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Abstract

A major application of the mathematical concept of graph in quantum mechanics is to model networks of
electrical wires or electromagnetic wave-guides. In this paper, we address the dynamics of a particle trapped
on such a network in presence of an external electromagnetic field. We study the controllability of the
motion when the intensity of the field changes over time and plays the role of control. From a mathematical
point of view, the dynamics of the particle is modeled by the so-called bilinear Schrédinger equation defined
on a graph representing the network. The main purpose of this work is to extend the existing theory for
bilinear quantum systems on bounded intervals to the framework of graphs. To this end, we introduce a
suitable mathematical setting where to address the controllability of the equation from a theoretical point
of view. More precisely, we determine assumptions on the network and on the potential field ensuring its
global exact controllability in suitable spaces. Finally, we discuss two applications of our results and their
practical implications to two specific problems involving a star-shaped network and a tadpole graph.

1 Introduction

During the last decades, graph type models (Figure 1) have been extensively studied in the literature for
the modeling of phenomena arising in science, social sciences and engineering. Applications to the quantum
mechanics include the study of the dynamics of free electrons in organic molecules starting from the seminal
work [Pau36] (see also [Kuh48, Pla49, RS53, Slal7, Wil67]), the superconductivity in granular and artificial
materials [Ale83], acoustic and electromagnetic wave-guides networks in [FJK87, ML71], etc.
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Figure 1: A compact graph is a one-dimensional domain composed by finite vertices (points) connected by edges

(segments) of finite lengths.

The aim of this paper is to study the dynamics of a particle trapped on a network of wires, or wave-guides,
in presence of an electromagnetic external field. We assume that the particle is subjected to zero resistence
when it crosses the nodes of the network. The intensity of the external field is a function of the time and it plays
the role of control. The dynamics of the particle is modeled by the bilinear Schrodinger equation in L?(¥¢,C)
558 00(0) = A1) +u(BY(), L€ (0,T),

The term u(t)B in the (BSE) represents the external field acting on the system. The bounded symmetric
operator B describes the action of the field and u € L?((0,7),R) its intensity. The operator A = —A is a
self-adjoint Laplacian equipped with suitable boundary conditions (see the next paragraphs for further details).

The mathematical analysis of self-adjoint operators was addressed in [RS53] by Ruedenber and Scherr (see
also [RB72]). There, they studied the dynamics of specific electrons in the conjugated double-bounds organic
molecules. In such a context, some electrons behave as if they were trapped on a network of wave-guides. The
graphs are obtained as the idealization of these structures in the limit where the diameter of their section is
much smaller than the length. A similar approach was developed by Saito in [Sai00, Sai01] where the graphs
are obtained as “shrinking” domains. For analogous ideas, we refer to the papers [RS01, Ola05].



A natural question on the (BSE) of high relevance for the mentioned applications is whether it is possible
to control the motion of the particle through the network by varying the intensity of the external field. From a
mathematical point of view, we wonder if for any couple of quantum states 1y and 11, there exists a control u
so that the solution of the (BSE) with initial state 1o reaches, or at least approaches, 1.

A peculiarity of the bilinear quantum systems as (BSE) is that their exact controllability can not be ensured
in the Hilbert space where the dynamics is defined when B is a bounded operator. This is a consequence of the
results developed by Ball, Mardsen and Slemrod in the work on bilinear systems [BMS82].

For the bilinear Schrodinger equation (BSE) on the interval ¢ = (0, 1), a successful strategy was developed by
Beauchard in [Bea05] which addresses the exact controllability in suitable subspaces of L%((0,1),C). Beauchard
studied the equation with A the Dirichlet Laplacian —Ap on (0,1) and proved the local exact controllability
in D(|AD|%). This method was later exploited in [BL10, Mor14, MN15, Ducl9, Duc20].

Even though the global exact controllability of the bilinear Schrédinger equation (BSE) on ¢ = (0,1) is
well-established, the result on networks is still an open problem to the best of our knowledge.

e Firstly, it is not clear which is the “good” space where to consider the dynamics. When A is a self-adjoint
Laplacian on a compact graph, it is not easy to characterize how the boundary conditions defining the
domains D(]A|?) are affected by the variation of the parameter s > 0.

e From a spectral point of view, even though A admits compact resolvent (see Remark 2.1), its ordered
eigenvalues (\;)ren+ are not explicit up to very specific situations, unlike the Dirichlet Laplacian —Ap on
(0,1) (we refer to Remark 3.8 for further details on the subject). In general, a more complicated structure
of the networks entails increased difficulties in determining the spectral behavior.

e Finally, the techniques developed in the works [Bea05, BL10, Duc20, Ducl9, Morl4] can not be directly
applied for the (BSE) on compact graphs ¢. Indeed, the only sure fact on (Ag)ren+ is that the uniform
spectral gap infren+ [Ak+1 — Ax| > 0 can be only guaranteed when & = (0,1). This hypothesis is crucial for
the techniques developed in the mentioned works.

The purpose of this work is threefold. First, we introduce a suitable mathematical framework where to
consider the dynamics of the (BSE) and we characterize the Sobolev’s spaces D(|A|?) with s > 0. Second, we
study the well-posedness of the (BSE) in such domains for very specific values of the parameter s. Third, we
develop a new technique leading to the global exact controllability of the (BSE) in these spaces.

Our main result yields the global exact contrability for bilinear quantum systems on network under fairly
general hypotheses on the spectrum A and on the potential B. We infer the validity of the mentioned spectral
assumptions for suitable networks shaped as: star graphs, double-ring graphs, tadpole graphs or two-tails
tadpole graphs (Figure 2). In the following paragraph, we provide an explicit potential field B acting on a
star-shaped network so that the controllability is guaranteed. In Section 3.3, we treat another specific problem
on a network modeled by a tadpole graph.
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Figure 2: The figure respectively represents a star graph, a double-ring graph, a tadpole graph and a two-tails
tadpole graph.

Star-shaped network

Let us consider a network of 3 branches connected in one node. We can assume it is a structure of electrical
wires or a system of wave-guides representing the so-called “branching points” in the conjugated double-bounds
organic molecules (see [RS53] by Ruedenber and Scherr). We represent the network with a star-graph ¢
composed by 3 edges {e1,e2,e3}. We denote by v the internal vertex connecting all the edges of 4. We
parametrize each e; with a coordinate going from 0 to its length L; in v (see Figure 3).

Ly~ 0

Figure 3: The figure shows the parametrization of a star graph with 3 edges.

We consider a particle trapped on such a network and we represent it by a quantum state 1) = (1,92, 93) €
L?(94,C) := H?:l L?(ej,C), where each 97 : e; — C describes the probability of particle to be located in the



edge e;. We assume that an external field acts on the network as a sufficiently regular potential field u localized
on the branch represented by e; and with time-dependent intensity. We model the field as u(t)B where

(1) u e L*((0,T),R), B =% ¢7) € L*(,C) — (u(@)¥,0,0).

The dynamics of the particle in the time (0,7') is modeled by the bilinear Schrédinger equation in L?(¥4, C)
0! (8, 2) = =02 (t, @) + u(t)u(x)Y' (t, 2), t€(0,7T), = €(0,L),

(2) 102 (t, x) = —02?(t, 1), te (0,T), x €(0,Ls),
i0pp3(t, x) = —02¢3(t, x), te (0,T), x € (0,Ls3),

endowed with the following boundary conditions

(L) = ¢*(La) = ¢*(Ls), By (1) + 029*(La) + 029p* (L) = 0,
¥1(0) = ¥*(0) = ¥*(0) = 0.
The identities appearing in the first line of (3) model the peculiarity of the central node of the network to

act zero resistence on the crossing particle (see [RS53, RB72]) and they are encoded by Neumann-Kirchhoff
boundary conditions. The last identities are the classical Dirichlet boundary conditions. Let

3)

3
H* =[] H*(ex, C)

k=1

for s > 0. We denote by —A the Laplacian operator appearing in (2)-(3), i.e.
D(-A) = {w = (Y, 2, %) € H* : 1) verifies the boundary conditions (3)}

Definition 1.1. Let N € N*. We denote by AL(N) the set of elements {L;};<y € (R")" sothat {1, Ly,...,Ly}
are linearly independent over Q and all the ratios Ly /L, are algebraic irrational numbers.

The set AL(N) with N € N* contains the uncountable set of {L;};<ny € (RT)" such that each L; can be
written in the form tL; where all the ratios L;/L; are algebraic irrational numbers and ¢ is a transcendental
number. For instance, {7v/2, mv/3} belongs to AL(2), while {r, 7v/2, 73} to AL(3).

Theorem 1.2. Let ju: x € (0,L) — (z — L1)*. There exists C C (RT)3 countable such that, for every
{L1,La, L3} € AL(3)\ C, the dynamics of the system (2)-(3) is globally exactly controllable in

H* N D(|AP), €> 0.

In other words, let T'}. be the unitary propagator associated to the dynamics of (2)-(3) in the time interval (0,T)
with control uw € L*((0,T),R). For every ¥*,¢* € H*T* N D(|A|?) such that ||| 12w c) = V2|29 c)

T >0, wel?((0,7),R) : Tyyp' =y

Theorem 1.2 is proved in Section 3.2 and it is a consequence of the abstract result of Theorem 3.2. There,
the statement is guaranteed when specific hypotheses on the spectral behaviour of A and on the field B are
satisfied.

Theorem 1.2 yields that the controllability of (2)-(3) holds even though the external field only acts on the
edge e;. When the particle, represented by a state 1, is (mostly) localized in e, it is still possible to move it
to any other edge of the network by controlling the intensity of the field (Figure 4).

7/1(7‘) (.r/f L124 . 1/1(1‘) (.'r/f Ll)/‘1

Y

Figure 4: The figure represents an interesting application of Theorem 1.2: it is possible to steer any state 1,
localized in ez, to any other state 11, localized in es, by means of the dynamics of the bilinear Schrédinger
equation (2)-(3), even though the potential field u(t)u(z) = u(t)(x — L1)* only acts on the edge e;.

This peculiarity follows from the choice of { L1, La, L3} € AL(3). In this case, each bounded state of i0pt) = — Ay
is supported by the whole network (see Remark 3.6) and then, it is affected by the field acting on e;. As a
consequence, when we see 1y as a superposition of bounded states, we realize that the control field “see” the
particle even though it is localized on a different edge from e;.



Remark 1.3. If Ly/Ls is rational, then there exist eigenfunctions of —A wvanishing in ey. When L1/Ls is also
rational, the spectrum of —A presents multiple eigenvalues (see Remark 3.6). These are obvious obstructions to
the controllability of (2)-(3) since the potential only acts on e1. As a consequence, when we change the lengths
of the branches of the network, it may happen that the controllability of (2)-(3) is lost, even though the set of
the “uncontrollable” lengths is countable.

Scheme of the work

In Section 2, we present the mathematical framework and the notations adopted in the work. In Section 3, we
state with Theorem 3.2 our abstract global exact controllability result which we use to prove Theorem 1.2. In
the final part of this section, we also deal with a specific problem involving a tadpole graph. In Section 4, we
present some interpolation properties for the domains D(]A|?) with s > 0 and we ensure the well-posedness of
the (BSE). In Section 5, we prove the abstract result of Theorem 3.2 by extending a local exact controllability.
In Appendix A, we ensure some spectral proprieties adopted in the manuscript. In Appendix B, we provide a
new technique leading to the solvability of the so-called moment problem appearing in the proof of the local
exact controllability. In Appendix C, we develop some perturbation theory techniques.

2 Preliminaries

2.1 Mathematical framework and notations

Let ¢ be a compact graph composed by N € N* edges {e;};j<n of lengths {L,};<ny and M € N* vertices
{v;}j<m. For every vertex v, we denote

(4) N(w):={le{l,..,N} |veEe}, n(v) := |N(v)|.
We call V, and V; the external and the internal vertices of the graph ¢ (see Figure 5).

T~ o~ ——

Internal vertices m External vertices x

Figure 5: Internal and external vertices in a compact graph.

We study graphs equipped with a metric, which parametrizes each edge e; with a coordinate going from 0 to
its length L;. A graph is compact when it is composed by a finite number of vertices and edges of finite lengths.
We consider functions f := (f,..., fV) : 4 — C with domain a compact metric graph ¢ so that f7 : e; — C
for every j < N. We denote

=[] £%(¢;.C

J<N
The Hilbert space L?(¥,C) is equipped with the norm || - || 2 induced by the scalar product
(Wrp)rz =D (W @7 12,0 = Z ¢ (@)dz, Vi, € L2(F,C).
J<N J<N

For s > 0, we define the spaces

H* = H*(%,C) *(e;,C p* = {(@)jen € C | 31", < oo}

Jj=1

n"',:]z

1
We equip h* with the norm H(mj)jEN* = (352, l7%2;]?)? for every (z;)jen- € h®. Let f € H' and v be a
vertex of ¢ connected once to an edge e; with 7 < N. When the coordinate parametrizing e; in the vertex v is

equal to 0 (resp. L;), we denote

(5) amf](v) = amfj(o)v (reSIl 890.]”(”) = 781]”(.[/]))
When e; is a loop and it is connected to v in both of its extremes, we use the notation
(6) 0 f7 (v) = 0: F7(0) = 8 f7 (L)

When v is an external vertex and then e; is the only edge connected to v, we call 9, f(v) = 9, f7 (v).

In the bilinear Schrédinger equation (BSE), we consider the Laplacian A being self-adjoint and we denote
¢ as quantum graph. From now on, when we introduce a quantum graph ¢, we implicitly define on ¢4 a
self-adjoint Laplacian A. Formally, D(A) is characterized by the following boundary conditions.



Vertex boundary conditions. Let ¢ be a compact quantum graph.
(D) A vertex v € V. is equipped with Dirichlet boundary conditions when f(v) = 0 for every f € D(A).
(N) A vertex v € V, is equipped with Neumann boundary conditions when 9, f(v) = 0 for every f € D(A).

(NK) A vertex v € V; is equipped with Neumann-Kirchhoff boundary conditions when every f € D(A) is
continuous in v and ;¢ v, O f7(v) = 0 (according to the notations (5) and (6)).

Graph boundary conditions. Let ¢ be a compact quantum graph.
e The graph ¢ is said to be equipped with (D) when the Laplacian A = —A in L?(¢,C) is such that

D(A) = {4 € H? : 1) satisfies (NK) in every v € V; and (D) in each v € V,}.

e The graph ¢ is said to be equipped with (A/) when the Laplacian A = —A in L?(%4,C) is such that

D(A) = {4 € H* : 1 satisfies (NK) in every v € V; and (N) in each v € V,}.

e The graph ¢ is said to be equipped with (D/N') when the Laplacian A = —A in L?(¢,C) is such that
D(A) = {¢) € H* : 1 satisfies (NK) in every v € V; and each v € V, verifies (D) or (N)}.
Remark 2.1. When the boundary conditions described above are satisfied, the Laplacian A is self-adjoint (see
[Kuc04, Theorem 3]), it admits compact resolvent and then purely discrete spectrum (see [Kuc04, Theorem 18]).

We denote by (Ar)ren+ the ordered sequence of eigenvalues of A and (¢ )ren- is a Hilbert basis of L?(¥, C)
composed by corresponding eigenfunctions. Let [r] be the entire part of a number r € R. For s > 0, we denote

Hjyr = {1/1 € H*(9,C) } 92" is continuous in v, Vn € N, n < [(s+1)/2], Yo € Vi;

Z &I (v) =0, Vn N, n< [s/2], Vv € Vi},

JEN(v)

Hy = D(A*/?), 1oy = - oy = (D2 (k660 22%)

keN*

N|=

2.2 Spectral properties

The following proposition rephrases the results of [BK13, Theorem 3.1.8] and [BK13, Theorem 3.1.10]. There,

we denote by (x\f) the ordered sequence of eigenvalues of A on a compact quantum graph q.

keN*
Proposition 2.2. [BK13,Theorem 3.1.8] & [BK13, Theorem 3.1.10] Let ¢ be a compact quantum graph.
1) Let w be a vertex of 4. If 9Pis the graph obtained by changing the boundary conditions in w with (D), then
D *
<MY §)‘f+1; ke N*.
2) Let w and v be two vertices of 4 equipped with (NK) or (N'). If 4’ is the graph obtained by merging the
vertices w and v of 4 in one unique vertex equipped with (N'K), then

A <A <)Y, VkeN-

Let ¢4 a be compact graphs composed by N € N* edges. We define 4? the quantum graph obtained by
imposing (D) in each vertex of ¢: ¢ consists in N disjoint intervals equipped with (D). Let 9 be constructed
from ¢ by disconnecting each edge and by imposing (A') in each vertex: 4N consists in N disjoint intervals
equipped with (A'). From Proposition 2.2,

(7) M <M <Xy, k> 2N,

N D . . . 2, 2 —1)2.2
The sequences )f,f and /\f are respectively obtained by reordering {%}?é% and {(k ng n }’?g\*,' Now,
= v 1‘_

N (I —2N —1)2x2 1272 NP < (I + M)?x? < [222M 2
m2N = N2m, = 222N+ N2 b= m - m

for m = maxj<n L? and M = min;j<y L?. Finally, the last two relations and (7) lead to the following lemma.



Lemma 2.3. Let (\;)kens be the eigenvalues of a self-adjoint Laplacian A defined on a compact quantum graph
equipped with (D), (N') or (DJN'). There exist C1,C2 > 0 such that

Cik? < N\ < Cok?, Yk > 2.
When a compact quantum graph ¢ is not equipped with (A), we have 0 ¢ o(A) (the spectrum of A) and,
from Lemma 2.3, there holds || - ||(5) < [||A|2 - |12, i.e.
3C1,C2 >0 = Cifl -l < NAIZ -2 < Call - llo)-

When ¢ is equipped with (V) , we have 0 € 0(A) and A\; = 0. There exists ¢ € R such that 0 € o(A + ¢) and
Iy < 1A+ ¢l? - e

Now, from [DZ06, Proposition 6.2], there exist M € N* and & > 0 such that infren [V A st — V| > 0'M

and

(8) Jnf [ Aera = Al 2 VA inf, IV Akt m = V| > M

for 6 = v/ Ap410". The relation (8) yields the following lemma.

Lemma 2.4. Let (\;)kens be the eigenvalues of a self-adjoint Laplacian A defined on a compact quantum graph
equipped with (D), (N') or (D/N'). There exist 6 > 0 and M € N* such that

i — | > M.
Jof [Aepar = Aef 2 OM

In the next proposition, we use Proposition 2.2 in order to characterize the asymptotic behaviour of (Ag)ren+
when ¥ is one of the graphs represented in Figure 2.

Proposition 2.5. Let 4 be either a tadpole, a two-tails tadpole, a double-rings graph or a star graph with
N < 4 edges. Let 4 be equipped with (D/N'). If {L;}j<n € AL(N), then, for every e > 0, there exists C > 0
such that

‘)\]ﬁq — >\k| > Ck™¢, Vk € N*

Before providing the proof of Proposition 2.5, we introduce the following auxiliary result.

Lemma 2.6. Let {Ll}lSNl,{L}iSNQ C R with N1, Ny € N*. Let ()‘llc)keN* and (Aﬁ)keN* be the two sequences

of numbers obtained by reordering {%}k JEN® and {@}k ieN~ respectively. When all the ratios L/Ll are
1 3 i )

I<Ny i< Ny
algebraic irrational numbers, for every e > 0, there exists C > 0 such that

Mhy1 — M| >Ck™,  VkeN"
Proof. See Appendix A. 0

Proof of Proposition 2.5. Let 4 be a tadpole graph equipped with (D). We construct from ¥4 two quantum
graphs 4V and 97 as follows (see the first line of Figure 6 for further details). Let &N Dbe the graph obtained
by disconnecting the edge e1, representing the “head” of the tadpole, on one side. We impose (N) on the new
external vertex of e; created by this procedure. Let 4P be obtained from ¢ by imposing (D) on its internal

vertex v € V;. We respectively denote by ()\C,‘fm)k ene and ()\fN)k e the ordered sequences of eigenvalues in
2_2
4P and 4V which are obtained by reordering {%} pen- and {%}%N*. From Proposition 2.2,

j€{1,2}
9) M <A <0 NESVAEDV AN vk € N*.

If {Lq, Lo} € AL(2), then the ratios between the elements in {L, Lo, L1 4+ Lo} are algebraic irrational numbers.
Lemma 2.6 ensures the existence of C' > 0 such that, for every € > 0, there holds

N, =M > Y AT > Ck, Yk e N,

The claim is guaranteed when ¥ is a tadpole graph. The same techniques are also valid when ¥ is a tadpole
graph equipped with (NV), when ¥ is a two-tails tadpole graph, a double-rings graph or a star graph with N < 4
edges. In every framework, we impose that {L;}r<ny € AL(N). In Figure 6, we represent how to define GgN
and 4P from the corresponding . O



Boundaries: 0 Neumann-Kirchhoff, @ Neumann, x Dirichlet, m Dirichlet/Neumann.

Figure 6: The figure represents the graphs described in the proof of Proposition 2.5. The first column shows the
graphs ¢4 considered: tadpole, two-tails tadpole, double-rings graph, star graph with N = 3 and star graph with
N = 4. The second and the third columns respectively provide the corresponding graphs 4% and 4P .

3 Main results

3.1 Abstract controllability result
Let n > 0 and a > 0. We denote by I the subset of (N*)? such that I := {(j, k) € (N*)? : j < k}.

Assumptions I (7). The bounded symmetric operator B satisfies the following conditions.

1. There exists C' > 0 such that |[(¢;, Bo1) 2| > jfj;n for every j € N*.

2. For (j,k), (I,m) € I such that (j, k) # ([, m) and such that A\; — Ay = A\; — Ay, we have

(05, Boj)r2 — (br, Bow) 2 # (b1, Bor) 12 — (Pm, Bdm) 2.

The first condition of Assumptions I quantifies how much B mixes the eigenspaces associated to the eigen-
functions (¢x)ken+. This assumption is crucial for the controllability. Indeed, when B stabilizes such spaces,
also I'¥., the unitary propagator associated to the (BSE), does the same and we can not expect to obtain con-
trollability results. The second hypothesis is used to decouple some eigenvalues resonances appearing in the
proof of the approximate controllability that we use in order to prove our main results.

Assumptions II (n,a). Let Ran(B|gz) C HZ and one of the following assumptions be satisfied.

1. When ¢ is equipped with (D/N) and a +n € (0,3/2), there exists d € [max{a + 7,1},3/2) such that
Ran(B|H(z;+d) - H2tdn Hé

2. When ¥ is equipped with (N) and a +n € (0,7/2), there exist d € [max{a +n,2},7/2) and d; € (d,7/2)
such that Ran(B|H(2g+d) C H?*tn H}\}"Ig N HZ and Ran(B\H;f[1 ) C H/‘f}lc.
< K

3. When ¢ is equipped with (D) and a +n € (0,5/2), there exists d € [max{a + 7,1},5/2) such that
Ran(B|yz+a) C o NN HE. I d > 2, then there exists d; € (d,5/2) such that Ran(B|ga, ) C H.

Assumptions II calibrate the regularity of the control potential B according to the choice of the boundary
conditions defining D(A) which affects the definition of the spaces HS = D(|A|2) with s > 0.
We are finally ready to present our main abstract controllability result for the (BSE) on general networks.

Definition 3.1. Let I'% be the unitary propagator associated to (BSE) with 7> 0 and u € L?*((0,7),R). The
(BSE) is said to be globally exactly controllable in Hg, with s > 0 when, for every ¢!, ¢ € H, such that
1|2 = |92 L2, there exist T > 0 and u € L?((0,T),R) such that T%ypt = 2.

Theorem 3.2. Let 4 be a compact quantum graph. Let M € N* be defined in Lemma 2.4. Let exist C > 0
and d > 0 such that

(10) Mot — x| > Ch= ™1, Vk € N*.

If the couple (A, B) satisfies Assumptions I(n) and Assumptions II(n,d) for some 1 > 0, then the (BSE) is
globally exactly controllable in HE for s =24 d and d from Assumptions II.

Proof. See Section 5. O



In the next proposition, we state an abstract global exact controllability result valid when ¢ is one of the
graphs represented in Figure 2. This result leads to Theorem 1.2.

Proposition 3.3. Let {L;}j<n € AL(N). Let & be either a tadpole, a two-tails tadpole, a double-rings graph
or a star graph with N < 4 edges. Let 9 be equipped with (D /N ). If the couple (A, B) satisfies Assumptions I(n)
and Assumptions 1I(n, €) for some n,e > 0, then the (BSE) is globally exactly controllable in H, for s =2+d
and d from Assumptions II.

Proof. The claim follows by the validity of the spectral hypothesis of Theorem 3.2 due to Proposition 2.5. [

Remark 3.4. Let {L;};<2 € AL(2). Proposition 2.5 and then Proposition 3.3 are also valid when ¢ is a
two-tails tadpole with tails of length Lo and head Ly. The same is true when & is a star graph with 3 (or 4)
edges such that two edges are long Ly and the remaining one (resp. ones) Lo.

The size of the time in Theorem 3.2 depends on the initial and the final states of the dynamics. This is due
to the global approximate controllability result adopted in the proof of Theorem 3.2. Nevertheless, the local
exact controllability (presented in Proposition 5.2), is valid for any T' > 0 (see Remark 5.3 for further details).

3.2 Proof of Theorem 1.2

Proof. Let & be a star graph with 3 edges of lengths {L;};<3 equipped (D). The (D) conditions on the external
vertices imply that each eigenfunction ¢; with j € N* satisfies (;524 (0) = 0 for every [ < 3. Then,

dj(x) = (a sin(zv'\;), aj 2sin(zV/A,), a; 3 sin(zV/\, )

with {a}}1<3 C C such that (¢;);en+ forms a Hilbert basis of L?(%,C), i.e

o8 VAj) sin(Liv))
(11) |a]|2 sin?(zvV/\;)dx = \ (L =1.
Z;/ ; ( 2V )

For every j € N*, the (NK) condition in V; yields

a; sin(VAjLy) = ... = a’ sin(vV\;Ls), Zaé cos(V L) =0

1<3
(12)
Zcot(\[\le) =0, Z |a}|?sin(L;v/A;) cos(LiV/A;) = 0.
1<3 1<3
Now, (11) and (12) ensure 1 = 213:1 |a}|?L; /2. The continuity implies a}; = ;Zl;((\i i 3 for | # 1 and

9 sin (\f L1)> 1o 2Hm7ﬂsin2(\/>-L )
13 a;|*| L1 L =2, a
" ] ( +§ l (\f L) - = Zk 1Lka¢ksm (\f L )

From (12) and (13), we have Z?:1 cos(vVArLy) | | sin(v ALy, ) = 0. The validity of [DZ06, Proposition A.11]
and Lemma 2.3 ensure that, for every € > 0, there exist C7,Cy > 0 such that, for every j € N*,

1 2 2 CQ
|aj| = 3 . 9 2 3 —2y1+te > T+e”
S Lisin 2 (VA L) S LiCT2A; J

1) Validation of Assumptions I.1 . We notice (¢}, (Bo;)" )r2(e;,c) = 0 for I # 1 and k,j € N*. Let

2 Hm;«él Sin2( V >‘ij)

(14)

)= Y b Lisin®(y/A;z) [Tniin 0% (VA L) + 2 1Ty sin® (/A L) ’
Bi(z) = —30v/Aa + 20X, 28 + 4/, 2° + 15sin(2y/ A7)
o 40/ ’
B (@) i 2 2V = VA (V= )% Gsin(Vr = V)

(VAL = /A)°
—6(vA1 + /N2 + (VAT + /)% + 6sin((vVA; + /A)))
(VAL + /)




with 7 € N*. Each function B = y/ai(-)y/a;(-)B;(-) is non-constant and analytic in RT, while we notice
that B, g = = (¢1, B¢]>L2 = B (Ll) by calculation. The set of positive zeros V of each B is a discrete subset of
R+ and V = Ujen- V; is countable. For every {L;};<4 € AL(4) such that L, ¢ V, we have | By j| # 0 for every

j € N*. Now, there holds |By ;| ~ |a;|Liv/A1/Aj(Aj — A1) 2 for every j € N*\ {1}. From Lemma 2.3 and the
identity (14), the first point of Assumptions I(2 + €) is verified as, for each € > 0, there exists C3 > 0 such that

3
‘Bl,j Z Fu

Vi € N*.
2) Validation of Assumptions I.2 . By calculation, we notice that B; ; = (¢;, Bo;) 2 = Fj(L1) where

—30\fkm+20ka +4\Fkx +1581n(2ka)
40V,

Let (k, ), (m,n) € I, (k,j) # (m,n) for I defined above Assumptions I. For F} j 1, (2) = Fj(z)—Fj(z)— F(x)+

F,.(x), it follows Fj k 1.m(L1) = B j — Bik — By + Bm.m and F} ;. () is a non-constant analytic function for

z > 0. Furthermore Vj k1 m, the set of the positive zeros of Fj k1 m (), is discrete and V := U; . ; nen- Viktim
A kAL Em

is a countable subset of R*. For each {L;};<3 € AL(3) such that L; ¢ VUV, Assumptions [(2 + ¢) are verified.

Fy() = a;(a)

3) Validation of Assumptions II.3 and conclusion. We notice that B stabilizes the spaces HZ, H™ and
Hjy}e for m € (0,9/2) since, for n € N* such that n < 5, we have

0y (BY) (L) = .. = 0771 (BY)*(Ls) =0, V¢ € Hjye,

which implies By € H};x. The third point of Assumptions II(2 4 €1, €) is valid for each €1, ez > 0 such that
€1 + € € (0,1/2). From Proposition 3.3, the controllability holds in Hj " with ¢ > 0. Finally, we note that
Hyte = H*%< N HY (see Proposition 4.2 for further details). O

Remark 3.5. The proof Theorem 1.2 can also be adapted for star-graphs equipped with (N°) or with (DJN). In
such cases, we respectively have to use Proposition A.2 and Remark A.3 instead of [DZ06, Proposition A.11].

Remark 3.6. Let us consider a three edges star graph ¢ equipped with (D). The same observations can be
done for star graphs of N € N* edges and equipped with (D/N')

1) When {L1, Lo, L3} € AL(3), each eigenfuction ¢ = (¢, 2, ) of A is such that ¢* # 0 for every j < 3.
Indeed, if for instance ¢* = 0, then the continuity would imply ¢*(Lo) = ¢3(L3) = 0 and then the corresponding

2
eigenvalue X\ would be the form A = n{; and X\ = "zﬂ for suitable ni,no € N* which is impossible.

2) When Lo/ L3 is rational, there exist n,m € N* such that La/Ls = n/m. In this case, there exist eigenfuctions
of A of the form (0,sin(y/fx), — sin(\/px)) where p = kz’gg”Q 1s the corresponding eigenvalue for some k € N*.
When also Ly/Ls is rational, there exist n',;m', € N* such that Li/Ls = n’/m’. The sequence {py tren+ with

L = T2 is composed by eigenvalues of A and they are multiple. Indeed, fixed k € N*,
3

fr = (= 2sin(y/, @), sin(y/p, ), sin(y/11, @), gr = (0,sin(/p, @), — sin(v/i1,.z))

are reciprocally orthogonal eigenfunctions of A corresponding to pi.

3.3 Controllability of a bilinear quantum system on a tadpole graph

Another application of Theorem 3.2 is the following. Let ¢ be a tadpole graph composed by two edges {e1,ea}
connected in an internal vertex v. The edge e; is self-closing and parametrized in the clockwise direction with
a coordinate going from 0 to L, (the length e7). On the “tail” es, we consider a coordinate going from 0 in the
to Lo and we associate the 0 to the external vertex .

r v Ll ~L2
-------- R < D 0

Figure 7: The parametrization of the tadpole graph and its symmetry axis r.

Theorem 3.7. Let 4 be a tadpole graph equipped with (D). Let B : ) € L*>(4,C) — (u1t, potp?) with
Iz M

2m
w1 (x) :=sin (L—lx) +a(x — L), po(x) := 2® — (2L1 + 2Lo)x 4 L2 + 2L, Ly.

There ezists C C (RT)? countable so that, for each {L1, Lo} € AL(2)\C, the (BSE) is globally exactly control-
lable in Hy"™ with € > 0.



Proof. Let r be the symmetry axis of ¢ (see Figure 7). We construct (¢x)ren+ as a sequence of symmetric
or skew-symmetric functions with respect to r. If ¢, = (¢}, d7) is skew-symmetric, then ¢7 = 0, ¢1(0) =
#1(L1/2) = ¢L(L1) = 0 and 9,9} (0) = 0,b1(L1). We respectively denote by

D) 2%k 4k2772
= ((JEsin (22 0 , =\
(fk)ken ((\/Zbln (x L1) ))keN* (Vk) ken ( L2 )keN*

the skew-symmetric eigenfunctions belonging to the Hilbert base (¢x)ren+ and the ordered sequence of corre-
sponding eigenvalues. If ¢, = (¢4, ¢7) is symmetric, then we have 9,1 (L1/2) = 0 and ¢4(-) = ¢}.(L1 —-). The
(D) conditions on ¥ implies that the symmetric eigenfunctions corresponding to the eigenvalues (py)ren+ are

(9K ) ken = ((a,lg cos (\/ka(x — %)),ai sin(@z))) for {(a,lﬁ, ai)}keN* c C2.

keN*’

Now, we characterize the eigenvalues (px)gen+. The (NK) conditions in v ensure that aj cos(y/mg(L1/2)) =
a2 sin(y/prL2)) and 2a}, sin(y/ux(L1/2)) + ai cos(y/prL2)) = 0. Finally, (u)gen+ are the zeros of

(15) 2tan(y/px(L1/2)) + cot(y/uxL2)) = 0.

The remaining part of the proof follows by the same argument of the one of Theorem 1.2. The only difference
is that we need to use Remark A.3 instead of [DZ06, Proposition A.11]. O

Remark 3.8. As showed in the proof of Theorem 1.2, the study of the spectrum of A on a 3-edges star-graph
equipped with (D) consists in seeking for (Ag)gen solving the first two identities of (12). If for instance the
lengths of the edges are equal to L > 0, the eigenvalues are the zeros of Sin(ﬁL) and of cos(ﬁL). However,
in the general framework, the eigenvalues are obtained by solving ;.4 cot(ﬁLl) = 0 which is a transcendental
equation and then not always explicitly solvable. Similarly in Theorem 3.7, some eigenvalues are the zeros of the
transcendental equation (15). The same observations is valid for other graphs (see [DZ06] for further details).

4 Well-posedness and interpolation properties of the spaces H

In the current section, we provide the well-posedness of the (BSE).

Theorem 4.1. Let (A, B) satisfy Assumptions II(n,d) withn > 0 and d > 0. Let ° € Hé+d with d introduced
in Assumptions II. Let u € L*((0,T),R) with T > 0. There exists a unique mild solution of (BSE) in Hé"'d,
i.e. a function ¥ € Cy([0,T], H;’d) such that for every t € [0,T],

(16) W(t,z) = e~ iAt0(z) — i / e=IAU=5) g (5) (s, 2)ds.

0

Moreover, there exists C' = C(T, B,u) > 0 so that [|¢[| oo 1 H2r) < C||¢0||H;+d, while ||[¢(t)|| 2 = ||¥°]| L2
for every t € [0,T] and ¢y € HZ™.

Before proving Theorem 4.1, we present some interpolation properties for the spaces Hg, with s > 0 in the
following proposition. In this result, we denote by H%, H/({[,C and H° the Hilbert space L?(¥,C).

Proposition 4.2.
1) If the compact quantum graph & is equipped with (D/N°), then

H3} ™ = H} NH"*  for s1 €N, sy€(0,1/2).
2) If the compact quantum graph 4 is equipped with (N'), then
HG ™+ = Hy OHJE for 1€ 2N, 52 € [0,3/2).
3) If the compact quantum graph % is equipped with (D), then
my et = gt o gkt for sy € 2N, sy €0,3/2).

Proof. 1) Graph equipped with (D/N). We start by proving the first statement of Proposition 4.2.
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1) (a) Preliminaries. Let IV and I? be two quantum graphs defined on an interval I of length L. We
suppose that IV is equipped with (A), while I? is equipped with (D). From [Grul6, De finition 2.1], for every
s1 € 2N, 55 €]0,3/2) and s3 € [0,1/2), we have

(17) Hi 2 = Hil n Ho 21N, C), H;5™ " = Hipttngets2t(1P.C), H% = H(IP,C).

Let ¥ = I’™ be an interval equipped with (A) in the external vertex parametrized with 0 and with (D) in the
other. We prove

(18) Hib2 = HA, nHY™2(IM C), Vs €N, sy €[0,1/2).

Let I? and IV respectively be two sub-intervals of I of length %L. The interval 1P contains one external

vertex of ™M, while IV contains the other. ‘We consider both the intervals as quantum graphs: 1P is equipped
in both the external vertices with (D) and IV is equipped with (A). Fixed s > 0,

H*(IM,C) = H*(IP,C) x H*(IV, C), L*(IM,C) = L*(IP,C) x L*(IV,C).

Let [-, ]9 be the complex interpolation of spaces for 0 < 6 < 1 defined in [Tri95, Definition, Chapter 1.9.2].

From [Tri95, Chapter 1.15.1 & Chapter 1.15.3], for sy € [0,1/2), we have [LZ(TN,C),HI%N]SQ/Q = H%Zv and
[Lz(fp, 0), sz“v]sz/z = HZ,. Thanks to [Tri95, relation (12), Chapter 1.18.1], we have
2 TN 2/7D 2 2 _ [r2n 2 2/7D 2
|:L ([ 7(C) x L (I aC)7HfN X HTD:|52/27 |:L ([ 7C)5Hfj\/i|32/2 X [L (I ,(C)’HTD:|52/2,

—  HZ, = [L2(IM,(C),HI2M} = [L2(.7N7(C),H%N} X [L%’f”,@),ﬂ%v] = HZ X H

s2/2 s2/

Equivalently, Hi{ % = ngjl\/+52 X Hlij;sg for every s; € N* and sy € [0,1/2) which leads to (18) thanks to (17).

522

1) (b) Sobolev’s spaces for star graphs with equal edges. Let IV and I’ be defined as in 1) (a).
We respectively call Ay and Axq the two self-adjoint Laplacians defining IV and ™. Let (f})jeN* be a
Hilbert basis of L?(I,C) made by eigenfunctions of Ay and (f7)jen- a Hilbert basis of L*(1,C) composed by
eigenfunctions of Ax(. Let & be a star graph of N edges long L and equipped with (N). The (N) conditions
on V, imply that

dr = (a}, cos(zvV ), al cos(zVy)), Vk €N

where A is the corresponding eigenvalue and for suitable {a}};<y C C. The (N'K) condition in V; ensures that

sin(vVA\xL) Z al, =0, ap cos(V L) = ... = a) cos(VA\ L), VkeN*.
I<N

2,2 2,_2
Thus, each eigenvalue is either of the form % when Y, yak # 0, or % when Y,y al = 0 for

suitable n € N*. For every k € N*, there exists j(k) € N* such that
(19) #, is equal either to cfcfjl(k), or to cﬁcff(k) with ¢, €C, || <1, Wle{l,.,N}L

In addition, for each k € N* and m € {1,2}, there exist j(k) € N* and I < N such that f* = c%,(k)q%(k) with
c%_(k) € C uniformly bounded in k£ € N* and I < N. The last identity and (19) tell that the components of the

elements (¢ )ren+ are elements of (fjl)jeN* and (sz)jeN* and vice versa. Thus, ¢ = (¢!, ...,9N) € H if and
only if ¢! € v N Hjy for every I < N.

1) (c) Conclusion. Let ¢ be equipped with (D/A) and L < min{Ly/2 : k € {1,..., N}}. Let n(v) be defined
in (4) for every v € V., UV;. We define the graphs g(v) for every v € V; UV, and the intervals {I;};<n as
follows (see Figure 8 for an explicit example). If v € V;, then q (v) is a star sub-graph of ¢ equipped with ()
and composed by n(v) edges long L and connected to the internal vertex v. If v € V,, then 9| (v) is an interval
long L such that the external vertex v is equipped with the same boundary conditions that v has in &. We
impose (N) on the other vertex. Let v, 9 € V., UV; be such that v,0 € e;. Now, the graphs ¢4 (v) and ¢4(?9) have
respectively two external vertices wy and wsy lying on the same edge e; and such that w; ¢ 1 (0). We construct
an interval I; strictly containing w; and ws, strictly contained in e; and equipped with (N). We repeat the

procedure for every edge e; with j < N and we define the intervals {I;},<n.

11



vy Vom—e» %‘z o o—uls )
- L. = ’—{‘{1]2 .\Il. Iy \5 Iy o~
, U3 I5 I
{2 *uv3 vy Yuio /L \' \ I 1

Boundaries: 0 Neumann-Kirchhoff, @ Neumann, m Dirichlet/Neumann.

Figure 8: The left and the right figures respectively represent the graphs {Q(U)}ueviuve and the intervals {I;}<n
for a given graph 9.

From 1) (a) and 1) (b), for every v € V;UV,, j < N, s; € N and s, € [0,1/2), we have the va-

lidity of the identities H;J(j;)‘” = H;;(U) N H51%2(4(v),C) and HZ_HFS? = Hj' n H***2(I;,C). We notice

that G := {Z(v;)}j<m U {I;}j<n covers 4. As in 1) (a), we see each function of domain ¢ as a vector
of functions of domain G; with 7 < M + N. The first relation of Proposition 4.2 is proved by adopting
[Tri95, relation (12), Chapter 1.18.1] as in 1) (a).

2) Graphs equipped with (V). Let ¢ be equipped with (V) and N, = |V.|. We consider {Z(v)}vev,
introduced in 1) (c) and we define ¢ from ¥ as follows (see Figure 9). For every v € V., we remove from the
edge including v, a section of length Z/ 2 containing v. We equip the new external vertex with (N).

— & v ) v—T——'
-U\l' &4 ! ;,,5 - O{l12 \ e
w i [ a9 Lv1o /\ \ I

Boundaries: 0 Neumann-Kirchhoff, @ Neumann, m Dirichlet/Neumann.

Figure 9: The left and the right figures respectively represent the graphs {g(v)}1;eve and fgfor a given graph 4.

We call G := {G)}j<n.+1 = {Z(v)}vev, U {9} which covers &. For every s; € 2N, sy € [0,3/2), we have
Hgl(':)” H(;l( | N H*1*52 from (17). Now, H3} ™ = H;fr‘” X [Loey, H*7°2(4(v),C). The second relation of
Proposition 4.2 follows from the arguments of 1) (a).

3) Graphs equipped with (D). The third point of Proposition 4.2 is proved as the second by considering

{{!7 (v)}vev, as intervals equipped with (D) and q equipped with (D) in its external vertices. O

We are finally ready to prove Theorem 4.1 which follows from Proposition 4.2 and from the following auxiliary
result.

Lemma 4.3. Let (\;)kens be the eigenvalues of a self-adjoint Laplacian A defined on a compact quantum graph
equipped with (D), (N') or (D/N'). For every T > 0, there exists C(T) > 0 uniformly bounded for T lying on
bounded intervals such that
T
/ ei)‘<‘>sg(s)ds
0

Proof. The result is a consequence of Proposition B.6 which validity is ensured by Lemma 2.4. O

<CMgllizzco,1).0)-

Vg € L*((0,T),C), ‘
g2

Proof of Theorem 4.1. 1) Preliminaries. Let T > 0 and the function f be such that f(s) € H2+dﬂH}\;§C‘iﬂHé
for almost every s € (0,7). We introduce

)
G() :2/0 61A7—f(7')d7'

In the first part of the proof, we prove that G € CO([O,T],H(?'”Z) by ensuring the existence of C(T) > 0
uniformly bounded for 7' lying on bounded intervals such that [|G|| w7y g2+e) < C(D)|fllz2(0,1),m2+4)- To
the purpose, we distinguish the different frameworks described by Assumptions II.

1) (a) Under Assumptions IL.1. Let f(s) € H3NHZ for almost every s € (0,T) and f(s) = (f1(s), ..., fV(s)).
We prove that G € CY([0,T],H}). Let t € (0,T). The definition of G(¢) implies

) 6= [ et st 160k = (3 [ o snea])

keN*

We estimate (¢, f(s,-))r2 for each k € N* and s € (0,t). We suppose that Ay # 0. Let 0,f(s) =
(Opf1(8), ..., 0. fN(s) be the derivative of f(s). We call Je the two points composing the boundaries of an
edge e. For every v € V., 0 € V; and j € N(0), there exist a(v)7aj(f)) € {—1,+1} such that

(21) <¢k,f(8)>L2 = /\2 / 81,% )63f(s Yy dy+ Z Z aJ ngJ )83f3(s,’l})

UGV UVe jEN (v)
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From Lemma 2.3, there exists C; > 0 such that )\,;2 < C1k~* for every k € N* and

S P>

veEV;UV, jEN (v)

t
lqﬁj / eikksagfj(s, v)ds
0

).

Remark 4.4. We point out that A’,\,;Wangk = )\kx\;l/Q@z(;Sk for every k € N* where A’ = —A is a self-adjoint
Laplacian with compact resolvent. Thus, ||)\,:1/28m¢k||%2 = ()\,:1/23m¢k,)\,;1/25‘m¢k>m = <¢k,)\;1A¢k>Lz =1
and then (A;l/zangk)keN* is a Hilbert basis of L*(¥,C).

B [ o ) s

(22)

t
4| [ e / Daon ()02 f (5, ) dyds
@G

Let al = (a})ren-,b! = (bh)ren- € C for I < N be so that ¢! (z) = akcos(vApx) + b sin(v/ A\zz) and
—al sin(vAgx) + bl cos(VIArz) = )\,;1/23w¢§§(x). There holds al, b! € £>°(C) since

—-1/2 *
2> |\ 2000k 120 ) + 1041200y = (ak? + [BLP)erl, Yk eN, I<N.

Thus, there exists Cy > 0 so that, for every k € N* and v € V, UV}, we have |)\lzl/28x¢k(v)| < (5. From the
validity of the relations (20) and (22), it follows

Gl <arc: Y S H/ 92f9 (s, v MquSH +01H/ 20,0 (s),83f(8)>L2€M<’)sdsHp

veV.UV; jEN (v)

The last relation, Lemma 4.3 and Remark 4.4 ensure the existence of C3(t), C4(t) > 0 uniformly bounded for ¢
in bounded intervals such that

23)  NGlug = Cs(t ) Y D 1P G0l on.0) + VEIE L2 o..m9) < Ca@IFC )20,

veVeUV; jEN (v)

We underline that the identity is also valid when A; = 0, which is proved by isolating the term with k =1
and by repeating the steps above. For every ¢ € [0,T], the inequality (23) shows that G(t) € H. The
provided upper bounds are uniform and the Dominated Convergence Theorem leads to G € C’O([O,T],H;).
When f(s ) € H5 N H, for almost every s € (0,T), the techniques just adopted leads to G € C°([0, T, HS).

Let F(f f AT f()dr for f € L3(4,C) and t € (0,T). For B a Banach space, let X (B) be the space
of functlons f S0 that f(s) € B for almost every s € (0,T). The first part of the proof implies

F:X(H*NHZ) — C°([0,T], HY), F: X(H®>NHY) — C°([0,T], HY).

From a classical interpolation result (see [BL76, Theorem 4.4.1] with n = 1), we have F : X (H?**4n H ") —
C°([0,T), HZ™) with d € [1,3]. Thanks to Proposition 4.2, if d € [1,3/2) and f(s) € H**'NH ¢ N HZ =
H?+ 0 HT for almost every s € (0,T), then G € C°([0,T), HZ™).

1) (b) Under Assumptions IL.3 . If ¢ is equipped with (D), then HZ = H3c N Hy and Hj = Hy,c N HY
from Proposition 4.2. As above, if f(s) € H* N Hy;c N HY, for almost every s € (0,T), then G € C°([0,T], HZ,),
while if f(s) € H5 N Haye N HY for almost every s € (0,7, then G € C°([0,T], H3). From the interpolation
techniques, if d € [1,5/2) and f(s) € H**4N H\ZE N HY for almost every s € (0,7T), then G € C°([0,T], HS™).
1) (c) Under Assumptions IL.2 . Let f(s) € H*N H3y,c N HZ for almost every s € (0,7) and ¢ be equipped
with (V). In this framework, the last term in right-hand side (21) is zero. Indeed, 9 f(s) € C” as f(s) € Hy«
and, for v € V., we have d,¢x(v) = 0 thanks to the (A') boundary conditions (the terms a’(v) have different

signs according to the orientation of the edges connected in v). For every v € V;, thanks to the (NVK) in v € V;,
we have 37/ n(,) @ ¥ (v), ¢ (v) = 0. From (21), we obtain

(O, 1(5) Lzli S Y @) (s,v) + AQ/ask O£ (s, )dy

veV;UVe jEN (v)

Now, (¢)ken is a Hilbert basis of L?(%,C) and we proceed as in (22) and (23). From Lemma 4.3, there
exists Cg(t) > 0 uniformly bounded for ¢ lying in bounded intervals such that [|G||gs < C1()[f(-; )l L2((0,), 19)
and G € C°([0,T), Hy). Equivalently, when f(s) € H® N Hy, N H for almost every s € (0,T), we have
G € C°([0,T], HS). As above, Proposition 4.2 implies that when d € [2,7/2) and f(s) € H**4n H\}Z¢ 0 H2 for
almost every s € (0,7), then G € C°([0,T], H?;rd).
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2) Conclusion. As Ran(B|H§+d) C H*nH\WEH2 C H** we have B € L(H", H**9) thanks to the

arguments of [Duc20, Remark 2.1]. Let ¢y € HZ™. We consider the map F : ¢ € C°([0,T],H") — ¢ €
C°([0,T), HZ™) with

6(t) = F()(t) = e~ Aty /A ()Bi(s)ds, Vi€ [0,T].

For every ¢!, ¢? € C°([0,T), HS"), we have F(y')(t) — F(1?)(t) f et A=)y (s)B(yt(s) — ¥?(s))ds. From
1), there exists C(t) > 0 uniformly bounded for ¢ lying on bounded intervals such that

||F(¢l) - F(wQ)”Loo((o,T),H;*d) = C(T)HUHLZ((O,T),R) Il Bl L(H;M,sz)”wl - z/’2||Loo((07T)71j{35+d)~

If [[ul| 2 ((0,7),r) is small enough, then F'is a contraction and Banach Fixed Point Theorem implies that there

exists 1 € CO([0,T], H;'?) such that F(y) = 1. When |Jul|r2((0,r)r) is not sufficiently small, one considers
{tj}o<j<n a partition of [0,7] with n € N*. We choose a partition such that each ||up2(,_, ¢,),r) s s0 small
that the map F, defined on the interval [t;_1,¢;], is a contraction. Thanks to the Banach Fixed Point Theorem,
the existence and the uniqueness of the mild solution is provided. In conclusion, the solution i of the (BSE)

when u € C°((0,7),R) is C1((0,T),L*(¥4,C)) and ;|| (¢)||*> = 0, which implies |[1(¢)|| = ||(0)| for every
t € [0,T]. The generalization for u € L*((0,7T),R) follows from classical density arguments. O

5 Abstract global exact controllability result

5.1 Local controllability

The aim of this section is to prove Theorem 3.2. The result is achieved by gathering the local exact controllability
and the global approximate controllability (both provided below) thanks to the time reversibility of the (BSE).
Before stating the local result, we need to introduce the following auxiliary lemma.

Lemma 5.1. Let the hypotheses of Theorem 3.2 be satisfied. Let T' > 27 /0 with 6 > 0 defined in Lemma 2.4.
For every (zx)ken- € h%(C) with x1 € R, there exists u € L((0,T),R) such that

T
Ty = / u(r)e! A=A g r Vk € N*.
0

Proof. The result is consequence of Proposition B.5. O

Proposition 5.2. Let the hypotheses of Theorem 3.2 be satisfied. Let s = 2+ d with d defined in Assumptions
II. There exist T > 0 and € > 0 such that, for every

Ve Ol ={veHy | |[Vl=1 lv— (Dl <e},
there exists a control function u € L*((0,T),R) such that 1) = T%¢;.

Proof. The result can be proved by ensuring to the surjectivity, for T' > 0 sufficiently large, of the map

IY¢1:ue L2((0,T),R) — v € O3 p C Hy,  TV¢1=Y ult 1) pa
keN*

Let the map a be the sequence with elements oy (u) = (¢pr(T), %) 2 for k € N*, so that
o L((0,T),R) — Q i= {x i= (z)kex- € h*(C) | [ = 1}.

The local controllability can be guaranteed by proving the local surjectivity of the map « in a neighborhood
of a(0) = & = (dk,1)ken+ with respect to the ~A® norm. To this end, we use the Generalized Inverse Function
Theorem ([Lue69, Theorem 1; p. 240]) and we study the surjectivity of y(v) := (d,a(0)) - v the Fréchet
derivative of . Let Bjy := (¢, Bdy) 2 with j,k € N*. The map 7 L?((0,T),R) — T5Q = {x := (zx)ken+ €
h*(C) | iz1 € R} is the sequence of elements vy (v) := —zf iAe=A)sqr By, with k € N*. Now,

T
(24) ry /B = _i/ u(r)e' kAT dr, V(zk)rens € TsQ C h°
0

is the moment problem associated to the local exact controllability. Proving surjectivity of v corresponds to
ensure the solvability of (24). In other words, we prove that there exists T' > 0 large enough such that, for every
(k) ken~ € T5Q, there exists u € L?((0,T),R) such that (zx)ken = (£(uw))ren+. Even though the strategy of
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the proof is common for this kind of works (see [BL10, Mor14, MN15, Duc20, Ducl9]), proving the solvability
of (24) can not be approached with the classical techniques as we can not ensure the validity of the spectral
gap infrens [Ag+1 — Ax| > 0. To this purpose, we refer to the theory developed in Appendix B which leads to
Lemma 5.1. We notice that By ; € R as B is symmetric, iz1/B1,1 € R and (xk/Bkvl)k:eN* € hi—n C he thanks
to the first point of Assumptions I. Thanks to Lemma 2.4 and the identity (10), the hypotheses of Lemma 5.1
are satisfied and the solvability of (24) is guaranteed in hd. In conclusion, the map v is surjective and « is
locally surjective, which implies the local exact controllability. O

Remark 5.3. The identity (8) ensures the validity of (35) for § > 0 as large as desired when M € N* is also
sufficiently large. As a consequence, Lemma 5.1 is valid for any T > 0 and the same is true for the solvability
of the moment problem (24). Finally, Proposition 5.2 can be guaranteed for any positive time.

5.2 Global approximate controllability in

Definition 5.4. The (BSE) is said to be globally approximately controllable in H with s > 0 when, for every
Y e Hg, T e UL?(9,C)) (the space of the unitary operators in L?(%¢, (C)) such that I') € H, and € > 0, there
exist T'> 0 and u € L((0,T),R) such that [|T% — T%¢]| s < e

Proposition 5.5. Let (A, B) satisfy Assumptions I(n) and Assumptions II(n,d) for n > 0 and d > 0. The
(BSE) is globally approximately controllable in HE for s =2+ d with d from Assumptions II.

Proof. The proof is obtained by simply adapting the one of [Duc20, Theorem 4.4]. As a consequence, we only
focus on detailing those steps where the two proofs differ.

1) As in the mentioned proof, in the point 1) of the proof, we suppose that (A, B) admits a non-degenerate
chain of connectedness (see [CMSB09, Section 4.2] or [BCC13, Definition 3]). We treat the general case in the
point 2) . Let m,, be the orthogonal projector m,, : # = L*(4,C) — S, := span{¢; : j < m} with
m € N*. Up to reordering (dx)ren+, the couples (7, Ay, T By, ) for m € N* admit non-degenerate chains of
connectedness in 7. Let || - | sv(r) = || - | Bv(0,r)®) and | - [ o = I - |l L(HS, HE) for s > 0.

1) (a) Approximate controllability with respect to the L?>-norm. Let ¢ € J# and T e U(s?2). We
refer to the proof of the global approximate controllability with respect to the L2-norm developed in the first
point of the proof of [Duc20, Theorem 4.4]. By considering 7 := L%*(¥,C), the mentioned proof ensures the
existence of K1, Ky, K3 > 0 such that for every e > 0, there exist 7' > 0 and u € L?((0,7T),R) such that

(25) lullgvery < K1, [l o,m)r) < Koy Tlullpeor e < K3 and  ||[D%¢ — Tyl 2 <ce.

1) (b) Global approximate controllability in higher regularity norm. Let ¢ € H, with s € [s1,5, +2)
and s; € N*. Let I' € U(J¢) be such that I') € Hj and B : Hj} — Hg}'. As in the proof of [Duc20, Theorem

4.4], we consider the propagation of regularity developed by Kato in [Kat53] which ensures the following fact.
For every T > 0, uw € BV((0,T),R) and ¢ € Hf;”, there exists C'(K) > 0 depending on

(26) K = ([[ull gv(ry; lull L= 0,7)r) Tlltll oo (o,ry,r))  such that — [[TH0| (s, 42) < CK)|[Y]](5,12)-

Now, we notice that, for every ¢ € HS, from the Cauchy-Schwarz inequality, we have ||A¢||3. < ||[¢| 2] A*Y|| L2
and there exists Co > 0 such that [|A%¢]|7, < [[AY||2:[|A3]|2. < Colj¢||L2]|A3¢]|3.. By following the same

idea, for every ¢ € H{‘}H, there exist my, mo € N* and C3,C4 > 0 such that

s1+2

Yl = WIS < Gl I -

(27) AR )75+ < Callyll7s 1A

Finally, when B : Hj — Hg with s; > 0 and (A, B) admits a non-degenerate chain of connectedness, the
identities (25), (26) and (27) ensure the global approximate controllability in Hg, for s € [s1,s1 + 2).

1) (c) Conclusion. Let d be the parameter introduced by the validity of Assumptions II. If d < 2, then
B : HZ — HZ and the global approximate controllability is verified in Hé’ﬂ since d +2 < 4. If d € [2,5/2),
then B : H% — H% with d; € (d,5/2) from Assumptions I1. Now, H;l = H% N HZ, thanks to Proposition
4.2, and B : HZ — HZ implies B : H}' — H3'. The global approximate controllability is verified in Hg">
since d +2 < dy + 2. If d € [5/2,7/2), then B : Hiy — Hi}y for dy € (d,7/2) and HY = Hi N HZ from
Proposition 4.2. Now, B : H2 — HZ that implies B : HY — HZ%'. The global approximate controllability is
verified in H;” since d + 2 < dqi + 2.

2) Generalization. Let (A, B) do not admit a non-degenerate chain of connectedness. We decompose

A+u(-)B=(A+uyB)+ui(-)B, up €R, wuy € L*((0,T),R).
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If (A, B) satisfies Assumptions I(1) and Assumptions II(1, d) for n > 0 and d > 0, then Lemma C.2 and Lemma
C.3 are valid. We consider ug in the neighborhoods provided by the two lemmas and we denote (¢;°)ren=
a Hilbert basis of 7# made by eigenfunctions of A + ugB. The point 1) can be repeated by considering the
sequence (¢}°)ken+ instead of (¢y)ren- and the spaces D(JA + uoB|2) in substitution of Hf with s > 0. The
claim is equivalently proved since (A 4 uoB, B) admits a non-degenerate chain of connectedness from Lemma
C.2 and |||A+uoB|?

2 = Il lls) with s = 2+ d and d from Assumptions II(n, d) thanks to Lemma C.3. O

5.3 Proof of Theorem 3.2

Let T,e > 0 be so that Proposition 5.2 is valid. Let us assume 1,12 € HS, such that ||| 2 = |[¢b2]/f2 = 1.
The same technique also applies in the general case. Thanks to Proposition 5.5, we have

I, Tp >0, uy € L*((0,71),R), uz € L*((0,T2),R) = [[Tihs — dnlls) <€, D2 — ulls) <€
and then Tl by, Tl2epy € OF . From 1), there exist uz,us € L?((0,T),R) such that
LWl = TWT8 gy = ¢y = 3T >0, e L((0,T),R) : Tiiy =
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the organization of the work. He is also grateful to Olivier Glass and Nabile Boussaid for having carefully
reviewed the presented theory and to Kais Ammari for suggesting him the problem. He also thanks the
colleagues Riccardo Adami, Enrico Serra and Paolo Tilli for the fruitful conversations.

A Appendix: Some auxiliary spectral results

In the current appendix, we characterize (Ag)ren+, the eigenvalues of the Laplacian A in the (BSE), according
to the structure of ¢ and to the definition of D(A).

Proposition A.1. (Roth’s Theorem; [Rot55]) If z is an algebraic irrational number, then for every e > 0 the
inequality ’z — %| < # is satisfied for at most a finite number of n,m € Z.

Proof of Lemma 2.6. For every k € N*, there exist m,n € N*, ¢ < N7 and | < Ny such that )\/1€+1 = % and
l

)\% = "Z’;z We suppose L; < L;. Let z be an algebraic irrational number. From Proposition A.1, we have that,
for every € > 0, there exists C' > 0 such that |z — n/m| > Cm~27¢ for every m,n € N*. Thus, when m < n, for
each € > 0, there exists C7 > 0 such that

‘mQﬂ'2 n27r2‘ _ ‘(@ n H) (m ﬂ)‘ S 2mm mm  nw S 20, w2
If m > n, then ‘mzf‘ — "2’;2 | > 71'2(Lf2 — f/;Q), which conclude the proof. O
l i

We consider now the techniques developed in [DZ06, Appendiz A] in order to prove [DZ06, Proposition A.11].
For x € R, we denote by E(x) the closest integer number to x and

lzll = min|z -2, F(z) =2 - E(z).
We notice |F(z)| = ||z || and —3 < F(2) < 3. Let {L;};<ny € (R")Y and i < N. We also define

n(z) = E(I - %) r(z) == F(:c - %) d(z) = ||z — % I, miz):= n(%z)

Proposition A.2. Let {Ly}r<n € AL(N) with N € N*. Let (wp)nen- be the unbounded ordered sequence of
positive solutions of the equation

(28) Z sin(xLy) H cos(zL.,) =0, z eR.

I<N m#l

For every € > 0, there exists Ce > 0 so that | cos(wnL;)| > S5 for every | < N and n € N*.

w}fre
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Proof. From [DZ06, relation (A.3)], for every x € R, we obtain the identities

(29) 2d(x) < |cos(mz)| < wd(x), Qd((ﬁf(x) + %) %) < ‘ cos ((fﬁz(aj) + 1) &w) ‘

As cos(ay — ag) = cos(ay) cos(ag) + sin(aq) sin(as) for ag,as € R and mi(z) +
r € R, we have

= g — r(% ) for every

N[ =

_, 1N\ L; ([ Lj| (L
(30) 2d(<m (x) + §)fi) < |cos(L;x)| + |sin (ﬂLZ r(Fx) D‘ :
From [DZ06, relation (A.3)] and (29), we have the following inequalities | sin(w|r(:)|)| <« || |r()| || < =|r(-)| =
md(-) < §|cos(m(-))|, which imply ’sin (71'% T(L?x)D & r(%x)‘ < 37 (L;z)| for every x € R. From
(30), there exists Cy > 0 such that, for every i < N,
~ I\ L; 1
Hd((m’(x) + 5) L—]) < N1 H |cos(Ljz)| + Cy|cos(L;zx)| VYV eR.
J#i ! J#i

If there exists (wn, )ken+ C (Wn)nen+ such that |cos(Ljwn, )| LN 0, then [],_; | cos(Liwn, )| £, 0 thanks

o (28). Equivalently to [DZ06, relation (A.10)] (proof of [DZ06, Proposztzon A 11]), there exists a constant
Cy > 0 such that, for every i € {0, ..., N}, we have

et [T (00 + 1) =TT 03 (000 + )22 1)1

J#i
Now, we have || 2(-) || = 3 [I- [l and || (-)=1|| = [|-[I. We consider the Schmidt’s Theorem [DZ06, Theorem A.7]
since {Ly}r<n € AL(N). For every € > 0, there exist C3,Cy > 0 such that, for every n € N*, we have
Tz 3 I (Afn) + 3) 22 2 el 2 e O

Remark A.3. The techniques proving [DZ06, Proposition A.11] and Proposition A.2 lead to the following
results. Let (wp)nen C RY be an unbounded sequence and (wn, )gen+ any subsequence of (wn)nen+. Let
{Li}r<n € AL(N) with N € N* andl < N.

1) If | cos(Liwn,)| LN implies [[;4; | cos(Ljwy, )| E2%00 or [T Isin(Ljwn,)| LN 0, then

(31) Ye>0, 3C>0 : |cos(w,ly)|>Cuw,'™c, VI <N, neN".

k—o0 k— o0

2) If | sin(Liwn, )| E2%00 0 implies [T | cos(Ljwn, )| —— 0 or [[, [sin(Ljwy, )| —— 0, then

(32) Ve>0, 3C>0 : |sin(w,Ly)| > Cuw, '™, VI < N, n € N*.

B Appendix: Moment problem

Let 2 = L?((0,T),R) with T > 0 and Z* = Z \ {0}. Let A = (A\x)rez~ be pairwise distinct ordered real
numbers such that

= N* 35 >0 A Al > 6
(33) M e N, > (hez- | k+M7£0}| kM — A M.

From (33), there do not exist M consecutive k € Z* such that |[Ag41 — Ag| < § and then, there exist some
j € Z* \ {—1} such that |vj11 — v;| > 6. This leads to a partition of Z* in subsets {E,,}mez- that we
construct as follows. We denote by (I,,)mez+ C Z* \ {—1} the ordered sequence of all the numbers such that
v, +1 — v, | > 6. We add the value —1 when |y —v_;1| > §. We denote by {Ey, }mez the sets

E,lz{kez* : 1,1+1§kg11}, Em:{kez* : lm+1§k§lm+1}
with m € Z*\ {—1}. The partition of Z* in subsets { E,, }mez+ also defines an equivalence relation in Z*. Now,
{Em}mez+ are the equivalence classes corresponding to such relation and |E,,| < M — 1 thanks to (33). Let

s(m) be the smallest element of E,,. For every x := (z)rez+ C C and m € Z*, we define

x™ = (xzn)l§|Em|a : "= Ls(m)+(1—1)> VI < |Epl.
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In other words, x™ is the vector in C!®=! composed by those elements of x with indices in E,,. For every

m € Z*, we denote Fy,(A™): ClPn| — CIPnl the matrix with components

Hl;éj()\;n - )‘;n)_la ] S k7
i<k .
Foji(A™) 7= Q1 j=k=1, Vi k < |Eml.
0, j >k,

For each k € Z*, there exists m(k) € Z* such that k € E,, (), while s(m(k)) represents the smallest element of
Epk)- Let F(A) be the infinite matrix acting on x = (24)rez- C C as follows

(F(A)x), = (Fm(k) (Am<k>)xm<k>) Vkez.

k k—s(m(k))+l’

We consider F(A) as the operator on ¢2(Z*,C) defined by the action above and with domain

H(A) = D(F(A)) = {x = (zp)rez- € C*(Z*,C) : F(A)x € (*(Z*,C)}.
Remark B.1. Each matriz F,,(A™) with m € Z* is invertible and we call F,,(A™)~! its inverse. Now,
F(A): H(A) — Ran(F(A)) is invertible and F(A)™' : Ran(F(A)) — H(A) is so that, for x € Ran(F(A)),

(F(A)"'x)

L= (Fm(k)(Am(k))_lxm(k)) Vk € Z*.

k—s(m(k))+1’
Let Fm(k)(Am(k))* be the transposed matrix of F, ) (A™R)) for every m € Z*. Let F(A)* be the infinite
matrix so that, for every x = (zy)rez- C C,

(FA)%), = (Fugy ") x®) - ke Z

Proposition B.2. Let A := (A\g)rez- be an ordered sequence of real numbers satisfying (33). Sufficient condi-
tion to have H(A) D h?(C) is the existence of d >0 and C > 0 such that

(34) Mip1 — M| > ClR~® vk e zZ*.

Proof. Thanks to (34), we have |A\; — Ag| > Cminjep,, |l\7% for every m € Z* and j,k € E,,,. There exists
Cy > 0 such that, for 1 < j, k < i(m),

1< cp2Md min 119, |Fr1 1 (A™)] = 1.

_d k-1 _d
| Fingj e (A™)] < Cl(lrélgfj |l|M—1) < Cl( max |[|M-T min

M
l€EEm )

There exist C2,C3 > 0 such that, for j < i(m), we have (Fm(Am)*Fm(Am))jj < Comineg,, l|2€i and then
Tr (Fm(Am)*Fm(Am)> < Csmingeg,, |l|2‘i. Let p(M) be the spectral radius of a matrix M and we denote
| M || = \/p(M*M) its euclidean norm. As (F,,(A™)*F,,(A™)) is positive-definite, there holds

Il Fa(A™) 12 = p(Fon(A™)* Fr(A™) < Cs min |1, ¥m € 2.

In conclusion, || F(A)x]|% < Cs]lx|2, < +oo for x = (w1 )rez- € h¥(C) as
m 2 : i
IF(A)x[7 < Y I EnA™) 17> > < Cs Y min [1]* > O
mez* I€EEm, mezx " l€EEm,

Remark B.3. Thanks to Proposition B.2, when (Ar)kez+ satisfies (33) and (34), the space H(A) is dense
in (2(C) as h? is dense in £2. Now, we consider F(A)* as the unique adjoint operator of F(A) in ¢*(Z*,C)
with domain H(A)* := D(F(A)*). As in Remark B.1, we define (F(A)*)~t the inverse of F(A)* : H(A)* —
Ran(F(A)*) and (F(A)*)~! = (F(A)~Y)*. Finally, H(A)* 2 h%(C) which follows as Proposition B.2.
Let e be the sequence of functions in L2((0,T),C) with 7 > 0 so that e := (¢"**());cz.. We denote by =
the so-called divided differences of the family (e**?);cz- such that
E = (&)kez- = F(A)e.

In the following theorem, we rephrase a result of Avdonin and Moran [AMO01], which is also proved by Baiocchi,
Komornik and Loreti in [BKL02].
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Theorem B.4 (Theorem 3.29; [DZ06]). Let (Ar)kez- be an ordered sequence of pairwise distinct real numbers

LZ
satisfying (33). If T > 2w /6, then (§k)kez~ forms a Riesz Basis in the space X := span{&;| k € Z*}

Proposition B.5. Let (wy)ren- C RTU{0} be an ordered sequence of real numbers with wy; = 0 such that there
exist d >0, 6,C >0 and M € N* with

(35) kiéle* |wr s — wi| > IM, w41 — wi| > le%, Vk € N*.
Then, for T > 27/§ and for every (zy)gen+ € h‘z((C) with £; € R,
T
(36) Ju e L*((0,T),R) : = / u(T)e™ T dr VEk € N*.
0

Proof. When k > 0, we call Ay = wy,, while Ay = —w_y, for k¥ < 0 such that k& # —1. The sequence (A)rez+\{-1}
satisfies (33) and (34) with respect to the indices Z* \ {—1}. Theorem B.4 and the properties of a Reisz basis
(see for instance [BL10, Appendixz B.1; Definition 2 & Proposition 19)] ensure the invertibility of the map

M:ge X (&, 9)r20,1),0)kez\{-13 € £*(C), with (&k>9)2(0,1),0) = (F(A)* (e, 9) L2((0,1),0) k-

Now, H(A)* D h? ((C) from Remark B.3 and the following map is invertible

(F(A)) "oM:ge X — (<€iwk(')a9>L2((0,T),C))kez*\{—1} € h‘i((c)» X = M~'o F(A)*(h%(C)).

For every (Zy)pez\{-1} € hd(Z*\{ 1}, C), there exists u € L*((0,T),C) so that 4}, = fOT )T dr for every
k € Z*. Given (zy)gen+ € hd(N* C), we call (Zp)rez-\{-1} € hd(Z* \ {—1},C) such that & = xk for £ > 0,
while Z, = T_j, for k < 0 and k # —1. As above, there exists u € L2((0,T),C) so that x; = fo s)ds and

T T T
Iy = / u(s)e ds, Yk e Z*\{-1} = / u(s)e™ *ds = x), = / (s)e™ 4 ds, ke N*\{1}.
0 0 0

If z; € R, then u is real and (36) is solvable for u € L?((0,T), R). O

Proposition B.6. Let (A;)rez« be an ordered sequence of pairwise distinct real numbers satisfying (33). For
every T > 0, there exists C(T) > 0 uniformly bounded for T lying on bounded intervals such that

T .
/ 62)\“59(5)[18

0

< C(MD)lgllz2(0,1),0)-

vg € L*((0,7),C), |
02

Proof. 1) Uniformly separated numbers. Let (wg)gez+ C R be such that v := infpy;jwr — wj| >
0. In the current proof, we adopt the notation L? := L2((0,7),C). Thanks to the Ingham’s Theorem

) , L?
[KLO05, Theorem 4.3], the sequence {e™*()}; 7. is a Riesz Basis in X = span{eiwr() : k€ Z*} =~ C L? when
T > 2 /7. Now, there exists C1(T") > 0 such that >, 5. [(€50), u)p2|> < C1(T)?||ul|?. for every u € X as in
[Ducl9, relation (30)]. Let P : L? — X be the orthogonal projector. For g € L?, we have

| ((€*¥0), g) p2) kez-

2) Pairwise distinct numbers. Let ()\k)keZ* be as in the hypotheses. We decompose (Ag)rez+ in M sequences
(M )kez+ with j < M such that infy [N, — X/| > 6M for every j < M. Now, for every j < M, we apply
the point 1) with (wg)kez = ()‘i)kez*- For every T > 2w /6M and g € L?, there exists C(T) > 0 uniformly
bounded for T" in bounded intervals such that

= || (), Pg)r2)kez-

e < Ci(D)[[Pgllz2 < Co(T)llgllz>-

s

"(<€i/\k(')»g>L2)kez* -

<Y [ ) ez

< MCM)|gll L2

02
1

J

3) Conclusion. We know || fOT erOTg(r)dt|,, < MC(T)|gl|L> for every g € L? and, for T > 27 /6 M, we
choose the smallest value possible for C(T). When T < 27 /6 M, for g € L?, we define § € L?((0, 27 /6M+1),C)
such that § =g on (0,7) and g =0 in (T,27/0M + 1). Then

T .
| [ oo
0

Let 0 < Ty < Ty < 400, g € L?(0,Ty) and § € L?(0,T5) be defined as § = g on (0,7}) and § = 0 on (11, T3).
We apply the last inequality to § that leads to C(T1) < C(T5). O

2 /SMHL
.= H/ ewvg(r)dtuez < MC (27 /5M + 1)||g]| -
0
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C Analytic perturbation

The aim of the appendix is to adapt the perturbation theory results from [Duc20, Appendiz B], where the (BSE)
is considered on ¢4 = (0,1) and A is the Dirichlet Laplacian. As in such work, we decompose u(t) = ug + u1 (¢),
for ug and wuq(t) real. Let A+ u(t)B = A+ ugB + uy(t)B. We consider ugB as a perturbative term of A. Let
(Af?)jen= be the ordered spectrum of A + uoB corresponding to some eigenfunctions (¢;°) en-.

Let the definition of {E,,}mez+ provided in the first part of Appendix B. We repeat the construction of
such equivalence classes by considering (A;);en+ the sequence of the eigenvalues of A in the (BSE). In this case,
we consider the indices N* instead of Z* and the validiy of Lemma 2.4 instead of (33). We denote n : N* — N*,

s:N* = N* and p : N* — N* those applications respectively mapping j € N* in n(j), s(j), p(j) € N* such that
j € En(j)7 As(j) = mf{)\k > )\j | k ¢ En(j)}7 >‘p(j) = sup{k € En(])}

Lemma C.1. Let (A, B) satisfy Assumptions I(n) and Assumptions II(n,d) forn >0 and d > 0. There eists
a neighborhood U(0) of u =0 in R such that there exists ¢ > 0 so that

I (A+uoB—wvp) | <e, vk = (Astk) — Ap(v)) /2, Vuo € U(0), Vk € N™.

2

Moreover, let PjJ- be the projector onto span{¢, : m & E,;)} t with j € N*. For ug € U(0), the operator
+ ug — is invertible with bounded inverse from N Ran to Ran or every k € N*.
A PrB —\}°) is i ible with bounded i from D(A) N Ran(Pt Ran(P{) f k e N*

Proof. The proof exactly follows the ones of [Duc20, Lemma B.2 & Lemma B.3]. O

Lemma C.2. Let (A, B) satisfy Assumptions I(n) and Assumptions II(n,d) for n >0 and d > 0. There eists
a neighborhood U(0) of u = 0 in R such that, up to a countable subset Q and for every (k,j),(m,n) € I :=
{(j,k) € (N*)?:j <k}, (k,j) # (m,n), we have

RS = A = A AR £ 0, (03", Boi®) L2 # 0, Yug € U(0) \ Q.

Proof. For k € N*, we decompose ¢,° = apdi, + EjeE*(k) ﬁf(éj + Mk, where a € C, {Bf}jeN* C C and 7y is

orthogonal to ¢; for every | € E, (). Moreover, lim, |0 |ax| = 1 and lim, |0 \Bﬂ = 0 for every j,k € N*.
We denote E7 ;) := Ep ) \ {k} for every k € N* and

A0y = (A+uoB) (ak¢5k + > B+ ﬂk) =ar(A+uwB)op+ Y BF(A+uoB)d; + (A+ ugB).
JEEL JEES 4
Now, Lemma C'1 leads to the existence of C7 > 0 such that, for every k € N*|
“ -1

JEEL 4

and [|ng]| 2 < Cilug|. We compute A\° = (¢,°, (A + uoB)¢$.°) 12 for every k € N* and

)\ZO = ()\k|ak|2 + Z >\J|Bjk|2) + Mk, (A4 upB)nk) 2 + uo Z ﬁijkﬂlkBjyl

JEE} 4y ILEET 1y
+ uolag|* Be i + 2u08‘%< > B, Béj)re+ar Y BFBij +an(éx, Bnk>L2)-
J€EL I€EL

Thanks to (37), it follows (nx, (A + uoB)ny) 2 = O(ud) for every k € N*. Let

2 k|2 2 k|2
. |a| +ZjeE;‘L(k) |ﬂj| - |ag| +ZjeE;(k) /\j/>‘k|ﬂj|
[ 3 y ap ‘= 3
1- ||771<?||L2 1- ||77kHL2
As |nkllz2 < Cilug| for every k € N*, it follows lim|, o [dx| = 1 uniformly in k. Thanks to the fact
limg_, 1 0o infjeE;(k) )\j)\k—l = limg 100 SWPjep: )\j)\k—l = 1, we have lim,|0 [ax| = 1 uniformly in k.

Now, there exists fi such that A}}° = ax A, +uoar Bg i + o fr where limyy, |0 fr = 0 uniformly in & (the relation
is also valid when A\ = 0). For each (k,j), (m,n) € I such that (k,j) # (m,n), there exists fi jm,n such that
lim) |0 fk,j,m.n = 0 uniformly in k, j,m,n and

o~

u, u, ~ ~ ~ ~ ~ ~
ARt =AY — A0+ A0 = apdg — QA — AmAm + AnAp + Uo fi,jmon + 0 (@xBrk — @B — @mBm,m

+@nBnn) = axAk — G5A; — AmAm + Gn Ay + (@ Bix — @5 Bjj — GmBmm + @nBnn) + O(ud).
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Thanks to the second point of Assumptions I, there exists U(0) a neighborhood of u = 0 in R small enough
such that, for each u € U(0), we have that every function A\;® — AJ® — Ajo + Ao is not constant and analytic.

Now, Viyjmm) = {u € D| X} — A — A, + A5, = 0} is a discrete subset of D and
V= {u6D| 3((k,5), (m,n)) € I*: Ak = A = A A, =0}

is a countable subset of D, which achieves the proof of the first claim. The second relation is proved with
the same technique. For j,k € N* the analytic function ug — (¢;°,B¢Z°> 12 is not constantly zero since

(¢j,Bor)rz #0and W ={u € D| 3(k,j) € I : (¢3°, Bg,.°) L2 = 0} is a countable subset of D. O

Lemma C.3. Let (A, B) satisfy Assumptions I(n) and Assumptions II(n,d) for n > 0 and d>0. Let T >0
and d be introduced in Assumptions II. Let ¢ € R such that 0 € o(A + ugB + ¢) (the spectrum of A+ ugB +¢)
and such that A + ugB + ¢ is a positive operator. There exists a neighborhood U(0) of 0 in R such that, for
every s € (0,24 d],

(38) Vo €U),  [lA+uoB | = -],

Proof. Let D be the neighborhood provided by Lemma C.2. By applying the arguments of the proof of
[Duc20, Lemma B.6], it is possible to prove that the relation (38) is valid for s € [s1,s1 4 2) when B : Hy} —
HZ} . By classical interpolation results, the relation (38) is valid for every s € [0, s; +2). Finally, how to consider
s1 in the different cases of Assumptions II is treated by the point 2) of the proof of Proposition 5.5. O
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