73]). One may apply this result to
f = Y,ex 0z € RY, which implies that £(d,) = 0 for all but finitely many
z € X so that by Lemma [2§ (p. [19), Ax is onto. O

3.4.3 Normed algebras

Every normed, complex or real, commutative and unital algebra is rigid.
Thus so are any (unital and commutative) Banach and C*-algebras for in-
stance.

32 Lemma Let k=R,C. Let (A,|-]||) be a commutative normed k-algebrﬂ
with a unit, assumed non-trivial (1a #0). Then, as a topological ring under
the topology induced by the norm, it is rigid.

Proof: Let 7_j be the topology on A induced by the norm of A, where A
is the underlying k-vector space of A. Let X be a set. Let £ € ((A,T”,H)X)’.
Let f € AX. Then, by Lemma [26] (p. , (f(2)dz)zex is summable with
sum f, whence (f(2)€(0z))zex is summable in (A, 7_) with sum £(f). So
according to [23, Theorem 10.5, p. 73|, for € > 0, there exists a finite set
F. ¢ X such that ||f(2)0(d,)| < € for all z € X \ F.. Let f: X — A be given

®In a normed algebra (A, |-||), unital or not, commutative or not, trivial or not, the norm
is assumed sub-multiplicative, i.e., |zy| < ||z|||y|, which ensures that the multiplication of
A is jointly continuous with respect to the topology induced by the norm.
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by f(z) = mlA if © e supp(?) and f(z) = 0 for = ¢ supp(¢). Then,

1= |f(x)l(d,)]| for all z € supp(@). Let us assume that 0 < € < 1. Thus
according to the above, supp(¥) is finite, so Ax is onto by Lemma . O

3.5 A supplementary example: von Neumann regular rings
3.5.1 Basic results and examples

Let R be a ring. It is said to be von Neumann regular if for each x € R, there
exists y € R such that x = xyx [14, Theorem 4.23, p. 65].

Following our Conventions (1| (p. E[), any von Neumann regular ring is
assumed commutative, unital and non-trivial. It is worth noticing that com-
mutativity forces uniqueness of a “weak inverse”.

33 Lemma Let us assume that R is a (commutative) von Neumann reqular
ring. For each x € R, there is a unique y € R such that x = xyx and y = yxy.

Proof: For each z, there is at least one y which meets the requirement of
the statement of the lemma. Indeed, let y such that x = zyx. Let z := yxy.
So zzx = x(yry)r = (xyx)yx = zyr = ¢ and zxz = (yry)z(yry) = yrzay =
yxy = z. It remains to make sure of uniqueness. Assume ¥,z both satisfy
the statement. Thus, one has x = 2%y = 222, y = y%x and z = z%z. Therefore,

2= 2% = 222%y = (2%2) 2y = w2y = (2%y) 2y = (222)y? = 292 = y. ]

34 Definition Let R be a von Neumann reqular ring. For each x € R,
the member y of R such that ©r = xyx and y = yxy, whose existence and
uniqueness are guaranteed by Lemma[33, is referred to as the weak inverse
of z, and is denoted x.

35 Examples 1. Every field is a von Neumann reqular ring with x :=
z7', 240, and 07 = 0.

2. Every non-void direct product of fields is von Neumann regular: let K;
be a field for each i € I, let (x;)ier € [1ier Ki, then (xi)Ze[ = (:L‘Z),-d
provides the required weak inverse.

The following folklore result provides an important source of examples
of von Neumann regular rings.

36 Lemma Let (K;)icr be a non-void family of fields. Let R be a ring, and
let 3:R <= [T;er Ki be an embedding (i.e., a ring map which is one-to-one). Let
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us assume that for each x € R, 3(x)! € im(y), where (xz)f is defined as in
Ezample[58[4 Then, R is a von Neumann regular ring.

Proof: For each x € R. Let x* be the unique member of R such that
J(z*) = y(@)!. Because j(zx"x) = j(x)3(x")y(x) = y(2)3(x) s(x) = 3(x) and
gzt xar) = g(a)g(a)g(a*) = )(x) 9(2) () = y(2)t = y(2¥), 22’z = = and
x*zr* =x* in such a way that R is a von Neumann regular ring. O

One also provides the following definition for later.

37 Definition Let K be a field. Let A = (A,ma,1a) be a unital K-algebra.
It is said to be von Neumann regular when for each x € A, there exists y € A
such that © = zyx.

38 Remark The proof of Lemma[33 works as well after substituting the von
Neumann regular ring R by a commutative von Neumann regular (unital) K-
algebra A = (A,ma, 1a), and thus asserts the existence of a uniquely defined
weak inverse x! for each member x € A (i.e., x’zx’ = 27 and zaTx = x).

39 Example Let k be a field, and let X be a set. Then, Ax(X) (see Sec-
tion . is a commutative von Neumann reqular K-algebra with
f1=Yoex (f(@)16K, fekX, where af, for a ek, is as in Ezample ,

3.5.2 A sufficient condition for rigidity

40 Remark Let R be a von Neumann regular ring. For each x € R~ {0},
zx! #0 since 0 # x = zxlz. Moreover, for each x € R, = belongs to the set
E(R) of all idempotents (e? = e) of R since zaxlzal = zxl.

41 Proposition Let (R, 7) be a topological ring such that R is von Neumann
reqular. If 0 ¢ E(R)~N{0}, then (R,T) is rigid. In particular, if E(R) is
finite, then (R,T) is rigid.

Proof: That the second assertion follows from the first is immediate.

Let X be a set. Let us assume that 0 ¢ E(R)~ {0}. Let £ ¢ ((R,7)%)".
In particular, for each f € R, (f(2)0(0z))zex is summable in (R,7) with
sum £(f). Let V € B(g +(0) such that V n(E(R)\{0}) =@. By Cauchy’s
condition [23, Definition 10.3, p. 72|, there exists a finite set Afy ¢ X
such that for all = ¢ Ayy, f(x)0(d;) € V. Now, let us consider the case
where f is given by f(z) := £(6,)" for each x € X. Then, for each z ¢ X,
f(x)0(5,) = £(6,)10(5,) € E(R). Whence, in view of Remark for all but
finitely many ’s, f(2)0(6,) =0, i.e., £(d,) = 0. ]
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42 Remark One recovers Lemma P as a consequence of Propo-
sition by taking (R,T) to be a field (K,7) with a ring topology since
E(K) ={0, 1k }.

3.5.3 An application: Boolean rings

A Boolean ring is a ring B in which z? = x for all z € B. In other words,
E(B) = B. (According to our Conventions [I] (p. [0) one excludes the trivial
ring, even if it is usually considered as a perfectly correct Boolean ring.) It
is apparent that any Boolean ring is von Neumann regular (with z =z, for
each z).

43 Proposition Let (B,7) be a topological ring such that B is a Boolean
ring. 0 ¢ E(B)~{0} if, and only if, T = d. In other terms, a topological
Boolean ring is rigid if, and only if, its topology is discrete.

Proof: According to Lemma [31| (p. , (B,d) is rigid.

Conversely, by contraposition, let us assume that 7 # d. Thus {0} is
not open in 7, so that for each V' € g 4y(0), there exists x € B\ {0} with

x € V. Therefore, 0 e BN{0}=FE(B)~{0}. ]

3.5.4 An application: the box topology

Let (E;,7;)ir be a family of topological spaces. On [],.; E; is defined the
box topology [12, p. 107] a basis of open sets of which is given by the “box”
[Tic; Vi, where each V; € 1;, ¢ € I. The product [];.; F; together with the box
topology is denoted by [;er(Fs, 7). (This topology is Hausdorff as soon as
all the (F;,;)’s are.)

It is not difficult to see that given a non-void family (R;, 7;)ses of topolog-
ical rings, then [,y (R;, 7;) still is a topological ring (under component-wise
operations).

44 Proposition Let (K;)er be a non-void family of fields, and for eachi € I,
let 1; be a ring topology on K;. Let R be a ring with an embedding R —
[Tierki. Let us assume that for each x € R, 3(x)! € im(y), where (:BZ)Z is
defined as in Example [35]3 Let R be topologized with the subspace topology
7, inherited from [N;er(Ki, 7). Then, (R, ;) is rigid.

Proof: Naturally (2;)ir € E(IT;er Ki) if, and only if, z; € {0, 1k, } for each
i € I. Now, for each i € I, let U; be an open neighborhood of zero in (k;, ;)
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such that 1k, ¢ U;. Then, []; U; is an open neighborhood of zero in ;7 (K, 7;)
whose only idempotent member is 0. Therefore, 0 ¢ E([T;er ki) ~ {0}.
Under the assumptions of the statement, an application of Lemma
states that R is a (commutative) von Neumann regular ring. It is also of
course a topological ring under 7, (since 7 is a one-to-one ring map). It is
also clear that E(R) ~ E(y(R)) € E(I1;K;). Furthermore, 3(E(R)~{0}) =
E((R))~{0}ny(R)c E(TT;ki) ~ {0}, and thus 0 ¢ E(R) ~ {0} according
to the above discussion. Therefore, by Proposition (R,7)) isrigid. O

3.6 A counter-example

Let (R,7) be a topological ring, and let us consider the topological (R, 7)%-
module ((R,7)%)¥ for a given non—emptyﬂ set X. In order to avoid being
confused by the use of canonical projections of both (RX )X and R¥, the
former are momentarily denoted by II,: (R¥)* - R¥, while one retains the
denotation m,: RX — R for the latter.

Let us define a linear map (RY)¥ L (R, )X by setting £(f):x ~
(f(2)) (@), fe (R,

¢ is continuous. To see this, by definition of the topology on (R, 7
it suffices to check that for each z ¢ X, (RX)¥ L RY ™ (R,7) is con-
tinuous. But given f e (R*)X, m.(4(f)) = (f(2))(z) = 7m(11.(f)). In
other words, m, o £ = m, o II, which certainly is continuous. It follows that
Ce (((Rm)*)Y).

Now, for each = € X, (6(65X))(x) = 55)( (z) = 1gx, and in particular,
i(z) = E(émRX) # 0, which means that supp(¢) = X.

In consequence the following is obtained.

)X

45 Proposition Let (R,7) be topological ring, and let X be a non-empty
set. If X is infinite, then (R, 7)X is not rigid.

4 Recasting as an equivalence of categories

The purpose of this section consists to translate the rigidity condition (Def-
inition on a topological ring into a dual equivalence between some cat-
egories of (topological) modules. In a way similar to [I8], the equivalence
of categories will be given by the algebraic dual functor with equivalence

9X is assumed non-void to ensure that R¥ is a non-trivial ring as requires our Con-

vention |I|.|I|, p- E}

25



inverse the (opposite of the) topological dual functor (see Section [2.5), with
both functors conveniently co-restricted. Therefore, a first step in this di-
rection is to introduce the categories to prove equivalent, and actually just
one, namely the category of topologically-free modules (see below), since the
other is the category of free modules.

4.1 Topologically-free modules
4.1.1 Definition and characterization

46 Definition Let (R,7) be a topological ring. Let (M,o) be a topolog-
ical (R,7T)-module. It is said to be a topologically-free (R,7)-module if
(M,0) ~ (R, 7)Y, in TopMod g ;y, for some set X. Let TopFreeMod g -
be the full subcategory of TopMod gy spanned by the topologically-free
(R,7)-modules. Likewise when (K,T) is a field with a ring topology, then
one defines correspondingly the topologically-free (k,7)-vector spaces and
their category TopFreeVect .y - TopVecty ..

47 Remark Of course, for each set X, (R, )~ itself is a topologically-free

Pg.r
R, 7)-module. It follows that the functor Set°P BN TopMod from
(R,7)
Remark 17 (p. factors as follows.

Pr,7)

Set®® ———— TopMod g ;) (4)
TopFreeMod g ;)

P,
The co-restriction obtained is still denoted Set® ——> TopFreeMod g ..

Topologically-free modules are characterized by the fact of possessing
“topological bases” (see Corollary [51| below) which makes easier a number of
calculations and proofs, once such a basis is chosen.

48 Definition Let (M,o) be a topological (R, 7)-module. Let B € M. It is
said to be a topological basis of (M, o) if the following hold.

1. For each v e M, there exists a unique family (b'(v))pep, with b'(v) € R
for each b e B, such that (b'(v)b)y is summable in (M, o) with sum v.
b'(v) is referred to as the coefficient of v at be B.

2. For each family (ap)pep of elements of R, there is a member v of M
such that b'(v) = ap, b e B. (By the above point such v is unique.)
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3. o is equal to the initial topology induced by the (topological) coefficient

maps (M LR (R,7))pen- (According to the two above points, each b’ is
R-linear.)

49 Remark [t is an immediate consequence of the definition that for a topo-
logical basis B of some topological module, 0 ¢ B and b'(d) = d(d), b,d € B

(since Ypep 0p(d)b=d =Ygt (d)b). In particular, B AN B':={V:be B}

s a bijection.

The next two results are obvious.

50 Lemma Let (M,0) and (N,~) be isomorphic topological (R, T)-modules.
Let ©:(M,0) = (N,7) be an isomorphism (in TopMod g ;). Let B be a
topological basis of (M,c). Then, ©(B) = {©(b):b € B} is a topological
basis of (N,7).

51 Corollary Let (M,o) be a (Hausdorff) topological (R, T)-module. It ad-
mits a topological basis if, and only if, it is topologically-free.

52 Example Let (R,7) be a topological ring. For each set X, {d,:x € X }
is a topological basis of (R,7)X. Moreover m, = 0., x € X.

4.1.2 Properties of topological bases

In this section one takes the time to establish a certain number of proper-
ties of topological bases since these will be useful hereafter (in particular in
Appendix [C)).

53 Lemma Let (M,o0) be a topologically-free (R, T)-module with topological
basis B. Then, B is R-linearly independent and the linear span (B) of B is
dense in (M, o).

Proof: Let b;, i = 1,---,n be pairwise distinct elements of B. Let «; € R,
i=1,---,n. Let us assume that >;"; a;b; = 0. Since 0 = }};c50b is the sum
of the summable family (zb)p, with 2, = 0, b € B, and 0 is also the sum
of the summable family (apb), with ap, = oy, @ = 1,---,n, and a, = 0, b # b;,
i=1,---,n, by uniqueness it follows that a; =0, i=1,---,n.

Now, let us check that (B) is dense in (M,c). Let u e M and let V :=
{v e M:V(v)eUy be A} be a neighborhood of zero, where A is a finite
subset of B and U, is a neighborhood of zero in (R, 7) for each b€ A. One
has to check that u + V meets (B). Let ug := Ypea(b'(u) +0'(v))b € (B)
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for some v = Yppb'(v)b € V (whence b'(v) € Uy, b e A). Then, ug —u =
Ypea V' (V)b = Ypepa b’ ()b so that for each b e A, b'(ug —u)p = b'(v) € Uy,
whence ug —ueV. m]

As a consequence of Lemma [53] one immediately gets the following.

54 Corollary Let (M,o) be a topologically-free (R, T)-module, and let (N,~)

be a topological (R, 7T)-module. Let (M,o) EER (N,~) be two continuous
(R, 7)-linear maps. f = g if, and only if, for any topological basis B of
(M,o), f(b)=g(b) for each be B.

Topologically-free modules allow for the definition of changes of topolog-
ical bases.

55 Lemma Let (M,0) and (N,v) be two topologically-free (R, T)-modules,
and let B, D be respective topological bases. Let f:B — D be a bijection.

Then, there is a unique isomorphism g in TopMod g ;y such that g(b) =
f(b), beB.

Proof:  The question of uniqueness is settled by Corollary [54 If such
an isomorphism g exists, then g(v) = g(Xpcpd’(v)b) = Ypcpb'(v)g(b) =
Spen b (V) F(b) = Saep(f1(d)) (v)d, v € M. One observes that g as de-
fined by the right hand-side of the last equality, is R-linear, whence one only
needs to establish continuity. Let d € D. Then, d'(g(v)) = (f~1(d))'(v),
v e M, so that d' o g = (f~*(d))’ which ensures continuity. Finally, it is
obvious from its definition that g(b) = f(b), b e B. ]

56 Lemma Let M be a free module with basis B. Then, (M*,wER T)) 18
a topologically-free module with topological basis B* := {b*:b € B} (see Re-

mark . .
Proof: According to Lemma (p. w, (M~ wZR T)) is a topologically-free

module. It remains to check that B* is a topological basis. Let M s, R(®B)
be the isomorphism given by 0p(b) = &, b € B. Thus, 0% (RP)* = M*,
and 0% o pp: RP ~ (RP))* = M* is given by 05(pp(35)) = pp(0F) 0 05 =
ppofp for b e B. Whence for v = Yypd*(v)d € M, (05(ps(5§)))(v) =
Yaep d* (v)po(05(d)) = Xaep d* (v)pp(da) = b*(v). Now, {dy:b e B} being a
topological basis of R, by Lemma this shows that B* is a topological
basis of (M*,wZR’T)). m]
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57 Example Let M = R, Then, {d::x € X} is a topological basis of
(RX)Y*. But, 6*(p) =p(x), x € X, pe RX) . Therefore, 6* = p,, x € X.

58 Remark If B is a basis of a free module M, then B ~ B* under b — b*,
because for each b,d € B, b*(d) = §(d).

59 Corollary Let (R,7) be a topological ring. The algebraic dual functors

Algr,+ ) ) )
Mod?{p R, TopMod g,y factors as illustrated in the diagram below.

Moreover the resulting co-restriction of Algr,y (the bottom arrow of the
diagram) is essentially surjective.

Mod®® Alg(r,7)
ody” ———— TopMod ;) (5)

FreeMody — TopFreeMod -

Proof: The first assertion is merely Lemmal[56] Regarding the second asser-
tion, let (M, o) be a topologically-free module. So, for some set X, (M, o) ~

(R,7)*. According to Lemma (p. , (R, 7))~ =~ Alg(R’T)(R(X)). ]

60 Remark When K is a field with a ring topology T, then one has the

Alg,r
corresponding factorization of Vectﬁp R, TopVect i ..

Vect® Alg(,r)
ect,” ——— TopVect (6)

TopFreeVecty .

61 Corollary Let M be a free module with basis B. Let £ € M*. Then, for
each be B, £(b) = (b*)'(¢).

Proof: Since by Lemma B* is a topological basis of (M*,wE'R’T)),
0=%pg(0) (£)b* (sum of a summable family). According to the definition
of the topology wéR’T) this implies that for each v € M, ¢(v) is the sum of
the summable family ((6*)"(€)(An(v))(0*))pen in (R, 7). Whence £(v) =
Yper(0*) (0)b*(v) (sum of a summable family) and in particular, ¢(b) =
Yaep(d*) (0)d*(b) = (b*)'(€), be B. O
62 Lemma Let (R,7) be a rigid ring. Let (M,o) be a topologically-free
(R, 7)-module with topological basis B. Then, (M,c)" is free with basis B :=
{b\:be B}.
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Proof: Let ©p:(M,0) ~ (R,7)? be given by ©p(b) = 6. Therefore
0%:((R,7)B) ~ (M,s)’, and thus one has an isomorphism ©’5 o A\p: R(F) ~
(M,o)’. Since a module isomorphic to a free module is free, (M, o)’ is free.
The previous isomorphism acts as: Oz (Ap(d)) = O (mp) = m,0Op for b e B.
It follows that {7, 0o ©p:be B} is a basis of (M,0)’. Now let b € B and let
v =Yg4pd (v)d e M (sum of a summable family). One has by continuity
and linearity, m,(©p(v)) = m(Laep d'(v)OB(d)) = mp(Laep d'(v)d) = b'(v).

O

63 Example Let (R,7) be a rigid ring. Let (M,o) = (R,7)%. By Evam-
ple {6l:xe X} ={mpuxeX} is alinear basis of (R, 7)X)".

T T
64 Corollary Let (R,T) be a rigid ring. The functor TopMod‘(’E ” e,
Modg factors as indicated by the diagram below.
op Top(r,+)
TopMod(RvT) Modg (7)

TopFreeMod?E HT FreeModg

65 Remark Let (K,7) be a field with a ring topology. One has the corre-

Top(,r
sponding factorization of TopVect?E ” Z D, Vecty.

Top(k,r)

TopVect‘()lF(’vT) ———5 Vecty (8)

TopFI‘eeVectc()Eﬂ

66 Corollary Under the assumptions of Lemma [63 for ¢ € (M,0)" and
be B, L(b) = (b)) (¢).

Proof: Lemma tells us that £ = Y g(0")*(£)b" (finite linear com-
bination). For v € M, one has £(v) = Y,cp(0")*(£)b'(v). In particular,
2(b) = (b')* () for each be B. i
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4.2 The topological dual of the algebraic dual of a free mod-
ule

Let (R,7) be a topological ring. Let M be a R-module, and let us consider

as in Section (p. the R-linear map
A
M == (M, wig,p))'

(Apy(0)(0) =b(v),ve M, Le M*.

Our objective in this section is to prove that under the assumption that
(R,7) is rigid, Aps is an isomorphism, when M is free, and furthermore that
it is natural in M. This will provide the first half of the dual equivalence of
categories mentioned in the Introduction between free and topologically-free
modules.

67 Lemma Let M be a projectivﬂ R-module. Then, Ays is one-to-one.

Proof: Let us consider a dual basis for M, i.e., sets B € R and {e*:e €
B} ¢ M*, such that for all v e M, e*(v) =0 for all but finitely many e* € B*
and v =Y ge*(v)e ([14, p. 23]).

Let v € ker Ay, ie., (Ap(v))(£) = £(v) =0 for each £ € M*. Then, in
particular, Apyr(v)(e*) =e*(v) =0 for all e € B, and thus v = 0. ]

68 Corollary If M is a free R-module, then Ayr is one-to-one.

69 Lemma AR = (Ap)priid = Topr,r OAlg?E’T):ModR - Modpg is a
natural transformation.

Proof: Let M EN N be a R-linear map. Let ve M and £ € N*. Then,

() Au () = Au(f*(0))
((f(v)) (9)
(A (f(0))) ().

This is equivalent to the commutativity of the following diagram, which
implies naturality of AR,

M2 (M wig ) (10)
7| L6
N7 (V7w )

10A R-module P is projective if it is isomorphic to a direct summand of a free module,
i.e., there exists some set X and modules M, N such that RX =MaeN and M ~ P [14,
p- 22].
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70 Lemma Let M be a free module. For each free basis X of M, the fol-
6
lowing diagram commutes in Modg, where M —> R&) s the canonical

isomorphism given by Ox (x) = 6R, re X.

M~ (M*, wlg ) (11)

0x \(9})/
(RO wig )

RX) —— ((R,7)™)
Ax

Proof: Let z€X and f e RX. Then,

((Ax 0 0x)(x))(f) (Ax (02))(f)
{0z, f)x (12)

f(x)

and

(P o (%) 0 Aar)(@))(f) = P ((Am(nx(z)) o dX)(f)
= (Au(2)) (0% (px(f)))
= (pX(f) ° QX)(x) (13)
= (px(f))(0z)
= <5:v7f>X
= f(2).

Because M is free on X, this entails commutativity of the diagram . a

71 Remark Let (R,7) be rigid. According to the proof of Lemma for
each free module M and each basis X of M,

A= ((05)7) 0 (px) 0 Ax 0 0x.
Since a direct inspection shows that
(Px) 0 Ax = Apeo) (14)
it follows that

Anr = ((0%)%) 0 Agex) o Ox.
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72 Corollary Let us assume that (R,7) is rigid. Then, for each free R-
A
module, M —> (M*,wE“R T))’ is an isomorphism.
Proof: This follows from the commutativity of Diagram for any free
basis X of M, because Ay is an isomorphism too (since (R,7) is rigid). O
Let (R,7) (resp. (Kk,7)) be a rigid ring (resp. field). Let us still de-

op AR op Algan)
note by FreeModg TopFreeMod ) (resp. Vect,

TopFreeVecty ) and by TopFreeMod(R M ﬂ» FreeModg (resp.

P (1,
TopFreeVect L Vecty) the functors provided by Corollaries

and. p.

73 Corollary Let us assume that (R,7) is rigid. AR = (Ay)arid =
Topr,r) © Alg?g T):FreeModR — FreeModR s a natural isomorphism.

Proof: It is a direct consequence of Lemma [69] and of Corollary o

74 Corollary Let us assume that (K,7) is a field with a ring topology. Then,
AT = (App)ariid = Top(,ry © Alg?ET):Vectk — Vecty is a natural iso-
morphism.

4.3 The algebraic dual of the topological dual of a topologically-
free module

Let (M o) be a topological (R, 7)-module. Let us consider the R-linear map

M 2D, (M, 0Y)* by setting (T(aay(©))(0) = ().

In order to obtain the other half of the dual equivalence between free
and topologically-free modules it remains to prove that when (R, 7) is rigid
and (M, o) topologically-free, I'(37 ) is an isomorphism, and is natural in
(M,0o).

(]w o)

75 Lemma Let us assume that (R, 7) is rigid. Let (M,o) be a topologically-
free (R, T)-module.

(M o)

1. (M,0) —— (((M,0)")",w(g ) is continuous.
2. I'(m,0) 18 a linear isomorphism.

3. F(]b ) 18 continuous.
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Proof: Let ©:(M,0) ~ (R,7)* be an isomorphism (in TopMod g ).
1. Since (R, 7) is rigid, Ax: RX) ~ ((R, 7)) is an isomorphism. There-

fore ROO 2%, ((R,7)X) e, (M, 0)" is an isomorphism too in Modg.
In particular, (M, o)’ is a free with basis {©'(Ax(6R)):z € X }. By
Lemma [24] (p. [17)), the weak-* topology on ((M,5)’)* is the same as

. ) Ny Aoy (1200)
the initial topology given by the maps ((M,0)")" —— (R, 1),

z € X, because ©'(Ax(0R)) = ©'(n,) = m, 0 ©. Therefore, L(po) 18
continuous if, and only if, for each x € X, A(ps5) (72 0 ©) o T'(a0)
is continuous. Let v € M. One has (A(ps) (72 0 ©))(Larqy(v)) =
(T a1y (1)) (7 0 ©) = 7 (O(v)) = (O(0)) (). Therefore, Ay gy (s 0
©) ol (are) = Tz ©©. Since 7, and © are continuous, the expected
result is obtained.

2. Let vekerI'(y . Since for each z € X, 7, € ((R,7)X), it follows that
©'(my) € (M,0)’, and thus (O(v))(x) = 7,(O(v)) = (O'(7,))(v) =
(F(M,U)(v))((%’(m)) = 0. Since this is so for an arbitrary z € X, it
follows that ©(v) =0 whence v = 0.

To prove that T'(js,) is onto one proves that the following diagram
commutes in TopMod g ;y. This actually shows directly that I'(5/ )
is an isomorphism and an homeomorphism (so the last above assertion
will be already proved) by composition of isomorphisms and homeo-

morphisms.
L',0) P
. (10) ((M.0) ) wi,y)  (15)
(R,7)% L(@')*)-l
RO wr ) —— (R r)¥)) i)
’ (R,T) (}\;{1) ? ’ (R,T)

Let ve M and let £ € (M, o). One has

((Ax 2 (©71)) 0 px 0©)(v))(0)
= (px(O()) (X ((071)(0))
= (px(O() (X (Lo®™h)

= (px(OLD)(, (07 (0:))3) (16)

= Yuex U067 (62))(O(v))(2)
= U(Tpex ©71(8:)(O(v)) (2))
= {(v)

= (Lo (0))(0).
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Let us make explicit the penultimate equality: because ©(v) is the sum
$0ex (8(0))(2)s of a summable family, v = ©71(5,.x (8(v))(x)) =
Yaex (©(0))(2)071(62).

3. Follows from the above point.

76 Remark Let (R,7) be rigid. A direct computation shows that
L(rnyx = (AX) " o px. (17)
Together with Lemma this implies that for each topologically-free (R, T)-
module (M,0), and each TopMod g ,y-isomorphism (M,0) 5, (R, 7)%

Loy = (7)) 0T (g pyx 0©. (18)

77 Lemma Let (R,7) be a rigid ring. TR = (T(am,0)) (M,0) Provides a
natural isomorphism T®R7):id = Algr,ry © Top?g T):TopFreeMod(Rﬂ -
TopFreeMod R ).

Proof: According to Lemma it suffices to check naturality of PR,

Let (M,0),(N,v) be topologicall-free (R, 7)-modules. Let (M, o) ER (N,~)
be a continuous (R, 7)-linear map. Let v e M and £ € (N,v)". One has

() ((Carey @) = (Fare)(v)(f(6))

= (F(M,a)(v))(gof) (19)
((f(v))

(L. (f (0))) (6).

This is equivalent to the commutativity of the following diagram, for each
fe TOpMod(R’T)((M,U), (N,~)), which is naturality of r(R7)

(M.0) “3 (M, o)) i) (20)

rl L
(N”y) m (((N7’7)’)*7sz77))

O
78 Corollary Let us assume that (K,7) is a field with a ring topology.

&) id = Algk,ry° Topc(’lz . TopFreeVecty ) — TopFreeVect y . with

k) .- (F(Mp))(M,O), 18 a natural isomorphism.
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4.4 For a rigid ring (R, 7), FreeModpg ~ TOPFI'eeMOd(()E )

The results of the two previous sections may be combined to provide the
expected equivalence of categories.

4.4.1 The equivalence and some of its immediate consequences

Collecting Corollary [73] and Lemma [77], one immediately gets the following.

Top(r,r)
_—

79 Theorem Let us assume that (R, 7) is rigid. TopFreeMod‘()E M

FreeModg is an equivalence of categories, with equivalence inverse the func-

1g°° .
tor FreeModg — " TopFreeMod?E -
.. op Top(lka"‘)
80 Corollary Let (K,7) be a rigid field. TopFreeVect ——5 Vecty

(k,7)

op
. . . (k,7) ..
18 an equivalence of categories, and Vecty ——— TopFreeVect?I': n its
equivalence inverse.

Section [£.1.2)about the properties of topological bases may be completed
by the following remark.

81 Remark 1. Let (M,o0) be a topologically-free (R, 7)-module. Then,
(M,0)" is a free. Let B be a basis of (M,o)". Then, by Lemma [56
(p. @, B* is a topological basis of ((M,c)")*. For each b € B, let
b, € M be given by b, := F_]bﬂa)(b*). Then, B, := {b,:b € B} is a
topological basis of (M,o). (This is so because B, = F(_]{/[J)(B*).)

Moreover (B.)" = B. (Indeed, let be B, and let £ € (M,c)". According
to C’orollary@ (b)) (€) = £(bs) = T (a0 (bs)(€) = b*(£). Whence
((bs)")* =b* so that (b)) =b.)

2. Let M be a free module. Then, M* is topologically-free. Let B be a
topological basis of M*. Then, by Lemma B’ is a free basis of
(M*)'. For each b € B, let br € M be given by b := A3;(b'). Then,
Br:={b:be B} is a free basis of M. (Because B = A7}(B’).)

Moreover (Br)* = B. (Indeed, let b € B, and let { € M*. Accord-
ing to Corollary [61, ((b)*)'(€) = £(b) = Ay (b)(€) = V' (€). Whence
((b)*) =V so that (br)* =b.)
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82 Corollary Let (R,7) be a rigid ring.
. ! _ A-1

1. For each free topologically-free module (M, o), F(M’U) = A(M’U),.

2. For each free module M, A}, = FX}*.
Proof: This is a consequence of the triangular identities for an (adjoint)
equivalence [I7, p. 85] and of Theorem ]
83 Corollary Let (R,7) be a rigid ring.

1. For each free R-module M, A(pr+y = (Ay)".

2. For each topologically-free (R,7)-module (M,0), T'((M,o))* w
Tare))™

R

4.4.2 Finite-dimensional vector spaces

Let K be a field. Let (M,o0) be a topologically-free (k,d)-vector space with
M finite-dimensional. Then, o is the discrete topology on M (indeed, let us
consider M = RX, X finite, then {0} = Nyex 737 ({0}) is open in (R,d)™).
It follows that (M, o)’ = M*, and the equivalence established in Corollary
coincides with the usual dual equivalence FinDimVecty ~ FinDimVectﬁp
under the algebraic dual functor, where FinDimVecty is the category of
finite-dimensional kK-vector spaces.

4.4.3 Linearly compact vector spaces

Let k be a field. A topological (k,d)-vector space (M,o) is said to be
linearly topologized (or that o is a linear topology) if o admits a fundamental
system of neighborhoods of zero consisting of open sub-vector spaces. Such
a topological vector space (M, o) is a linearly compact k-vector space when
(M,0) =~ (k,d)¥ for some set X (see [4, Proposition 24.4, p. 105]). The full
subcategory LCpVecty of TopVecty 4y spanned by the linearly compact
vector spaces thus is the same as TopFreeVecty 4.

84 Corollary (of Theorem@) Let R be a ring. For each rigid topologies T, 0
on R, the categories TopFreeMod g ;) and TopFreeMod ) are equiva-
lent. Moreover, for each rigid field (K,T), TopFreeVecty ;) is equivalent
to LCpVect,.
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Proof: This follows from Theorem because of transitivity of equiva-
lence of categories (or more precisely, by composition of adjunctions, and in
particular of adjoint equivalences). |

In particular, when K is a field, one recovers, as stated in the Introduction,
the result of J. Dieudonné¢ [8] that Vect,” ~ LCpVect.

4.4.4 The universal property of (R,7)%

Let C 5 D be a functor. Let EssIm(F), called the essential image of F, be
the full subcategory of D spanned by the D-objects which are isomorphic to

some F'(c¢), where ¢ is a C-object. Let EssIm(F') Z, D be the corresponding
full embedding functor. Of course, by definition, F' factors through F, i.e.,

there is a unique functor C fo, EssIm(F') such that F' = E o Fy.

. . G
85 Lemma Let us assume that F is a left adjoint of a functor D — C.
GoE

Then, Fy is a left adjoint of EssIm(F) — C.
Proof: See Appendix p.[88 ]

All this being said, for a ring R, the forgetful functor Modg l Set (see

Remark p- may be restricted as indicated in the following commuta-

tive diagram, and the restriction still is denoted FreeModg i Set.

Modgr L Set (21)

FreeModg

R
Likewise Set —> Modg (see again Remark ) may be co-restricted as
indicated by the commutative diagram below, and the co-restriction is given

F
the same name Set —> FreeModg.

Set —F Modg (22)
FreeModpg

(Of course, when R is a field k, there is no need to consider the corresponding
co-restrictions.)

Because FreeModg = EssIm(FR), we are in a situation where Lemmal[g5|
may be applied. Therefore, the adjunction Fgr = |- |:Set - FreeModg is
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obtained, and by composition, for each rigid ring (R,7), there is also the
following adjunction Alg?lz o TR |-] o Top(r,+: Set - TopFreeMod(R o

Since (R,7)% =~ (RX))*, S W(R )) (Lemmaﬁ p. [16]), the previous adjunc-

tion may be translated into a wuniversal property of (R T)X , as explained
below, which somehow legitimates the terminology topologically-free.

86 Proposition Let us assume that (R,7) is rigid. Let X be a set. For

each topologically-free module (M,o) and any map x4 |(M, )|, there is

a umque continuous (R, 7)-linear map (M, 0) (R, 7)X such that |(f*)'] o
Ax|odR = f (cf Remark., . ' 4, for the definition of 6% ).

Proof: There is a unique R-linear map R&X) = (M o) such that |f] o
6% = f. Let us define the continuous linear map (M, O‘) (R, 7)X :=

}(IM L0) =MD (M, o)), (RT))ﬂ)((RW))*,w(*RJ))—)(R,T) . One

Lo

[(FDTeAx]o 6% ICaroy @ 1) T l(ox) o 1Ax | 0 0%

T o 1P Y] 0 1A o 08

(by Eq. (14), p.B2)

= |FEM,U)| o |A(M10)’| olffe 55{ (23)
(by naturality of A)

1o 6%

(by Corollary P

f

It remains to check uniqueness of ff. Let (M, o) EN (R,Z')X be a continuous
linear map such that 9’| o|Ax|0dR = f. Then, g’oAx = f. Thus, Ny o(g')* =
f*=pxoft OFZ]%/I o) So px OF(_l X © (9) =pxoft OFZMU) according to
Eq. 1.) p. and thus T’ (R X o(g)* —quF(M y- Then, by naturality
of I'™ ,gOF(M)—f“OF(M oy 1€ g = 1t m]

87 Remark Let us make explicit the construction of the continuous (R, 7)-

]
linear map (M, o) TN (R,7)~ for X EN |(M,0)!|. Let ve M and x € X.
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Then, using the same notations as in the proof of Proposition[86, one has

(1@ = (px (N (o) (0))))(2)

(Px (T(ar,o) () © £)) (@)

(T a0y () (f(55)) (24)
(F(55))(v)

(f())(v).

Wherefore, fH(v) = Yaex (f(2))(0)dy, ve M.
The definition of an isomorphism from a bijection between topological
bases, provided by Lemma (p. @) is a particular instance of the above

construction. Let indeed B be a topological basis of (M,c), and let B ER
-1 Y Y4

X be a bijection. Let h := X EIN AN (M,o)', where B iR (M,c)

is the map b — b as in Remark (p. . Then for v € M, ht(v) =

Yeex (F7H@)) (v)OR, and thus hi corresponds to the isomorphism given in

x>
Lemma[58.

88 Remark Let (R,7) be a rigid ring. The universal property raised in
TFR.»
€ TopFreeMod g .

Proposition|86 may be turned into a functor Set°P

(“T'F” stands for “Topologically-Free”) in a usual way as follows: let X EN Y
be a set-theoretic map. Then there is a unique continuous (R, 7)-linear map

TFg,(f
(Rr)Y 0D p X uch that T Firry(f)] o Ax|0 6% = A\y]o 6B o f.
In details, let = € X. Since Ax(0R) = m, TF(RJ)(f)’()\X(é?((a:)) =

TFRr(f) (Ax(02)) = TFR - (f) (72) = 70T Fr ) (f). But it is also equal

P T
to Ay (05 (£(2))) = Av (8% ) = 7s(a)- It follows that TF(g ;) = Set N

TopFreeMod g ;) (see Remark . @)

As a consequence of Remark the following result is immediate, since

TF(°|§ ” by construction, is a left adjoint of | —|o T'op(r ) (this is basically

the content of Proposition .

op

P
89 Proposition Let (R,7) be a rigid ring. Set _Rn, TopFreeMod?;:2 M

Top(r,~ _
is a left adjoint of TopFreeMod‘()% 9 D, FreeModp Lt Set, and thus
Alg?gﬂ_)oF

R
—— > TopFreeMod®”

1 naturally equivalent to Set (Ri7)"
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5 Tensor product of topologically-free modules

In this current section most of the ingredients so far introduced and devel-
oped fit together so as to lift the equivalence FreeMod =~ TopFreeModc(’E )
to a duality between some (suitably generalized) topological algebras and

coalgebras. Let us briefly describe how this goal is achieved:

1. A topological tensor product &g - for topologically-free modules (over
a rigid ring (R,7)) is provided by transport of the algebraic tensor
product ®g of R-modules along the dual equivalence from Section

2. A topological basis (Definition 48)) for (M, o) &g ;) (V,7) is described
in terms of topological bases of (M, o), (N,~).

3. The aforementioned equivalence is proved to be compatible with ®g
and ®r ) (i.e., it is a monoidal equivalence) thanks to the above
accurate description of a topological basis for the topological tensor
product (the proofs are placed in Appendix .

4. Accordingly, for category-theoretic reasons (see Appendix , one ob-
tains a dual equivalence between some topological algebras and coal-
gebras, still under the algebraic and topological dual functors.

5. Finally, one discusses how it interacts with the standard duality be-
tween algebras and coalgebras, known as finite duality.

5.1 Algebraic tensor product of modules

We do not claim to any originality in this first section, since the results are
well-known (cf. [5] for instance) but they are recalled for the reader’s conve-
nience and because it gives us the opportunity to introduce some notations
used hereafter.

Let R be a ring. For each R-modules M, N, there is a R-module M ®g N

and a R-bilinear map M x N M ®r N universal with respect to all R-
bilinear maps M x N — P (P is an arbitrary R-module). In other words,

each R-bilinear map M x N ER P uniquely factors as

MxNL P (25)
ol -
MerP f
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where f is R-linear. As usually the image of (z,y) € M x N by ® is denoted
T®Y.

From this universality property, one deduces that for R-linear maps M; £>

N;, 1 =1,2, there is a unique R-linear map M; ®r Mo EILLIEN N7 ®r N3 such

that (fl ®R fg)(xl ®x3) = fl(xl) ® fQ(.’L'Q), x; e M;,1=1,2.
Furthermore, with the following isomorphisms (M ®gr N) ®g P
Megr(N®rP), ayyp((z0y)®z) = 20(yez), MOrR 2% M, py(z@1Rg) =

OM,N,P

A )
z, RoRN 25 N, AN(1r®Y) =y, MR N M, N@rM, oy n(z®Y) = y®u,
Modg = (Modg, ®g, R) is a symmetric monoidal category (see Appendix

p-B9).
90 Lemma Let M, N be two free modules. Then, M ®g N is free.

Proof: Let X be a basis of M and Y be a basis of N. M ®g N =~ RX) ®R

R(Y) ~ ROXXY) where the first isomorphism is due to functoriality of ®g,

¢x,
and where the second isomorphism is given as follows: let R x pOY) 221,

RY) ey (f,9) = ¥ (2y)eX Y f(z)g(y)é(x ,)- 1t is R-bilinear so there is a
unique R-linear map R(X) ®R R(Y) R(XXY) Pxy(f®9)=0xy(f 9)

Conversely, let RCX XY) 5 ROO ®rRY) be the unique R-linear map given
on the basis elements by ¥ y(é(x y)) 6R ®5yR. It is then easy to check that
@y y and Wy y are inverse one from the other. ]

As a consequence of Lemma it is a matter of simple verifications to
see that FreeModg = (FreeModg, ®g, R) is a (symmetric) monoidal subcat-
egory of Modg (see again Appendix .

5.2 Topological tensor product of topologically-free modules

We now wish to take advantage of the equivalence of categories FreeModpg ~
Top]?‘reel\/lod(R - (Theorem P for a rigid ring (R, 7), to introduce
a topological tensor product of topologically-free modules.

From here to the end of Subsection (R,7) is a rigid ring.

5.2.1 The bifunctor & )

Let (M,o),(N,v) be topologically-free (R, 7)-modules. One defines their
topological tensor product over (R,T) as

(M> 0) ®(R,‘r) (Na ’V) = Alg(R,T)((M7 U), ®R (N> 7),)' (26)
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One immediately observes that (M, o)&r ;) (IV,7) still is a topologically-free
(R, 7)-module as

1. (M,0)" and (N,v)" are free R-modules (Lemma [62] p. 29),

2. (M,0) ®r (N,v)" also is (Lemma [90)),

3. The algebraic dual of a free module is topologically-free (Lemma
p-[17).

Actually, this definition is just the object component of a bifunctor (see

Appendix |A] p.
_@ )~
TopFreeMod g ) x TopFreeMod g ;) &, TopFreeMod R .

TOp(()pR,T)XTOP(()E,T) o
namely TopFreeMod g .y x TopFreeMod g Modp® x
oF
Mod? — ModY TopMod g ;). (Recall from Appendix [A| that
Mod’ x Mody = (Modg x Modg)°P.)

Algr,r)

91 Remark Let X,Y be sets. One has

(R, 7) ¥ ®@rr) (B7) = ((R,7)Y) @ (B, 7)")) wir )
~ (RN or RO))" wip )
(under (Ax ®r Ay)*)
((R(XXY))*awEfRﬂ-))
(under W - ; see the proof of Lemma@)
(R,r)XY.
(under pyl.y)

12

1R

(27)

Since ® (R ;) is a functor it is worth to make explicit its action on mor-
phisms. Given f; € TopFreeMod g ,y((M;,0:), (Ni,7i)), i = 1,2, one has

(fi®rf3)"
fL®®r) f2i= (M1,01) &R ) (Ma,00) — i (N1,71) ®(R,r) (N2,72)-
In details, let ¢ € ((M1,0'1), ®R (MQ,O'Q),)*, l € (Nl,’h)' and {5 €
(N2>’72)I' Thena

((frers )))(®lz) = ((ferg))())(l1 L)
= L((f{®R f3)(1 ®L2)) (28)
= L((f1(61)) ® (f2(£2)))
= L((L10o f1) ® (L20 f2)).
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5.2.2 A topological basis of (M,0) &r ;) (N,7)

Our next goal will be to describe a topological basis (Definition of
(M,0)® R, (IV,7) in terms of topological bases of (M, o) and (N,v). Once
this goal achieved, we will take advantage of the use of topological bases in
order to handle more appropriately the topological tensor products.

92 Definition Given a ring S, for every S-modules M, N, one has a natural
(C]

R-linear map M* ®s N* —— (M ®sM)* given by (Op,n(¢1®42))(u®v) =

Ui (u)ly(v), by e M*, by e N*, ue M and ve N.

Let (M,o0),(N,~) be two topologically-free (R, 7)-modules. Let u € M
and v e N. Let us define

u® v =00y (N (T ar,e) (1) @R T(n,p) (V) € (M, 0) ®r 7y (N,7). (29)
In details, given ¢1 € (M,0)" and ¢35 € (N,7)", (u®v)({1 ® l2) = {1(u)la(v).

93 Lemma Let (M,0) and (N,v) be both topologically-free (R, T)-modules,

with respective topological bases B, D. The map B x D N (M, o) B (R,7)
(N,v) given by (b,d) » b&d, is one-to-one.

Proof: Let bi,by € B and di,ds € D, and let us assume that by ®d; = bo®ds.
So 1g = by (b1)di(d1) = (b1 ®d1)(by ®d}) = (ba®d2)(b] ®dy) = by (b2)d1(d2) =
b, (b2)d4, (d2) by Remark [49| (p. . Thus by = by and dy = ds. m|

94 Lemma Let (M,0) and (N,v) be both topologically-free (R, T)-modules.
The map M x N -, (M,0)® R, (IN,7) is R-bilinear and separately contin-
uwous in both variable. Moreover, if T =d, then ® is even jointly continuous.

Proof: R-bilinearity is clear. The topology U}FR,T) on (M,0)®r)(N,7) =
((M,0)' ®r(N,v)")* is the initial topology induced by evaluations ((M, o) ®r

A(]V[,a)’®R(N,-y)’(t)

(N, 7)) (R,7), £ m L(t), t € (M,0)" ® (N,v)". Since
(M,0)" is free on say X and (N,~)’ is free on Y, this topology is the same

(M,0) @R (N) (T®Y)

as the initial topology induced by ((M,o0) ®r ((N,pn)")* .
(R,7), z€X,yeY (Lemmal24 p.[I7).

Let z€ X, yeY,ue M andveN. Then, Apsoyepnvqy (2@Yy)(udv) =
(@ v)(x ® ) = 2(y(v) = me(a(u). 2(v)), whence Aqaryey(voy (@ ©) o
(-®-) =mpgro (zxy). This automatically guarantees separate continuity in
each variable of ®.
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Let us assume that 7 = d. According to the above general case, to see that
® is continuous, by [23, Theorem 2.14, p. 17|, it remains to check continuity
at zero of ®. Let A € XxY be a finite set, and for each (x,y) € A, let U(z,y) be
an open neighborhood of zero in (R, d). Let A;:=={z e X:3yeY, (z,y)c A}
and Ag:={yeY:3zx e X, (x,y) e A}. Ay, A are both finite and A ¢ A; x As.
Let uw e M such that z(u) =0 for all z € A;, and v € N such that y(v) =0 for
all y € Ay. Then, (u®v)(z®y) =0 for all (z,y) € A; x Ay, and even more
so (u®v)(r®y)eUg,) forall (z,y) € A. ]

95 Remark Let X,Y be sets, and let f € RX, ge RY. Theﬂ since ® 18
separately continuous by Lemma[9],

Feg = (Zoex f(2)05) @ (Eyey 9(1)35)
Z(x,y)eXxY f(x)g(y)de ® 5yR (30)

(as a sum of a summable family)

More generally, but for the same reason as above, if B is a topological basis
of (M,o) and D is a topological basis of (N,7), then

uev= >y b(wd(bed,
(b,d)eBxD

ue M, veN. In particular, one observes (in view of Proposition@ below)

that (b® d)' (u®v) =b'(u)d' (v), be B,ue M,deD, andve N.

96 Proposition Let (M,o) and (N,~) be topologically-free (R, T)-modules,
with respective topological bases B, D. Then, (b®d) @, qyepxp is a topological
basis of (M,0) &R,y (N,7).

Proof: Let us first prove that { (6% & 55)($7y)exxy:(a:,y) eXxY}isa
topological basis of (R, 7)~ ®(R,r) (R,7)Y. By virtue of Lemma [50| (p. D

and Remark {((A{ ®r )\3_/1)*(q);(,y(prY((s(Rx’y)))))i (r,y) e X xY } is
a topological basis of (R,7)% ®(R,7) (R,7)Y. Let £1 € (R, 7)%)" and /5 €

"The second equality in Eq. follows from the proof of |23, Theorem 10.15, p. 78]
which, by inspection, shows that the cited result still is valid more generally after the
replacement of a jointly continuous bilinear map by a separately continuous bilinear map.
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((R,7)Y)". Then,

(A ®r Afvl)*(q’},y(prY@?x,y)))))(fl ® l2)
= pry(5(Rx,y))(<1>X,y((>\3<l(fl) ® A7) (£2)))
= Pay) (Pxy(l1©42)) (31)
= P(zy) (Z(S,t)GXXY£1(58)€2(5t)5(87t))
= 11(05)02(dy)
= ((Sz ® (Sy)(fl ®€2).

Secondly, by assumption, (M,s) ~ (R,7)® and (N,v) ~ (R,7)? in
TopMod g -y, and thus by functoriality of & ), (M,0) &R (N,7) =
(R,7)B ®(R,r) (R,7)P. Let us be more specific by providing an isomor-
phism. Let Op:(M,0) ~ (R,7)%, ©p(b) = &, b e B, and let Op: (N,~) =
(R,7)P, ©p(d) = 64, d € D. Thus an isomorphism is given by Op ®(R,r)
Op: (M,0)®r ) (N,7) = (R, 7)P®Rr ) (R,7)P. One knows by the first part
of the proof that (J: ® dy)(4,y)exxy is a topological basis of (R,7)B ®(R,r)
(R, 7)P and one observes that (6p ®(Rr,r) Up)(b®d) = 0y ® 0g, Which ensures
that (b® d)(y,q)epxp is a topological basis of (M,0) &R,y (N,7). |

97 Corollary Let (M,o) and (N,v) be topologically-free (R, T)-modules.
Then, {u®v:ue M, ve N} spans a dense subspace in (M,0) &R ) (N,7).
Proof: Let B, D be topological bases of M, N respectively. By Proposi-
tion {b&d:be B, de D} is a topological basis of (M,0)®r ;) (IV,7). Ac-
cording to Lemma ({b®d:be B, de D })is densein (M,0)®r ) (N,7).
Since {b®d:be B, de D} c{u®v:ue M, ve N} it follows even more that
({u®viueM, veN})soisdense in (M,0) &) (N,7). o

5.2.3 Application
Let (M;,0;) and (N;,7;), ¢ = 1,2, be topologically-free (R, 7)-modules. Let

(M;, 04) N (N;,7:), i = 1,2, be continuous (R, 7)-linear maps.

Let (u,v) € My x My, and ¢; € (N;,v;)', i = 1,2. By Eq. , p.
(([1® R f2) (udv)) ((18L2) = (udv)((L10f1)@(L20f2)) = L1 (f1(u))l2(f2(v))
(f1 (u) ® fQ(U))(El ® 52). Whence

(f1®R7) f2)(u®v) = fi(u) ® fa(v). (32)

Let us assume that B is a topological basis of (M, 01) and D is a topolog-
ical basis of (Mz,02). Given t € (My,01) ®R ;) (Ma,02), by Proposition
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t =Y d)eBxp(b®d) (t)b®d (sum of a summable family) uniquely, and thus

using Eq. ,

(f1®r,r) f2)(1)

(f1®r) f2) ( Yo (bed)(t)he d)

(b,d)eBxD

Y. (bed) (t)fi(b) ® fa(b).

(b,d)eBxD

(33)

In particular, if t = u ® v, u € My, v € My, then in view of Remark

[ @ f(0) = (fern f)(uev) = > (u)d (v)fi(b)® f2(d). (34)

(b,d)eBxD

5.3 Monoidality of &) and its consequences

5.3.1 Monoidality

Most of the proofs of the results of this section are postponed to Appendix [C|
(p. because they mainly consist in rather tedious, but simple, inspections
of commutativity of some diagrams. Moreover one freely uses notations
and freely applies results about monoidal categories joined together in Ap-
pendix [B| (p.[89). The reader familiar with standard notions from this topic
(monoidal categories and functors, and monoids in monoidal categories) may
skip the specific appendices, unless a thorough understanding is wished.

98 Proposition Let (R,7) be a rigid ring.
TopFreeMod g ) := (TopFreeMod g ), ®r,r), (R, 7))

18 a symmetric monoidal category.

Proof: See Appendix (p. [98). O

99 Corollary For each field (K, T) with a ring topology,
TopFreeVecty .y := (TopFreeVect y -y, ®k.r), (K, 7))
1s a symmetric monoidal category.

100 Example Let (R,7) be a rigid ring. Let X be a set. Let us define
a commutative monoid Mg )(X) := ((R, ™)X, ux,nx) in TopFreeMod g -

by MX(f) = Z$6X(5:vR ® 65),(f)5xR7 f € (RaT)X ®(R,T) (R77—)X7 and 77X(1R) =
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Yrex 5 (Under the isomorphism (R, 7)% ®(R,7) (R, )X = (R, 7)X*X from

Remark. (p .)7 one has ux(f) = Lyex f(z, 55)5)(, for f e RXX, and
thus given f,g € RX ux(f®9)=Yaex f(;[;)g(g;)(sR )

101 Remark The construction of Mg ,)(X) for a rigid ring (R,T), pro-

MR-
vided in Example |100), is the object component of a functor Set®P ®n

«Mon(TopFreeMod g ).

Indeed, given a map Y ER X, ge R = gofeRY is a monoid morphism
from Mg (X) to Mg (Y since for each g,h € R™, py ((go f)®(hof)) =
Yyey 9(f()R(f(y))dy = px(g@h) o f, and nx(1r) o f = 1y (1R)-

Let (R,7) be a rigid ring. For each free R-modules M, N, let us de-
fine (I)M,N = (M*aszJ)) ®(R,T) (N*awZRﬂ—)) = Alg(R,T)((M*awZRJ)), ®R

A An)*
(N*,wZR T))’) (arBrAn) ((M ®g N)*,wZR 7))' According to Corollary
(p. , ®,n s an isomorphism in TopFreeMod g ;). Naturality in M, N
is clear, so this provides a natural isomorphism

®: Algr,) (=) ®(Rr) Alg(r7) (=) = Algr ) (— ®R -): (35)
FreeMody’ x FreeMody’ — TopFreeMod g ;).

Furthermore, let us consider the isomorphism (R,7) ° (R*,w(*R T)) given
by ¢(1R) := idg, with inverse ¢p~1(£) = £(1R).
Let (M,0),(N,~v) be topologically-free (R, 7)-modules. One defines the

Aoy o (V)
map \IJ(M,O'),(N,’)/) = (M,O'), ®Rr (Nvf}/), = (Alg(R,T)((M)U), ®R
(N,7))) = ((M,0) &R, (N,v))". Still by Corollary this gives rise to a

natural isomorphism

U:Topr,7)(~) @R Topr) () = TOP(R (= ®Rr) )

TopFreeMod(R X Top]?‘reel\/[od(R 0~ FreeModg. (36)

Let also R % (R, 7)’ be given by (1g) = idg and 9~ (£) = £(1g).

102 Theorem Let (R,7) be a rigid ring.

1. Algr -y = (Alg(R’T),cb,qﬁ):FreeMod%p — TopFreeModg -y is a strong
symmetric monoidal functor.

2. TPy = = (Topr,r), ¥, Y) is a strong symmetric monoidal functor
from TopFreeModOp to FreeModg, so the opposite (Top(R ))Op (Re-

mark @ Appendzx.) of its dual omonoidal functor Top(R,T)
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(see Appendiz [B.3) is a strong symmetric monoidal functor from
TopFreeModg . to FreeMody’.

3. A°P: (Topc(iR T))OpoAlg(RJ) = id: FreeMody” — FreeMod?? is a monoidal
isomorphism. (See Facts . m Appendix for the definition

of the opposite of a natural transformation.)

4. T:id = Alg(g 1) © (Top‘(’R,T))Op:TopFreeMod(RJ) - TopFreeMod g ,y is
a monoidal isomorphism.

In particular, FreeMod%p and TopFreeMod(RJ) are monoidally equivalent.

Proof: See Appendix p. ]

103 Corollary For each field (K, 7) with a ring topology, the monoidal cat-
egories VectﬁIO and TopFreeVect .y are monoidally equivalent.

104 Corollary For each rigid ring (R,7), the induced natural transforma-

tions (see Remark[181] (p. [96]) in Appendiz[B.3)

Aop: (Top‘(’RJ))OP oAlgr ) = id, Coalg: Coalgy — Coalgy’,

A°P: (TOP?R,T))OpOAlg(RJ) = id_ ,,.Coalg? c.cocCORAIER’ ~ ¢ coCoalgy’,

1~1‘idMon(TopFreeMod(R’T)) = AIg(R,T) °© (TOpC(‘RJ))Op:
Mon(TopFreeMod g ,y) - Mon(TopFreeMod g ),

I~‘3idcMon(TopFreeMod(R’T)) = AIg(R,’T) °© (Top((‘R’T))Op;
«Mon(TopFreeMod g .)) - :Mon(TopFreeMod ) -

are all natural isomorphisms.

Thus eCoalg‘F’{p (resp., 6’C(,C(anlg‘;{p) and Mon(TOpFreeMOd(Rﬁ)) (resp.,
«Mon(TopFreeMod g -y)) are equivalent for each rigid topology T on R.

In particular, Mon(TopFreeMod g ;) ~ Mon(TopFreeModg ) (resp.,
«Mon(TopFreeMod g .y) ~ -Mon(TopFreeMod g ,)), for each rigid topolo-
gies 7,0 on R.

Proof:  Follows from Theorem together with Remarks (p.
and (p.[97) in Appendix O
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105 Example Let us make explicit the domain and codomain of the natural

isomorphism T' from Corollary .
Let ((M,0),m,e) be an object of Mon(TopFreeMod g ). Let its topo-
logical dual coalgebra be

(M.0),8.¢) = (Topig,))P((M,o),m,e)

= ((Mva)/vA(ij/La)r@R(M’U)/ Om/,¢71 06/).

(37)

In details, e(£) = 71(e'(£)) = (Loe) = £(e(1R)), L € (M,c)". Let again
te(M,o). Then, 6(¢) = ((A(_j/[’g),®R(M70), om/)(0)) = ¥ 4 ®r; for some
biyri € (M o). Thus, Lom = ¥i'y Ay oyenm,ey (b ® 7). Whence given
u,ve M, {(m(u®v)) =Y, li(u)r;(v).

Now, (((M,o))*,M,E) := ATgT,;:_)((M,J)’,(;,e) is given by M := 0* o
(A(Mﬁ)r ®RA(M,O')’)* and E:=€*o¢. Thus E(lR) = 6*(¢(1R)) = 6*(2'dR) =€,

and given Ly, Ly € (M,0)")*, and L € (M,c)’,

(0" (A a0y ®R Aaroy)* (L1 ® La))) (£)

= ((Aoy ®R Aaroy) (L1 ® L2))(6(4))

= (L1® L2)((Aaroy ®R Aar,0))(0(£))) (38)
= (L1® L2) (i1 Aoy (4i) © Aaroy (1)

= Y Aroy (6) (L) Aaroy (1) (L2)

= Yit1 Li(4) La(ri).

Finally, f((Mﬂ)’m’e) =T o) (M, 0),m,e) = (((M,0)")", M, E) is a monoid
isomorphism.

(M(L1&® L2))(¢)

106 Corollary The equivalence from Corollary [10]] restricts to an equiva-
lence between the category [FinDimCoalg (resp. ¢cocFinDimCoalg, ) of
finite-dimensional (resp. cocommutative) coalgebras and Mon(FinDimVecty)
(resp., .Mon(FinDimVecty) ), where FinDimVecty = (FinDimVecty, ®, k)

(see Section [4.4.9).

5.3.2 Relationship with finite duality

As already mentioned at the beginning of the current section, there is a
standard and well-known notion of duality between algebras and coalgebras,
known as the finite duality and briefly described in Appendix (p. .
It is our intention to understand the relations if any, between the equivalence
of categories from Corollary and the finite duality.

In a few words, finite duality is implemented, over a field Kk, by an ad-
junction between monoids in Vecty (i.e., up to a concrete isomorphism (see
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Example p. [92| in Appendix [B.2)), the ordinary algebras) and (the op-
posite of the category of) comonoids still in Vecty, i.e., coalgebras (see Ap-

pendix @, p. . So to make the comparison between the two approaches
of duality possible, one first defines an underlying (ordinary) algebra of any
monoid in TopFreeVect, .y, and this is sufficient to handle one half of the
finite duality, namely the (contravariant) functorial relation from coalgebras
to algebras since it is purely algebraic. Regarding the other direction, namely
from algebras to coalgebras, topological aspects have to be taken into con-
sideration and the relations between finite duality and our own duality are
plainly described over a discrete field.

5.3.2.1 The underlying algebra

Let (R,7) be a rigid ring. Let (M, o), (N,v) be topologically-free (R, 7)-
modules. According to Lemma [94] (p. , Mx N2 (M,0) &r.7) (N,7)

is R-bilinear. Denoting by TopFreeMod g ) H> Modgr the canonical

forgetful functor, this means that there is a unique R-linear map | (M, o) | ®r
=(M,0),(N,7)

[(N, )| I(M,0) & -y (N,7)] such that for each ue M, ve N,
E’(M,a),(N,'y) (u®v)=u®wv.

107 Lemma A := (| - |, (E(ar,0),(84)) (M,0),(N 1), 1DR) i5 a lax symmetric
monoidal functor from TopFreeModg ,y to Modg.

Proof: See Appendix (p. [109). O

Let A: Mon(TopFreeMod g ,y) - Mon(Modr) be the functor induced by
A as introduced in Appendix [B:3] p. [03] Using the functorial isomorphism

O:Mon(Modg) ~ 1 Algg (Example p-[92} Appendix|B.2)), to any monoid
in TOpFreeMOd(RJ) is associated an ordinary algebra.

108 Definition Let us define UA := Mon(TopFreeMod g ,)) DA, 1Algg.
Given a monoid ((M, o), u,n) in TopFreeMod g .y, then UA((M, o), p,n) =

O(A((M, o), 11,m)) is referred to as the underlying (ordinary) algebra of the
monoid ((M,o), p,1)-

In details, let ((4,0),p,nm) be an object of Mon(TopFreeMod ).
Then, UA((A,0),1,n) = (A, pwir,n(1r)) with ppz A x A - A given by
i (1, 0) = i ® ).
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109 Remark Since by Lemma [107, A is symmetric, one has an induced

functor (see Remark|178, p. Appendiz|B.5) Mon(TopFreeMod g ) A

Mon(Modr). Because one has the co-restriction .Mon(Modg) °, 1,cAlgR

(Example P. @ in Appendix , one may likewise consider the un-

derlying (ordinary) algebra functor UA = :Mon(TopFreeMod ) Ok,

1,cAlgR .

110 Example (Continuation of Ezample . n) UA(MR (X)) =
ARX (see Section[2.4.3, p.[15).

5.3.2.2 Relations with 5:

Let (R, 7) be arigid ring. Let FreeModg LA Modg, be the canonical embed-
ding functor. Since FreeModg is a symmetric monoidal subcategory of Modg
it follows that E = (E,id,id) is a strict monoidal functor from FreeModg to
Modg (see Appendi p- .
One claims thatf!?
D,oE°P = Ao Alg(R,T).

In particular, if K is a field (and 7 is a ring topology on k), then this
reduces to D, = Ao Algy .

To see this, using the notations from Appendix (p. , one has
to check that ((_)* ° EOP?G)’@) = (H - ”7£7ZdR) ° (Alg(R,T)aq)7¢) = (” - ” °©
Algr7y, (1®a,n ] 0 Enre N+ ) v, [@ll) (by the composition of monoidal func-
tors recalled in Appendix p. .

1. That ||| o Algr ) = (=)* o E°P is due to the very definition of AlgRr,r)-
2. Of course, ||¢| = 6.

3. It remains to check that for each free modules M, N, |(Ay; ® Ax)*| o
Eyvr N+ =Oyn. Let £y e M*, lpe N*, ue M and v e N. One has

((Av ®r AN) (Epe v+ (L1 @ 42))) (u® W)

(61 & La)(Ap(u) ® An(v))

(A (u)) () (AN (v))(£2) (39)
t1(u)la(v)

(@M,N(El ® fg))(u ® U).

It follows that the dual monoi D. (C) of a k-coalgebra C in finite duality,

128ee Appendix p- , for the definition of the monoidal functor D..
13
In Vecty..
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is equal to ’Av(Alg(kJ)(C)) whatever the ring topology 7 on the field k, and
thus as ordinary algebras, O(D, (C)) = UA(AIg - (C)).

111 Proposition Let (K,7) be a field with a ring topology. The functor

Mon(FreeTopVect ) QR 1Algy has a left adjoint, namely Am) o
Dc’p 0 O7Y, where Din: Mon(Vecty)°P — .Coalgy is the finite dual functor

(see Appendiz[D.4}, p.[116).

Proof: One has D, = Ao Alg (k. ), whence D, o (Top‘E'k 7_))OID =Ao Algk.r) ©

(Top‘(jkﬁ))orJ ~ A (natural isomorphism) by Theorem [102] (p. |£ . Since
Alg.r) © D;?n is a left adjoint of D, o (Top‘(jkﬁ))op (Appendix [D.4} p. [116)),
it follows from the lemma below that it is also the left adjoint of A. O

Next lemma is rather easy so is provided without proof.

112 Lemma Let F,G be two naturally isomorphic functors. If L is a left
adjoint of I, then it is also a left adjoint of G.

5.3.2.3 The underlying topological algebra

Let R be aring. The underlying algebra functor Mon(TopFreeMod g 4y) —> vA

1Algg “lifts” to a topological algebra functor Mon(TopFreeMod g 4)) 4
1TopAlg g g)-

Indeed, let ((A, o), i, n) be an object of Mon(TopFreeMod g 4y). One al-
ready knows that (A, o) is an object of TopMod g 4y and UA((A, o), u,n) =
(A, pi;,n(1R)) is an object of 1 Algg. So it suffices to check that (A, o) x

(A,0) 2% (A, o) is continuous. But this is clear since it is equal to the
composition (A4,0) x (A,0) L (A, 0) &R (A,0) 5 (A,0) of continu-

ous maps (see Lemma , P . Now, let ((A,0),u,n) ER ((B,7),v,¢) be
a morphism in Mon(TopFreeMod g 4y). In particular, (A, o) EN (B,7) is
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linear and continuous. Moreover, the following diagram commutes.

(A,0) x (A, 0) L3l (40)

(A,0) ®ra) (A,0) —= (A,0)
fxf f®(R,d)fl lf

(B,7) ®&r,a) (B,7) —— (B,7)

—®—

(B,7) x (B,7) il

Since by assumption, one also has fon = (, it follows that f(n(1r)) =
((1r), and thus f is a continuous algebra map from ((A,o), upi,n(1R))
to ((B, i, C(1r)).) One furthermore observes that T'A is concrete over
TopMod(R7d), for the obvious forgetful functors. Therefore, T'A is faithful.
More precisely the following diagram commutes (the unnamed arrows are
either the obvious forgetful functors or the evident embedding functor).

Mon(TopFreeMod g 4)) T4, 1TopAlgr q)

> l !

TopFreeMod g 4y~ TopMod g q)

L /
Mon(Modg) ————  Modg 1Algg

v/)

(41)

113 Remark When A is a commutative monoid in TopFreeMod g 4y, then
TA(A) is a commutative topological algebra.

114 Example (Continuation of Examples . and . @) For
each set X, TA(MRqy(X)) = Ara)(X) (see Section 24.% P. n)

115 Lemma T A is full.

Proof: Let A = ((A,0),u,n) and B = ((B,7),v,() be two monoids in
TopFreeMod g 4). Let TA(A) EN TA(B) be a morphism in ; TopAlgg 4.
In particular, g € 1Algr(UA(A),UA(B)) n Top((|A,o),(|B,7)). (Recall
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from Remark (p. that Modg i Set is the usual forgetful functor,
and Top is the category of Hausdorff topological spaces.)

By assumption, for each u,v € A, one has g(u(u ®v)) = g(upi(u,v)) =
i (9(1). 9(0)) = (g(u) @ g(v). Thus, gop = vo(g®(re)9) on {udviu,ve
A'}. Since this set spans a dense subset of (4,0) ® g ) (A,0) (according to
Corollary , p. , by linearity and continuity, g oy = v o (g ®rqy g) on
the whole of (4,0) &R q) (4,0).

Moreover, g(n(1r)) = ((1r), then g on = (. Therefore, g may be seen as

a morphism A LB Mon(TopFreeMod g 4)) with TA(f) = g. ]

116 Lemma T'A is injective on objects.

Proof: Let A = ((A,0),u,n) and B = ((B,7),v,{) be two monoids in
TopFreeMod g 4y such that TA(A) = TA(B). In particular, (4,0) = (B,7),
and 1 = (. By assumption pu;; = vp;;. Whence p=v on {u®v:ue A, ve B}.
Since this set is dense in (A4,0) ®rqy (B,7) and u,v are continuous, they
are equal on the whole tensor product (4,0) &g q) (B,7). So A=B. ]

As a consequence of Lemmas [115(and |116, Mon(TopFreeMod g 4) T4,
1TopAlg g g is a full embedding functor, because T A is faithful. Therefore,
Mon(TopFreeMod g 4)) is isomorphic to a full subcategory of 1 TopAlg g 4
([2, Proposition 4.5, p. 49]). Accordingly a monoid in TopFreeMod g 4y is
essentially a topological algebra.

117 Remark [t is clear that the co-restriction .Mon(TopFreeMod g 4)) 4
1, TopAlgg 4y of TA (see Remark also is a full embedding functor.

118 Remark When (R,7) is a rigid ring, not necessarily discrete, then the
topology o and the underlying algebra UA(A) = (A, upi,n(1R)) of a monoid
A= ((A4,0),p,n) in TopFreeMod g .y still interact but not as nicely as in the
discrete case because one cannot conclude to the joint continuity of (A, o) x
(A, o) Hea, (A, o) but only to its separate continuity, by Lemma (p. .
However the correspondence A — ((A,0), i, n(1R)) still is functorial,
and still denoted TA by abuse of language, from Mon(TopFreeMod g ;)
to the category 1,sep TOPAIg(R ;) of separately continuous algebras, where
for a topological ring (R, T) (not necessarily rigid), 1 scp TopAlgg ; has ob-
jects A = ((A,0),mp,1a) where (A,ma,1p) is an ordinary unital R-algebra,
(A,0) is a topological (R,7)-module and (A, o) x (A,0) —2 (A,0) is sepa-
rately continuous (the morphisms are the continuous unital algebra maps).
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Observe that if A is a commutative monoid in TopFreeModg ,y, then
TA(A) is a commutative separately continuous algebra, i.e., an object of
1,c,sep TOPAIg R 1) (see Appendz'x@ . .

It is clear that 1'TopAlgg ;) s a full subcategory of 1,sepTOPAlg R 1),

and Mon(TopFreeMod g ) 4 1,5ep TOPAIlg(R ;) remains faithful since
concrete over TopMod g ..

Furthermore, the arguments given in the proofs of Lemmas[I1] and[116
work as well when (R,d) is replaced by an arbitrary rigid ring (R,7), and
thus Mon(TopFreeMod g ) T4 1,5ep TOPAIlg (R ;) is also faithful and in-
jective on objects, in consequence of what Mon(TopFreeMod(RJ)) 18 1so-
morphic to a full subcategory of 1,sepTopAlgR y. Therefore a monoid in
TopFreeMod(RJ) practically is a separately continuous algebra.

The co-restriction .Mon(TopFreeMod g -) 4 1,c,s5ep TOPAIg(R ) of
T A has the corresponding properties.

119 Example (Continuation of Examples (p. , (p. @),
(p. ) Let (R,7) be rigid. Then, TA(MR,)(X)) = Ar(X). One

also observes that in this particular case Ag,)(X) is even an object of

1,cTopAlg(R,T) according to Lemma (p. .

120 Remark Having in mind Fxample Remark (p. @) may be

completed by observing that the following diagram commutes.

Mg, -
Set®® — ", Mon(TopFreeMod g ) (42)

A(R,T)l lTA

1,cTopAlg(R7T);> 1,c,sepT0pAlg(R,T)

5.3.2.4 Relations with Dy,
Finite duality between coalgebras and algebras (see Appendix p. [116])

has some fundamental topological features that one now briefly discusses in
order that afterwards relations with our topological duality can be brought.

More precisely, let V' be any vector space on a field k. Then, V* has a
somewhat natural topology called the V' -topology ([1]) or the finite topology
([7]), with a fundamental system of neighborhoods of zero consisting of spaces

Wh={leV*VweW, {(w)=0} (43)
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where W runs over the finite-dimensional subspaces of V. This is definitively

the same topology as our w(*kd) (see Section p- . Accordingly this
turns V* into a linearly compact k-vector space (see Section [£.4.3] p. [37).
The closed subspace of (V*, ka d)) are exactly the subspaces of the form

WT, where W is any subspace of V ([4, Proposition 24.4, p. 105]).

121 Lemma Let W be a subspace of V. codim(W1) is finite if, and only
if, iim(W) is finite. In this case, codim(W ) = dim(W).

inclyy

Proof: One observes that V*/WT ~ W*. Indeed, let W —> V be the
_
canonical inclusion. The map V* W, W+ is onto since given fg € W™,

there exists £ € V* with (incljy, (€))(w) = L(incly (w)) = L(w) = Lo(w),
w e W. (It suffices to consider a K-linear basis of W, and then an extension
to a basis of the whole V'.) Therefore, V*/kerincly, ~ W*. But kerincly, =
WT. Finally, since V*/WT ~ W~ it follows that codim(WT) = dimW*. In
particular, codim(WT) is finite if, and only if, dim(W) is finite (since for
finite-dimensional spaces W, dim(W) = dim(W™*)), and thus in this case
codim(WT) = dim(W). O

122 Remark Given a K-coalgebra C = (C,dc,ec), there is a nice connec-
tion between its subcoalgebras and the two-sided ideals of B;(C) since D is
a subcoalgebra of C if, and only if, D' is a two-sided ideal of D,(C) ([
Theorem 2.3.1, p. 78]).

123 Theorem Let K be a field. For each monoid A in TopFreeVecty 4,

(Top‘(’kd))op(A) is a subcoalgebra of D;an(A(A)) Furthermore, the asser-
tions below are equivalent.

1. In TA(A) every finite-codimensional ideal is closed.
2. A(A) is Teﬂem'v.

3. The coalgebra (Top‘(jkd))OP(A) is coreflexive.

4. (Topf, 4))°P(A) = D% (A(A)).

Proof: Let A = ((A,0),u,n) be a monoid in TopFreeMod 4. Whence
its underlying topological vector space is a linearly compact vector space

14See Remark p- in Appendix
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(see Section 4.4.3] p. . Let C:= (TOp?Kd))Op(A). Since AoAIg(kvd) =D, it
follows that A = AOAlg(Kd)O(TOp?k’d))Op ~ ’D:O(Top?kd) )°P (naturally isomor-

phic). In particular, A(A) ~ D,(C). By construction, the underlying topo-
logical vector space of A, namely (A,0), is also the underlying topological
vector space of TA(A). Also A, TA(A) and A(A) share the same underlying
vector space A, which is isomorphic to C*, where C is the underlying vector
space of the coalgebra C. Of course, (A,0) =~ Algyqy(C) = (C*7w(*k,d))'
Therefore, up to such an isomorphism, (A, o) has a fundamental system of
neighborhoods of zero consisting of VI = {f € A:Yv eV, £(v) =0} where V is
a finite-dimensional subspace of C' (see the paragraph prior to the statement
of this theorem).

Let £ € (A,0), ie., (A, o) 5 (k,d) is a continuous linear map. By
continuity of ¢, there exists a finite-dimensional subspace V of C such that
VT ckerl. Let B be a (finite) basis of V, and let D be the (necessarily finite-
dimensional, by Corollary p- , in Appendix subcoalgebra of C
it generates. Then, V ¢ D, which implies that D' ¢ VT c kerf. But D' is a
finite-codimensional ideal of A(A) (by Lemma and Remark , whence

¢ e A, where A° denotes, similarly to Eq. (118)), p. (Appendix D.4)), the
underlying vector space of the finite dual coalgebra D g, (A(A)). Therefore,

(A,0) c AY.
Now let us check that the above inclusion incl 4,y is a coalgebra map

from (Top?k’d))OP(A) to P;ﬁn(A(A))v which is equivalent to (A,o)" being
a subcoalgebra of D;?H(A(A)). One thus needs to make explicit the two
coalgebra structures.

By construction the comultiplication of (Top‘(’k d))"p(A) is given by the
composition A(_ia),@n((A’U), ou'. So for L e (A, o), (A(_z}l,a)’®u<(z470)’ ou")(l) =
Syl ®r;, for some £;,7; € (A,0)". Therefore, given £ € (A,0)", u,ve A,

((p(u®v)) (W' (0))(u&v)
= (Maoyenaoy (X li®r))(uev)
(u®v) (XL li®rs) (44)
Yici(udv) (b ®r;)
= Ziti li(u)riv).

’ -1
The counit of (TopY 4))P(A) is (A,0) 5 (k.d)' L=k i.c., £ £(n(1k)).
Let B = (B,u,n) be a monoid in Vecty. Appendix (p- tells
us that the comultiplication A:BY — BY @ B® of Dy;,(B) is equal to
(091 o 40 (where u:B° » (B ®k B)" is the co-restriction of u*, and
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0% BY @ B ~ (B ®k B)" is the isomorphism obtained by co-restriction
of the canonical injection Op p: B* ® B* - (B ®k B)*), and its counit
e B - k is €(f) = £(n(1k)). Now let B := A(A) = (A, o Z4.4,m). Then,
A) = (0L ((no=)2(0) = X, £; ® 1 for some £;,7; € AY. Thus, £o (po
Eaa)=(no=)0(0) =31, 0%¢; ®r;), and thus for u,v € A, {(u(u®v)) =
(p(Eaa(u®v))) = Yt li(u)ri(v). Whence the comultiplication from
Eq. coincides with this one for £ € (A, 0)’. Since it is furthermore patent
that the counit of (Top?k7d))°p(A) is the restriction of that of D;;’n(A(A)),

it follows that (A,o)’ is a subcoalgebra of D;’;n(A(A))
It remains to prove the equivalence of the four assertions given in the
statement.

That 23| follows from Remark (p-|117), Appendix and the fact
that A(A) = Do ((Top{y 4))%P(A)).

The coalgebra C := (TOp?k a))°P(A) is coreflexive if, and only if, every

finite-codimensional ideal of D, (C) =~ A(A) is closed in the finite topology of
C* (|1, Lemma 2.2.15, p. 76]), which coincides with our topology w(*k7d), and
thus it turns out that (B:(C),wzk,d)) ~ TA(A) (since C* under the finite
topology is equal to Algqy(C) = (4,0) by functoriality). Whence

Let us assume that in TA(A) every finite-codimensional ideal is closed.
Let £ € Dy, (A(A)). By definition ker ¢ contains a finite-codimensional ideal
say I of A(A). Since I is closed, there exists a finite-dimensional subspace
D of C such that DT = I (since the closed subspaces are of the form DT for
a subspace D of C' and by Lemma codim(I) = codim(DT) = dim(D)),
whence I is open, which shows that (A,o) L (k,d) is continuous, i.e., £ €
(A,0)", because ker £ = ¢71({0}) and {0} is open in (k,d). Whence .

Let C:= (Top?k7d))°p(A) = D;?n(A(A)), so that A(A) ~ D,(C), as above.
Whence C = D;’cfn(A(A)) ~ D;ﬁ’;n(’D:(C)) This is not sufficient to ensure
coreflexivity of C, since there is at this stage no guaranty that the above
isomorphism corresponds to the unit of the adjunction given in Theorem [20]]
(p.[117 in Appendix[D.4) namely A° = (4,0)" = C = (C*)° = (((4,0)")*)° =
((A%))%, um (Lo £(u)).

One knows from the beginning of the proof that

A(TA):A(A) = A(ATg g ((TOPS 4)°P (A)))

which, in this case where (TOp?Kd))OD(A) = D;';n (A(A)), is the isomorphism
ITaml:A = ((4,0))" = (A", u > (£~ L(u)) (refer to Remark
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p. 06} in Appendix [B3] for the definition of the induced natural transfor-
mation T'). This shows at once that A(A) is reflexive (Remark p.
Appendix , and thus its finite dual coalgebra, namely C is coreflexive
(again by Remark since the adjunction from Theorem [201| reduces to
an equivalence between coreflexive coalgebras and reflexive algebras). Thus

item [={3 o

124 Example Let (R, 7) be rigid. Let us use E:mmple (p. @) to prove
that (TOp?RjT))Op(M(R,T)(X)) ~ CrX, i.e., that the topological dual coalgebra
of M(ry(X) is the group-like coalgebra CRX on X (Appendix p. .

Let us check that the following diagram commutes.

e

(R, 7)) (B, 7)* @Ry (B, 7)) (45)

Axl TA«R,T)X)'@R((R,T)X)'

RO ——— R @g R —— ((R.7)*) @r ((R, 7))’
dx A ®RAY

Let L e (R, 7)X), z,y e X. Then,

(A(rmy*yer((rn Xy (AX @R AX) (dx (Ax (0))))) (6 ® d,)
= (A oty (O @R A (Taez £(5.)5: ©5.))) (6 @)
= (02 ®0y)(Xoez U(0:)T @ 72)
= Yoez 1(02)m:(02)m=(dy)
— x5, ®5,))
= (W (D)6 85,).
(46)

Moreover n'y (¢) = (ex(Ax(£))) for each £ € ((R,7)X) since (nx (0))(1r) =

e(nX(lR)) = erX g(éz) and
Y(ex(Ax(£))) V(X gex €(62))

(Zaex £(02))idR.

(47)

All of this shows that )\X:(TOp?RJ))Op(M(R’T)(X)) ~ CrX is the required

1somorphism of coalgebras.

Let K be a field. It follows from Theorem and Example (p.
that in A qy(X) every finite-codimensional ideal is closed if, and only if

CyX s coreflexive if, and only if, {m;:x € X} = 1Alg,(Ax(X),k) (/21
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Corollary 3.2, p. 528]). This holds in particular if | X| < |K| (see [21, Corol-
lary 3.6, p. 529]). If K is a finite field, then Cy(X) is coreflexive if, and only
if, X is finite (see [21, Remark 3.7, p. 530]).

6 Duality between closed ideals and subcoalgebras

One now shows that the equivalence Mon(TopFreeVect qy) ~ Coalg®
(Corollary p- induces a one-one correspondence between closed ideals
of a topological algebra and subcoalgebras of its topological dual coalgebra.

Finite duality also induces a rather nice correspondence between ideals
and subcoalgebras since to an ideal of an algebra corresponds a subcoalge-
bra of its finite dual coalgebra. But the converse does not necessarily hold
(see [I, Remark, p. 79]), contrary to the correspondence provided hereafter
(see Corollary below).

As the main theorem of this section, Theorem [135] it is proven that
closed maximal ideals are automatically finite-codimensional and that when
the base field is algebraically closed they even have a codimension one. This
reflects, by means of the equivalence Mon(TopFreeVect 4)) ~ Coalg}”,
the local finite-dimensional behaviour of coalgebras (see the Fundamental

theorem p- in Appendix to the topological algebras that belong
to the image of the T'A functor (Section [5.3.2.3).

This bijection, between closed ideals and subcoalgebras, will be used in
the following in particular to obtain a logical relationship between topological
semisimplicity of some topological algebras and cosemisimplicity of their dual
coalgebras (see Section .

6.1 Orthogonal spaces

6.1.1 Duality pairing revisited

Let (R,7) be a rigid ring. Let (M,0) be an object of TopFreeMod g ;).
Let us define the R-bilinear map

<'a '>(M,0'): (M,U), xM—>R

by (€,u) (o) = £(u) = T (ar,0) (w) (£).
This provides a perfect pairing, i.e., it has the following two properties.

NGRS
1. The map (M, o) SN ((M,0)")*, uw (-, u)(nr,e), is an isomorphism.

2. The map (M, )" —» (M,0)', £ = ({,)(r,0) is an isomorphism.
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(The second property is tautological while the first follows from Lemma

p-B3})
125 Remark According to Eq. , Lipryx = ()\3(1)* opx. Then,
b

(s )(mryx is related with (-,-) x (Section by the equality (-, ") (g -)x =
<'7 ')X °© ()‘3(1 x idRX)'

The above duality pairing makes it possible to define orthogonal sets in
a rather usual way, as described below. Let S be a subset of (M,0)’, and T
be a subset of M. Then define the following sets.

1. St:={ueM:{l(u)=0, VLe S} =Nyegskerl, which is closed in (M,o0).
2. 'T:={le(M,0):4(u)=0, VueT}c(M,o)"

The following hold.

. For each S c (M,0)", Sc*(Sh).

—_

. 51¢€852¢(M,o0)" implies Sy € St
. Foreach T < M, Tc (*T)*.

0 W N

. Ty € To € M implies +T5 ¢ *T7.

126 Lemma Let (K,7) be a field with a ring topology. Let (M,o) be an
object of TopFreeVect y .. Let V' be a subspace of (M,c)". Then, +(V*) =
V.

Proof: Since V ¢ +(V*), only the converse assertion has to be checked.
Let B be a basis of V and let D be a basis of (M, o) which extends B. Let
as in Remark (p- , D, = {F(’Mg)(d), d € D}, which is a topological
basis of (M, ). Let also B, := {szb’g)(b): beB}cD,. Letde D\B. Then
for each b e B, b(dx) = T'(a1,)(d«) (D) = d*(b) = 0. Whence Dy \ B, ¢ V*.

Let £ € *(V*). In particular, for each d € D\ B, ¢(d.) =d*(¢) = 0 so that
te(B)=V. ]

Let k be a field. Let (M, o) be an object of TopFreeVecty ). Accord-
ing to Section (p. , (M, o) is a linearly compact k-vector space, and
as such admits a fundamental system of neighborhoods of zero consisting of
subvector spaces (see [4]).

127 Lemma Let K be a field. Let (M, o) be an object of TopFreeVect y 4.
Let V' be a closed subspace of (M,o). Let u € M such that w ¢ V. Then,
there exists £ € (M,0)" such that £(u) =1 and ¢}, = 0.
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Proof: Let W be an open subspace of (M,o) such that (u+W)nV =@
(this is possible since o has a fundamental system of neighborhoods of zero
consisting of subvector spaces). Then, V + W is a subspace of M which does
not contain u. Let £ € M™ such that ¢(u) =1 and ¢, = 0. In particular,
W cker? so that £ € (M,o)’. o

128 Corollary Under the same assumptions as Lemma[I27, if V is a closed
subspace of (M, o), then, (*V)*=V.

Proof: Since V ¢ (*V)*, it suffices to prove that (*V)* ¢ V. Let u €
(*V)* N V. Since (*V)* is closed, there exists by Lemma te(M,o)

such that f(u) = 1 and {1y = 0. In particular, ¢ (VYY) =4V (by
Lemma |126]). But then ¢(u) must be equal to zero, which is a contradiction.
i

It follows from Lemmaand Corollarythat given an object (M, o)
of TopFreeVect, 4) for a field K, the operation *(-) is an order isomor-
phism, with inverse (—)*, between the poset of all closed subspaces of (M, o)
and the dua]lE of the poset of all subspaces of (M,c)’.

Actually *(-) and (-)* even transform infima into suprema as is shown
by the following result.

129 Proposition Let K be a field. Let (M, o) be a topologically-free (K,d)-
vector space.

1. Let F be a family of closed subspaces of (M,c). Then, *(NF) =
Sver V. (In particular, if F' is the empty family, then *(N@) =*M =
(0).)

2. Given a family G of subspaces of (M,0), (XveaV)* =Nyveg V*.
Proof:

A. Let F be a family of closed subspaces of (M, o). Since for each V € F,
NF cV it follows that *V ¢ *(NF). Then, Yy 'V c*(NF).

B. Now, let G be a family of subspaces of (M,)’. Since for each V € G,
V € YyeaV, it follows that (Xyeq V)t € V*, and thus (XyegV)*
Nvec V*.

5The dual of a poset (P, <) is the poset consisting of the same set P with the opposite
order <° defined by z <°® y if, and only if, y < z.
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1. An Application of item B. with G := {*V:V € F } leads to (Xyp V)t €

Nver(*V)* =Nver V, sothat *(Nyer V) € ((Zver *V)') = Zver V.
Thus by A., * (NF) =Yyt V as desired.

2. An application of item A. with F:= {V*:V € G} leads to YyqV =

Yvea ' (VH) e (Nveg V) soNvea VE = (H(Nvee V) € (Evea V)
Whence by B., Nyeg V* = (Zyeq V) as required.

130 Lemma Let (V,0) be a topologically-free (K, d)-vector space. Let W be
a closed subspace of (V,o) with *W finite-dimensional. Then, codim(W') =
dim(*W).

Proof:  First, let W be a subspace of (V,o)’. Then, one claims that
Wt~ W (see Eq. , p. under Ty, (V,0) = ((V,0)")*. Indeed, let
w e W+, then 'y, (u)(£) = 0 for all £€ W. Conversely, let L ¢ WT. Then,
L =T (y4)(u) for a unique u € V, and T'(y,y(u)(€) = L(¢) = 0 for all £Le W
so that uwe W+,

It follows in particular, that codim(W*) = codim(W). (Indeed, (V,0) =~
((V,0)")*, whence V/W* =~ ((V,0)")*/WT.)

Secondly, let W be a closed subspace of (V, o) with *W finite-dimensional.
Since (*W)* = W by Corollary [128] then codim(W) = codim((*W)*) =
codim((*W)T) (by the above) = dim(*W) (according to Lemmal 121} p. .

o

6.1.2 The second copy

Let (R,7) be a rigid ring. Let (M, o) be a topologically-free (R, 7)-module.
A(M, o) @R (M,0) ¥id

Let ()82, ) = ((M.0)'8r(M, 0))x((M.0)8 (s 0y (M, 7)) —rl®

() re)e g 1y (M,0)
((M,0) &Ry (M,0)) x ((M,0) &r ) (M,0)) R, called
the second copy of (-,-)(ar,0)- In other words, (€1®€27u®v)(M ) = = {1 (u)la(v),
lie (M,0),i=1,2, u,ve M.
Now let ((M, U) m,e) be an obJect of Mon(TopFreeMod g ;). It fol-
lows directly from Example [105) _ (p. [p0)) that

(f,m(u@v))(MJ) = (5(6),u®v)?]\2/‘,70). (48)
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<€?'>®2 o
131 Remark For ecachle (M,0)' ®r(M,0)’, (M,0)® R+ (M,0) M),
(R,7) is linear and continuous (continuous since Ly = A(nrqyep(M,o)y (£) €

(M,o0) &g (M,0))" and (¢, -)?]\2/[’0) ={y).

Moreover, £ — (¢, )‘?]\2/[ ») s @ one-to-one map from (M,0) ®@r (M,0)" to

((Ma J) ®(R,T) (M7U)),'

More generally one may define the nth copy (-,-)?]\7}[70) of (-,-)(a,e), for

n> 1, as follows. Let M® = M, and M®"*!:= (M®")®g M and (M, o)®! :=

(M,0) and (M, )™ := (M,0)®") @r ) (M,0), n> 1. Let (M,0) =

An .
(M,0) :=id(pry and ((M,0))®" =5 ((M,0)®"*1)’ be the composi-
(An®Rid(M70)’) A((AI,U)®”)’®R(AI,J)’
o W

tion ((M,o)")®"*! (M,0)®*™) @r (M,0)’

() ero
_—

((M,0)®" 1) n > 1. Then, one defines ((M,o)")®" x (M,o)®"
Ri= () (atoyon © (A xid), n> 1.

6.2 The duality between closed ideals and subcoalgebras

In this section A = ((A4,0),p,n) is an object of Mon(TopFreeVect, 4)),
where K is a field.

By a closed (two-sided) ideal of A is meant a closed two-sided ideal of
TA(A) (see Section p. [56), i.e., an ideal of the underlying algebra
UA(A) of A (see Definition p. which is closed in (A, o). The defini-
tion of subcoalgebra is recalled in Appendix (p- [114]).

The operations *(-) and (=)* establish a nice connection between closed

ideals of A and subcoalgebras of its topological dual coalgebra (Top?k7 d) )oP(A)
that we now explore.

132 Proposition Let I be closed subspace of (A,0). If I is a closed two-
sided ideal of A, then *I is a subcoalgebra of (Top?k’d))op(A).

Proof: Let us assume that I is a (closed two-sided) ideal. One has to
prove that §(*I) ¢ *1 ®y*I, where § = AEfll,o)'ch(A,a)' oy’ as in Example
(p-[p0). Let €€ (A,0)". Then, §(¢) = X1 £; ® r; for some £;,r; € (A,0)’, and
one assumes that the ¢;’s are k-linearly independent. Let {u;:i=1,--,n} be
a set of members of A such that ¢;(u;) = d;, ¢,j =1,--,n (|7, Lemma 1.5.8,
p. 39]). Let we I. Then, for each i =1,--,n, pu(u; ® u) € I so that £(pu(u; ®

u)) = 0. But 0 = £(pu(u; ® u)) = (u(u; ® u),€)(a,0) = (u® v,é(ﬂ))?ia) =
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Z;Ll(ui,éj)(A’U)(u,rj)(A,o) = Z?zl Ej(uz)rj(u) = rz(u) Whence r; € J‘[, and
d(¢) € (A,0) ®*1I. Similarly we obtain §(¢) € *] @k *1. i

133 Proposition Let D be a subspace of (A,c)". If D is a subcoalgebra of
(Top?k’d))op(A), then D* is a closed two-sided ideal of A.

Proof: Let ue A, v e D' and £ € D. We have {(u(u®v)) = (u(u ®
V), ) (A0) = (U®Uv5(€)){®j7a) = Yi{u, li)a,0) (v, i) (a,0) = 0 since §(¢) =
Y li®r; € Dk D, and v € D*. Therefore u(u ® v) € D*. Similarly,
pu(v®u) € D*. Thus D* is a two-sided ideal. o

134 Corollary 1. Let I be a closed subspace of (A,0). I is a two-sided
ideal if, and only if, *I is a subcoalgebra of (Top?k7d))°p(A).

2. Let D be a subspace of (A,0)". D is a subcoalgebra of (Top‘(’kvd))op(A)
if, and only if, D* is a closed two-sided ideal of A.

It follows from Corollary that given a monoid A in TopFreeVect, 4,
the operation *(-) is an order isomorphism, with inverse (=)*, between the
poset of all closed two-sided ideals of A and the dual of the poset of all sub-

coalgebras of (Top((’k 4))°P(A). In particular, there is a one-one correspon-
dence between closed maximal two-sided ideals and simple subcoalgebras

(see Appendix p. [114])).

135 Theorem Let A be a monoid in TopFreeVect q4y. Every closed mazi-
mal two-sided ideal m of A is finite-codimensional with codim(m) = dim(*m).
In particular if K is an algebraically closed field and A is a commutative
monoid, then every closed mazrimal ideal m of A has codimension 1.

Proof: *m is a simple subcoalgebra of (Top?k’d))OP(A) (essentially) by
Corollary . Whence *m is finite-dimensional.

Indeed, let D be a simple subcoalgebra of a coalgebra C. Let us assume
that dim(D) is not finite. Each member of D generates a finite-dimensional
subcoalgebra of D (by Theorem p. in Appendix. In particular,
for a non-zero member of D, this would provide a proper (i.e., # (0), # D)
subcoalgebra of D, which contradicts simplicity of D.

Then, it follows from Lemma [L30] that codim(m) = dim(*m) < oo.

Now, let us assume that K is an algebraically closed field and A is a com-

mutative monoid. In this case, (Topdk d))OP(A) is a cocommutative coalge-
|

bra, and is pointed (see Appendix |D.3| p.[114) by [I, Theorem 2.3.3, p. 80|,
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i.e., dim(D) =1 for each simple subcoalgebra D of (Top?k7d))°p(A). There-
fore by the first part of the proof codim(m) = 1 as soon as m is a closed
maximal ideal of A. O

7 Topological semisimplicity

In this final section of the presentation, all the notions introduced so far
and many of the results obtained beforehand, are exploited so as to get a
thorough understanding of the function algebra behaviour of a commutative
monoid in TopFreeVect, ;) for a field k with a ring topology 7. As a main
result is provided a characterization of the function algebras among these
monoids as suitably generalized von Neumann regular algebras, when K is
algebraically closed (Theorem [167)).

Let us take the time to succinctly review the content of this section.
Among commutative algebras, function algebras Ax(X) (Section or
even ring direct products [];.; K; of fields, provides the most direct and ap-
parent access to their structure. Therefore a natural way to get information
on more general algebras is to represent them as function algebras; this is

precisely to what semisimplicityﬂ leads to with the canonical representa-
canp

tio A — [TmeMaz(a) A/m of an algebra A (where Max(A) is the set of
all maximal ideals of A). The kernel of this representation (i.e., the Jacob-
son radical) measures what is missing for the algebra to be a subalgebra of
a function algebra.

Our topological setting gives access to several notions of semisimplicity
for a commutative monoid A in the monoidal category TopFreeVect, ..

1. Cosemisimplicity of the topological dual coalgebra of A (Appendix|D.3]),
2. Jacobson semisimplicity of the underlying algebra U A(A),

3. Topological semisimplicity of TA(A) (Section |7.1.1.1]), based on a rep-
resentation of A to a topological product of fields (with a separately
continuous multiplication),

4. Gelfand semisimplicity of A (Section [7.1.2)), which measures how A
differs from a “subalgebra” of some My -)(X) (Example [100).

161 this presentation, “semisimplicity” means what is sometimes called “Jacobson
semisimplicity” or “semiprimitivity” elsewhere.

"Here by a “representation” is meant an algebra map A EN [Tier ki

67



Our objective is to understand the relations between the above notions be-
yond the trivial implications: A Gelfand semisimple = T'A(A) topologically
semisimple = U A(A) semisimple.
As a summary of the results obtained in this section:
1. Corollary which provides the equivalences for a discrete
field (k,d), using the duality between closed ideals and subcoalgebras
developed in Section [6]

2. Corollary which establishes the equivalence [3] <[4 for a discrete
algebraically closed field, thanks to Theorem (p. that states

that all the closed maximal ideals of A are one codimensional.

3. Corollary tells us that the only Gelfand semisimple commutative
monoids are exactly those of the form M -)(X) for some set X.

4. Theorem [I67] which definitively settles the question by providing the
equivalences for an algebraically closed field (k,7)

with a ring topology. The equivalence CMon(TOpFr'eeVeCt(Kd)) ~
«Mon(TopFreeVecty ) from Corollary p. plays a decisive
role as an argument of the proof.

7.1 Various notions of topological semisimplicity

7.1.1 Topological Jacobson radical and topological semisimplicity
7.1.1.1 Definitions

Let (R,7) be a topological ring. Let us denote as illustrated in the commu-
tative diagram below some obvious forgetful functors (which are faithful).

a to
Top S 1,c,sep TOPAIG(R ) S 1,cAlgR (49)

Halg J M

1, TopAlgr

(The abbreviations in the index of the forgetful functors correspond to the
part of the structure which is forgotten.) Whence for a separately continuous
algebra A = ((A,0),ma,1a), |Aliop = (A,ma, 1a) and |Algy = (JA],0) (where
TopMod g - Ll Top is the forgetful functor).

136 Remark Let (R,7) be a rigid ring, and A = ((A,0),m,e) be a com-

mutative monoid in TopFreeMod g .y. Then, [TA(A)|wg = (A,0) while
|TA(A)|top = UA(A) (see Section . for the definition of TA).
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1. Let R be aring. Let A be an object of | cAlgg. Let Maxz(A) be the set
of all maximal ideals of A, and let J(A) = Nmerraz(a) ™ = N Maz(A)
be the Jacobson radical of A. (In particular, if Maxz(A) = @&, then
J(A) =A.) Ais said to be (Jacobson) semisimple when J(A) = (0).

Let A =24 [Timerraz(a) A/m be the canonical map cana(r) = (z +

M) meMaz(A)-

Of course, kercanp = J(A) and thus A is semisimple if, and only if,
canp is one-to-one.

2. Let (R,7) be a topological ring. Let A be an object of 1 ¢ sep TopAlg g -
(or 1 TopAlg y). Let ClMaz(A) be the set of all closed maximal
ideals of A (i.e., maximal ideals of the algebra |Al,, which are closed as
subset of the topological space |A|q4). The topological Jacobson radical
Jiop(A) of A is the closed ideal of A defined as NCIMax(A). (Again,
if CIMaz(A) = @, then Jip(A) = A.) A is said to be topologically
semisimple when Jiop(A) = (0).

Let [Altop A, [Timecimaz(a) |Aliop/m be the canonical map, which is

an algebra map. It is continuous from A to [Tmecinraz(a) A/m when,
as in Appendix [E| (p. , the product denotes a topological product
space and each factor A/m corresponds to |Alsp/m with the quotient
topology, as for m € CiMaxz(A) and z € A, mn(cana(z)) =z +m =
Tm ().

Whence ker cana = Jiop(A) and A is topologically semisimple if, and
only if, cana is one-to-one.

3. Let us assume that (R, 7) is rigid, and let A be a commutative monoid
in TopFreeMod g -y. One defines CiMaz(A) := ClMaz(TA(A)) and
Jiop(A) = Jiop(TA(A)). A is said to be topologically semisimple if
TA(A) is so.

137 Remark Let (R,7) be a topological ring. Let A be an object of the cat-
€gory 1,c,sep TOPAIg(R 1) (01 1, TopAlgg ). As ClMaz(A) € Maz(|Alop)
it follows that J(|Altop) S Jiop(A) and thus if A is topologically semisimple,
then |Aliop is semisimple.

The following lemma will be used rather frequently in what follows, with-

out further ado. (Its proof essentially follows from the fact that if A LB
is an isomorphism, then it induces a bijection ClMaz(A) — CiMax(B),

m e f(m).)
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138 Lemma Let (R, 7) be a topological ring. Let A,B be isomorphic objects
of 1,c,5epTOPAIg (R -y (o1 1, TopAlg g ;)). A is topologically semisimple if,
and only if, B so is. In particular, when (R, T) is rigid, topological semisim-
plicity of objects of CMon(TOpFl’eeMOd(Rﬂ.)) 1s preserved by isomorphisms.

7.1.1.2 Topological semisimplicity and cosemisimplicity

See Section (p.|114)) for some recalls about cosemisimplicity of coalgebras.

139 Proposition Let (K,7) be a field with a ring topology and let C =
(C,dc,ec) l)f a counital cocommutative coalgebra. C is cosemisimple if, and
only if, O(D4(C)) is semisimple if, and only if, UA(AIg( ,)(C)) is semisim-
ple.

Proof: Recall from Eq. , p. m that for a coalgebra C, (corad(C))T :=
{teC*4(z) =0, Vo ecorad(C) }. Tt is clear that (corad(C)) = (0) if, and
only if, corad(C) = C.

Let us assume that C is a cosemisimple (cocommutative) coalgebra.
One has D,(C) = A(ATQ_;EE;)(C)) (see Section p. , and accord-
ing to [T, Theorem 2.3.9, p. 84], J(O(D,(C))) = corad(C)!. But O(D,(C)) =
UA(AEK_;)(C)) so that the algebra UA(AEK_;)(C)) is semisimple if, and
only if, the algebra O(D,(C)) is semisimple if, and only if, (corad(C))f =
J(O(D.(Q))) = (0) if, and only if, corad(C) = C if, and only if, C is

cosemisimple. a

140 Corollary Let (k,7) be a field with a ring topology, let A = ((A, o), 1,m)
be an object of Mon(TopFreeVect, ;). Let C:= (Top?k’f))OD(A). UA(A)
is semisimple if, and only if, O(D.(C)) is semisimple if, and only if, C
is cosemisimple. In particular, if A is topologically semisimple, then C is
cosemisimple.

Proof: It suffices to apply Proposition m since D, (C) = A(Am)(C)) o
A(A) (Corollary p. and thus O(D,(C)) ~ UA(A). The last assertion
is due to Remark ]

141 Corollary Let k be a field. Let A = ((A,0),u,m) be an object of
«Mon(TopFreeVecty 4y) and let C := (Top?k’d))OD(A). A is topologically
semisimple if, and only if, UA(A) is semisimple if, and only if, C is cosemisim-
ple.
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Proof: By Corollary the last equivalence holds. It remains to prove the
first one. One already knows by Remark [I37]that A topologically semisimple
implies UA(A) semisimple.

Let us assume that C is cosemisimple. Let simpl(C) be the collection of
all simple subcoalgebras of C. One has (A,0)" = corad(C) = ¥ pegimpi(c) D =
Y pesimpi(C) T (D) = *(Npesimpi(cy D*) (according to Proposition p.
= *(NmeciMaz(a) M) (since (=)* provides a one-one correspondence between
closed maximal ideals of A and simple subcoalgebras of C; see Section
p. = Jiop(A). Whence Jiop(A) = ((A,0)")* = (0), i.e., A is topologically
semisimple. O

7.1.2 Gelfand semisimplicity
7.1.2.1 Definition

Let (R, 7) be a rigid ring.
One observes easily that ((R,7), (R ), idr) is a commutative monoid

in TopFreeMod g ,), where (R,7) ®&r ;) (R, 7) LaliueR (R, 7) is defined by

1R, (1r ® 1) := 1R (or alternatively, yug (o ® ) == mr(a, 3), o, € R,
and R x R =% R is the bilinear multiplication of R). Moreover, it is clear
that TA((R,T),,U,(R,T),Z'dR) =(R,7).

Let A= ((A,0),u,n) be a commutative monoid in TopFreeModg .. Let
X(r,r)A = Mon(TopFreeMod -y) (A, ((R,7), 11(r r), idr)) be the set of all
continuous characters of A.

Since according to Remark (p. p5)), T'A is fully faithful, its restric-
tion X(r7)(A) = 1,c,5ep TOPAIg(R ) (TA(A), (R, 7)) is a bijection. In what
follows both sets are treated as equal.

142 Remark When 7 =d, then X(gq4)(A) = 1/ TopAlg 4y(TA(A), (R,d))

since in this case TA(A) has a jointly continuous multiplication (see Sec-

tion 323, ». [3).

Let (R,7) be a rigid ring. Let A = ((A4,0),u,n) be an object of the
category C1\/Ion(T0pFI’eeMOd(RvT)). One defines the morphism of separately
continuous algebras T A(A) G, A (XRr)(A) by Ga(u)(x) = x(u),
u e A x € XRyp)(A). (It is continuous since for each x € X(r ) (A),

My © Ga = x. Moreover, ((Gaop)(u®v))(x) = x(u(u®v)) = x(u)x(v) =
(Ga(u)(x))(Ga(v)(x)) for each u,v € A and x € X(r;)(A), and one also

has (Ga(n(1r)))(x) = x(n(1R)) = 1r.)
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Since by Remark T A is fully faithful, there is a unique monoid mor-

phism A =% Mg ) (X(r.r) (A)) such that TA(Ga) = Ga. (See Example [100
p. E for the definition of Mg (X))

143 Definition The monoid morphism Ga is referred to as the Gelfand
transform of A. Moreover, A is said to be Gelfand semisimple when Gp is
one-to-one.

144 Remark ker Gp = ﬂXEX(R (A) kerx is a closed ideal of A. Of course,

Jiop(A) S ker Ga, and thus if A is Gelfand semisimple, then it is topologically
semasimple.

7.1.2.2 Functoriality and naturality

145 Lemma Let (R,7) be a rigid ring. Let X be a set. Then, {m:x €
X} € Xrr) (MR (X)), If moreover R has no non-trivial idempotents
(i.e., E(R)={0,1r }), then X(r 7y (MR, (X)) = {7z € X }. In particular
the last assertion holds for a field (K,7) with a ring topology.

Proof: Clearly {m;:x € X } € X(r 1) (MR ;) (X)). Assume that the unique
idempotents of R are 0 and 1gr. Let x € 1/ TopAlgr 1y (Ar ) (X),(R,7)).
(Recall from Example p. W’ that TA(M(r (X)) = Ar(X).) In
particular, x(8,) is an idempotent of R for each 2 € X since x(d,) = x(62) =
X(02)x(0z), whence x(0,) € {0,1g} for each x. Since X(lA(RJ)(X)) = 1R,
and 14, (x) = Zzex Oz, it follows (since R is non-trivial by Conventions i
that there is at least one x, € X such that x(dz,) = Ir. Let z € X \ {m, }
such that x(d;) = 1r. Then, 0 = x(0) = x(620z,) = X(02)X(0z, ) = 1r which
is a contradiction. Whence there is a unique z, € X with x(é, ) = Ir. Now,

X(f) = X(Zaex F(2)02) = Taex f(2)Xx(82) = fzy) =70, (), feRY. O

146 Example Let (K,7) be a field with a ring topology. Let X be a set.
Then, My (X) is Gelfand semisimple. (It suffices to use Lemma to
see that ker Gy, (x) = (0).)

147 Lemma Let (R,7) be a rigid ring. X y(A) extends to a functor from
<Mon(TopFreeMod g -)° to Set.

Proof: Let AL Bhbea morphism in .Mon(TopFreeModg -y). Then, with

X(r,n(f)
X R, (B) ZED X(r,r)(A), x = x o f, one obtains the expected functor.

O
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148 Lemma Let (R, 7) be a rigid ring. G := (GA)A‘ichon(TopFreeMod(R )=
Mgy o X‘(’g +:eMon(TopFreeMod g ) ~ -Mon(TopFreeMod(g ). (Re-

call from Remark . that M(r ) is functorial.)

Proof: Let AL Bbea morphism in .Mon(TopFreeModg -y). One has
to check that the following diagram commutes.

G
A— MR ) (XR - (A) (50)

fl IM(R,Tﬂx?;,T)(f))

B— Mrn) (X{R.(B))

Let x € X(r7)(B) and let u € A. Then, (Gg(f(u)))(x) = x(f(u)), while
(Migry (X2 (F)(GA)) () = (Ga(u) o X (F)(X) = Galw)(x o f) -
X(f (u)). O

op
149 Proposition Let (R,7) be a rigid ring. Then the functor Set _&n,
<Mon(TopFreeMod g -)° is a left adjoint of the continuous characters

X T
functor .Mon(TopFreeMod g ,)°P Z®D, Qet,

Proof: Let X % X(r,r)(B) be a set-theoretic map where B = ((B,~),m,e)
is an object of :.Mon(TopFreeModg ,y). Let (B,7) EA (R,7)* be the

unique continuous linear map such Phat for each z ¢ X, Ty © f = f(x).
Let w,v € B, and = € X. Then, (f(m(u®v)))(z) = m:(f(m(u & v)) =

f@)(m(ue ) = f(@)(u)f(x)(w) = (f(u))(@)(f(v))(z), and moreover

; ; f
(f(e(1r)))(x) = m(f(e(1r))) = f(2)(e(1r)) = 1r. Therefore, TA(B) ~
A(RJ)(X ) is a morphism of separately continuous algebras, whence by Re-

marks |118 (p. and [120] (p. , B L Mgy (X) is a morphism in
«Mon(TopFreeMod g ).

O

150 Remark The unit of the adjunction ME)FE,T) - X(r,7) is given by X =,

X(RVT)(MSS 7_)(X)), wx () = my, while the counit is the opposite GOP: Mag ~°
X(r,r) = id: [Mon(TopFreeMod g ,y)°® - .Mon(TopFreeMod g .y)°" of the
Gelfand transform (see Facts . mn Appendixfor the definition of

the opposite natural transformation).

73



151 Remark It is possible to compare the adjunctions (OFE ) — Topr,r) ©
117 J

|- |:Set — TopFreeMod(R (Proposition . @) and M(R ”

for a rigid ring (R, 7). Let A be a commutative monoid in TopFreeMod g .,

and X be a set. Let X 2> |Un(A)'| be a map (where, as in Propositz'on

. @ Appendiz |B.5, -Mon(TopFreeMod g ;) Ym, TopFreeMod g .y is

the obvious forgetful functor). The unique continuous (R, T)-linear map

'
Unm(A) EiN PR (X) = Un(Mr (X)) (Proposition . lifts to a

morphism of monoid A 2, Mg (X), i.e., Un(g") = b, if, and only if, g
factors has X — X(g7)(A) = [Un(A)'|. (It suffices to compare the explicit
definition ofgﬂ given in Remark p. 39 l with the construction of a monoid
morphism f given in the proof of Proposztwn)

- X(R,T)

152 Remark The proof of Proposition can be adapted to show that
AP
Set — 7, LcTopAlg?E ) is a left adjoint to the contravariant hom-functor
1,c TopAlg g (- (R,7))
1cTopAlg?§ . &) Set, where for a category C, and a

C(-.D)

C-object D, C°° —— Set is given by C' — C(C, D) ([17, pp. 34-35]).

7.1.2.3 Relations between different “maximal ideal spaces”

153 Definition Let (K, 7) be a field with a ring topology. Let A be a commu-
tative monoid in TopFreeVect .y. One defines ClMaxz(A)1 as the subset
of ClMaxz(A) consisting of closed maximal ideals of codimension one.

154 Proposition Let (R,7) be a rigid ring. Let A = ((A,o),m,e) be an ob-
ject of .Mon(TopFreeModg ). Let C:= (Top‘(jR’T))Op(A) be its topological

dual coalgebra.

1. X(r;ryA = G(C) (cf. Appendz':r . for the definition of the set
GC of group-like elements of a coalgebra C).

2. If (R,7) = (k,7) is a field with a ring topology, then X A fer,

ClMax(A); is one-to-one.

(a) Moreover, if T is the discrete topology, then Xk 4)A Jer, ClMax(A)q
is onto, whence X qyA = ClMax(A);.

(b) If k is an algebraically closed field, then
GC = Xk,a)(A) = ClMax(A)1 = CIMax(A).
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Proof:

1. Let x € X(rr)A. Eq. , p. , shows that for each u,v € A, (x®x,u®
D = (a0 (U ey = X(X(0) = X(m(u® v)) = (x,m(u
0))(a,0) = (0(X),u® ’U)‘?j,g). Whence (§(¢) - ® g">?j,o) =0on {u®
viu,v € A} which spans a dense subset in (A,0) &r ) (4,0). By
continuity and linearity, this implies that (6(¢£) - £ ®¥, -)‘?j’g) =0 on the
whole (A,0)®r ;) (A4,0), so that §(¢) = {®/ according to Remark

p. Moreover, €(x) = (x,e(1R)) = 1r, whence x € G(C).
Conversely, let us assume that xy € G(C). Then, x(e(1g)) = e(x) =

1R, and for each u,v € A, (6(x),u ®v)‘?j o) = (x ® x,u @v,é)‘?j o) =

<X7 u)(A,U) (X7 v)(A,a) = X(m(u ® U)) = (X7 m(u ® U))(A,U)? i'e-7 X(m(u ®
v)) = x(u)x(v). Whence x € 1,sepTopAlgr ) (TA(A),(R,7)), so
that x € X(RJ)(A).

2. Let us assume that (k,7) is a field with a ring topology. In this sit-
uation, given x € Xk r)(A), kery is a closed ideal of A with codi-
mension one, so kerx € ClMaz(A);. Let x1 € X )(A) such that
m := kerx = kerxj. Since codim(m) = 1, each member of A may
be expressed uniquely as u = ae(lg) +v, @ € R and v € m. As

x(e(1r)) = 1r = xa(e(1r)), x(u) = a+x(v) = a = a+ x1(v) = x1(u).
Whence x = x1, and X A Jer, ClMax(A)1 is one-to-one.

(a) Let us furthermore assume that 7 is the discrete topology of k.
Let m € ClMaxz(A);. Then, the quotient field UA(A)/m is an
extension field of k. Since dim(UA(A)/m) = codim(m) = 1, it
follows that UA(A)/m ~ k.

Moreover, the quotient topological algebra T'A(A)/m, i.e., the al-
gebra UA(A)/m with the final topology induced by the canonical
epimorphism UA(A) =% UA(A)/m, is isomorphic to (k,d). In-
deed, (A,0) is a topologically-free (K,d)-vector space, whence a
linearly compact K-vector space. m being both closed and finite-
codimensional, it is also open ([I3], p. 95]). Therefore, the quotient
topology is the discrete topology by [23, Theorem 5.7, p. 34].

All of this implies that 7, may be identified with a member of
X(k,d)(A), and since ker my, = m, ker is onto.

(b) For each field Kk, one has already GC = X 4)(A) =~ CIMax(A)1 €
ClMax(A). Let us assume that K is algebraically closed. With
Theorem [135| (p. [66) one also has ClMax(A) € ClMax(A);.
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155 Remark From Proposition one easily deduces that for each rigid
ring (R,7), Xrs) =G o ((TOp?R,T))Op)Op. Since G has for left adjoint CRr

(Lemma |189, p. |11, in Appendiz |D.3) and ((Top‘(jR’T))Op)"p also has a
left adjoint, namely (Alg(RJ))op, it follows, in view of Proposition|149, that

M(OI'%T) s naturally equivalentﬂ% )op o CR.
In fact (px)x: M(r,r) = Alg(r )0 Cg": Set® — ;Mon(TopFreeModg )
1s a natural isomorphism.

Naturality is due to the following equalities, with Y ER X, geRX and
peE R(M™),

((Crf)*(px(9)))(p) = px(9)((Crf)(P))
= px(9) (Zrex (Zyes-1(2) P(Y))dz)
= Yeex (Zperrqan (@) g(x) (51)
= Xyey P(¥)g(f(y))
= (py(go ))(p)
= ((py o Mg+ (f))(9))(P)-

That px is a morphism of monoids from Mg ;y(X) = (R, )X, nx,nx)

(see Example . to Algr - (CRP (X)) = Alg(RjT)(R(X),dX,eX) =
(((R(X))*,wZRJ)),d;{ o (Apx) ®rARx))*, ey o) may be checked by hand.

156 Corollary Let K be an algebraically closed field. Let A = ((A,o), i1,n)
be an object of Mon(TopFreeVect q)). A is Gelfand semisimple if, and
only if, A is topologically semisimple.

Proof: One knows from Remark that A Gelfand semisimple implies A
topologically semisimple.

So let us assume that A is topologically semisimple. Whence the con-
CanTA(A)

tinuous algebra map T'A(A) [Tmeciriaz(a) TA(A)/m is one-to-one.
|TA(A)/mltop = UA(A)/m is a field extension of k. By Theorem (p-[66)),
m has codimension one, and thus UA(A)/m =~ K, since K is algebraically
closed. In details: by Proposition (p. , ker: X(i.4)(A) = ClMax(A).
So for each x € X(q)(A), each member u of A is written uniquely as
u = x(u)n(1k) + uy, uy = x(u)n(lk) —u € kerx. Then, an isomorphism
O UA(A)/kerxy ~ k is given by ¢, (u) = x(u) with inverse d);(l(a) =
an(1k) +kery, a k.
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Since (A,0) is a linearly compact vector space, and m is closed and is
of finite codimension, it is also open (|13, p. 95]). Whence TA(A)/m =~
(k,d) (under ¢,,-1,) according to [23, Theorem 5.7, p. 34]. Therefore,
[Tmecinaz(A) TA(A)/m = Ay q)(ClMazx(A)) in 1,c TopAlgy 4, under O((u+
m)y):m e ClMaz(A) = ¢ 1, (u) = (ker ™ m)(u).

Because .Mon(TopFreeVect, 4)) T4 1 TopAlgy 4y is fully faithful,
there is a unique morphism of monoids A ——2 Mgy (ClMaz(A)) with
T A(cana) = ® o canga(ay.-

One observes that for each u € A, x € X(q)(A), (cana(u))(kery) =
x(u) = Ga(u)(x). Therefore the following diagram commutes in the category
«Mon(TopFreeVecty 4)).

canp

A 72 Moy (CLMaz(A)) (52)

GA ‘2M(Ik,d) (ker)
Mk.a)(Xk,a)(A))

Since A is assumed topologically semisimple, cany 4(a) is one-to-one, and so
is ® o canpy(ay and thus also cana, whence according to Diag. (52), Ga is
one-to-one, i.e., A is Gelfand semisimple. O

7.1.2.4 The Gelfand transform is onto

Let (k,7) be a field with a ring topology. Let A = ((A,0),m,e) be an
object of .Mon(TopFreeVect .y). Let us consider two algebra maps,

=UA
UAA) 222, 1AMy (XerA)) = Ak(Xery (A)) (see Example|110

Ga=TA(Gp)
p. and also TA(A) A A TA(M(ij)(X(kJ)A)) = A(k,‘r) (X(kﬂ') (A))
(as already defined). Of course, |Galtop = ga-

157 Lemma The map ga is onto.

Proof: By Proposition [154, X -(A) = G(C) where C = (TOp((jRJ))Op(A).
By Fact (p. [112, Appendix , GC is k-linearly independent. Let
C = (A,0)" be the underlying vector space of C. Let B be a basis of C
which extends GC. Therefore B, is a topological basis of (A,0) (see Re-
mark , p. . One defines a linear section of ga as follows: let f €
KXwn A then let s(f) := ExeX gy (A) F(x)x+ € A (sum of a summable fam-

. . GA=TA(Gp) .
ily). Since TA(A) ——25 TA(Mk Xk nA)) = Agr) Xy (A)) is
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continuous, and because the underlying algebra map |Galiop of Ga is ga, it
follows that ga(s(f)) = Xyex .., a) FOOIAXS) = Exexry(a) (XD 9a(Xx) =

YxeX gy (A) SOy (since ga(x+)(x1) = x1(x+) = x*(x1) (by Remark
=dy(x1), for each x1 € X(i -)A). Whence ga(s(f)) = f. o

According to Lemma [I57] one may define a unique algebra isomorphism
UA(A)/ker ga 2> Ak(X(k,r)(A)) such that ga o Tierg, = ga, Where one de-
notes by UA(A) —— Theron, UA(A)/ker ga the canonical epimorphism. Whence

TA(A)/ker Gp is a separately continuous algebra (under the quotient topol-

ogy induced by 7erq,; see Appendix [E] ' - Since ga © TkerG, = 9A
and |[T'A(A)/ker Galiop = UA(A)/ ker ga, it follows that one has a continuous
algebra map Ga:TA(A)/ ker Ga — Ak,ryX,r)(A)) with G Altop = GA-

158 Lemma §,' is a continuous algebra map from Ay X,r) (A)) to
TA(A)/ker Gp. Whence Ga:TA(A)/ker Gp — Ay (K, (A)) is an iso-
morphism in Lc,sepTopAlg(k’T).

Proof: Let kXt«n®) % A be the k-linear section of ga as defined in the
proof of Lemma One observes that mye, g, © s is the inverse g;\l of ga.

(Indeed, Ga(Treraa (5(f))) = ga(s(f)) = f for each f e kX))
The section s is actually a continuous map (k,7)Xen®) 2 (A 5). In-

deed, first recall that B is a basis of (A,0)" which extends G(C), with
C= (Top‘(’R T))OD(A)). So the topology o on A is the same as the initial

b+ )'=b
topology induced by (A L (K, 7))pen since B, is a topological basis

of (A,0) (Remark [81] p. [36). So let b € B, and let us consider the map
boskXan(A) L k. given by f+~ b(s(f)) = b(zxex(kf)(/\) f(.x)x*). Thus,
b(s(f)) = ZXEX([‘(’T)(A) f(X)b(X*) = ZXEX([k,-r)(A) f(X)X*(b) = 0 lf b ¢ X(k,T)(A)
and is equal to f(b) if b € X(;)(A). In other terms bo s = 0 whenever

b ¢ Xw,r)(A) and bos = m when b € X ,)(A), which shows that bo s is
continuous for each b, and so is s.

§71:7T er oS
Whence (k, 7) X (A) SNSRI (A, 0)/ker Ga is continuous too (where
(A,0)/ker Ga has the quotient topology), and thus is a continuous algebra

g—l
map A(k,T)(x(kﬂ')(A)) el TA(A)/ker Ga. (]

159 Corollary Let (K, 7) be a field with a ring topology. Let A be an object
of cMon(TopFreeVect, .y). The Gelfand transform Ga is an isomorphism
in .Mon(TopFreeVect ;) if, and only if, A is Gelfand semisimple.
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Proof: Let us assume that ker Go = (0). By Lemma [158 T'A(A) S,
TAM (XK, (A)) = Aw,r)(Xk,-)(A)) is an isomorphism in the cat-

egory 1,c,sep TOPAIlgy ). Since TA is fully faithful, it follows that A Sa,
Mk (X(k,)(A)) is an isomorphism in .Mon(TopFreeVect, ). ]

160 Remark The adjunction from Pmposition (p.

M7P

(k) = X(k,r): Set > Mon(TopFreeVect ;)

provides an equivalence of categories between Set and the opposite of full
subcategory of cMon(TOpFl’eeVeCt(kJ)) spanned by the Gelfand semisimple
commutative monoids (according to Corollary Lemma (p. @ and
Remark[150 (p.[73)).

161 Corollary (k,7) be a field with a ring topology. Let A be an object
of cMon(TopFreeVect .y). A is Gelfand semisimple if, and only if, A ~
M,y (X) for some set X.

Proof: According to Corollary if A is Gelfand semisimple, then
A~ My (X, (A)). Conversely, let us assume that A = M -(X) in
<Mon(TopFreeVecty .y) for some set X. Let ¢ be such an isomorphism.
Since the Gelfand transform is natural (Lemma , p- , the following
diagram commutes.

A M, (X) (53)

GAJ lG]vI(k,T)(X)

M, X A M, X M, X
(k) (X(i,r) ( M(m@ﬂ%ﬂ( k) (M) (X))

Example [146| (p. [72) tells us that M -)(X) is Gelfand semisimple, and
thus by Corollary , G Mgery(X) is an isomorphism. Since by functoriality,

M,y (Xk,r)(¢)) is an isomorphism too, it follows that Ga is an isomor-
phism, whence A is Gelfand semisimple. a

162 Remark Corollary states that, for a field (K, 7) with a ring topol-
ogy, the essential image (see Section m . @) of M) is equivalent
to the full subcategory of -Mon(TopFreeVect .y) spanned by the Gelfand
semisimple monoids and thus also to Set®® by Remark [160)
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7.2  Von Neumann regular monoids and (topological) semisim-
plicity

When Kk is an algebraically closed field, a commutative finite-dimensional
(unital) k-algebra A is (Jacobson) semisimple if, and only if, it is of the form
Ak(X) (see Section p. for a finite set X.

Indeed a finite-dimensional algebra A is artinianlEL whence has finitely
many maximal ideals [I1, Theorem 7.13, p. 425|, and when it is also Jacobson
semisimple the canonical map A RN [Tneraz(a) A/m, which thus is one-to-
one, is also onto by [5] since maximal ideals are mutually coprimdﬂ and thus
provides an isomorphism. Now, each m being maximal, A/m is an extension
field of k. By finite-dimensionality of A, A/m certainly is finite-dimensional
too, and K being assumed algebraically closed, A/m is isomorphic to K so
that A ~ Ax(Max(A)).

Our next goal is to provide a similar characterization for topologically
semisimple commutative monoids in TopFreeVect ..

Let (K,7) be a field with a ring topology. Let us consider the full subcat-
egory of CMon(TopFreeVect(ij)) spanned by those monoids A whose un-
derlying algebra UA(A) is a (commutative) regular von Neumann K-algebra
with a unit (Definition p. , i.e., for each u € A, there exists v € A
with u = wvu. This category is denoted by (VN ). Its objects are also
referred to as von Neumann regular monoids (the adjective “commutative”
being dropped).

163 Remark VN ;) is isomorphism-closed, i.e., given an isomorphism

ALBin «Mon(TopFreeVecty .y) where either A or B is an object of
cVN(k7), then the other also is. (It suffices to transport the weak inverse
map along the isomorphism.)

164 Example Let K be a field, and let T be a ring topology on K. Then, for
each set X, My X is an object of ;VNy ry. (Indeed, UA(M (X)) =
A(X) and Ax(X) is von Neumann regular, cf. Ezample[39, p.[23)). There-
fore, My co-restricts as a functor from Set®® to ;VN(i ;).

165 Lemma Let (R,7) be a rigid ring. Let C be an object of ¢ co.Coalgg
(see Appendix@ . . Then, X(r7)(Algr,(C)) ~ GC.

8Equivalently, having the descending chain condition on ideals (i.e., there does not exist
an infinite strictly descending chain of ideals).
9Te., my + my = A for each m1, m2 € Maz(A), m; # ma.
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Proof: X(g ) (Alg(r ) (C)) = G((Top{g ,1)°P(Alg(r +)(C))) (by Remark|155
p. ~ GC by Theorem (p. , since G is a functor. O
One already knows from Example (p. that for a rigid ring (R, 7),

CrX =~ (TOp?R’T))Op(M(R’T)(X)) for each set X. Actually this isomorphism
relation is natural in the set X.

166 Lemma Let (R,7) be a rigid ring. Let X be a set. Then, Cr =~

d o
((Top(r,))°P) P e ME’FE”T)-

Proof: By Remark [155( (p. , MSET) ~ (Alg(RJ))Op o CRr, and thus

—_— — O
((Topfs -)%P)% 0 MEP | = ((Topfs ))* o (Al ;) ©Cr=Cr. O

We are now in position to state the main result of this section.

167 Theorem Let (K,7) be a field with a ring topology. Let A be an object
of cMon(TopFreeVect, ). Let us consider the following assertions.

1. A is Gelfand semisimple.

2. A is topologically semisimple.

Co

. UA(A) is semisimple.

.

. (TOp?k ) P(A) is cosemisimple.
5. A is an object of (VN 1).
The following implications hold: [1|=>[4 = [ < [{ and[] =[5 =[3. Under the

additional assumption that K is algebraically closed, all the above assertions
are equivalent.

Proof: Remark (p. states that [[}=f2]

Remark @ (p. provides .

Corollary [140] (p. gives

Corollary (p. establishes the implication since by Exam-
ple (p. , My (X) is an object of :VIN(y ;y, and VN ;) is an
isomorphism-closed category (Remark p- .

That |5 = [3| follows from the definition of VN ;) and the fact that
any von Neumann regular (unital) algebra (commutative or not) is Jacobson
semisimple. (Indeed, let A = (4, m,1a) be a von Neumann regular algebra.
Let x € J(A). Let y € A such that z = xyx. Then, x(1p —yx) = 0. But
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—yx € J(A) (since J(A) is a two-sided ideal). Since by [10, Proposition 2.9,
p. 64], for each z € J(A), 1+ z is invertible, it follows that x = 0.)

It remains to prove that for instance, under the assumption that
k is algebraically closed. So let us assume that UA(A) is semisimple. By
Corollary (p. , this is equivalent to O(D,(C)) semisimple, with C :=
(Topd ) (A). But B(C) = A(Alggea)(C)) (section [.3.2.9 p. ) so
that O(D.(C)) = O(A(Alg( 4(C))) = UA(AIg 4(C)), and thus by Corol-
lary |141] (p. , AT(j(T(;)(C) is topologically semisimple. By Corollary
p. [76] (since k is assumed algebraically closed) this equivalently means that
Algﬁd)(C) is Gelfand semisimple. Therefore according to Corollary

E

p- (78} Alg(ay (C) = Mk d)(X(kd) (Alg (0 (C)))-
But

Mk 4y (X(k,a) (Al 4y (C)))

12

M.ay(G(C))
(by Lemma
= Muay(Xk,r)(A))
(according to Proposition p-
~ Al ) (Ck(X(k,7) (A)))-
(by Remark p.
(54)
Therefore, (Top?k,T))OP(A) = C = Ck(X(k,r)(A)) (since Algy 4y, as any

equivalence, reflects isomorphisms) =~ (Top‘(’k’T))Op(M(kyT)(X(kﬁ)(A))) (by

Lemma |166|). Since (Top?k T))op also reflects isomorphisms, it follows that

A = My (X7 (A)). Finally, by Corollary (p. , A is Gelfand
semisimple, i.e., [ holds. m]

As a first corollary one recovers the result recalled at the beginning of
Section [7.2] by considering the discrete topology on the base field.

168 Corollary Let K be an algebraically closed field. Let A be an object of
Mon(FinDimVecty). The finite-dimensional commutative algebra UA(A)
is semisimple if, and only if, O(A) ~ Ax(Maxz(O(A))).

169 Corollary Let (K,7) be an algebraically closed field with a ring topol-

ogy. Then, the essential image (see Section . @) EssIm (M ) of
M 7y is equal to VN 1y and the equivalence cMon(TopFreeMod(kJ)) o

emcCoalgﬁp from C’omllary (p. @) restricts to an equivalence VN (i 1y =~
9 Al

EchCCSCoalng (see Definition|196, p. m Appendz'x. In particular,
VN r) > Set®? for each ring topology T on an algebraically closed field K.
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Proof:  Theorem together with Remark provides the equality
EssIm(M(kJ)) = CVN(k,’T)‘

Propositio states that if C is a cosemisimple (cocommutative) coal-
gebra, then Alg( ,)(C) is semisimple, whence is an object of ;VN( -y by
Theorem By Theorem again, if A is an object of :VN(y ), then

the topological dual coalgebra (Top‘(’kﬁ))op(A) is cosemisimple.
To conclude, the equivalence with Set®? follows from Corollary
p. (Appendix [D.3)). O

170 Remark An equivalence of categories (VN ;) =~ Set®? for an alge-
braically closed field with a ring topology (K, ), whose existence is guaranteed
op

(k,7)

by Corollary (169, is given by the (restricted) functor cVNkH — Set°P

M.~
with equivalence inverse the (co-restricted) functor Set°? D, VN 7y

Moreover, one also notices that the underlying topologically-free (K, T)-
vector space Uy, (A) of a von Neumann regular monoid A has a canonical
topological basis, namely (X7)(A))x = (GC). (with C:= (Top‘(’k,T))OP(A)).
E.g., Xary (M (X))e ={(mz)sive X} ={0piwe X}

171 Remark Another interpretation of Corollary[169 goes as follows. Let

P T
(R,7) be a rigid ring. One notices that Set°P SN FreeTopMod g ;)
(Remark[13, p.[1]) provides a strong symmetric monoidal functor (see Ap-

P T
pendiz|B. 5, p. \9_3{) Set? — &7, FreeTopMod(RT), with coherence components

Q
the isomorphism (R,T)™ ®(R,7) (R, 7)Y SRS (R, 7)Y from Remark

(p. and (R,7) = Mg (1) = (R,7)", w(1r)(®) = 1r (where, as in Re-
mark p.[99 in Appendiz|[B.9, Set = (Set,x,1) and 1:={@}). There-
PR

fore one has an induced functor .,.Comon(Set)° = .Mon(Set’?)

cMon(TopFreeMod g ,.y). This functor factors as indicated in the following
diagram (see Remarkfor the definition of A).

P
cocComon(Set®) —"% Mon(TopFreeMod g ) (55)

AOPZ /
M,

Set°P
By Corollary for an algebraically closed field (K,T) with a ring topol-
ogy, there is no other structure of (Gelfand or topologically) semisimple
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monoid than the one corresponding, by means of Py, to the unique di-
agonal cosemigroup on a set (see Remark in Appendiz .

References

1]
2]

13l

[4]

15]
[6]

7]

18]

19]

[10]

[11]

[12]

[13]

Abe, E. (2004). Hopf algebras (Vol. 74). Cambridge University Press.
Adamek, J., Herrlich, H., & Strecker, G. E. (2004). Abstract and con-

crete categories. The joy of cats.

Aguiar, M., & Mahajan, S. A. (2010). Monoidal functors, species and
Hopf algebras (Vol. 29). Providence, RI: American Mathematical Soci-
ety.

Bergman, G. M., & Hausknecht, A. O. (1996). Cogroups and co-rings
in categories of associative rings (No. 45). American Mathematical Soc.

Bourbaki, N. (1998). Algebra. I. Chapters 1-3. Springer-Verlag, Berlin.

Bourbaki, N. (2013). General Topology: Chapters 1-4 (Vol. 18). Springer
Science & Business Media.

Dasciélescu, S., Nastasescu, C., & Raianu, . (2001). Hopf Algebras.
Monographs and Textbooks in Pure and Applied Mathematics, 401.

Dieudonné, J. (1951). Linearly compact spaces and double vector spaces
over sfields. American Journal of Mathematics, 73 (1), 13-19.

Etingof, P., Gelaki, S., Nikshych, D., & Ostrik, V. (2016). Tensor cate-
gories (Vol. 205). American Mathematical Soc.

Farb, B., & Dennis, R. K. (1993). Noncommutative algebra (Vol. 144).
Springer Science & Business Media.

Jacobson, N. (1989). Basic Algebra II (2nd edition). W. H. Freeman and
company.

Kelley, J. L. (1955). General topology (Vol. 27). Springer Science & Busi-
ness Media.

Kothe, G. (1983). Topological Vector Spaces I (Vol. 159). Translated by
DJH Garling. Springer-Verlag.

84



[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

23]

A

Lam, T. Y. (1999). Lectures on modules and rings (Vol. 189). Springer
Science & Business Media.

Lambe, L. A.; & Radford, D. E. (2013). Introduction to the quantum
Yang-Baxter equation and quantum groups: an algebraic approach (Vol.
423). Springer Science & Business Media.

Lambek, J., & Scott, P. J. (1988). Introduction to higher-order categor-
ical logic (Vol. 7). Cambridge University Press.

MacLane, S. (1998). Categories for the working mathematician (Vol. 5).
Springer Science & Business Media.

Poinsot, L. (2015). Rigidity of topological duals of spaces of formal series
with respect to product topologies. Topology and its Applications, 189,
147-175.

Poinsot, L., & Porst, H.-E. (2015). Free monoids over semigroups in a

monoidal category: Construction and applications. Communications in
Algebra, 43 (11), 4873-4899.

Porst, H. E. (2008). On categories of monoids, comonoids, and bi-
monoids. Quaestiones Mathematicae, 31(2), 127-139.

Radford, D. E. (1973). Coreflexive coalgebras. Journal of Algebra, 26
(3), 512-535.

Street, R. (2007). Quantum Groups. Cambridge: Cambridge University
Press.

Warner, S. (1993). Topological rings (Vol. 178). Elsevier.

Category theory

This appendix is about basic and standard concepts from category theory.
One does not worry about size issues and in this presentation “category”
means a locally small category while “set” loosely means both small and
large set.

A.1 Standard notions

One assumes that the reader is familiar with basic notions from category the-
ory among subcategories, (full, faithful) functors, natural transformations,
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natural isomorphisms, equivalence of categories, categorical product, termi-
nal object, left /right adjoints, unit and counit of an adjunction. Only some
notations and terminology about them are introduced. Of course [17] is a
fundamental reference for this subject.

1. Given a category C, an object C' of C is also referred to as a C-
object and a morphism of C may be equally called a C-morphism. The
identity at C' is usually denoted by id¢c or just by id. Given C-objects
C,D, C(C,D) denotes the hom-set, i.e., the set of all C-morphisms
from C to D. The identity functor idc, or id, of C is the functor
which is both the identity on objects and on morphisms. As usually
by a C-isomorphism or simply an isomorphism (in C) is meant a C-
morphism f € C(C, D) such that there is a C-morphism g € C(D, ()
with fog=1dp and go f =idc. This uniquely defined g is denoted by
f~1:=g. One writes C ~ D to denote isomorphic objects.

2. Some categories: Let R be a non-trivial commutative ring with a unit.

(a) Set the category of sets with set-theoretic maps.
(b) Top the category of Hausdorff topological spaces with continuous
maps.

(¢) Modg the category of unital left-R-modules with R-linear maps
(where unital means that the scalar action of the unit of R is the
identity on the module). When R is a field k one uses Vecty
instead.

(d) Algg the category of (associative) R-algebras and with algebra
maps. (The multiplication mp of an algebra A thus is in particular
a R-bilinear map A x A —2 A.)

(e) 1Alggr, -Algg, and ;  Algr are the categories of unital alge-
bras, commutative algebras, and unital and commutative alge-
bras, where in the unital cases the algebra maps are assumed
unit-preserving.

3. A concrete category C over D is a pair (C,C LA D) with U a faithful
functor. Given concrete categories (C;,U;), i = 1,2, over D, by a

F . .
concrete functor (Cq,U;) — (Cq,Usz) is meant an ordinary functor

C, il Cs such that the following diagram commutes. Such a functor
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is necessarily faithful.

Cy ;) C, (56)

Tpet

. A functor C L D is essentially surjective when each object D in D
is isomorphic to an object of the form F'C, for some object C in C.
Whence an equivalence of categories is a fully faithful and essentially
surjective functor.

. By an embedding (or embedding functor) C L)) is meant a faithful
functor F' which is injective on objects. For instance, given a subcate-
gory C of D, the canonical inclusion functor of C in D is an embedding
denoted by C = D. By a full subcategory is meant a subcategory C of
D such that its embedding functor C < D is full.

. Observe that given a category C, each subset X of the objects of C
determines uniquely a full subcategory of C called the full subcategory
of C spanned by X, namely the subcategory Cx whose set of objects
is X and Cx(C,D)=C(C,D), C,D e X.

. The notation a: FF = G:C - D meFalés that a is a natural trans-
formation between two functors C —— D. Given a C-object C,
ac € D(F(C),G(C)) denotes the component at C of a. Thus (a¢)c

will be another notation for a. For each functor C LN D, there is an
identity at F, idp: F = F:C - D with (idr)c = idpc).-

. A natural isomorphism oz F' = G:C — D is a natural transforma-
tion the components of which are isomorphisms in D. Two functors
F,G:C - D are said to be naturally isomorphic, which is denoted
F ~ @G, if there is a natural isomorphism «a: F' = G:C - D.

. C ~ D means that the categories C and D are equivalent, i.e., that
there is an equivalence of categories C — D. In this situation an

. . . . G
equivalent inverse (or quasi-inverse) of F is a functor D — C such
that there are two natural isomorphisms 7:idc = G o F:C — C and
eF oG =idp:D - D.

One observes that an equivalence of categories C — D reflects isomor-
phisms, i.e., F(C) EN F(C") is a D-isomorphism if, and only if, the
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10.

11.

12.

unique C-morphism C ER C’ such that F(f) = g is a C-isomorphism
(|2, Proposition 3.31, p. 35]).

The product C xD of two categories C, D, is the category with objects
(C,D), where C is a C-object and D is D-object, and with

C X D((Cl,Dl), (CQ,DQ)) = C(Cl,CQ) X D(Dl,Dg).

Composition is component-wise. By a bifunctor is meant a functor
with domain a product of two categories.

The opposite category C°P is the category with the same objects and
morphisms as C but with opposite composition. In other words one
has C°P(D,C) = C(C,D). f°P denotes the C-morphism f considered

as a C°P-morphism.

172 Facts (a) (C xD)° = C° x D°P.

(b) Let C EDbea functor. Then, C°P 2, por s just the functor
F, called the opposite of F. In details, for a C-morphism f,
FOP(fP) = F(f)°P. Actually the opposite construction provides a

functor of the meta-category of categories. In particular, idg’ =
idcor, and (G o F)°P = G°P o F°P for composable functors G, F'.

(c) A natural transformation a: F = G:C — D may be also inter-
preted as a natural transformation o°P:G°P = F°P:C°P — D°P
with the same components but considered as D°P-morphisms. In
details, (a°®)¢ = ot for each C-object C. P is the opposite of
a. In particular, C ~ D if, and only if, C°P ~ D°P.

By F 4 G:C — D is meant an adjunction with left adjoint C £ D
and right adjoint D <, C.

A.2 The Proof of Lemma P- ﬁ

Proof: Let ¢ be a C-object. Let ¢ - G(F(c)) in C be the unit of the
adjunction F = G: C - D. One observes that ¢ - G(F(c)) = G(E(Fy(c))).

Now, let ¢ EN G(E(d)) be a C-morphism, with d a EssIm(F')-object. Then,
]
there exists a unique D-morphism F'(¢) = E(Fy(c)) iR E(d) such that the
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following diagram commutes.

G(F(e) 2 G(B(a)) (57)

n{ /

C

Since E is fully faithful, there is a unique EssIm(F')-morphism Fp(c) La
such that E(f) = ff. Of course, the following diagram commutes.

G(F () = GEEN Y a(E ) (58)

n{ /

C

Since ft = E( f ) is unique with this property, it follows that f is unique too
with this property. In order to conclude, by applying [17, Theorem 2.(i),
p. 83|, it remains to check that n:idec = G o E o F: C - C is a natural
transformation, but this is immediate because Go Fo Fy=Go F. a

B Monoidal categories and functors

This appendix contains basic facts about monoidal categories and monoidal
functors, and a part of it is reprinted from [19]. See [I7, Chap. VII| for more
details.

B.1 Monoidal categories and coherence conditions

Throughout C = (C,-® —, I, a, A, p) denotes a monoidal category with « the
associativity and A and p the left and right unit constraints (they are referred
to as coherence constraints). These constraints have to make commute some
diagrams to ensure coherence of the monoidal category (see [I7, Chap. VII,
p. 165]). The coherence conditions are recalled below.

1. Coherence of associativity: for each C-objects A, B, C, D, the following
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diagram commutes.

B®C,D

(AeB)eC) o D% (Be ) o D225 Ao (Be C)® D)
QA®B,C,D ida®apB,c,D
A®(B®(C®D))

(59)

(A9 B)® (C® D)

XA,B,C®D

2. Coherence of left and right units: for each C-objects A, B, the following
diagram commutes.

@A IB

(A®I)®B A®(I®B) (60)
A®B

A monoidal category is usually abbreviated into C = (C,-® —, ) or even
C=(C,-®-). If C even is symmetric monoidal, the symmetry will be

denoted by o = (C® D P peC )o,p- Symmetry requires the following

supplementary coherence conditions.

1. Unit coherence for symmetry: for each C-object A, the following dia-
gram commutes.

AT — 2L 19 A (61)
Ry

2. Associativity coherence for symmetry: for each C-objects A, B,C, the
following diagram commutes.

a id,
(AeB) o (2 (Be A)eC (62)
OCA’B’C\[ laB,A,C
Ao (Be(C) Be (A ()

JA,B@C\[ lidB@UA’C

3. Inverse law for symmetry: for each C-objects A, B, 0 4004, = idagB-
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When C has finite products, then with the tensor product given by the
categorical product and the unit given by the terminal object of C, the above
coherence conditions are automatically fulfilled, and the symmetric monoidal
category thus provided is referred to as cartesian.

If C is a (symmetric) monoidal category, then so is CP := (C°P, - @°P
—I,(a™1)°P, (p71)°P, (A"1)°P), called the dual monoidal category of C.

B.2 Monoids and comonoids

A monoid in C is a triple (C,C ® C - C,1 —= C) such that the diagrams

Ce0)e ™% cec
ac,c,cl Col idc®ec ® Ce@z’dc IeC
Ce(@e0) " \ lﬂ/
pCc Ao
idc@ml C
CoC——C

commute, while a monoid morphism (C,m,e) — (C',m’,e’) is any f:C —
C" making the diagrams

CeC-—C e,

f®fl lf >\ l ;

C'®C' — ' o

commutative. This defines the category MonC of monoids in C.

The category ComonC of comonoids over C is defined to be (MonC°P)°P,
the opposite of the category of monoids in C°P. Comonoids thus are triples
(c,c Leoeco, ¢S I) such that the diagrams

c—" scecC

lidc@u C® I idc@ec ® Cé@idc I ® C

{| cece0) N
-1 -1
laac’c Pc C /\C
CeC— (CoC)®C
ueidc

commute, while a comonoid morphism (C,p,e) — (C', 1, €') is any f:C —
C' making the diagrams
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C——CoC C—S .71
e 2
C'—C'e ol

w

commute.

A monoid (C,m,e) is called commutative if, and only if, m = moo¢ ¢ with
occ:C®C - C®C the symmetry; dually, a comonoid (C, p, €) is called co-
commutative, provided that p = o¢c cop. By .MonC and .,ComonC we de-
note the categories of commutative monoids and cocommutative comonoids
respectively, with all (co)monoid morphisms as morphisms. Of course, one
has co.ComonC = (.MonC°P)°P.

The following are well-known examples of these concepts.

173 Example 1. If C is the (cartesian) monoidal category Set of sets
and maps, then MonC is (isomorphic to) the category of ordinary
monoids.

2. If C is the monoidal category Modr of R-modules and R-linear maps for
a commutative unital ring R with its usual tensor product ®g, then:

(a) MonC is isomorphic to the category 1 Algg of unital R-algebras.
Indeed, a unital R-algebra A = (A,ma,1pa) corresponds to the
monoid (A, ua,na), with A ®@r A A A the unique R-linear map
such that pa(x ® y) = ma(z,y), z,y€ A, and R T A s gien by
na(1R) = 1a. Conversely from a monoid (A, p,n) one obtains a
unital algebra (A, pyi, (1)), where A x A 2% A is the unique
R-bilinear map associated with A ®g A 5 A
The correspondence O: (A, u,n) ~ (A, upi;,n(1R)) defines a func-
torial isomorphism Mon(Modgr) ~ 1Alggr, which is the identity
on arrows, and is concrete over Modg (for the obvious forget-
ful functors). (“O” stands for “ordinary” since from O(A) is an
ordinary unital algebra.)

(b) Likewise .Mon(Modgr) ~ 1 ;Alggr under the (co-)restriction of O
as above.

(¢) ComonC is the category Coalgg of counital R-coalgebras (see

Appendix@ . for more details).

174 Remark Let C = (C,- x —, 1) be a cartesian monoidal category. Let
A
C =% CxC be the diagonal of the C-object C, i.e., ;o A¢ = idco, where
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C x C 55 C s the canonical projection, t = 1,2. Let C ‘e, 1 be the terminal
arrow. Then, (C,Ac,!c) is a cocommutative comonoid in C, called the diag-
onal comonoid on C. As a matter of fact C ~ ,,.Comon(C) under the func-
tor A:C' — (C,A¢, ), with inverse the forgetful functor .,Comon(C) —
C. (See [20, p. 5].)

This happens in particular with C := Set, and in such case A(X) =
(X,Ax,!x) with Ax(z) = (z,2), !x(x) =0, xe X (with1:={3}).

B.3 Monoidal functors and their induced functors

We briefly recall the following definitions and facts, too, which are funda-
mental for this note. See e.g. [3, 22] for a more detailed treatment and for
the missing proofs.

175 Definition Let C = (C,-® —,I) and C' = (C',-®' -, I') be monoidal
categories. A lax monoidal functor from C to C’ is a triple F := (F,®,¢),
where F:C — C' is a functor, ®¢, c,: FC1 ® FCy — F(C1 ® Cy) is a natural
transformation and ¢:I' — F1I is a C-morphism, subject to certain coher-
ence conditions (see the diagrams below). A lax monoidal functor is called
strong monoidal (resp. strict monoidal ), if ® and ¢ are isomorphisms (resp.
identities). ®,¢ are the coherence constraints of F.

1. Associativity coherence: for each C-objects A, B, C the following dia-
gram commutes.

A,FB,F

(FA® FB)® FCX2F A (FB&' FO) (63)
<I>A73®’ichl lidA®’¢)B,C
F(Ae® B)®' FC FAQ' F(B® ()

q’A@B,Cl J{éA,B®C

F((A@B)@C)mF(A®(B®C))

2. Left unit coherence: for each C-object B, the following diagram com-
mutes.

I'e’ FB 5’1 o' FB (64)

)‘%‘Bl }I’I,B

FB+——F(I®B)
F)p
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3. Right unit coherence: for each C-object A, the following diagram com-
mutes.

FA® I""™%%F A e’ FI (65)

P%Al l‘PA,I

Let C,C’ be symmetric. A monoidal functor F:C — C’ is said to be
symmetric when furthermore the following diagram commutes for each C-
objects A, B.

!
IR AFB

FA® FB——FB® FA (66)

‘I)A,Bl lq)B,A

F(A® B)—— F(B® A)
Foa g

176 Facts Let C := (C,®,I), C' := (C',®',I') and C" := (C",®",I") be
(symmetric) monoidal categories.

1. id¢ := (idc,id_g-,idr) is a monoidal functor from C to itself, and
serves as a unit for the composition of monoidal functors given below.
If no ambiguities arise, one let id := id¢.

2. Given (symmetric) monoidal functors F = (F,®,¢):C - D and G =
(G,¥,¢):D - E, one defines a (symmetric) monoidal functor GoF :=
H=(H,0,0):C—E with

(a) H=GoF.
(b) Given objects C1,Cy of C, O¢, ¢, is the composite C"-morphism
G(®
G(F(C1))®"GF(Cy) G(F(C1)®'F(Cy)) (Pcy,03)
G(F(C1®C?)).

(0) 6:=1"% a1y 2 ar(n)).

Vrcy),F(cy)
_

By a (symmetric) monoidal subcategory of a (symmetric) monoidal category
C=(C,-®—-,I) we mean a subcategory C’ of C, closed under tensor prod-
ucts, containing I, and the coherence constraints of C between C’-objects.
(The last condition is automatically fulfilled when C’ is a full subcategory.)
The embedding Ecs of C’ into C then is a strict monoidal functor Ec:.

94



Let F = (F,®,¢):C - D be a monoidal functor, and let C' and D’ be
monoidal subcategories of C and D, respectively. By a restriction of F to these
subcategories is meant a monoidal functor F' = (F’, ®', ¢'):C' - D’ such that
(a) F'C = FC for all C'-object C, (b) ®, 5 = ®4 p for all C'-objects A, B,
and (c) ¢’ = ¢. This is equivalent to sayiné; that FoEcr = Epr o F'.

177 Proposition Let F = (F,®,¢):C - C’ be a lax monoidal functor.

D

F(M,m,e) = (FM,FM & FM —22 p(M & M) 2% a1 % T 25
FM) and Ff = Ff define an induced functor F:MonC — MonC', such that
the diagram

MonC —'E> MonC'’

Um l lU;rL

CT>C’

commutes (with forgetful functors Uy, and U}, ).

178 Remark 1. When F is symmetric, then F also provides a functor
MonC to .MonC’ with similar properties as above.

2. [aé = idMon(C)'
3. GoF=GoF.

The data F = (F,®,¢) consisting of a functor C LN C’, and, for each
C-objects (7, Cy, C’-morphisms

1. ¢, 0,0 F(C1®Cy) - F(C1) ® F(Cy),

2. F() & 1

such that (F°P, ®°P ¢°P):CP = C’°P is a monoidal functor, is referred to
as an opmonoidal functor from C to C'. The construction of the opposite
monoidal functor F — FP := (FoP ®°P ¢$°P) of an opmonoidal functor clearly
is a one-one correspondence between opmonoidal functors from C to C' and
monoidal functors from C°P to C°P. The opposite opmonoidal functor FOP
of a monoidal functor F is defined similarly.

An opmonoidal functor F is said laz, strong, strict, symmetric if F°P is so
as a monoidal functor. Moreover opmonoidal functors compose in the dual
way as monoidal functors do.
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179 Remark By duality an opmonoidal functor F from C to C' induces a
functor F,, = Fop°”: ComonC — ComonC’, commuting with the forgetful
functors as in the diagram above.

A strong monoidal functor F = (F,®,¢):C - C' may also be considered
as a strong opmonoidal functor F9 := (F,® 1 ¢71):C - C', the dual of F.
Thus it also induces a functor F4: ComonC - ComonC'.

Of course, one may also define the dual of a strong opmonoidal functor
F=(F,®,¢):C—C asFd:= (F,d, ¢ 1):C — C' which is a strong monoidal
functor.

Observe that

1. idd = idc.
2. If G:C' - C" is also a strong monoidal functor, then GoF is strong,
and (GoF)d =Fd0GH.
3. (F9)4=F.
4o (FoPY = ()P,
180 Definition Let F = (F,®,¢) and G = (G, ¥,¢) be monoidal functors
from C to C'. A natural transformation a: F = G:C — C’ is a monoidal

transformation o:F = G:C — C’ when the following diagrams commute, for
every C-objects Cy,Ch.

FC o FC, 2 t0, GOy (67)

‘ﬁol,czl l\I}CLCQ

F(Cl ® Cz)m G(Cl ® 02)

and

I —2SFr (68)

N

GI
181 Remark 1. Let a:F = G:C - C’ be a monoidal transformation. Let

A(Cm,e) = ac for a monoid (C,m,e) in C. Then, & F = G:MonC —
MonC'.
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2. Let a:F = G:C — C’ be a monoidal transformation between symmetric
monoidal functors. Then, & as above provides a natural transformation
F= é:cMonC - .MonC’. In other words, a monoidal transformation
between symmetric monoidal functors, is automatically “symmetric”.

3. By duality, when o:F°P = G°P:C°P — C’°P 4s a monoidal transfor-
mation, between opmonoidal functors F,G from C to C', one defines
(am)(Cpe) = g for a comonoid (C,p,€) in C, and then ouy:Gp =
F.n: ComonC - ComonC'. When furthermore F and G are symmet-
ric, am: G = Fut coeComonC — ,.ComonC’.

4. Let a:F = G:C — C’ be a monoidal transformation between strong
monoidal functors, then a°P:G°P — F°P:C°P — C'°P also provides
a monoidal transformation a%: (G9)%P - (F9)°P:COP  C™P petween
strong monoidal functors, called the dual of a.

A monoidal isomorphism is a monoidal transformation which is a natural
isomorphism.

182 Remark Let a:F = G:C —» C’ be a monoidal isomorphism. Since for
each C-objects C1,Ca, (ac, ® ac,) ™t = 0@11 ®’o@é and (acyec,) ! = 0@1@02,
Diag. @ and (@ still commute when o is replaced by o', and thus
a:G = F:C - C' is also a monoidal isomorphism.
Accordingly, the induced natural transformation &:F = G:Mon(C) —
1

Mon(C') is a natural isomorphism with inverse (&)~" = (a™1).

A monoidal equivalence of monoidal categories is given by a monoidal
functor F such that there are a monoidal functor G and monoidal isomor-
phisms 7:id = GoF and e¢FoG = id. If F:C — C’ is a monoidal equivalence,
then C and C’ are monoidally equivalent.

183 Remark If F is a monoidal equivalence, then F is an equivalence be-
tween the corresponding categories of monoids.

184 Remark Let F,G:C" — C be strong monoidal functors. Let n:id = GoF
and e:F o G = id be monoidal isomorphisms. Whence n%: (F9)°P o (G4)°P =
((GoF)4)oP = (id((j:)Op = idcer and e%:idcree = ((ider)?)P = (GY)P o (FY)OP
are also monoidal isomorphisms, and this provides a monoidal equivalence
between C°P and C™°P.
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C Monoidality of &r,) and its consequences: the
proofs

In what follows (R, 7) is a rigid ring.

C.1 Proof of Proposition p- E
C.1.1 Notations

The coherence constraints of FreeModgr are those of Modg, and are given by

(M®rN)®rP e M@r(N®RP), (u®v)®w — u®(vew) (associativity),
A

Rer N 25 N, 1g ® v > v (left unit), M ®r R 2% M, u® 1g ~ u (right

OM,N

unit) and M @g N —— N @g M, u® v ~ v ® u (symmetry).

C.1.2 Associativity constraint
C.1.2.1 Definition
Let (M,o), (N,y) and (P,u) be topologically-free (R,7)-modules. One

defines an isomorphism ((M,0) & r) (N,7)) &R,y (P 1) SN,
(M,0)® R+ ((N,7)® R, (P, 1)) by A(M.0) (N (Ps) = ((Aar,0)@r(N~) ®R

1py) © A aroy vy pay © (Donay BR AN yen(ppy

C.1.2.2 Explicit form

Let (M,o0), (N,v) and (P,u) be topologically-free (R, 7)-modules with re-
spective topological bases, B, D, E. As already known by Proposition
(p. , (b ® d)(y,a)epxp is a topological basis of (M,0) & -y (N,7), and
((b®d)®e€)(p.4.)eBxDxE 15 a topological basis of ((M, o) ®r - (V,7)) ®(r )
(P, ).

Likewise (b® (d®¢€))p,d,¢)eBxDxE 18 @ topological basis for (M, o) & ;)

((N77) ®(R,T) (Pa :u))
According to Lemma [55| (p. , one has an isomorphism, and only one,
in TopMod g ), given by

O:(bed)®e—~b®d (d®e),
(b,d,e) e BxD x E.

185 Example Let u € M, v € N, and w € P. Then, 0((u ®v) ® w) =
u® (v w).
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One claims that
0 = a(01,0),(N ) (Pa)- (69)
Eq. is equivalent to

(id(M,a)’ ®R A(N’,y)/&?(p“u)/)’r of . (70)
= ((Aroyer(Nqy ORIA(puy) © a(M,a)’,(N,fy)’,(P,u)’) :

According to Corollary [54] (p. it suffices to check the equality on a topo-
logical basis of ((M,0) ®&r 7y (N,7)) ®&r,7) (P ).

Let us first compute ((id(ar,q) ®rR ANy orpu)y)’ 0 ) (D& d) ®e) =
(b@ (d@ 6)) o (Z'd(Mﬂ)r ®R A(N,'Y)'®R(P“u)') forbe B,deD and e€ E.

One has for /1 ® (b3 ®l3) € (M,0) ®r ((N,7v) ®r (P, 1)"),

((be (d&e)) o (idnrey OR ANyyerpu))) (1 ® (L2 ® l3))

=(b@® (d®e))(lr ® Anyyag(ppuy(l2®L3))

=l (D) (A yer(puy (b2 ®l3))(d®e) (71)
=0 (b)((d®e)(l2®3))

= £1(b)(L2(d)l3(e)).

Secondly, let us compute for be B, de D and e € F,

((A(M O') ®R(N,’y)’ ®R Zd(Pu) ) o a(M 0')/ (N,Y)I (Pp)/) ((b@ d) @ e)
= ((0®d)®e)o(Aroyer(vay ®Ridppy) O‘(M o) (N ) (Pypa)’

(72)

One has for ({1 ® (lo®l3) € (M,0) ®r ((N,v) ®r (P,1)"),

(((bed)®e) o (A(w,o)er(N.qy) ®RIA(P ) ) © O‘(_]{/[’J)f,(]vﬁ)/,(ﬂu)/)(Kl ® (f2®¢3))
=(((bed)®e) o (Anr,oyen(Ny)y OrRIA(Puy ) (4 ®L2) ® £3)
=((bed)®e)(Aaoyen(nyy (L1 ® L)) ®L3)

= (Aroyer(vqy (G ® 02))(b® d)ls(e)

=((bed)(l1®L2))l3(e)

= fl(b)EQ(d)fg(e)

C.1.2.3 Coherence of the associativity constraint

In view of Eq. , by definition of 6, coherence of the associativity con-
straint (i.e., that Diag. (59), p.[90l commutes) is easily checked: it suf-
fices to compute both arrows of Diag. on a topological basis of say
((M,0) ®Rrr) (N,7)) &R7) (Pip) ®rr) (Q,w), and then apply Corol-

lary 4] p. 28
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C.1.3 Left unit constraint

Let (R, 7)’ ¥, R be the isomorphism given by 1 (¢) = ¢(1g) and 1 (1g) =
idR.

The left unit constraint A7) for (M,o) a topologically-free (R,)-
module, is defined as illustrated in the following diagram.

AM,o
(R,7) ®rr) (M, ) ——7 (M, 0) (74)

wl@w‘d(Mﬁy)*l Tw,@

(Rer (M,0)")" ——((M,0)")"
AM,oyr)

Let B be a topological basis of (M,0). Let 9:(R,7) ®r ) (M,0) =
(M,0) be given by 0(1@®0b) =b, be B. One claims that ¥ = (7). To see
this it suffices to check that

F(M,O’) ol = ((¢_1 ®R id(M,O‘)) °© AE]%LU)’)*'
Let be B and let £ € (M,o)’. Then,
(L (r,0)(0(Lr ®0)))(£) = (L (a1, (0))(£) = £(D).

One also has

(W™ @R id(rroy) © Nagpy) (1R ®0))(0)
= ((lR®b) o (v @R id (1)) © (Na10y))(0)
= (Ir®D)((¢ " ®rid(ar,0) ) (IR ® L))
= (lr®b) (¥ '(1r) ®0) (75)
= (1R®b)(idR®f)
= idr(1r){(D)
),

C.1.4 Right unit constraint

The right unit constraint p(,; » for (M, o) a topologically-free (R, 7)-module,
is defined as illustrated in the following diagram.

(M,0) ®r.ry (R, 7) 2270 (M, o) (76)

(id(M,o)’@’Rw_l)*J/ TFZJ}J’J)

(M,0) &r R)* ——((M,0)')"
(p(M,a)’)
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Let B be a topological basis of (M,o). Let w:(M,0) &Ry (R, T) =
(M, o) be defined by w(b® 1g) = b, b€ B. One claims that p(5;,) =w. To
see this it suffices to check that '3/ ,)ow = (p&hg),)* o (id(nr,0) ®R Pph* =
((id(rr.0y ®RY™Y) 0 P g oy) "

Let be B, and let £ € (M,0)". Then,

(Car,0) (Wb ®1R)))(£) = (L (ar,0) (D)) (£) = £(D).
One also has

(((idaroy @R V™) 0 pias. ) (D@ 1R)) (L)
= ((0®1R) o (id(rroy ®R YY) © p(as oy ) (£)
= (b®1r)(id(prey ®R Y (L® 1R)
= (belr)({®y '(1r)) (77)
= (b®lRr)(Y®idR)
= ((b)idr(1R)
- o).

C.1.5 Coherence of the left and right unit constraints

One has to check that the following diagram commutes for every topologically-
free (R,7)-modules (M,0),(N,v) (where & is an abbreviation for ®g ;).

A(M,0),(R,7),(N,7v)

(M, 0) ® (R, 7)) ® (N,7)

(M,o)® ((R,7)®(N,7))  (78)

P(M, o) BIA(N ) td(M,0) BN, ~)

(M,0) & (N,7)

Let B, D be respective topological bases of (M, c) and (N, ). Let (b,d) €
B x D. One has

(1d(r,0) BR7) AN ) QM) (7Y, (Ny) (DB TR) ®d))
(id(r1,0) B(R,7) A(v,y)) (D ® (1@ d)) (79)
bed.

One also has (p(ar,0) ®(R,r) 1d(N)) (D& 1) &d) =b& d.

C.1.6 Symmetry constraint
C.1.6.1 Explicit form

Let (M,o0),(N,7) be two topologically-free (R, 7)-modules. The symmetry
constraint o(as.0), (N (M,0) &R 1) (N,7) = (N,7) &R,y (M, 0) is defined

*
a8 O(N ) (M)
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Let B (resp. D) be a topological basis of (M,o) (resp. (N,7)). Let
0:(M,0) BR,r) (N,7) = (M,0)" ® (N,7)")" = (N,7) BR,7) (M,0) =
((N,~) ®r (M,5)")* be given by o(b®d) =d &b, (b,d) € Bx D.

One claims that o) (ny) = 0. Let £1 € (M,0)" and {3 € (N,u)".
One has (U(M,o),(N,'y)(b ®d)(la® ) = (O—EN,’Y)I,(M,U),(Z) ®d))(la® ) =
(b®&d)(o(N )y (Moy (L2® 1)) = (b@d) ({1 ®L2) = £1(b)l2(d) = L2(d) ® £1(b) =
(d@b)(la®l1)=(o(b®d))(l2® ().

C.1.6.2 Coherence of the symmetry constraint

First O(N~)°O0(M,o) = id(MvU)®(R,7—)(NN) since one has (O'(N,'y)(O'(M,o)(b®d)) =
U(N,,y)(d®b) =b®d, (b,d) e BxD.

Secondly, one has to check that the following diagram commutes for
topologically-free (R, 7)-modules (M,o),(N,v) and (P, ) (where again ®
stands for an abbreviation of ®g ).

T(M,0)\(N,7)Bdep,
(M, 0) & (N,7)) ®rry (B) "2 (N, 7) © (M,0)) @ (P,)  (80)
O‘(Mﬁ)’(Nﬂ),(P,u)l la(Nﬂ),(Mﬁ)y(P,u)
(M,o) & ((N,7) ® (P, 1)) (N,v)®& ((M,0) ® (P, 1))
U(M,ox(zv,w)@(P,u)J lﬁ'd(N,w)@U(M,o),(P,;t)

((N77) ® (Pnu’)) ® (Mvgék,mh ,;7,\)77’7) ® ((RM) ® (M7G))

Let B, D, E be respective topological bases of (M, o), (N,~) and (P, ).
Let (b,d,e) € B x D x E. The top-right sequence of arrows acts as follows:
(bodd)®er (ddb)®e—d® (b®de) > d® (e®b), whereas the left-bottom
sequence of arrows acts as follows: (b®d)®e—~b®(d®e) > (d®e)db
d® (e®b).

Thirdly, it remains to check commutativity of the following diagram for
each topologically-free (R, 7)-module (M,o) which is almost immediate by
computing the corresponding morphisms at the level of a topological basis
(b® 1R)pep of (M,0) ®r -y (R, T), where B is a topological basis of (M,o).

9(M,0),(R,T)

(M7 J) ®(R,T) (Ra T) (RvT) ®(R,T) (M7U) (81)

(M, o)
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C.2 Proof of Theorem pP- @

C.2.1 Alg(RJ) is a strong symmetric monoidal functor

Let M, N be free R-modules. Let B (resp. D) be a linear basis of M (resp.
N). Then by Lemma (p. , B* (resp. D*) is a topological basis of
(M*, Wig ) (resp. (N*,wig y)). It follows that {b*®d*:(b,d)e BxD}is
a topological basis of (M*, w(*R’T)) ® (N*,sz’T)).

Let be B,deD. Let ve M and w e N. Then,

(b* ® d*)((AM ®R AN)(U ® w))
= (0"ed")(Am(v) ® An(w))
(

(I)M,N(b* ® d*)(’U ® w)

= (Au(v)("))(An(w))(d") (82)
= b"(v)d*(w)
= (bed)*(vew).
Whence
Oy N ®d)=(b®d)",be B,deD. (83)

Now to prove that
Alg(r - = (Alg(r 1), ®, ¢): FreeMody® — TopFreeMod g )

is symmetric monoidal, one has to prove that the following diagrams com-
mute. (That it is strong will follow since all coherence maps are isomor-
phisms.) In the diagrams below, M* /N*, ... abbreviate (]\4’*,102’R T)),

(N*,wE‘RJ)), ..., and ® stands for &g ).

O‘]\/I*,N*JD*
—

(M*®N*)® P*
@M,Nseidp*l lidM*®q>N,P
(MerN)*® P* M*® (N ®g P)*
‘I’M®RN,PJV l‘bM,N@:RP

((M ®R N) ®R P)z _1—>)(M ®R (N ®R P))yr

AN NP

M*® (N*® P*) (84)

id *
M*® (R, 7) 2% A+ @ R (85)

PM*I PR
M* +— (M ®r R)*

(oa1)*

103



and

id ny
(R,7) & N*"217, pe g N+ (86)

)\N*l J/CDR,N

N*<—71(R®RN)*
(A"

M* e N* 22N N g A (87)

CI)]VI,NJ/ J‘I)N,M

(M®RN)**—>(N®RM)*

IN,M

Let E be a free basis of P.

1.

Let (b,d,e) € B x D x E. The top-right sequence of arrows acts as
follows: (b* ®d*)®@e* > b" @ (d"®e*) » b" ® (d®e)* (according to
Eq.(83)) » (b® (d®e€))*. The right-bottom sequence of arrows acts
as: (b*®d")@e" —» (b@d)" ®e’~» ((b®d)®e)"— (b®(d®e))".

One has for v € M and be B, ((p3;)* ((Anr ®r Ar)* ((idp+ ® ¢)(b* @
1r))))(v) = (((Am @R AR) 0 pip)* ((idrr- ® 9) (b* ®1R))) (v) = ((idar ®
¢)(b* ® 1r)) (A ®R AR) 0 pyp) (v) = (b" ® G(1R)) (Anr (v) ® AR(1R)) =
(b ®idr)(Am(v) ® Ar(1R)) = (Aa(v))(0*)(Ar(1R))(idR) = b*(v) =
(pm+ (0" ® 1R)) (v).

Given we N and de D,

(AW o (AR @R AN)* o (¢ @idn+)) (1R ®p,r) d*)) (w)
(¢ ®idy+)(1Ir ®d*))((Ar ®r AN)(AY (w)))

(¢(1R) ®idn+(d"))((Ar @R AN)(1 @ w))

(idr ® d*)(Ar(1R) ® Ay (w))
(Ar(1R))(idg) (AN (w))(d")

idp(1R)d* (w)

d*(w)

(Anv+(Ir®d"))(w).

(88)

Let (b,d) € Bx D and let (u,v) € M x N. One has

((An ®R Apr)*(opre N+ (b* ®d¥))) (v u)
(op N+ (0" ®d™))(An(v) ® Apr(u))

(d* ® b*)(AN(U) ® AM(U))

d*(v)b* (u).

(89)
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One also has (o 5/ ((Am®RAN)* (0" ®d"))) (veu) = ((Ap®rAN)" (D*®
d*))(onm(veu)) = (A @rAN)* (b*®d"))(usv) = (b*®d"))(An (u)®
An(v)) =b*(u)d*(v).

C.2.2 Topg,) is a strong symmetric monoidal functor

One claims that Top(g ;) = (T'op(r.r), ¥, %) is a strong symmetric monoidal
functor from TopFreeMod‘(’p - to FreeModg.

To see this one needs to check that the following diagrams commute
for each topologically-free (R, 7)-modules (M,o),(N,v),(P,u). (Below ®
stands for &g ;) and ® means ®g.)

(M, 0) & (N,7)") & (P.iy" =20 0) ® (N,7) © (P, pn)")

‘1’<M,o>,(Nm®id<P,u>'l lid<M,a>'®‘1’<Nm,<P,u>
((M,o)® (N,7)) ® (P, ) (M,0) ® (N,7) & (P, u))’
q’(Ma)@(Nm»(Ru)l l‘IﬂM,a),(Nma(P,u)

(M, 0) & (N, 7)) @ (Py))’ — (M) @ (N, 7) & (P, 1))’

A(M, ), (N7), ()

(90)
/ (r,0)/® ’ /
(M,0)®@ R—— (M o) ®(R,T) (91)
p(M,v)’l J/\Ij(]\/l,a),(R,T)
(M,0) +— ((M o)®(R,7))
( (]Lla)
R® (N, v)’ TR ) ®(N,v)' (92)
A(Nm'J l‘I’(R,TMNm
(N3) e ((Ror) 8 (N.9))'
(Nw)
and
(M) ® (N, 7)) 5N, ) @r (M, 0) (93)
q’(Mp»(Nw)l l‘l’w,w),(M,cr)
(M,0) & (N,7)), — ((N,7) & (M, 0))’
TN, (M,0)
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Let B, D, E be respective topological bases of (M, o), (N,~) and (P, ).
By Lemma [62 (p. [29), B, D’ and E’ are respective linear bases of (M,o)’,
(N,7)" and (P,p)".

1. Let b,b1 € B, d,dy € D and e,e; € E. One has

(Y 1,0, (v nyo(P) © (i (aroy @ ¥ (N, (pw) (0@ d) ®€")) (b1 & (d1 ®
e1)) = ((Mmoys(Nye@w)y © (idaney ® Anqyerpu )b © (d @
e)))(b1 ® (di ® e1)) = (Aaoye((Ny)ePw) (D © Anyerpuy (d
e)))(b1 ® (di & e1)) = (b1 ® (d1 & e1))(D ® Ay yyepuy(d ®c)) =
' (b1)((d1 ® e1) (A yyepuy(d ®€))) =0 (br)d (di)e'(e1).

Let F := \I/(M7U)®(N77),(p’#) o (\I’(M,o),(N,y) ® Z'd(p“u)/). One has

(((04(_1%/[,0)’(]\/,7)7(137“))’ oF)(b'ed)®e)) (b1 ®(di®er))
(F((t'ed)ee))(bi®d)®er)

(1 @di) ®e1)((Auroyenyy @ idpuy) (M @d)@ce)) (94)
(1 ®d1) ®e1)(Aaoyewqy (b @d)ee)

b’(bl)d’(dl)e’(el).

2. Let b € B and v € M. One has (p(_]%/[yo-)),(A(M,U)’®(N,7)’((id(R,T)’ ®
V)V ®1R))) (1) = (Aar,oyan,)y (V' @¥(1R)))(u®1R) = (U@ 1R)(V' ®
idr) = b'(u)idr(1R) = 0'(u), and (p(ar,0y (0 ® 1r))(u) = b'(u).

3. Let de D and v € N. One has

(A N) (AR ryo(vy (¥ @id(y ) (1R @ d)))) (V)

(A(R:T)'®(N77)'(¢(1R) ®d,))(1R @’U) (95)
(1R ® U)(idR ® d/) = idR(lR)d/(U)
- ()

and (A(yy(Ir®d"))(v) = d'(v).
4. Let b,b; € B and d,d; € D. One has

(AN Ay e(Mey (T(ey (nqy (0 ©d)))(dr & br)
(A(N,V)'(X’(M,o)'(d, ® b,))(dl ® bl) (96)
(dl ® bl)(d, ® b,)

d'(dy)b'(b1),

and
(0N ), (1.0)) (A (ar0y (N (B ® ")) (d1 @ b1)
= (Aroy vy (V' ®d")) (b1 ® di) o)
= (bl ® dl)(b’ ® d,)
= b (b)d' (dv).
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C.2.3 A°": (Top‘(jR T))Op oAlg(r,) = id is a monoidal isomorphism

By Corollary [73] (p. ,
A= A(R’T)Z idﬁeeModR = TOp(R,T) o Alg?lg T)Z F‘I‘eeMOdR - :FI'eeMOdR

is a natural isomorphism, thus so is its opposite A°p:Topc(’E e Algrry =
idFreeModgp' Since (TOD?R T))Op = (TOP?E ) (‘11_1)0')’ (¢—1)op) is a (strong)
monoidal functor from TopFreeMod g ) to FreeMod®® (Remark p. [96)),
it suffices to check that A°P is a monoidal transformation (Definition
p. from (Top‘(’R ) )°PoAlg (g -y to idFreeMod:;p- By definition of the composi-
tion of monoidal functors (Facts p.194), and according to the definitions
of ® and W, this is equivalent to the commutativity of the following two
diagrams for each free modules M, N.

M @r N YEENA1+) @g (N*)! (98)

A(]\J*)’®R(N*)'

(war ®(R,T) N*)/

((MerN)*)

AmegN

and
idR

R———R (99)

-1\ lAR
(1) ow

(R7)'

1. Commutativity of the first above diagram is equivalent to the equality
(A @R AN)") 0 Apropn = A+ ygp(n+y © (An @R AN).
Let ue M,veN, 1 e M* and /5 € N*. Then,

(A ®RAN)) 0 Aprgrn) (u®v)) (€1 ® £2)
= ((Amern)(u®v))((Ay ®r AN)* (61 ® £2))
= ((Amern)(u®v))((f1 ®L2) o (Ay ®R AN))
= (€1®€2)((AM ®R AN)(U(X)U)) (100)
= (L1 ®L)(Ay(u) ® An(v))
= (A (u)(41))(An(v)(£2))
= El(u)fg(v)

107



One also has

((Aar+yor(nvey © (A ®r AN)) (u @ v)) (41 & £a)
= (A(M*)I@R(N*)I(AM(U) ® AN(U)))(fl ® 62)
(61 @ L2)(Ap(u) ® An(v))
61 (u)ﬁg(v)

(101)

2. Concerning the second above diagram, one has (Agr(1r))(¢) = £(1R)
and ((¢7")"(¥(1r)))(€) = (¥(1r) © ™) (€) = idr(£(1R)) = £(1R).

C.2.4 T:id= Algg ) o© (Top‘(’R )P is a monoidal isomorphism

By Lemma [77| (p. ,
r:=T®:id= Alg(RJ)OTop?E’T): TopFreeMod g ;) -~ TopFreeMod g ;)
is natural isomorphism.

Since (Top‘(j|277))Op = (Topc()gj), (T~1)P (p71)°P) is a (strong) monoidal
functor from TopFreeMod g ,y to FreeMod?P, it suffices to check that T is a

monoidal transformation from id to Alg(g ;) © (Top‘(jR 7_))Op.
This turns out to be equivalent to the commutativity of the following
diagrams, for each topologically-free (R, 7)-modules (M, o) and (N,7).

(M) ® (N.7) 25 (32, 0))* ® (N, 7)')*

Ar,oyev,q)”

(M,0)" ®(N,7))"

/ﬁ/)*
(M,o)'®(N,v)’

(M, 0) & (N,7))")*

L(M,0)@(N,7)

(102)
and A

(R, 7) —4— (R, 7) (103)

¢l lF(Rm

R:‘r R, I\ *

—= (R
1. Commutativity of the first diagram is equivalent to the equality

AEM,O’)’@R(N,'Y), °© F(M10)®(R,T)(N7/Y) (104)

= (Aoy R Avqy))* o (Diare) ®rr) T(vi))-
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Let B, D be respective topological bases of (M,c) and (N,~). Let
b,b1 € B and let d,d; € D. One has

(Alaroyer(Nay © T(Mo)@r ., (Ny) (b ® d)) (b ®dp)
(C0)r0 (V1)) (08 ) (A(r.0yer(Ny) (0] ® d7))
A(M,U)’®R(N,fy)’(b,1 ® d’l))(b ® d) (105)
b®d)(b]®d))

by (b)di ().

Il
—~ A~~~

One also has

((Aaroy ®R AN y) (T (ar0) Ry T(vyy) (D@ d))) (0] ®dY)
= (Cre) ®Rr) T(vy)) (08 d)) (A(ar,oy (01) © A4y (d))
= (T(ar,0)(0) ® T (1) (d)) (A(ar,0y (07) ® Ay (dr))
= (Aroy (DT (41,69 (0)) (A7) (d1) ) (T (v,9) (d))
= (T(ar,0)(0)) (W)L (v, () (d1)
= bi(b)di(d).
(106)

2. Concerning the second diagram, one has to check that I'( g ) = (1) o
¢. One first observes that 1 = idg. (Indeed, 1g(1r) = 1r.) One has

(I'(r,r)(1R))(1R) = 1g(1R) = 1r, and

(™) *(6(1r)))(1R)

(6(1r)) (¥ (1R))
idr (Y~ (idg)) (107)
Ig.

C.3 Proof of Lemma p- ﬁ

One first observes that idg: R ~ |(R, T)| = R.
Secondly, let us check that = is a natural transformation

I-ller |~ = |-®(&,)~[: TopFreeMod g ) x TopFreeMod g .y -~ Modg.

Let (M;,0;) LN (N;,7:) be a continuous (R, 7)-linear map, 7 = 1,2. Let
u € M7 and v € Ms. Then, (f1 B (R,7) fQ)(E]ul’]u2 (u ® U)) = (f1 ®(R,7) fz)(U@
v) = fi(u) ® fo(v) (by Eq. (2), p.[46). Likewise En; n, ((f1®R f2)(u®@v)) =
En,N, (fi(w) ® fa(v)) = fi(u) & fo(v). Therefore naturality is obtained.

It remains to check compatibility with the coherence constraints. Let
(M,0),(N,v), (P, 1) be topologically-free (R, 7)-modules. One has to check
that the four diagrams below commute.
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QM N,P

(M®@N)® P M®(N®P) (108)
5<M,a),(1v,v>®idPl lidM@’E(N,w),(P,m
|(M,0) & (N, 7)| & [(P.p)] |(M, o) @ [[(N,7) & (P,
5<M,a>®<N,v>,<P,ml F(M,a),uv,v)@(w)

I 0) & (N 7)) & (B — | (M, o) & (N, 7) & (P, )]

Moo (N, (P

id s ®R?

|(M.0)] @ R0, 0) | o [|(R.7)] (109)

le F(»f,o),mw)

H(M7O-)H 0 ”%Mﬂj) ®(R,T) (R7T)||
lo(as,0)

1dR®R1
—_—

Rer|(N,7)] TR )@ I(N.)] (110)

)\NJ( F(R,r),ww)

[ (V)] e IIiR,T) ®r,r) (N, 7)]

and
[(M, )| ®r [(N. )| =5 [(N. )] @ (M, 0)] (111)

5<M,a>,(le F‘N””(M’“)

[(M,0) &R,y (N, D] ——[(N,7) ®r,r) (M, 0)]

” (M,o),(N,v) ”
Let ue M,ve N and w e P.
1. The top-left sequence of arrows of Diag. (108]) acts as follows: (u®v)®
wru®(Weow)»u® (vd®w)—»u® (vew), while the right-bottom

sequence acts as follows: (u@vV)@w - (LB V)W (LB V) ®wW -
u® (v w).

2. One has py(u ® 1) = w and p(ar,0) (E(ar,0),(r,r) ((1drr ®R idRr)(u ®
1r))) = p(v.0) (B(M,0),(Rr) (U B IR) = p(a1,0) (U B 1R) =

3. One has Ay (1r®v) = v and Ay ) (E(r,r),(v ) ((idr®RIdN ) (1r®V))) =
A (Ern), (v (IR ®V)) = A (1r @ V) = .

4. One has Z(x 1) (m0) (OMN (U@ V) = E(N ), (M,0) (U@ V) =0 ®u, and
O(0M,0), (N7 (E(M,0), (V) (W V) = 0 (11,0, (W) (U B V) =V @ u.
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D Coalgebras

D.1 Definitions

Let R be a ring. By a R-coalgebra (see [1]) is meant a pair C:= (C,dc) with

1
C a R-module, and C' = C®g C a R-linear map, called the comultiplication,
which is coassociative, i.e., which makes commute the following diagram
(where « is the associative constraint of Modg; see Appendix p. 08).

S5c oc

CerC C CerC (112)

idc®R5cl l5c®RidC

C ®R (C®RC)+>(C®RC)®RC
[eNeXe]

A counit for a coalgebra C is a R-linear map C 5 R such that the following
diagram commutes (where A and p are the left and ring unit constraints of
Modgr). A triple C = (C,dc,ec) consisting of a coalgebra with a counit is
called a counital coalgebra.

id id
Rer 0 0r 25 C 0 R (113)
gcT
v P!

C

Given coalgebras C and D a morphism of coalgebras, also called a coal-

gebra map, C ER D is a R-linear map C EN D such that the following diagram
commutes.

c—1 p (114)

d s

D D
C®RCW ®R

Coalgp, is the category of R-coalgebras with coalgebra maps.

When C, D both are counital, then a coalgebra map C EN D is furthermore
assumed to be counit-preserving meaning that the following diagram also
cominutes.

c—1 D (115)



<Coalggy, is the category of counital R-coalgebras and (counit-preseving) coal-
gebra maps.

A coalgebra (counital or not) C is said to be cocommutative when o¢c ¢ o
d0c = dc, where o is the symmetry constraint of Modg. One also defines
the full subcategories .,.Coalgg of Coalgg and . .,.Coalggr of Coalgg
respectively, spanned by the cocommutative coalgebras.

By direct inspection one has (see Appendix p.

1. (Coalggr = Comon(Modg),

2. ¢.cocCoalgg = cocComon(Modg).

D.2 Group-like elements

Let C be a counital coalgebra over R. A member x € C' is a group-like when
dc(z) =x®@x and ec(z) = 1g. Let GC be the set of all group-like elements
of C.

When R is a field, then the condition ec(x) = 1g for a group-like allows
to exclude zero from GC.

186 Lemma Let us assume that K is a field. Let x € X. x is a group-like
if, and only if, 6c(z) =z ®x and x # 0.

Proof: The direct implication is immediate.

Let us assume that for a given z € C'~ {0}, one has §(z) = x ® x. Since
ec is a counit, xe(z) = . So (e(x) — 1x)x = 0, and thus e(z) = 1k, because
x#0. ]

187 Fact Let K be a field, and let C be a counital K-coalgebra. Then, the set
GC of group-likes of C is K-linearly independent ([1, Theorem 2.1.2, p. 59]).

Let C EN D be a coalgebra map between counital R-coalgebras. It is

clear that f(GC) c GD since if x € GC, then op(f(x)) = (f ®r f)(0c(x)) =
(ferf)(z@z)=f(x)® f(x), and ep(f(2)) = ec(z) = 1r.

Whence one has a group-like functor .Coalgg <, Set.

In the opposite direction, one may define for a set X, a counital cocom-
mutative R-coalgebra Cr(X) := (RX),dx,ex), called the group-like coalge-

bra on X, with dx(p) = Ypex P(2)0z ® 0, and ex(p) = Ypex p(x), x € X,

R
Given a map X ER Y, the unique R-linear map RX) ﬂ R(Y) given by

FR(f)(0z) = 0¢(z) (cf. Remark |12} p. , is a coalgebra map.
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Indeed, dy (FR(f)(02)) = dy (0p(a)) = 05(2)® (z) = (FR(f)B®RFR(f))(62®
0z) = (FR(f) ®r FR(f))(dx(02)), and ey (FR(f)(0z)) = ey (0f(x)) = 1r =
€X((533), relX.

Whence one has a functor Set ﬁ» c,cocCoalgg, and the following dia-
gram commutes (the unnamed arrow is the evident forgetful functor).

Set & e,cocCoalgg (116)

F\R |

MOdR

)
188 Remark Let X = R be the map = —~ (55 as already introduced in

é
Remark: (p. . Then it corestricts as a one-to-one map X —> GCrX
since by definition of Cr, d; € GCRX for every x € X.

189 Lemma CR is a left adjoint of the restriction ¢...Coalgg A Set of
G
Coalgr — Set.

Proof: Let X be a set, let X ER GC be a map, where C is a counital

!
cocommutative coalgebra. Let R(X) iR C be the unique R-linear map such
that f1(8,) = f(x), x € X. Let pe R, Then,

oc(fH(p)) 6c(Larex p(x) f(2))
= Xaex p(2)dc(f(2))
= Yeex p(@)f(2) ® f(2)
(since f(x) e GC) (117)
= erXP(*’”)ﬂ@:ﬂ) ®fu(5x)
= (fﬂ ®R fn)(erXp(x)éx‘X’éx)
= (ffer fH(dx(p)).

Moreover, ec(f1(p)) = ec(Xpex P(2) f(2)) = Xzex P(2) = ex(p). Whence
ftis a coalgebra map from CrX to C.

Let us assume that CrX " Cisa coalgebra map such that h(d;) = f(z),
z € X. Then, as linear maps, f! = h, and so also as coalgebra maps. a

190 Remark The functor Set LN Modgr (Remark p. provides a

strong symmetric monoidal functor
F
Set = (Set, X, 1) LN Modg = (MOdR, ®R, R)
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7
with coherence constraints Fr(X xY") RN Fr(X) ®r FR(Y) (as in the
proof of Lemma [90, p. [44), and R ~ Fr(1), 1g = (@ = 1R) (recall that
1:={@} is a terminal object of Set). Whence one has an induced functor

FS)m
cocComon(Set) R—)> e.cocCoalgg = c.cComon(Modg) (cf Appendiz |B. 3

p. @) One recovers Cr with the factorization CR = (FR)m oA (see Re-
mark[I7, p.[93, in Appendiz[B.3 for the definition of A, and Remark [179,
p. [96, in Appendiz[B.3 for the definition of the functor Fy, induced on cate-
gories of comonoids).

D.3 (Pointed) cosemisimple coalgebras

Let Kk be a field.

Let be a C counital k-coalgebra. By a subcoalgebra D of C is meant a
subspace D of C such that dc(D) € D ®k D. Then, under the co-restrictions
dp of dc and ep of ec, D = (D, dp, ep) is a k-coalgebra on its own right, and
the canonical injection D — C'is a coalgebra map D — C. One also says that
D as defined is a subcoalgebra of C.

For each subset F of a coalgebra C there is a least subcoalgebra of C

generated by E, namely the intersection of all subcoalgebras of C containing
E.

191 Theorem (Fundamental theorem of coalgebras) Let E be a finite subset
of a counital coalgebra C. The subcoalgebra of C generated by E is finite-
dimensional.

192 Corollary Fach finite-dimensional subspace V' of a counital coalgebra
C generates a finite-dimensional subcoalgebra of C.

Proof: See [I5, Theorem 1.3.2, p. 21]. O

A subcoalgebra D of C is said to be simple if it does not have any sub-
coalgebras over than (0) and D. The sum of all simple subcoalgebras of C
is called the coradical of C, and is denoted by coradC. It is a subcoalgebra
of C, and C is cosemisimple when C' = coradC. If all simple subcoalgebras of
C are one dimensional, then C is called a pointed k-coalgebra.

Of course, any one-dimensional coalgebra is automatically simple.

193 Remark Let C be a counital coalgebra over K. Since GC is K-linearly
independent (Fact , the subspace (GC) spanned by GC is isomorphic
to @geac kg = KGO It is clearly a cocommutative subcoalgebra of C de-
noted KGC (both as a coalgebra and a subcoalgebra, i.e., one denotes in the
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same way the corresponding coalgebra and its underlying subspace). More-
over G(kKGC) = GC.

194 Facts 1. There is a one-one correspondence between the group-like
elements of C and its one-dimensional subcoalgebras ([9, Remark 1.9.8,

p. 13]).

2. Let X be a set. Then, X ~ GCxX under X X, k) ([9, Exam-
ple 1.9.9, p. 13]).

3. KGC is cosemisimple (because it is a subcoalgebra of corad(C), corad(C)
is the largest cosemisimple subcoalgebra of C, and any subcoalgebra
of a cosemisimple coalgebra is itself cosemisimple ([7, Ezercice 3.1.6,

p- 141])).
195 Lemma CyX is cosemisimple and pointed for each set X.

Proof: According to the above facts, GCx X ~ X, whence KGCx X ~ Cy X.
Since KGCk X is cosemisimple, so is CxX.

Let S = CkX be a simple subcoalgebra. Because CxX = @ ex Kd,., and
each such one-dimensional subspace Ké, is simple, it follows that S < ki,
for some x € X. By semisimplicity, S = kd,. O

196 Definition Let .,.CSCoalgy be the full subcategory of ¢ cocCoalgy
spanned by cosemisimple coalgebras.

Let ¢ .ocPtCSCoalgy be the full subcategory of ¢ .o.cCSCoalgy spanned
by the pointed cosemisimple cocommutative coalgebras.

197 Remark The objects of ¢ co.PtCSCoalgy are characterized by the re-
lation C ~ CxGC (as coalgebras) among the objects C of .Coalgy,.
Equivalently, C is pointed cosemisimple if, and only if, GC is a basis of

C.
Lemma tells us that Cx X is an object of ., PtCSCoalgy for each

C
set X , and thus the functor Set = c,cocCoalgy corestricts as a functor

Set % . ... PtCSCoalg,.

One also observes that when K is algebraically closed, then the cate-
gories ¢ co,c PtCSCoalgy and ( .,CSCoalgy are the same (since over an al-
gebraically closed field, any cocommutative coalgebra is pointed according
to [1, Theorem 2.3.3, p. 80]).
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C
198 Lemma Set —> e,cocPtCSCoalgy is an equivalence of categories, with

. . G
equivalence inverse ¢ .,.PtCSCoalg, — Set.

Proof: This is nearly immediate because dx: X ~ GCkX for each set X,
and CxGC ~ C under d, + g, for each pointed cosemisimple coalgebra C. O

199 Corollary Let Kk be an algebraically closed field. Set L e,cocCSCoalgy

. . . . . . G
is an equivalence of categories, with equivalence inverse ¢ co,.CSCoalg, —
Set.

D.4 Finite duality

Over a field, there is a nice duality between counital coalgebras and unital
algebras that is not briefly reviewed. See [7] for more details.

First of all, recall from Example (p. [92] Appendix that one has
a functorial isomorphism O: Mon(Modg) ~ ; Algg (concrete over Modg). In
particular, by an ideal of a monoid A in Mon(Modg) is meant an ideal of
the corresponding unital algebra O(A).

Secondly, let C be a counital R-coalgebra. Then, D, (C) := (C*,0¢ o
Oc,c,ec o) is a monoid in Modg, where © is as in Deﬁnition (p. , and
0:R — R* is the isomorphism (1) = idg (and 67(¢) = ¢(1r)). Moreover
given a coalgebra map C ER D one gets a morphism of monoids SZ(D) EAN

D.(C).

200 Remark Let (-)*:Mody’ — Modg be the usual algebraic dual functor.
Then, D := ((-)*,©,0) is a laz symmetric monoidal functor from Modg to
Modgr. According tiAppendix (p- @, it induces a functor €Coalg;p =

Comon(Modg)°P LN Mon(Modg).

In the opposite direction, when K is a field, there is also a functor
D ¢in: Mon(Vecty)°P — Coalgy, the finite dual functor defined as follows.
Let A= (A, ua,ma) be a monoid in Vecty. Let

AY = {{ € A*:ker ¢ contains a finite-codimensional ideal of A}.  (118)

Let also (A@k A)Y =04 4(A° @k A%) c (A ®k A)*.
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The following diagram commutes, and one denotes by ©%: A% @, A ~
(A ®k A)° the corresponding co-restriction of SYWE

©
A" @ A* —5 (A ey A)F (119)

AY ®k AV ~_ (A ®k A)O
Moreover, the following diagram also commutes (of course, inclo is the

0
. . . I .
canonical inclusion), and one denotes by A° A A% @y AY the corresponding
co-restriction of fiy.

A (A gy A)* (120)
inclyo
A —— (A@K A)°
Then, Dyip(A) := (A% (0%)71 o uQ,07 o mi oinclyo) is a counital k-
coalgebra ([7, Proposition 1.5.3, p. 35]), called the finite dual coalgebra of
A. Moreover, given a monoid morphism A EN B, then the following diagram

10 . -
commutes, and we define BY — A° as the corresponding co-restriction.

B4 (121)

inclBo] Jincle

BY — A9

0
Then, Dy;n(B) TN Dyin(A) is a coalgebra map by [7, Proposition 1.5.4,
p. 37]. In conclusion, this provides a functor D ;,: Mon(Vecty)°? — .Coalg,.
Finally, the aforementioned duality is given by the following result.

201 Theorem ([7, Theorem 1.5.22, p. 44]) D;’;n is a left adjoint of Ds.
202 Remark One observes that the above duality does directly provide an
equivalence of categories (as is the case of every adjunction; see e.g., [10,
Proposition 4.2, p. 16/) when one restricts the adjunction to the full sub-
categories of coreflexive coalgebras, i.e., those coalgebras C such that C ~
D;?n(D*(C)) under the natural inclusion C = (C*)°, u (0~ l(u)), and
of reflexive algebras, i.e., those monoids A such that A ~ D, (D;‘;n(A)) under
the linear map A — (A°)*, uw (£ £(u)).
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203 Corollary ([1l, Corollary 2.3.17, pp. 88-89]) One has co-restrictions
op —_

D in D+
Mon(Vecty) I, e,cocCoalgy? and . .,.Coalg,” — .Mon(Vecty), and
D;?n - D, still is an adjunction.

E Quotient and product of separately continuous
algebras

Let (R, 7) be a topological ring. Let, as in Remark p. 1,sep TOPAlg g 1)
(resp. 1,csepTopAlgr -y) be the category with objects A = ((A,0),ma,1a)

such that (A,0) is a topological (R,7)-module, (A, ma,1a) is a unital R-

algebra (resp. unital continuous R-algebra) and (A,0) x (A4,0) —2 (4,0)

is separately continuous together with continuous (unit preserving) algebra

maps. One refers to such algebras with a topology as separately continuous

algebras.

The objective of this appendix is to check that 1 sepTopAlgr ;) (resp.
1e, SepTopAlg(RJ)) is closed under topological products and topological quo-
tients by closed two-sided ideals in the same ways ;TopAlg ;) (resp.
1, TopAlg g 1)) is (see [23]).

Let I be a two-sided ideal of a separately continuous algebra A. Let
us furthermore assume that I is closed in the topology o. Let A LER Al
be the canonical (R-linear) projection. The quotient topology of A/I (|23
Definition 5.1, p. 33|, denoted (A,0)/I, is the strongest topology on A/I
for which 77 is continuous. (According to (the proof of) [23, Theorem 5.7,
p. 34|, (A,0)/I is a Hausdorff space, because I is closed.) In other words,
the quotient topology is the final topology on A/I induced by 77 (see [0]).
In particular, U is open in the quotient topology if, and only if, 7r}1(U ) is
open in (A4,0).

It satisfies the following universal property: given a topological space
(Y,~) and amap A/I Ly. f is continuous if, and only if, 770 f is continuous
(|23, Theorem 5.3, p. 33]).

204 Lemma Let A = ((A,0),mp,1a) be an object of 1 sepTopAlgr -y (Tesp.
1Lc,sep TOPAlg (R 1) ). Let I be a closed two-sided ideal of A. Then, (A, o)/l
is an object of 1 sep TOPAIG(R -y (T€SP. 1.c,5epTOPAIG(R ).

Proof: According to the proof of |23 Theorem 5.4, p. 33] it suffices to

prove that the quotient multiplication my of A/I is separately continuous.
By definition, myo(mrx7r) = mroma. Let Q € A/I, and v € A with 77(v) = Q.
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Let p(v): A - A, u~ ma(u,v) be the right multiplication by v on A, and
let pr(Q): A/I - A/I be the corresponding right multiplication on A/I. By
the above, p;(Q) o 7w = my o p(v), which is continuous by assumption on
A. Considering the universal property of (A,0)/I, it follows that p;(Q) is
continuous too. m|

Let (A;)ies be a family of separately continuous (R, 7)-algebras. Let
[T;c1(A;i, 04) be the product topological (R, 7)-module. Then, [T;.;(A;i,04) x
[Ticr (Ai, 04) M, [Tic; (Ai, 04) is separately continuous, where by M is meant
the multiplication of the product algebra [T;c;(Ai, ma,,1a,). Indeed let i €
I. Then, mj(M(u,v)) = ma,(ui,v;) = ma,((mi(uw), m(v)). Let ppr(v) and
pma (vi) be the corresponding right multiplications. Then, m; o par(v) =
pmAZ, (vi)om;, so that ppr(v) is continuous. Whence ([T;e;(Ai,0:), M, (1a, )ier)
turns out to be a separately continuous algebra, denoted [1;c; A;.

One may summarize this result as follows.

205 Lemma A product of a family of separately continuous (R, T)-algebras
is a separately continuous (R, 7)-algebra.
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Dual of a monoidal transformation,
O

Duality pairing,

E(R),

€X; m

Essential image of a functor, [38]
EssIm, [38

Fg,

F,[03]

1

Fm, [96

F,

F9. 96

Field with a ring topology,
Finite dual coalgebra, [[17]
Finite dual functor, [116]
Finitely-supported maps,
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FreeModg,
FreeModg,

G,[112

Ga, [

Ga,

Gelfand transform,
Gelfant semisimple,
Group-like coalgebra,
Group-like element,
Group-like functor, [112

id,
Ideal of a monoid, [T16]
Induced functor,

Initial topology,
Isomorphism-closed,

J(A),
Jacobson radical, [69]
Jacobson semisimple, [69]

JtO;D (A)7
k, [10]
LCpVect,,

Linear topology,
Linearly compact K-vector space,

Mx, @
Mgy, A9
Mazx(A), 69

MOdR,

Module topology,
MonC,

«MonC,

Monoid,

Monoidal equivalence, [07]

Monoidal functor (lax, strong,
strict),

Monoidal isomorphism, [07]

Monoidal subcategory, [94]

Monoidal transformation, [96]

Monoidally equivalent, [07]

0,p2



Opmonoidal functor,

Opposite (category, functor, natural
transformation),

Opposite monoidal functor, 95

Orthogonal sets, [62]

PRu @
P, [14]
PRr7y,

Pointed coalgebra, [[14]
Quotient topology, [118]

R.[
R, [

(R,7), 10
(Rﬂ')‘! h
R(X),
R,
(R,7)*,[13

Reflexive algebra,

Restriction of scalars along a map,
1O}

Rigid (ring or ring topology or field),
19)

Ring topology,

Second copy, [64]
Separately continuous algebra, [55]

Set, [86]
Subcoalgebra,
supp(f),
Support,

TA,F3
TOp(R,T)? @
Top, [86]

Top(r -, [35]
(Top((jR,T))Opa @
TopAlg -y, [L]
1TopAlg g ),
cTOpAlg(R,T)a
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1 cTOpAlg(R ) .

1,c,sepT0pA1g(R,7—) )
TopFreeMod g .y,

TopFreeVect(kJ’ ,
TopMod g ;y,
Topological (k,7)-vector space
Topological (R, 7)-algebra,
Topological (R, 7)-module,
Topological algebra functor, [53]
Topological basis, [20]
Topological coefficient maps,
Topological dual,
Topological dual coalgebra, [50]
Topological Jacobson radical, [69]
Topological ring,
Topological tensor product, A2]
Topologically semisimple, [69]
Topologically-free (k, 7)-vector
space, [20]
Topologically-free (R, T)-module,
TopVecty ., IE'

UA,B]

Up. [95]
Underlying algebra,

%(E,T) (J?),

Vecty, [86]

CVN(k,T)? @

Von Neumann regular algebra, 23]
Von Neumann regular monoid,
Von Neumann regular ring, 22]

“’(R )

Weak inverse, 22]
Weak-* topology, [T

X(R,T) (A)7
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