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LARGE DEVIATIONS FOR THE LARGEST EIGENVALUE OF
RADEMACHER MATRICES

ALICE GUIONNET AND JONATHAN HUSSON

ABSTRACT. In this article, we consider random Wigner matrices, that is symmetric
matrices such that the subdiagonal entries of X,, are independent, centered, and with
variance one except on the diagonal where the entries have variance two. We prove
that, under some suitable hypotheses on the laws of the entries, the law of the largest
eigenvalue satisfies a large deviation principle with the same rate function as in the
Gaussian case. The crucial assumption is that the Laplace transform of the entries must
be bounded above by the Laplace transform of a centered Gaussian variable with same
variance. This is satisfied by the Rademacher law and the uniform law on [—+/3,/3].
We extend our result to complex entries Wigner matrices and Wishart matrices.

1. INTRODUCTION

Very few large deviation principles could be proved so far in random matrix theory.
Indeed, the natural quantities of interest such as the spectrum and the eigenvectors are
complicated functions of the entries. Hence, even if one considers the simplest model of
Wigner matrices which are self-adjoint with independent identically distributed entries
above the diagonal, the probability that the empirical measure of the eigenvalues or the
largest eigenvalue deviates towards an unlikely value is very difficult to estimate. A well
known case where probabilities of large deviations can be estimated is the case where
the entries are Gaussian, centered and well chosen covariances, the so-called Gaussian
ensembles. In this case, the joint law of the eigenvalues has an explicit form, independent
of the eigenvectors, displaying a strong Coulomb gas interaction. This formula could be
used to prove a large deviations principle for the empirical measure in [8] and for the largest
eigenvalue [7] (see also [19] for further discussions of the Wishart case, and [12]). More
recently, in a breakthrough paper, C.Bordenave and P. Caputo [11] tackled the case of
matrices with heavy tails, that is Wigner matrices with entries with stretched exponential
tails, going to zero at infinity more slowly than a Gaussian tail. The driving idea to
approach this question is to show that large deviations are in this case created by a few
large entries, so that the empirical measure deviates towards the free convolution of the
semi-circle law and the limiting spectral measure of the matrix created by these few large
entries. This idea could be also used to grasp the large deviations of the largest eigenvalue
by F.Augeri [2]. In the Wishart case, [13] considered the large deviations for the largest
eigenvalue of very thin Wishart matrices W = GG*, in the regime where the matrix G is
Lx M with L much smaller than M. Hence large deviations for bounded entries, or simply
entries with sub-Gaussian tails, remained mysterious in the case of Wigner matrices or
Wishart matrices with L of order M. In this article we analyze the large deviations of the
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2 ALICE GUIONNET AND JONATHAN HUSSON

largest eigenvalue of Wigner matrices with Rademacher or uniformly distributed random
variables. More precisely our result holds for any independent identically distributed
entries with distribution with Laplace transform bounded above by the Laplace transform
of the Gaussian law with the same variance. We then prove a large deviation principle
with the same rate function than in the Gaussian case: large deviations are universal in
this class of measures. We show that this result generalizes to complex entries Wigner
matrices as well as to Wishart matrices. We are considering the case of general sub-
Gaussian entries in a companion paper with F. Augeri. We show in particular that the
rate function is different from the rate function of the Gaussian case, at least for deviations
towards very large values.

1.1. Statement of the results. We consider a family of independent real random vari-
ables (G,Z(-}j))ogigjg ~, such that the variables az(}j)
We moreover assume that the ,ufvj are centered :

pl(w) = [ adud(z) =0

are distributed according to the laws /Lfvj

and with covariance:
pli(a?) = /ﬁQduf,Vj(x) —1,V1<i<j<N, pN@@?)=2 VI<i<N.

We say that a probability measure p has a sharp sub-Gaussian Laplace transform iff

t2p(2?)
Vte R, T,(t) = /exp{tx}d,u(:c) < exp{ ) } (1)
The terminology “sharp” comes from the fact that for ¢t small, we must have
t2pu(2?)

T,(0) > exp{ 5 (14 o)
Then we assume that
Assumption 1.1 (A0). We assume that the uf\g satisfy a sharp Gaussian Laplace trans-

form in the sense that
° (,ugj)igj have a sharp sub-Gaussian Laplace transform,
e The ,us] have a uniform lower bounded Laplace transform: For any 6 > 0 there
exists £(8) > 0 such that for any |t| < e(d), any 1 <i < j < N, any N € N,
(1- 5)t2u£,vj(962)}
5 .

Moreover, we assume that the T, ~ are uniformly C?3 in a neighborhood of the origin: for
7

T (1) > exp{

Hij

€ > 0 small enough supy, <, supijj;, |07 InT,,~ (t)| is finite.
> sJy i,

Observe that the ufvj have a uniform lower bounded Laplace transform as soon as they
do not depend on N and there are finitely many different of them.
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Remark 1.1. We could assume a weaker upper bound on the Laplace transform for the
diagonal entries such as the existence of A finite such that

[ et auliz) < expft* + Altl}, V1 <i <N,
see the proof of Theorem 1.17.

Example 1.2. (1) Clearly a centered Gaussian variable has a sharp sub-Gaussian
Laplace transform.
(2) The Rademacher law B = L(6_y + 61) satisfies a sharp sub-Gaussian Laplace
transform since for all real number t

Tp(t) = cosh(t) < e'/2.

(3) U, the uniform law on the interval [—\/3,/3], satisfies a sharp sub-Gaussian
Laplace transform since we have

/x2dU(1’) =1,

and
Ty (t) L h(tv3) =Y s
= ——sin = —_
RV Z 20+ 1)!
Since for all n > 0, (2511)! < ﬁ, it follows that Ty (t) < eg.

(4) More generally if pv is a symmetric measure on R (i.e. such as p(—A) = pu(A) for
any Borel subset A of R) such that
(2n)2n—1)---(n+1)

/a:2d,u(x) =1, /x%d,u(l’) < on

then p satisfies a sharp sub-Gaussian Laplace transform.

(5) If X,Y are two independent variables with distribution p and u', two probability
measures which have a sharp sub-Gaussian Laplace transform, for any a € [0, 1],
the distribution of \/aX + /1 — aY has a sharp sub-Gaussian Laplace transform.

(6) If ,ufvj = u for all i, 7, then they satisfy a uniform lower bound on the Laplace
transform. Also, if all the uf}’ are symmetric, the lower bound is automatically

Vn > 2

satisfied as the Laplace transform is lower bounded by ezt

Note that many measures do not have a sharp sub-Gaussian Laplace transform, e.g. the
sparse Gaussian law obtained by multiplying a Gaussian variable by a Bernoulli variable,
or the well chosen sum of Rademacher laws. We will also need that the empirical measure
of the eigenvalues concentrates in a stronger scale than N, see Lemma 1.11. To this end
we will also make the following classical assumptions to use standard concentration of
measure tools.

Assumption 1.2. There exists a compact set K such that the support of all,ufyj is included

in K for alli,j € {1,..., N}and all integer number N, or all uf\g satisfy a log-Sobolev
inequality with the same constant ¢ independent of N.

Remark 1.3. All the examples of Fxample 1.2 satisfy Assumption 1.2, except possibly
for sums of Gaussian variables and bounded entries.
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We then construct for all N € N, a real Wigner matrix N x N XJ(\}) by setting :

e
{ %5 when i < 7,

=

X, 5) =

o~

1
i

\/}vwheni>j.

[S)

We denote )\mm(X](\P) =N < Ag--- < Ay = )\maX(X](\P) the eigenvalues of X](\P. It
is well known [21] that under our hypotheses the empirical distribution of the eigenval-
Z 1 0y, converges weakly towards the semi-circle distribution o: for all

bounded continuous function f

hm /f dMXm /f Ydo (x /22 f(2)V4 — z2dx a.s.

It is also well known that the eigenvalues stick to the bulk since we assumed the entries
have sub-Gaussian moments [14, 1] :

llm Amin (X)) = —2 hm )\maX(X(l)) 2, a.s
Our main result is a large deviation princ1ple frorn this convergence.

Theorem 1.4. Suppose Assumptz’ons 1.1 and 1.2 hold. Then, the law of the largest

eigenvalue )\max(X o) ) of X]\} satisfies a large deviation principle with speed N and good
rate function IV which is infinite on (—o0,2) and otherwise given by

1 e
:i/ V$2—4d$.
2

In other words, for any closed subset F' of R,
: 1 :
lim sup N In P (/\maX(X](\})) € F) < — l%f v,

N—oo

whereas for any open subset O of R
1
Lo b . (1)
hNHLlOIgf ~ In P ()\max(XN ) € O) 1gf] :
The same result holds for the opposite of the smallest eigenvalue —/\mm(X](\})).

Therefore, the large deviations principles are the same as in the case of Gaussian entries
as soon as the entries have a sharp sub-Gaussian Laplace transforms and are bounded,
for instance for Rademacher variables or uniformly distributed variables. Hereafter we
show how this result generalizes to other settings. First, this result extends to the case of
Wigner matrices with complex entries as follows. We now consider a family of independent
random variables (ag?j))lgigjg ~, such that the variables ag? are distributed according to

a law ,ufvj when ¢ < j, which are centered probability measures on C (and on R if i = 7).

We write ag?) = x;; + 1y;; where z; ; = R(a ZJ) and y;; = S(a 52])) We suppose that for

all i € [1,N], y;; = 0. In this context, for a probability measure on C, we will consider
its Laplace transform to be the function

T,(z2) = / exp{R(az)}dula).
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We assume that
Assumption 1.3 (AOc). For alli < j
Wt € C, Ty (1) < exp(|t2/4)

and for all i
vt € R, T),n (1) < exp(t?/2).

We assume that for all 6 > 0 there exists €(§) > 0 so that for all complex number t with
modulus bounded by ()

(-9,

t)3 -
T ()2 o0 - 0} i< Ty ) 2 exf

Moreover, for € >0 small enough supy, < sup; ; v |0} InT,~ (t)| is finite.
= sJy i,j

Observe that the above hypothesis implies that for all i < j, 2E[z7;] = 2E[y;;] =
E[z7,] = 1 and E[z;;:,] = 0. Examples of distributions satisfying Assumption 1.3 are
given by taking (x; ;,v; ;) centered independent variables with law satisfying a sharp sub-
Gaussian Laplace transform. Hereafter, we extend naturally Assumption 1.2 by assuming
that the compact K is a compact subset of C or log-Sobolev inequality holds in the

complex setting.
We then construct for all N € N, X](\?) a complex Wigner matrix N x N by letting :

al? .
L when 1 < j

VN
X$,5) = {

@

\;%Whenz'>j

Again, it is well known that the spectral measure of X ](\? ) converges towards the semi-circle
distribution o and that the eigenvalues stick to the bulk [1].

Theorem 1.5. Assume that Assumptions 1.3 and 1.2 hold. Then, the law of the largest
eigenvalue )\max(X](\?)) of X](\?) satisfies a large deviation principle with speed N and good
rate function I'®) which is infinite on (—00,2) and otherwise given by

1®(p) = 210 (p) = / " Va? —ddz.
2

We finally generalize our result to the case of Wishart matrices. We let L, M be two
integers with N = L + M. Let G(LB 3\4 be an L x M matrix with independent entries

(az(’i-)) 1<icr with laws p” J’»M on the real line if 5 = 1 and on the complex plane if 8 = 2.
i< ’

The ,uf 3»M satisfy a sharp sub-Gaussian Laplace transform (with real or complex values) for
all 4,5 € [1, L] x [1, M], and its complementary uniform lower bound (Assumption 1.1, or
Assumption 1.3), are centered and have covariance one. We set W]Eﬁ ]%4 = %G(Lﬂ @(GSJB 3\4)*

When M /L converges towards «, the spectral distribution of W]Ef )L converges towards the

Pastur-Marchenko law [18]: for any bounded continuous function f

Jim [ F@dife (@) = [ f@)dra@) o
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where if & > 1 and a, = (1 — Va)?, by = (1 +/@)?,
V(b — 2)(z — a,)

2rx
When o < 1, the limiting spectral measure has aditionnally a Dirac mass at the origin
with mass 1 — a. We hereafter concentrates on the case M > L up to replace Wf ]%4 by

Wa(dil?) = ]l[aa,ba]dx .

(G(Lﬂ 3\4)*G(Lﬁ 3\4 /M. Again, the extreme eigenvalues were shown to stick to the bulk [5]. We
prove a large deviation principle from this convergence:

Theorem 1.6. Assume that the ,ufvj satisfy Assumption 1.2. Assume they satisfy a sharp
Gaussian Laplace transform 1.1 when 8 =1 or 1.8 when B = 2, and a uniform lower
bounded Laplace transform 1.1 when 5 =1 or 1.8 when = 2. Assume that there exists
a > 1and k > 0 so that % —a = o(N~"). Then, the law of the largest eigenvalue

)\maX(WL(’?/[) of WL(’BJ%/[ satisfies a large deviation principle with speed N and good rate
function JP) which is infinite on (—00,b,) and otherwise given by

—ba)(y — aq)
8 / V )
JH(@) l—l—a v

where =1 in the case of real entmes, and B =2 in the case of complex entries.

This problem can be seen as a generalization of the previous cases since if we consider

the N x N matrix
0 LG('B)
X](\}UB) _ VN T LM

LG 0

the spectrum of the N x N matrix XJ(GUB ) is given by L eigenvalues 4/ %/\, L eigenvalues
%/\, where A are the eigenvalues of Wéﬂ 134, and M — L vanishing eigenvalues. Hence,

the largest eigenvalue of W(B ) is the square of the largest eigenvalue of X we) multiplied
by N/L. Tt is therefore equlvalent to show a large deviation principle for the largest

(wp)

eigenvalue of X5 "' with speed N and rate function

1) () = JO((1 + a)a?).

. . . . . . w
This amounts to consider a Wigner matrix with some entries set to zero. We denote ag j" )

the entries of VN X"

a? = o, ifi,j<Lorij>L+1,
o = o, i>L+1,j<L,
a(jv;ﬂ) _ §B)Lw j>L+1,i<N.

Again, we denote by u - the law of the ¢ jth entry of this matrix. Hereafter, we denote
by o, the limiting spectral distribution of X\ N glven for any test function f by

[ @y (@) 1+a</f¢ﬁd%4 )+ [ 1 ¢)m¢@>+jliﬂm.
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Therefore, we shall prove Theorem 1.6 by showing that

Theorem 1.7. Assume that the ,ufvj satisfy Assumption 1.2. Assume they satisfy a sharp
Gaussian Laplace transform 1.1 when B =1 or 1.3 when = 2, and a uniform lower
bounded Laplace transform 1.1 when =1 or 1.8 when [ = 2. Assume that there exists
a > 1 and k > 0 so that % —a = o(N~"). Then, the law of the largest eigenvalue
)\maX(X(wB) of X](\;Uﬁ) satisfies a large deviation principle with speed N and good rate
function 1) which is infinite on (—o00,by), if ba = /(1 + )~ 1bs and otherwise given by

109 (g

_1+ / L0+ a2y — 12 — dady.
& Jba

where B =1 in the case of real entries, and two in the case of complex entries.
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inspiration. We also benifited from many discussions with M. Maida with whom one of the
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1.2. Scheme of the proof. The idea of the proof is reminiscent of Cramer’s approach
to large deviations: we appropriately tilt measures to make the desired deviations likely.
The point is to realize that it is enough to shift the measure in a random direction and
use estimates on spherical intergrals obtained by one of the author and M. Maida [15].
To be more precise, we shall follow the usual scheme to prove first exponential tightness:

(8)

Lemma 1.8. For 8 =1,2,wy,wq, assume that the distribution of the entries a;’; satisfy

Assumption 1.2 for = 1,w, and Assumption 1.3 for 8 = 2,ws. Then:

1
lim hmsupﬁlnIP’[/\max(X N> K| =-—

K—+0o N_o0o

Similar results hold for )\min(X](Vﬁ)).

This result is proved in Section 2. Therefore it is enough to prove a weak large deviation
principle.

In the following we summarize the assumptions on the distribution of the entries as
follows :

Assumption 1.4. FEither the ufvj are uniformly compactly supported in the sense that
there exists a compact set K such that the support of all uf\; s included in K, or the
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,ufvj satisfy a uniform log-Sobolev inequality in the sense that there exists a constant c
independent of N such that for all smooth function f

f? N N 2
f*In dpiy < ey (IV£112)-
When B =1, w; ,uf\; satisfy Assumption 1.1, when B = 2,ws, they satisfy Assumption 1.35.
In the case of Wishart matrices, f = wy or wsy, we assume that there exists a > 1 and
k > 0 so that |% —al < N7F for N large enough.

We shall first prove that we have a weak large deviation upper bound:

Theorem 1.9. Assume that Assumption 1.4 holds. Let = 1,2,wq,ws. Then, for any
real number x,

hmsuphmsupﬁlnIP’ (‘)\max X - x‘ < 5) < —Ig(x)

6—0 N—o0

We shall then obtain the large deviation lower bound.

Theorem 1.10. Assume that Assumption 1.4 holds. Let § = 1,2, wy,wy. Then, for any
real number x,

P 8)
llr(srgglthrnﬁlorélenP (‘)\maX(XN ) — a:) < (5) > —Ig(x)
To prove Theorem 1.9, we first show that the rate function is infinite below the right
edge of the support of the limiting spectral distribution. To this end, we use that the
spectral measure jiy converges towards its limit which much larger probability. We denote
this limit 03: 01 = 09 = 0 and 0, = 0y, = 0. We let d denote the Dudley distance:

du,v) = swp | [ J@)dp(a) — [ fa)av()|
Iflle<t
where || £z = sup,., |90 4 sup, |f(x)]

Lemma 1.11. Assume that the ,um are uniformly compactly supported or satisfy a uniform
log-Sobolev inequality, as well as, in the case wy,wq, that there exists k > 0 such that

|% —a| < N7%. Then, for f =1,2,w;,ws, there exists k' € (0, 110 A k) such that

1 ,
limsup — InP (d(ﬂN(B),0'5) > N_“) = —00.
N—o0 N XN
The proof of this lemma is given in the appendix. As a consequence, we deduce that
the extreme eigenvalues can not deviate towards a point inside the support of the limiting
spectral measure with probability greater than e~ " and therefore

Corollary 1.12. Under the assumption of Lemma 1.11, For 8 = 1,2 let x be a real
number in (—o0,2) or, for f = wy,ws, take x € (—00,b,). Then, for 6 > 0 small enough,

1
lim supﬁlnIP’ (|/\maX(X](VB)) —z| < 5) = —00.

N—o00
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Indeed, as soon § > 0 is small enough so that z+¢ is smaller than 2—¢ for 5 = 1,2 (resp
by — 6 for = wy, ws), d(fin, 03) is bounded below by some () > 0 on |/\maX(X](f)) —x| <
0. Hence, Lemma 1.11 implies the Corollary.

In order to prove the weak large deviation bounds for the remaining x’s, we shall tilt
the measure by using spherical integrals:

In(X,0) = E[e"V X
where the expectation holds over e which follows the uniform measure on the sphere SV—*

with radius one. The asymptotics of

hwﬁzﬁmmw@

were studied in [15] where it was proved that

Theorem 1.13. [15, Theorem 6]
If (En)Nen 15 a sequence of N X N real symmetric matrices when =1 and complex
Gaussian matrices when [ = 2 such that :
o The sequence of empirical measures ,&gN weakly converges to a compactly supported
measure (i,
e There are two reals Ayin(E), Amax(E) such that imy_, o Apin(En) = Amin(E) and
limN_m /\max<EN) = )‘max<E)7
and 0 > 0, then :
A}im IN(EN,0) = J (1, 0, Anax(E))
—00

The limit J is defined as follows. For a compactly supported probability measure we
define its Stieltjes transform G, by

Culz) = [ —du(t)

RzZ—t

We assume hereafter that p is supported on a compact [a,b]. Then G, is a bijection
from R\ [a,b] to |G, (a),G,(b)[\{0} where G,(a),G,(b) are taken as the limits of G, (t)
when t — a~ and ¢t — b". We denote by K, its inverse and let R, (z) := K,(z) —1/z be
its R-transform as defined by Voiculescu in [20] (defined on |G, (a), G,(b)[). In the sequel,
for any compactly supported probability measure p, we denote by 7(u) the right edge of
the support of p. In order to define the rate function, we now introduce, for any 6 > 0,
and A > r(p),

2 2
J1.0.) 1= 00(0.11.0) 2 [ 1o (1 + 2000, - 59y> du(y),

with
Ru(30), if 0 < 2 < Hy(p, A) 1= lim. iy [ Zdp(y),
U(Q’ Ky /\) = A — B if %9 > HmaX(:u’ )‘)’

260"
We shall later use that spherical integrals are continuous. We recall here Proposition 2.1
from [17] and Theorem 6.1 from [15]. We denote by ||A|| the operator norm of the matrix

A given by [|A]| = supy,. | Aully where [lull; = /5 il
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Proposition 1.14. For every 6 > 0, every k €]0,1/2|, every M > 0, there exist a function
gr : RT — R going to 0 at 0 such that for any 6 > 0 and N large enough, with By and
Bl such that d(ﬂgN,ﬂg&) < N5, [Amax(BN) — Amax(Bn)| < § and supy ||By|| < M,
supy || By|| < M -

v (B, 0) = In(By, 0)] < gx(9) .

From Theorem 1.13 and Proposition 1.14, we deduce that :

Corollary 1.15. For every 6 > 0, every k €]0,1/2[, every M > 0, for any § > 0 and
i a probability measure supported in [—M, M|, if we denote by By the set of symmetric
matrices By such that d(pipy, ) < N7%, [Amax(Bn) — p| < 6, and supy ||Bn|| < M, for
N large enough, we have :

limsup sup |Jn(Bw,0) — J(u,0,p)| < 29,(9)

N—oo BNEBn
where g, is the function in Proposition 1.14.

By Lemma 1.8 and Lemma 1.11, it is enough to study the probability of deviations on
the set where Jy is continuous:

Corollary 1.16. Suppose Assumption 1.2 holds. For 6 > 0, take a real number x and
set for M large (larger than x + § in particular), A% to be the set of N x N self-adjoint
matrices given by

A = {X 1 Panax(X) — 2] < 6} N {X 1 d(pY, 05) < N7V} {X ¢ | X < M},

where k' is chosen as in Lemma 1.11 . Let x be a real number, § > 0 and k' as in Lemma
1.11. Then, for any L > 0, for M large enough

P (Puax (X)) — 2| < 8) =P (X € AY) + O(e™™).

We are now in position to get an upper bound for P (X](VB) € A%). In fact, by the
continuity of spherical integrals of Corollary 1.15, for any 6 > 0,

I X(ﬁ) 0
P(xP eat) = g|2EN0,
| In(XP,0)

< ElIn(XP,0)]exp{—N inf Jy(X,0)}
XeAs

< E[n(XY,0)] exp{N(29.(5) — J(05,0,2))} (2)

where we used that x — J(og, 6, x) is continuous and took N large enough. It is therefore
central to derive the asymptotics of

1
Ex(0.8) = 5 mE[Iy(XY.0)]
and we shall prove in section 3 that

Theorem 1.17. Suppose Assumption 1.4 holds. For  =1,2,wy,wy and 6§ > 0,
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with F(0,B8) = 0%/8 if 8 =1,2 and when 3 = w;, i = 1,2:

202 '
Fl,w;) = sup {—z(1—2z)+ !

——In(l —2) +
ze0,1] ¢ 2(1+ ) ( )

i
YCEE. —1Cq,
20+ a) nx}—iC

where Cp, = 52— In(+) + 5%~ In

— &
2(14c) 1+a 2(1+a) 1+a

We therefore deduce from (2), Corollaries 1.16 and 1.15 , and Theorem 1.17, by first
letting NV going to infinity, then 0 to zero and finally M to infinity, that

1

lim sup limsup — In P (‘)\max(X](f)) — :L" < 5) < F(0,8) — J(os,0,x).
0—0 N—o0 N

We next optimize over 6 to derive the upper bound:

1
lim sup lim sup NIH]P) (‘)\max(X](\?)) - x’ < 5) < —sup{J(os,0,2) — F(0,8)}. (3)

—0 N—o0 >0

To complete the proof of Theorem 1.9, we show in section 4 that, with the notations of
Theorems 1.6,1.5, and 1.7,

Proposition 1.18. For g = 1,2, wy, ws,

Iﬁ(x> = Sup{J(Ug,e,QJ) - F(G,ﬁ)}

>0
To prove the complementary lower bound, we shall prove that

Lemma 1.19. For 8 = 1,2, for any x > 2 and for 8 = wi,ws for any x > b, there
exists 0 = 6, > 0 such that for any 6 > 0 and M large enough,

1 Bl IV 0)
11m 1Nt — 1n

Noee N E[ly(Xy",0)]

This lemma is proved by showing that the matrix whose law has been tilted by the
spherical integral is approximately a rank one perturbation of a Wigner matrix, from
which we can use the techniques developped to study the famous BBP transition [6]. The
conclusion follows since then

E[1 ys c g In(XD,6,)]
ey SO R I (X, 0) exp{—N sup Jn(X,0,)}
E[In(Xy',0,)] XeAM,

exp{N(gx(0) + F(0, 8) — J (03, 0z, ) + 0(0))}
exp{—NIz(x) — No(d)}

P (X € AY,)

IV 1V

where we finally used Theorem 1.17 and Lemma 1.19.
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2. EXPONENTIAL TIGHTNESS

In this section we prove Lemma 1.8. We will use a standard net argument that we
recall for completness. For N € N, let Ry be a 1/2-net of the sphere (i.e. a subset of the
sphere Sy_; such as for all u € Sy_; there is v € Ry such that ||u — v||]» < 1/2. Here the
sphere is inside RY for f = 1,w; and CV for 8 = 2, w,). We know that we can take Ry
with cardinality smaller than 3. We notice that for M > 0

Pl|XY|| > 4K] <9V sup P[(X{u,v) > K| (4)

u,vERN
Indeed, if we denote, for v € S¥~!, w, to be an element of Ry such that ||u, — vz < 1/2,

1
IX = sup X3 vle < sup (1XR ol + 51XK7)
veEST T

veSN—-1
so that
IXN < 2 sup | X3 ull, (5)
uERN

Similarly, taking v = we find

Xi
X Do

1X P ulla = (0, X u) < (g, X ) + [0 — w [l X202
from which we deduce that

IXN] <4 sup (XPu,v)

u,VERN

and (4) follows. We next bound the probability of deviations of (X](\’,B)v u) by using
Tchebychev’s inequality. For 6 > 0 we indeed have

PH(XPu,v) > K] < exp{—0NK} E[exp{NO(X P u, v)}]

< exp{—0NK}E[exp { (2 > OR( a uw]) + Z ai,iuz‘vi) }]

1<J

< exp{—ONK}exp ( 12 [u* + Z i o3 | ) (6)
where we used that the entries have a sharp sub-Gaussian Laplace transform. In the case
of Wishart matrices, we bounded above some vanishing contributions by a non-negative
term. When 8 = w;, ' =i, otherwise 5’ = 5. We can now complete the upper bound:

1<J

0N [[ull3][v]l3 + (u, v)*
g 2

s (3o

where we took 8 = 1. We conclude that :

]P’[(X](f)u,w > K] < exp ( - 9NK>
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P(Xu,v) > K] < exp (N(1 — K))
This complete the proof of the Lemma with (4).

3. PROOF OF THEOREM 1.17

We consider in this section a random unitary vector e taken uniformly on the sphere
SV-1 and independent of X\”. We define Fiy by setting, for 6 > 0 :

1
5 E o Eefexp(N8{e, X3e))]

where we take both the expectation E, over e and the expectation E

FN(eaﬁ) =

X over X](\?). In this

section we derive the asymptotics of Fy (6, 5). F(6,0) is as in Theorem 1.17. We prove a
refinment of Theorem 1.17, which shows that under our assumption of sharp sub-Gaussian
tails, the random vector e stays delocalized under the tilted measure.

Proposition 3.1. Suppose Assumption 1.1 holds if B = 1,w; and Assumption 1.3 holds
if B =2,ws. Denote by Vg = {e € SN7' 1 Vi, |e;| < NV4=<}. Then, for e € (0,1),

1
F(evﬁ) = lim FN(e 6) = ]\}TOONIDEe[]leGV&EX](\@ [eXp(N0<€7XJ(\?)€>)H

N—+o0

We first consider the case of Wigner matrices and then the case of Wishart matrices:
in both cases the proof shows that the above delocalization holds (i.e we can restrict
ourselves to vectors e in V) and we shall not mention it in the following statements.

3.1. Wigner matrices. In this section we prove Theorem 1.17 in the case of Wigner
matrices, namely:

Lemma 3.2. Suppose Assumption 1.1 holds if B =1 and Assumption 1.3 holds if 5 = 2.
Then for any 6 > 0

6)2
JimFa(0.9) = F0.5) = %
Proof. By denoting L, = InT),, we have :
EX](Vm [exp(N@(e,X](f)@m — X(B) [exp{\/_e 222% @ e]ez )+ Za(ﬁ)m
i<j
= exp{ZL 29616] )+ ZL (0]e,] 2\/_)}
1<J
(B)

where we used the independence of the (a;;)i<;. Using that the entries have a sharp sub-
Gaussian Laplace transform (using on the diagonal the weaker bound L, (t) < %tQ +Alt|)

and 3 e? = 1, we deduce that:
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2NG? 9 4 9
5 > leilles| +7Z|ez| + AV 926}
1<J

< exp(Neﬂ + AVNO)

Ey) [exp(NO(e, XPe))] < Eelexp{

So that we have proved the upper bound that

1 6>
limsup Fiy(6, 8) < limsup sup NIDEX§f> lexp(NB(e, XDe))] < 5 (7)

N—o0 N—oo eeSN-1

We next prove the corresponding lower bound. The idea is that the expectation over the
vector e concentrates on delocalized eigenvectors with entries so that v/, e;e; is going to
zero for all 7, j. As a consequence we will be able to use the uniform lower bound on the
Laplace transform to lower bound Fy (6, ().

Let Vi = {e € SN~ : Vi, |e;] < N4} be the subset of the sphere S¥~! with entries
smaller than N~/4¢ for some € € (0,1). We have that :

Elexp(N0(e, X}'e))] > Ee[Leevg [T exp{L,~., 2V NOz;e;) }Hexp{L (VNO|ei*)}]

1<J

For e € Vi, 2V/Nf|esej| < 20N~¢ so that :
lim sup |2V Nfee;| = 0

N—+o0 eeve

By the uniform lower bound on the Laplace transform of Assumptions 1.1 or 1.3, we
deduce that for any 6 > 0

Elexp(N6{e, X}'e))] > P.[Vi]e" 509 (8)
We shall use that

Lemma 3.3. For any e € (0,1/4) we have
A}l_{lloo PleecVy] =1

As a consequence, we deduce from (8) that for any 6 > 0 and N large enough

. 0?
lim inf Fiy (6, 5) > (1 - 6)5

So that together with (7) we have proved the announced limit

lim Fy(6,8) = —

N—oo B

which completes the proof of Lemma 3.2.
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Finally we prove Lemma 3.3. To this end we use the well known representation of the
vector e as a renormalized (real or complex) Gaussian vector:

_ 9
]2

where g = (g1, ..., gn) is a Gaussian vector of covariance matrix /. By the law of large
numbers, we have the following almost sure limit :

|lgl]2
R
We also have by the union bound
P[HZ - [ ] ’gz| > N1/4 5/2] < N]P)Hg | > N1/4 6/2] < NeXp{ N1/2 26}

from which the result follows.
O

3.2. Wishart matrices. In this subsection we prove Theorem 1.17 in the case of Wishart
matrices, namely:

Lemma 3.4. Let f = wy or we. Suppose Assumption 1.4 holds. Then for any 0 > 0, for
1=1,2

202 i i
lim Fy(0,w;) = F(0,w;) = sup {—zx(1—2)+————In(x)+———In(1—2)}—iC,,
N—oo N( ) ( ) J;E[Opl]{ 2 ( ) 2(1+O&) ( ) 2(1+Oé) ( )}
where C, 1+a) ln(Ha)—l— (1+a) In %=. Moreover, the supremum is achieved at a unique

T in |0, 1} (as it maximizes a stmctly concave function). xg, is the almost sure limit of
le1||3, the norm of the first L entries of e, under the tilted law

Ex[exp{0N (e, X)) }JdF(e)
E[Ex[exp{6N (e, X5 )]

dP(e) =

Proof. We have, with the same notations than in the previous case :

Exui[exp(NO(Xe,e))] = exp{ > mmeﬁe;”)}

Il i e

where e = (e, e?), that is eV is the vector made of the L first entries of e and e the
vector made of the M last entries of e. Using that the ,uZ have a sharp sub-Gaussian
Laplace transform and a uniform lower bounded Laplace transform, we deduce that with
Vi ={ec SN |g| < N~V/4) we find that for any 6 > 0 and N large enough

20> 20>
Ee[Lyg exp{(1 = 0) == NlleM[3lle®[15}] < B [In (0, w:)] < Eelexp{ =NV [[3]l®[I3}]

(9)
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where |[eM]2 = 1 — ||e@|? follows a Beta law with parameters (iL/2,iM/2), so its
distribution is given by

BetaiM/gJL/g(dx) = CM’LJIiL/Z(l — .T)iM/Q]lme[O’l}d.I‘ i

with Cyr = T'(iN/2)/T(iM/2)I'(:L/2). Therefore, Laplace method implies that

1 202
: D121
Jim I exp{ 2V e ).} (10)
26> i i
— P -+ Y 1 —2) + ——In(z)} —iC, .
xsel[tpl]{ - x( x)+2(1+a) n( x)+2(1+&) n(x)} —iC,

(10) thus yields the expected upper bound. To get the lower bound in (9), observe that
conditioning by [[e™]|2, the entries of (V) and e follow uniform laws on the sphere so
that Lemma 3.3 applies. Hence, Vy has probability going to one under this conditionnal
measure and we can remove its indicator function in the lower bound of (9). We then
apply Laplace method under the Beta law to conclude. Finally, we see from the above
that for any set A, any d > 0

. ‘ 202
P/(|leM]2 € A) < exp{—NF(0,w;) + N5}/ 221 — ) M/2 exp{iNm(l — ) }dx
A i

from which it follows by Laplace method that the law of ||e(!)||2 satisfies a large deviation
upper bound with speed N and good rate function which is infinite outside [0, 1] and
otherwise given by
202 '
——zx(l—x) — @

: 0 ta) In(l—2z)—

i
————Inx+ F(0,w;).
2(1+ ) ( )
In particular ||e™]|2 converges almost surely towards the unique minimizer xg, of this

strictly convex function (which vanishes there).
0

4. IDENTIFICATION OF THE RATE FUNCTION

To complete the proof of the large deviation upper bound of Theorem 1.9, we need to
identify the rate function, that is prove Proposition 1.18. This could a priori be done by
saying that the rate function corresponds to the one that is well known for the Gaussian
case. But for the sake of completness, we verify directly that we have the same result.

4.1. Wigner matrices. We first consider the case of Wigner matrices. Recall that we
found for g =1,2

92
I3(z) = max (J(J,Q,x) - 5)

where

2 2
51,0, 1= 00(0.11.0) 2 [ 1o (1 + 2000, - 59y> du(y),
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with

iy

RM(EH), if 0 <2 < Hpae(p, ) = lim, |, [ L du(y),
(0 1, /\) . B cr 20 v
A— L2 f—>HmaX(,u,)\).

When p = 0, R,(z) =z and G,(\) = (A — VA2 — 4).

The critical points of ¢(6,x) = J(0o,0, :1:) - % for fixed = satisfy

20
3 = 0yJ (0,0, ).
2
e For %9 < G, (), ¢(0) vanishes uniformly as J(o,0,z) = g foﬁe R, (u)du = %.
e For %9 > G, (), the maximum is achieved at a solution of
2. _ B
5" 2,

which gives

20, 1 -
3 = (aH—\/:U 4) = GU(SC)

Hence, I5(x) = ¢(6,,x). We can compute its derivative and since 6, is a critical point of
v, we find
B

2

Oxls(x) = 0pp(0p, ) = 0, — =G, () = gvxz —4

which proves the claim since I5(2) = 0.

4.2. Wishart matrices. Let us now consider Wishart matrices and compute
Ly, () = max (J(ow,0,2) — F(0,wp)) .

As in the previous proof we try to compute

8
2
where 6, is the argmax of ¢(0,z) = J(oy,0,2) — F(0,ws). Note that the latter exists as
@ is continuous in A, going to —oo at infinity. To identify 6, we remark that when it is
larger than gGUw(x), it must satisfy, as a critical point of ¢,

Oplyy(x) = 0, — 5Go,, (1)

z = 9 F(0,ws) + 2’; — K(0).

Our goal is therefore to identify K and in fact its inverse. Now, we claim that 6— F(0, wg)
is analytic in a neighborhood of RT*. We recall that it is given in terms of 2 o, see Lemma
3.4. g, is a maximizer, and therefore as a critical point it is solution of

9 1 o}
Yl 0) = 529 =2+ o  Traa—a
Clearly z—1(z, 0) takes its zeroes away from 0, 1 and is analytic in a complex neighbor-
hood of [e,1 — €] for any € > 0. Moreover, at § = oo, ¥ vanishes at = 1/2 only. But
for R(0) > 0, the real part of —9,1(6,x) is bounded below uniformly by some c¢(¢) > 0
uniformly a complex neighborhood U, of [e,1 — €] provided the imaginary part of 6 is
smaller than some x.s > 0. Hence, the implicit function theorem implies that 80—z ,,
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and so F'(.,wg), is analytic in a complex neighborhood of R(#) > §. We next show that
for 6 small enough,

F(0,ws) = g/oﬁeng(u)du. (11)

It is clearly lower bounded by this value as for any M

1 w
F(0,ws) > liminf — InE In(x 0)]

wp |1 (wp)
N—oo N XNwﬁ [ |>\max(XNwﬁ )|§M

so that for %9 < Gy, (M),[15, Theorem 1.6] gives the lower bound. The upper bound is
obtained similarly by using the exponential tightness which permits to restrict oneself to
{|Amax| < M}. Therefore, we conclude that K is analytic in ®(0) > ¢ and equals K, (%9)
for small . We want to find the inverse of K. We thus look for an analytic extension of
K,,,. But in fact K, satisfies an algebraic equation. Indeed, observe that

a—1

Gaw (l’) = 2.1'Gﬂ-a((1 —+ 06)1’2) —+ m

where it is well known that G;_, the Stieltjes transform of the Wishart matries, is solution
of

(22)°Gr, (2)? —42(z+1—a)Gr (2) +42 —8a =0.
We deduce that at least for small x, K, is solution of
(1+a)K,, (2)2+1—a)*—2(K,, (2)+1—a)((1+a)rK,, (2)+1—a)+4(1+a) Ky, (2)*—8a = 0.

As a consequence, K is also solution of this equation for all x, by analyticity. Now, we
are looking for the inverse of K and so we deduce that 6, is solution of the equation

(;(14—04)359934—1 —a)? —2(x+1 —a)(;(l—l—a)x@x—i— 1—a)+4(1+a)r”> —8a=0.

For % < G, (7), the solution is

2 20 x2+1—a—\/(x2—1—04)2—404 1—al G
B 1+a 212 +1—|—04;_ 70 ()

but when % > G,,, () we have to take the other solution of the quadratic equation

29 20 x2+1—a+\/(x2—1—a)2—4a 1—al
B 1+« 222 +1—|—a§'

As a result, we then have

Oplyy(x) = 0, — G, (1)

which completes the proof.
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5. LARGE DEVIATION LOWER BOUNDS

Recall that we need to prove Lemma 1.19, that is find for any z > 2 (or b, for Wishart
matrices) a § = 6, > 0 such that for any § > 0 and M large enough,
1 E[ In(Xy,0)]

liminf — In

N-oo N E[In(XY,0)]

(B) M
XN EAM

where we recall that
AMS = {X ¢ [ Amax(X) — 2] < 8} N {d(AY, 08) < N¥}n {1 X|| < M}

For a vector e of the sphere S¥~! and X a random symmetric matrix, we denote by
IP’E\?’G) the probability measure defined by :

exp(NO(Xe,e))

dPe (X)) = AP (X
V) = B e (V00X e, e )
where Py is the law of X]((,B). We have
B[y q NN, 0)] = B[P (AZ)Ex[exp(NO(Xe, €)]
> Ee[leev PV (AY)Ex[exp(NO(Xe,e))]]  (12)

where we recall that Vi = {e € S¥~! : |e;] < N~/4=¢}. The main point to prove the

lower bound will be to show that PE&‘”(A;‘{&) is close to one for delocalized vectors e € V,
and then proceed as before to show that V5 has probability close to one under the tilted
measure. More precisely, we will show that for € € (%, i), we can find 6 so that for any
x> 2 (resp x> by) and § > 0 we can find 6, > 0 so that for M large enough,
3 3 (6791') M —

Jim elenvfﬁ Py (Azs) = 1. (13)
This gives the desired estimate since we then deduce from (12) that for N large enough
so that the above is greater than 1/2
[exp(NO(X e, )]

1
B[t InXY.0) 2 SB[l E

(8) (8)
Xy eAiV{ 5 Xy

so that the desired estimate follows from Proposition 3.1. To prove (13), the first point
is to show that
Lemma 5.1. Take € € (0, i) There exists k > 0 , for e > 0, for any 0,

e for K large enough:

lim sup IPES’G) ()\max(X](Vﬁ)) > K) =0

N—=00 eevg

lim sup sup PE&"” (d(ﬂﬁ(ﬂ),()’ﬁ) > N_*'”/> =0.
N

N—oo e€Vy
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Proof. We hereafter fix a vector e on the sphere. The proof of the exponential tightness
is exactly the same as for Lemma 1.8. Indeed, by Jensen’s inequality, we have

Exlexp(NO(X e, e))] > exp{ NOEx[(X e, e)]} = 1
Moreover, by Tchebychev’s inequality, for any u,v,e € S¥~!, we have
/ L yyoie SPINOX e, ))dPy < exp{—NK}Ex[exp(NO(Xe, ¢) + N(X{u,0))]
< exp{—NK}exp{NO*> |e;e; + u;v;|*}
2
< exp{—NK +46°N}

from which we deduce after taking u,v on a d-net as in Lemma 1.8 that
. 1
PY? (Amax(X()) > K) < 9°N exp{~ NK +46°N}

which proves the first point. The second is a direct consequence of Lemma 1.11 and
the fact that the log density of P{*? with respect to Py is bounded by 0N (|Amax(X)| +
| Amin(E)]) which is bounded by KN with overwhelming probability by the previous
point (recall that Ay, (X) satisfies the same bounds than Ay (X)).
O
Hence, the main point of the proof is to show that

Lemma 5.2. Pick ¢ e]é, %[ Foranyx > 2 if B =1,2 and © > by if B = w1, ws, there

exists 6, such that for every n > 0,
lim sup Py [[Apax — 2| > 5] = 0

N—o0 eevﬁr

Again, we first consider the simpler Wigner matrix case and then the case of Wishart
matrices.

5.1. Proof of Lemma 5.2 for Wigner matrices. For e € V fixed, let X" be a
matrix with law PE&"’). We have :

XN — E[X(E)JV} + (XN _ E[X(E)JV])
where E[X] denotes the matrix with entries given by the expectation of the entries of the
matrix X. We first show that E[X(®)"] is approximately a rank one matrix.

Lemma 5.3. For € €]g, 1|, there exists k(€) > 0 so that for e € Vi :
E[X N = 20ee* + AN
where the spectral radius of AN is bounded by N~ uniformly on e € V.

Proof of the lemma. We can express the density of Pﬁsﬁ) as the following product :

Py’
dPx,,

(X) = [ exp(24# 0V NR(e:6;a: ;) — Lﬂﬁj(21i¢j9\/ﬁeiéj))

1<j
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where the a;; are defined as in the introduction, basically a rescaling of the entries by
multiplication by v N

So since we took our a;; independent (for i < j), the entries X (e ) remain independent
and their mean is given in function of the Taylor expansion of L as follows :

I A/ Ai. —
(E[X M), = L“f\fy‘(z Noeie;) _ %e»é- 4 01j(2V NOeie;) N6 |ei|*|e;|”
S/ A VN

ifi#j,and if1 =3

/ 12
Exon,, - VN a0 8V Nole ) Nt
VN B VN

where we used that by centering and variance one, L' v (0) = 0, HessL,v (0) = %Id for
all i # j, N, L'y (0) = 2 for all i, N, and where ’

8i,()] < 4 sup max{| L v (u)]} -

lu|<t &.3,N

Hence, we have

ALY = 6,52V Nbese;) VNO|e:|e;*,1 < i, j < N
In order to bound the spectral radius of this remainder term, we use the following lemma

Lemma 5.4. Let A be an Hermitian matriz and B a real symmetric matrix such that :

Vi, j, |Aij| < By
Then the spectral radius of A is smaller than the spectral radius of B.

Proof. Indeed, if we take u on the sphere such that ||Aul||s = ||A]], then, by denoting A’
the matrix (|4, ;|) and «’ the vector (|u;|), we have by the triangular inequality

1A[l = [[Aull < [|A"W [l < [|Bu'l]2 < |B]].
0

Therefore, if we choose C' so that C' > supy, ; ;;(2V Nfe;e;)0% and set |e|* to be the
vector with entries (|e;|*)1<;<n, we have

AN < CVNllef*(lef)" ]

Since |[[e[*(le]?)*|| = |[|e]?||5 = =, ef < N4, we deduce that if we take ¢ €]1/8,1/4[ we
have with x(e) = 1/2 — 4e :

1A = N7
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Remark 5.5. F. Augeri noticed that a maybe more elegant proof of this point would be
to use Latala’s estimate:

1
3
E[|Y] < Csup (EZ IY;-,jI2> :
J %
Now we denote :

X(e),N = X(e)’N J— E[X(e):N]
The entries of X (" are independent, centered of variance 0.0:L v (0e;é; V/N)/N. Re-

call that 0.0:L,~ (0) = 1 and that the third derivative of the Laplace transform of the
entries are unifofmly bounded so that

0.0:L,x (0e:2;VN) = 1+ 8,;(VN|eies|) = 1+ O(N ™)
uniformly on Vy. We can then consider X©N defined by : :

7(6)7N
Xij

WZ@LM% (6e:2;3/N)

— X©:N_ S0, we have

j‘(’( e.) N

e),N

Set YN = X

e),N 1

1—
\/82851/#% (0€Zéj\/ﬁ)

e 7(

(Y( )’N)i,j = Xz‘,j

We next show that for all § > 0 :
lim sup P[||[Y@N]|| > 6] =0 (14)

N—=+ooeevg
Indeed, we have the following lemma which is a variant of [1, Theorem 2.1.22 ] :

Lemma 5.6. Consider for all N € N a random Hermitian matriz AN with independent
subdiagonal entries which are centered and for all k € N :

re’ = max N-*?E[JAN[*]
1,7 k

Suppose that there exists Ny € N, C' > 0 such that for N > Ny :

rév <1, T,]CV < kO
Then for all § > 0, P[Apnax(AY) > 2+ 0] goes to zero as N goes to infinity.

The proof of this lemma is strictly identical to Theorem 2.1.22 in [1] as we only need
to estimate large moments of the matrix, which only requires upper bounds on moments
of the entries (and not equality as assumed in [1]) as soon as the entries are centered. We
apply this lemma to the matrices Y(® /§ to derive (14): note that the hypothesis on the
upper bound on moments is a clear consequence of our bounds on Laplace transform.
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Hence, since

XON _ XN | 2;66* L AON 4y

we conclude by combining (14) and Lemma 5.3 that for € €]1/4,1/8[ and all § > 0

. =~ 20
im sup IPEV’O)[HX(G)’N — (X(e)’N + Fee*)H >0]=0 (15)

1
N—o0 eeVg
since all estimates were clearly uniform on e € V5.

And so, to conclude we need only to identify the limit of )\max(y ()N +%966*). It is given
by the well known BBP transition. We collect below the main elements of the argument
for completness. To identify this limit, we easily see as in [9] that the eigenvalues of
X@N 4 2Feee* satisfy

~ 20 ~ 20 ~
0=det(z — XN — Eee*) = det(z — X©N) det(1 — E(z — X©:N)=lee)
and therefore z is an eigenvalue away from the spectrum of XN iff
_y@Ny-1 - P
(e, (= = XNy e = L

But it was shown in Theorem 2.15 of [10] that for all z > 2, all v € S¥! (v, (2 —
X(©:N)=1y) converges almost surely towards G,(z) and therefore we conclude that the
largest eigenvalue pyay (X @V + 276966*)’ must converge towards the solution pg to

Colpn) = &

as soon as it is strictly greater than 2. We find a unique solution to this equation: it is
given by
20
Po = 3 + 50
Reciprocally, for any x > 2, we can find 6, = g(:v + V% —4) so that x = py,. Hence, we
have proved that for any sequence of vectors e € Vy we have the desired estimate for any
n>0
lim sup P [[Aax — 2| > 5] = 0

N—oo ecVs

which also entails the convergence of the supremum over Vy and thus the Lemma.

5.2. Proof of Lemma 5.2 for Wishart matrices. We next prove Lemma 5.2 for
Wishart matrices and fix e = (e, e®) € V. We decompose as in the previous proof

X((:‘),N — j(v(e)vN + E[X(e)vN] _'_ }/'(e)v]\[7

6)7N 6)7N

where the entries of X(©N are centered and with covariance 1/N and Y(
in norm. We then find by the same argument that

goes to zero

20 0 e (@)
X (@) e),N
B i (e(Z)(e(l))* 0 + A0
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where ||A@N|| < N=#9) and e® (resp. e?)) is the vector made of the first L (resp. M
last) coordinates of e. Letting

@™ 0 0 (e@)*
(e _ (€ °) _ €
S ) o < 0 6(2)> and T( - ((6(1))* 0

0 6(1)(6(2))* (©)(e)
<€(2)( - S T .

we notice that

e 0
Therefore, we need to find z > b, such that
2 ~ 2
0 = det(z— XM — —OS @) = det(z—XN’(e))det(l——,QT(E)( — XN 715y (16)

By writing RxN 0 (2) = (2 = XN)=1 by blocks with XN with upper right L x M
block GM(©) | we get :

Rino(2) = (RM(Z) RLZ(Z)) - Hgno@vo ©r (%) éN’(e)R(éMe))*aN,(w (2%)
A Roa(z) Roa(2) R Gnoy-an o (2)GN©Y 2R @M oo (29)

where Ry is L X L, Rio L x M, Rm M x M, we get the simpler equation
20 ((e®), Ryy(2)eM) (el 2) , Rya(2)e®)
det (I — — TS —0
) ( i << W, Rya(2)eM) (e, Rya(2)e®)
Therefore, we need to find z such that

26
1= = e, Roa(2)e) 2 = = (e, Ro(2)e®) (e, Ry (2)eV) = 0 (17)

We are going to prove that

Lemma 5.7. For any 6, > 0

lim sup sup Pﬁsﬂ) ( sup |<e(1), Rl,l(z)e(1)> —z(1+ oz)||e(1)|\§GMp(a)((1 + a)z2?)| > 5)

N—oo e€Vy 225a+8

lim sup sup PE@"’) < sup |(e(2), R272(2)6(2)> —z(1+ a)|]e(2)||§GMp(1/a)((l + a)z2?)| > 5)

N—oco e€Vy S2>ba+te

lim sup sup ]P)E\e,’e) ( sup  |(e®, Ry (z)eM)| > 5)

N—oo e€Vy Sz>ba+te

where G p(ay is the Stieltjes transform of a Pastur Marchenko law with parameter o.

We first derive Lemma 5.2 assuming that Lemma 5.7 holds. We have seen in Lemma
3.4 that ||eM]|, converges towards x4, almost surely. Therefore, we arrive to the limiting
equation

Z’Z

(1+ Q)QZQGMP(Q)(U + a)ZZ)GMP(l/a)((l +a)z’) = 40229 o (1 — 29,0)
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Now, we claim that ¢(0) = 0%z ,(1 —xp,) is continuous, increasing, going from 0 to +oo.
As x4, is a complicated solution of 6 ( solution of a degree three polynomial equation),
we use the following asymptotic characterization which easily follows from the previous
large deviation considerations, see Lemma 3.4:

40
7.1'9,04(1 - x@,a) = aQF(Ga wz) ’
7
where we use that the derivatives of g, vanishes as it is a critical point of the maximum.

We moreover notice that G() = F(v/8,w;) is convex in @ (as a supremum of convex
functions). Hence,

0(0) = iG@gF(@,wi) - %0267"(92)
It follows that ¢ is smooth as F'is and moreover
©'(0) = i(0G'(6*) + 0*°G"(9)) .

But since ¢ is non negative, GG’ is non negative and so ¢’ is non negative for all § > 0.
The fact that ¢ goes to infinity at infinity is clear as g, then goes to 1/2. Moreover,
for 2 > b, 2 = 2Gup@)((1 + @)z?) and 2 = 2Garp/a)((1 + @)z?) are positive and
decreasing, and therefore so are their product. Hence, there exist a 6, > 0 so that for
every 0 > 6, , the equation above has a unique solution on [Ea, +oo[. Moreover, if we
denote py this solution, 6 — py is a bijection from [f,, +-00[ onto [by, +00].

Proof of Lemma 5.7. We recall that G = G, ps is a L x M matrix with centered entries
with covariance one and sub-Gaussian tails, e = (e(*), e?)) a unit vector and

Ri1(2) = (2 = GG*) ' Rya(2) = (2 — G*G) ', Ria(2) = G(z — G*G) .

The first two points of the Lemma are direct consequences of [10, Theorem 2.5]. It
remains to see that (e®), Ry (2)e)) goes to 0 as N goes to infinity. Because Ry(z) =
G(z — G*G)7 ! is not the resolvent of the Wishart matrix, but its multiplication by G,
we can not apply directly [10, Theorem 2.5]. We will give an elementary proof of this
result,based on classical moment computations. Indeed, for ¢ > 0, on the set where
{[|G*G|| < by + €}, for z > b, + 2¢ we can expand

e G(G*G)re®
<6(2)7 R2,1(2)6(1)> = = Z < Z(2k+1 ) i
- i (eW, G(G*G)ke®) o[ bete Kt
A Z2k+1 e \ by + 2¢

and hence it is enough to get the convergence in probability of K moments with K >
2¢e tnet:

lim (¢, G(G*G)*e®) =0, k< K.

N—oo

To this end we first prove that
lim E[(e, G(G*G)*e®)] =0 (18)

N—oo
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and then
lim Var({(e, G(G*G)*e®)) = 0. (19)

N—oo
We first prove (18). It is clearly true for &k = 0 by centering of the entries and so we
consider k > 1. Let’s call Why 41 the set of words (vy, ..., vary2) of length 2k + 1 so that

ve; € {1,..., L} and vyj41 € {1, ..., M'}. We use the following notation :

E’U = E[avl ;U2 av2:v3 o 'av2k:+1 7’”2k+2]

We have

. 1
B[, GGG )] = rmm 2 el B,
vEWak 41

Given a word v, we can construct a bipartite graph G,, whose vertices are the {vy, vs, ... }U
{L + va, L + vy, ...} of whose edges (occasionally multiple) are the (L + vg;,v9;_1) and
(L + v, vai11). We denote V) (v) the number of vertices in G, lying in {1,..., L}, V*(v)
the number of vertices in G, lying in {L+1,..., L+ M} and V(v) = VI (v) + V3(v) and
A(v) the number of edges of G,,. If e is an edge of G,,, we denote n,(e) the multiplicity of
this edge.

Let’s recall that here the a; ; are independant but not identically distributed. Never-
theless their variance are 1 and their moments are bounded uniformly i.e. for every k
there exists C, < +oo such that :

sup E[|a; ;|*] < Ci
Nyij
For every word v of length k, we can define C, = [, Cé(v’j ) where [(v, j) is the number
of edge of multiplicity j in GG,,. we then have

|Ey| < C,

We say that two words v, w are equivalent if there exists a bijection ¢ : {1,...,L} —
{1,..., M} and a bijection ¢ : {1,..., M} — {1, ..., M} such that vy; = ¢(wo;) and ve;41 =
(waj11). If two words v and w are equivalent then C, = C,,.

Let Tor11 be a the quotient set of words of length 2k+1 for this equivalency relationship.
We have

2k+2

. 1
B, 66 )] = g Y X X B,

=2 1€ Top 11,V (v)=j vlomct

Let’s notice that if G, has an edge of multiplicity 1, then E, = 0 (since the a;; are
independant and centered). So for E, to be non zero we need that A(v) < (2k+1)/2 so
A(v) < k. Since G, is connected V(v) < A(v) +1 < k+ 1. If v € Why4q, there exists
N, = (L—-1)..(L=VO@)+1)(M—1)... (M - V%) + 1) < NV®=2 equivalent words
wy provided we fix v; and v9p,o so we have the following bound :
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. 1 k+1
E[(eV, G(G*G)*e@)] < Y > Y GN, 3 Vel |
J=2 t€Tok41,V (t)=j 1<v1 <L 1<vop 2 <M

By using the Cauchy Schwartz inequality, we have that :

S 6P| < N[eD|ls x |e®]], < N

1<i<L1<j<M
which yields

1 k+1 )
E[(e(l),G(G*G)ke(2)>] < WZ Z CyN7~2

J=2t€Tok41,V(t)=j
The leading order term here is in N~='/2 for k£ > 1 and so

lim sup |E[<€(1),G(G*G)k€(2)>]| =0.

N=00 |le||l,=1

We proceed similarly for the covariance (19):

Varl(eD, GGG ™) = o Y el e,
VEWa k41, WEWa k11

Where T, ., = Ey — EyEy and B,y = Elay, 0y Qg s - Gog g1 Gy s Qs s -+ G g 1] We
extend naturally the previous definitions to couples of words. Let us now do the same
analysis than before with couples of words. Let’s take 7~'2k+1 the quotient set for the
equivalency relationship for couples of words. Let (v, w) € 7§k+1

First, if G, is not connected, since it is the union of two connected graphs G, and
G, we have that G, and G, don’t have any edges in common and so, by independence
of the entries 7, ,, = 0. So we can assume that G, ,, is connected.

Then several cases arise :

First, if v; # w; and vor4o # Wakt2, then if one edge of G, ,, is of multiplicity 1, then
Tyw = 0. So we can assume that all edges are of multiplicity at least 2. We deduce
that A(v,w) < 2k +1 and V (v, w) < 2k + 2. Let N,,, be the number of couple of words

equivalent to (v, w) provided (v, w1, Vagt2, Wag2) are fixed, we have N, ,, < N?*72. Hence

Z egll)e,gll)meefQ)k“eng < N%(wa - C,Cy)
(u,t)~(v,w)

Then, if v1 = w; and vopio F# wWopio or if vy # wy and vop s = wWokyo, the same
reasoning concerning the edges holds. So, we have V(v,w) < 2k + 2 and if N,, is the
number of couple of words equivalent to (v,w) provided (vy,ws, Vogro, Wokso) are fixed,
we have N,,, < N?*71 If we are in the case v; = w :

1 2
Z ez(tll)egl)Tv,wegi)ngw(tggﬁ < N2k||6(1)||2(0v,w - C,Cy)

(u,t)~(v,w)

And lastly, v; = w; and vy 49 = wap,o We have again N, ,, < N?* and
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(2)
S eDe) T e, et < N*¥|[eD|P[e®]2(Cy — CuCu)
(uvt)N(U’ )
So we have

6. APPENDIX: PROOF OF LEMMA 1.11

In this section, we want to prove that the assumptions 1.1 and 1.3 are verified if p; ;
are supported inside a common compact K or satisfy a log-Sobolev inequality with a

uniformly bounded constant c for the matrices XJ(\P, X](\?), X](\}Ul), X](\}UZ) .

Lemma 6.1. There exists k € (0 such that

710)

.1 -
lim NlnIP)[d(uXI(Vg),OB) >N =—-c0

N—o0
for B = 1,2,wy,ws, where og is the semi-circle law when 3 = 1,2 and the Pastur-
Marchenko law with index o if B = w (in the latter case we assume M/N —a = o(N~")).

For this, we will use two concentration results respectively from [16] and [3].

Theorem 6.2. By [16, Theorem 1.4)] (for the compact case) and [16, Corollary 1.4 b)]
(for the logarithmic Sobolev case), we have for = 1,2,wy,ws, and for N large enough

1 —
N6 IHP[dWX](f)’E[MX;\f)D >N 1/6] <0

where d is the Dudley distance.

hm sup

We therefore only need to show that
Theorem 6.3. ([3, Theorem 4.1]) If we let for every N :

Fyo (@) = py (] = 00, 2])
Fa'l(x) = Ul(] - OO,JI])
we have that
sup| Fy, () — E[F ) (2)]] = O(N7/).
z€eR
In order to conclude, we need only to use Lemma 1.8 to see that F, o) (—M) and
N

1 — F0)(M) decay exponentially fast in N for some fixed M so that
N

d(Elpyw] 01) < 4™ flloo + 2M| f]l2 sup |[F(z) = E[Fyw ()] = o(N1°).

The same results hold in the complex case. For Wishart matrices, we rely on [4, Theorem
w.1 and w.2]. Recall that Wy = Gy (Gra)*
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Theorem 6.4. ( [3, Theorem 4.1]) Assume that M/N € (1,7 ') for some fized € and
M/N converges towards . Then

sup | Fr, (2) — E[F, (2)]] = O(N™V10).

z€R

We can as well use Lemma 1.8 to conclude that 1 — Fyy, (M) goes to zero like e for
M large enough. Finally, we conclude by noticing that since

[ @Bl = 7 U + FV D)y ) +

we have

[ F@d(Elxg) = o))

M- N

(U

< Wl —al+e™) 4 [ 10 (VRIEr (3) ~ Bl O)]|dA

IflL(NF e 4 2MN~T)

N
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