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Quantitative bounds for concentration-of-measure inequalities and

empirical regression: the independent case®

David Barrera Emmanuel Gobet §

Abstract

This paper is devoted to the study of the deviation of the (random) average L?—error associated
to the least—squares regressor over a family of functions F,, (with controlled complexity) obtained
from n independent, but not necessarily identically distributed, samples of explanatory and response
variables, from the minimal (deterministic) average L?—error associated to this family of functions,
and to some of the corresponding consequences for the problem of consistency.

In the ii.d. case, this specializes as classical questions on least—squares regression problems,
but in more general cases, this setting permits a precise investigation in the direction of the study
of nonasymptotic errors for least—squares regression schemes in nonstationary settings, which we
motivate providing background and examples.

More precisely, we prove first two nonasymptotic deviation inequalities that generalize and refine
corresponding known results in the i.i.d. case. We then explore some consequences for nonasymptotic
bounds of the error both in the weak and the strong senses. Finally, we exploit these estimates to shed
new light into questions of consistency for least—squares regression schemes in the distribution—free,
nonparametric setting.

As an application to the classical theory, we provide in particular a result that generalizes the link
between the problem of consistency and the Glivenko-Cantelli property, which applied to regression
in the i.i.d. setting over non—decreasing families (F,),, of functions permits to create a scheme which
is strongly consistent in L? under the sole (necessary) assumption of the existence of functions in
U, F,, which are arbitrarily close in L? to the corresponding regressor.

KEYWORDS: empirical processes, concentration inequalities, empirical regression, distribution-
free estimates, uniform deviation probability, consistency
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Contents

1 Introduction 2

*The authors thank Gersende Fort for her useful feedbacks on this work.

"Email: jdbarrer@gmail.com, david.barrera@polytechnique.edu. CMAP, Ecole Polytechnique, Université Paris-
Saclay, Route de Saclay, 91128 Palaiseau cedex, France. Supported by Chaire Marchés en Mutation, Fédération Francaise
de Banque, and Institut Louis Bachelier.

Corresponding author

$Email: emmanuel.gobet@polytechnique.edu. CMAP, Ecole Polytechnique, Université Paris-Saclay, Route de Saclay,
91128 Palaiseau cedex, France. This research is part of the Chair Financial Risks of the Risk Foundation, the Finance for
Energy Market Research Centre (FIME lab, from Institut Europlace de Finance), the Chair Stress Test, RISK Management
and Financial Steering of the Foundation Ecole polytechnique.



1.1 Description of the problem . . . . . . . . . . ... . ... ... 2
1.2 An example motivating the non i.i.d. case . . . . . . .. .. ... 3
1.3 Background results in the literature . . . . . . . . .. .. ... .. L0 5
1.4 Notation and organisation of the paper . . . . . . . . . . ... ... L. 7
2 Uniform concentration-of-measure inequalities 8
2.1 Nonasymptotic deviations (Theorems 2.2 and 2.3) . . . .. ... ... ... ... ..., 8
2.2 Proof of Theorem 2.2 . . . . . . . . . . . e 11
2.3 Proof of Theorem 2.3 . . . . . . . . . . . . e 17
3 Applications to least—squares nonparametric regression 24
3.1 An L3-weak error estimate (Theorem 3.1) . . . . . .. ... ... ... ... ....... 24
3.2 Proof of Theorem 3.1 . . . . . . . . . . . . 25
3.3 Consistency . . . . . . .. 29
3.4 A non Glivenko-Cantelli Theorem for i.i.d. Samplings (Theorem 3.14) . . . ... .. .. 35
3.5 Proof of Theorem 3.10 . . . . . . . . . . . L 37
3.6 Proof of Theorem 3.14 . . . . . . . . . . e 39

1 Introduction

In this section, we introduce in a general manner the problem of this paper. We also present a short
summary of the background literature in these topics, and we introduce the notation to be used along
the discussions that follow.

1.1 Description of the problem

We depart from a probability space (€2,.4,P) supporting a sequence of random variables (X, Yi)ken
taking values in R? x R (and all the other random variables that will appear in our proofs). We assume
that each Y, is square-integrable and we denote by ®;, : R4 — R a regression function of Y}, given X,
so that @y is a (measurable) function square integrable with respect to the law of X which satisfies

Pp(Xg) =E Vi | Xl (1.1)

P—a.s.
Given an approximation space F of measurable functions from R to R, for any n > 1, we define
the empirical regression function ®,, by

n

~ 1
®, € in — X)) — Y32 1.2
n arg?ggnZ\f( k) = Yil%, (1.2)
k=1
which stands in a way as a mean approximation of the regression functions ® for k = 1,...,n (Cfn

might not be unique). Indeed, if we consider (1.2) with an expectation, by setting

N
S argmin - ZE[f(Xk) - Yi% (1.3)
k=1



then .
o1
P}, € arg min ;EU(X/%) — k(X))

which shows that EI;n will presumably approximate simultaneously all individual regression functions
P, k=1,...,n.

While usually, in the literature, only the i.i.d. case for (X, Yx)ren is investigated (so that all ®y’s
are the same), here we focus on situations where the distributions may change with k, see Section 1.2 for
a relevant application. Our aim is to investigate the statistical fluctuations arising between steps (1.2)
and (1.3), this is tightly related to concentration-of-measure estimates uniformly on a class of functions.

This study about statistical fluctuations takes the form of how close are ®} and ®,, in various norms:
for instance,

e Controlling the probability of large quadratic error P (% et Jra 1D, (z) — Oy (7)|?Px, (dz) > e)
where Px, (dz) denotes the probability measure associated to Xg;

e Controlling the mean integrated squared error: E [% > et Jpa |§>n(:v) — & (z)*Px, (d:c)} .

1.2 An example motivating the non i.i.d. case

In the case of i.i.d. data (X, Yx)ken, this is the usual non-parametric regression problem with inde-
pendent and identically distributed sample points (see | , |). In this work, our concerns
are related to the case where the i.i.d. assumption does not necessarily hold. Two applications serve to
motivate this investigation:

(i) The first one is that of independent Monte Carlo schemes where (Xj,Y)) is an approximation
of some (X,Y’) and a convergence at the limit holds as k — 4o0; in that case we still have the
independence but the sequence is not stationary anymore.

(ii) The second example is when the sequence describes a Markovian evolution, see the applications
for nested risks computations as designed in | |. This part is developed in another work in
progress, which builds over the results presented here.

Let us present an example about (i) of independent but non identically distributed samples: consider
that a stochastic system is modelled by a Stochastic Differential Equation (SDE for short)

dZ, = b(t, Zy)dt + o(t, Z;)dW,, Zy = zo deterministic

with some drift and diffusion coefficients that are smooth enough as to ensure existence and uniqueness
of the solution (typically Lipschitz continuous). For applications of SDE modelling, see | , ]
for instance. Say that, in order to analyse the system, our aim is to compute:

Eflp1(Z1)], Elpa(Z2)], Elp(Z2)| Z1],

for some functions ¢1, @2, ¢ depending on the context of the application . A standard numerical method
to compute the first two expectations is to use a Monte Carlo method which is made of three steps:



1. Discretize the time interval with a time-step A = 1/K (with K € N fixed) and define the Euler
scheme Z2 by (see | )]

75 =20,  Ziina = ZiA + 00D, ZR)A + 0 (A, ZA) (Wiisnya — Wia) for i > 0;

2. sample many independent copies of Z2, which we denote (Z Am.l<m<M )

3. as a result, use the approximations

(1.4)

M:

M
1 m
Elpi(Z0))~ 47 Y ei(Z0™), Elpa(Z)]
m=1

m:

By tuning optimally A — 0 and M — 400, we can show that this method has an order of conver-
gence equal to 1/3 regarding the computational cost C, i.e. the error tolerance decreases (under mild
assumptions, see | , Theorem 1, with p = ¢ = 1] for details) as C 1/3~ Although simple to implement,
this method is not optimal.

A more efficient method is to use Multi-Level Monte Carlo (MLMC for short) methods. This

methodology was initiated by Heinrich | | and Giles | |, and it has been strongly developed in
the last decade, see | | for a review. In its native form of | |, the MLMC estimator writes
1 & 1 A
Elp(Z0)] ~ 37 2 o120+ 330 2 (222 — (2™ ()
m=1 =1 m=1

and similarly for estimating E [@2(Z5)]. The simulations at a given level I € {0,...,L}, i.e. (Z20b™ .
1 <m < M) are i.i.d. with same distribution as Z?, and the simulations across levels [ = 0, ..., L are
independent.

The heuristics behind this method is to provide a rough approximation with the simulations from
level I = 0 (by taking Ag not small), and then to provide corrections with smaller and smaller variances
(the difference cpl(ZAl’l - 4,01(21A l_l’l’m) reads like a control variate). Upon chosing appropriately
the numerical parameters M; and A; to find the optimal trade-off between bias and variance, it can be
shown that the estimator (1.5) achieves a order of convergence of 1/2 (which is optimal when using a
Monte-Carlo method) under mild assumptions, see | | for details.

Now it remains to evaluate the conditional expectation function z — E[p(Z2) | Z1 = z].

e With the standard Monte-Carlo procedure (see (1.4)), we can perform a empirical regression using
the i.i.d. samples (ZlA’m, ZQA’m : 1 <m < M): this is the usual i.i.d. setting for regression.

o With the MLMC scheme (see (1.5)), in order to recycle samples and to avoid wasting simulations,
we would like to use the non i.i.d samples (ZlAl’l’m,Zfl’l’m 1 <m < M,1 <Il<L). The
question that pops up is how does this impact the error estimates on the regression function.

The goal of this work is to develop some new tools, in particular able to quantify the regression error in
a non i.i.d. setting, like in this MLMC context. Further applications will be developed in subsequent
works.



1.3 Background results in the literature

The study of uniform large deviations for empirical means and their consequences in the i.i.d. case is
arguably the central topic in the theory of the Empirical Process and therefore has a very rich history,
an account of which can be found in | , Notes to chapter 2| and the references therein.

The technical developments in this paper have their origin, in a considerable part, on the exposition
about distribution—free rates of convergence for least—squares regression schemes with i.i.d. samplings
presented in | , Chapter 11|, which uses also some results from the previous exposition on uni-
form law of large numbers in | , Chapter 9]. The notes to these two chapters give a satisfactory
account of references describing the evolution of some of the techniques at the heart of our proofs.

Of special mention among them is the idea of symmetrization, which dates at least back to 1971
with the seminal work | | by Vapnik and Chervonenkis on the uniform convergence of relative
frequencies of events to their probabilities, a work aimed to extend the classical Glivenko-Cantelli
Theorem | , | to more general sets of indicator functions. According to | , p- 270], these
ideas appeared already in 1968 in the work | | by Kahane. The ideas by Vapnik and Chervonenkis
have grown up to constitute a statistical learning theory on its own, see | | for a systematic
introduction.

Consistency is of course a major issue in the research on any method of statistical inference. See
| | for a collection of consistency results related to nonparametric least—squares regression
estimates in the i.i.d. case. For general results in this direction under the additional assumption of
independent errors, see | |. For a recent study on convergence rates see | | and the references
therein.

The independent, not necessarily identically distributed (i.n.n.i.d for short) case, by contrast, has
not been explored on its own with nearly such intensity, presumably due, at the level of applications,
to the overwhelming importance that the i.i.d. case has for many of the practical problems that have
challenged the statisticians and, at the theoretical level, to the ambiguous meaning of the empirical
mean as an approximation of an integral in the case in which the sampling sequence is nonstationary.

Now, the seminal inequalities of Bernstein | | and Hoeffding | |, which are fundamental in
what follows and appear in many results on the Empirical Process, belong to the i.n.n.i.d. case. Note
also that all the large deviations and ergodic theoretic literature for nonstationary sequences intersects
the i.n.n.i.d. case (for instance: every independent sequence is also a Markov chain, for which the “i.d.”
hypothesis is equivalent to homogeneity). We stress out also the fact that, thanks to the existence of
“coupling” techniques (see | | and | | for expositions on these topics), the study of problems
under the i.n.n.i.d. hypothesis is of importance at the theoretical level beyond its own boundaries. This
later idea will be exploited in a continuation of this paper.

The i.n.n.i.d. case has nonetheless been considered in diverse scenarios in the theory of large devi-
ations and of the Empirical Process. | | is aimed to improve the bounds in Bernstein’s inequality.
[ | develops a Glivenko-Cantelli theorem under the Prohorov and dual-bounded-Lipschitz metrics
for the in.n.i.d. case under the hypothesis of tightness for the average measures. | | extends and
refines some deviation inequalities between the empirical and the “true” distribution functions in the
i.i.d. case to the corresponding inequalities in the in.n.i.d. case with respect to the average of the
true distribution functions. Notice that all these results deal with concentration of measure inequalities
either for finite sets of functions or indicator functions parametrized by the real line, whereas our results
hold in a more general setting.



In the asymptotic setting (our deviation results are nonasymptotic), we mention | , Theorem
10.6] !, which is a functional central limit theorem for empirical processes in the i.n.n.i.d. context, a
development continued by | | in the direction of multiplier central limit theorems. A motivation
by example of the relevance of this case is discussed also in | |.

As an instance of this topic in the realm of applied learning, see | |, where generalization
bounds in terms of the Rademacher complexity are derived for i.n.n.i.d. samplings.

We observe finally that in the learning and forecasting applications, nonstationarity (specially under
Markovian assumptions) is already an important topic of research and, as already pointed out, the
results developed in the in.n.i.d. case can be extended to more general nonstationary settings via
coupling techniques. We do not give an account here on the developments of these topics for dependent,
nonstationary designs because they escape the specific purpose of the present paper. For an exposition
in this direction, see | | and the references therein.

Our contribution. The results presented in this paper are of two kinds: wuniform concentration
inequalities for the empirical process and consistency theorems for least squares regression estimates,
both within the context of VC-subgraph families of functions® in the i.n.n.i.d. case.

Our results, while valid for the case of i.n.n.i.d. sampling, improve also the current state of the art
(as far as the authors know) in the classical i.i.d. context. Summarized, our contributions follow the
following three directions:

1. Ezxtension of VC-methods to more general independent cases. As the reader shall see, the proofs
of Theorems 2.2 and 2.3 proceed by generalizing the VC methods available for the i.i.d. case.
The results obtained open the way to new applications and, as a continuation of this paper will
show, have remarkable consequences for the theory in (dependent) cases for which the associated
samplings are nonstationary. The results obtained also permit to recover their i.i.d. counterparties
without any loss.

2. Refined estimates. Indeed, our conclusions refine dramatically the corresponding i.i.d. results
which inspired them. This is due to the fact that we are able to obtain “parametrized” deviation
inequalities (see the estimates (2.2), (2.3) and (2.6)) in a way that allows for a better optimization
of constants and which, even more, permits to study their consequences using diagonal arguments,
thus opening the exploration of a new realm of convergence results. These results permit also
a refined investigation of convergence rates and of nonasymptotic estimates. See for instance
Theorems 3.1 and 3.10.

3. Nowel consistency results. As an instance of the gains obtained in asymptotics, we provide a series
of weak and strong consistency results for least—squares regression schemes, see Section 3.3. In
particular, we provide a least—squares regression scheme for the i.i.d. case (Theorem 3.14) which
is strongly consistent under hypotheses that generalize several schemes previously studied in a
case—by—case basis and which does not require the Glivenko-Cantelli property as an assumption.

An important message of our results is that, by considering average measures, the nonasymptotic
deviation bounds obtained in the i.i.d. case via symmetrization methods can be extended to the i.n.n.i.d.

Indeed, this book works under a particular presentation of the i.n.n.i.d. assumption.
2But see Remarks 3.3, 3.5 and 3.19 below.



case without additional assumptions. This idea, while not new (see for instance the results in | |
and | |, and of course | |), seems to have not been elaborated in the context of regression
methods, and we hope that it will serve as an inspiring point for the extension of many of the results
within the learning theory for i.i.d. samples to nonstationary settings. Besides of the interest that this
idea might have of its own, it will be evident in a continuation of this paper that it helps to fill some of
the gaps in learning theory for methods that rely on nonstationary (and possibly dependent) samplings
(see | | for an application in which the design points (X )gen come from MCMC methods).

1.4 Notation and organisation of the paper
Besides the notation already introduced in Section 1.1, we will use the following conventions

i) We frequently use the notation wy., for a (finite) sequence wy, ..., w,.

ii) If W is a random variable defined on (2, 4,P) and B C R is a Borel set, {W € B} denotes the
A—set given by {W € B} :={w € Q: W(w) € B}.

iii) For a sample D, = ((X,Yx))r_; of the random variables in Section 1.1, denote by E, and E,
the conditional expectations with respect to Xi., (the “explanatory sample”’) and D,, (the “full
experiment”)

E,W :=E[W | X1,...X,], E,W:=E[W|(X,Y1),...,(Xn Y, (1.6)

for every P—integrable W. Conditional probabilities P,, and ]}VDH are defined similarly (use indicator
functions in (1.6)).

iv) F is a class of measurable functions from R? to R, such that for any f € F, f(Xj) is in L3, for
any k. We will use the VC-dimension associated to JF, Vr, defined as the Vapnik-Chervonenkis
dimension of the family of sets

{(z.y) eR'xR:y < f(a)}: f e F}

as a measure of the complexity of F, see | , Definition 9.6]. In simple cases, F has the
structure of a finite-dimensional vector space over R with finite dimension, and then the bound

Ve < dim(F) +1
holds (see | , p-152]).

v) We will use boldface characters to denote sequences of functions with the same domain and co—
domain. Typically g = (gi) where each gj, : R? — R is a Borel measurable function.

vi) Li-Covering Numbers. Given a sample zj.,, and using the semi-norm

n
81— Balevn = - D 91k(o8) — 924(20)
k=1
(where g; := (gjx)k, j = 1,2), consider a d-covering g',... ,gM of the family of sequences of
functions G = {g = (gx)x}: for any g € G, there is a g’ such that |g — g°|.,.,.1 < . The minimal
of such M’s is the Li-0-covering number of G at z1.,, and is denoted N7(6,G, 21.,). We will refer
to the (eventually random) semi-norm |- |;,. 1 as the empirical L1 norm at zy.p.



vii) We write T : R — R for the soft truncation operator at the level B > 0:

Tp(x) = max(min(B, z), —B).

viii) To simplify notation for averages and expectations, we introduce the operators A,, gn, L, Hn
averaging sequences of functions over the samples (the empirical measure) or over the exact distri-

butions:
1 & 1 &
Anf = 23 (X, ot =13 [ APy, (do), (L.7)
n n R4
k=1 k=1
Anf = =" fil X5, Vi), fnf == / (@, y)Px;, v, (dz, dy), (1.8)
"= " =1 /RIxR

where f = (fx)ke1....n is a sequence of (possibly random, depending on data) functions from R? — R
(or R? x R — R). Here Py, (dz) and Px, v, (dz,dy) are the laws of X} and (X}, Y}) respectively.

Organisation of the paper. First, in Section 2, we derive general concentration-of-measure inequal-
ities for independent but non i.i.d. sequences. Then in Section 3, we apply them to regression estimates
and establish asymptotic consistency results.

2 Uniform concentration-of-measure inequalities

This section is devoted to the statement and proofs of the two main deviation inequalities of this paper
(Theorems 2.2 and 2.3). We start with a short motivation on the relationship between large deviations
and expectations of a probability distribution, which is also an introduction to some of the applications
to be developed in Section 3.

2.1 Nonasymptotic deviations (Theorems 2.2 and 2.3)

We will start by a tight deviation bound, uniformly on the class of functions, which is interesting on its
own. This generalizes | , Theorem 11.6], with tighter constants. See Sections 1.1 and 1.4 for
notation.

Let us provide, as a preamble, some easy motivation: having better constants in exponential in-
equalities helps much to improve moment estimates. To illustrate this claim, start by considering the
following lemma:

Lemma 2.1. Let Z be an integrable real random wvariable such that for some constants (a,b,ty) €
(0,00) x (0,00) x [0,00) the estimate

P(Z >t) < aexp(—bt)

holds for every t > ty. Then

1

a
E [Z] < (to + g eXp(_th))l[a<exp(bt0)] + 5(1 + lOg a’)l[azexp(btg)}’ (21)



Proof. For every t > tg
E[Z]) <E[Z1z50] = / P(Z>t)dt' <t+ a/ exp(—bt')dt' =t + %exp(—bt).
0 t

From here (2.1) follows via an elementary minimization argument. O

Thus for any constants @ > 1 and b > 0, we have the implication, available for any non-negative
random variable Z,

1
P(Z >¢) <aexp(—bne),Ve >0 — E[Z]< %(1 + log(a)).

Therefore, improving the constant a has only an impact as a logarithm, thus it is minor; on the other
hand, deriving a larger b in the upper bound for P (Z > ¢) significantly improves the final upper bound
on E [Z]. Our subsequent mathematical derivation is inspired by these kind of observations, in particular
in order to get "the smaller factor b".

Theorem 2.2. Let B > 0 and let F be a pointwise measurable’ collection of sequences f = (fe)ket,...n
of Borel-measurable functions RY — [0, B]. Then for every

(a,e,¢,7,7) € (0,00) x (0,1)x(1,400) x (1,400) x (1, +00)

we have

n

P&ﬁe?:ﬂ—@lE:ﬁﬁny—ﬂ+di§:éﬁn@ﬁkA®ﬂ>a%
k=1

k=1
2y a(c—=1)e 92 1 1 o
< ﬁE [Nl(fy’ (c—2) 5,.7:, Xl:n)] exp <—(2_(1+(1:)€)2(1 - 2)2(1 — ’y’>Bn> , (2.2)

and
P (Elf e F:(1- 5)% Z y fr(x)Px, (dz) — (1 + E)% ka(Xk) > aa)
k=1 k=1

v (¢ + ce)

2~ a (e—=1) ¢ 22 1 1.«
E |: 1( 5,]:, Xl:n):| X exp (—(24_(1_’_35)2(1 - 2)2(1 - ’}/)Bn> s (23)

provided that
B2y c\2
LS
4a(a+ B) \e
The previous controls can take other forms when combined with the regression problems. This is an

extension to the non i.i.d. case of | , Theorem 11.4], with refined estimates, especially regarding
the factor in the exponential term which plays usually an important role in the subsequent estimates

3L.e., such that there exists a countable subfamily (f;); of F (f; = (f;,x)x) with the property that, for every f = (fi)x €
F, there is a sequence (j;); such that, for every 1 < k < n and every z € RY,

lim i (2) = fi().



(see later the discussion in Remark 3.2). Besides we correct an error in their proof (at line 6 from the
top of | , p-213|, one should read {gjzf, f € F} instead of {g¢, f € F}), which changes slightly
the upper bound. In what follows, we use the character “y” to denote the projection R x R — R on
the second coordinate

y(zo,y0) = Yo. (2.4)

Theorem 2.3. Assume that F is a pointwise measurable family of functions R* — R, and that for
some B >0

Vi — f(Xi)| + Yk — Qx(Xy)| < B, (2.5)

P—a.s. for all f € F and all k € {1,...,n}. Then for every (a,e) € (0,00) x (0,1) and every
(p,7,7,¢) € (0,1) x (1,00) X (1,00) x (1,00) we have, for u = +1

P

5feF o > L (1@ =0l = u(a) = o) P v o, )

LS (1000 - - ) - ) ) >
k=1
E(a + % . g (’f(x) - y|2 — |Pp(z) — y|2)]P)Xk:Yk (dx,dy))]
k=1 X
2
o) ey ]
1

1 1 1
X — 1—-2)%(1-5)e?
eXp( w00 Dep e T O‘”)
1 1

Mg (1-L)e(l—e)+ (1 +e)

+o T g
v—1

1
(1 - ?)Oéep, ‘7:7 Xl:n)]

1 1—¢ 1
X exp (232 - 71/)5((1 — 5)) T (1— ?)2(1 - p)52an> (2.6)

provided that
v B!

> 22\ 2.7
" S (B2 ¥ a) 2 max{y", ¢’} (2.7)

Besides of allowing for better estimates of the (generic) constants known so far in the i.i.d. case, the
generality of the parameters (p,v,~', ¢) appearing in the above deviation inequalities is very helpful to
develop new or improved results. For instance, to get the smallest upper bound in the generalization
error of Theorem 3.1, we should take ¢ large, which in view of (3.7) corresponds to v — +o0, v — 1,
p — 0 as n — 400 in an appropriate manner (see Remark 3.2). Also, for proving the consistency
results of Section 3.3, we will take A — 1, « — +00, € — 0, according to some joint relations. Actually,
for many applications, (p,v,7, ¢, o, €) have to be chosen dependently to take advantage of the working
assumptions.

Remark 2.4 (About the condition (2.5)). It is likely that choosing independently the data (X, Y)
and the function space F does not ensure that (2.5) holds, since this condition bridges both. However,

10



this condition is quite flexible and allows in some cases to adjust F to (X, Yx). Let us exemplify this:

assume that for some constant B > 0 we know a function F : R? — R (a “trend” for the data (X, Y3),
which might be unbounded) such that the properties

B

Ve = F(Xk)l <

]

sup | f(Xp)| <
feF

hold for all k € N. Then the new set of functions F = {f = F + f : f € F} satisfies (2.5): indeed the
conditional Jensen’s inequality gives that (for any k € N)

P—a.s.,

|4(X) — F(Xp)| = [E [V — F(Xg) | X3]| < P—as.,

|

and therefore we have that for all fe F

Vi — f(Xe)|[ + [Yi — @ (Xi)| < 2|V — F(Xp)| + [ f(Xk) — F(Xg)| + |Pp(Xk) = F(Xi)| < B, P—as.

2.2 Proof of Theorem 2.2

2.2.1 Preliminaries

Our proof is inspired from | , Chapters 9-10-11|, but with significant differences firstly to
account for the non-stationarity of the sequence and secondly to obtain more refined estimates. Addi-
tionally we establish bilateral deviations, as a difference with | , Chapters 9-10-11].

1. A first key ingredient in the analysis is to switch from the original sample (X, Yx)r to a ghost
sample (X}.,Y})r, which is an independent copy of the initial sample.

2. A second key ingredient is to use concentration-of-measure inequalities for a fixed value n of the
sample size, on suitable functions g; that allow to bound the variance by the expectation up to a
constant. Namely, for a given f : R? — R, set

g (@, y) == | f(z) —y|* = |Br(z) — 9/, (2.8)
where @, is given by (1.1), and we denote by gy the sequence of functions
gr == (gh)r. (2.9)

We extend notations (1.7) and (1.8) for averages over the ghost sample:

n n
af=CSTRGG), Af= 3 ALY,
k=1 k=1
for sequences of real valued functions f = (fy)x.

Operations between sequences. To carry out the proofs below, we will use the “component-wise”
operations between sequences (of -possibly random- functions): given fi = (fix)r and fo = (for)k,
fi +f5 := (fix + for)e and fifo = (fipfor)s. We also operate with sequences and constants via
af = a(fr)r == (afr)r and a + £ := (a + fi)x-

It is important to point out that we will usually deal in the sequel with coverings that either depend
on families F given by constant sequences of functions (each f € F is of the form f = (f,..., f)) or
on families Gr of sequences of functions gy as in (2.9). This will keep our approximating families away
from overfitting problems.

11



2.2.2 Proof of Inequalities (2.2) and (2.3)

We open the proofs of (2.2) and (2.3), which are basically identical, with the following general lemma.
The notation is that in Section 1.4.

Lemma 2.5. For fized n,e > 0 and any Borel-measurable f = (fi)ke1,...n with 0 < fr(x) < B (for all
k and x) we have, for u = +1

B2
P (u(A,f — u,f i 3) [ —
(u( pnf) > e(n + paf)) IneZn(n 7 B)

Proof. Assume first that B = 1. Apply the Chebyshev inequality, together with independence between
X and X for k # [: by setting my := fRd fr(x)Px, (dz) and m = 22:1 my = pnf, this gives

P 4(14 £ = } Z Jra fi (2)Px, (d2) — (fpa fr(2 PXk(dx))
N+ pnf n2e2(n + pnf)?
B 1 >y Mk — % Dkt M,
~ ne? (n+ % D1 M)

(use the Jensen inequality for the average in k)

m — m2

1
<—— .
~ ne? (n+m)?

(2.10)

The above upper bound is maximal at m = # and the maximum is W@?H)'
This gives the upper bound in the case B = 1. The general case B > 0 follows from dividing all the

quantities inside the respective probabilities by B and applying the case B = 1. O

Proof of Inequality (2.2)

We have to bound

P <U {Anf — pnf > e(a+ Anf + ,unf)})
feF

To facilitate a first reading, we have split the proof in a series of partial results: Lemmas 2.6 to 2.9.
By looking at these it is easy to see what is exactly the chain of inequalities leading to (2.2) for the
case B = 1, each of whose links can be verified separately reading the arguments behind these partial
results. We have integrated these arguments in a manner that allows an alternative, “linear” reading of
the proof of (2.2) (with B = 1). Finally, the conclusion for general B > 0 is given as a last step via an
easy homogenization argument.

Assume thus that B = 1 to begin with, and let (o, ¢, ¢,7,7’) be as in the statement of the theorem.
> Symmetrization. Observe that for f € F the set

{Aﬁ—uﬁ>sm+Aﬁ+uﬁnm{4ﬁ—mﬁg§m+Aﬁ+uﬁn,

is included, by substracting the inequalities describing each of the sets in the intersection, in the set
; 1 1, 1
Af —Af>el(1—-)a+Af —-Af+ (1 — =)t
c c c

12



_ {(1 ~Sas %))(Anf A8 > (- %)(Anf +ALE) +(1— %)204) . i)s,unf}

€ 1
S ——— 2.11
FRITERIE L
and where for the last inclusion we first used fi > 0 for all £ and then the restriction on ¢, € to check
that 1 —§(1+1) >1—e>0.
Now we will choose a random fY, =€ F (the random choice defining f%, ~ will depend on the value

C {(Anf — ALF) > n(2a+ A+ ALE) ), with 0 <7 :=

of the sample sequence Xi.,) with the property that
[Aufy, — bk, > ela+ Ay + pafie, )} = AL — paf > ela+ A+ paf)}. (2.12)
feF

This can be done as follows: by the pointwise measurability assumption on F, there exist a countable
family {f;};en C F such that the set at the right-hand side of (2.12) equals

& = | J{Anfs — pnfy > e(a + Anfy + pnf))},
leEN
which is clearly o(Xi.,)—measurable. Then, if kx,, : @ — N is the o(X}.,)—measurable random
natural number defined by

kxi, = 1o, +min{l € N: Apfy — pnfy > e(a + Anfi + pafi) Hey,

we can define f§ —according to the formula

fg}lzn = Z fll{kxln:l}’
leN

from which the verification of (2.12) follows at once. We remark for the sake of clarity that

& = {Anfy, — pnfx,, >cla+ Ay, + pafx, )} (2.13)
Define now &; as
€2 = (AR, — mufk,, < (ot ALf,, + k) (2.14)
Then, by the argument leading to (2.11) and an obvious inclusion we get that
P& NE)<SP <U {Anf — A f > n(2a + A f + A%f)}) : (2.15)
feF

Notice that, since the functions in F are nonnegative, the inclusion
€
Q \ 82 - {A{rlf_;kfln - lu’nf_;kfl;n > E(a + Mnf}k(1m>}

holds. Using the o(X7.,)—measurability of 1¢,, Lemma 2.5 with v = +1, and taking

CQ
"2 et D2 (2.16)
we arrive at
2 1

This leads, by the definition of £ and (2.15), to the following conclusion:

13



Lemma 2.6. Under the hypotheses of Theorem 2.2 (with B = 1), for every n as in (2.16) and for n as
in (2.11), we have

~
P (U {Anf — pnf > e(a + Apf + unf)}> < ﬁp (U {Anf — AL f > n(2a + Anf + A;Lf)}> .

feF feF
(2.18)

> Introduction of Random Signs. To estimate the probability at the right—hand side of (2.18) we use the
following observation: if U = (Uy,...,U,) is a sequence of independent Rademacher random variables,
independent of (Xy)x and (X)), and fi,...,fy, € F are given (f; = (fjx)x), then the joint distributions
of

(U fje(Xx) = U fiu(Xi)s Fie(Xn) + fie(X5)) 58

and
(fie(Xk) = Fin(X0)s Fin(Xi) + fe(XE)) 5k

are the same for fixed values of Uy, ..., U, (they correspond to interchanging Xj and X, for some k).
Therefore we have that (remember the notation Uf := (Uy f%))

P (U {A,Uf — A Uf > (20 + A, f + AL)} | UM> =P (U {Apf — AL > n(2a + A f + Aﬁ)}) ,
feF feF

P—a.s. Owing to the random exchange of signs, we finally get

P <U {Anf — AL > (20 + Anf + A;f)}>
feF

=P (U {A, Uf — A Uf > (20 + Anf + A%f)}) < 2P <U {A,Uf > n(a + Anf)}>, (2.19)
feF feF

where the last inequality follows from
{A,Uf — AL Uf > n(2a + Apf + ALf)} C {A,Uf > n(a+ A.f)} U {A Uf < —n(a+ AL £)}
and from the symmetry of (Uy)r. We have thus proved the following

Lemma 2.7. Under the hypothesis of Theorem 2.2 (with B = 1) and the conventions in Section 2.2.1,
for any n € N, any n > 0, and any sequence U = (Uy,...,U,) of independent Rademacher random
variables independent of X1., and X1.,, we have

P <U {Anf — A f > n(2a + A f + A’nf)}> < 2P (U {A, Uf > n(a + Anf)}> . (2.20)

fecF feF

> Introduction of Covering Numbers. Now we bound the probability at the right-hand side of (2.20) by
covering F with random balls of radius § > 0 (with respect to the empirical L; norm at Xi.,) and we
estimate the deviation for each ball center by using Hoeffding’s inequality.
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Given ¢ > 0 and w €  there exists N(w) := N1(0, F, X1.n(w)) sequences of functions fx, ()1, -,
£X 1 (w),N(w) (We stress the dependence on (X (w))j_,) satisfying the following property: for every f € F
and some j(f) € {1,...,N(w)}

1 n
- D 1e(Xk(@) = fxy @ik (Xew))] < 6.
pst

Without loss of generality (truncate if necessary), we can assume that each fx,. j takes values in [0, 1].
Triangular inequalities yield

AnUle:n,j(f) + 46> AnUf, Anf > Aanl;n,j(f) — 5,
which leads to the inclusion (available for any 7 > 0 and in particular for n given in (2.11))

U {A,Uf > n(a+ Af)} C U {0+ A, Ufx,,, ; >nla—6+ Anfx,., ;) }-
fecF j6{17---7N1(57F7X1:n)}

As a consequence, we arrive to the following estimate:

Lemma 2.8. Under the hypothesis of Theorem 2.2 (with B = 1) and the conventions in Section 2.2.1
(see also Section 1.4), for any n € N, any n > 0, any sequence U = (Uy,...,U,) of independent
Rademacher random variables independent of X1., and X1.,, any § > 0, and any (minimal) cover
£x10 105 EX0 N (6,F X)) Of F with respect to the empirical Ly norm at X1,

P, (U {A,Uf > n(a + Anf)}> < N6, F, X1.n) max Py, (6 + A, Ufx,,, j > n(e— 6 + Anfx,, i)
J

feF
(2.21)

> Bounding uniformly the tails in (2.21), for an appropriate §, via Hoeffding’s Inequality. We introduce
at this step the parameter v > 1 by setting

",
v(n+1)

(2.22)
This choice of § allows us to rewrite
1
]P)n ((5 + AnUlezn,j > n(a — 0+ AanLn,j)) = ]Pn (AnUthn,j > ?’]((1 - ?)OJ + Aanl;n,j)> .

Assume that A,fx,  ; # 0 (and thus > 0), otherwise the above probability is zero. Apply the Hoeffding
inequality | , Lemma A.3| (restricted to the right tail) together with the inequality —fi <

Uk fi < fi to get

2 1 2
P, <ATLUfX1:n7j > 77((1 - ?)Oé + AanII"’j)> S exp (_ 2Anf§(1;n J !

201 = Ha+ Apfx,. )2

2Aan1:n7j

< exp (—2772n(1 — ’;)a> , (2.23)
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where at the second inequality, we used that 0 < fx,  ;x < 1 for all k£, and at the last inequality we
used the minimization % > 4a valid for (a,y) € (0,00) x (0, 00).

> Conclusion for B = 1. A combination of Lemma 2.8 together with the choice (2.22) of § and the
estimate (2.23) gives rise to the following result:

Lemma 2.9. Under the hypothesis of Theorem 2.2 (with B = 1) and the conventions in Section 2.2.1
(see also Section 1.4), for any n € N, any n > 0 and any sequence U = (Uy,...,U,) of independent
Rademacher random variables independent of X1.,, we have

1
P, U {4, Uf > n(a+ A,0)} | < Nl(gli,}", X1.n) X €xp <—2772n(1 — /)a) . (2.24)
A v+l gl
eF
We conclude thanks to Lemmas 2.6, 2.7, and 2.9, via the substitution n = m& — 1) (see
(2.11)), that the left hand side of (2.2) is bounded by ’
27]EN(04(C—1)5]__X ) 2e2 (1 1)2 (1 1)
S — - F,Xin)|exp| ————=1—-)n(l - =)o |,
=1 [T Y e T TP AT T e e %
provided that n satisfies (2.16). This gives the conclusion for the case B = 1.
> The conclusion for arbitrary B > 0. It comes again from homogenization: if we consider
F 1
—={=f:feF 2.25
then the case B = 1 together with the equality
F
N1(57E7X11n) :Nl(éBafa Xl:n)7 (226)
imply (2.2) (divide by B inside the sets at the left hand side of (2.2)) . O

Proof of Inequality (2.3)

The proof is basically identical to that of Inequality (2.2), thus we will only indicate the adjustments.
We deal only with B = 1, the case B > 0 follows as before.
Similarly to (2.12), let £ € F be such that

5{ = U {ﬂnf — Apf > 5(04 + pnf + Anf)} = {:unf;(*l;n - Anf;(’;:n > e(a + “”f;?l:n + Anf;((*l:n)}’
feF

and set
& = {mnt¥,, — AL, < “(a+ ALER, + R}
By choosing n large enough (as in (2.16)) we get as for (2.17) by using this time Lemma 2.5 with u = —1
P (&) < %1@ (&1 ne&y).

Moreover, simple computations as before yield

P [ [ {tnf — Auf > e(a + pnf + Af)} 0 {nf — AL < %(a + pnf + ALE)}
feF
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IN

P U {(1+ %(1 + %))(A;f — Apf) > 2(1 — %)(204 + ALf+ Apf) + (1 — %),unf}
feF

<P (U {ALf — Apf >0/ 2o+ Apf + A;Lf)}),
feF
where ‘ 1)
g1 1
/ 2 c
N =0 (2.27)
1+5(1+1)

Gathering the arguments, we deduce again that the probability to bound is such that

AP e / ! '
P (&) < pog P (fg{Anf Af > (20 + Anf+Anf)}>

This is similar to (2.18).

From here, we follow exactly the same arguments used before to arrive to the inequality that corre-
sponds to the deduction of (2.24) obtaining this time, for " given by (2.27), that the left hand side of
(2.3) is bounded by

a (¢— 2
QLE Nl(v’((c—{—clf—:));]:’ Xl;n)] X exp <_(2+(2€2(1 — 1)271(1 — 1/)04) .

This gives the desired conclusion. O

2.3 Proof of Theorem 2.3

We will use the notation
Zy = (Xg, Yi), Z,’€ = (X,Q,Yk'). (2.28)

As before, we will start assuming that B = 1, and we will give the proofs in a series of partial results
as in the proof of (2.2) .
> First Symmetrization. Fix u = £1 and recall the notation (2.9). We have to bound

P | |J{uGingr — Angy) > ela +jings)} |- (2.29)
feF

To begin with, we will prove:

Lemma 2.10. With the notation in Section 2.2.1, and under the hypothesis of Theorem 2.5 (with
B=1)

P ( (U {ullingr — Augp) > sla+iimgp)} | < =P | | {u(dgs — Augy) = (F—)e(a + fingp)} |
ferF T ferF 7

(2.30)

provided that
2
gl ol
> — (= . 2.31
n_4a(oz+1)<5> (2:31)
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Indeed, let us choose, as in (2.12), a random function f, := f, z,,, € F in such a way that

{(u(lings, — Angy,) > (o + fingr,)} = | J{ullings — Angs) > (o + lings)}- (2.32)
ferF

Then, for v > 1,

P fu(Ag — Augp) > (1- i) o+ g

feF
>p ({u@gfn ~ Augg) 2 el )} 0 (ulFngs, — Augr) < S+ ungm)
= P(E1NE) = E 16,1 - Pa(Q\ &))] | (2.33)

where this time

N € —
& = {u(pngy, — Angfn) = y(a + lngs)}

(compare with (2.13), (2.14), and the arguments that follow). Now notice that, in virtue of (2.5) and
the assumption B = 1, we have

195 (X, Y| = [(f(X5) — @u(X5)) (f(Xk) — 2Y5 + ©p(Xp))| < | £(Xi) — Pl Xi),
which leads to the (crucial) inequality
/%g?' < Mn‘f - (I)lzn‘2 = ﬁn(’f - y1:n‘2 - ‘y1:n - (I)I:n’2) = /%gﬁ (234)

where f = (f,..., f) as explained in introduction. Now we estimate: proceeding as in (2.10) and using
(2.34)

~ ~ — ~ g —

12

| A

—_— 2 —~ o~
Lungf (Bn8r. )" _ 2 fings, (1= Fingy,) _ gl
£2

- , 2.35
@+ men)? ~n? (atimgn)? - Ina(lt o) (233)

where we used the same optimization argument as after (2.10). Together, (2.33) and (2.35) lead to the
following conclusion: if n satisfies (2.31), then

P fu(Ag — Augp) > (1- 71> e+ g
feF
> (1- i)P (u@gfn ~Augg) > <o+ fgr,)). (2.36)

which implies at once (2.30) by the choice (2.32) of f,,. This proves Lemma 2.10.
> Application of Theorem 2.2. In this step we will bound the probability at the left-hand side of (2.36)
using the decomposition in the following lemma.
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Lemma 2.11. With the notation in Section 2.2.1, and under the hypothesis of Theorem 2.5 (with
B = 1) consider, for every f € F, the events

. . 1 N
Ep = {A,gr — Angy > (1 - 7)6(04 + tngs)},

Er1 = {Ang} — ling} < c(a + Ang} + iing})},
Ery = {A,g} — g} <e(a+ ALg} + [ing})}. (2.37)

Then for u = +1 fized,

- - 1 .
P (J {uAgr — Augy) > (1= S)e(a+imgp)} | <P | | ErnEranés,
fer v fer

v a(c—1)e . 2¢? 1 1
+4ﬁE [/\/'1(’7, = 5)5,{gfe (f € ]:},Zl;n)} X exp <_(2—(1+1)6)2(1 _ E)2(1 — P}//)an)

C

provided that

n> m (5)2 (2.39)

Indeed, note first that we can assume that u = 1, because all the arguments hold exchanging the
roles of X, and X{.,. Then from

Er C(ErNERNERD)UQNEr1) U(Q\Exy),

we get, via the union bound and the symmetry of & 1, 5} 1, that

Pl & | <P UéEnemng, | +2P | | J{Ang} — ling} > ea+ Ang} + iimg})} |- (2.40)
fer fer fer

Now, by the assumption B = 1, we can assume that

sup (gf)*(z) < 1 (2.4
2ERIXR

for all k € {1,...,n} (indeed notice that, for fixed k, such inequality holds for P—a.e. z with respect to
the law of (X%, Y%) in virtue of (2.5) and the definition (2.8) of g]’?)

With this, (2.38) follows by an estimation, via (2.2), of the second probability at the right hand side
of (2.40), noticing that such estimate holds if n satisfies (2.39). This proves Lemma 2.11.
> Second Symmetrization and Introduction of Random Signs. So far we have proved, by a combination
of Lemmas 2.10 and 2.11, that if n satisfies and (2.31) and (2.39), i.e., if (2.7) holds (for B = 1), then
(2.29) is bounded by % times the right-hand side of (2.38). Our goal now is to have a bound similar
for the probability

P U ErNENnér,
feF
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To do so, we notice that, by (2.34)
ErnNEpy = {(1+e)img} > (1 —e)Aug —ea} N{(1 + &)ing} > (1 — ) A} g} — a}
C {1 +e)imgs > (1 — ) Ang} —ca} N{(1 + e)itngs > (1 — ) Aj g} — ea}
and therefore,

Ef M 5]071 N 5}71

1 —
= (1 +2) (s — Augy) 2 (L)1 = (o + )} N E7a N EF

{1+ 0) (A — Augy) > 51— )el(1+)a+ (1—2)Augh —<a)

+ 5= el + ot (1 =)Dy} —za)
{1+ &)y — Augy) > 51— e+ (1= ) Aug) + 5(1 = el + (1= ) Ay} (242

This last event has the form

{Angy — ALgy > (c1 + c2Ang?) + (c1 + 2 ALgh)},

with

1

co:i(l_

1
(1+¢)

)

1
- g, ¢ =cor, cg=co(l—¢e), (2.43)
Y

which by random exchange of signs (see for instance the arguments leading to (2.19)) allows us to

conclude that for any sequence U = (Uy)j of independent Rademacher random variables independent
from (Zy)x and (Z)i,

P U {ﬁnUgf - Z;Ugf > (e1+ czﬁngfc) + (e1 4+ CQAV;,Lg?)}
feFr

=P | |J{Angr — Ags > (c1 + 24ng}) + (1 + 2 Al g7)}
feF

This observation together with (2.42), the triangle inequality, the union bound, and symmetry (note
that (Z1.,, Ur.p) and (Z1.,,, —Ur.n) have the same distribution), allows us to conclude the following

Lemma 2.12. Under the hypothesis of Theorem 2.3 (with B = 1), with the notations from Section
2.2.1 and in (2.37), for any n € N, and for any sequence U = (Uy,...,Uy,) of independent Rademacher
random variables independent of (Xy, Yi)reqn,..ny and (X5, Y ) re(1,..n}, and for ci,c2, as in (2.43), the
estimate

Pl JErngang,) | <2p| | J{4.Usg; > 1 + c2dng}} (2.44)
fer feF

holds.
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> Further Introduction of Covering Numbers. Following ideas already used we will estimate the prob-
ability at the right hand side of (2.44) by first conditioning with respect to the data Zi., (see (2.28))
and then introducing covering numbers in order to reduce the estimates to finitely many applications
of a Hoeffding-type inequality.

For z1,...,2, € R? x R given, consider an event of the form
1 n
U {- Z ngf zg) > c1+ 2 Z(Q?)Q(Zk)}a (2.45)
ferF k=1 k 1

(like the one in (2.44) for fixed values Zi., = z1.,). For any § > 0, there exists N (21.,) := N1(d,{gf : f € F}, z1:n)
sequences of functions {g:,., 1,---;8z,, N(z1.,)} (each g has the form g = (g*)x) with the property that
for every f € F

1 n
=3 1k g, (20) — i) <6,
k=1
for some j;r € {1,..., N(21:n)}. Without loss of generality (by (2.41)) we can assume that

sup |gf(2)| <1
zERIXR

for (j,k) € {1,...,N(21.n)} x {1,...,n}. We get, via the triangle inequality and the inequality

(65, 5, )" () = (@) (z0)] < 165, 5, (20) + 9F(z)lgks, i, (i) — g ()] < 200k, 5, (=) — g (za)]
that for every f € F

n

n
0+ — ZUk.gZ1n]f 2k) Zngf ) %Z %Z ngan ~ 26,
k=1

"= k=1
and therefore the probability of the set in (2.45) is bounded by

1 & 1 —
Ni(6,{gs: f € F},z1,m)  max P ({5 + " Z ngfm,j(zk) > c1 — 2c20 + 025 Z(gfm,j)2(zk)}>~

G€{L N (z1:0)} k=1 =

Recast the values of ¢, c1, ¢ in (2.43) and choose § = dp in the above as
S coap
07 201 —¢) +1

(where p € (0,1) is fixed in the hypotheses) to get the next partial result towards the proof of Theorem
2.3:

(2.46)

Lemma 2.13. Under the hypothesis of Theorem 2.3 (with B = 1), with the notations from Section 2.2.1
and in (2.28), for any n € N, for any sequence U = (Uy,...,U,) of independent Rademacher random
variables independent of Z1., and Z,.,, and for cy,c1,ca, 80 given by (2.43), (2.46), let

{gZI:'rul? cet 7gzl:n7N1 (607{gf:fe~r}7zlzn)}

be a (minimal) cover of {gs : f € F} with respect to the empirical Ly norm at Zy.,. Then

J{4.Ug; > o1 + c2Ang}}
fer

< Ni(6o.{gs : f € F} Zim) m?xf»n <A Ugy, . ;> cola(l —p) + (1 — 5)gng%1:mj)>. (2.47)
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> Application of Bernstein’s Inequality. Consider the (random) numbers inside the maximum in (2.47):
By (A0Ugz,, ;= cola(l = p) + (1 - &) Aug, ), (2.48)

and denote by %arn [-] the conditional variance given Zi.,. Then since
1~ g k T2
=3 Var, |Ung), (Z0)] = Aug,., 5
k=1

the number in (2.48) has, for fixed Zi., = 21., the form

1 — 1 —
Pl= V. > =N EV2 2.49
(5w ze s 3omre) 249

where Vi,...,V,, are independent centered random variables with |Vix| <1 (k =1,...,n) and a1 > 0,
az > 0. The one-sided Bernstein’s inequality (see the proof of | , Lemma A.2|) gives the
following bound for (2.49): if 62 := 1 37 | EV}?, then

1 — 212 3 @y 522
L § Vi > a1 + a207% <exp|— ;1(@144— a20,,) | =exp | - nas - (az - n) .
n k=1 20’n + g(CLl + CLQUn) 4 o + (E + 1)Un

3
3nas ai a0 nai1ag
< — X4X — X —4"2 | = —-18——
=P < 1 a2 (2 +r12) TP\ Qe +3)2)”

2a2

where in the third inequality we used the fact that

(a+u)? b—1
>4
atbu = 2
holds for (a,b,u) € (0,00) x (0,00) x (0,00).
Take now, as in (2.48), a1 = coa(1 — p) and as = cp(1 — ) with ¢ as in (2.43). We obtain the
following P—a.s. upper bound

Lemma 2.14. Under the same hypothesis and notation as in Lemma 2.13

P, (AnUgZMJ > co((1 —pla+(1- 5)ﬁng%1m,j))

1 (1—¢)
< exp (—2(;)(1 — %)5(1 —5)+(1+5))252(1_ q//)2(1—p)om)

for every j € {1,...,Ni(do,{8f : f € F},Z1n)}.

> Conclusion with “native” covering families (for B = 1). The analysis so far can be summarized as
follows: putting together Lemmas 2.10 to 2.14 we arrive at the following result:

Lemma 2.15. Under the hypothesis of Theorem 2.3 (with B = 1), with the notations from Section
2.2.1, we have

P | | {ullings — Angy) > e(o+ fingy)}
feF
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< (277_1>2E [Nl(; Ez — 2 71,046, {g}: f € F}, Zl:n)}
X exp (_; — %(11+ - Hra- 71,)52an)
+ 2B NG pome s e e S € ) )
X exp (-é e 71,)58 :2 Rt Vl,)2(1 - p)€2om>, (2.50)

provided that n satisfies (2.7).

The arguments that follow, which deal with the covering numbers appearing in (2.50) (an inequality
valid for B = 1) and with the conclusion for general B > 0, can be explained appealing only to Lemma
2.15, thus we leave them as the “conclusive” step.
> Homogenization of covering families and conclusion. We have proved (2.50) under the hypothesis in
Theorem 2.3 strengthened further to the assumption B = 1. In order to get a bound of the right hand
side of (2.50) that involves only covering numbers of the form A(§, F, X1.,), we note that if h : R — R
is any Borel measurable function, then for any f € F and any sequence z = (2x)r = ((Tk,yx))r of
elements of R? x R, the hypothesis

max{|f(zx) — vkl [(xr) — vkl |y — Pr(ze)|} < 1
for all k£ gives:

[(g)? (zk) — (95)* (z)| = lg5i (1) — 95 (z0)ll gk (26) + g (z)| < 2lgh(2k) — g (2]
=2|(h(zk) — ye)?® — (Pr(xr) — ye)* — (f(@r) — yr)” + (Pr(zk) — k)’
= 2|h(xk) + f(@k) — 2ukl[f(2k) — h(zp)| < A f(2k) — h(zg)]- (2.51)
Now, under the hypothesis
|f(r) — yrl + | Pr(zr) —yl <1

for every k and f € F (which is true for P—a.e. realization of (X, Y)), according to (2.5) and the
assumption B = 1), every d — Llcover hq,...,h, of F with respect to the empirical norm

1 n
~ > Ot (2.52)
k=1

can be assumed to satisfy
|hj(zk) — vkl + lye — Prlar)| < 1. (2.53)
Indeed, according again to (2.5),
f(zr) € [ys — 1+ |Px(2k) — yrl, ye + 1 — [Pulzr) — yl] = [ax, bi]

for all f € F, so that given a § — L! cover hy, ..., h, of F with respect to (2.52) we can (if necessary)
redefine

he(2) = e (7)1 (q, ) (e (1) + a1 (—o0,0,] (Pr (1)) + D1, 00y (B (7))
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to obtain a § — L' cover hy, ..., h, of F (with respect to (2.52)) satisfying (2.53).
The inequalities in (2.51) imply therefore that for every (z;)x = (g, y%))x in R? x R and every
6>0 5 5
M(8,{g}: f € F}, Zin) < J\/l(i, {gr: feF} Ziy) < Nl(i’f’ X1m), (2.54)

P—a.s.

The conclusion (2.6) for the case B =1 follows from (2.50) and (2.54).

To finish the proof we consider the case in which B > 0 is arbitrary: we proceed as before by first
dividing the event inequality in the left-hand side of (2.6) by B2, applying the case B = 1 with «
replaced by a/B?, F by F/B, and using (2.26). O

3 Applications to least—squares nonparametric regression

We develop in this section some applications of the previous results to the estimation of nonasymptotic
errors for least—squares regression schemes, and we explore some of the consequences of these estimations
with respect to the problem of consistency, both in the weak and strong senses, for the method of least—
squares regression. See again sections 1.1 and 1.4 for general notation and conventions.

3.1 An L2-weak error estimate (Theorem 3.1)

A consequence of the estimates in the previous theorems is a control of the expected L%P—deviation of
Regression Averages. This is a generalization of | , Theorem 11.5] with significant improve-
ments.

Theorem 3.1. Assume that F is a pointwise measurable family of functions R* — R with associated
Vapnik-Chervonenkis (VC) dimension Vr < 400 and assume that, for some B > 0, ||Yi||p,oo < B for
all k. Then for (¢, \) € (1,00) x (1,00) satisfying the hypothesis

<3+\/1+8c -7

>
1 n = expl— =

A ), (3.1)

the estimate

n 2

IS Tabale) - 0y(0) PP, (da) | < 200 (14 01+ V(82 + log(62))
nkzl R4 n

E

i ln x) — z)|? T
+ X inf ;/Rdm) Dy(0) PPy (d2) (3.2

fEFN

holds, where

2
B0 =00\, c) = 32 (;(1 _ %)(1 - %) +(2r— 1)) (

01 =01(c) :=log(6(c+ 1)(2¢ + 3)),

0y =02(c,n) :=1+1og24 +log(l+4/1+
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The necessity for the truncation Tp®, in (3.2) is discussed in details in Section 3.3.1. We point out
that the posibility of choosing A close to 1 depending on n will play an important role in Section 3.3
when dealing with consistency results.

Remark 3.2. This estimate improves the one in | , Theorem 11.5]. For the sake of illustration,
it is proved there that, in the i.i.d. case, and for B > 1, one has a bound of the type

E [/ TP, (z) — E[Y|X = a] IQIP’X(d:):)} < B—4 (c1 + Vr(cg + czlogn))
R4 n

+ 2 inf / |f(z) —E[Y|X = 2] *Px(dz),
feEF JRrd
where ¢1 > 24332, co > 73689 and c3 > 10272.

The use of (X, ¢) = (2,V/71) leads, for us, to a similar bound with B* replaced by B2 (a gain due
to the argument of homogeneization) and with ¢, c2, and cg replaced respectively by constants ¢}, ¢,
and ¢ satisfying ¢) < 7429, ¢4, < 5967 and ¢ < 1852. We can improve further the estimation of this
deviation by plugging the greatest possible ¢ according to (3.1), namely ¢(n) := (4Vzlogn+71)'/2, into
(3.2).

3.2 Proof of Theorem 3.1

[P~

We will use again the character “y” as in (2.4), and when necessary we implicitly interpret functions
f:R% = R as functions R? x R — R evaluating in the first coordinate. The rest of the notation is also
borrowed from the previous sections.

> “Large deviation-bias” estimate. Fix A > 1, and consider the following identities

Nn’TB;I;n - (I)I:n’2 = /jn‘TB:I\)n - Y1:n‘2 - /jn‘q)lzn - yl:n‘2

= /A‘anTBZI\)n - AAVngTBEI;n + )\AvngTBZf)na (33)
where ®,, = (</I\>m cee (571) as in our convention. Now, by definition of Tgan, the equation
AvngTBZf,n = Avn‘TB@n - y1:n|2 - gn|¢’1:n - y1:n|2 < Avn|$n - y1:n|2 - gn|¢’1:n - y1:n|2 < Avngfa (34)

holds for all f € F. Thus by the definition of ®;.,

E {AngTB:I;n] < }Q;mgf = }g]frﬁn(\f — Yinl? = [®rn — yinl?) = }Ieljfrﬂn!f — 1./ (3.5)
Together, (3.3) and (3.5) imply, by integration, the “large deviation-bias” bound

E —E [MH\TB&SH - él;n\z}

% ; /Rd TP, (2) — Bk (2)[*Px, (d)

<E [/jngTBEf,n - )\A”gTBt‘f)n] + A }gg__,un‘f - (I)lznyz'

> Bounding the large deviation term. Now we bound the cumulative distribution function of ﬁngTB 5,

)‘AngTBE> - To do so we will assume first that B = 1/4. The goal of this choice is to use for simplicity
(2.5) and its conclusion (2.6) with B = 1.
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We start by noticing that, if T' /4 F := {Ty /4 f : f € F} then

{fingr, 5, — Mugr, 5, 2t} © | {iner — Mg >t} (3.6)
FET )4 F
I S A
:fEYL_J/F{Mngf_Anng ( \ )()\_1+Nngf)}-
1/4

We apply at this step the inequality (2.6) with the parameters

t 11 1
1— 2,51+ ~¢) (3.7)
C

B N=(1,——
(Byaye,p,7,7) = (15— 1= 5 2

to get an estimate of the form

P (jingr, 5, — Mgz, 5, 2 1) < Go(OF [M(G1(e, Nt Ty aF, Xiun)] exp(—beant)

=: ac\(t) exp(—bc rnt) (3.8)
where
1 1 1
Go(c) :=2(c+1)(2¢+ 3), Gi(e,\) == SW(l—E),
1 1 1., A
ber =5 GFA-1H+@n-1):2)2 =57 (3.9)

The verification of (3.8) with (3.9) is given later (see page 28). By (2.7) and (3.7) this estimate is valid
for ¢t > 0 provided that

c(c+1)A\2 ps T A—1)+ V(A (c+1)A\2/n

> — < =:t,(c, \). 1
" ho—110 7 2 tn(c; A) (3.10)

Since covering numbers are decreasing with respect to the radius of the covering, this gives rise to the
inequality

P (fingz, 5, ~ Mnsr, 5, 2 t) < alta) exp(~bnt), (3.11)

for ¢t > t,, and where, for simplicity, we drop the parameters ¢, A from the notation for a, b and ,.
Note now that the function a(t,) here depends on the distribution of Xi.,. In order to bound it in
a distribution-free way, we start by noticing that

T1/4]:+1/4 = {f+1/4,f S T1/4.7:}

is a family of nonnegative functions bounded by 1/2 which admits the same covering numbers as T; /aF
with respect to the empirical measure associated to 1., := {z1,...,2,} C R4, Additionally we observe
that G1t,, < 1/8. Indeed, since ¢ > 1 we obtain, via the inequality va? + b < |a| + |b], that

1 c—1 1 1., clc+1) 1 [(1+1)
T 1+] )<_(1_)\)+\/(1_/\)2+ " )52 T
1/2
(;) (3.12)
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We apply at this step the estimates in | , Lemma 9.2 and Theorem 9.4] and the fact that
VT1/4]:+1/4 =V, ,,r < Vrto conclude that

v

1 e 3e g
Gitn, 11 /4 F, 1) = Gitn, Ty F + = x1:0) <3 1
N1(Gitn, 1/4 ; T1:n) = N1(Gitp, 14+ 4,931.n) = (Gltn Og(QGltn))
(note that these estimates hold also in the trivial case in which V7, JuF = 1, excluded by the statement
of | , Theorem 9.4]). These inequalities bring us to the following (distribution-free) estimate
of the (distribution-dependent) coefficient a(t,) of the exponential function at the right-hand side of
(3.11):

a(ty) = ac,)\(tn) = Gp(c)E [Nl(Gl (c, )\)tn,Tl/4.7:, le])

e 3e Vr
< 3Gy(c) (Gl(c, N 10g(2G1(C, )\)tn)) = G(tn, Vr). (3.13)

Appying Lemma 2.1 to (3.11) combined with (3.13), we get that for ¢, as in (3.10) and for the
((\, ¢)—dependent) objects in (3.9), the hypothesis

360 (= 1053 )" > exp(bnty) (3.14)
0 Gty & 2 Gty = P " .
implies that
~ ~ 1 e 3 e v
PO S <= 2 ). .
E gz, 3, ~ Mngr, ,5,] < - (1 +log <3G0( o losy ) )> (3.15)

> Verification of (3.14) under (3.1). Since the (bijective) function [0,00) — [0, a/2) defined by
r—Vattar—x

is increasing, it follows that
A—1 A2 1) A2
nty, = 5 <\/n2—|—c(c+ 1) n—n) < clet 1) (3.16)

and therefore, using the expression for b = b 5 in (3.9),

1
GU-DO-Dr@-Dp I

1

(note that these bounds do not depend on n).
In order to guarantee (3.14) we note the following: first, the string of inequalities (3.12) gives the
bound

Git, < (27n)~Y2, (3.18)
Therefore a sufficient condition for (3.14) is, by (3.17) and (3.18), the following

-1
8 )

log(3Go) + Vr(1 + %(log(27) + log(n)) + log(1 + log(3) + %(log(QE’) +log(n))) >
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which, using 8[log(3Go) + V(1 + 3 log(27) + log(1 +log(3) + 4 log(2°)))] > 8[log(60) + (1 + 5 log(27) +
log(1 + log(3) + 3 log(2%)))] > 70, clearly holds if

> An upper bound for the right hand side of (3.15). Note now that from the first equality in (3.12) and
the fact that the function [0, 00) — [0, \/a] defined by

r—=Vri+a—2x

is decreasing it follows that

1 1 1 1 (-1 1
8Gita > 5 (1) <—1+ 4 et >> :2(c ) . (3.19)
c c n c n 14 4/14 c(c:—l)
This implies by an easy argument the bound
e 3 e VF
log (3G log(= < log(3G V(69 + log(6
o8(36o (510wl ) ) ) < 0B(3G) + Va6 + 1og(62)

with
c(c+1)
n

1
O = O3(n,c) :=1+1og24 + log(1 +4/1+ ) —log(c — =) + logn.
c

All the elements of the proof are gathered for the case B = 1/4.

> The case of arbitrary B > 0. This follows from the following homogenization properties: for any
((®k, yk))p—y, and defining F /4B as in (2.25)

o [|f(x) = ®p(z)]?Px, (dz) = (4B)? [ |L&) — 2ol 2py (qu),
o freargminger 2 Y0 |f(ar) —wl? & {5 € argming £ Y| flan) — H5 12,
L4 Vl = V]'—ﬂ

4B

from where one deduces the estimate for arbitrary B > 0 via the identity

1 P 1 m ~ @ P : (3] .
fin| Tp @y — ®1:0|* — )\J}gjfrﬂdf — @[> = (4B)? (Mn’T1/4 - o Ln \2>

2 e~
— — — A inf f—
B ap | ALl
4B
and the case B = 1/4 already treated.

> Proof of the inequality (3.8) with the constants (3.9). Applying the inequality (2.6) to bound the
probability of the right-hand-side of (3.6) with the parameters (3.7) gives the bound

P (fingr, 5, - Mgy, 5, = ) < (a(©))*E [N (Ri (e, Mt Ty a, Xin)] exp(—br(c, Ant)
+a(c)E [Nl(Rg(c, At Ty F, Xl:n)] exp(—ba(c, A)nt)

where

a(c) :=2(c+1),
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1 1 1 1 1 1 1
Bue )= gxe it~ o) bried) =3 (2 - L1+ %))2( P

1 1 1 1 1 1 A
T A A TP T e e =S D e

Now, an elementary computation shows that, for (A, ¢) € (1,00) x [1,00), bi(c, ) > ba(c, A), and that
the condition Rj(c, A) < Ra(c, A) is equivalent to A < (3 4+ /1 + 8¢)/4, which is part of condition (3.1).
Therefore we have (always for t > ¢,,) that

P <ﬂnng/4E’n - )‘Avnng/‘lEf,n > t) < CL(C)(CL(C) + 1)E [Nl(Rl (C’ )‘)ta T1/4‘F7 Xl:n)] GXp(*bQ(C, A)nt)
Putting together these pieces, we verify (3.8) with (3.9) as described above.

Remark 3.3 (Scope of our methods for the case of infinite complexity.). In the proof of Theorem 3.1,
we use a bound of the type (see Equation (3.13))

log N1 (r, F, x1.,) < Oy logr™ !, (3.20)
provided that r is small. Notice that (3.20) implies a bound of the type
IOgNl(’I", erl:n) S C]-— T_ay (321)

for every a > 0 and n € N.

The assumption (3.21) (for a € (0, 2)), among others, is used in | |, which addresses the problem
of optimal rates for i.i.d. least—squares regression schemes with heavy—tailed distributions. Notice that
if we are under (3.21) but not under (3.20), then necessarily Vr = oo (consider the point in the proof
of Theorem 3.1 in which (3.13) is invoked).

This leads to the natural question of whether we can give a rate for the case of infinite complexity
(3.21) with our methods. The answer is affirmative at least when o € (0,1): using (3.21) instead of
(3.13) in the previous proof one can verify that, for a € (0,1), we arrive at a function of the form
O(n®~1) in the place of the first term at the right-hand side of (3.2) (the “variance” term), with “O(-)”
constants depending on (F, B, ¢, \) that admit an explicit expression. The details are left to the reader.*

3.3 Consistency

The estimate (3.2) and its proof have relevant consequences for the problem of consistency of least—
squares regression schemes, some of which we will describe in this section. In what follows, we often use
for the sake of simplicity the short notations given in (1.7).

To begin with the discussion notice the following: according to Theorem 3.1, if both F (Vr < o0)
and the response functions Y} are uniformly bounded by B, then the least squares regression estimate

is weakly consistent in the sense that

lim <IE [Mn@n - <I>1:nﬂ — inf p|f — <1>1m|2) —0, (3.22)
n feFr
4Note additionally that the rate obtained by intersecting the hypotheses in [ | with our hypotheses, and in

particular assuming that (3.21) holds for every a > 0, corresponds up to a logarithmic factor to the one obtained by
letting o — 0 in the conclusion of | , Theorem 4]. Since the rates in [ | are sharp in a general sense (under the
hypotheses in that paper), this may be evidence that our variance bound in Theorem 3.1 has an (almost) sharp asymptotic
rate for the setting considered here.
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which follows easily from the fact that, in this case, TB;I;n = <T>n € F (F is a space of functions bounded
by B) by substracting inf pez pn|f — ®1.,/2(< 4B?) at both sides of (3.2) and letting n — oo because
A > 1 is arbitrary. We will see later (see Corollary 3.13) that, in this context, (3.22) holds actually in
the strong sense, i.e. the equality

lim (Mn@n —®1.,2 — inf p,|f — ‘1>1m|2> =0
n feFr
holds with probability one.
3.3.1 The Role of Truncation for Consistency and Stability
Note that (3.22) follows from an interpretation in the present case of an inequality of the type
E [MnyTBén - <I>1:ny2} < 50 m) + N inf pnf — .o (3.23)
€

where § : (1,00) x N — (0, 00) denotes a generic function with the property that §(\,n) —, 0 for every
fixed A (sufficiently close to one). To discuss the role of the truncation operator in the inequality (3.23)
in the context of Theorem 3.1 notice first that, under the hypotheses of this theorem, and for any f € F,
the inequality

Tof — Opl* < |f — i)

holds Px, —a.s. for every k, and this implies that (3.23) holds provided that either of the following type
of inequalities

E [Mn|TB<i>n - @Mﬂ <60\ m) + A inf | Tt — By (3.24)
E [un@n - <1>1:n\2} <6\ n) + A dnf g |f — B (3.25)

hold. Notice also that, by the same argument leading to the proof of (3.22), the inequality (3.24)
[resp. (3.25)] can be interpreted as an inequality stating the weak consistency of Tp®,|resp. ®,| as an
estimator of TBarginffe]_-,un|T3f — ®1.,|? [resp. arginffe]_-,un]f —®1.,/%.

But neither of the inequalities (3.24) or (3.25) can be derived solely from the hypotheses of Theorem
3.1, as we now justify.

> Counterezample to (3.24): let (Xg,Yr) = (X,Y) be a unit mass at (0,1) for every k (((Xg, Yx))x is
i.i.d.), so that p, = u:=Px = dyp (a Dirac mass at zero) for every n and ®;(0) = 1 for every k, and let
F :={f1, fo} with f; =1/2 and fo = 2. In this case, it is clear that ®, = f; and that

inf i, |Tif — ®1.,2 = inf |T1£(0) — 1> = |T1 f2(0) — 1> = 0
Jgrelfun! 1 Lin] J}Ielfl 1f(0) =17 = |[T1 f2(0) = 1 =0,
and therefore, for this example
Mn‘Tl:I\)n - él:n|2 - }Ielg__,ufn|Tlf - @l:n|2 = ,Ufn’Tl&)n - q)l:n|2 = 1/2 (326)

for every n, which makes impossible a bound of the type (3.24).

30



> Counterexample to (3.25) Let X and Y be independent with X uniformly distributed on [0,1] and Y
Rademacher distributed (P(Y =1) = P(Y = —1) = 1/2, notice that E[Y|X] = 0), let ((Xg, Yx))r be
iid. (X, Yir) ~ (X,Y), and let F be the (finite-dimensional) vector space of piecewise linear functions
in a fixed finite partition by intervals of [0,1]. Then again pu, = p := Px and, as stated in | ,
Problem 10.3],

E | jin|®,, — <I>1;n!2] =00 (3.27)

for every n, whereas
inf pun|f — @12 =0, 3.28
Jnf pinl Lin| (3.28)

because, for all k, &, = 0 € F. Notice that (3.27) and (3.28) are an obstruction to (3.25).

The message from the previous examples is summarized in the following conclusions: first, accord-
ing to (3.26), the truncated least squares regressor TBEISH is not (in general) a consistent estimator of
arg minsex pin|TE — ®1.,|%; second, according to (3.27), the non-truncated least-squares regression esti-
mator ®,, is not (in general) a (weakly-)consistent, nor an stable estimator of arg min fer fin|f — ®1.0]%;
and third, the bound (2.6) in Theorem 2.3 is optimal in terms of the use of the truncation operator.

In the remaining of this section, we will derive some consistency results based on a more careful
interplay between the truncation bounds, the sample sizes, and the function—space complexities (VC-
dimensions) of the respective schemes.

3.3.2 The setting and the working hypotheses

The upcoming string of results will be given under the following setting, which we specify in advance

to make more efficient the statements and to facilitate comparisons.

S 1 (Truncated LSR for row-Independent and response-bounded triangular-arrays). For every m € N,
let Dy i= {(Xom o, Y k) }o, (nm > 3) be an independent random sequence in R4 x [—By,, By,] with
associated regression functions

P () = E [V k| Xk = 2], Px,,, —a.s.

Let F,, be a family of functions R% — R with Vr,, < oo, and let </ISX”m) be given by (1.2) with F replaced
by Fm and {(Xy, Yi)}_, replaced by Dy,

We also introduce the following hypotheses:
H 1. Under (S1),

B2 log n,,
lim (mem"g” S inf Z/ k(az)|21P’ka(dx)> =0 (3.29)
Rdm ’

m NmOm fEFm Nim,

for some positive sequence (O )m With §py, —m 0.
and its stronger version

H 2. Under (S1),

VE B2 lognm 1 & 9
mZm —m 0, lim £ 7§ : - ®,, P d S
. m 0 i supfler}m o & I/Rdm |f(z) k(@) Px,, ,(dz) <
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Notice that the satisfaction of H1 implies that n,, — 400 as m — +o00, except on sub-sequences
where B, — 0 and in this last case, the results become somehow trivial. Therefore, in most usual cases,
we implicitly have n,, - +00 as m — +o0.

Remark 3.4. Note that, under the hypothesis

hmsup mf — Z/ — O, 1 (2)*Px,, , (dz) < oo, (3.30)
Rdm '

m Nm
H1 and H2 are equivalent: they hold if and only if

Nm

B2 log ny, \”
5, = (W) (3.31)

—m 0,
which can be seen by considering

Nm
for any p € (0,1). In particular H2 implies H1.
Note also that (3.30) can be given for granted for basically any conceivable application to statistical
learning of the results that follow. We keep the separate hypothesis H1 and H2 because, as we shall see,
H2 permits some specifications that are not explicit under H1.

Remark 3.5 (Extensions to infinite complexity. See also Remark 3.3 ). When (3.21) holds for all m
with F replaced by F,, and « replaced by a,, € (0,1), and assuming without loss of generality that
the corresponding C'z,, satisfies C'z,, > 1, results similar to those that follow under H1 can be obtained
under the condition obtained replacing

VE,, Bfn log ny,

3.32
— (3.32)
by
Cr, B2
% (3.33)
Oém(s
m m

n (3.29). The necessary modifications in the proofs and the statements will be easy to implement.

3.3.3 Waeak Consistency (Theorem 3.6)

Our main result on weak consistency gives a condition on the relationship between the parameters
Nm, VF,,, and B, in order to guarantee that, on average, the deviation obtained from the truncated
least squares regression function is, in the limit, smaller (or equal) than the deviation obtained by the
best approximation within the respective spaces. Its proof is an immediate consequence of the bound
in Theorem 3.1.

Theorem 3.6. Assume HI1, then

lim sup (E — Z/ |TBmZI\>,({”m) (z) — (I)m,k(l')IQPmek(dl')] _
m m h—1 dm,
1 &
inf — —® 2p <0. .34
nf ;/dm 1f(z) — @y go())| xm,k(dx)> <0 (3.34)



Proof. Choose A, = 1+ d,, and let ¢ > 1 be such that the hypotheses (3.1) of Theorem 3.1 hold for
every m with the input (7, Bm, Fm, ¢, Am)°. Then, according to (3.2),

E |:,"L'El"rbr3 ‘TBm$§Z’:’3 - ¢m713nm‘2i| - lnf /’Lg:’n ’f - (bm»l:nmP
fe€Fm

BQ
< g™ (1407 4V, (087 +108(05™) ) + 0 it pIE — B, P (3.35)
m m
where we have set 4 h := ﬁ ot Jga hi(2)Px,, , (dz) as a natural extension of (1.7). The conver-
gence to zero of the right hand side of (3.35) as m — oo is then straightforward from (3.29), the details

are left to the reader. O

Remark 3.7. Notice that the inequality (3.35) is nonasymptotic and can be interpreted as a rate of
convergence of the error between the mean L? distance of the truncated least-squares regressor over F,
to the “true” regressor and the minimal of such L? distances (rate of “weak” convergence).

The reader is particularly invited to consider the meaning of (3.35) and its interactions with H1 in
the i.i.d. case (ie. (Xg,Yy) ~ (X,Y) for all k).°

Remark 3.8. Let (X,Y) be a point mass at (0,1), let (X, Ys) = (X,Y) for every k ((Xk, Yi)ren are
iid.), and let F := {f} where f(0) = 2. Specializing to this case with By, = 1 for all m we see that
the left hand side of (3.34) can be strictly negative: it is not possible to prove the equality reverse to
(3.34) under HI1.

An elementary consequence of Theorem 3.6 is the following generalization of (3.22) in which the
sets of function hypotheses, the sample sizes, and the response bounds can increase following an explicit
control, which allows to consider scenarios of increasing complexity (including regression schemes over
asymptotically infinite-dimensional spaces).

Corollary 3.9. Assume HI1. If for every m, Fp, is a space of functions uniformly bounded by B,,, then

lim (E

In particular, (3.36) holds if, under the setting S1,

1 <& ~
—> / 1257 (2) — @y i (7) [P, k(dx)] -
Mm = JRdm 7

1 &
it kzzj /R 1) - @m,k(m)FPXm’k(dx)) —0. (3.36)

VE, Bl 1
YFnDm 08 m (3.37)

Nim

Proof. Note first that the lim inf,,, of the numbers inside the lim,, in (3.36) is nonnegative. The lim sup,,,
is nonpositive according to Theorem 3.6 assuming that H1 holds, because, in this case,

T, @) = o). (3.38)

®For instance, assume without loss of generality that &, € [0,1/2) for all m and take ¢ = v/71.
SFor comparison, Section 3.4 deals with i.i.d. considerations in the strong (P—a.s.) sense that follow from the arguments
and results in Section 3.3.4.
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Thus, (3.36) is proved. Next, note that for every m,

R
0< inf — —d,, 2p d
S 8 o 2 V= B0 (0

k=1
1 &
< sup D0 [ 1f) - a(@)PPx,, (de) < 25, (3.39)
fEFm m 1 Rdm

and that we can assume, without loss of generality, that liminf,, B,, > 0 (as over sequences my with
By, —k 0 the conclusion is immediate from (3.39) and (3.38)). Now take

f - melognm 12
m = T

to verify H1 using (3.37) and (3.39). O

3.3.4 Strong Consistency (Theorem 3.10)

It is possible to profit from the analysis used in the proof of Theorem 3.1 to look for conditions which
are linked to the satisfaction of strong consistency for least-squares regression estimates. To illustrate
this claim, we depart from the following theorem.

Theorem 3.10. Assume S1, and consider the random variables

RS
Ay, = inf { Z(‘f(Xm,k) — Yk 2 |q>m,/€(Xm,k) B Ym,k|2)}

€Fm | N
f m i

1 &
— inf { — —y|? = |®,, —yP)P dz,d
jnf {nm ;/Rdmm(!f(ﬂv) YI* = Pmk(2) — y[*)Px,, 1 Vo (d2 y)}

= inf {1f3<rf<xm,k> Yl = 1B (X ) — Vi 2>}

fE€EFm | i 1

=it {1fj /R 1) ¢m,k(z>|2ﬂ»xm,k(dx>}. (3.40)

€Fm | N
f m i

If (n;@avﬂ” Ym is summable for some a > 0, then for every positive and bounded sequence (8, )m, there
exists a constant C(3 41y > 0 such that

1 & i
sup — Z/ (IT5,, 5 (2) = P (@) = [ f(2) — Py i(2)[*)Px,,, , (d2) (3.41)
fEFm m 1 R4
Vz, B2 logny, . 1 &
< Cia (6) + 0m fIGI}_f {n Z/d |f(x) — q)m7k(l')|2PXm,k(dx)} + (14 5m)An,

except for finitely many m’s.
If, in particular, H1 holds and A, =, 0, P—a.s., then

. 1 nm I~ m
limsup sup — 2/ (T3, 5 (€) = P ()] — [ f(2) = Py i(2)[*)Px,,, . (dz) <0,
m feF, m =1 R4

P—a.s.

"For instance if n,, > m? for some v > 0 (take o = 1 + %)
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Proof. For the proof, see Section 3.5. See also Remark 3.19 for considerations in the case of infinite
complexity. O

Remark 3.11. Note that, if H2 holds, we can take d,, as in (3.31).

The following is an immediate consequence of Theorem 3.10.

Corollary 3.12. Assume HI, assume that (n,}avf’” )m is summable for some a > 0, and assume that

the uniform strong law of large numbers

Nm

) 1
lim sup — > (\f(Xm,k) — Yool = [P (Ximie) — Yool
" feFm Tm

= [ 07@) = 9 = i) = 5P, 3 ) = 0 (3.42)

holds P — a.s.. Then, with probability one,

. L& = m
timsup sup -3 [ (T, B (@) ~ @) ~ (@) - B ()P, (de) 0. (343
m feFm Mm = JRd
As an instance of Corollary 3.12, and as a way of illustrating the advantages of knowing not only
(3.34) but (3.41), we get the following strong—consistency version of (3.22).

Corollary 3.13. Let F be a family of functions R? — [—B, B, assume that Vr < oo, let ((X, Y))&
be any independent sequence in R x R with sup,{||Y||p.co} < B and define, for every m, ®,, by (1.2)
(with n =m). Then, with probability one

. 1 ¢ 3 2 2

limsup — Y~ [ (|®p(x) — E[Vi| Xy = 2] |> — | f(2) — B [Yi| X}, = 2] [*)Px;, (dz) = 0. (3.44)

™o fer Mo JRE

Proof. We apply Corollary 3.12 with n,, = m, F,, = F, and B, = B for all m. Note again that
TBEI;m = EI;m, that TgY = Y, and that the liminf,, of the expressions inside the lim,, in (3.44) is
nonnegative because each of its terms is not negative.

The proof of (3.42) in these circumstances is omitted by reasons of space. It can be done by extending
the proof of | , Theorem 9.1] to the independent, non identically distributed case with the same
techniques used to prove the inequalities in Theorems 2.2 and 2.3. An alternative approach is to use
| , Theorem 8.3| by considering, in their notation, T'= F and, for t € F, fi(w,t) = t(X;(w)). O

3.4 A non Glivenko-Cantelli Theorem for i.i.d. Samplings (Theorem 3.14)

In the classical context of i.i.d. sampling ((Xg, Yx))ken, (Xg, Yx) ~ (X,Y), and assuming that we are
under S1 with F,, = F, By, = B, np, = m, and (X i, Y k) = (X, Yy) for all (m, k), the property
(3.42) reads as

m

. 1

lim sup — Z(gf(Xk, Yi) —Efgf(X,Y)]) =0, P—a.s.,

mofermi—
where g¢(z,y) == |f(z) — y|* — |®(z) — y|? and ®(z) = E[Y|X = 2], a property known as the (strong)
Glivenko-Cantelli Property (GCP) for the family {gy : f € F} and the measure P(x y).
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The satisfaction of the GCP is itself a topic of intensive research in Empirical Process Theory (see
[ |), and the message of Corollary 3.12 is that the GCP is indeed sufficient, under the respective
hypotheses, to guarantee the strong consistency in the sense of (3.43) of a least-squares regression
scheme.

But there are situations in which we can still verify (3.43) without appealing to the GCP: note
indeed that what matters is the convergence P—a.s. to 0, as m — oo , of the random variables A,, in
(3.40).

As we shall see in the proof of the following theorem (Section 3.6), this idea can be used to produce
a strongly convergent least—squares regression scheme under minimal hypotheses in the i.i.d. case.
Notice indeed that, via the scheme in Theorem 3.14, the statistical problem of strong consistency for
i.i.d. samples is reduced to an analytic one: it is always possible to choose sample sizes and truncation
bounds (see condition (3.45)) that guarantee the consistency of a (properly truncated) least-squares
regression scheme over increasing families of functions (with controlled complexity) provided that such
families approximate some version of the conditional expectation sought for. This is true even if the
GCP does not hold for the families in consideration.

For an easy application of this principle see Remark 3.17 below.

Theorem 3.14 (A strongly consistent least—squares regression scheme for the i.i.d. case.). Let (Xg, Yy) ~
(X,Y) (k € N) be i.i.d. random variables in R x R with Y € L% and associated regression function
O(x) = E[Y|X =z]. Let (Fin)m be an increasing sequence of families of functions with Vg, < oo
for all m, let (Bm)m>1 be a nondecreasing sequence with By, —y, 00, assume that (ny,)m s such that

—aV; .
(N 7™ ) is summable for some o > 0, assume that

Vi, B2, log nm,
YV Fm B 108 m o 0, (3.45)

Nm

and let @ﬁfﬁl) be given by (1.2) with F replaced by Fp, and (X, Yy)}i_, replaced by (Xy, Tp,, Yi)",- Then,
with probability one,
lim sup/ ITg, 5 (z) — ®(x)]*Px (dz) < lim inf / |f(z) — ®(z)[*Px (dx). (3.46)
m JRd m fe€Fm JRd

=

If, in particular, ® is a limit point in LI%,X of Foo :=,, Fm, then the assumption (3.45) implies that
TBm@{zg —m P in LQX, with probability one.

Proof. See Section 3.6. O
Remark 3.15 (The case of bounded response). If Y is essentially bounded (||Y||p < 00) one can
take By, := ||Y||p,co in the truncations for every m and the conclusion (3.46) holds true if
Vg, 1
Y Fm 208 tm —m 0.
Nim

Remark 3.16 (Possible presence of nonintegrable functions). We stress out also the fact that the
assumption F, C LI%X is not needed in Theorem 3.14 (in particular, we proved strong consistency
under the assumption that E[Y|X =] can be approximated in LI%X by elements of U,,F,, N L2X,
without requiring the full embedding U,,,F,, C LI%X>' For an example illustrating how this simplifies,
take X € L]% \ L% real valued, Y = X2 € LIQP,, and F,, = F as the space of polynomial functions of
degree at most 3 (and X3 ¢ L32).
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Remark 3.17 (Universally consistent schemes). To further stress out the unifying nature of Theorem

3.14, let us give a list of cases for which proving the strong consistency
Tg, ®7) =, ®, P—a.s.
is easy or simplified via this result (always under (3.45) and, of course, under the assumption Y € L3):

e (Polynomials over a compact set with increasing degrees). When | X| € Lg® and F,, is the family

% with

of polynomials in d variables of degree at most m (the space generated by x — H] 175

SUP1<j<q @ < m), by an application of the Stone-Weierstrass theorem.

o (Piecewise polynomials of fixed maximal degree over increasing partitions). When | X| € Lg°® and
Fm is the space of piecewise polynomial functions in d variables of degree at most M (fixed for all
m) over a partition P, of a rectangle containing the support of X, where Py, is refined by Pp,+1
and the mesh of P, goes to zero as m — oo, by the fact that the set of simple functions in Py, is

asymptotically dense in L]%,X. Compare with | , Theorem 10.4].
e (Neural networks). When F,, is the class of neural networks defined on | , Equation
(16.2)], by | , Lemma 16.1 and Theorem A.1]. Compare with | , Theorem 16.1].

e (RBF networks). When F,, is a radial basis function network (RBF network) as in | ,
Equation (17.4)], by | , Lemma 17.1|. Compare with [ , Theorem 17.1].

Remark 3.18 (Independence of Theorem 3.14 from the Glivenko-Cantelli property). Considering the
first case (polynomial functions) in Remark 3.17, and taking (X,Y) := (X, X?) for some bounded,
non-constant real random variable X we see that, since f,(z) := ax? € F,, for all a € R and all m > 2,
the GCP (3.42) does not hold for any i.i.d. copy ((Xg, Yx))r of (X,Y). This is of course true whenever
X is not constant and JF, is a vector space and it shows that, while sufficient, (3.42) is not necessary
for the consistency (3.46) established in Theorem 3.14.

3.5 Proof of Theorem 3.10

We will use in this case the notation

AG(d aZ@( W(dz),  p(d —ZIP’X L(dz),

l[and similarly for A%":,f, )] for the empirical and the average measures associated to (Xomk)pry [to

(Xom i Ymk) oyl The notation used in the previous proof is extended in a likewise manner. Let
Am = 1+ 0. Then proceeding as in (3.3) and (3.4) we get

>‘T q)(M) ml:nm| - ll’lf Hn)|f lenm|

Cm) o (m ) <m) ( ) (m) (m) : (m) 2
() (m ) <m) ( ) A (m) (m) : (m) 2
,unm gT mA’(”Tn A A T <I><m + A ( ler}_f Anm gf flr.l}fm M, ’f - <I)m,lznm| )

+ 6 mf ,u(m)|f @mlnm|
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The proof of (3.41) will be complete once we prove that, always under (3.29),

T dTogm o
- — - 3

for an appropriate €, and except for finitely many m’s. We will do this via the Borel-Cantelli lemma.

From now on, we will make use for fixed m of the estimates in the proof of Theorem 3.1 for the inputs
(Nms By Frms Am), Where ¢ = /71 (so that (3.1) holds for every A = \,,,%). We will proceed letting
some constants which do not depend on m (assuming if needed that m is big enough) unspecified in the
analysis that follow, in all cases a specification whenever needed would be easy.

For A = A, and the corresponding input (7, Fim, Am), let Go, Ggm), and b(™ be given by (3.9),
and let t7" be given by (3.10) with A = A, and n = n,,. Notice that, in virtue of (3.16),

cle+1) N2

tim < 2 L 7 .
fm = 4  Spnm

Let &, be given, for some v > 1 to be specified later, by

BQ
) > 4e(c + 1))\3”5 m_ > 16B2 ). (3.47)

mnm

Em = 4yc(c + 1)A2, < 5o

Then by an elementary extension of (3.11) and (3.13) (which are derived for the explicit bound B = 1/4)
the estimate

- (m) (m) 40m) . (m)
P </"ang o B )‘mAnmgTB F0m) > 5m>

Tm”m m = nm

me
e 3e €
<3G 1 —pmy, M 3.48
- (cgmm e zagmm) eXp( ! 16B%> (348)

holds. We deduce further from this that for some positive constants a1, as, as, the above probability is
bounded by

m),(m b(m)f‘:mnm
< ayexp (aQV;mu —log(GI™tm)) — a3B%1>. (3.49)

We use now the nonasymptotic estimates” (see (3.9), (3.18) and (3.19))

b(m)fsmnm EmMNmOm
B, By

- log(Ggm)tm ) ~ log nm,

to deduce from (3.49) that for some positive constants ay, as, ag,

() g (m) 40m) (M) EmNimOm
P (Nnm gTBm‘f%(f:@) — A\ An,, gTBm‘iSﬂ) > 5m> <ai exp <CL4V]-'m log ny, — as B%)

m

<aj exp (—a5V]:m(Em — ag) log nm)
«

8For the case in which (6, )m is bounded by an arbitrary constant, use the fact that Vz,, 1og nm —m 00 to prove that
any ¢ > 0 works for all but finitely many m’s.

9For functions f, g with the same domain, f ~ g is a shortcut for the existence of constants 0 < a < b with the property
that, for every z, af(z) < g(x) < bf(x).
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=ay exp (—asVr, (4c(c + 1)yA2, — ag) log N
where
O, '

By taking v > 0 big enough so that
as(4e(c+ 1)y —ag) > a,

the conclusion follows from the Borel-Cantelli lemma and the summability of (n;@avfm) with Ci3.41) :=
4e(c+ 1)ysup,, {2} O

Remark 3.19 (Complement to Remarks 3.3 and 3.5). When (3.21) holds for all m with F replaced
by F., and « replaced by a,, € (0,1), and assuming without loss of generality that the corresponding
Cy,, satisfies Cr, > 1 (compare with Remark 3.5), the proof of Theorem 3.10 can be modified to show
that (3.41) holds replacing the term indicated in (3.32) by that in (3.33) provided that, for some p > 0,
(exp(—pndm))m is a summable sequence. To see this (further details are left to the reader) use, instead
of e, in (3.47),

B2
el = dvyelc+1)Cx, N2 mw

m — )
T,

and replace the estimate (3.48) by the corresponding estimate

— — /
P <u§{ﬁfg(m) = A AT s;n> < 3Gy exp (ofm@gmhm—am 4, > .

m
= m
TBm <I>nm Bm *nm 163,%1

The respective consequences for strong consistency can be deduced in an easy manner.

3.6 Proof of Theorem 3.14

First notice that, since (Fp,)m is increasing, the sequence

o= (it [ 110) — 2@ PP (a0)) (3.50)

fE€EFm JRd m

is non-increasing, and note that we can assume that this sequence is ultimately finite, i.e., that [g, [ f(z)—
®(2)|?Px (dz) < oo for some f € Foo 1= UpFum, as otherwise (3.46) is trivially true.
Let &) be specified, for every L > 0, by

W) () :=E[TLY|X = x].

To clarify some explanations later, we also introduce the P y-square integrable functions @45 and ®;,,(1)
(L > 0) characterized Px —a.s. by the equations

Paps(z) = E HY”X = I] ) (I)lar(L)(x) =K UY’1|Y|>L|X = JZ] )
and we observe that, by Jensen’s inequality and the definition of T}, for Px—a.e. x

max{sup [0 (@)],[9(z)[} < Bapo(2),
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[@(x) — 2 ()] SE[Y = TLY|IX = 2] < Bror(ry (),

and that if Ly < Lo, then ®;,,(1,) < ®i4r(r,), Px—a.s. Likewise notice that
[©(2) — @)(2) 2Py (dz) = E [[E[Y|X] — E [Ty, Y|X][2] <E[|Y - Tp, V2],  (3.51)
Rd

Bm)

and since B, —p, 0o, we deduce from (3.51) that Pl —m @ in LI%X. In particular, it follows easily

that (3.46) is equivalent to the assertion

lim sup ( / T, B (2) — ®Pm) (2)PPx (dz) — finff |f(x) — <I>(Bm)(a:)\2PX(da:)> <0, P—as.
€S m JRd
We apply Theorem 3.10 with Y, ;, = T’g,, Y. Note that, with the notation in that theorem,
By i = D5,

Px—a.s. for every m and every 1 < k < n,,, and that we are here under the hypothesis H2. Specializing
the notation from the previous proof in an obvious way (in particular pu := Px = p,, for all m) notice
that, if A,, is the random variable in Theorem 3.10 then, again by the convergence of ®(Bm) — & in
L

X

lim sup A, :=lim sup ( inf Anmg; ™ _ fir;_f plf — (b(Bm)]2>
€S m

m m

—1 A0 (M) _ 3|2
_hmsup< inf Anmgf fler}_fmu]f D| )

m

It suffices therefore by (3.41) to see that, under the given hypotheses,

limsup( 1nf A<m) ( ) _ 11}_f plf —®*) <0, P—a.s. (3.52)

m

Proof of (3.52). Let eoo = limy, £y, (see (3.50)) and, for any d > 0 given, let M; € N and f5s € Fa, be
such that for every m > Mj

5m§u|f5—<l>!2<soo+5§€m+5<oo,

note in particular that f5 € L]%X. Now, since
flnf Af mg; ™ H}_f plf — (I)|2 SA;Z:@)(H(S - TBmY1:nm|2 - |‘1)(Bm) - TBmYI:nm‘Q) — plfs — (I)’2 +4
for m > My, it suffices therefore to prove that

hmsupAnm (Ifs — T, Yimn > — @5 — Ty, yim,, [*) < plfs — @2,

P—a.s. Note now that by the Law of Large Numbers

A (85 = Yimn? =12 = Yimnl?) =m B(fs —yl? = @ —y[*) = ulfs — 2%,
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P—a.s., and therefore it suffices to prove that, P—a.s.,
timsup (A5 (1f5 = T, ¥, = 105 = T, y10,, %) = AT (s = Yion,, |2 = 1@ = Y1, ) < 0.
m
(3.53)

To do so take L > 0 and consider m large enough to have m > M;s and B,, > L, then

Ax:rf (’fé - TBmylznm‘2 - |(I)(Bm) - TBmyan’Z) - A%’fn)(!fa - yl:nm‘2 - ‘<I) - yl:nm‘2>
<A (175,10~ Vi QU851+ 20y 10, )+ (TB ¥ — V1o + 185 — @S] 4 @] + 2310, )
SA%ZE (‘TLYan = Yt | (1285 + [2¥1:0, 1) + (1LY 1000 — Y1 | + ‘I’lar(L))(2‘I’abs + 2|Y1:nm|)) )

and therefore, by the Law of Large Numbers, Holder’s inequality, and Jensen’s inequality, there exists
a constant C not depending of L such that

lim sup A%TZ <|f5 - TBmYI:nm’2 - “I)(Bm) - TBmylrnm‘Q) - A%"rif(lfa - yl:nm|2 - ’q) - YI:an)
m

< C(EITLY = YPY? + (B [(uar(ry(X))DV?) < 20(E [[YPLys]) ',

P—a.s. From here, (3.53) follows by letting L — 0. O
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