
HAL Id: hal-01829179
https://hal.science/hal-01829179

Submitted on 3 Jul 2018

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Plate-like and shell-like inclusions with high rigidity
Anne-Laure Bessoud, Françoise Krasucki, Michele Serpilli

To cite this version:
Anne-Laure Bessoud, Françoise Krasucki, Michele Serpilli. Plate-like and shell-like inclusions
with high rigidity. Comptes Rendus. Mathématique, 2008, 346 (11-12), pp.697 - 702.
�10.1016/j.crma.2008.03.002�. �hal-01829179�

https://hal.science/hal-01829179
https://hal.archives-ouvertes.fr


a,b a b

a

b

1
εp p = 1 p = 3

ε



1
ε ω×] − ε, ε[ ω

ω

1
εp

p = 1 p = 3 p = 3
p = 1

p = 1 p = 3

E3 (O; e1, e2, e3)
Ω+ Ω− ∂Ω+ ∂Ω− ω = {∂Ω+ ∩ ∂Ω−}◦

R2 y = (yα)
ω Ω+ Ω− e3 −e3

ε > 0 Ω±,ε := {xε :=
x ± εe3; x ∈ Ω±} Ωm,ε := ω×] − ε, ε[ Ωε := Ω−,ε ∪ Ω+,ε ∪ Ωm,ε

Γ0 ⊂ (∂Ωε \ Γm,ε) Γm,ε := ∂ω×]− ε, ε[ Ωε

V ε = {(V , ) ∈ H1(Ωε; R3) × H1(Ωm,ε; R3); V |Ωm,ε = ; V |Γ0 = 0}.

Ωε

{
(U ε, ε) ∈ V ε (V , ) ∈ V ε

A−,ε(U ε, V ε) + A+,ε(U ε, V ε) + Am,ε( ε, ε) = L(V ),

A±,ε(U ε, V ε) =
∫

Ω±,ε

(λ±,εeε
pp(U

ε)eε
qq(V

ε) + 2µ±,εeε
ij(U

ε)eε
ij(V

ε))dxε,

Am,ε( ε, ε) =
∫

Ωm,ε

(λm,εeε
pp(

ε)eε
qq(

ε) + 2µm,εeε
ij(

ε)eε
ij(

ε))dxε.

L(·)

λ±,ε = λ±, µ±,ε = µ±, λm,ε =
1
εp

λm, µm,ε =
1
εp

µm,

p ∈ {1, 3} λ± λm µ± µm



ε
ε

Ω := Ω±,1 ∪ Ωm Ωm := ω×] − 1, 1[
Ωm,ε V = {(V , ) ∈

H1(Ω; R3) × H1(Ωm; R3); V |Ωm = ; V |Γ0 = 0}
⎧
⎨

⎩
(U (ε), (ε)) ∈ V (V , ) ∈ V

A−(U (ε), V ) + A+(U(ε), V ) +
1

εp−1
Am

αβ( (ε), ) +
1
εp

Am
α3( (ε), ) +

1
εp+1

Am
33( (ε), ) = L(V ),

A±(·, ·) Ω± Am
ij (·, ·)

Am
αβ( , ) =

∫

Ωm

(
λmeσσ( )eττ ( ) + 2µmeαβ( )eαβ( ) +

µm

2
∂αu3∂αv3

)
dx,

Am
α3( , ) =

∫

Ωm

(µm

2
(∂αu3∂3vα + ∂3uα∂αv3) + λm(eσσ( )e33( ) + e33( )eσσ( ))

)
dx,

Am
33( , ) =

∫

Ωm

(
(λm + 2µm)e33( )e33( ) +

µm

2
∂3uα∂3vα

)
dx.

(U(ε), (ε))

U(ε) = U0 + εU1 + ε2U2 + . . . , (ε) = 0 + ε 1 + ε2 2 + . . . .

(U0, 0)

p = 1 {
(U 0, 0) ∈ VM (V , ) ∈ VM

A−(U0, V ) + A+(U0, V ) + Am
M ( 0, ) = L(V ),

VM = {(V , ) ∈ H1(Ω; R3) × H1(ω; R3); V |ω = , V |Γ0 = 0},

Am
M ( , ) =

∫

ω

( 4λmµm

λm + 2µm
eσσ( )eττ ( ) + 4µmeαβ( )eαβ( )

)
dy

p = 3 {
(U0, 0) ∈ VF (V , ) ∈ VF

A−(U0, V ) + A+(U0, V ) + Am
F ( 0, ) = L(V ),

VF = {(V , ) ∈ H1(Ω; R3) × H2(ω; R3); V |ω = , V |Γ0 = 0, eαβ( ) = 0},

Am
F ( , ) =

1
3

∫

ω

( 4λmµm

λm + 2µm
∆τu3∆τv3 + 4µm∂αβu3∂αβv3

)
dy

∆τ

ω

Ωm,ε

p = 1



θ ∈ C2(ω; R3) α(y) := ∂αθ(y)
S := θ(ω) θ(y) α(y)

α(y) · β(y) = δα
β 3(y) = 3(y) :=

1(y)∧ 2(y)
| 1(y)∧ 2(y)| S aαβ aαβ

bαβ bβ
α

Γσ
αβ S

aαβ := α · β , aαβ := α · β, bαβ := 3 · ∂β α, bβ
α := aβσbασ, Γσ

αβ := σ · ∂β α.

Ωm,ε := ω×] − ε, ε[ Γ±,ε := ω × {±ε} xε

Ωm,ε
xε

α = yα S = θ(ω)
2ε > 0 Θm,ε(Ωm,ε) ⊂ R3 Ωm,ε

Θm,ε : Ωm,ε → R3

Θm,ε(xε) := θ(y) + xε
3 3(y), xε = (y, xε

3) = (y1, y2, x
ε
3) ∈ Ωm,ε

.

Θε : Ωε → R3

Θε :=

⎧
⎨

⎩
Θ±,ε Ω±,ε

Θm,ε Ωm,ε
, Θ±,ε(Γ±,ε) = Θm,ε(Γ±,ε),

Θ±,ε : Ω±,ε → R3 Ω±,ε Ω±,ε

Ωε

⎧
⎨

⎩
(U ε, ε) ∈ V ε ( ε, ε) ∈ V ε

A−,ε(U ε, V ε) + A+,ε(U ε, V ε) + Am,ε( ε, ε) = L(V ε),

A±,ε(U ε, V ε) :=
∫

Ω±,ε

Aijkℓ,ε
± eε

kℓ(
ε)eε

ij(
ε)

√
g±,ε dxε,

Am,ε( ε, ε) :=
∫

Ωm,ε

Aijkℓ,ε
m eε

kℓ(
ε)eε

ij(
ε)
√

gm,ε dxε.

Aijkℓ,ε := λεgij,εgkℓ,ε + µε(gik,εgjℓ,ε + giℓ,εgjk,ε)
gε := (gε

ij) (gε
ij) := (∂iΘε · ∂jΘε) (gij,ε) := (gε

ij)−1

Θε

Ωε Ω
(U0, 0)

p = 1 {
(U 0, 0) ∈ VM (V , ) ∈ VM

A−(U0, V ) + A+(U0, V ) + Am
M ( 0, ) = L(V ),

VM = {(V , ) ∈ H1(Ω; R3) × H1(ω; R3); V |ω = , V |Γ0 = 0},

Am
M ( , ) =

∫

ω
aαβστγστ ( )γαβ( )

√
a dy



aαβστ := 4λmµm

λm+2µm aαβaστ +
2µm(aασaβτ + aατaβσ)
γαβ( ) := 1

2 (∂αuβ + ∂βuα) − Γσ
αβuσ − bαβu3

p = 3
{

(U0, 0) ∈ VF (V , ) ∈ VF

A−(U0, V ) + A+(U0, V ) + Am
F ( 0, ) = L(V ),

VF = {(V , ) ∈ H1(Ω; R3) × H2(ω; R3); V |ω = , V |Γ0 = 0, γαβ( ) = 0 ω},

Am
F ( , ) =

1
3

∫

ω
aαβστρστ ( )ραβ( )

√
a dy

ραβ( ) := ∂αβu3 −
Γσ

αβ∂σu3 − bαβu3 + bσ
α(∂βuσ − Γτ

βσuτ ) + bτ
β(∂αuτ − Γσ

ατuσ) + (∂αbτ
β + Γτ

ασbσ
β − Γσ

αβbτ
σ)uτ

VM VF Am
M


