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Abstract

The present article is concerned with global subelliptic estimates for Kramers-
Fokker-Planck operators with polynomials of degree less than or equal to two. The
constants appearing in those estimates are accurately formulated in terms of the coef-
ficients, especially when those are large.
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1 Introduction and main results

In this work, we consider the Kramers-Fokker-Planck operator given by

1
Ky =p.0, =0,V ()0, + 5(=2p + 1), (¢:p) €R¥, (1.1)
d d
where ¢ denotes the space variable, p denotes the velocity variable, z.y = Y z;y;, 22 = 93]2
J=1 Jj=1
and the potential V(q) = > V,q“ is a real-valued polynomial function on R? with d°V = 2.
la[<2

After making an orthogonal change of variables one may assume that its Hessian matrix is

%1 0O ... 0
0 Vo ... 0
HessV =1 . . .
0 0 ... Vq

The constant term V[, does not appear in Ky and can be set to 0 and we distinguish two
cases:
o If Hess V is non-degenerate, a translation in ¢ reduces the problem to

d
Z% . (1.2)

o If Hess V is degenerate, a good choice of orthonormal basis gives:

Vi
= g1 + Z —qZ, (1.3)

where \; is invariantly defined as m]gl IV V(g)]>0.
S

As established in [HeNi|, the non-selfadjoint operator Ky is maximal accretive when
endowed with the domain D(Ky) = {u € L*(R*), Kyu € L*(R*))}. The question about
the compactness of the resolvent combined with subelliptic estimates is intimately related
with the return to the equilibrium or exponential decay estimates. As pointed out in [HerNi]
and [HeNi|, the analysis of Ky is also strongly related to the one of the Witten Laplacian
Ag) = —A, + |[VV ()" = AV(q) for which maximal hypoelliptic techniques developed by
Helffer and Nourrigat in [HeNo| provide accurate criteria for general polynomial potentials
Vi)

Within this maximal hypoelliptic analysis of Aﬁ/o) there is a recurrent interplay between
qualitative estimates and quantitative estimates in terms of the size of the coefficients of the



polynomial V'(q). The general idea is that the study of the operator Agfo) as ¢ — oo when

V' is a degree r polynomial, is reduced to a quantitative version of subelliptic estimates for
Ag, where V belongs to some family of polynomials related to V with degree less than r,
and 7 is a large parameter.

“Quantitative estimates” means that we consider subelliptic estimates with a good and
optimal control of the constant with respect to the parameter 7. Remember also that the
compactness of the resolvent on Aﬁ/o) obtained by maximal hypoelliptic techniques, relies on
the fact that no polynomial V of the family associated with V admits a local minimum. It
shows in particular that the compactness of the resolvent of Af‘)/ and A(_O‘)/ differ and the first
non trivial example comes with the potential &V (g1, ¢2) = +¢?¢3 in R?. For the Kramers-
Fokker-Planck operator Ky , no sufficient condition until the recent work by W.X. Li [Li2]
exhibited such a different behavior.

We hope to develop the same strategy for the non self-adjoint operator Ky as for the
Witten Laplacian Aﬁ/o), namely try to get the optimal subelliptic estimates for some class
of polynomial functions V(q), by making use of quantitative estimates for some lower de-
gree polynomials. The case d°V < 2 for which the Weyl symbol of Ky is a polynomial of
degree < 2 in the variable (¢, p, ;. §,) allows a lot of exact analytic calcultations and was al-
ready deeply studied in [Hor|[Sjo|[HiPr]|[Vio][Vio2][AlVi]. Nevertheless exploiting those exact
analytic expressions for the semigroup kernel or symbol (Mehler’s type formulas) or for the
spectrum does not solve completely the question of optimal quantitative subelliptic estimates
for the non self-adjoint operator Ky . The semiclassical regime which can be handled quite
accurately via symbolic calculus gives results after rescaling essentially when the transport
part p.0, — 9,V (q).0, is small compared to the diffusive-friction part %ﬂ'ﬁ .

Actually, we are mainly interested in the other regime where the Hamiltonian dynamics
is stronger than the diffusive and friction part. The difficulty then appears clearly, because
understanding the operator Ky requires the understanding of the Hamiltonian dynamics
associated with p.d, — 9,V (¢).0, which, for a general polynomial V' exhibits a rich variety of
phenomena, and which, for a polynomial of degree < 2, already contains the three types of
dynamics: a) elliptic (bounded trajectories when V' is a positive definite quadratic form); b)
hyperbolic (trajectories escaping exponentially quickly in time to infinity when V is a negative
definite quadratic form); and ¢) parabolic (trajectories escaping polynomially quickly in time
to infinity when V' is linear).

At a more fundamental level, understanding the operator Ky when the transport term is
dominant also proceeds in the same direction as Bismut’s program: in [Bisl], Bismut intro-
duced his hypoelliptic Laplacian in order to interpolate Morse theory (in the high diffusion-
friction regime via the Witten Laplacian) and the topology of loop spaces (dominant trans-
port term). The difficult part with a dominant transport term was understood only for the
geodesic flow on symmetric spaces making use of the specific algebraic structure in [Bis2].

With this respect our simpler case also requires a better understanding of the underlying
algebra, and it appeared that after using the general FBI-techniques the Kramers-Fokker-
Planck evolution with quadratic potentials, even in dimension d = 1, is reduced to some linear
dynamics on C* which are easily computed after elucidating some quaternionic structure.
In this specific case, this also completes the unfruitful attempts in [HeNi], Section 9.1, to



exhibit some useful nilpotent Lie algebra structure for Kramers-Fokker-Planck operators.
Actually, quaternions and Pauli matrices are related to the su(2) Lie algebra, so the Lie
algebra structure decomposition useful to the analysis of Kramers-Fokker-Planck operators
with polynomial potentials is certainly not nilpotent.

Denoting .

O][,2

(D2 +p?)
and
XV = p.aq — &IV(Q).&I,,

we can rewrite the Kramers-Fokker-Planck operator Ky defined in (1.2) as Ky = Xy + O,,.
In this work, we are mainly based on recent publications by Hitrik, Pravda-Starov, Viola, and
Aleman [AlVi], [Vio2], and [HPV2] which deal with operators having polynomial symbols of
degree less than or equal to two.

Notations:
Try = Z Vi,

TI"_I—ZI/Z',

A =max{(1+ Tr)¥3 1+ Tr_}
1+ Tr_ )
"log(2 + Tr_)2"

The main goal of this work is the following subelliptic estimates.

B = max{)\zll/ ’

Theorem 1.1. Let V(q) be a potential as in (1.2) or (1.3). Then there exists a constant
c > 0 that does not depend on V' such that the subelliptic estimate with a remainder term

vl aany + Allul Baggan, 2 c(I0pulagan) + 1Xvul g (14)

holds for all w € D(Ky).

Theorem 1.2. Let V(q) as in (1.2) or (1.3). Then there is a constant ¢ > 0 independent of
the polynomial V' so that the subelliptic estimate without a remainder

C
||KVU||2L2(R2d) > H——é <||0Pu||2L2(]R2d) + ||Xvu||%2(R2d)>
B

holds for all w € D(Ky ), under the condition Tr— + Ay # 0.

Remark 1.2.1. In view of the comparison with compactness criteria for Witten Laplacians
with polynomial potentials (see [HeNi/), note that the condition Tr_ + N\ # 0 imposed in
Theorem 1.2 is equivalent to the fact that the potential V' does not have a local minimum.

The two previous Theorems are both consequences of the following result.



Proposition 1.3. There exists a constant ¢ > 0 such that

d
> D4 e VYD | paganyy + (1105, V (a:) e VYD £ ey <
=1

~
w|w| o}

for allt > 0.
Moreover, if Tr_ 4+ X\ # 0,

+o00
155 ] 222 g2y S/ e || praqraay dt <
0

Sl°
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2 Reduction to a one-dimensional problem

Interpolation results of Lunardi (see [Lun]) show that the first inequality of Proposition 1.3
combined with the fact that

[Re([0y, XvJu, u)| < Cull] 1Dyl 5ull” + 1] 19,V (@) 3ul ) + €] [Opul |

for all u € D(Ky) (where € > 0 is small enough), implies the subelliptic estimates given in
Theorem 1.1. Theorem 1.2 is then a consequence of Theorem 1.1 and the second inequality
of Proposition 1.3.

Details are given below.

Proof of Proposition 1.3. Since this result is expressed in terms of the semigroup, it can be
studied by a separation of variables for a potential of the form (1.2) or (1.3). Actually e=*£v
is a commutative product of contraction semigroups, and it suffices to write

d d
> M BV oy <D || Mye T E V@t | i pagayy My = | Dy, | or M; = 9,V (q)]
i=1 i=1
v1g?

where V/(g;) denotes the one-dimensional potential in the g; variable, with V(q) = —5* or

Vi) = M, Vig) = V‘Tq? fori > 2, a; = || ifv; <0, oy = Vil/3 if vy, >0and o; = 0
if 831_\/ = 0. The second estimate of Proposition 1.3 is even simpler. Hence Proposition 1.3
will be the result of a careful analysis of the three one-dimensional potentials V' (q) = :I:% ,
v>0,and V(q) = Mg, M € R, developed in the next sections. O



Proof of Theorem 1.1. In this proof we use nearly the same notations as in [Lun| (Corol-
lary 5.13 and Remark 5.11). Set

T(t) = e—t(\/Z—i-Kv)’

L2 — Lz(de),

E = {u € L*(R*), qu,0,u € L*(R*)}
where E is equipped with the norm

d

lullz =Y 1D,

ullZaaay + 1105,V (a0) [l Toggaay + l[ullZ2gge0)
i=1

Applying Lemma 3.4 and Proposition 3.1, we obtain by separation of variables

HT(t)HE(LQ,E) < — forall ¢t>0.

~
w\o«| o

Ifm=3and = %, then one has the following embedding of real interpolation spaces

<L2, D ((ﬂ + KV)?’))% c <L2, E)(”p

p € [1,400]. In particular for § = %,

for all 6 € (0,1),

22 = {u S L27 ‘qu

fue L2 10,V(g)|iue L? foralll <i<d},
where the complex interpolation space [L?, E] 2 is equipped with the norm
d

1=1

2 2
el = (11D Sl sy + 11104V (@) Fulgan ) + ol 2y

Moreover, (Lz, D((\/Z—I— KV)3)> = D(VA+ Ky) (since L? is a Hilbert space and (v/A +
19
Ky) is a maximal accretive operatgor).
Thus

D(VA+ Ky) C{ueL? |D,|5ue L% |8,V (g)|3ue L? foralll<i<d}.
Hence there exists a constant ¢ > 0 such that
d 2 2
S (IH1DalFull? + 1112,V (g Full3s ) < ell(VA+ Ky )ul 3
i=1
holds for all uw € D(Ky).

(2.1)



Write for u € D(Ky),
(VA + K JullZ: = (VA + OpullZs + | XvullZs + 2Re([Op, XJuyu) . (22)

SO

2Re ([0, Xy]u, u)| < i ‘Re(u, (Dpz.in n p,@qu(q))u)’

d
< D [Re(u, (Dy, Dy, Ju) | + [Re(u, pidy,V (q)u)|
i=1

d
<D (u pill0gV(a)|u) + {(u, | Dy, || Dy )

i=1
: 4 4 4 4
<D elusfpl ") + ec(uy 10,V (@) 3u) + (u, [ Dy, |"u) + e (u, | D, 51)
i=1
(2.3)
< c(ellOpulz: + (VA + Ky )ul 32

where (2.3) is due to the Young inequality ts < it‘l + %t% for all ¢,s > 0 and the last line is
a consequence of (2.1).
Therefore, combining the last inequality with (2.2), we obtain

(VA + EKv)ull7: > [[(VA+ Op)ull7: + [| Xvul|72 - C[GllOpUH%2 +e|(VA+ Kv)UH%z]
> (1= co)||(VA+Op)ullfz + | Xvul |72 — e (VA + Ky )ul 72
for all u € D(Ky ). To complete the proof, it is enough to use the fact that
2(AllulZs + 1 Kvul) = (VA + Ky)ul 3
for all w € D(Ky). O

Proof of Theorem 1.2. If Tr_ + \; # 0, by Proposition 1.3, there exists a constant ¢ > 0 such
that

“+oo —+o00
Ml ez (raay) = H / e vt < / 175V £op2(geay dt
0 L(L2(R24)) 0
o C
=75
Consequently, for all u € D(Ky ),
c
||U||%2(R2d) < §||KVH2L2(]R2d) .



Combining the above inequality, along with (1.4), one gets immediately the global subelliptic
estimates
c

Bl Fagasy > 7= (110gullFaeasy + 1 Xyl fagean)
B

for all u € D(Ky). O

3 Subelliptic estimates with remainder for non-degenerate
one-dimensional potentials

The operator Ky with a potential V(q) = :F§ = —621'0‘% (where v > 0 is a parameter and
a € {0,%}), is unitarily equivalent to

K o= %(—8; +p%) + (em\/;> e (paq + e%aqap)
=0, + zX,

where z := e¢*\/v and X,, := i(e "““pD,+¢e"*qD,). Actually introducing the possibly complex
parameter z allows us to use the same computations for both cases because they involve entire
functions of z € C. On the other hand, some identities make sense only when « € {O, g} ,
particularly those involving O, (the harmonic oscillator in ¢) or the symplectic product.
Below we sum up the cases to be studied:

Vig) | « z
2 [0 VY
il I

In this one dimensional case, we use the following notations:

1 1
Oq - §(D2 + q2) 5 Oemq - 5(
X, = '(e‘io‘qu + emqu) . Y, = i(eio‘pq — e‘io‘DqDP) ,

—2ix T 1
e P Dl + e*g?) Opzi(Df,—l—pz),

where o € {0,2} and O,ia, = €%*O, in the final applications.
The Hamilton map written as a matrix equals

" "
ey Qee
HQ = 5
where q(q,p, &, &) is the Weyl-symbol of the operator ), meaning ) = q“(¢,p, D,, D,) =
q¢"(z, Ds), x = (¢,p):

, , ! d
Qu(z) = /R ey (“”” n ,5) u(z) (275% da'.




Noticing that O, Oy, O.ie,, X4, Yo and K, , have quadratic symbols, the corresponding
Hamilton maps are written accordingly Ho,, Ho,, Ho Hx,, Hy, and Hg, . Let I/ :=
Ho

Eiaq7

viaq—0ps L 1= H_Oemq_op, J:=H_x_, and K := Hy, denote respectively the Hamiltonian
matrices associated to the operators O iay — Op, —O.iag — Oy, —X,, and Y,,. Then one has
0 0 e 0 0 0 —e 2 0
o o0 0 -1 0 0 0 —1
E e @ 0 0 0\’ = e?ie () 0 0]’
o 1 0 0 0 1 0 0
0 —e " 0 0 0 0 0 —ie "
—iet 0 0 0 0 0 —iei@ 0
J 0 0 0 de> |’ K= 0 —ie™ 0 0
0 0 e " 0 —ie’ 0 0 0
Note that £ commutes with 7, .J, K and I.J = K with the relations
E’=IF=J]"=K*=—1foralla € R, (3.1)
and E=E,I=1 J=—-¢"JK=—"K whenac{0,7/2}. (3.2)

These relations, IJ = K, and (3.1) ensure that (1,7, .J, K) can be considered algebraically
as a basis of (bi-)quaternions. Note in particular that

1
Ho,=—5(E+1I) . Hx,=-J

1
Hy,=K ., Hy,. =—5(E+1+22])

@

for all € R, while the relations

_ 5 2l
( U IdR) = sin(@)B +cos(@)l , Ho, = —(E—1T)

IdR2 0 1
hold for a € {0,%}.
The commutation property with the matrix E can be interpreted as follows at the operator
level: consider the two commutators [Op,Xa] = 3Y, and |:Oeiaq,Xai| = 3Y,. Then the

operator O,io, — O, commutes with O, and X, . Once this reduction is done, the quaternionic
structure can be guessed as well from the operator level after computing all the commutators
of O, Opiag, Xy and Y, .

3.1 General estimate when V(q) = i”qu , v>0

Proposition 3.1. Let v > 0 be a parameter and o € {O, g} There exists a constant C' > 0,
independent of v, such that

Vv O etV | £ raray <

Tl O

holds for all t > 0.



Lemma 3.2. One can find a function §o(t) > 0, specified below in (3.8)(3.9), defined in
[0, +oo[ such that for all 6(t) € [0, do(t)]

(t)Oq

|06 e | £ pagay <1

is satisfied for all t > 0.

Proof. The exact classical quantum correspondence, valid for Q; = ¢, j = 1,2, 3, when ¢; are
complex-valued quadratic forms with associated Hamilton maps Hg, and positive Hamilton
flows exp Hy, (see[Hor|[Vio]), says that

exp Ho, exp Ho, = exp Hg, <= ¢7'@'e™% = de™'%.
We will determine conditions such that the canonical transformation
exp Hisyo, exp H-itk,, .

is strictly positive in the sense defined in (3.5). Working from the Hamilton flow, one can
therefore compute exactly ([Vio2], Proposition 4.8) a compact operator of the form =92 for
()2 quadratic such that

e—0(1)0q ,—1Q2 _ e—ia(t)(rloq)e—in _ ie—z’t(rlku,a) — e tKva

Applying this equality to the dense set of linear combinations of Hermite functions, this
shows that e e takes L?(R?) to the domain of e?®% with the estimate

7 00ne | = e~ < 1.

We will compute
67,6(t)Hoq e_ZtHKV’&

which will be done by using biquatertionic expressions. The compactness of e~%“2, and the
fact that its norm is bounded by 1, is a consequence of the positivity condition (3.5) which
will be checked explicitly.

Set, for all t > 0, x(t) = e ®Hxva and ko(6) = e®PHos and consider the canonical

transformation
i t
H(t) — e ZtHKu,a _ 622(E+I+2ZJ)

for all £ > 0. Let n; denote

nlz\/N(]—I—ZZJ):\/1+4227£0whenz7éj:%

such that o = 12227 satisfies 0% = —1.
Using the fact that E commutes with I and J, and the formula (A.1),
. t h( %
K(t) = e'2Peizm? = eliE(ch(ﬂ) +i M([ + 2zJ)>
2 ny
—. 3P (C(t) i ST + 2zJ)> . (3.3)

10



The functions R 5 ¢ — C(t) and R 5 t — S(¢) do not depend on the choice of the square
root v/1 + 422, because ch is an even function and sh an odd function. Moreover, they are

real when z € R U 4R, which corresponds to z = €*\/v, a € {O, %} .
On the other hand,

—q 2 2ia _i i
H0(5> —e i0(t)Ho, _ ez&(t)e E€ $0(t)e” 1

— 300 E(ch(—;)ezw‘) i sh(—;)ezw‘)l) . (3.4)
0 _Id . . 2 2 .
When o = d 0 denotes the matrix of the symplectic form on R“*“, the equality

o = sin(a@)E + cos(a)] holds when a € {0,2} (and only in those cases modm).  As
established in [Vio2], it is possible to write e®®0ie=Kra = ¢=1Q2 with Qy = ¢¥ , with e~"?2
a compact operator, when the canonical transformation kgk satisfies the strict positivity

condition
i[a(W, KJOKJZ> - U(E, z)} >0 for all z€ C*\ {0} . (3.5)

This condition is equivalent to the condition that the Hermitian matrix
i((/ﬁo/ﬁ)*dfﬁo/{ — O’) = i(H*KSUKQH — O’) = i(lﬁ*lﬁoo'lﬁolﬁ — O’) ,
is positive definite, or equivalently that
rko(io) ko — (K*) " Hio) (k)™ = ko(8)(i0)ko(0) — K*(—t)(io)k(—1)

is positive definite.
Since E commutes with I, J and K, the spectral decomposition of E allows us to study
2-by-2 matrices instead of 4-by-4 matrices: T (iFE)Ty = +Id , where

1 0
1 0 1 o (10
Ti_ﬁ rietzie o | TElE= (0 1) '
0 =i

Letting

e &= ) e -
E-—TiETi—:FZId—<O :Fi)’ ]'_Ti[Ti_<O :Fi)’

- . 0 —je e ~ " 0 +ei
J =TTy = (_iem 0 ) , K =TKT, = (ZFem 0 ) )

we get

T ko (8) (10 ) o (6) T = 0O [i sin(a)c(t) — s(t) cos(a) + z'(cos(a)c(t) ¥ sm(a)s(t))f] ,
(3.6)

11



where c(t) = ch(d(t)e*®) and s(t) = sh(d(t)e*?) . Similarly,
Ttk (1) (i0)w(—t) T = €7 [ + sin(a) (02(t) (11— (2z)2)52(t)> — 2cos(a)C(H)S(1)
+ i cos(a) (02(t) v (- (22)2)52(@)1? + 2 sin(a)C(1)S(8) ]
+ 4zicos()S?(t)J F 4z sin(a)Sz(t)K'} .
(3.7)

Taking into account (3.6) and (3.7),

T ko(8)(i0) o ()T — TEk*(—t)(io)w(—t) T = £e0OF (sin(a)c(t) + Cos(a)s(t))
+ ™ Fsin(a)(1 + 25%) + 2cos(a)CS )
+i [eﬂ(ﬂe”“ (cos(a)c(t) ¥ sin(a)s(t))
- eﬂFt(cos(a)a 4 252(1) F 2 sm(a)C(t)S(t))] i
— 4zie™ cos(a)S*(t)J £ 4zeT sin(a)S?(t) K
:eﬂ(a + 0 + ¢ + df() .

The determinant of the Hermitian matrix e*! (Tj*:/-@o(d) (10)ko(6) T —T5R* (—1) ('éO’)K(—t)Ti)
is equal to

PB4 +d =1 (24452 — eF) F el — 22O (205 F(1+25% - eﬂ)> .

Let do(t) > 0 be the function which cancels the determinant, or equivalently for which one
has, for all ¢ > 0,

2(252 — (ch(t) — 1)) = (1 — WO (205 +sh(t) F (252 — (ch(t) — 1))) .
After some computation, we find that this function is independent of the sign in the
expression above and is given by

e—2za

2A(f)
I (1 T 20(8)S(t) + sh(t) + A(t)) ’

where  A(t) := (25%) — (ch(t) — 1)) . (3.9)

do (1) = (3.8)

We know that, when § = 0 and a € {0,7}, the Hamilton flow x(t) is positive because
e~ B0 is a compact operator (see [HeNi|[HiPr]). By connectedness of the set of positive

definite hermitian matrices and because the result holds for 6(t) = 0, the flow ko(d)r(¢) is a

12



positive canonical transformation so long as the determinant is positive on [0,]. Therefore
d(t) € [0, 6o(t)[ implies

6(t)0q

lle €_tK”'“||£(L2(R2)) <1,

because any such compact Schrodinger evolution has norm less than 1 (see [Vio2]). O

Proof of Proposition 3.1. When 0 < ¢y < 1, there exists a constant ¢ > 0 independent of v
such that

So(t) > cvt

holds for all 0 <t <ty := ﬁ?z‘ =1 \f This can be seen via the expansion

1 2A(t) 3 2\245
ke <1 T A 120050 +sh(t)) = Et +O((+22F)°F)

which is uniform with respect to the parameter v for all ¢ €]0,t] .
We write the quantity ||/ Oye 7t EvetVP)|| 1 12 ey in the form

11/ 57 V/0(8) Og €002t Ruae= V|| raga)y  if 0 <t <,

| |\/;€_tﬁ\ / Oq 6_5(t0)0q eé(to)oqe_toK”’a€_(t_t0)K”’°‘ | |E(L2(R2)) if ¢ Z t() s

do(t)
2

where Lemma 3.2 is applied with 6(t) = . For both cases we get the upper bounds

( v ()0, 5(1)0q —tK —t
- el f <
5(15)U 5(t)0qe H Je E U e if 0<t<ty,

Vo <
—~— <e =t =
<

2

+2

2

e o R (N e N g S ELS

— _ 1 P!
\ (1+f)§,/6(t0
For the second case t > ty, we use
/
(1+/v)e tEHvD) Vf xe%ogtg—ozx Vv xe?d <0
(1+\/’)2 d(to) (14 /)32 CV(HE\O/W t2
This ends the proof of Proposition 3.1 and gives
C
IVV(IDy| + [gl)e” Vil 12 < ey (3.10)

for all t > 0.
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3.2 Improved remainder, case V(q) = ”7"2, v>1

In this section we follow the explicit methods of Aleman and Viola in [Vio|[AlVi|. Following

[HSV][HPV] it makes use of an FBI transform, which in this specific case is nothing but the
usual Bargmann transform

1 Pz
Byu(z) = 2372 B4 /R2 e > u(y) dy

2|2

with By : L*(R?, dy) — L*(C?%* e~ =2 L(dz)) N Hol(C?) unitary.

Lemma 3.3. Forv > i, the adjoint operator

. 1
K= = 5(—813 +p?) — ﬁ(pﬁq - qﬁp) =0, — Vv X=x
is tranformed via the Bargmann transform By into

By(K,3)'Bj ='=Mo. M:(ﬁ; _1ﬁ)

and
[Ba(e™" 2 u)](2) = (Bau)(e ™).

Proof. Although it may be proved by a direct computation, it is instructive as an illustration
of the general method to follow the lines of [AlVi] or [Vio], Example 2.7. Remember that it
is made in essentially two steps : 1) Write the operator, up to an additive constant, in the
“supersymmetric” form *(D, — A x)B(D, — A, x) after some real canonical transformation
in R? (here d = 2); 2) transform the supersymmetric form into i'zM(¢ after some linear
complex canonical transformation associated with an FBI-transform.

Step 1: The two variables (q,p) are gathered in the notation z = (¢,p) € R?, with dual
variable £ = (§,,¢,) € R*. The hamiltonian matrix associated to K s,z is given by

0 —iyv 0 0
0

e - ivv 0 1
Kz | o 0 0 —iyw
0 -1 i/v 0

Set Ay e, = E”J’% the eigenvalues of Hg+ with their associated eigenvectors
v,

[SE

tX _ (1 i)‘61,62 ()‘61,62>2 -V i()‘61,62)2 B V)
€1,€2 9 \/; 9 )\51,52 ) \/; )

where €1, €5 € {£1}. In the case @« = Z, one has n; = /1 —4v =i/4v — 1 for v > i.

29
As a first step we need to determine the following two spaces:

X
A_= @ ker(HK:,g-_A]>:{<A_SL’)’ xecz}

Im A<0

14



and
_ _ _ T 2
A= P ker(Hic;  — M) = {<A+x) , 2€C }
Im A>0
where A, and A_ are two matrices in M (C) satisfying ‘A, = Ay and +Im(AL) > 0.
The matrix A, is given by A, = B Ba, where

1 —1—-n1 i —1—iny
SN SN
By, = and By, = ;
1 —14n ’l —i+ing
PN PN
so A, = ild . Similarly, A_ = B; ' B,_ with
1 127%1 —1 _;J\r/?l
Bl— = and BQ_ = ,
1 1—nq —Z —i—1iny
SN SN
so A_ = —ild. This means, after [Vio] formula (2.3), that the real canonical transformation

on R* is nothing but the identity.
Hence it suffices to write K » in the form
12

K;g — t(Dx - A_,_:E)B(Dx - A_:L') 5
for all z = (¢q,p) € R?, where the matrix B is found by identification of the two sides:
0
2 2

Step 2: Once A, and A_ are known, the complex canonical transformation is given by

1 —1
" (‘(1 —iA) AL (1- iA+)_1) ’
with associated quadratic phase ¢4, : C* x C* — C

en ) =L ia A = B st fﬂ ,

which is the one entering in the definition of the associated FBI transform (which is By).
The computation of By K « B then comes from Egorov’s theorem
2

—A,
Id

Ky =(v'2) =" Z's7" < ) B(—A_ Id)x™'Z = i'2M(¢

with M = (1 —-iA,)B=2B = (\% _f>

The weight e=2¢*) [(dz) occuring in the range of By is ¢(z) = % which is coherent with the
formulas (2.6) and (2.7) of [Vio] , ¢(z) = i<|z|2— th’:v) because C' = (1—1A, )" (1+iA,) =
0. O
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Lemma 3.4.
There exists a constant ¢ > 0 independent of v > 1, such that for all t > 0 and all

CHK, /3 .
we LAR?), uy = ¢ 5™y satisfies

v

= (el ae) + 1Dt sz + lguelagaey ) = Iv/o(

2 a +Q> —t(Ku’%-H/%)

V2

c
u||2L2(]R2) < t_gHuH%Z(]RZ)'

(3.11)

Proof. Set a, = af/tq and a} = aq\/fq so that aga) = aja,+1 = (D2 4 ¢* +1). The identity

_t(KV,%'i_V /3 —t K ‘rr+l/ /3 —t(KVY%-i-I/l/g)

vllage [ Faqgz) = vlle™ ulFaee) + vliage ul[ze

/3 UK, 540
< e fullfagge) + v llage”E i,
reduces the problem to that of estimating |v/va,e K, g+ || By taking the adjoint, it
suffices to prove that
—t(K* £ +v1/3)
Ve "5 Tag flliame ||f||L2(R2 (3.12)

is satisfied for all f € L?*(R?, dqdp) and for all t > 0.
Conjugating by the Bargmann transform By, the creation operator Baa; By = Ba( _anrq)B; =

\Z} X is nothing but multiplication by the complex component z, in C* = C, x C, . The in-
equality (3.12) is therefore equivalent to

1/3 C
|V un||H¢§t_%||u||H¢ (3.13)

|z I 2

for all u € Hy, = L*(C? e L(dz)) N Hol(C?), with ¢(z) = 5-.
Let u € Hy , setting v(z) = z,u(z), one has e="M=%y(z) = v(e~™™2) and it follows that

e zgulfy, = [ ol M| 2, Pe# L)
(CZ
_ e2tTrM |U(Z/)|2|Z(/J|26—¢(z/)6_2[¢(eth/)_¢(zr)]L(dzl) ]
(CZ

So our problem is reduced to the proof of the existence of a constant ¢ > 0 that does not
depend on v such that

1 tM |2 2
9 —§<\6 z|°—|2| ) _1/3 &
sup |z4]%e e < e
2€C? v

for all ¢ > 0.
Let us start by checking that z + ¢(eMz) — ¢(z) defines a positive definite hermitian
form for ¢ > 0.
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From the expression given in Lemma 3.3, M is easily written in terms of Pauli’s matrices:

1 1
M = §Id—50'3—7:\/;O'Q y

with oy = ((1) (1)) ; 09 = ((z] _OZ) and o3 = (é _01) )

Recall that Pauli’s matrices are involutory:

2 2
0

= 03 = 02 = —i0,0903 = Id |

and that (Id, —ioy, —ios, —iog) can be interpreted as a basis of (bi)quaternions.
Using formula (A.1), one has for all £ > 0

etM = e

[SIES

(et + 25@)(-%03 ~ Vi)

From this, we compute

(etM)*etM:et<1+252()—QC() (H)os — 4y S2(t)o )

=e'(a+v),

Witha:1+252()andv——26’() (t)os — 4\/vsi(t)oy

The eigenvalues of (e!™)*e!™ are given by

A =e'(a®+/—N©)),

where N(v) = (26’( )S(t )) <4f52( )) = —452—45" < 0 owing to (4v—1)S*+C?* =1,
and where y/—N(v) is the usual square root.

In order to prove that the hermitian form z — ¢(e™Mz) — ¢(2) = tz((etM) (etM) — Id)z

is positive definite, it suffices to check A\_ > 1 for all ¢ > 0, A, being clearly strictly larger
than 1. The eigenvalue A_ equals

A =el(1+ (14 8%) — 2|S|V1 + §2) = ele2AreshlS]
which is larger than 1 if and only if sh(¢/2) — |S| > 0 or [sh(t/2) — S(¢)][sh(t/2) + S(t)] > 0
because sh(t/2) > 0. This is true since both factors vanish at t = 0 with a positive derivative
for t > 0 owing to ch(t/2) > 1 > +cos(5v/4v —1).

Now denote

—VIr—1: Qz) = [(etM) (et™) —Id]z and  Sy(z1,2) = '4 [(etM)*(etM) —Id]z2
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for all z = (21, 20) € CxC. Writing z, = [(z) where [ is a linear form with kernel ker [ = Ce,,
<CQ = Ce,®Ce, where ¢, = (1,0) and e, = (0, 1)), we construct an orthonormal basis (e, e,)
for (); with

1

~ Siley,e,) P 47 S2()
= 4252 () +250C 1)

where

Si(ep, eq) = —4/v et S?(t)

Si(ep,e,) = € [(1 — e ) 1 282(1) + 2S(H)C(1)

In this new basis, z = ae€l, 4 e, then I(z) = a l(€],) and Q4(2) = |a[*Q:(€,) + |B|*Q4(ep).
This gives immediately

Qs ( —la?Q(el) 1817 Q¢ (ep)
2?2 = Jaf’li(e))Pe 2
and then
1 t . ’ 2 AYP]

) —§(|e Mz|2—\z\2) sy e 2l(e))] o 20l(e)] 2
sup |z4|“e = sup |l(e)|"e” "2 = sup oge” 7 = ¢ =
z€<C2| q‘ SER+| ( q)| Qt(eg) oERL ! Qt(€;> OQt(eg>
where ¢y = sup oe™? and

ocR¢
4(sh2(g) - 52(t))
Q( ) St( q’ q)

(1—e) +252(t) + 2S()C(t)

sin(—- iy

Recall that, in the case o = Z and for v > 1, we define C(t) = cos(%4!) and S(t) =

All that remains is to control the following quotient for all ¢ > 0:

] (1—e)+2S(t) (S(t) + C(t)> N

T1

Qu(ey) 4 [sh2(g) - 52(t)]

S

e Starting with the case when t > %,

N:(l—e_t)—l—25(t)<5()—l—0( )) <1+£<2.

1 -
On the other hand,
1
1

t t
1SH) < —<-< Sh(g) implies Dzsh2(§).

|
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Then

for all t > %.
e Now observe that for t < %, one has the following two expansions:

" +o0o - . t2k‘+l
Sh(§> + S(t) = kZ(_D (Tl + (_1) >22k+1(2/{5 4 1)!
=0
and
13 = k(. 2k k 2
Sh(§) — S(t) = ;(_1) (—7‘1 + (_1) >22k+1(2/{: 4 1)! :
=0
Furthermore,
t r—1 (rf +1)t°
Naa .. n 3 N
shig) + 50—t = == = F5%

which implies

(T%_l)tz_ ri+1 4
48 25 x 120
16 2 x 44 1 2 8

- — =2 S

= 48 25 x 120 — 3 15 15 °

%(sh(%) FS0) 21~

Similarly,

7‘%—1—1

ri— 1)t B (r? 4+ 1)t3 " (r2 —1)t3

t sl _
h() =S~ 5= Fx10 ~ 1 4% 20
- (r? + 1)t3 (rit)?
=748 4x20
- (r2+1)t31

ST

which gives

t (rP+ 1> 4
—) — > - 7 — .
sh(z) = S(t) > = x

Taking into account (3.14) and (3.15) we get

D> (sh(%) +5(1)) (sh(%) - 5(1)) > tx % y % «

19
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On the other hand,

2
1
N:(l—e_t)+25(t)(5(t)+0(t)> :2t+(1—%)t3 ;4T1t4+0( 145
2
_ YR L+77 4
=t(2+01 Ly 084 0((r1t) )
Hence N < ¢t for all ¢t < % and
1 N c 4
= —<— forall t<—.
Qiery D= T TE

Thus there exists a constant ¢ > 0 such that, for all u € Hy,

< 2 for all ¢ <.
—thé)z 2 < Vt3 ||u||H¢
le 2, < ce”!||ullf,  forall ¢ >

which is equivalent to

_ forall t< 4
|e tK"’fa ||Lz<{ T llvlle forall ¢< 0

ce!|[ollz forall >

for all v € D(K, z).
From this, we deduce that

c . 4
||aq6_t(”3+K v|[p2 < \/WUUHB if t<4
-~ Ce—y3t||,U||L2 lf tZ %

for all v € D(K,,z). When 0 <t < %, we clearly have

|

| \/;aqe_t(y ||E(L2 r2)) <

l\.’)lw

t

When t > %, we obtain the same result by writing

1 3 1

w3t _ € —u3t

cre V= — Vit
]

and noting that the function s%2?e~* is bounded on [0,00). This establishes the inequality

for all £ > 0 and completes the proof of the lemma. O
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4 Resolvent estimates when V(q) = —’%2, v>1

In this section, we use the same notations as in the previous one and we take o = 0. Giving
the exact norm of the semigroup e "¢ allows us to control the resolvent of the operator
K, . When doing so, a logarithmic factor appears, with optimality up to an exponent.

Lemma 4.1. For every t > 0, one has

_ — Argsh (S(t))
||6 tKV’OHE(LQ(R?)) =e¢

where

Proof. Using (3.3) and (3.4), we directly compute that
RO k(1) = e rvoeitHr,g — itk (a b — cJ) (a Y cJ) ,

with a = C(t), b =1S(t) and ¢ = 2izS(t) .
Note that (a+b[—cJ) (a+b[+cj> = a? —b?+c?+v. Furthermore, a?+b*>+c? = 1 and
(a*—b*+c*)*+N(v) = 1. Tt follows that N(v) = 1—(a*—b*+c?)* = 1—(1-20%)% = 4b*(1-1?).
Denote sh(u) = v/ —b%, so \/—N(v) = 2sh(u) ch(u) = sh(2u).

The eigenvalues of (k(t))~! k(t) are given by

1
— =c'(a® = b+ ++/—N(v))
M1
p=e(a* —b*+c* — /—N(v))
1
— =e'(a> - b+ —/—N(v))
H2

pe =e(a® —b* 4+ +/—N(v)) .

Therefore (see [Vio2] Theorem 1.3),

e £ r2me)) = (1

where

Proposition 4.2. There exists some ¢ > 0 such that, for all v > ¢,

1
||KV_,(%H£(L2(R2)) S C O:g/(gy)

21



Proof. Observing that

—+00 “+00
1K ollc2mey) = ||/ e 0 dt | pir2mey < / e 70| £ raqmaydt
0 0

we aim to obtain an upper bound of the right-hand side.
Using the exact norm of the semigroup generated by K, , we write

oo T _ Argsh <Sh(%L)> oo 1
/ [le™" | eqramey dt = / e N gp = / dt
0 0 0 sh(“”)

2
1_'_ (Sh( ))

2du

/log(u) 2du /
0 sh(u) + 4/n? +sh*(u)  /1s®) sh(u n? + sh?(u)

| oo

0g(v) + / e‘“du)
n log(v)

log(v)

v

1
+—)§c
v

This completes the proof.

4.1 Optimality with a logarithmic factor

Proposition 4.3.
One can find a function u € L*(R?) such that

\/;
log(v)

where ¢ > 0 1s a constant that does not depend on the parameter v > 1.

1K voull ez < e [l 2e2)

Proof. We recall here that
1
Koo = (=03 +9°) + Vi (90, + a0y ) = Op + Vi Xo.
For all w € D(K,),
1 KoulEaqeey < 21105l Bagea) + V11 Xoul Fagas) )

then to prove the Proposition we will look for a function v € L?(R?) such that

||Op“HL2 r2) T VHXOUH%%R?) v

[ = “log(v) -
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Consider the Gaussian

_(@®+p?)
(& 2

o(q,p) = NG

and set

I 1 [k
u(q,p) = f/o e pds = f/o ©s(q,p)ds

sXo

where (g, p) = e*°¢(q,p) and L > 0 is a constant to be specified at the end of the proof.

One has

d
59— Xo(ps) = (pOy + q0p) s -

Let (q(t), p(t)) be the solution of the following system:
Lq=p
4p=q
with (¢(0),p(0)) = (qo, po). The solution is given by
q(t) = ch(t)go + sh(t)po
p(t) = sh(t)qo + ch(t)po

The function ¢, verifies

2 (pula—5).0(-) = 2o~ Loy, Lp(-5)0, = 0

then

24(4.7) = ¢ola(s), p(5)) = o h(s)q + sh(s)p,sh(s)q + ch(s)p)

2 2
1 (Ch(S)tHsh(S)p + (sh(S)tHch(S)P)
2

= —=¢

NG

For all p € [0, +00], [|gslls = [lgllze. Tn particular, [|gsllze = flllze =1
Let’s start by calculating || Xou/|p2(r2):

Xu—l/LXeSXO ds—l/Li ds—l( - )
L A A A S AL
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As a result,

1 1
Xl ey = Zllon = ellisen = 75 (1ol + el =2 [ oue dadp)
=1 =1

We directly compute that

2 2
(oh<L>q+sh<L)p> + (sh<L>q+oh<L>p) )

]_ _ _4q +P2
/ ¢r(q,p)e(q, p)dqdp = —/ e 2 e 2 dqdp
R2 Vs R2
1 -1 [2 ch?(L)q2+2 ch?(L)p2+4sh(L) Ch(L)qpi|
= —/ e dqdp
s R2
1 _1 t 1 (27’(‘)2 1
—— (@P)ANDP) Jodp = = —
T /Rge i 9P = 7\ det(A) ~ ch(L)
where
2ch?*(L) 2ch(L)sh(L)
A pr—
2ch(L)sh(L)  2ch*(L)
Then

2 1
2 —
oul ey = 75 (1= g ) (4.)

Now, let’s find a lower bound for ||u||%2(R2):

1 L L
il = 35 | [ Reton pudiodsidse

2 L L
- ﬁ [/ RQ@OSU ¢82>L2(R2)d52i| dsq
0 S1

2 L L—s1
|:/ Re(@a?l? Q081+8>L2(]R2)d$:| dSl .
0

S2=81t+s8 L2 0

But

s1Xo 6(81+8)X0
)

<P>L2(R2)

s1%0 ©) 12(R2)

Re(ps, 4, <P31>L2(R2) = (e
= (e s

@
@,
—/ (4, p)(q, p)dadp = ——
= R2S08 q,p)e\q,p qp_ch(s).
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For L > 2 we obtain

2 L L—s, 1
2 —
w722y = L2/0 [/0 ch(s)ds}dsl
2 (i [ 1 2 [ir (o1
> — ds|dsy > — ds|d
- L2/0 [/0 ch(s) S} = L2/0 [/0 ch(s) S] o1
¢
> — . 4.2
> ¢ (12

The final step is the upper bound of ||Opu|[72ge):

1 L
[Olley = 10,7 [ 0000208 e < 35 [ 10slan
With O, = 3(D2 + p?), we want to compute
10505l 22y = lle™ ¥ Ope* 0ol r2(x2)

(because e~*X° is unitary and ¢, = e**0¢py).

For any u € L*(R?), e¥*°u(q, p) = u(e*(q, p)) where
esM:(chs shs)'
shs chs
Egorov’s theorem gives that, for any symbol a(q, p, &, &),
e %00 (q,p, Dy, Dp)e*™ = a®(e=*M(q,p), e*™(Dy, D,)).

In particular, writing O, = £(D7 4 ¢*) as well,

e 0 (p? + Di)esx‘) = (—sh(s)q + ch(s)p)? + (sh(s)D, + ch(s)D,)?
= sh?(s)q* — 2ch(s)sh(s)gp + ch?(s)p?
+ sh?(s) D] + 2 ch(s) sh(s)D,D,, + ch®(s) D>
= 2ch*(s)0, + 2sh*(s)O, + 2 ch(s) sh(s)(D,D, — qp).

We have chosen ¢, an eigenfunction of both O, and O, with elgenvalue 5, and DD,y =
—qpypo. Therefore

1
e %00, e N0, = <§(ch2(s) +sh?(s)) — 2ch(s) sh(s)qp) ©o-
This can be interpreted as the sum of products of the first two orthornormal Hermite func-
tions: if

ho(z) =7V /2 hy(z) = V2zho(z),
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then @o(q, p) = ho(q)ho(p) and
e X000, = %(Chz(s) + sh?(s))ho(q)ho(p) — ch(s) sh(s)hi(q)hi(p).

This type of tensor product forms an orthonormal family, so by the Pythagorean relation the
square of the norm can be computed as the sum of squares of the coefficients:

1 1
10p0s 1 Z2g2) = lle™**° Ope™ ol L2(g2) = Z(chQ(s) +5h?(s))? + ch?(s) sh’(s) = 7 chi4s).

Thus we deduce that

2 1 B 4s 1 4L
10pullze < 75 ¢ ds = (e = 1)
1
S ﬁ€4L . (43)

The estimates in (4.1) and (4.2) taken with (4.3), allow us to establish that

AL !
|Koouls _ 10l + Xoullzs _ € +¥(1~ )
]2 T o

Now letting L = logiy) , we get the desired inequality

1%
K 2, <¢—r 2.
1ol < ¢ s il

5 Degenerate one-dimensional case

Lemma 5.1. Let A\; € R be parameter. Consider the operator Ky = p.0; — M0, + %(—85 +
p? — 1) with domain D(K,) = {u € L*(R?), Kyu € L*(R?)}. There exists a constant ¢ > 0

such that
_ C
(D2 4+ A])e "D | £ pamey) < e

for all t > 0.

Proof. For each ¢, fixed, there is a metaplectic operator on L?(R,) which, via conjugation,
takes ip.§; — i\ Dy to ipy /€2 + A? while leaving O, invariant. Taking the direct integral of

this rotation (whose angle depends on ;) gives a unitary equivalence between the operator

Kl and 1
K, = §<2z'p,/Dg + M+ (- +p° - 1)).
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We also note that /D2 + A} is left invariant by the rotation in the variables (p,&,).
It is shown in [Vio2] that

—i(t1+it2) Py | |£( COS(tl) B Ch(t2) b2>

LX(R)) — eXp ( Sh(tg)

for all t; € R and all £, < 0 , where P, = %(D?E +22 -1+ 2ibx—b2>, b € R. Applying this

le

result with ¢t; = 0, t; = —t < 0 and b = b(&,) = /&2 + A , we obtain

ch(t)—1y;2
307 o Caniy 0

e _ b2 _
1/ D2 + X | oz < sup [0 D) 422y = sup be
§e€R £E€R
(We remark that this inequality can be strengthened to an equality by taking the tensor
product of explicit optimisers for the norm of e~** with functions in ¢ localized in phase

o 9 (SH-L_ Lyp2
space near the optimising ¢,.) For all ¢ € [0,1], denote f,(t) = b%e ==& 277 and u(t) =

ch(t)—1 o
shi) 5 =th(3) — 3 <0.

. _ —a
Since max re~* = “— when a > 0, we get
z€eR

_t3€u(t)
B exp (u(t)p?) < = F(t).
exp (u(t)b”) < o) (t)

The expansion u(t) = th(§) — § = _2—? + O(t*) yields lim;_,o F'(t) = 24 and the function F' is

t
Ly —
bounded on the interval [0,1]. Replacing b* with D2 4+ A7, we conclude that, for ¢ € [0,1],

_ C
H(Dg + A%)e t(K1+1)H£(L2(R2)) S t—s .

For all ¢t > 1, just write with ¢, = % ,

‘ ‘(Dg + )\%)e_t(KH_l) | |£(L2(R2)) < | |(D§ + )\%)e_toKl ‘ ‘E(LQ([W)) ‘ ‘6_(t_t0)K1 | |£(L2(R2)) 6_% <

g '

<1

o

<

-
o

A Biquaternions

We define a biquaternion W as follows:
W =a+0bi+cj+dk
where a, b, ¢, d are complex numbers and i, j, k multiply according to the rules

i’ = =k*=ijk=—1

ij=—ji=k
jk = —kj =i
ki = —ik=j.
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For convenience we use a vector notation for biquaternions as follows:

W=a+4+v, v=0bi+cj+dk.

The conjugate of a biquaternion W is given by

conj(W) =a—bi —cj —dk .

The biquaternion ring By, is isomorphic to the matrix ring My(C). This can be seen via
the following map:

f : BQ — MQ(C)

a+bi+cj+dkr—>M:(a+bl C+dl)

—c+di a—0bi
The “norm” N (W) of a biquaternion W is
N(W) = conj(W)W =det(M) = a*+ b+ +d° .

Note that the norm is homogeneous of degree 2 and may take complex values. In particular,
a biquaternion W is invertible if and only if N (W) # 0. In this case its inverse is given by

. ~ conj(W)
inv(W) = N
Exponential and spectrum.

Let a+bi+cj+dk = a+ v be a biquarternion such that N(v) # 0. In this case v = \/h

verifies 02 = —1.
Hence write

TV — eV — eaeva(U)

<X (B/N(v))k
A

T
o= CDRN@D K (DN @)
‘ (kzzo k)] +kZ:0 k1 1) 0)
_ ,a Sin( N(U))’U
=e (cos( N(v))+ —N(v)) ) : (A1)

The above computation do not depend on the choice of /N (v) because cos is even and sin

is odd.

Finally the set of A € C such that (a + v — A) is non-invertible can be explicitly determined:
(a4 v — )) is non-invertible if and only if 0 = N(a+v—\) = (a — A\)*+ N(v) if and only

it A e {at =N}
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