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ASYMPTOTIC BEHAVIOR OF THE COMPLETE KAHLER-EINSTEIN METRIC IN
TUBE DOMAINS

SEBASTIEN GONTARD

ABSTRACT. We study the complete Kihler-Einstein metric in tube domains {z € C2/ Re(4pz1)+ Re(22)?P <
1} where p € N*. We obtain estimates of this metric and its holomorphic bisectional curvatures near the
weakly pseudoconvex boundary points.

Introduction. In 1980, S.-Y. Cheng and S.-T. Yau proved that every bounded strictly pseudoconvex domain
Q Cc C", n > 2, with boundary of class C7, admits a complete Kihler-Einstein metric of negative Ricci
curvature. Namely, they proved that there exists a (unique) strictly plurisubharmonic solution g € C¥ (Q)
to the problem:

(1) Det [g;;] =e™tD9 on Q,
(2) g =400 on dfd

(see [3]). By comparing this solution to the approximate solutions constructed by C. Fefferman in [4],
they proved that if € is bounded, strictly pseudoconvex with boundary of class C™ax(2n+9.3n+6) = thep

_ 1
e”9 € Cntito (Q) for every § € |0, 3| and the holomorphic sectional curvatures of this metric tend to

-2 at any boundary point of €2, which are the curvatures of the unit ball equipped with its Bergman-Einstein
metric.

The existence of a complete Kéhler-Einstein metric of negative Ricci curvature has been extended to the
case of bounded domains of holomorphy by N.Mok and S.-T.Yau in [12]. Moreover, J.Bland proved that if
q € 09 is a "nice” strictly pseudoconvex boundary point of 0f2, then there exists a neighborhood U of ¢ such
that e=9 € C"F1H9 (AN T) (see [1]). We proved that this result still holds without the "nice” condition, and
also proved that the holomorphic sectional curvatures of the metric tend to -2 at ¢ (see [6]).

Although the regularity of e™9 and the behavior of the holomorphic bisectional curvatures at weakly pseu-
doconvex boundary points is unknown in general, J.Bland proved that in the Thullen domains {(z,w) €
C" ! x C/|2]? + |w|*P < 1}, the sectional curvatures are bounded from above and below by negative con-
stants if p > 1. He also proved some estimates for the metric and its volume form (see [2]).

In this paper we adapt the method used by J.Bland in [2] to prove curvatures estimates in the tube domains
T, := {2z € C?/ Re(4pz1) + Re(22)?? < 1} where p € N*. More precisely, we prove:

Theorem 1. There exist positive constants 0 < ¢ < C and 0 < a < 1 such that we have the following for

everyzeTpﬁ({%Sa}u{l—a§%<l}):

Yo,w € C*\ {0}, —C < Bis.(v,w) < —c,

where Bis,(v,w) stands for the holomorphic bisectional curvature of the complete Kdihler-Einstein metric
induced by the potential g satisfying conditions (1) and (2) on T}, at point z and at vectors v and w.

The regions {% < a} and {1 —a< % < 1} are related to the geometry of the orbits
of T, under the action of its automorphism group, and replace the usual conical regions (see Section 2 for
details).

The Bergman metric is another interesting metric induced by a Kéahler potential. S.Fu gave estimates of
the Bergman metric and its holomorphic sectional curvatures on the axis R x {0} + iR? in tube domains
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T,. He deduced that for every smoothly bounded complete Reinhardt domain of finite type there exists a
neighborhood of the boundary on which holomorphic sectional curvatures for the Bergman metric are pinched
between negative constants (see [5]). Following the method used in the present paper, the computations from
[5], the asymptotic expansion of the Bergman kernel in tube domains obtained by J.Kamimoto in [9], a remark
made by K.-T. Kim and S. Lee about the Bergman-Fuchs formula (see Section 6 in [10]), we notice that the
conclusion of Theorem 1 holds for the Bergman metric. However, the behavior of the holomorphic sectional
curvatures of the Bergman metric away from the axis R x {0} + iR? is still unknown.

This paper is organized as follows. In Section 1 we introduce some notations that will be used in the
paper.

In Section 2 we describe the boundary of the domain Tj,, its automorphism group Aut(7},), and introduce
a parametrization of the orbits of 7}, under the natural action of its automorphism group. We also give a
relationship between the regions introduced in Theorem 1 and the notions of non-tangential and tangential
convergences.

In Section 3 we use the automorphism group of the domain to obtain an equation satisfied by the restriction
of the K&hler-Einstein potential to the subset {0}x] — 1,1[, and we analyze this equation to deduce the
asymptotic behavior of the Kéhler-Einstein potential.

In Section 4 we use the results proved in Section 3 to prove Theorem 1 (see Theorems 4.5 and 4.6). The
proofs of Theorems 4.5 and 4.6 give precise estimates of the constants ¢, C' depending on the approach region.

1. NOTATIONS

For the rest of this paper, we fix an integer p € N*.

We work with the topology induced by the Euclidean norm given by |z|* := |z1|* + |22|® for every number
z = (21,22) € C% We denote by S(0,1) := {2z € C?/|z| = 1} the unit sphere centered at the origin.

Let I C R be an open interval and k € N. We denote by C* (I) the set of real-valued functions that are
k-times differentiable in I, and we denote by C* (I) the set of analytic functions in I. If f € C* (I) UC¥ ()
and 0 < j < k is an integer, we denote by f) the j — th derivative of f.

Let U C C? be a domain (that is a connected open subset) and k € N. We denote by C* (U) the set of real
valued functions that are k-times differentiable in U, and we denote by C*¥ (U) the set of real valued analytic

functions in U. If f € C* (U) and 1 < j < 2 is an integer, we use the standard notations f; := % (;Tfj — i%)
and f; := % (;Tfj +i%).
Let U,V C C? be two domains and k € N. We denote by C* (U, V) the set of functions f = (f1, f2) having

values in V' such that the coordinate functions f; and f; are k-times differentiable in U, and we denote by

C¥ (U,V) the set of analytic functions in U having values in V.

If f € CHU,V), we denote by Jacc(f) := [g—g} its complex Jacobian. It is a matrix whose entries are
J

continuous functions in U.

2. DESCRIPTION OF THE DOMAIN AND ITS AUTOMORPHISM GROUP

In this section we describe the boundary of the domain 7} and its automorphism group. Recall that
T, is a tube in the sense that T, = B, + iR, with B, := {(z1,z2) € R?/4pz; + 237 < 1}. The following
proposition describes the boundary points of T:

Proposition 2.1. Let z € 0T,,. If z € (ﬁ,@) + iR?, 9T, is weakly pseudoconvex at z. Otherwise, 0T, is

strictly pseudoconvex at z. Moreover, every weakly pseudoconvex boundary point of 0T}, is of finite type 2p
in the sense of D’Angelo.

We recall the description of the automorphism group of the tube, denoted by Aut(T},):

Proposition 2.2. The automorphism group Aut(T,) of T, is spanned by the following affine maps:
o Translations of vectors with real coordinates: 1,(z1,22) = (21, 22) + tu, where u € R2,

e Dilations: dy(z1,22) = (%pfl)“, /\ﬁZQ), where A > 0,

o The symmetry of complex azis {z2 = 0}: s(z1,22) = (21, —22).
2



A0
The translations have a Jacobian equal to the identity matrix. Also, Jacc(dy) = { 0 A2 } and
P
1 0
Jacg(s) = [ 0 _1].
For j = 1,2, we denote by 7r]]R the following map:
7TJR : C? — R
(z1,22) +—— Re(z),
Let X := ¢1 This function is well defined on the set {z € C?/Re(4pz1) < 1} which contains T},.

(1—apnl)2r
Moreover, observe that it satisfies the following properties:
X € C> ({z € C?/Re(4pz1) < 1}),
X is a parametrization of the orbits of T}, under the action of Aut(7T},), in the sense that

VF € Aut(T,), VzeT, X(F(z))=X(z)and X|{oyx]_1,1 is injective,

X(T;D) :] -1, 1[7
g € {|X| =1} if and only if ¢ is a strictly pseudoconvex boundary point of 0T),.

Let us relate the regions introduced in Theorem 1 to the notions of tangential and non-tangential con-

vergences. Let 6 € ]0,Z[. We denote by A(f) := {z € Tp/(];n$2(+l‘§§‘2 < tcm(@)} the half cone of vertex
ip e(z

@7
Let (2(™),en € T} such that z(") "y (ﬁ,O). Recall that (2(™),cn converges non-tangentially to
n—-+00

( L O), of axis R x {0} and of angle 6.

(5,0) if there exists a constant § € ]0,%[ and an integer N € N such that for every n > N we have
2" € A(0), and that (2(™), ey converges tangentially to (4—1p, 0) if for every constant ¢ € ]0, 3 [ there exists

an integer N € N such that for every integer n > N we have z(") ¢ A(6).
Now observe that we have:

Im(z1)? + |2/

(ﬁ - Re(zl))

1
4p>

VzeT,, 4p|X(2)|(1— Re(4pz))z ' <

hence we deduce that for every sequence (2(™),en € T} that converges to (45,0) and for every 0 < a < 1

we have:

vo<9<g,(z<">)eA(e)N;»aNeN, ¥n> N, 2™ e{|X|<a},

(z“”) c{l-a<|X|<DP=V0<0< g, INeN, vn>N, zM™¢A®@).
In particular, Theorem 1 gives the non-tangential behavior of the bisectional curvatures at weakly pseudo-
convex boundary points of T},, and also gives a "hyper-tangential” behavior of the bisectional curvatures at
weakly pseudoconvex boundary points of T},.
We conclude this section with the following Proposition, which directly follows from Proposition 2.2 and
the definition of X:

Proposition 2.3. Let z € T}, and define P = d 1 O T_(Im(z1),Im(z2))- Lhen the map ) s an

T—Re(dpz1)

automorphism of T, which sends z to (0, X (z)), and satisfies Det (Jacc (1/1(2))) =1
(1—Re(4pz1)) 2P

Proposition 2.3 enables to reduce the study of the metric and its curvatures on 7}, to the study of the
same quantities on the set {0}x] — 1,1[ (see Sections 3 and 4 for more details).
3



3. COMPLETE KAHLER-EINSTEIN METRIC ON T},

Since T}, is a pseudoconvex tube domain such that B, is convex and does not contain any line, it follows
from the work of S.-Y. Cheng and S.-Y. Yau (see [3]) and N. Mok and S.-Y. Yau (see [12]) (see also Remark
3 at page 235 of [8] for more details, and also [13] for a more detailed study) that there exists a unique
strictly plurisubharmonic function g € C* (T},) satisfying conditions (1) and (2) on 2 = T},, and consequently
the manifold T}, equipped with the metric [giﬂ is a complete Kahler-Einstein manifold with Ricci curvature
equals to —3.

According to results obtained in [6], we know for every number that there exists a neighborhood U C C?
of (0,1) such that for every number 0 < § < % we have e™9 € 319 (Tp N U). In particular, the boundary
behavior of the metric, of its volume, and of its curvatures at strictly pseudoconvex boundary points are
already known, contrary to their boundary behavior at weakly pseudoconvex points.

In the sequel, we study the potential g and its behavior at the weakly pseudoconvex boundary point

(#:0)
Remark 3.1. Let o > 0. It also follows from the work of A.Isaev (see [8]) ang N. Xiang and X.-P. Yang
(see [13]) that if the domain {Re(2az1) + Re(z2)* < 1} possesses a complete Kihler-Finstein metric, that

is if there exists a solution to Equation (1) with boundary condition (2) on {Re(2a:z1) + Re(z2)® < 1}, then
o € 2N*.

3.1. The invariance property and an expression of the Kahler-Einstein potential in terms of
a special auxiliary function. The invariance property of the Kahler-Einstein metric under the action of
Aut(T,) enables to simplify the expression of the Kahler-Eisntein potential g:

Proposition 3.2. Let

F: |-1,1] — R
z o g(0,2),
and set K := 2p—;1. Then the following holds on T):
K 1
3 =FoX+—L — .
0 o= Fox+ 2o (1)

Proof of Proposition 3.2. The Kéhler-Einstein metric is invariant under the action of Aut(T}), which means
that:

(4) Vo € Aut(Ty), [g55] = Jace (¥)" [g:5 0 ¢] Tace ().

We apply the function Log o Det on both sides of Equation (4) and use the Monge-Ampere Equation (1) to
deduce the following transformation formula:

2
() Vi = (Y1,42) € Aut(Ty), g=goy+ gLog|Det(Jac (¥)].
Let z € T),. We apply identity (5) to the function ¢ = ¥*) given in Proposition 2.3 and obtain the result. [

The function F inherits from the Kéahler-Einstein potential g some regularity properties.

Proposition 3.3. The function F is real analytic on | — 1,1[, strictly convex, and even. Moreover, e~ €
C3+0 ([—1,1]) for every number § € [0, 3.

Proof of Proposition 3.3. The relation F(x) = ¢(0,z) for every number z €] — 1,1[ directly implies that

Fecv(-1,1]) and e F € €39 ([~1,1]) for every number § € [0,3[. In particular, by differentiating

Equation (3) twice at the point (0,2) € T,, we obtain F®)(z) = 4g,5(0,2) > 0 because g is strictly

plurisubharmonic on T,,. Hence F is strictly convex on | — 1,1[. To prove that F is even on | — 1, 1], we use

the automorphism s introduced in Proposition 2.2 to deduce that for every number —1 < x < 1, we have

F(z) =¢(0,z) = F(X(0,—x)) + %Log(l) = F(—x), hence the result. O
4



3.2. The Kéahler-Einstein condition and two differential equations satisfied by F'.
We use Equation (3) and the Monge-Ampeére Equation (1) to obtain a first differential equation satisfied by
the function F:

Proposition 3.4. Denote f := F(). Then the metric [gﬁ] satisfies the following on T):

X2fDoX+2p+1) X foX+4pK  XfWoX+foX

(6) 93] e 20— gy
6 9i5] = )
! XfWoX+foX fMox
2(174p7rnf)1+% 4(174p7rnf)%
Z(X)
(7) Det(gij) = RE
(1 —4pny) >
@) 2p — 1 4pK) — f(z)?

where the function Z is defined by Z(x) := f@) (@p )xfix) +4pK) - f(2) for every number x €

| — 1,1[, and satisfies the following equation:
(8) Z=e¥ on]—1,1].
Proof of Proposition 3.4. On T, we have:

Xi] = [X3] = [7] ,

1
2(1—4pnf)2p

X2 X
(1—4pnT)2 2(1—dprk ﬁ+1
) = | T B
Rygp 1 RYP
2(1—4pmy)2p 4(1—4pry)P
(2p+1)X 1
R T
(1—4p~f)? 2(1—4p7731§)%+1
[Xi3] =

L 0

2(17410#15)%+1
Differentiating Equation (3), we directly deduce:
4Kp
T ma
(1 —4pn})
X2fWoxX+(2p+1) foX+4pK  XFfDoX+foX

95 = fo X [Xg] + £ o X [XiG] +

R 1
(—dpm)? 2(1—4prk)' 28
XfMoX+foX FMox
N R) 5
2(1—4pn¥) " 2p 4(1—4prf)®

Then we apply the function on Det both sides of relation (6) to directly Equation (7). Finally, recall that
according to Equations (1) and (3) one has on T):
Det [g;;] = e39,
_ e3FoX7 35 Log(174p7'r]1§)

e3FoX

3

(1 - 4p7r]$)2+%

hence Equation (8). O
We use Equation (8) to obtain a differential equation satisfied by f and f(1:

Proposition 3.5. The function f satisfies the following equation for every x €] — 1,1]:

9) (2p— Daf(a) +4pK) FO () = (2p — Daf(2)* + (6pK +1) f(2)? = 2(p+ 1) / " P dt+ 463 ),
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Proof of Proposition 3.5. Let 2 €] — 1,1[. We multiply both sides of Equation (8) by 12f, use the defintion
of the function Z and integrate from 0 to x to obtain:

A3f(2)e* @) = 3(2p — D f (2)*f V(@ )+12pKf(x)f(1)( ) = 3f(x)?,

4Z(z) = 4637 @) — 3(2p — 1)/ L (02 F O () di + 6pK f( / £ dt + 46370,
0
We integrate by part the first term of the right hand side:
v tre)* " 1 I
[esersoa= [T -5 [ g a | s
0 o 3Jo 3 Jo

Using again the definition of Z we obtain:

((2p — Daf(w) +4pK) fO (@) — f(2)* = (2p — Daf(x) + 6pK f(2)* — 2(p + 1) / F(6)* dt + 47O

0
(20 = Vof (@) + 4pK) [Da) = (2p = Do () + G + 1) [0 =200+ 1) [ 0 di+ 470, O
0

3.3. Asymptotic analysis of the auxiliary function.
In this subsection we use condition (2), Proposition 3.3 and Equation (9) to study the function F and its
derivatives. Since F' is an even function, we may restrict its study to the set [0, 1].
We point out that Propositions 3.6, 3.8, Corollary 3.9 and part of Proposition 3.10 may also be deduced
from the work done in [6] because the function F is the restriction of the Kéhler-Einstein potential g to the
set {0} x] —1,1[, and 0T}, is smooth and strictly pseudoconvex at (0,1). In this paper, we use Equation (9)
and the interior regularity of F' to derive these results.
From the strict convexity of F' and condition (2) we have the following:

Proposition 3.6. Fvery derivative of F is unbounded in a neighborhood of 1~. Moreover, f(x) — +oo.

r—1—

Proof of Proposition 3.6. If there existed an integer k € N such that F*) was bounded in a neighborhood

of 17, then ¢(0,-) would be bounded in a neighborhood of 17, which contradicts the hypothesis (2), hence

every derivative of F' is unbounded in a neighborhood of 1~.

Since F' is a strictly convex, even function in | — 1, 1], its derivative f is a non negative increasing function

on [0, 1[. Since the function f is not bounded bounded on [0, 1], we directly deduce that f(z) - +oo. O
r—1-

We use the following lemma to deduce the asymptotic behavior of f() at z = 1:

F
Lemma 3.7. Let F € C1(]0;1[) be a convex function satisfying lim FM(y) = +00. Then: lim W) =
y—1— y—1— F(l)(y)

0.
Proof of Lemma 3.7. Since F satisfies lim F(1)(y) = 400, there exists a constant a €]0, 1[ such that F(1) >

y—1-
0on Ja,1[. Let a <z <y < 1. Then FM(y) >0 and F(z) < F(y). We apply the fundamental theorem of
calculus to the function F' to obtain the following:

0< Fly / FO@) dt < (y — ) FV(y),
so that F(l() (;) < Fi()@z)) <(y—=z)+ Fi()()) Hence we deduce:
: F(y)
Vz €]0;1[, 0 < limsup <1-uz,
] [ y—1— F(l)(y)
F
therefore we obtain lim () = 0 by letting = tend to 17, hence the result. 0
y—1- F(y)

We use Equation (9), Proposition 3.6 and Lemma 3.7 to obtain the first order asymptotic of f at z = 17:

1
Proposition 3.8. We have: lim f—(x) = lim f(z)(1—-z)=1.
r—1- f2 Tz—1-
6



Proof of Proposition 3.8. Let > 0. Since f(0) = 0 and f is increasing on [0, 1], we have f(z) > 0. We
divide Equation (9) both sides by f(x) to obtain the following:

o KN fOW@) o GpE 1 / J° dt | 40
) (@ f(w)> IO N (O o
ALK 1
Let us prove that zll)Hl{ @ = 0. Define f(z / f(t)® dt for z € [0,1[. Then f € C'(]0,1[), i
convex and satisfies lir{17 fV(x) = +00. We apply Lemma 3.7 to f to deduce that 1111117 %(z) =0.
f(t)? dt 3F(0)

6pK +1 de .

Define b(z) := 1 pf(x) —2(p+ 1)/ S e v € 10.1): Thenb € C((0,1]) and Tim b(x) =0.

Hence B := / b(t) dt is well defined and B € C* ([0, 1]). Let x €]0,1[. We integrate Equation (10) between

z and 1 to obtain:

" 1 1 (1)
(2p—1)m+(2p—1) %+;€§2=/ ((2 —1)t+%) J;—Q(t)dt,
2p—1 9
= =51 -2 + B),

boat
2pK x f@& 2p-1 B(x)
11 2p—1) (1 2p—1)== = 1 .
(1) -1 (14 25) L - 2l 2O
Lot
Lot 1 f()
Note that / —— is the primitive of the function — € C(]0,1]), so that lim “£——~ = 0. Like-
. f(t) f z—1- 1—=x
B
wise by construction of B we have lir? ﬁ = 0. We let = tend to 17 in Equation (11) to deduce
z—1— — X
. 2p —1 . 2pK T .
lim ——— =1 2p—1) (1 =2p—1,h 1 1—z)=1. O
Jm g = =0 (1 55 iy = e i 0101 )

Proposition 3.8 directly gives the asymptotic behaviour of Z, and also an asymptotic expansion of F’:

2p—1 1
Corollary 3.9. We have: lim (1 —x)*Z(z) = L , and F(x) = Log <1 > +
—x

x—1— 4

Log (2p 1

3 )+0(1).

r—1—

Proof of Corollary 3.9. Proposition 3.8 and the definition of the function Z directly gives the first result.
3 2p—1 1
We apply formula (7) to deduce that lim ((1 - a:)eF(x)) = p4 , hence lim F(x)— Log < > =
rx—1—

z—1— 1—2
Log (27” 1)

3

, hence the second result. [l

We directly deduce from Corollary 3.9 the asymptotic behavior of the potential g, or equivalently its
volume form (see Proposition 3.4). In order to estimate the curvatures of the Kéahler-Einstein metric, we
also need the asymptotic behavior of the derivatives of higher order of F' at z = 1. We have the following:

Proposition 3.10. For every integer k € N, one has:

2p—1
Ilinlli(l —x)F3 2R () = p8 (k+2)! and wlifil F8 (@) (1 — )kt = 111)11117 TR
7



(k)
Proof of Proposition 3.10. The fact that lim J{k—kl( ) = k! directly follows from Proposition 3.8 and
r—1—
lim f(k)(x)(l — )k = k! Let us prove the other assertions by induction. Proposition 3.8 and Corol-
r—1-
lary 3.9 ensure that the formulas are true for £k = 0. Let £ > 0 be an integer and assume that the
formulas are true for any integer 0 < | < k. We differentiate Equation (8) (k + 1) times to obtain

Z(k+1) — (Z 1))(k) 32 ( ) fOZE=D hence the following:

lim (1 — z)**Z¢+D () 3i < > lim ( a:)”lf(l)(a:)) lim ((1 - x)kngZ(k*l)(x)) ,
1=

r—1— r—1— r—1—
:32p_lzk: Mok 21y
3 ;e !
1=0
-1, &
=3Py (k2 - Dk +1-1),
1=0
k41 1
k'z (1+1) (k +3)L.
We differentiate Equation (8) k times to obtain:
k
(k+2)! A o k 142 p(141) ket 1—1 p(k—1)
5 =m0 = im 30 (=) 200 @) (1 -2y D (@),
=1
=2 (l) L+ DMk =D+ lim (1 =) 20D (a)),
1=0
k—1
=k'» (I+1)+ lim ((1 — :v)k+2f(k+1)(x)> ,
e r—1—
_ k(k+1)! . k42 p(k+1)
=Tt hm ((1 o (w)>’
- _NkF2 p(k1) _ (k+2)!  k(k+1)! _ |
Tim (1= a) 2 (@) = o = = (k+1),
hence the result. O
Remark 3.11. e We conjecture that e~ satisfies the following:
—+o0
o0 - x k
(12) Smdeer €€ (0.1, O~ (1-a) Y e (1 - ) Log(1 ~ )",
k=0

with lil{l m(z) # 0 except for p = 1. Especially, apart from the case of the ball (p = 1), one would have
r—1—

et ¢ C*([0,1]) so that the regularity given in Proposition 3.3 is almost optimal.

Conjecture (12) is motivated by results of J.Lee and R.Melrose (see [11]) and of R. Graham (see [7]) in
the case of smooth strictly pseudoconvex domains, and by J.Kamimoto (see [9]) in the case of the Bergman
metric in tube domains.

e In a forthcoming note, we will prove that in the case of the Thullen domains {|z1|*+|z2|* < 1} € C2, there
exists a positive function n € C ([0,1]) such that for every x € [0,1] we have e~ 9% = (1 — z)n(x) (so
that in the sense of conjecture (12) all the functions n;,s are equal to O for every integer k > 1), and that
if we denote by K the Bergman kernel of {|z1|° + |z2|”" < 1} we have z — K (0, z)e39(02) ¢ > ([-1,1]),
and deduce from this a comparison of the Kdhler-Einstein metric and its curvatures to the Bergman metric
and its curvatures, globally on the Thullen domain.
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4. CURVATURES ESTIMATES

In this Section we use the analysis of the function f obtained in Section 2 to get estimates of the holo-
morphic bisectional curvatures of the Kéhler-Einstein metric.

4.1. General properties the holomorphic bisectional curvatures in T,. We wish to estimate the
holomorphic (bi)sectional curvatures of the Kéhler-Einstein metric g. If v,w € C?\ {0}, and z € T}, we
denote by Bis, (v, w) the holomorphic bisectional curvature of the metric g at point z between the vectors
v and w, and we denote by S,(v) = Bis.(v,v) the holomorphic sectional curvature of g at point z and at
vector v. We shall omit the point at which we compute it and use the notations Bis(v,w), S(v) to simplify
the notations when possible.

Recall that the holomorphic bisectional curvature of g between non zero vectors v and w is given by:

E Ry pivivjwiwy
1<,k 1<2

(13) Bis(v,w) =
(219,52 gﬁviv_j) (Zlgw‘sz gﬁwiw_j>

)

and that the curvature coefficients satisfy the following:

1<a,B<2
where [g‘j‘ﬁ] = [giﬂ ~'. Recall that the holomorphic bisectional curvature of a metric does not depend on

the length of the vectors at which it is computed, namely it satisfies the following:

(15) Yo,w € C2\ {0}, Bis(v,w) = Bis (1 ﬂ) .

ol fw]

Moreover, since the Kéhler-Einstein metric is invariant under the action of Aut(7T},), its holomorphic
bisectional curvatures satisfies the following transformation formula:

(16) Vz €T, VY€ Aut(T,), Yo,w e C*>\{0}, Bisy)(0v.(v),00.(w)) = Bis.(v,w).
The following formula is specific to the tube domains:

Proposition 4.1. If v = (v1,v2), w = (w1, ws), « is an argument of v1T3 and B is an argument of w13,
then the following holds:
(17)

(219',352 gijviv_j) (219',3‘32 gijwiw_j) Bis(v,w) = Ryqiz|v1|*|wi|?
+2Ry113|v1[|wi|([v1]|wz|cos(B) + |v2||wi|cos(a))
+Ry1gz ([v1 [ [wa|* + [v2 w1 [ + 2|v1|[va|Jw: [Jwa]cos(a — B))
+2R1313|v1 [[va|w1||wz|cos(a + B)
+2R1303|va||wa([v1]|wz|cos(a) + |vz|Jwi |cos(B))
+Ross |va|* [wa .

Proof of Proposition 4.1. From the expression of the curvature coefficients (14) and the fact that g and all

its complex derivatives are real numbers, we have for 1 <4, j, &k, < 2: R5.7 = Ry5;7 = Ry;5. Hence we may

simplify formula (13) by gathering the terms depending on the number of 2 occuring in the 4-uple (4, j, k, 1):
9



Z 9i30i05 Z gi;wiw; | Bis(v,w) = Ryqifor [ w:[?
1<i,j<2 1<i,j<2
+ Rynyz (|01 * (w13 + Wiws) + (010 + T7vs) [wn|?)
+ Ri193 (|Ul|2|w2|2 + w2 *|w|* + v1TzwT w2 + v_lvgwlw_z)
+ Ry313 (0102w W3 + T1v2W1w2)
+ Ruzoz (1103 + D1v) [wa|* + [v2]* (w1 W5 + Wiws))

+ Rogas|va|?|wal?,

= R1111|U1|2|wl|2

+ 2Ry113|v1|Jwi|([vr|Jwe[cos(B) + vz |[w:|cos(a))

+ Rygos (|01 [Pwa]® + [va]*wi]? + 2[v1 |vg| [w: |[wa|cos(a — B))
+ 2Ryz13|01] vz [w: | Jwa|cos (o + )

+ 2Ry393|v2|[w2|(|v1 ||wz[cos(a) + |va[wi]cos(B))

+ Rogas|va|?|wal?.

O

Observe that Proposition 16 reduces the study of the behavior of the curvatures on 7}, to the study of the
behavior of the curvatures on the subset {0} x [—1,1].

4.2. Holomorphic bisectional curvatures when X — 0. First we compute the curvature coefficients
at the origin in the following;:

Proposition 4.2. The curvature coefficients satisfy the following at the origin:

Rinii = —32p°K,
Rizi1a = (p— 1)f(1)(0)7

Ri123 = —pf(l)(o),
1Y f1(0)
Ryz95 = (—3+ F) EETE

all the other coefficients being equal to 0.

Proof of Proposition 4.2. Recall that F is an even function, hence f = F(1) = g5(0,-) is an odd function.
From this we directly deduce that, at z = 0:

g12 = g21 = 0,
g112 = g121 = g211 = 0,
g222 = 0,

g1112 = g1121 = g1211 = g2111 = 0,
g1222 = g2122 = g2212 = §2221 = 0.

10



Hence the coefficients in Equation (14) simplify into:

Rinit = =gt + 9ug g
Rizia = —g1z13 + 919" 9122,
Rita3 = —g1122 + 9122972 o1,
Rozzz = —go9oa + goo19™ G122,

4pK 0 0
] apBl _
[gij] = ,[g } = )
(1) 4
0o 4(0) 0 FO0)
() 3 (0
gi11 = 16p°K, g120 = fT)7 g1 = 96p° K, giiza = (p+ 1) f1(0), gases = f 16( )

Thus we obtain:

Ry1i1 = —32P3K=

Ry313 = (p - 1)f(1)(0)7

Ry195 = —Pf(l)(o),
80 | fM(0)?

Ry = 6 16pK

According to Equation (8), we have Z((0) = 3f1)(0)Z(0), that is 4pK f3)(0) + 4(p — 1)f1(0)? =

(1) ()2
12pK f(V(0)2, hence Rogos = (—3+ %) £ 1%0) :

O

From the computations of Proposition 4.2 we deduce the precise upper and lower bounds for the holo-
morphic bisectional curvatures and holomorphic sectional curvatures at the origin:

Proposition 4.3. Let v,w € C?\ {0}. Then we have:

3 3 1
—3 < Bi < - d Solv) < —2— —.
+ i1 iso(v, w) < il @ o(v) < 2" R
Moreover,
. 3 ) 3
Biso((1,0)(1,0)) = =3+ 3=,  Biso((1,0)(0,1) = ~ 3=
1 JF(0) 3001
d S = - —\
e <<x/4pK’ 2 2 2K

Proof of Proposition 4.3. Let C' := —3 4+ s=—. Using Proposition 4.2 we have:

2pF1°
Ri111 2
12111 _ P _ C,
911 K
Ros95 2
22222 _ P _ C,
923 K
Rz _ 1 _ C
911922 K 2p
Riz13 _ p—1 _ _(p— HcC
gigz  PK 2p? 7



hence:

1 _ _ .
c > 9T > ggwim; | Bis(v,w) = gl [*lw|* + grigas(or|*[wal® + [v2*lw: [*) + g3 va|* wa]?
1<ij<2 1<ij<2

=(Zici <2 965015 (i< <2 95 wiT05)

2p—1
-, g (|U1|2|w2|2 + [v2]? |wy |*
~2p 1 1 [ve| w1 |[we]cos(a — B)
2(p—1
2= olflfunlfualeosta + ).
2p 1. __ _ 2 2 2 2
—5—7 | gBistv,w) —1 > ggum; > gy | = giigaz| o1 [wal® + [va|*fun |
P 1<i,j<2 1<i,j<2
- 1 [[vz|Jw:||we|cos(a — B)
2(p—1) )
——— v ||z ||w ||wa|cos(a + B) | .
2o ullallwnlfualcosta + 5
Observe that the lower bound of the right-hand side is achieved if cos(a — ) = —cos(a+ ) = 1, and the
upper bound is achieved if cos(a — ) = —cos(a + B) = —1, so that we only need to investigate two cases
g
to obtain the bounds for Bis(v,w). Note that in the case of the holomorphic sectional curvatures, we have
a = f3, so that the condition cos(a — 3) = —cos(a+ ) = —1 cannot occur, hence we have to study this case
differently.

e Case 1: cos(a — B) = —cos(a+ ) = 1. Computations yield to:

gragas (JonPual? + laPlun 2 = -2 fllal o el = 22—l e )
= 011923 <|v1|2|w2|2 + |va*|wn |* = %|Ul||v2||w1||w2|)
> 011923 (|01 *Jw2]® + [v2*[wi[* = 2[vr |[vz|[w: [[w2])
= g11923([v1[Jwa| = [va[wi])? > 0,
and equality holds if |vy ||wz| = |va||wy], for instance if v1 = wy; = 0. Hence C = -3+ < Biso(v,w)

2p+1
for every vectors v, w € C?\ {0}.
e Case 2: cos(a — ) = —cos(a+ 3) = —1. Computations yield to:

2
911922 <|v1|2|w2|2 + [v2]*|ws |* + 1—9|v1||v2||w1||w2|)

2
= [v2|w|? — giylvi*|wi]? — g3slval*|wal® + 5911922|U1||U2||w1||w2|

< 2jw]? = gislviPwi]* — g5 lva|*[wa]? + 2911 gos|v1 |Jv2][w: ||ws ]
= |v3lw]Z = (gualvr||wi] = gaz|va|lw2l)?

< Jofgluwl,

and equality holds for instance if u; = vy = 0. Hence Biso(v,w) < —

C2\ {0}.

for every vectors v, w €
2+ 1 Y
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e Case 3: v = w. We have:
2

2p 1 — 20,12 1 (r—1)
- —S(w) -1 Y 9505 | = 201192 1- 2
1 (C (v) ) P 9i5Vivj 911923 |v1|"|v2] < 1 + p(2p — 1)005( a)

2
< (1 ! ) (Elsi,jgz gijvi’l)_j)
p(

2 — 1) 2 ’
K 2p—1 1 3K 1
RS Y (S T
2p 4p p(2p—1) dp  4p
3 1
S) < —= — —
W3- 3r
. . 2 2 3 1 5
and equality holds if g1 |v1]” = g3 |v2|”. Hence Sp(v) < 3T R for every vector v € C?\ {0}. O
p

Remark 4.4. [t can be deduced from the computations done by J.Bland in [1] that we obtain the same upper
and lower bounds for the curvatures of the Kdihler-Einstein metric in the Thullen domains {|z1|*+]|z2|* < 1},
although Thullen domains and tube domains are not biholomorphic except for p = 1.

We can deduce from Proposition 4.3 part of Theorem 1:
Theorem 4.5. There exist positive constants 0 < ¢ < C and o > 0 such that
Yo,w e C*\ {0}, Vze{|X|<a}, —C <Bis,(v,w)<—c
Proof. Since the map

-1,1[x S(0,1)> — R
(z,v,w) — Bis(07m)(v,w)

is continuous, it is uniformly continuous on every subset of the form J x S(0,1)? where J C] — 1,1[ is a
compact set. Especially, we deduce that for every positive number € > 0 there exists a positive constant
a > 0 such we have the following:

(18) V(z,v,w) € [~a,a] x §(0,1)%, |Bisgz) (v, w) — Biso(v, w)| < e.

Let € € }O, T?jrl [ Let oo > 0 be such that (18) holds. We use relations 16 and 15 to obtain that for every

point z € {|X| < a} and every vectors v,w € S(0,1)%
|Bis.(v,w) = Biso (06 (v), 06 (w))| = | Bis(o,x(2)) (90 (v), 92 (w) = Biso(@ (v), 0 (w))|

v (v) 9 (w)
o0 (@)] 0w (w)|

007 (v) 9 (w)
|00 @)| " |oul? (w)|

— BZSO

= | Bis(0,x(2))

3

<e

— )

therefore, using Proposition 4.3 we deduce:

3
—e< ; (=) (=) < ; < ; (=) (2) < -
5 1 € < Bisg(0y;7 (v), 09 (w)) < Bis, (v,w) < Bisg(09y (v), 0y (w)) 5 1 +e<0,

hence the result. [l

-3+

4.3. Holomorphic bisectional curvatures when |X| — 1. In this subsection, we use the asymptotic
behavior of F' obtained in Proposition 3.10 up to order 4 to prove the remaining part of Theorem 1. It will
follow from the computation of lim,_,,- Bis(g 4 (v, w):

Theorem 4.6. There exist positive constants 0 < ¢ < C and o > 0 such that

Yo,we C2\ {0}, Vze{|l-|X||<a}, —C < Bis,(v,w) < —c.
13



Proof of Theorem 4.6. Because of the invariance of T}, under the symmetry s introduced in Proposition 2.2,
it is enough to prove that there exist positive constants 0 < ¢ < C' and 0 < a < 1 such that:

Yo,we C*\ {0}, Vze{l-a<X <1}, —C<Bis,(v,w)<—c

First we prove the following:

2
1<i,j<2
(19) lim sup Bis (g z)(v,w) + 1+ == =0.
r—1— v,weS(0,1)2
Z 950, x)v; V5 Z 95(0, z)w;w;
1<i,j<2 1<i,j<2

The conclusion then follows from the invariance properties of the metric.
First we prove that %()Of) ~ —2(X;X;XrX;) (0,z) and (gﬁg"ﬁ.g”g”)(o’z) ~ 2(XiX;X,X7) (0, ).

r—1- fz)? r—1-

Let 1 <i,7,k, 1, a, 8 < 2. We differentiate relation (6) to obtain:

K 1
- =YX Xs + fX5 4+ —Log | ——
gZ] f J + f ] + D o9 1 _ 4pﬂ_]$ i; )

~ K 1
Zgaﬂ — (_1)otB f(l)XfaX3— + fX5-55_3+ —Log (*) )
(=1) 3 ? Srad=f T p 1—dprf ) 3=23 5
= fOXX X 4 fY (X5 X + X X5 + X X Xip+ X Log (— 2
gijk = [PXXG X0 + [ (X5 X + Xiw X5 + Xy5.%0) + f ijk_'—g \T—aprf )
P71/ Gk
g = FOXi X5 X0 X,
+ [P (X5 Xe X7+ Xao X5 X7 + X X5 X0 + X Xo X7+ X Xo X5 + XX X,)
+ U (X X+ Xii X + X X5+ X Xi + X Xy + Xie X0 + XipXig)

K 1
+ fX+ —Log ([ ——————) .
T Xt p g<1—Re(4p21))ijm

We directly deduce from the expression of g;; and Proposition 3.10 that g,5(0,x) ~ f(@)? (XiX;5) (0, ),
T— 1"
hence (g;59x7 + 9i19x;) (0, ) o~ 2f(@) (XiX;X:.X7) (0, ).
Likewise we obtain g,7,;(0, ) ~ 6f(x)* (X: X;XX7) (0,2).
z—1—

Moreover, in the expression gik@g‘j"@gﬂﬁ, the contribution of a term of the form (—1)*X5 X5— or (—1)’ X3 X3_5
is 0. Using Proposition 3.10 we obtain:

(2))?
> gikag™gg | 0,2) ~ <M> (@) | XiX X6 Xp Y (1) Xg—as 5 XaXp | (0,2)

—1- Z
1<a,B<2 * 1<a,B<2

2) 2 —
_ <(f7)f> (z) (X:X;Xp X7) (0,2) ol

Z 4

~ Af(2)* (XiX;X6X7) (0, 2).

x—1—
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Therefore we deduce that R.;(0, ) e —2f(x)* (X;X; X X7) (0,z). Hence we have at point (0, z) for
O<z<l1:

> 950, z)vw;

' 1<i,j<2
sup  Bis( ) (v,w) + 1+
v,w€S(0,1)2
Z 9:5(0, )v;T7 Z 9:5(0, z)w;w;
1<4,5<2 1<4,5<2
Ri11(0,2)  (g9i390 + gitgr;) 0,2)\
2 (T Ty v
1<4,5,k,1<2 r *
sup

b wes(0,1)2 <Zl<i,j<2 950, ‘T)Uiv_j) (Zl<i,j<2 9:5(0, x)wiw_j) ’
f(z)? f(x)?

— 0.

r—1-

This gives formula (19). Since for every vectors v,w € C?\ {0} and every point z € T}, we have

2
> gz
1<i,j<2
-2< -1 <-1
Z 9i5(2)vivy Z 95 (2)wiw;
1<4,5<2 1<4,5<2

we conclude exactly as in the end of the proof of Theorem 4.5.
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