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30179, 86962 Futuroscope Chasseneuil Cedex, France

(Received 5 July 2019; revised manuscript received 20 November 2019; accepted 12 March 2020; published 7 April 2020)

We report on what is to our knowledge the first scattering experiment of surface waves on an accelerating
transcritical flow, which in the analogue gravity context is described by an effective spacetime with a black-
hole horizon. This spacetime has been probed by an incident co-current wave, which partially scatters into
an outgoing countercurrent wave on each side of the horizon. The measured scattering amplitudes are
compatible with the predictions of the hydrodynamical theory, where the kinematical description in terms
of the effective metric is exact.
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Recent years have witnessed an explosion of interest in
analogue gravity [1,2]. This newly emergent field builds on
Unruh’s insight of 1981 [3] that, using the mathematical
equivalence between wave propagation in curved space-
times on the one hand and in condensed matter systems on
the other, one can realize an analogue black hole in the
laboratory and test Hawking’s prediction that black holes
emit radiation [4,5]. In this context, an analogue black hole
is engendered by an accelerating flow which becomes
supersonic. The point where the flow crosses the speed of
sound is the (acoustic) horizon for sound waves, in analogy
with the (event) horizon for light at a gravitational black
hole. Because wave propagation close to the horizon is
equivalent in the two cases, the Hawking effect, which is
derived from purely kinematical considerations, should be
present also in the analogue system. This prediction has
been the main driving force behind the analogue gravity
program since its inception, with experimental studies in a
wide range of physical systems, such as nonlinear optics
[6–9], exciton-polaritons [10], and Bose-Einstein conden-
sates [11–13].
Surface waves on fluids provide another example of an

analogue system [14,15]. Consider a rectangular flume
oriented along the x direction, containing a water flow
which is independent of the transverse coordinate y. In the
shallow-water limit kh ≪ 1 (k being the wave vector and h
the depth), the free-surface deformation δh behaves like the
canonical momentum of a minimally coupled massless
scalar field propagating in the (2þ 1)-dimensional space-
time metric

ds2 ¼ c2½c2dt2 − ðdx − vdtÞ2 − dy2�: ð1Þ

The metric (1) describes a “spacetime fluid” flowing in the
x direction with velocity vðxÞ and variable “speed of light”
cðxÞ. The x-oriented null geodesics of the metric (1) are
simply described by dx=dt ¼ v� c. For waves, this
equation gives the motion of characteristics, and is equiv-
alent to the following (linear) dispersion relation whenever
v and c are constant:

Ω ¼ ω − vk ¼ �ck; ð2Þ

where Ω is the “comoving” frequency measured in the rest
frame of the fluid, while ω is the Doppler-shifted frequency
measured in the lab frame. We assume the flow is from left
to right, i.e., v > 0, so that the plus and minus signs in
Eq. (2) respectively define waves engaged in co- and
countercurrent propagation. In particular, the total velocity
of countercurrent waves is v − c, which can take either sign.
A transcritical flow has v − c ¼ 0 somewhere. This point is
the (analogue) horizon, marking the boundary between
subcritical (v − c < 0) and supercritical (v − c > 0)
regions. Accelerating flows which pass from subcritical to
supercritical have specifically an analogue black-hole hori-
zon, with countercurrent waves outgoing on either side.
Matters are complicated by the prefactor of c2 in Eq. (1),

which can be thought of as a conformal factor relating the
effective metric to the simpler one in square brackets. In an
appropriate coordinate system, this term generates an effec-
tive potential [16,17] which scatters co- into countercurrent
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waves and vice versa. The two outgoing countercurrent
waves can thus be excited by a co-current wave sent in by a
wave maker.
There have been a number of recent experiments aimed

at realizing and probing analogue spacetimes of the form
(1) seen by surface waves [18–24]. However, these have
tended to remain far from the ideal case originally envis-
aged by Unruh. Most importantly, in none of these experi-
ments was a transcritical flow achieved, so that the
corresponding analogue spacetimes did not contain hori-
zons [25]. In such cases, the nontrivial scattering processes
analogous to those involved in the Hawking effect can exist
only thanks to the presence of short-wave dispersion, which
requires the singling out of a preferred frame and thus
breaks the analogue of Lorentz invariance. The relevant
scattering amplitudes cannot be derived from the spacetime
description; in particular, those pertaining to the analogue
of the Hawking process do not generally follow the Planck
law so central to Hawking’s thermal prediction [26,27].
Furthermore, all experiments in 1D settings have focused
on decelerating flows, which in the transcritical case would
yield analogue white-hole horizons. These are convenient
for scattering experiments as they convert incident hydro-
dynamical (long-wavelength) waves, which are easy to
excite, into outgoing dispersive (short-wavelength) waves,
which are easy to measure. However, this means that the
kinematics of the outgoing modes are not describable using
the effective metric formalism alone. Things are further
complicated by the ubiquity of undulations (i.e., zero-
frequency solutions with finite wave vector) on the down-
stream sides of decelerating flows [28,29].

Experimental setup.—We have realized, at Institut
Pprime of the University of Poitiers, a transcritical flow
in a flume analogous to a black-hole spacetime, and
performed a scattering experiment on this flow that can
be described in terms of the effective metric. The exper-
imental setup and the stationary flow profile are illustrated
in Fig. 1. A flume of length 7 m and width 39 cm is used,
and on the bottom of the flume is placed a dedicated
obstacle with x-dependent height, designed in accordance
with well-known principles of hydraulics (set out peda-
gogically byWalker in [30]). The current is maintained by a
PCM Moineau pump. The convergent chamber, containing
a honeycomb structure, removes practically all boundary-
layer effects and macrovortices, producing a flow velocity
profile that (in the upstream region) is approximately
constant in both the vertical and transverse directions. At
a given flow rate, which is measured by a Promag 55S flow
meter to within an error of 0.5%, the stationary flow that
results has a particular mean depth profile hðxÞ. The
presence of surface waves causes the instantaneous depth
to vary in time around this mean.
Measurements were made of the instantaneous vertical

position zsurfaceðt; xÞ of the water surface along the midline
of the flume. A laser sheet, produced by a laser diode (at
wavelength 473 nm and power 100 mW) and a Powell lens,
was shone through the water, to which had been added
fluorescein dye [20,22]. At a suitable concentration
(∼20 g=m3), the dye absorbs the blue laser light and emits
green light near the surface (up to a depth of ∼5 mm). The
laser line produced (see Fig. 1) was recorded by three
cameras at regular intervals of Δt ∼ 0.1 s, for a total

FIG. 1. Experimental setup. On the left is an illustration of the flume, showing the flow direction and the position of the wave maker.
On the right are shown the following: (upper) the obstacle on the bottom of the flume and the stationary profile of the surface, found by
averaging zsurfaceðt; xÞ over time; (lower) the corresponding profiles of v and c [according to Eqs. (3)], with the near-homogeneous
regions (where the plane wave decomposition is performed) shaded. The bottom panel shows a photo of the flume, where one sees
clearly the variation of the water depth and the laser illuminating the midline. The distance between the black vertical bars is 1 m.
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duration of 800 s. A subpixel detection algorithm yielded
the surface height at each time at a series of positions
separated by the constant spacing Δx ¼ 3.4 mm. From this
was subtracted the known height profile of the obstacle in
order to get the instantaneous water depth hðt; xÞ. The mean
depth hðxÞ is then found by averaging over time. Assuming
the fluid to be irrotational and the surface quasiflat (i.e.,
j∂xzsurfacej ≪ 1), the flow velocity and wave speed are
related to the mean depth by

vðxÞ ¼ q
hðxÞ ; cðxÞ ¼

ffiffiffiffiffiffiffiffiffiffiffi

ghðxÞ
p

; ð3Þ

where q is the (constant) flow rate per unit width (measured
at 147.4� 0.7 cm2=s) and g ¼ 9.8 m=s2 is the acceleration
due to gravity. As seen in the lower right panel of Fig. 1, the
realized flow passes from subcritical to supercritical, thus
engendering an analogue black-hole horizon at the point
where v ¼ c.
Surface waves were stimulated by a plunging-type wave

maker placed upstream from the obstacle. We performed a
series of experimental runs for a range of frequencies at
three different wave maker amplitudes: Awm ¼ 0.25 mm,
for which f ∈ ½0.55; 1.2� Hz; Awm ¼ 0.5 mm, for which
f ∈ ½0.2; 1.0� Hz; and Awm ¼ 1.0 mm, for which f ∈
½0.2; 0.5� Hz. The elongated shape of the wave maker
allows the displacement of a large volume of fluid,
producing long waves of small amplitude which have a
negligible effect on the mean flow (we estimate the relative
change in the Froude number v=c due to the passage of the
wave to be at most 2%). The co-current waves thus excited
were incident on the horizon; this is analogous to sending
matter in towards a black hole from far away. The scattering
process is illustrated in Figure 2. Much of the wave was
simply transmitted (with amplitude T), while scattering at
the effective potential also produced a reflected wave (with
amplitude R) and a countercurrent wave in the supercritical
region (with amplitude N).
Main results.—Focusing on the near-homogeneous

regions (shaded gray in the lower right panel of Fig. 1),
we assumed that the waveform in each is a sum of two
plane waves, and were thus able to extract best-fit values for
the amplitudes and wave vectors—see the Supplemental
Material [31] for details. The subcritical region staying
relatively flat over a considerable distance, we could take a
longer near-homogeneous region there, and we thus expect
greater accuracy of the results pertaining to this side.
Dispersion relation: In Figure 3 are shown the best-fit

values of the wave vectors in each of the near-homogeneous
regions. Immediately, we see that (with the exception of
three outliers on the bottom right of the lower panel) each
region shows two branches of the dispersion relation with
clear signs of the derivative df=dk (where f ¼ ω=2π), this
being the sign of the group velocity of the corresponding
wave. We thus conclude that we have one ingoing and one

outgoing wave on the subcritical side, while on the
supercritical side we instead have two outgoing waves.
This is indicative of the presence of an analogue black-hole
horizon: it shows that v − c changes sign when moving
from one near-homogeneous region to the other.
Also shown are fits to the theoretical dispersion relations.

As alreadymentioned, these take the linear form of Eq. (2) in
the shallow-water regime kh ≪ 1, so we may use the lower
range of k to find the best-fit values of v and c in each region.
These are given explicitly in Fig. 3; v is about 3% smaller
than predicted by Eq. (3) (see the discussion below con-
cerning the flow rate q), while c agrees with the prediction to
within 0.1%. Moreover, since we expect the flow to be
uniform in the subcritical region, we may use the best-fit
values of v and c to find the corresponding values of q and h
through Eqs. (3). Not only is the extracted water depth there,
hsub ¼ 56.7� 0.1 mm, consistent with the profile of Fig. 1,
but it also agreeswith the observed deviations from the linear
dispersion relation [these dispersive corrections to the phase
velocity are expected to take the form cðkÞ ¼ ffiffiffiffiffi

gh
p

×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

tanh ðhkÞ=ðhkÞp

[42], and are thus governed by the water
depth h]. The fitted value of the flow rate is
qfit ¼ 143.6� 0.3 cm2=s, which differs quite significantly
from themeasured value of 147.4� 0.7 cm2=s. This is most
likely due to the nonuniformity of the flow speed in the
vertical direction. Indeed, numerical simulations indicate
that v tends to decrease slightly near the surface, which
would explain why qfit is smaller than the measured value
(see the Supplemental Material [31]).
On the supercritical side, the extracted wave vectors are

considerably less accurate, having larger error bars and
appearing to oscillate around the expected linear curves.
While this is partly due to the reduction of the window size
with respect to that in the subcritical region, it should be
noted that there is a considerable degree of noise in the
supercritical region. Even so, only four data points (which
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FIG. 2. Space-time diagram of the scattering process, showing
the wave characteristics involved in the scattering of an incident
co-current wave (I, black) into a transmitted co-current wave (T,
red), a reflected countercurrent wave (R, green), and a transmitted
countercurrent wave (N, blue). The flow is from left to right,
passing from subcritical to supercritical.
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have been circled in Fig. 3) are clear outliers. v and c are
found to be about 5 and 7% larger, respectively, than those
predicted by Eqs. (3). This discrepancy is likely due to the
nonuniformity of the flow after passing over the obstacle,
and is reminiscent of a similar observation made in the
downstream region in Ref. [21].
Scattering coefficients: In Figure 4 are shown the three

outgoing wave amplitudes in units of the incident wave
amplitude. Also shown are predictions extracted from the
wave equation associated with the metric (1) [43]. As
expected, the most accurate of the scattering amplitudes
(in terms of the smallness of the error bars) is R, this having
been extracted purely from the subcritical region. The
amplitudes relating to the supercritical region are less
accurately determined, with much larger error bars than
R. This is due both to the smaller available window size
where the flow is approximately homogeneous, and also to
the presence of a significant amount of noise, which seems
to be related to the occurrence of side wakes (see the
Supplemental Material [31]). However, the extracted scat-
tering amplitudes still compare favorably with the hydro-
dynamical theory.

In summary, we have extracted the dispersion relations
and scattering amplitudes pertaining to the interaction of an
incident co-current surface wave with an analogue black
hole. The dispersion relations show a total of three outgoing
modes, implying the presence of an analogue horizon.
Except for the high-frequency sector of the R branch, the
modes relevant to the scattering process are in the non-
dispersive regime where the effective metric description is
valid, and the measured scattering amplitudes are compat-
ible with its predictions.
Following in the spirit of [20,22], a future goal of this

type of (classical) analogue model is the observation of
(the stimulated version of) the Hawking process, whereby
the squared norm of the relevant scattering coefficient takes
the form of a thermal spectrum. The absence of tran-
scriticality in previous experiments prevents the direct
verification of the Hawking-Unruh thermal prediction,
which can only be applied when a horizon is present.
Our setup makes this possible in two ways. First, one could
consider a stationary background like that used in this
Letter. This can only be achieved by exploiting dispersion
and sending in a short-wavelength mode [44], but these are
difficult to excite in practice. The second possibility is to
consider a time-dependent background in which an initially
subcritical flow develops a supercritical region. In this
context one can study, in particular, the scattering of initial
long-wavelength countercurrent modes into final long-
wavelength countercurrent modes (i.e., those labeled as
R and N in the present work), thus avoiding the need to

FIG. 4. Measured scattering amplitudes. The colors and shad-
ings correspond to the same outgoing branches and wave maker
amplitudes as in Fig. 3. The colored lines are theoretical
predictions, and have finite widths corresponding to the uncer-
tainty in hsub. The amplitudes of the outliers circled in Fig. 3 are
also circled here.

FIG. 3. Measured wave vectors. The various colors correspond
to the modes of Fig. 2, while the three different shadings of data
points correspond to different wave maker amplitudes: Awm ¼
0.25 mm (dark), 0.5 mm (medium), and 1 mm (light). Circled
points are outliers. The solid curves show theoretical dispersion
relations fitted to the linear behavior of Eq. (2) for kh ≪ 1. The
fitted values of v and c in each region, as well as their error σ, are
indicated. The dotted line in the upper panel shows the full
theoretical dispersion relation with hsub given by csub via Eqs. (3).
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send in a dispersive wave. This case is reminiscent of that
originally studied by Hawking [4,5], of a star collapsing to
form a black hole.
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