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LARGE DEVIATIONS FOR THE LARGEST EIGENVALUE OF
RADEMACHER MATRICES

ALICE GUIONNET AND JONATHAN HUSSON

ABSTRACT. In this article, we consider random Wigner matrices, that is symmetric
matrices such that the subdiagonal entries of X,, are independent, centered, and with
variance one except on the diagonal where the entries have variance two. We prove
that, under some suitable hypotheses on the laws of the entries, the law of the largest
eigenvalue satisfies a large deviation principle with the same rate function as in the
Gaussian case. The crucial assumption is that the Laplace transform of the entries must
be bounded above by the Laplace transform of a Gaussian variable with same variance.
This is satisfied by the Rademacher law and the uniform law on [—/3,/3]. We extend
our result to complex entries Wigner matrices and Wishart matrices.

1. INTRODUCTION

Very few large deviation principles could be proved so far in random matrix theory.
Indeed, the natural quantities of interest such as the spectrum and the eigenvectors are
complicated functions of the entries. Hence, even if one considers the simplest model of
Wigner matrices which are self-adjoint with independent identically distributed entries
above the diagonal, the probability that the empirical measure of the eigenvalues or the
largest eigenvalue deviates towards an unlikely value is very difficult to estimate. A well
known case where probabilities of large deviations can be estimated is the case where
the entries are Gaussian, centered and well chosen covariances, the so-called Gaussian
ensembles. In this case, the joint law of the eigenvalues has an explicit form, independent
of the eigenvectors, displaying a strong Coulomb gas interaction. This formula could
be used to prove a large deviations principle for the empirical measure in [8] and for
the largest eigenvalue [7] (see also [19] for further discussions of the Wishart case, and
[12]). More recently, in a breakthrough paper, Bordenave and Caputo [11] could tackle
the case of matrices with heavy tails, that is Wigner matrices with entries with stretched
exponential tails, going to zero at infinity more slowly than a Gaussian tail. The driving
idea to approach this question was to show that large deviations are in this case created
by a few large entries, so that the empirical measure deviates towards the free convolution
of the semi-circle law and the limiting spectral measure of the matrix created by these
few large entries. This idea could be also used to grasp the large deviations of the largest
eigenvalue [2]. In the Wishart case, [13] considered the large deviations for the largest
eigenvalue of Wishart matrices W = X X* but in the regime where the matrix X is L x M
with L much smaller than M. Hence large deviations for bounded entries, or simply
entries with sub-Gaussian tails, remained mysterious in the case of Wigner matrices or
Wishart matrices with L of order M. In this article we analyze the large deviations of the
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2 ALICE GUIONNET AND JONATHAN HUSSON

largest eigenvalue of Wigner matrices with Rademacher or uniformly distributed random
variables. More precisely our result holds for any independent identically distributed
entries with distribution with Laplace transform bounded above by the Laplace transform
of the Gaussian law with the same variance. We then prove a large deviation principle
with the same rate function than in the Gaussian case: large deviations are universal in
this class of measures. We show that this result generalizes to complex entries Wigner
matrices as well as to Wishart matrices. We are considering the case of general sub-
Gaussian entries in a companion paper with F. Augeri. We show in particular that the
rate function may be different from the rate function of the Gaussian case, at least for
deviations towards very large values.

1.1. Statement of the results. We consider a family of independent random variables
(az(’lj))ogigjg ~, such that the variables ag}j)
moreover assume that the ,ufvj are centered :

pl(w) = [ adud(z) =0

are distributed according to the laws ,us] We

and with covariance:
ply(a?) = /ﬁQduf,Vj(x) =1L,V1<i<j<N, pN@@?)=2 VI<i<N.

We say that a probability measure p has a sharp sub-Gaussian Laplace transform iff

t2p(2?)
Vte R, T,(t) = /exp{tx}d,u(:c) < exp{ ) } (1)
The terminology “sharp” comes from the fact that for ¢t small, we must have
t2pu(2?)

T,(0) > exp{ 5 (14 o)
Then we assume that
Assumption 1.1 (A0). We assume that the uf\g satisfy a sharp Gaussian Laplace trans-

form in the sense that
° (,ugj)igj have a sharp sub-Gaussian Laplace transform,
e The ,us] have a uniform lower bounded Laplace transform: For any 6 > 0 there
exists £(8) > 0 such that for any |t| < e(d), any 1 <i < j < N, any N € N,
(1- 5)t2u£,vj(962)}
5 .

Moreover, we assume that the T, ~ are uniformly C?3 in a neighborhood of the origin: for
7

T (1) > exp{

Hij

€ > 0 small enough supy, <, supijj;, |07 InT,,~ (t)| is finite.
> sJy i,

Observe that the ufvj have a uniform lower bounded Laplace transform as soon as they
do not depend on N and there are finitely many different of them.
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Remark 1.1. We could assume a weaker upper bound on the Laplace transform for the
diagonal entries such as the existence of A finite such that

[ e dudi@) < expft + A}, V1I<i<N,
see the proof of Theorem 1.17.

Example 1.2. (1) Clearly a centered Gaussian variable has a sharp sub-Gaussian
Laplace transform.
(2) The Rademacher law B = %(5_1 + 1) satisfies a sharp sub-Gaussian Laplace
transform since for all t

Tp(t) = cosh(t) < e'/2.

(3) U, the uniform law on the interval [—/3,/3], satisfies a sharp sub-Gaussian
Laplace transform since we have

/xQdU(x) =1,

and
Ty (t) L h(tv3) =Y s
= ——sin = — .
v V3 =0 (2n+1)!
Since for alln > 0, (275’11)! < ﬁ, it follows that Ty (t) < e%.

(4) More generally if p is a symmetric measure on R (i.e. such as p(—A) = p(A) for
any Borel subset A of R) such that

/:L‘2d,u(l‘) 1 /x%d,u(x) < (2n)(2n—;2...(n+ 1)

then p satisfies a sharp sub-Gaussian Laplace transform.

(5) If X,Y are two independent variables with distribution p and u', two probability
measures which have a sharp sub-Gaussian Laplace transform, for any a € [0, 1],
the distribution of \/aX + /1 —aY has a sharp sub-Gaussian Laplace transform.

(6) If ,uf\; = w for all i, 3, then they satisfy a uniform lower bound on the Laplace
transform.

Vn > 2

Note that many measures do not have a sharp sub-Gaussian Laplace transform, e.g. the
sparse Gaussian law obtained by multiplying a Gaussian variable by a Bernoulli variable,
or the sum of most Rademacher laws. We will also make classical assumptions to use
standard concentration of measure tools:

Assumption 1.2. There exists a compact set K such that the support of all,ufj’j is included

in K for alli,j € {1,..., N}and all integer number N, or all ufvj satisfy a log-Sobolev
inequality with the same constant ¢ independent of N.

Remark 1.3. All the examples of Fxample 1.2 satisfy Assumption 1.2, except possibly
for sums of Gaussian variables and bounded entries.
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We then construct for all N € N, a real Wigner matrix N x N XJ(\}) by setting :

T~

<,
.

D)

S]

when ¢ < 7,

2

1
i

\/}vwhenz’>j.

S~

S

Xy() = {

We denote Amin (X)) = A < Ao+ < Av = Auax(XY) the eigenvalues of X\, Tt
is Well known [21] that under our hypotheses the empirical distribution of the eigenval-
ues Y X =W L SN 85, converges weakly towards the semi-circle distribution o: for all

bounded continuous function f

hm /f duX(l) /f Ydo (x /22 f(2)V4 — z2dx a.s.

It is also well known that the eigenvalues stick to the bulk since we assumed the entries
have sub-Gaussian moments [14, 1] :

(1) . 1)y _
hIn Amin(XN') = =2 A}l_I}noo Amax(Xy7) = 2, a.s
Our main result is a large deviation principle from this convergence.

Theorem 1.4. Suppose Assumptz'ons 1.1 and 1.2 hold. Then, the law of the largest
eigenvalue )\maX(X ) of XN satisfies a large deviation principle with speed N and good
rate function IV which is infinite on (—o00,2) and otherwise given by

104) = [ VE=ia

In other words, for any closed subset F' of R,

. 1 (1) . (1)
hmsupNInP(/\maX(XN ) € F) < —1IF1fI :

N—oo

whereas for any open subset O of R
1

P e (1)

lﬂlgf N In P ()\max(XN ) € O) 1gf] :
The same result holds for the opposite of the smallest eigenvalue —)\mm(X](\})),

Therefore, the large deviations principles are the same as in the case of Gaussian entries

as soon as the entries have a sharp sub-Gaussian Laplace transforms and are bounded,
for instance for Rademacher variables or uniformly distributed variables. Hereafter we
show how this result generalizes to other settings. First, this result generalizes to the
case of Wigner matrices with complex entries as follows. We now consider a family of
independent random variables (ag?j))lgigjg ~, such that the variables afj) are distributed

according to a law ,uf\; when ¢ < j, which are centered probability measures on (C (and

on R if i = j). Wewriteal(-7)—x”—l—zyljwherea:”—3%( ”)andy”—\s( ) We

suppose that for all ¢ € [1, N], y;; = 0. In this context, for a probability measure on C,
we will consider its Laplace transform to be the function

T,(2) = / exp{R(az)}dula).
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We assume that
Assumption 1.3 (AOc). For alli < j
Wt € C, Ty (1) < exp(|t2/4)

and for all i
vt € R, T),n (1) < exp(t?/2).

We assume that for all 6 > 0 there exists €(§) > 0 so that for all complex number t with
modulus bounded by ()

(-9,

t)3 -
T ()2 o0 - 0} i< Ty ) 2 exf

Moreover, for € >0 small enough supy, < sup; ; v |0} InT,~ (t)| is finite.
= sJy i,j

Observe that the above hypothesis implies that for all i < j, 2E[z7;] = 2E[y;;] =
E[z7,] = 1 and E[z;;:,] = 0. Examples of distributions satisfying Assumption 1.3 are
given by taking (x; ;,v; ;) centered independent variables with law satisfying a sharp sub-
Gaussian Laplace transform. Hereafter, we extend naturally Assumption 1.2 by assuming
that the compact K is a compact subset of C or log-Sobolev inequality holds in the

complex setting.
We then construct for all N € N, X](\?) a complex Wigner matrix N x N by letting :

al? .
L when 1 < j

VN
X$,5) = {

@

\;%Whenz'>j

Again, it is well known that the spectral measure of X ](\? ) converges towards the semi-circle
distribution o and that the eigenvalues stick to the bulk [1].

Theorem 1.5. Assume that Assumptions 1.3 and 1.2 hold. Then, the law of the largest
eigenvalue )\max(X](\?)) of X](\?) satisfies a large deviation principle with speed N and good
rate function I'®) which is infinite on (—00,2) and otherwise given by

1D(p) = 210 (p) = 2 / * VT —dda.
2

We finally generalize our result to the case of Wishart matrices. We let L, M be two
integers with N = L + M. Let G(LB 3\4 be an L x M matrix with independent entries

(az(’i-)) 1<icr with laws p” J’»M on the real line if 5 = 1 and on the complex plane if 8 = 2.
i< ’

The ,uf 3»M satisfy a sharp sub-Gaussian Laplace transform (with real or complex values) for
all 4,7 € [1, M] x [1, N], and its complementary uniform lower bound (Assumption 1.1, or

Assumption 1.3), are centered and have covariance one. We set W]Eﬁ ]%4 = %G(Lﬂ @(GSJB 3\4)*

When M/ L converges towards «, the spectral distribution of Wéﬁ ]34 converges towards the
Pastur-Marchenko law [18]: for any bounded continuous function f

Jim [ F@dife (@) = [ f@)dra@) o
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where if & > 1 and a, = (1 — Va)?, by = (1 +/@)?,
V(b — 2)(z — a,)

2rx
When o < 1, the limiting spectral measure has aditionnally a Dirac mass at the origin
with mass 1 — a. We hereafter concentrates on the case M > L up to replace Wf ]%4 by

Wa(dx) = ]l[aa,ba]dl' .

(G(Lﬂ 3\4)*G(Lﬁ 3\4 /M. Again, the extreme eigenvalues were shown to stick to the bulk [5]. We
prove a large deviation principle from this convergence:

Theorem 1.6. Assume that the ,uf\; satisfy Assumption 1.2. Assume they satisfy a sharp
Gaussian Laplace transform 1.1 when 8 =1 or 1.3 when B = 2, and a uniform lower
bounded Laplace transform 1.1 when 3 =1 or 1.3 when = 2. Assume that there exists
a > 1 and k > 0 so that % —«a = o(N~"). Then, the law of the largest eigenvalue

/\maX(WL(%) of WLWJQ satisfies a large deviation principle with speed N and good rate
function JP) which is infinite on (—00,b,) and otherwise given by

J(ﬁ)(

[aa ,ba]dy .

\/ bo — —aa)
4(1 —l— Q) /
where B =1 in the case of real entries, and [ = 2 in the case of complex entries.

This problem can be seen as a generalization of the previous cases since if we consider

the N x N matrix
(wg) _ ( 0 \lﬁG(LBi\/[>
XN7 = N &

&G0

the spectrum of the N x N matrix X (ws) is given by L eigenvalues 4/ %)\, L eigenvalues
(8)

— /L ¥ A, where A are the eigenvalues of W}, and M — L vanishing eigenvalues. Hence,

the largest eigenvalue of Wéﬁ ]%4 is the square of the largest eigenvalue of X N multiplied

by N/L. Tt is therefore equivalent to show a large deviation principle for the largest
eigenvalue of Xy (ws) , with rate function
19 (z) = JO((1 + a)z?).

. . . . . . w
This amounts to consider a Wigner matrix with some entries set to zero. We denote ag i’ )

the entries of VN X"

a(,l;)ﬁ) = 0, ifi,j<Morij>M+1,
at = WP, > M1, < M,
o = a?, j>M+1i<N

Again, we denote by /i - the law of the ¢ jth entry of this matrix. Hereafter, we denote
by o, the limiting spectral distribution of X\ N given for any test function f by

[ 1@y (@) 1+a</f¢ﬁd%4 )+ [ 1 ¢)m¢@>+jliﬂm.
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Therefore, we shall prove Theorem 1.6 by showing that

Theorem 1.7. Assume that the ,ufvj satisfy Assumption 1.2. Assume they satisfy a sharp
Gaussian Laplace transform 1.1 when B =1 or 1.3 when = 2, and a uniform lower
bounded Laplace transform 1.1 when =1 or 1.8 when [ = 2. Assume that there exists
a > 1 and k > 0 so that % —a = o(N~"). Then, the law of the largest eigenvalue
)\maX(X(wB) of X](\;Uﬁ) satisfies a large deviation principle with speed N and good rate
function I®8) which is infinite on (—o0,by), ba = /(1 + a)~1b,) and otherwise given by

I (wm

1+ / L0+ a2y — 12 — dady.
a Jb

where B =1 in the case of real entries, and two in the case of complex entries.

Acknowledgments: Alice Guionnet wishes to thank A. Dembo for long discussions
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inspiration. We also benifitted from many discussions with M. Maida with whom one
of the author is working on a companion paper on unitarily invariant ensembles, as well
as with Fanny Augeri with whom we are working on a follow up paper tackling the
general sub-Gaussian case. Finally, we are very grateful for stimulating discussions with
O. Zeitouni and N. Cook.
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1.2. Scheme of the proof. The idea of the proof is reminiscent of Cramer’s approach
to large deviations: we appropriately tilt measures to make the desired deviations likely.
The point is to realize that it is enough to shift the measure in a random direction and
use estimates on spherical intergrals obtained by one of the author and M. Maida [15].
To be more precise, we shall follow the usual scheme to prove first exponential tightness:

(8)

Lemma 1.8. For 8 =1,2,wy,wq, assume that the distribution of the entries a;’; satisfy

Assumption 1.2 for = 1,w, and Assumption 1.3 for 8 = 2,ws. Then:

1
lim hmsupﬁlnIP’[/\max(X N> K| =-—

K—+0o N_o0o

Similar results hold for )\min(X](Vﬁ)).

This result is proved in Section 2. Therefore it is enough to prove a weak large deviation
principle.

In the following we summarize the assumptions on the distribution of the entries as
follows :

Assumption 1.4. FEither the ufvj are uniformly compactly supported in the sense that
there exists a compact set K such that the support of all uf\; s included in K, or the
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,ufvj satisfy a uniform log-Sobolev inequality in the sense that there exists a constant c
independent of N such that for all smooth function f

f? N N 2
f*In dpiy < e (IVF112) -
When = 1,w, uf\; satisfy Assumption 1.1, when B = 2,ws, they satisfy Assumption 1.35.
In the case of Wishart matrices, f = wy or ws, we assume that there exists a > 1 and
k > 0 so that |% —a| < N7 for N large enough. Moreover, for € > 0 small enough
SUD|y < SUP; ;v |07 InT),n (t)| is finite.

< J» N

We shall first prove that we have a weak large deviation upper bound:

Theorem 1.9. Assume that Assumption 1.4 holds. Let § = 1,2,wy,wy. Then, for any
real number x,

1
lim sup limsup — InP (‘)\max(X](Vﬁ)) — x‘ < (5) < —Ig(x)
6—0 Nooo N

We shall then obtain the large deviation lower bound.

Theorem 1.10. Assume that Assumption 1.4 holds. Let § = 1,2, wy,wy. Then, for any
real number x,

lim infliminf;[lnﬂ’> (‘/\maX(X](\?)) - x} < 5) > —I5(x)

6—0 N—oo

To prove Theorem 1.9, we first show that the rate function is infinite below the right
edge of the support of the limiting spectral distribution. To this end, we use that the
spectral measure jiy converges towards its limit which much larger probability. We denote

this limit og: 01 = 02 = 0 and 0y, = 0y, = 0. We let d denote the Dudley distance:
d(p,v) = sup /fxd,u /f Ydv(z)|
Ifllz<1
where || £, = sup, ., |[{2=19| + sup, | f(x)].

Lemma 1.11. Assume that the “i,j are uniformly compactly supported or satisfy a uniform
log Sobolev inequality, as well as, in the case wy,ws, that there exists k > 0 such that

2 —a| < N7%. Then, for f =1,2,wy,ws, there exists k' € (0, 110 A k) such that

1 ,
lim su lnP(d N, 08) > N_”) = —00.
N_mp N (2 x@ 5)

The proof of this lemma is given in the appendix. As a consequence, we deduce that
the extreme eigenvalues can not deviate towards a point inside the support of the limiting
spectral measure with probability greater than e~ ™" and therefore

Corollary 1.12. Under the assumption of Lemma 1.11, For 3 = 1,2 let x be a real
number in (—oo,2) or, for § = wy,ws, take x < b,. Then, for § > 0 small enough,

1
lim supﬁlnIP’ (|/\maX(X](VB)) —z| < 5) = —00.

N—o0
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Indeed, as soon § > 0 is small enough so that z+¢ is smaller than 2—¢ for 5 = 1,2 (resp
by — 6 for = wy, ws), d(fin, 03) is bounded below by some () > 0 on |/\maX(X](f)) —x| <
0. Hence, Lemma 1.11 implies the Corollary.

In order to prove the weak large deviation bounds for the remaining x’s, we shall tilt
the measure by using spherical integrals:

In(X,0) = E[e"V X
where the expectation holds over e which follows the uniform measure on the sphere SV—*

with radius one. The asymptotics of

hw@:;mmw@

were studied in [15] where it was proved that

Theorem 1.13. [15, Theorem 6]
If (En)Nen 15 a sequence of N X N real symmetric matrices when =1 and complex
Gaussian matrices when [ = 2 such that :
o The sequence of empirical measures ,&gN weakly converges to a compactly supported
measure (i,
e There are two reals Ayin(E), Amax(E) such that imy_, o Apin(En) = Amin(E) and
limN_m /\max<EN) = )‘max<E)7
and 0 > 0, then :
Alfim IN(EN,0) = J (1, 0, Anax(E))
—00

The limit J is defined as follows. For a compactly supported probability measure we
define its Stieltjes transform G, by

Culz) = [ —du(t)

RzZ—t

We assume hereafter that p is supported on a compact [a,b]. Then G, is a bijection
from R\ [a,b] to |G, (a),G,(b)[\{0} where G,(a),G,(b) are taken as the limits of G, (t)
when t — a~ and ¢t — b". We denote by K, its inverse and let R, (z) := K,(z) —1/z be
its R-transform as defined by Voiculescu in [20] (defined on |G, (a), G,(b)[). In the sequel,
for any compactly supported probability measure p, we denote by 7(u) the right edge of
the support of p. In order to define the rate function, we now introduce, for any 6 > 0,
and A > r(p),

2 2
J1.0.) 1= 00(0.11.0) 2 [ 1o (1 + 2000, - 59y> du(y),

with
Ru(30), if 0 < 2 < Hy(p, A) 1= lim. iy [ Zdp(y),
U(H’ Ky /\) = A — B if %9 > HmaX(:u’ )‘)’

260"
We shall later use that spherical integrals are continuous. We recall here Proposition 2.1
from [17] and Theorem 6. from [15]. We denote by || A|| the operator norm of the matrix

A given by [|A]| = supy,. | Aully where [lull; = /5 il



10 ALICE GUIONNET AND JONATHAN HUSSON

Proposition 1.14. For every 6 > 0, every k €]0,1/2|, every M > 0, there exist a function
gr : RT — R going to 0 at 0 such that for any 6 > 0 and N large enough, with By and
Bl such that d(ﬂgN,ﬂg&) < N5, [Amax(BN) — Amax(Bn)| < § and supy ||By|| < M,
supy || Byl < M -
|Jn(Bn,0) — Jn(By, 0)| < gx(9) .
From Theorem 1.13 and Proposition 1.14, we deduce that :

Corollary 1.15. For every 6 > 0, every k €]0,1/2], every M > 0, for any § > 0 and
i a probability measure supported in [—M, M|, if we denote by By the set of symmetric
matrices By such that d(pipy, 1) < N7%, |Amax(Bn) — p| < 0, and supy ||Bn|| < M, for
N large enough, we have :

limsup sup [Jn(Bn,0) = J(u,0,p)| < 29.(0)

N—oo By€eEBny
where g, is the function in Proposition 1.14.

By Lemma 1.8 and Lemma 1.11, it is enough to study the probability of deviations on
the set where Jy is continuous:

Corollary 1.16. Suppose Assumption 1.2 holds. For 6 > 0, take a real number x and
set for M large (larger than x + 9 in particular), A% to be the set of N X N self-adjoint
matrices given by

A = {X 1 Panax(X) — 2] < 6} N {X 1 d(pY, 05) < N7} {X ¢ | X < M},

where k' is chosen as in Lemma 1.11 . Let x be a real number, § > 0 and k' as in Lemma
1.11. Then, for any L > 0, for M large enough

P ([Amax(XN)) = 2| < 6) = P (X € AY;) + O(e™F) .

We are now in position to get an upper bound for P (X](Vﬁ) € A%). In fact, by Tcheby-
shev inequality, for any 6 > 0,

P (X% € AY5) < E[In(XY),0)]exp{—N _inf Jn(X,0)}
“ XeAM;

< Ely(XY,0) exp{N(20x(0) = J(05,0.2) +0(0))}  (2)
where we used that © — J(0g,6,x) is continuous. It is therefore central to derive the
asymptotics of
1
Fx(0,5) = 5 mE[Iy (XY, 0)]

and we shall prove in section 3 that
Theorem 1.17. Suppose Assumption 1.4 holds. For  =1,2,wy,wy and 6§ > 0,
with F(0,3) = 6%/3 if B=1,2 and when B = w;, i = 1,2:

262 ? {16

F(0,w;) = sup {—=z(1 —z) + In(1 —x)+ m

Inz} —1iC,,
x€[0,1] 1 2(1 + Oé) }
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1 1
where Co = 575 In(7) + 5t 0 Tra

We therefore deduce from (2), Corollaries 1.16 and 1.15 , and Theorem 1.17, by first
letting NV going to infinity, then 0 to zero and finally M to infinity, that

1
limsup limsup — In P (‘)\max( ](Vﬂ)) - x’ < 5) < F(0,8)— J(os,0,x).
550  Nooo N
We next optimize over ¢ to derive the upper bound:
1
limsup limsup — In P (‘)\max(X](\?)) — m’ < 5) < —sup{J(op,0,2) — F(0,8)}. (3)
550 Nooo N >0

To complete the proof of Theorem 1.9, we show in section 4 that, with the notations of
Theorems 1.6,1.5, and 1.7,

Proposition 1.18. For = 1,2, wy, wo,
Is(x) = sup{J(op,0,2) — F(0,0)} .

>0
To prove the complementary lower bound, we shall prove that

Lemma 1.19. For 8 = 1,2, for any © > 2 and for B = wy,wy for any © > b,, there
exists 0 = 6, > 0 such that for any 6 > 0 and M large enough,
. B In(Xy, )]
liminf — In ©
Novoo N ElIn(Xy",0)]

This lemma is proved by showing that the matrix whose law has been tilted by the
spherical integral is approximately a rank one perturbation of a Wigner matrix, from
which we can use the techniques developped to study the famous BBP transition [6]. The
conclusion follows since then

E[L ys c g In(XD,6,)]
M N R I (XY, 6,) exp{—N sup Jy(X,6,)}
E[In(Xy',0,)] XeAM,

> exp{N(gx(0) + F(04,5) — J(0p,0., ) + 0(9))}
> exp{—NlIg(z) — No(d)}

B)
Xy EA%

P (XY € AM)

where we finally used Theorem 1.17 and Lemma 1.19.

2. EXPONENTIAL TIGHTNESS

In this section we prove Lemma 1.8. We will use a standard net argument that we
recall for completness. For N € N, let Ry be a 1/2-net of the sphere (i.e. a subset of the
sphere Sy_; such as for all u € Sy_; there is v € Ry such that ||u — v|| < 1/2. Here the
sphere is inside RY for 8 = 1,w; and C¥ for 8 = 2,w,). We know that we can take Ry
with cardinality smaller than 3. We notice that for M > 0

P|X3]| > 4K] < 9 sup P(Xu,v) > K] (4)

u,VERN
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Indeed, if we denote, for v € S¥~1, w, to be an element of Ry such that ||u, — vy < 1/2,

1
IX00 = sup X370l < sup (X w2 + 51X371)
ve

veSN
so that
IXP) < 2 sup | XPull, (5)
uERN
),

X
N
&5—, we find
HXN ull2

Similarly, taking v =

X ulls = (0, X3 u) < (uy, X3 u) + o= w]|2| X302
from which we deduce that
HXéVH <4 sup <XN u,v)

u,VERN

and (4) follows. We next bound the probability of deviations of (X](f)v u) by using
Tchebychev’s inequality. For 6 > 0 we indeed have

PH(XPu,v) > K] < exp{—0NEK}E[exp{NO(XVu,v)}]

< exp{—0NK}E[exp { (2 > OR( a uzv]) + Z ai,iuz‘vi) }]

1<J

< exp{—0NK}exp (

| Ivy|2+2|uz| i ) (6)

where we used that the entries have a sharp sub-Gaussian Laplace transform. In the case
of Wishart matrices, we bounded above some vanishing contributions by a non-negative
term. When § = w;, 8’ = i, otherwise 8’ = 3. We can now complete the upper bound:

2 2 2 2
- <e N [[ulBllelB + (w0 em)

1<J

P(X Py, v) > K]

IN

e 2

)

where we took 8 = 1. We conclude that :

P[(XYu,0) > K] < exp (N(1 = K))
This complete the proof of the Lemma with (4).
3. PROOF OF THEOREM 1.17

We consider in this section a random unitary vector e taken uniformly on the sphere
SV-1 and independent of X\?. We define Fiy by setting, for 6 > 0 :
1

Fy(6,8) = 5 I E o Eclexp(N8{e, Xy e))]
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where we take both the expectation E, over e and the expectation E «(8) OVer X](VB). In this
N

section we derive the asymptotics of Fy (0, 5). F (6, ) is as in Theorem 1.17. We prove a
refinment of Theorem 1.17, which shows that under our assumption of sharp sub-Gaussian
tails, the random vector e stays delocalized under the tilted measure.

Proposition 3.1. Suppose Assumption 1.1 holds if B = 1,w; and Assumption 1.3 holds
if B =2,wy. Denote by Vg = {e € SN71 : Vi, |e;| < N~V4=<}. Then, for e € (0,1),

1
FO.6) = Jim Fy(6,8)= lim =IE[levgE lexp(No(e, X{e)]

N—+o0

We first consider the case of Wigner matrices and then the case of Wishart matrices:
in both cases the proof shows that the above delocalization holds (i.e we can restrict
ourselves to vectors e in V) and we shall not mention it in the following statements.

3.1. Wigner matrices. In this section we prove Theorem 1.17 in the case of Wigner
matrices, namely:

Lemma 3.2. Suppose Assumption 1.1 holds if =1 and Assumption 1.3 holds if § = 2.
Then for any 6 > 0

92
Jim_ Fy(0.5) = F(0.5)= 7.
Proof. By denoting L, = InT),, we have :
EX§§> [exp(NO(e, Xie))] = X(B) lexp{V/NO( 22?)? ” ejel + Za(6)|ez
1<J
= (3 Ly, (206, VN) + 3 Ly (Blei*VI))

1<j

where we used the independence of the (agg))igj. Using that the entries have a sharp sub-
Gaussian Laplace transform (using on the diagonal the weaker bound L, (t) < %tz +Alt|)

and 3" e? = 1, we deduce that:

2N6°
By loxp(N8(e, Xe))] < Eufexp(Z5- X ledlle + =
1<)

2

< exp(Neﬁ + AVNO)

Z les|* + A\/_HZeQ}

So that we have proved the upper bound that

2
lim sup Fiy(6, 8) < limsup sup ln IEX@;) lexp(NB(e, XDe))] < a (7)
N—oo N—oco ecSN-1 N 6
We next prove the corresponding lower bound. The idea is that the expectation over the
vector e concentrates on delocalized eigenvectors with entries so that v/N, e;e; is going to
zero for all 7, j. As a consequence we will be able to use the uniform lower bound on the
Laplace transform to lower bound F (6, 3).
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Let Vi = {e € SN : Vi, |e;] < N~Y/47¢} be the subset of the sphere S¥~! with entries
smaller than N~/4=¢ for some € € (0, i) We have that :

Elexp(N6(e, X} e))] > Ee[Leevg [T exp{L, v, 2V NOeie;)} [T exp{L,x (VNO|es|)}]

i<j i
For e € Vi, 2V/Nf|e;ej| < 20N~¢ so that :
lim sup |2v/Nfese;| = 0

N—+oc0 e€Vs

By the uniform lower bound on the Laplace transform of Assumptions 1.1 or 1.3, we
deduce that for any § > 0

2
Elexp(N0(e, X)e))] > P [Vi]eN 7070 (8)
We shall use that

Lemma 3.3. For any € € (0,1/4) we have

As a consequence, we deduce from (8) that for any 6 > 0 and NV large enough

. 0?
lim inf Fiy (6, 8) > (1 - 5)§

So that together with (7) we have proved the announced limit
92
A (.6) =5

which completes the proof of Lemma 3.2.

Finally we prove Lemma 3.3. To this end we use the well known representation of the
vector e as a renormalized (real or complex) Gaussian vector:

9
e =
lgll2

where g = (g1, ..., gn) is a Gaussian vector of covariance matrix /. By the law of large
numbers, we have the following almost sure limit :

L gl

Ay T

We also have by the union bound

1
P[3i € [1, N], |g:| > N'*</2] < NP[|g:| > N'/*7¢/2] < NeXp{_ZNl/Q—ZE}
from which the result follows.
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3.2. Wishart matrices. In this subsection we prove Theorem 1.17 in the case of Wishart
matrices, namely:

Lemma 3.4. Let = wy or wy. Suppose Assumption 1.4 holds. Then for any 0 > 0, for
i=1,2

26>

Qo
lim Fy(0,w;) = F(O,w;) = sup {—zx(l—2)+———In(1—2)+———1Inz}—iC,,
where C, = m ln(p%aﬂ—m In :%-. Moreover, the supremum is achieved at a unique

Zo tn [0,1] (as it mazimizes a strictly concave function). xg . is the almost sure limit of
le1||2, the norm of the first M entries of e, under the tilted law

o o Ex[exp{ON (e, X} e)}|dP(c)
dP”(e) = ]EG[EX[exp{HN<€,XéV€>}” '

Proof. We have, with the same notations than in the previous case :

Exui[exp(NO(X e, e))] = exp{ > Lugvj<ﬁ29e§”e§-2))}

b O e

where e = (e, ), that is e(!) is the vector made of the M first entries of e and e®

the vector made of the L last entries of e. Using that the /Lfvj have a sharp sub-Gaussian

Laplace transform and a uniform lower bounded Laplace transform, we deduce that with

Vi ={ec SN |g| < N7/4¢} we find that for any § > 0 and N large enough

202
1

267
Ee[Lyg exp{(1 = 0) == NlleM[3lle®I3}] < B [In (0, )] < Eelexp{ =NV [[3]l®[|3}]

(9)
where ||[eM]2 = 1 — ||e@||? follows a Beta law with parameters (iM/2,iL/2), so its
distribution is given by

BetaiM/27iL/2(da:) = CM’LSL’iM/Q(l — ZE)Z'L/Z]IJEE[Q’HCZQZ,

with Cyr = T'(iN/2)/T(iM /2)I'(¢L/2). Therefore, Laplace method implies that

, 1 202
Jim L InEfexp{ 2 N 1.} (10)
202 o i
= sup{—z(1l—2)+ ——In(l—2)+ ——Inzx} —1iC,.
xe[ol?l]{z -0+ ga gyl )+ gy ned

(10) thus yields the expected upper bound. To get the lower bound in (9), observe that
conditionning by [[e™ ||z, the entries of el and €2 follow uniform laws on the sphere so
that Lemma 3.3 applies. Hence, Vy has probability going to one under this conditionnal
measure and we can remove its indicator function in the lower bound of (9). We then
apply Laplace method under the Beta law to conclude. Finally, we see from the above
that for any set A, any § > 0

: , 202
PY(JleM|2 € A) < exp{—NF(0,w;) + N5}/ eM2(1 — )2 exp{ —Nuz(1 — z)}dx
A i
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from which it follows by Laplace method that the law of ||e||2 follows a large deviation
upper bound with speed N and good rate function which is infinite outside [0, 1] and
otherwise given by

20?2 i

——a(l—x) —

; M+ a) In(l —z) —

o
———Inx+ F(6,w).

2(1+«) (6, wi)

In particular ||e™]|2 converges almost surely towards the unique minimizer xg, of this
strictly convex function.

O

4. IDENTIFICATION OF THE RATE FUNCTION

To complete the proof of the large deviation upper bound of Theorem 1.9, we need to
identify the rate function, that is prove Proposition 1.18. This could a priori be done by
saying that the rate function corresponds to the one that is well known for the Gaussian
case. But for the sake of completness, we verify directly that we have the same result.

4.1. Wigner matrices. We first consider the case of Wigner matrices. Recall that we
found for = 1,2

92
I3(z) = max (J(a,@,x) - 5)

where

(11,0, A) := 0v(0, pu, \) — g/log (1 + ;91)(9, [, A) — 29y> du(y),

with
R (29)7 if 0 <2 < Hypax (11, A) = lim, )y [ Zi du(y),
“(9’“’A)::{AM—% if 20 > Hop (41, \) ’
20 B max (M A)s
50— VAT ).
X

) — %2 for fixed z satisfy

sy

When p =0, Ry(z) =z and G,(\) =
The critical points of ¢(0,x) = J(0,0,

20
7 Ot (0,0, 2).
e For %9 < G, (), ¢(0) vanishes uniformly as J(o,0,x) = g foge R, (u)du = %.
e For %9 > G, (), the maximum is achieved at a solution of
20, 8
—_— = - —
5 20,

which gives

2, 1 1
in(x—’—m):Ga(a:)'
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Hence, I5(x) = ¢(0,,x). We can compute its derivative and since 6, is a critical point of
v, we find

Oxls(x) = 0pp(0y, ) = 6, — éGU(x) = fva?—4
which proves the claim since I5(2) = 0.

4.2. Wishart matrices. Let us now consider Wishart matrices and compute
Ly, () = max (J(ow,0,x) — F(0,wp)) .

As in the previous proof we try to compute

Oplyy(x) = 0, — gGUw (x)

where 6, is the argmax of ¢(0,z) = J(oy,0,2) — F(0,ws). Note that the latter exists as
 is continuous in #, going to —oo at infinity. To identify 6, we remark that when it is
larger than gGaw(m), it must satisty, as a critical point of ¢,

Tr = (%F(G,wB) + 2‘; =: K(Q)
Our goal is therefore to identify K and in fact its inverse. Now, we claim that 6—F (6, wg)
is analytic in a neighborhood of RT*. We recall that it is given in terms of zy o, see Lemma
3.4. g, is a maximizer, and therefore as a critical point it is solution of

1, « 1

w(:ﬂ,e)—ﬂﬁ(l 2$)+(1+Q)$ (1+&)(1_$)—0.
Clearly z—1(z, 0) takes its zeroes away from 0, 1 and is analytic in a complex neighbor-
hood of [¢,1 — ¢] for any € > 0. Moreover, at § = oo, ¥ vanishes at = 1/2 only. But
for ®R(0) > 0, the real part of —0,1 (0, ) is bounded below uniformly by some c(e) > 0
uniformly a complex neighborhood U, of [e,1 — ¢] provided the imaginary part of 6 is
smaller than some k.5 > 0. Hence, the implicit function theorem implies that 0—xg,,
and so F'(.,wpg), is analytic in a complex neighborhood of R(#) > §. We next show that
for 6 small enough,

B s?
F(0,ws) = 5/ Ry, (u)du. (11)
0
It is clearly lower bounded by this value as for any M

(wg) IN(X](\;U[B)a 0)]

.1
F(@,wﬁ) > llN‘[Il_}OllfﬁlnEXj(Vwﬁ)[l|>\max(XN <M

so that for %0 < Gy, (M),[15, Theorem 1.6] gives the lower bound. The upper bound is
obtained similarly by using the exponential tightness which permits to restrict oneself to
{|Amax| < M}. Therefore, we conclude that K is analytic in ®(0) > ¢ and equals K, (273)
for small . We want to find the inverse of K. We thus look for an analytic extension of
K,,. But in fact K, satisfies an algebraic equation. Indeed, observe that

a—1

Ggw (l’) = ZZEGWQ((l -+ OZ)JI2) + m
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where it is well known that G, the Stieltjes transform of the Wishart matries, is solution

of

(22)°Gr, (2)? —42(z+1— )Gy (2) +42 —8a =0.
We deduce that at least for small x, K, is solution of
(14+a) K, (z)z+1—a)*=2(K,, (v)+1—a)(1+a) 2 K,, (2)+1—a)+4(14+a) K, (2)*—8a = 0.
As a consequence, K is also solution of this equation for all x, by analyticity. Now, we
are looking for the inverse of K and so we deduce 6, is solution of the equation

(;(1+0z)x9$+1 —a)? =2z +1 —a)(;(l—i—a)x@—i—l —a)+4(1+a)z* —8a=0.

For % < G, (), the solution is

2 20 x2+1—a—\/(x2—1—a)2—4a l1—al G
87 1+a 22 +1—|—a;_ 70 ()
but when % > G,,, () we have to take the other solution of the quadratic equation
20_ 20 x2+1—a+\/(:c2—1—a)2—4a 1—al

B 1+a 212 +1+ozx

As a result, we then have

Ba \/(1‘2—1—04)2—404
S l+a x?

5. LARGE DEVIATION LOWER BOUNDS

Recall that we need to prove Lemma 1.19, that is find for any z > 2 (or b, for Wishart
matrices) a € = 6, > 0 such that for any § > 0 and M large enough,

1 E[ In(Xy,0)]

liminf —In ©

Nzoee N ElIn(Xy",0)]

(B)
Xy EA%

where we recall that
AMS = {X ¢ Anax(X) — 2] < 8} N {d(Y, 05) < N¥} 0 {| X < M},

SN—I

For a vector e of the sphere and X a random symmetric matrix, we denote by

IP§$’9) the probability measure defined by :

exp(NO(Xe,e))

dPe?(X) = dPy(X
V&) Ex[exp(NO(Xe, )] (&)
where Py is the law of X](\?). We have
E[l g INN0)] = B[P (AY)Ex[exp(NO(Xe, )]

> Eoflevg P (A5)Ex[exp(NO(Xe,e))]]  (12)
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where we recall that Vi = {e € S¥~! : |e;] < N~1/4=¢}. The main point to prove the
lower bound will be to show that PE\?’O)(A%;) is close to one for delocalized vectors e € Vy,
and then proceed as before to show that Vj has probability close to one under the tilted
measure. More precisely, we will show that for € € (é, i), we can find 6 so that for any
x> 2 (resp x > b,) and § > 0 we can find 6, > 0 so that for M large enough,
. (e0a) gM \ _

A nf Py (Azs) =1 (13)
This gives the desired estimate once we show that P, (V) goes to one since we then deduce
from (12) that for N large enough so that the above is greater than 1/2

1

E[1 I, 0)] > SEc[Lev By lexp(NO(X e, 0))]

(8) (8)
Xy eAiV{ 5 Xy

so that the desired estimate follows from Proposition 3.1. The first point is to show that

Lemma 5.1. Take € € (0, i) There exists k > 0, for e > 0, for any 0,

e for K large enough:
lim sup IP’S?Q) ()\maX(X](\?)) > K) =0

N—0ooecvg
lim sup sup IPE?‘” (d(ﬂgw),ag) > N_”,> =0.
N—oo ecVy N

Proof. We hereafter fix a vector e on the sphere. The proof of the exponential tightness
is exactly the same as for Lemma 1.8. Indeed, by Jensen’s inequality, we have

Ex[exp(NO(X Ve, e))] > exp{NOEx[(XVe,e)]} =1
Moreover, by Tchebychev’s inequality, for any u,v,e € S¥~!, we have
[ 0y ONOX e, NPy < exp{ = NK}Ex[exp(NO(Xe, ) + N(Xu, )]
< exp{—NK}exp{NO*> |e;e; + u;v;]*}

i?j

< exp{—NK + 46°N}

from which we deduce after taking u,v on a d-net as in Lemma 1.8 that
1
P (Amax(X) > K) < OV exp{— NK +40°N}

which proves the first point. The second is a direct consequence of Lemma 1.11 and
the fact that the log density of PI¢? with respect to Py is bounded by 6N (| Amax(X)| +
| Amin(E)]) which is bounded by § KN with overwhelming probability by the previous
point (recall that Ay, (X) satisfies the same bounds than Ay, (X)).

O

Hence, the main point of the proof is to show that
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Lemma 5.2. Pick ¢ E]é, i[ Foranyx >2if B =1,2 and © > by if B = w1, wo, there

exists 6, such that for every n > 0,
lim sup P [ Apax — 2| > 0] =0

N—oo €€V€

Again, we first consider the simpler Wigner matrix case and then the case of Wishart
matrices.

5.1. Proof of Lemma 5.2 for Wigner matrices. For e € Vy fixed, let XV be a
matrix with law IP . We have :

x (N E[X(e)vN} + (X(e),N _ E[X(e)vN])
where E[X] denotes the matrix with entries given by the expectation of the entries of the

matrix X. We first show that E[X (V] is approximately a rank one matrix.

Lemma 5.3. For e €]z, 7|, there ezists k(e) > 0 so that for e € Vg :

11
874
E[X©N] = 20e e* + AN

(€)

where the spectral radius of AN is bounded by N~ uniformly on e € V.

Proof of the lemma. We can express the density of P%’Q) as the following product :

Py
dPx

(X) = HeXp(2\/N§R(ei6_jai7j)—Lusz(2\/N€iéj))Hexp(\/_|61’ a;;—Ly~ (\/_‘61’ )
i<j 7

where the a,; are defined as in the introduction, basically a rescaling of the entries by

multiplication by v/N.

So since we took our a; ; independent (for ¢ < j), the entries X N remain independent
and their mean is given in function of the Taylor expansion of L as follows :

L (2VNOeie;) 29 5, (2y/Nbewe,)NO|e,Ple,

N\, . — — e
(E[X Wi = JN -3 ;i + N

if i # j, and if i = j

I 12
(E[X(e)7N]). ': L#gi(\/N9|€z| ) _ %eoé- N 5@',2’(2\/N9\€i’2)]\792\€¢]4
7,7 \/N /8 1€1 \/N

where we used that by centering and variance one, L/ v (0) = 0, HessL,v (0) = %I d for
all i # j,N, L'y (0) = 2 for all i, N, and where |

15, ()|<4supmax{|L< ()|}.

lu|<t &3 N

In order to bound the spectral radius of this remainder term, we use the following
lemma :
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Lemma 5.4. Let A be an Hermitian matriz and B a real symmetric matrix such that :

Vimjv |Ai,j| S Bi,j
Then the spectral radius of A is smaller than the spectral radius of B.

Proof. Indeed, if we take u on the sphere such that ||Au||s = ||Al|, then, by denoting A’
the matrix (|4, ;|) and «’ the vector (|u;|), we have by the triangular inequality

1Al = [[Aullz < [|A" |2 < [|Bu||2 < || B].-
0

Therefore, if we choose C' so that C' > supy; ; 0;;(2V Nfe;€;)6* and set |e|* to be the
vector with entries (|e;|*)1<i<n, we have

AN < CVNllef(el*)]
Since ||le|?(le|?)*]| = I|lel?||3 = =, e} < N7, we deduce that if we take ¢ €]1/8,1/4] we
have with k(e) = 1/2 — 4e :

[ACN]] = N~
O

Remark 5.5. F. Augeri noticed that a maybe more elegant proof of this point would be
to use Latala’s etsimate:

1
2

BIY1] < Csup (1
Now we denote :

X@N = X©N _R[x V]

The entries of X©-N are independent, centered of variance 8285[1“% (Oeie; VN)/N. Re-
call that 82851‘/#%(0) = 1 and that the third derivative of the Laplace transform of the
entries are uniformly bounded so that

0.0:L (Beie;VN) = 1+ 6,5(VN|eges|) = 1+ O(N )
uniformly on Vy.

We can then consider X 9 defined by : :

756) 7JV

5]

\J0:0: Ly (beié, /)

Set YON = XN _ XN, So, we have

XN

(), N 1

(YON), =X |1
\/azagLMN_ (6e:2;V/N)
V)
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We next show that for all § > 0 :
. (e),N o
Nhrf sup P[||Y'Y]| > 6] =0 (14)

TR eeVy
Indeed, we have the following lemma which is a variant of [1, Theorem 2.1.22 ] :

Lemma 5.6. Consider for all N € N a random Hermitian matriz AN with independent
subdiagonal entries which are centered and for all k € N :

i = max NHE] AN 4
1,7 >

Suppose that there exists Ng € N, C > 0 such that for N > Ny :

rd <1, ry < kO

Then for all § > 0, P[Apax(AY) > 2 + 8] goes to zero as N goes to infinity.

The proof of this lemma is strictly identical to Theorem 2.1.22 in [1] as we only need
to estimate large moments of the matrix, which only requires upper bounds on moments
of the entries (and not equality as assumed in [1]) as soon as the entries are centered. We
apply this lemma to the matrices Y(©*/§ to derive (14): note that the hypothesis on the
upper bound on moments is a clear consequence of our bounds on Laplace transform.

Hence, since

X(e),N _ Y(e),N + 2’566* + A(e),N + Y(e),N’

we conclude by combining (14) and Lemma 5.3 that for € €]1/4,1/8[ and all § > 0

lim sup PCO[| XN — (XN 4 %ee*)H > 6] =0 (15)
N—00 ecve B
since all estimates were clearly uniform on e € V5.
And so, to conclude we need only to identify the limit of )\max(j(v (), N +%eee*). It is given
by the well known BBP transition. We however collect the main elements of the argument.

To identify this limit, we easily see as in [9] that the eigenvalues of X (€N 4 2Tfee* satisfy

~ 20 ~ 20 ~
0 = det(z — XN — Eee*) = det(z — X©N) det(1 — E(z — X©:N)=leer)
and therefore z is an eigenvalue away from the spectrum of XN i
_ x@Ny-1y B
(e, (2 ) ey =2

But it was shown in Theorem 2.15 of [10] that for all z > 2, all v € S¥! (v, (z —
X(©:N)=1y) converges almost surely towards G,(z) and therefore we conclude that the
largest eigenvaluie Ay (X (€N + 276966*)’ must converge towards the solution pg to

Ga(pG) = 2%
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as soon as it is strictly greater than 2. We find a unique solution to this equation: it is
given by

2% 3
Po = F—F%

Reciprocally, for any > 2, we can find 0, = g(x + V2 —4) so that x = py,. Hence, we

have proved that for any sequence of vectors e € Vy, we have the desired estimate for any
n>0
lim sup Pl 91)[\)\max —x|>n=0

N—oo 6€V€

which also entails the convergence of the supremum over Vy and thus the Lemma.

5.2. Proof of Lemma 5.2 for Wishart matrices. We next prove Lemma 5.2 for
Wishart matrices and fix e = (e, €?) € V5. We decompose as in the previous proof

X(e)vN — j(v(e)vN + E[X(e)vN] _'_ Y(e)vN

e),N (e),N

where the entries of X(©N are centered and with covariance 1/N and Y
in norm. We then find by the same argument that

E[X(e)’N] _ % ( 0 @(1)5)62)*> N AN

where ||A@N|| < N7%) Letting

(1) 0 0 (62)*
) — (€ (e) —
S = < 0 €2> and T = <(6(1))* 0

0 e(e?) (@)
<e2(e(1))* 0 =50

Therefore, we need to find z > b, such that

20
1

goes to zero

we notice that

~ 2
0 = det(z — XM — —ZgETE) = det(z—XN(e))det(l——_OT(e)( — XN 715y (16)
i

By writing G gy ) (2) = (2 — XN:(©)=1 by blocks :

N,(e - - 3 e) ) *
XN G271(z) GZQ(’Z) G()N(N,(e))*)?N,(e)(22)(XN7( )) ZG()(N (e) XN,(e)(ZQ)

where G 1 is M x M, Gio N x M, Gaa N x N, we get the simpler equation

20 ( (€2, Goq(2)e) €2, Gyo(2)e?
det (I e <<<€(1),G;71((Z))6(1)>> é(l)’(;i;(z))e;))) =0

Therefore, we need to find z such that

|1—2f< Gaa(2)eM)P = (e, Gan(2)e?) (e, Gra(2)e™) = 0 (17)

We are going to prove that
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Lemma 5.7. For any § > 0

limsup sup P (|(e®, Gri(2)e™) — 2(1+ a)||eV|BCGarpey (1 + @)2%) > 6) = 0

N—oco e€Vy

limsup sup P (|(e?, Gaa(2)e?) — 2(1 + a)||e|3Garp(m (1 + @)22)] > §) = 0

N—oo e€Vg

lim sup sup Pg\?’e) (|<62, Gaa(2)eM)] > 5) = 0

N—oo e€Vy

where Gy p(ay @5 the Stieltjes transform of a Pastur Marchenko law with parameter o.

We first derive Lemma 5.2 assuming that Lemma 5.7 holds. We have seen in Lemma
3.4 that ||eMM]|; converges towards x4 , almost surely. Therefore, we arrive to the limiting
equation

l’2

- 4921‘97&(1 — $97a)
Now, we claim that ¢(0) = 0%xg (1 — x4, ) is continuous, increasing, going from 0 to +oo.
As w9, is a complicated solution of 6 ( solution of a degree three polynomial equation),

we use the following asymptotic characterization which easily follows from the previous
large deviation considerations, see Lemma 3.4:

460
7%9@(1 — Igﬂ) = 89F(9, wz) y

(14 a)?2*Grrp) (1 + @) 2*)Grpa /(1 +a)z?)

where we use that the derivatives of xy , vanishes as it is a critical point of the maximum.
We moreover notice that G(6) = F(v/6,w;) is convex in 6 (as a supremum of convex
functions). Hence,

2(6) = Z00,F (6, w;) = S6°C/(6%)
It follows that ¢ is smooth as F'is and moreover
©'(0) = i(0G'(6*) + 8*G"(9)) .
But since ¢ is non negative, GG’ is non negative and so ¢’ is non negative for all § > 0.
The fact that ¢ goes to infinity at infinity is clear as zg, then goes to 1 /2. Moreover,
for z > by, 2 = 2Gup@) (1 + @)2?) and z — 2Guyp1/a)((1 + a)z?) are positive and
decreasing, and therefore so are their product. Hence, there exist a 6, > 0 so that for

every 6 > 6, , the equation above has a unique solution on [I;a, +oo[. Moreover, if we
denote py this solution, 6 — py is a bijection from [f,, +oo[ onto [b,, +00].

Proof of Lemma 5.7. We recall that X a M x L Wishart matrix with centered entries
with covariance one and sub-Gaussian tails, e = (e(!), €?) a unit vector and
G1,1(2) = (Z — XX*)il, GQQ(Z) = (Z — X*X)il, G1’2<2) = X(Z — X*X)il.

The first two points of the Lemma are direct consequences of [10, Theorem 2.5]. It
remains to see that (€2, Gy1(2)e)) goes to 0 as N goes to infinity. Because Go1(2) =
X(z — X*X)7! is not the resolvent of the Wishart matrix, but its multiplication by X,
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we can not apply directly [10, Theorem 2.5]. We will give an elementary proof of this
result,based on classical moment computations. Indeed, for € > 0, on the set where
{IIX*X|| < by + €}, for 22 > b, + 2¢ we can expand

) _ _i <6(1),X(X*X>k62>+0<1 ( b+ e >K+1> |

22k+1 bo + 2¢

(e X (X*X)ke?
Z2k+1

(€, Gaa(2)eM) = =3

and hence it is enough to get the convergence in probability of K moments with K >
2¢ tlne ! :

lim (e, X(X*X)*e?) =0,k < K.

N—oo

To this end we first prove that

: (1) * k 2\1
]\}I_EHOOEKG X(X*X)%)] =0 (18)
and then
lim Var((eW, X(X*X)*e?) =0. (19)
—00

We first prove (18). It is clearly true for k& = 0 by centering of the entries and so we
consider k > 1. Let’s call Wy the set of words (vy,...,v9541) of length k£ + 1 so that
vg; € {1,..., L} and vgj41 € {1, ..., M'}. We use the following notation :

E,=E [am w2 Qug g - Qugy g »U2k+2]

We have

1
Bl X(X X)) = s 30 B,
vEWaE 41

Given a word v, we can construct a bipartite graph G,, whose vertices are the {vy, vs, ... }U
{L + vy, L + vy, ...} of whose edges (occasionally multiple) are the (L + vg;,v9;_1) and
(L + v, vai11). We denote V) (v) the number of vertices in G, lying in {1,..., L}, V?(v)
the number of vertices in G, lying in {L +1,...., L+ M} and V(v) = V) (v) + V%(v) and
A(v) the number of edges of G,. If e is an edge of G,,, we denote n,(e) the multiplicity of
this edge.

Let’s recall that here the a;; are independant but not identically distributed. Never-
theless their variance are 1 and their moments are bounded uniformly i.e. for every k
there exists C}, < +oo such that :

sup Ef|a; ;|*] < Cy
Nyi,j

For every word v of length k, we can define C, = [, C’Jl.(v’j) where [(v, j) is the number
of edge of multiplicity 7 in G,. we then have

|Ey| < C,
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We say that two words v, w are equivalent if there exists a bijection ¢ : {1,...,L} —
{1,..., M} and a bijection ¢ : {1,..., M} — {1, ..., M} such that vy; = ¢(ws;) and ve; 41 =
(waj41). If two words v and w are equivalent then C, = C,,.

Let 7; be a system of representants of words of length k& + 1 for this equivalency
relationship. We have

i 1 2k+2
EKe(l)aX(X X)k62>] = W Z Z Z ei(lll)Evezzk+2

J=2 t€Top41,V (v)=j v|v~t

Let’s notice that if G, has an edge of multiplicity 1, then E, = 0 (since the a;; are
independant and centered). So for E, to be non zero we need that A(v) < (2k+1)/2 so
A(v) < k. Since G, is connected V(v) < A(v) +1 < k+ 1. If v € Why4q, there exists
Ny :=(L—1)..(L—=V® @)+ 1)(M —1)..(M —V3(v) +1) < NV"=2 equivalent words
wy provided we fix v; and vgg, o so we have the following bound :

. 1 k+1
EK@(D: X(X X)ke2>] = Nk+1/2 Z Z CiNy Z |€$)612)2k+2|
J=2t€Tok41,V (t)=3 1<v1 <L 1<vgp 2<M

By using the Cauchy Schwartz inequality, we have that :

S eV < NlleW||y x [|e*]]s < N
1<i<L,1<j<M
which yields
. 1 k+1 -
B[, X(X"X)'e?)] < mmy, 2 GNT?

J=2t€Tok 41,V (t)=j
The leading order term here is in N=%/2 for k > 1 and so

lim sup [E[{e™, X(X*X)"e})]| =0.

We proceed similarly for the covariance (19):

1
Var((e®, X (X*X)ke?)) = > eMeDT €2 ¢2

- W v1 Cwi U1w€v2k+2 W2k42
vEWap 41, WEWag 11

Where T, ., = Ey . — EyEy and E, .y = Elay, 0, Qo vs - Gog g1 Gy s Gws s -+ G g 1] We
extend naturally the previous definitions to couples of words. Let us now do the same
analysis than before with couples of words. Let’s take Tz,.1 a system of representant for
the equivalency relationship for couples of words. Let (v, w) € Tapiq

First, if G, is not connected, since it is the union of two connected graphs G, and
G, we have that G, and G, don’t have any edges in common and so, by independence
of the entries 7}, ,, = 0. So we can assume that G, is connected.

Then several cases arise :

First, if v # w; and voryo # Wak42, then if one edge of G, ,, is of multiplicity 1, then
T,w = 0. So we can assume that all edges are of multiplicity at least 2. We deduce
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that A(v,w) <2k +1and V(v,w) < 2k + 2. Let N,,, be the number of couple of words
equivalent to (v, w) provided (v, w1, Voky2, War2) are fixed, we have N, ,, < N?*~2. Hence

Z ef}l)e,gll)meei%“ef%H < N%(wa - C,Cy)

(u,t)~(v,w)

Then, if V1 = Wy and V2k+12 7é Wag42 O if V1 # w1 and Vok+2 = Waky2, the same
reasoning concerning the edges holds. So, we have V(v,w) < 2k + 2 and if N,, is the
number of couple of words equivalent to (v, w) provided (vq,ws, Vogi2, Waory2) are fixed,
we have N, ,, < N?=1_Tf we are in the case v; = wy :

S el Towed, et < N eW]2(Cy — CuCl)

(u,t)~(v,w)

And lastly, v1 = wy and vo4o = Wakyo We have again N, ,, < N2k and

S eWel T w62, eh < N*|eW]2]1e][2(Ch — CuC)

VW ugp42 —
(u,t)~(vw)

So we have

6. APPENDIX: PROOF OF LEMMA 1.11

In this section, we want to prove that the assumptions 1.1 and 1.3 are verified if p; ;
are supported inside a common compact K or satisfy a log-Sobolev inequality with a

uniformly bounded constant ¢ for the matrices XJ(\P, X%, X3t X2

Lemma 6.1. There exists x € (0, 15) such that

.1 —r
]\;gr(l)oﬁlnp[d(ung),ag) >N =—o00

for B = 1,2,wy,ws, where og is the semi-circle law when 3 = 1,2 and the Pastur-
Marchenko law with index o if 5 = w (in the latter case we assume M/N —a = o(N~F)).

For this, we will use two concentration results respectively from [16] and [3].

Theorem 6.2. By [16, Theorem 1.4)] (for the compact case) and [16, Corollary 1.4 b)]
(for the logarithmic Sobolev case), we have for N large enough

lim sup ln]P)[d(/’LXN?E[/’LXN]) > Nﬁl/G] <0

N—o0 N7/6

where d is the Dudley distance.

We therefore only need
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Theorem 6.3. ( [3, Theorem 4.1]) If we let for every N :

Fyo (@) = pym (] = 00, 2])
Iy () = 01(] — 00, 2])
we have that
sup |Eoi(2) = E[Fy oo (@)]] = O(N~Y4).

In order to conclude, we need only to use Lemma 1.8 to see that Fy(—M) and 1—Fy (M)
decay exponentially fast in N for some fixed M so that

d(Elpxy) 01) < 4e™N|| flloo + 2M| 11 sup | F(z) — E[Fy(2)]] = o(N~V/6Y.
The same results hold in the complex case. For Wishart matrices, we rely on [4, Theorem

w.1 and w.2]. Recall that Wy = GNyGY .

Theorem 6.4. ( [3, Theorem 4.1]) Assume that M/N € (1,7 ') for some fized € and
M/N converges towards c. Then

sup | Fr, (¢) — E[Fwy ()] = O(NV1).

z€R

We can as well use Lemma 1.8 to conclude that 1 — Fyy, (M) goes to zero like e for
M large enough. Finally, we conclude by noticing that since

[ @aEligl@) = 7 U + FV D)y () +

we have

[ F@)d(Elixg] - o) (@)

M- N

——1(0),

IN

71157 =l + ™)+ [ 108 F (VA1 Fra (A) — ElFi, (]

Iflle(N~" 4 e~ + 2M N~ 1)

IN
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