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Abstract

We study the exponential stability in the H? norm of the nonlinear Saint-Venant (or shallow water)
equations with arbitrary friction and slope using a single Proportional-Integral (PI) control at one end
of the channel. Using a local dissipative entropy we find a simple and explicit condition on the gain the
PI control to ensure the exponential stability of any steady-states. This condition is independent of the
slope, the friction coefficient, the length of the river, the inflow disturbance and, more surprisingly, can
be made independent of the steady-state considered. When the inflow disturbance is time-dependant and
no steady-state exist, we still have the Input-to-State stability of the system, and we show that changing
slightly the PI control enables to recover the exponential stability of slowly varying trajectories.

Introduction

Discovered in 1871, the Saint-Venant equations [2] (or 1-D shallow water equations) are among the most
famous equations in fluid dynamics and have been investigated in hundreds of studies. Their richness, al-
though being quite simple, has made them become a major tool in practice for many industrial goal, the
most famous being probably the regulation of navigable rivers. They are the ground model for such purpose
in France and Belgium. Regulation of rivers is a major issue, for navigation, freight transport, renewable
energy production, but also for safety reasons, especially as several nuclear plants all around the world are
implanted close to rivers. For these reasons, the stability of the steady-states of the Saint-Venant equations
has been, and is still, a major issue.

Many results were obtained in the last decades. In 1999, the robust stability of the homogeneous linearized
Saint-Venant equations was shown using a Lyapunov approach and proportional feedback controller [9].
Later the stability of the homogeneous nonlinear Saint-Venant equations was achieved, still using propor-
tional feedback controller. In 2008, through a semi-group approach [I5], the stability of the inhomogeneous
nonlinear Saint-Venant equation was shown for sufficiently small friction and slope (or equivalently suffi-
ciently small canal), and these results were successfully applied to real dataset from the Sambre river in
Belgium. More recently, in [5] the authors give sufficient conditions to stabilize the nonlinear Saint-Venant
equations with arbitrary friction for the H2 norm but no slope using again proportional feedback controllers,
and in [19] with both arbitrary friction and slope, this last result being proved by exhibiting an explicit local
entropy for the nonlinear inhomogeneous Saint-Venant equations.

It is worth mentioning that other stability results have also been obtained in less classical cases or with
less classical feedbacks. For instance in [7] was shown the rapid stabilization of the homogeneous nonlinear
Saint-Venant equations when a shock (e.g. a hydraulic jump) occurs in the target steady-state. Also, several
results (e.g. [I3]) were obtained using a backstepping approach, a very powerful method based on a Volterra
transformation, developed mainly for PDE in [21], and generalized recently with a Fredholm transformation
for hyperbolic systems [I1], BT, B2]. One may look at [I9] for a more detailed survey about this method and
its use for the Saint-Venant equations. However, backstepping gives rise to non-local and non-static feedback
laws that are likely to be harder to implement, and, to our knowledge, have not been implemented yet.



Most of the previous results were performed with static proportional feedback controllers. When it comes to
industrial applications, however, the proportional integral (PI) control is by far the most popular regulator.
It is used for instance for the regulation of the Sambre and Meuse river in Belgium [4] Chapter 8]. The reason
behind such preference is the robustness of the PI control with off-set errors [I, Chap. 11.3]. An exemple can
be found in [I4] where the authors show the interest of adding an integral term to a proportionnal control
on a linear and homogeneous system, and exhibit coherent experimental result.

For these reasons, the PI controller has fed a wide literature, at least when used on finite dimensional sys-
tems. However, despite their undisputable practical interest, PI controllers for nonlinear infinite dimensional
systems have shown hard to handle mathematically and even studying simple systems give sometimes rise
to lengthy proofs with relatively sophisticated tools [I0]. While the behaviour and the stability of linearized
equations with PI controller has been well understood in the past, partly thanks to spectral tools like the
spectral mapping theorem (e.g. [23] [22] for hyperbolic systems), no such tools exist for nonlinear systems
and the stability of the nonlinear Saint-Venant equations has remained a challenge until today. Among the
existing linear result using a spectral approach on can refer to [29] [30] where the authors find a sufficient
condition for the stabilization of the linearized inhomogeneous Saint-Venant equations. Necessary and suf-
ficient conditions for the linearized homogeneous Saint-Venant equations are given in [4, Section 2.2.4.1,
3.4.4]. In [I2] the authors find a necessary and sufficient condition for a linear scalar equation and show
the difficulty of finding good conditions for the nonlinear equation, while in [8] the authors deal with 2 x 2
systems. Among the existing nonlinear results one can refer to [26] in the case where the operator without
PT control generates an exponentially stable semi-group, [27] where the authors find a sufficient condition
for the nonlinear homogeneous Saint-Venant equations, [4, 2.2.4.2] where the authors find a necessary and
sufficient condition also for the nonlinear homogeneous Saint-Venant equations, while [4, 5.4.4,5.5] give a
sufficient condition for the inhomogeneous Saint-Venant equations for a single channel or a network, but
in the particular case of constant steady-states only, which simplifies their analysis [I7]. Stricly speaking
this last result was derived for the linearized system but with a Lyapunov approach which can easily be
generalized to the nonlinear system. More recently, and to our knowledge this is the most advanced result,
[6] gave a sufficient condition of stability for the inhomogeneous Saint-Venant equations with an arbitrary
friction and river length but only in the absence of slope, using a Lyapunov approach.

In this paper, we consider the stabilization of the general nonlinear Saint-Venant equations with a single
boundary PI control. We give a simple and explicit condition on the parameters of the PI controller such
that any steady-state is exponentially stable for the H? norm. While stability results in inhomogeneous and
nonlinear systems often raise to a limit length for the domain, depending on the source term, above with we
are unable to guaranty any stability ([I7), I8, [l 15] or [4, Chap. 6]), this result holds whatever the friction,
the slope, and the length of the channel. Besides, our condition is independent of the slope, the friction
coeflicient, the river length, and, more surprisingly, can be made independent of the steady-state considered.
Finally, when there is no slope this condition is less restrictive that the condition obtained in [6] and when
there is no friction or slope this condition coincides with the necessary and sufficient spectral condition of
stability for the linearized system given in [§] and [4, Theorem 2.7].

The case where the inflow disturbances are time dependant and no steady-states exists was seldom considered
in the literature. However, it is in fact unlikely that the industrial target state is a real steady-state as the
inflow disturbance often depends on time in practice, even though only slowly. Therefore, in the more general
framework of slowly time-varying target states, we show the Input-to-State Stability (ISS) of the system with
respect to the variation of the inflow disturbance. Finally, we show that if we allow the controller to depend
on the target state, by changing slightly the PI controller, we can ensure the exponential stability of slowly-
varying target trajectories that are the natural target trajectories to consider when there is no steady-state
to the system.

This paper is organised as follows: in Section 1 we give a description of the nonlinear Saint-Venant equations,
we introduce the time-varying target trajectories together with some definitions and existence results, then
we state our main results. In Section 2 we prove our main result Theorem [I.3] that deals with the exponential
stability of time-varying state. In Appendix, we show that Corollary [1] dealing with the exponential stability
of steady-states, and Theorem showing the ISS of the system with respect to the variation of the inflow
disturbance, are both deduced from the proof of Theorem



1 Model description

We consider the following nonlinear Saint-Venant equations for a rectangular channel with arbitrary slope
and friction.

OH + 0,(HV) = 0,

kV?2 (1.1)
Here, k is an arbitrary nonnegative friction coefficient and C' denotes the slope, which is assumed to be a
C? function, with C(x) := —gdB/dz where B is the bathymetry and g the acceleration of gravity. We are
interested in systems where the water flow uphill is a given function, unknown and imposed by external
conditions, for instance a flow coming from another country, while the water flow downhill is controlled
through a hydraulic installation. Therefore we have the following boundary conditions,

H(t7 O)V(tv 0) = QO (t),

H(t,L)V(t,L) = U(t), (1.2)

where U(t) is a control feedback and Qg(t) is the incoming flow, which is a given (and unknown) function.
Here L denotes the length of the water channel. In practical situations, the formal control U(t) can be
expressed by a simple linear model [6]

U(t) = va(H(t, L) — Ur(t)), (1.3)

where Uj (t) is the elevation of the gate of the dam, which is the real control input that can be chosen, while
v is a constant depending on the parameters of the gate (potentially unknown as well).

Usually, the industrial goal of such system is to stabilize the level of the water at the end point H(¢, L),
called control point, to a target value H. > 0. On the other hand, the usual mathematical goal in such
problem is to stabilize a target steady-state (H*, V*), potentially nonuniform [4][Preface]. However, in the
present problem f, it is clear that, when () is not constant, it is impossible to aim at stabilizing any
steady-state and one needs to aim at stabilizing other target trajectories. Therefore, we define the following
target trajectory (Hp, Vi) that we aim stabilizing as the solution of

O Hi + 8I(H1V1) =0,

ka
T . H  — =Y,
OV1 + V10, V1 + g0, Hy + < T, C(l‘)) 0 (1.4)
Hy(t,0)Vi(t,0) = Qo(t),
Hl(t7 L) = HC7
with the initial condition
Hy(0,-) = H*(-) and V1(0,-) = V*("), (1.5)

where (H*,V*) is the (unique) steady-state solution of the system when @) is constant, equal to Qo (0).
Namely (H*,V*) is the solution of

0. (HV) =0,
EV?
VO,V + g0, H + | =7 = Cla) | =0, (1.6)
H(L)=H,,
with condition at x = 0
H*(0)V*(0) = Qo(0). (1.7)

We are now going to show that the trajectory (Hi, Vi) exists for any time and satisfies some bounds.



Existence and bounds of the target trajectory Instead of studying directly our target trajectory
(H1,V7) we first construct an intermediary family of functions (Hg, V). We defined previously (H*, V™)
as the steady-state associated to a constant flux Qo = Qo(0), i.e. (H*,V*) is the solution of the ODE
problem with initial condition H*(0)V*(0) = Qo(0). But in fact at each time t* € R’ , we can define a
steady-state (H}., V%) associated to a constant flux Qo = Qo(t*), i.e. (Hj,Vy:) is the solution of the ODE
problem with initial condition satisfying

H{.(0)V=(0) = Qo(t"). (1.8)

This problem could seem peculiar as all conditions should be imposed exclusively in 0 or in L to ensure the
well-posedness. However looking at the first equation of (L., the problem (L.6)), is in fact equivalent
to a single ODE on H}. with boundary condition H;.(L) = H. and Vi defined by Vit = Qo(t)/H;.. Thus
for each t* € [0, +00) such function exists on [0, L], is unique and C® provided that the state stays in the
fluvial regime (or subcritical regime), i.e. gH;. > V2 on [0, L], which, for a given H,, is equivalent to a
bound on Qg (t*) (see [I9] for more details). As we are interested in stabilizing physical trajectories in the
fluvial regime, we assume that this assumption is satisfied in the following and that there exist a > 0 and
Ho > 0 independent of t* € [0, 00) such that

1
H}. < -Hy , L,
<5 on [0, L] (1.9)

gH}. —V;? > 2a on [0, L].

For a given H., this is again equivalent to imposing a bound Qs on [|Qo||L(0,c0), from and (L),
which would be more logical. However, for convenience, we will still use H,, and « in the following. This
assumptions is quite physical, especially as in practical situation the river is in fluvial regime and Qo(t) is
often periodic or quasi-periodic. This gives a family of one-variable functions indexed by a parameter ¢*,
which can also be seen as the two-variable functions (Ho, Vo) : (¢, x) — (H; (z), V;*(2)). Besides, from (L.7),
as (HJ,V/) is the solution of a system of ODE with a parameter ¢, the two variable functions (Hy, V)
therefore belongs to C3([0, +00) x (0, L)) (see [16][Chap. 5, Cor. 4.1]). And from its definition, one can note
that (Ho(0,-), Vo(0,-)) = (H*,V*). Now that we have introduced this intermediary family of functions, we
can show the existence of the target trajectory (Hy, Vi) and we have the following Input-to-State Stability
(ISS) result (see [25] for a definition of ISS for finite dimensional systems, [20, Chap 1, Chap 3] for a
generalization to first-order hyperbolic PDE and [24] for the use of Lyapunov function to achieve ISS on
time-varying hyperbolic systems),

Proposition 1.1. There exist positive constants ¢, ca such that if 9,Q¢ € C?([0,00)), there exist u > 0,
v >0 and § > 0 such that if ||0;Qollc2(jo,400)) < 0, then for any (HY, VL) € H?((0,L),R?) such that

| HY — H*||gr2(0,2) + VP — VN a20,0) < v,

the system ([1.4)) with initial condition (HY, V,?) has a unique solution (Hy,Vy) € C°([0, +00), H2(0, L)) which
satisfies the following ISS inequality

| Hi(t,-) — Ho(t, )l a20,0) + |Vi(t,-) = Vo(t, )l a2(0.1)
put

3 t - s
<ci(||HY = H*||g2(0,0) + |V — V*HH?(O,L))f‘7 +co </0 10:Qo(s) + 97, Qo(s) + 3ftth(5)|6M2d8> e z.
(1.10)

This result is shown in Appendix [Al and a definition of the C? norm is recalled in Remark Note that
Qo is supposed to be bounded, which is quite physical, but there is no additional requirement on this bound
besides the physical assumption given by Qs of remaining in the fluvial regime. This is important as in
practical situations the value of the incoming flow can change a lot, even though slowly.



Here, we choose to stabilize the trajectory (Hyp,V;) associated to HY = H* and H) = V*. As we will see,
this target trajectory can be seen as the natural trajectory to stabilize as it satisfies the industrial goal
H(t,L) = H. and it coincides with the steady-state solution when (o is a constant. In this last case Qg
and H, are imposed and H* and V* = Q/H* are thus fully determined using . But one can note from
(1.10) that, in fact, the behaviour of (Hy, V;) at large time does not depend on the initial condition (HY, V)
in ((1.5]), provided that it is close in H? norm to (H*,V*).

Remark 1.1. The same ISS result can be shown replacing the H? norm in Proposition by the HP? norm
where p € N*\ {1}, with the condition ||0;Qol|ce(j0,4+00)) < 0 instead of [|0;Qollc2(j0,4+00)) < 0. This is shown
in Appendiz . We define here the CP norm for a function U € CP(I), where I is an interval, as

1U|lce(ry:= max (|0;U || o= (r)) (1.11)
i€[0,p]

Thus, from Proposition and (L.9), there exists a constant § > 0 such that, if [|0;Qol[c2(j0,-)) < J, then
(Hi1,V1) € C°([0, +00), H7(0, L)) and

Hy(t,z) < Hoo, V (t,z) € [0,+00) x [0, L], (1.12)

gH,(t,z) — V2(t,z) > a, ¥ (t,2) € [0,+00) x [0, L]. (1.13)

Besides, when Qg is a constant, it is easy to check that (Hp, Vo) = (H*,V*) is also solution of (|1.4)—(1.5).
Thus, from the uniqueness of the solution of (1.4)—(1.5), (H1,V1) = (H*,V*) and therefore we recover a
steady-state. This illustrates that (Hy, V1) can be seen as the natural target state when Qg is not a constant

anymore. Moreover, from (1.4]), stabilizing (Hy,V;) also satisfies the industrial goal by stabilizing H (¢, L)
on the value H..

Control design and main result As mentioned in the introduction, a usual type of controller used in
pratice to reach this aim is the proportional-integral (PI) controller. It has the advantage of eliminating the
offset coming from constant load disturbances, which can usually appear in these systems as the command
on the gate’s level are only known up to some constant incertainties. A generic PI controller is given by

Ui(t) =kp(H. — H(t,L)) + k1 Z, (1.14)
where &, and k; are coefficients that can be designed and Z accounts for the integral term, i.e.
Z=H.—H(tL). (1.15)
With such controller, and using , the boundary conditions become and

H{(t,0)V(t,0) = Qo(t),

1.16
H(t,L)V(t,L) =ve(1+ky)H(t, L) — vgkpH. — vgk1 Z, (1.16)

In Corollary [I] we show that this boundary control can be used to stabilize exponentially a steady-state when
Qo is a constant. In Theorem [I.4] we show that this control can also provide an Input-to-State Stability
property with respect to 0;Q¢. However, this control cannot be used to stabilize a dynamic target
trajectory (Hi, V1), as there is no function Z; € C*([0,400)) such that (Hy, Vi, Z1) is a solution of (LI)),

(1.15), (1.16) while (Hy, V1) is a solution of (1.4]). Therefore, when stabilizing a dynamic target trajectory,
one has to add an additional term and use

Ul(t) :kP(HC_H(taL))"_kIZ_f(t)v (117)
where f(t) := H;(t, L)Vi(t, L)/ve. The boundary conditions (1.2]) become then

H(tv O)V(t’ 0) = QO(t)v

H(t,L)V(t,L) = H1Vi(t,L) + va(1 + kp)(H(t, L) — H.) — vaki Z, (1.18)



where we have actually changed Z and re-define Z := Z — k, /k;, which still satisfies the equation .

This new control assumes that Vi(¢, L) is known at least up to a constant, as Hy(t,L) = H. and
additional constants can be incorporated into Z. When no knowledge on the target state is available besides
H,, it is impossible to stabilize exponentially the system, and the best one can get is the Input-to-State
Stability which is given by Theorem However in the following we will keep working with ([1.17)) and
to show Theorem and the exponential stability of the system, as the proof of Theore and
Corollary 1) which uses only the control and are easily deduced from the proof of Theorem

We introduce the first-order compatibility conditions associated to the boundary conditions (1.18]) for an
initial condition (H°,V°, Z9).

H°(0)V°(0) = Qo(0),

H(L)VO(L) = HiVi(0,L) +va(1 + k) (H*(L) — H.) — ki Z°,

—o,(1°0v°(0) + g 2200 kv y2(0) - o)) = @40, (119)

o, (VL) + g (02 (L) — CHO(L)) = au(HL V)0, 1)

—va(1+kp)0:(HO(L)VO(L)) + kr(HO(L) — He).

With such compatibility conditions the system (1.1f), (1.15)), (1.18]) is well-posed and we have the following
theorem due to Wang [28][Theorem 2.1]:

Theorem 1.2. Let T > 0, and assume that ||0:Qollc3(j0,400)) < 6(T), such that (Hy, V1) is well-defined and
belongs to C°([0,T], H3(0, L)). There exists v(T) > 0 such that for any (H°,V° Z°%) € (H?((0,L))))* x R
satisfying

IO () = H1(0, )20,y + 1VO() = Va0, 20,1y + 1 2° < w(T), (1.20)

and satisfying the compatibility conditions (1.19)), the system (L.1), (L.15), (1.18) has a unique solution
(H,V,Z) € (C°0,T), H?((0, L))))? x C*([0,T]). Moreover there exists a positive constant C(T) such that

[ () = Hi(t ) 20,0y + 1V (E ) = Vit )l a2, + 2]
0 o o (1.21)
< (1) (1H°() = Hi(0, ) m2(0,2) + IV () = Vi(0, )20,y + 12°1) -

To apply the result from [28], note that Z can be seen as a third component of the hyperbolic system with
a null propagation speed, a constant initial condition Z° and Z(t) being thus its value everywhere on [0, L]
including at the boundaries.

Remark 1.2. If, in addition, (H°,V°) € H3((0, L); R?), then the unique solution (H,V, Z) given by Theorem
- belongs to C°([0,T], H3((0 L);R?)) x 02([0 T)) and there exists a constant C(T) such that

)
[H(t,-) — Hi(t, )l 3o, L) + ||V(t ) = Valt, )HHS(o L +1Z]
) (

(1.22)
) (IIH(-) — H1(0 ) Es o,y + IVO(-) — Va(o, s,y + |ZO|) .

We recall the definition of exponential stability

Definition 1.1. We say that a trajectory (Hy,V;) is exponentially stable for the H? norm if there exists
v >0, C >0 and v > 0 such that for any T > to > 0 and any (H°, V°, Z°) satisfying

[1H(-) = Hi(to, M mz0.) + V() = Valto, Mlmzo,0) + 12°] < v, (1.23)
and the compatibility conditions (1.19)), the system (1.1)), (1.15), (1.18)) with initial condition (H°, VY Z°)
at to has a unique solution (H,V, Z) € (C°([to, T], H*((0, L))))* x C*([to,T]) and,

[H(t,-) = Hy(t, ) z20,0) + 1V (E ) = Vit )l a20,0) + 2]

ot o 0 0 (1.24)
< Ce ™ ([|[HO(-) = Hy(to, )l m2(0,) + IV () = Vilto, 2o,y + 12°]) , ¥V t € [to, +00).



Remark 1.3. From (1.4) and Sobolev inequality, this exponential stability implies in particular the expo-
nential convergence of H(t,L) to H,.

We can now state the main results of this article

Theorem 1.3. There exists 6 > 0 such that if |[0;Qol|c3(j0,+00)) < 0, then the trajectory (Hy, Vi) given by
(T.4) of system (1.1), (1.15), (1.18)) is exzponentially stable for the H?> norm if:

kp > —1 and kr > 0,

ng(tvL) — ‘/12(72[’) (125)

k -1 - dk 0.
or k, < vV L) and k; <

This result is proved in Section[2] The main idea of the proof consist in finding a local convex and dissipative

entropy for the system (L1), (-15), (L.15).

In particular, in the case where @)y is constant, we can use the static boundary control (1.14), and we have
the following corollary:

Corollary 1. If Qo is constant, then the steady-state (H*,V*) of the system (L.1)), (L.15), (L.16) given by
(1.6) —(1.7) is exponentially stable for the H? norm if:
kp > =1 and kr > 0,

gH*(L) — V*2(L) (1.26)
vV (L) and ky < 0.

ork, < —1-—

Proof. This is a particular case of Theorem To see this, note, as mentioned earlier, that when Qg is
constant, then (Hy,Vy) = (H*,V*). Then, observe that f(t) given in ((1.17) is a constant that can be added
in Z (i.e. we can re-define Z := Z — f(t), which still satisfies (1.15))). O

Remark 1.4. In the literature, results about PI control of the Saint-Venant equations sometimes leave the
step of modeling the spillway and use a generic formulation of the PI control on the outflow rate of the form

H(t, L)V (t,L) = ky(H(t,L) — H,.) — ks Z, (1.27)

where Z is the integral term, still given by (1.15)). Note that, with these notations, the sufficient condition
of Corollary[1] becomes
kp >0 and k7 > 0,

gH*(L) — V*3(L) (1.28)
V(D) and ky < 0.

or k, < —

which is a known result in the linear case using a spectral approach. Theorem[I.3 and Corollary[1] show that
this result remains true when the system is nonlinear, using a Lyapunov approach.

Remark 1.5. When the system is homogeneous, conditions (1.26]) are optimal (necessary and sufficient)
[8], [, Section 2.2.4.1].

This approach uses very little knowledge of the state of the system, as we only measure the height at the
boundary x = L. In practical situation, however, we may have also little knowledge of the target trajectory
(Hy, V1) or the input disturbance Qo(t) and we only know H,. In this case we cannot use a controller of the

form ([1.18)), but only a static controller of the form (1.16|), namely
H(t,L)V(t,L) =vg(1+ky)H(t,L) — vgkpH, — vgki Z. (1.29)

In this case, it is impossible to aim at stabilizing the target trajectory (Hi, V1), but we still have the Input-
to-state Stability with respect to the input disturbance 0;Qy,



Theorem 1.4. There exists v > 0, § > 0, v > 0 and C, such that if ||0;Qollc2([0,4-00)) < 6, then for any
T >0 and (H°,V°) € (H?(0,L))?* such that

|H® — H* || 2(0,) + IV = V¥ 2(0,2) < v,

the system (L.1), (1.15), (1.16) with initial condition (H®,V®) has a unique solution (H,V) €
C°([0,T], H*(0, L)) which satisfies the following ISS inequality

| H(t, ) — Ho(t,-)||z20,0) + IV (t,-) = VoL, )|l z2(0,1)

—t 0 * 0 * t 2 3 s (130)
S 06 ||H — H ,V — V ||H2(O,L) + ‘ath(S) + atth(S) + 8tttQ0(s)|e dS .
0

The proof is given in Appendix [B] and is a consequence from the proof of Theorem [I.3]

In Section [2] we prove Theorem

2 Exponential stability for the H? norm

This section is divided in three parts. First we transform the system through a change of variables. Then
we state three lemma, useful for the analysis. Finally we prove Theorem

2.1 A change of variables
For any solution of (1.1}, (1.15]), (1.18]) we define the perturbation as

h H-H
<U> — (V—V11>' (2.1)
Let us assume that there exists v € (0, 1p) to be selected later on, such that
() = H1(0, )| m20.2) + V() = Va(0, )l 200,y +12°] < v (2.2)
The boundary conditions (1.18]) can be written in the following form

v(t,0) = By (h(t,0),t),

v(t, L) = Ba(h(t, L), Z,t), (2.3)
with
01810, 1) = _I‘z((tt%))
0,8,(0,0,1) = “¢1F ;f()t,_L‘)/l (L) o
92B5(0,0, 1) = _1%'

We introduce the following change of variables:

(“1) vyt (2.5)

u2 vf,/Hilh



Note that this change of variables is very similar to the change of variables used in [3], [I9] with the only
difference that (Hi,V7) is not a steady-state anymore. It corresponds to the transformation in Riemann
coordinates for the perturbations. Indeed, denoting S, F' and G by

g 1
Sz, t) = H.c) , (2.6)
_ /e
Hl(t,z)

H Vv H> (H) ( 0 >
F - .G S : 2.7
W)=Gv) o) = (4l o7
and using 7 " " a 7a one has

Opur + Ay (u, 2, t)0puy + 1y (0, 2, t)Opus + By (u, 2, t) =0,

0
2.8
atul - A2(u,$7t)8xu2 + l?(“v‘rat)axul + BQ(U,ZL’,t) = 07 ( )
where,
 (A(uyz,t) L(u,z,t)) 1 Hy(t,x) 1
Au,z,t) = <l2(11,.13,t) Moz 8)) = Sz, )F [ S (z,t)u+ Vilt, o) S (x,t), (2.9)
_ (Bi(u,z,t) 1 Hy(t,x) O Hy(t, ) 1
B(u,z,t) (Bg(u,x,t)) Sz, t)F <S (z,t)u+ Vilt, z) PRACED +0;(57 )u 210)
Hl(tv ) 1 Hl(tax) -1 .
+ S0, (Vl(t, )> + S(z,t)G (S (z,t)u+ Vilt, ) — 0¢S(x,6)S™ (x, t)u,
and thus
Al(Oaxat):‘/l_F V th AQ(vaat):‘/l_ V ng, (211)
ll(O T t) = Bl(O,.’L‘,t) = 07 lg(o,l‘,t) = BQ(O,.’E,t) = O7 (2.12)
0B
a - (0 Z t) 71(ta x)ul(tvx) + ’72(t7x)u2(ta CU),
85 (2.13)
Z22(0, 2, ) = 61 (t, )uy (t, ) + 8o (E, x)us(t, ).
where
3 3 kVi  kV?
— H —_—
Y1 = Hl 1z + ‘/1w Hl 2H12
1 ki kV2
= H x T T 57172
Y2 = 1 I, 1+4V1 H1+2H12
(2.14)
1 Vi RV
0y = — 1 HlHlir Vlac Fliﬁ
- 3 g 3 le kV12 H1
b2 = =\ g the Ve T g 2H?
And for the boundary conditions, there exists v1 € (0,19) such that for any v € (0,v1), one has:
ul(t70) = Dl (’Uag(t,O),t),
us(t, L) = Da(us(t, L), Z,t),
(2.15)

Z': (Ul(t7L) _UZ(taL)) Hl(t7L)’
2 g




where D; and Dy are C? functions and

nD1(0,t) = —;jggi
ML) —vg(1+ Ky
AD2(0,0,1) = — A:EL; + vggl + kpg’ (2.16)

vkr Hl(gt»L)
9sD5(0,0, 1) = —2 V

v (1+ kp) + Aa(t, L)

Expression (2.14]) is simply a computation, very similar to what it done in [I9] for instance, while the
derivation of (2.15) and ([2.16)) are detailed in the appendix.

Remark 2.1. Obviously, from the change of variables (2.1))-(2.5)), the exponential stability of the system
1.1?, (1.15), (1.18]) is equivalent to the exponential stability of the steady-state u* = 0 for the system ({2.8]),
2.15)).

As the operator A, given by (2.9), is a C? function in u, ¢ and = (and in particular C') and as, from (2.13)

and (1.13), A1(0,2,t) > 0 > A3(0,z,t), there exists v, € (0,11) and E € C1(B,, x (0, L) x [0, +00); M2(R)),

where B,, C R? is the disc of radius vy, such that for any |[u(, )| g2(0,) < ve,
E(u(t,z),z,t)A(u(t,z),z,t) = D(u(t,z),z,t)E(u(t, z), z,t),

2.17
E(0,z,t) = Id, (2.17)

where D(u(t, z),z,t) = (D;(u(t,x),x,t))ie1,2 is a diagonal matrix and Id is the identity matrix. Before
going any further, let us note a few useful properties of these functions. For simplicity in the following we
will denote for any n € N* and any function U € L>((0,T) x (0, L); R™) (resp. L*((0,L);R™))
U 0o - — U oo R7)
Ul U1l Lo (0,7) % (0,)&") (2.18)
(I‘eSp.HUHOO = ||UHL©0((O,L);RIL)).

We may also denote |[ul|g2(o,z) instead of |[u(t, )|l m2(0,z) to lighten the expressions. From the definition of
A given in (2.9), and from (L.13)), for |[ul|g2(o,1) < ve, there exists a constant C; depending only on H, a
and o such that we have the following estimates

max ([|0:(A(u(t, ), z,t) — A0, 2, 1))l oo, [|0:(D(u(t, x), x,t) — D(0, ,1))lo0, [0 (E(u(t, ), z,1))|o0)

< C1 (Jluflso (19 H oo + 19 Vi loo) + [100ul[o)

max(Hat(A(u(tvx)a xvt) - A(Ovmat))noov ||8t(D(ll(t,.’£),{E,t) - D(O,x’t))a ”at(E(u(ta x)7mat))|‘00)

< C1 ([luflec (102 Hilloo + [102V1 o) + [|0zu]|o0) -

For E and D, this comes from the fact that £ and D are C'*° functions with respect to the coefficients of A
(note that D is the matrix of eigenvalues of A), and that A € C?(B,,; C*([0,+00) x [0, L])).

(2.19)

2.2 Three useful lemma

We introduce now three lemma, which will be useful in the following analysis. The first one is a classical
result about Lyapunov functions,

Lemma 2.1. Let V : (H?*(0,L))* x R x Ry — R% such that there exists a constant ¢ > 0 such that
1
c (”U”HQ(O,L) + |Z|) < V(U,Z,t) < E (HU||H2(O,L) + |ZD , v (Uazvt) € (H2(07L))2 xR x RJF’ (220)

If there exists v > 0 and § > 0 such that, for any solution (u,Z) of the system (2.8), (2.15) with initial
conditions satisfying ||a(0, )| g2(0,z) + [Z(0)] <6,

L W((t, ), 0] < AV (ult, )1 (221)
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in a distribution sense, then the system (2.8), [2.15)) is exponentially stable for the H? norm and V is called
a Lyapunov function for the system (2.8)), (2.15]).

This first lemma reduces the problem of proving the exponential stability to finding a Lyapunov function
V for the system , . A proper definition of a differential inequality in a distribution sense as in
can be found in [I7]. To lighten this article we do not give a proof of this classical lemma, although
a proof for a very similar case (Lyapunov function that does not depend explicitly on time and for the C*
norm instead) can be found for instance in [I7][Proposition 2.1], and is easily extended to this case.

The second Lemma is a variation of a result shown in [19] that gives a local entropy of the Saint-Venant
equations. Let us first introduce the following function ¢ defined by

¢1(t, ) = exp (/0 :id:t> ,

(t,z) = exp < /O ' Zm) , (2.22)

d)l (ta .’,E)
t,x) = ,
where A1 and Ay are defined by
Al(t,l') = Al(O,x,t) > 0, )\Q(t,ZL') = —Ag(O,SEﬂf) > 0. (223)

We can now state the following lemma

Lemma 2.2. There exists 5o > 0 such that if [|0;Hi|| Lo ((0,4-00)x (0,2) < 00, the function Aa¢/A1 is solution
on [0, L] to the following equation

|9, 670 e, g
arf* Al + )\2 f + HlatHl

and for any x € [0, L] and any t € [0, +00),
vz | 101 L g
— — 0. H . 2.2
()\1+ " <+ Hlat 1] >0 (2.25)

The proof is given in the Appendix.

,Vaxel0,L], t €[0,+00), (2.24)

Eventually, we introduce our last Lemma, which seems very natural and is stated here to lighten the proof
of Theorem L3

Lemma 2.3. There exists | > 0 and C' > 0 such that if [|0;Qol|c3(j0,400)) < [, then

max ([|0;H1 | ¢ (jo,400),.2(0,2)): 10 Vi [l 2 (j0,400), 2 (0,1))) < Cll0:Qoll e ([0,4-00)) - (2.26)

This is a consequence of the ISS property (Proposition and Remark with p = 3, the relations (|1.4)),
and Sobolev inequality. Thanks to this Lemma, we now only need to find a bound on 9; H; and 0;V; instead
of a bound on 9;Qy in the proof of Theorem

2.3 Proof of Theorem [1.3

We can now prove Theorem

11



Proof of Theorem[I.3 From Theorem (1.2), Remark[2.1] and Lemma one only needs to find a Lyapunov
function V : (H?(0,L))? x R x Ry — R* satisfying (2.20) and (2.21). We define the following candidate:

L
Va(U, 2,1) := /0 fit,z)e " (B(U(x), 2, t)U)i(t, ) + fo(t, 2)e!* (E(U(x), z,t)U)3(t, z)dx + ¢z, (2.27)

where f1, fo are positive and bounded functions which will be defined later on, and p and ¢ are positives
constant which will also be defined later on. Recall that E is still given by (2.17). Let T" > tg > 0 and
(u’, 2% € H?(0, L) x R satisfying the compatibility condition (1.19)) and such that

(Il 20,y +12°]) < v, (2.28)

where v is a constant to be chosen later on but such that v < min(vs, v(T)). Recall that v(T) is given by
Theorem |1.2] From Theorem there exists a unique solution u € C°([to,T], H*(0, L)). We suppose in
addition that (u®, Z%) € H3(0,L), and that also hold for the H® norm instead of the H? norm in
u. From Remark (u,Z) € C°[to, T) x H3(0,L)) x C3([to, T]). This assumption is here to allow us to
compute easily the derivative of u but will be relaxed later on by density.

Let 6 € (0,4p) to be chosen later on, with dy is given by Lemma and assume that

maX(HatHlHcl([to,oo);LOO(o,L)), Hatvl||C1([t07oo);L°°(07L)) < 0. (2.29)

As this is the only assumption on H; and Vi, we can assume from now on that ¢ty = 0 without loss of
generality.

Looking at (2.27)), V, is indeed a function defined on H?(0,L) x R x R, but for notational ease we will
denote V,(t) := V,(u(t,-), Z(t),t), where Z(t) is given by (1.15), and F := E(u(t,z),z,t). Similarly we
introduce

Hl(tv L)
4g

L

Vp(U, 1) ::/O fie M (E(U(z), 2, )L(U, 2,1))] + foe"*(E(U(z),2,t)I(U, z,t))3dz + q (Ui(L) — Ua(L))?,
L

V.(U, 1) :/0 fre " (B(U(x),z,t)J(U, z,t)? + foet*(E(U(z),2,t)J (U, 2,t))3dx

2

O¢H1(t,L) (U1 (L) — U2(L))> ;

4 ng(t7L)

+q< A (0, 0) - Bt 1) +
(2.30)
where
I(U,z,t) :=(A(U, 2,t)0,(0;U) + (0: A(U, x,t) + duA(U, ,1).0,U)0, U + 6, B (U, z,t) + (duB(U, z,t))(9,U)) ,
J(U,2,t) :=A(U, z,t)0,(02U) + (du A(U, 2).040)0, U + (8uB(U, z)) (92 U)
+ (02 A(U, 2,t) + 20u(0; A(U, 2,1)).0,U)0, U
+20,A(U, z,1)9,(0,U) + 200 A(U, 2).0,U0,(9,U) + ((04A(U, x).0,U).0,U)d, U
+04B(U,z) + 20y (0:B(U, 2)).0,U + (0 B(U, 2).9,U)(9,U).
(2.31)

Observe that for a solution u of (2.8), and using the expression of Z given by (|1.15), the expressions of
Vp(u(t,-),t) and Ve(u(t,-),t) become

L
Vo(u(t,-),t) = /O fit,x)e " (BEd)i(t,x) + fo(t, x)e (Eu)3(t, x)dz + q(Z (1)),
(2.32)

L
Vc(u(t, ')7 t) = /0 fl (t7 x)e_uw(EatQtu)%(t? ;C) + f2(t7 x)elw(EatQtu)g(t7 x)daz + Q(Z(t))Qv
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which justifies the expression chosen for (2.30) and (2.31). We also note for notational ease V,(t) :=
Vo(t,u(t,-)) and V.(t) := V.(t,u(t,-)). Finally we denote V := V, + V, + V.. We start now by dealing
with V,, Differentiating ¢t — V, (¢) with respect to time, using (2.8)), (2.17) and integrating by parts, one has

L
Vo =— 2/0 fit,z)e **(Eu); [(EA(u,z,t)0,u)1 + (EB)1(u, z,t)]

+ fa(t, z)e!* (Fu)s [(EA(u, z,t)0,u)2 + (EB)2(u, z,t)] dx
L
i /0 Ou(fr)e " (Ea)] + O,(fo)et* (Eu)3de
+2 /L fie ™" (Bu); ((:E + 0uE.0su) u), + foe'® ((0,F + 0uBE.0yu)n), dx +29Z(t) Z(t)
0
L
=— 2/0 fi(t,z)e™**(Bu) [Di(u, z,t) (0z(Eu) — (0 F + OuE.0zu)u),]
+ fo(t, z)et" (Eu)s [Da(u, z,t) (0, (Eu) — (0. FE 4+ OuE.0zu)u),| dz
L L
+/O O (fr)e " (Eu)} + 9y(f2)e" (Eu)3da — 2/0 fieT"(Bu)(EB)1(u,z,t) + f2e"(Eu)2(EB)2(u, z,t)dx

L
+ 2/ fie ™" (Bu); ((:F + 0uBE.0pu) u), + foe'® ((0,F + 0uE.0pa) u), dx +2qZ(t) Z(t),
0
(2.33)

V= — [fie ™Dy (B)? + Dy foet™ (E)3]y
L
_ /O (Bu)1e=" (=0, (D1 f1) — fr0u(D1).050)(Bw)1 — 21 D1 (0. F + 0y E-dyu)u)y)
-+ (Ell)gell'w ((7({9@(D2f2) — anU(DQ).amu)(Eu)Q — 2f2D2((3_,,3E + 8UE.8111)11)2) dx

L L
+/ O (fr)e " (Bu)] + 0y f2)e"” (Eu)jde — 2/ fre " (Eu)1(EB)1(u, z,t) + fae""(Eu)2(EB)2(u, z,t)
0 0
L
+2 / Fre e (B)y (E + 0uE-0pu) u), + foc™ (0,E + uE.0ru) ), dx
0

L
- M/ Dy fre”"*(Eu)} — Dy foe"* (Eu)3da + 2¢Z(t) Z(t).
0
(2.34)

In order to simplify this expression, observe that from ([2.9), (2.17) and (2.23), D1(0,z,t) = \;(¢,z) and
D5(0,2,t) = —Xa(t, ), using the fact that D is C' in u, and using (2.19) and (2.29) there exists C' > 0
depending only on H, and «, v and ¢ such that

”D’L - Sgn(Di((Lmat)))\iHoo S HCUHOO) (235)
|02D; + OuD;.0pu — sgn(D;(0,z,1))0:Ail|co < C (J|0xu]|oo + ||ullo), 7 € {1,2}, (2.36)
and
102 Elloe < C (Jull) (2.37)
|0+E + 0uEdpul| 0o < C ([Jufles + [[0rul|oo) - (2.38)
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Thus, using this together with (2.34])
V, < — [fie "Dy (Bu)} + D2f2€w(Eu)§]0L

L
*/0 (Bu)te™*(=0:(Af1) = 0u(f1)) + (Bu)3e" (0u(A2fo) — De(f2))dx

L
P / Fie e (Bu)y (BB)y (w,2,1) + fach™ (B)s(EB)s(u, o, t)dx
0
L ] (2.39)
i [ e (B Xa et (Bl + 242(0)2(1)
0
L
+C(lulles + 18rulloe) / (Fu)? + (Bu)lde

L
+O(HuHoo+||aquoo)2/O (B + [(Bu)s|dz,

where C' is a constant that may change between lines but only depends on v, an upper bound of ¢ (for
instance dg), i, Heo and a. Note that C' is continuous in p € [0, 00), thus it can be made independent of u
by imposing an upper bound on u, for instance p € (0, 1]. Finally, from the second equation of , and
the fact that E is C'! in u, there exists a continuous function r; such that, for any vector v € R?

E(u(t,z),z,t)v — v = (u(t, z).r1(ut,x), x,t))v, V (¢,2) € [0,T] x [0, L]. (2.40)

As E(u(t,z),x,t) is locally a C*° function of the coefficients of A, r1 is bounded on B,, x [0, L] x [0, T] by a
bound that only depends on vy, H,, and «. Thus there exists a constant C' depending only on vo, H., and
a such that

1 _
gvlizaco.yme) < HEVIL2(o.0yme) < Cllvlizao.)me)- (2.41)

Thus, using this together with the fact that D; and D, are C* with u, (2.27), and Young’s inequality and
then Cauchy-Schwarz inequality on the last integral term,

Vo < = [fie M (B — Ao foe (Bu)3]

L
B /0 (Bu)ie # (=0, (M f1) — 0e(f1)) + (Eu)3e"* (95 (A2 fo) — O¢(f2))dx

L
2 [ fie (B EB) (2.0 + o (Ewpa(EBau. . )ds (2.42)
0

— 0 min (A, Xo)Va+p min (A, \2)qZ2(t) + 2¢Z(t) Z(t)
z€[0,L] z€[0,L]

+C ([ullee + 10zulloo) 1ull2o, 1)
+C ([ulloe + [02ullo0)” + Cllullc (Ju(t, 00| + u(t, L)*]).

Now, as F and B are C? with u and continuous with z and ¢, and as B(0,x,t) = 0, there exists a continuous
function ro € C9(B,, x [0,T] x [0, L]; R™*"*") such that,

(EB)(u(t,z),z,t) = Ou(EB)(0,z,t).u(t,x) + (ro(u, z, t).u(t, z))u(t,z), V¢ € [0,T] x [0, L]. (2.43)
Note that from ([2.10)), ro is bounded on B,, x [0, L] x [0,T] by a constant that only depends on va, ¢, Hs

and a. From (2.10) and (2.17) 04 (EB)(0,z,t) = 0,B(0,x,t). Besides, from (2.17)), E is invertible and C*,
thus an inequality similar to (2.17)) holds for E!, and u = E~(FEu). Therefore, using (2.43)) together with
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(2.40)), the fact that 7y and ro are bounded, and the expression of 9,B(0, z, t) given in (2.13)—(2.14)), one has

’ —px T L
Vo < — [fre " Muf — Mg fae" u3]

L
- /0 (Bu)ie " (—=0;(ALf1) — 0i(f1)) + (Bw)?e" (9 (A2 f2) — 8y(f2))dw

L
- 2/ freT i (Bu)] + f2e" 2(En); + (yafie ™ + 61 f2¢"") (Fu)i (Fu)ada (2.44)
0
— i ; i 72 27 ()7
umgﬁgflu(%l, A2)Vatp mg%(l)fllj]()‘ly A2)qZ=(t) +2qZ(t) Z(t)

+C (lullos + 10zulloo) 0Z2(0 1)
3
+C ([[ullos + 102u]l00)” + Cllullco (Ju(t, 0)%| + [u(t, L)?)).
As D; and D, are of class C?, denoting for simplicity ke := 9:D1(0,t), k1 := 01 D2(0,0,t) and ks :=
_82D2(0707t)7 and llSng "

V, < —p min (A1, )V + [Aidk3 — Xafo] u3(t,0)

L
— Ii(uy(t, L), Z(t)) — / I((Eu)y, (Bu)y)dz (2.45)
0
+ C ([[ulloc + 19zullo0) (IIuII%zm,L) + (J[ulloo + 1021l 00)” + (Ju(t, 0)%] + fu(t, L)QI)) ;

where I; and Is denote the following quadratic forms

H
Li(z,y) = (A fi(L)e ™™ = Ao fo(L)e! k) 2® + (% / ?1/63 — Ao fo(L)e"" k3 — p min (Aq, >\2)Q> y?

z€[0,L]

H
+ (2Xafo(L)e L ksky — gy | == (kn — 1))y, (2.46)
g
L(z,y) = (=M f1)z + 2fim(t2) = 9 fr) e " a? + (Ao fa)a + 2f2da(t, ) — Bif2) ey
+ 2 (2 fre " + 01 f2e"") wy.
We can perform similarly with V4, and V,, to do this observe that d;u and 0% u are respectively solutions of

Ot (Opu) + A(u, z,t)0,(0pu) + (0uB(u, z,t))(9pu) + (0t A(u, x,t) + 0uA(u, z,t).0pu)0,u + 0B (u, z,t) =0
(2.47)
0 (050) + A(u, 2,)0,(07u) + (QuA(u, 2).050)0su + (9uB(u, ) (9Fu),
+ 204 (0, A(u, z,1)).0,0)0,u + (02 A(u, z,t) 4+ 20, A(u, x).0,ud, (Opu) + 0, A(u, 2, )0, (d,u) (2.48)
+ ((02A(u, z).0p0).0u)0,u + 02, B(u, ) + 04 (0:B(u, 2)).0:u + (92 B(u, x).0;u)(dsu) = 0,

which are very similar to (2.8)), as they only differ by quadratic perturbations or terms involving a time
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derivative of (Hy, V7). We get then

V=Vt W+V.<—p g[l(i)nL]()\h M)V + [fiaiks — Ao f2] (u3(2,0) + (Bpua(t, 0))* + (97u2(t, 0))?)

—Ii(u1(t, L), Z2) — L (dyur (t, L), Z) — (02 ui(t, L), Z)
— /L 12((E11)1, (Eu)g) =+ [2((E8tu)1, (E@tu)g) + Ig((E(?ftu)l, (Ea?tu)g)dl‘
0

+C ([lufloo + [0zl (Ilullia(o,L) +100ul1Z2 0,2y + 105ullZ2(0,2) + (oo + (1001 oc)”
Hua(t, 02| + (Jua (8, )|+ |Z1)? + [0z (t, 02 + (19pun (&, D] + |Z1) + 103 (1,0)?] + (83w (t, L)| + | Z2])?)

+C6 (|u2(t,0)|2 + (lus(t, L) +12])? + |0vua(t, 0)|* + (|0rus (t, L)] + |Z'|)2) +CoV.
(2.49)

The two last terms come from the successive differentiations of the boundary conditions , together
with , or the terms in f involving a time derivative of A or B. One can see that three
identical quadratic form appears in the integral in ((Ed{u)y, (Ediu)s), i = 0,1,2, as well as three identical
quadratic form at the boundaries in (9jus(t,L),0{Z), i = 0,1,2, and three identical terms proportional
respectively to (djus(t,0)), i = 0,1,2. Thus a sufficient condition to have V decreasing strictly would be
that the square terms and the forms that appear at the boundaries are negative-definite and the quadratic
form in the integral is negative, i.e. the three following conditions:

1. Condition at 0

A2 fo(0) o
N1 (0) > k3. (2.50)
2. Condition at L
A1 fi(L)
o) > k2, (2.51a)
2
(MA(E) = M fo (D)) (qw/}; - Azfz(L)ks> . (Agfz(L)k:skl - g/ = - 1>> >0,

(2.51b)

3. Condition from the integral

(=Mf1)e +2fim(t,x) — O fr) >0, (2.52a)
(=A1f1)z +2fini(t, @) = Ouf1) (Naf2)z + 2f202(t, ¥) — O, fa)
S

) (2.52b)
— (y2f1 +01f2)" >0, ¥V (t,x) € [0,T] x (0, L).

Let assume for the moment that 1' are satisfied for any ¢ € (0, d3) where d3 is a positive constant.
Then, as the inequalities are strict, by continuity there exist p > 0 such that the square terms
and the quadratic forms I; at the boundaries and the quadratic forms I5 in the integral are positive definite.
And there exists v3 € (0,12) and 4 € (0,d3) such that, for any v € (0,v3), and any § € (0,d4),

V< —umin(, )V + COV 4 C (e + 0,1 )?) (2.53)

where C' is a positive constant depending only on the system. Note that here, the cubic boundary terms
that appeared in (2.49) have been compensated by the strictly negative quadratic boundary terms, taking
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v sufficiently small and using (1.21). Choosing d5 € (0,d4) such that 5 < pming 1j(A1, A2)/4C, for any
d € (0,5) one has

. 3 . 2
< —— . .
V< = Jumin(n )V +C (e + 0rul)?) (2.54)

Now, if we assume in addition that (2.20) hold, using (1.21]), and Sobolev inequality, there exists v4 € (0, v3]
such that, for any v € (0,vy),

O (Pl + 12:uloc)?) < min(rs, A2V, (2.55)

thus, setting v = pmingg (A1, A2),
V< —%V. (2.56)

which shows the exponential decay of V' and ends the proof of Theorem [T.3]

In other words, all that remains to do is to find f;, fo and ¢ such that f are satisfied and such
that V satisfies . In order to find such function we are now going to use Lemma To understand
the link between Lemma and the three conditions 7, observe that the condition give
rise to a differential inequation, which, as it will appear later on, is linked to the differential equation solved
by Lemma Then and can be seen as boundary conditions/values of the solution of this
differential inequation.

From Lemma we know that there exists a solution on [0, L] to equation (2.24]), namely Aa¢/A;. Therefore,
as [0, L] is a compact set, there exists £; such that for any € € [0,£1) there exists a solution f.(t,z) to the

following system
Opfe(t ) = (M + QST(fE) \lgatHl) +e,
! (2.57)
6’

z)
f.(0) = 2260

A1(t,0)

and moreover (t,z,¢) — f-(t,x) is of class C° and 0, f.(¢,=) as well. This is a classical result on ODE due
to Peano (see e.g. [I6][Chap. 5, Th 3.1]). From (2.57), 0, f. satisfies the following equation

2 01 2 [ 9 o2 1 g 2
0.0 fe = 2 fsatfe ( )t + (417)\2),5 fi+ EattHl — 2\/;%((%1’[1) . (2.58)

We used here that, from Proposition and Remark (Hy, V1) € C°([0,4+00); H3(0, L)), and from
(T.4), 0,0, H, = —0*(HV) and 0,0,V1 = 0, (—Vlale — g0, Hy — (kV2/H; — gC)). Thus 6% H; belongs to
C°([0,T] x H*(0, L)), and (71,72, 81, d2) belong to C1([0,T] x H(0,L)). Using (2.58)), we have

Ouf. (b ) =04 fu (8, 0) exp ( /0 2qf;2fa<t,y>dy)

+/0 P </y szff“’“)d“> ((M) (szmz) o+ \/HlaftHl \/ H3 (6:,) )dy

(2.59)

Instead of seeing the function f. as a solution of an ODE with a parameter ¢, one can see it as a solution
of an ODE with parameters A1, Ao, v2, 01, 0;H; and e that we denote g.(x,\1,\2,71,01,0:H1). From
[16][Theorem 2.1] g. is continuous with these parameters and with . But from (1.12)), (1.13]), and (2.29), all
these parameters are bounded and therefore belong to a compact set when t € [0, +00). Thus,

e = ge(x, A (), Aa(t), 71(t), 01 (¢), 0: H1(t)) = fe(t, x) (2.60)

is uniformly continuous in ¢ for (¢,2) € [0,00) x [0, L]. This, together with (2.59) implies that
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/O " exp < /y ’ 2% fs(t,w)dw) 0,0, (HL VA ))dy 0

< Comax ([|0:H1 e (0, +00);25= (0,5 10eViller (0,400 0,1))) -

where Cj is a constant that only depends on L, H.,, «, and is continuous with € € [0,¢1).
Similarly there exists a constant C; > 0 depending only on L, H,, and « such that

[0:01] oo ((0,+00)x (0,)< C1max (|0 Hill o1 ([0, +00):2%(0,0))> 10 Villor ([0, +00):L%(0,1))) » (2.62)

and similarly for ¢o. This, together with the definition of A\; and Ay given by (2.23)), , and using the
continuity of &€ — f. on [0,&1) (recall that this continuity is uniform with respect to (¢, x) € [0, +o0) x [0, L]),
we get that there exists C' > 0 depending only on H,, a and e and continuous with € on [0,£1) such that

10cf(t,2)] < (10 fe (¢, 0) [+ max (|0 Hi [l o1 (10,400):25 (0,2)): [0¢ Vil 03 ([0,400):25 (0,£))) ) O (€)- (2.63)
But, from (2.57) 0 f-(t,0) = (A2/A1),, thus using (2.29) we obtain
|0c f<(t, )| < 3Cq(e), (2.64)

where Cs is again a constant that only depends on €, a and H, and is continuous with ¢ on [0,e1). We
can now restrict ourselves to € € [0,£1/2] and then Cs can be chosen independent of e by simply taking its
maximum on [0,¢1/2]. Recall that from Lemma [2.2] we have, fo = ¢X2/\;, and

P2, 0 [9
<A1 T 12+ HlatH1 > 0. (2.65)

Recall that we still have not chosen the bound § € (0,0p) on [|0:Hi|cn 0,00):L°(0,2)) and
10:Ville1 ([0,00);25¢ (0,L)) given in (2.29). From the assumptions on k, and ky, i.e. (1.25), and (2.16), and
recalling that ky = 0:D2(0,0,¢) and ks = —02D2(0,0,t), one has

2
k2 < (222) . ks> 0. (2.66)
Thus, using ,
i (L 22D (L)
= ((um ML)) ! Al(L)) -0 (267)

As e — f.(t, ) is uniformly continuous with € for (¢,2) € [0,00) x [0, L], there exists 5 € (0,£1/2) such that
for any (t,x) € [0,00) x [0, L]
|f€2 (tv LE) - fO(tv .’t)| < d)(ta L)nla (268)

o2 01 o g )
B 2 [ 20H ) > 0. 2.69
(/\1 Ao =2 H, (2.69)

Note that €3 depends a priori on ¢ from (2.69). However, from Lemma we can in fact choose €5 inde-
pendent of 6 and depending only on an upper bound of ¢ (for instance §y given by Lemma . This is
important as, in the following, we will choose a § that may depends on ¢.

and

We select fi and fo in the following way:

Filt,a) = _94
’ )\1f€2 (t,.f(}) 7 (270)
f2(t, ‘T) — §f€2§t7x) > 0,
2
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and we can now check that the condition (2.52)) is verified for § small enough as
72(¢1) ALfi ¢28 i fes (t, @)

(=Aif)e = ¢1 f2tz) =7
Thus from
— (Af1)e + 271 f1 = 63 wf” (2.72)
and similarly
(M2 f2)x + 202 f2 = (¢35 fey (t,2))e — (93)a Sy (t, ) (2.73)

= ¢§6:cfez
Therefore, from (2.57 -7 and ([2.73 , one has

2 2
(=(AMf1)z +270f1 = 0 f1)((A2fa)e + 202 f2 — Ouf2) = <¢}i2) ((W + ¢Tf82 \/ Ij-latfh) + 62)

— Oy fe, <213tf2 + ¢§3tf1) + (0¢f1) (e f2)-

€2

(2.74)
But we have
(Orp1)¢1 ( A 3tf52
>\1f€2 )‘%fag >\1 2
and besides, from (1.4) and ([2.29)), there exists C3 > 0 depending only on « and H,, and an upper bound
of ¢ (for instance dg), such that

Ofr =2

max (|| Hig || o ((0,4-00) x (0,2)+ [IViz | Lo ((0,4-00)x (0,1)) < Cs. (2.76)
Thus, using (2.14]) and (2.23)), there exists Cy > 0 depending only on a and H, and d¢ (but not on 4) such
that

max([| 1| Lo ((0,400)x (0,£): 167 Lo (0, +00) x(0,1)) < Cas (2.77)

and similarly for ¢o. Observe now that, from fo = Aa¢p/A1 and (2.77), | fo| and 1/|fo| can be bounded by a
constant depending only on «, Hs,, and dg. Thus from (2.68))

1/Cs < || fey l2oo ((0,400)x (0,2) < Cs, (2.78)
where C5 only depends on «, Hy and dp. And therefore, from (2.23)), (2.64), (2.62), and one has
10uf1| < C6d, (2.79)
and similarly
|04 f2| < Crd, (2.80)

where Cg and C7 are constants that only depend on «, H. (and dp). We now select the bound on
max (|0 H1l,|0:V1]): we select d3 € (0, dp) such that, for any § € [0, d3] and any (¢,z) € [0,00) x [0, L],

CeC2C15 < e, (2.81)

2 . ¢’Y2 2, |9
2t 2 z€l0,L], te[ol,rfoo),ee(o,sz) < gb)\g f atHl)
$2 2, |9 ) ( 3 ) ( X )2
> —+ —X —§+ C 5 T C 0 2.82
( P2 H,y ©2 el e P12 (2:82)
¢72 ¢7151 2> < X ) 2
+ 2 + X“)o+ C7Cg67,
\V H, <A1 A $r¢2) T °
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for any = € [0,L] and any X € [1/C5,C5]. Observe that this is obviously possible as e2 > 0 and, when

03 = 0, (2.82) is verified and the inequality is strict. Then, from (2.22)), (2.77)), (2.74), (2.78)—(2.82]),

2
(—Ou e + 2901 — Bf) ((Mafo)o + 20fa — Brfo) > (¢1¢2) (‘TQ o )

VJ; = 5N oAz (2.83)
i (Alfl )
which is exactly the second inequality of ([2:52). Besides, from (2.25) and (Z.81),
(~Ofi)e + 2 fr — Ouf) =3 2202 oy,

>0.

We can now check that (2.50) and (2.51)) are also verified thanks to the choice of €2 and 7;. Indeed, using

(2.57) and (2.16)), one has

X2(0)f2(t0) _ o ) (2200) | NP (20 _ s
A1(0) f1(2,0) = J=(0) = ()\1(0) + 2) = <)\1(0)) = k3. (2.85)

This explains our choice of initial condition for f.,. Now, from ([2.68]), one has

Al(taL)fl(taL) ¢2(t7L) 1
= > , 2.86
Xo(t,L) fo(t, L) — f2(L) (w P >2 (2.86)
NG T
and from the definition of n; given by (2.67)),
A2(L) . ( 1 )
+ = min , 1 2.87
n (L) |k1\ ( )
Therefore (5 L I
1t DA L) ax(k?,1), (2.88)

)\Z(t’ L)f2(t7 L)

and in particular the condition is verified. Let us now look at condition . So far we have not
selected the positive constant q. We want to show that there exists ¢ > 0 such that the condition
is satisfied. Observe that the left-hand side of can be seen as a polynomial in ¢, and the condition
(2.51b)) can be rewritten as

ks (M fL(L) = Ao fo(L)(kF — ki(k1 — 1)) — (AL fi(L)) (Aafa(L)) k3

k3 (ALf1(L) = Ao fa(L)k1)) — (M fi(L)) (A2 f2(L)) k3 > 0.

I
|
=~
=
=
|
=
[\
+
(=)
NENE

(2.89)

From (2.88) A1 f1(t,L) > Aafa(t, L)k; and from (2.66) ks > 0. Thus the real roots of P are positive if they
exist. This implies that there exists a positive constant ¢ such that (2.51b)]) is satisfied if the discriminant of
P is positive. Denoting its discriminant by A,

2
s G| -w) - G e em
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Let us introduce h : X — (X — k1)? — X(k; — 1)2. The function h is a second order polynomial with
a positive dominant coefficient and observe that its roots are k? and 1. Thus h is increasing strictly on

[max(k?,1),+00). Hence, using (2.88)),
A fi(L)

— Hl
A= 7k§)\§fz(ta L)zh(m)
H,y

> “Lk202 £, (¢, L)2h(max(k2, 1)) = 0.
g

(2.91)

This proves that there exists ¢ > 0 such that (2.51b)) is satisfied, and we select such ¢. All it remains to do
now is to show that the function (U, z) — V(t,U, z), which is now entirely selected, satisfies (2.20)).

From (1.13) and (1.12)) we know that for any (¢,z) € [0,00) x [0, L],

VgHso > Ao > a, 24/ gHo > A > a. (2.92)
Besides, from the definition of ¢1 and ¢o given by (2.22)), (2.14) and the bound (1.13]), (1.12)), there exists a
constant Cg that only depends on §, o and H,, such that

1 1

— < 0 < Cg, =— < 0o < Cs. 2.93

g, S lI91lleo < Cs, 5 < lide 8 (2.93)

Thus, using that fo = Aad/A1, (2.70), (2.68]), (2.93]), and (2.92)), there exists ¢; > 0 constant independent of
U and 2 such that, for any (U, z) € H?(0,L) x R,

1

c1 (| Ullz2(0,2) + [21) V(¢ (U, 2)) < o (IOl 20,y +121) ¥ t € [0, +00), (2.94)
which is exactly (2.20). This concludes the proof of Theorem O

3 Conclusion

In this paper we gave simple conditions on the design of a single PI controller to ensure the exponential
stability of the nonlinear Saint-Venant equations with arbitrary friction and slope in the H? norm. These
conditions apply when the inflow is an unknown constant, in that case the system has steady-states and
any of them are stable. But they also apply when the inflow is time-dependant and slowly variable. In that
case, no steady-states exists and one has to stabilize other target states. When the values of the target state
are known at end of the river, we have exponential stability of the target state. Otherwise, we have the
Input-to-State stability with respect to the variation of the inflow disturbance. These sufficient conditions
are found using a local quadratic entropy and, to the best of our knowledge, are less restrictive than any of
the conditions that existed so far, even in the linear case. In [8] it was shown that, in absence of friction and
slope, these conditions were optimal for the linear case. However, so far there is no answer when there is
some slope or friction and whether these conditions are optimal or not would be a very interesting issue for
a further study. Its possible application to a network of channels would also be a matter of interest. Finally,
many stabilizing devices for finite dimensional systems also use a PID control with an additional derivative
term. It has been shown in [12] that this control cannot ensure exponential stability for an homogeneous
hyperbolic equation. It would be an interesting question to know whether a filtering on the derivative term
could enable to recover the stability for infinite dimensional system and whether this would enable a faster
stabilization than the PI control.
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A Proof of Proposition [1.10

This appendix uses many computations that are very similar to the computations in Section [2| but in a
simpler way. Thus, in order to avoid writing two times the same thing and to keep the proof relatively short,
some steps might be quicker in this appendix. Let T} > 0 and to be chosen later on. As (H(0), V5(0)) satisfies
(L.9), there exists v, > 0 such that for v € (0,v,), F((H?, V{)T) has two distinct nonzero eigenvalues. Recall
that F' is given by and that that v is the bound on [[H} — Ho(0), V — Vo(0)||gr2(0,1)- Besides, from
(1.8) (Ho(t,-),Vo(t,-)) can be seen as the solution of a system of ODE with a parameter ¢ in the initial
condition. Thus, as 8;Qo € C?([0,+0c0)) and the slope C satisfies C € C2([0, L]), using and [16][Chap.
5, Theorem 3.1], (Ho, Vo) € C3([0,T1] x C3([0, L])) and there exists a constant C' depending only on He,, a
and an upper bound of J, such that,

10; Ho, 9iVollc2 o,y < C'|D_ 07 Qol, Vi € [1,3], (A1)
n=1
and in particular
10:Ho, 9:Vollc2(jo, 1152 (10,21)) < CllOrQollc2(0,+00)- (A.2)

Thus [28][Theorem 2.1] can still be used on (H; — Hy) and there exist 69(71) > 0 and vy(T3) € (0, v,) such
that, if v € (0,19(T})) and § € (0,50(T})), there exists a unique solution (Hy,V;) € C°([0,T1]; H?(0, L))? to
the system (L.4)-(1.5). Besides (Hi, Vi) satifsfies an estimate as but with (Hy,V7) instead of (H,V)
and (Ho, Vo) instead of (Hy, V7). We denote by C(T}) the associated constant. Let us define hy := Hy; — Hp
and vy := Vi — Vo. We transform (hy,v1)? into w = (w1, wz)? using the change of variables defined by
f with Hy and Vj instead of H; and V;. Thus we obtain

Ow + Ag(w,x)0,w + Bo(w, ) + Sp (%g{?) =0,

wy(t,0) =Hi(w2(t,0), Qo(t) — Qo(0)),
w2 (t, L) :Hz (’LU2 (t, L)),

where Ay, By and Sy have the same expression as A, B and S (given by(2.9)), (2.10)), (2.6)) but with (Hop, V)
instead of (Hy, V7). Similarly we define

A = Vo + gHo, Ay = /gHo — Vi, (A.4)
and ¢°, defined as ¢ but with (Ho, Vp) instead of (Hy, Vi). Similarly as in Appendix
H3(0) = —=AY(L)/A3(L), H1(0) = —X3(0)/A%(0), (A.5)

which is of the form with vg = 0 and Z = 0. Before going any further, note that we can perform the
same computations as in Section 2 with no problem, as the proof in Section[2]only used Proposition[I.1]to get
that (Hy, V1) exists for any time and that and Lemmahold, but we will see now that such claims are
true for Hy and V;. The existence of (Hy, V) was already shown in section || and is exactly with
(Hp, V) instead of (Hy, V7). Finally, is exactly the equivalent of Lemma for (Ho, V). We define
now the Lyapunov fonction candidate V := V (w(¢, x),t)+ Vio(w(t, x),t) + Ve(w(t, z), t) + Va(w(t, x), t) where
Va, Vi and V, are defined in (2.27)), (2.30), with f; and fo chosen as fi := (¢9)2/(A\{n) and f> := (¢9)?n/(A9),

where 7 is a function such that there exists a constant ¢ > 0 independent of w such that

(A.3)

'70 50
‘= |+ e Vel
AT A
A2(0) (A.6)
1(0) = T5756°(0) + .
A1(0)
Note that 7 exists as, for any t € [0, +00), (¢(t,)°A9(t:) /A (t+)) is a solution of
,YO 50
Ouf = |15 + 5/ Ve elo,L], (A7)
AL A
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this can be proved as in Lemma and this case was actually shown in [I9]. Note that from (L.6)),
and . (Hp), and (Vp), can be bounded by above and by below by constants that only depends on H,
a and an upper bound of Qo (which can also be expressed only with H,, a from ) Therefore, looking
at their definition, the function f; and f can also be bounded by above and below by constants that only
depends on H,, a and €. Thus there exist ¢; > 0 and c3 > 0 depending only on H., and «, € and u such
that

cillha(t, ), o1t W20,y < V() < eollha(t, ), vit, )llzo,), ¥ t € [0, T1]- (A.8)
Consequently, by differentiating V' exactly as in 7, and from , we obtain that there exists
p> 0,1 € (0,19(T1)) and 63 > 0 such that, for any || (0,-),v1(0,)|| 20,y < v1, and [|0;Qollc2(j0,00)) < 6,
where d € (0, d3),

L
. 8tH0 atHO
V< —uV +/0 2 f1w1(So <6tV0>)1 + 2 fow2(So (3tVo>)2dx’

L
02, Hy 0% Hy
+/O 2f18tw1(50 (aftvo )1 + 2f28tw2(50 3t2tVo )le', (Ag)

atttHO 2 6tttHO
+-/0 2 f102,w1 (So (8ttV0))1+2f28ttw2(So <3ttV0 )odz.

Thus, using Cauchy-Schwarz inequality, (A.8), and (A.1) there exists C; > 0 depending only on H,, o and
an upper bound of u such that

V(t) < —puV () + C1]0:Qo(t) + 07,Qo(t) + 05, Qu(t)[V/2(t), ¥ t € [0,T1]. (A.10)

and in particular _
V(t) < —uV (1) + C1]9:Qoll o0,y V2 (1), ¥ t € [0, Th). (A.11)
Let us define V,, := (C16/p)?. From (A.11)), if V(¢) > 2V,,, then there exists a constant k& > 0 such that

V(t) < —kV'/2(t). We now choose § such that v/2C16/(pu\/c1) < vi. Thus, from ([A11) and as ¢, c2, C;
and p do not depend on 77, we can choose T; large enough such that

V(Ty) <2V, < 11, (A.12)

which implies that
[h1 (T, ), v1 (T, )l e20,0) < (A.13)

and therefore there exists a unique solution (hi,v1) € C°([T1,2T1], H?(0,L)), with initial condition
(h1i(T1,-),v1(T1,-)) (we use the same existence Theorem ([28][Theorem 2.1])) and, noting that V(T1) < 2V,,
implies V(2T7) < 2V, this analysis still hold. We can do similarly for any [nT%, (n + 1)T3] with n € N,
thus, as (Ho, Vo) € C°(]0,+00), H?(0, L)), there exists a unique solution (Hy, Vi) € CY([0, +00), H?(0, L))
and holds for any ¢ € [0, +00). Therefore denoting g(t) = V (t)e, we deduce from that

() < C110:Qo(t) + 02Qo(t) + 83, Qo(1) e /g (d). (A.14)
Thus
VI2() < VI2(0)e ¥ 4 ( / 19:Qols) + P2 Qols) + a?ttczo<s>|e‘?ds) 4 (A.15)
This implies the ISS property
lh1(t, ), v (t, )|l a2 (0,0)R2) <\/ th 0, 20,0y 2y T
(A.16)
C

Q\F </ |0:Qo(s) + 8t2th(s)+8f’ttQ0(s)|e‘ésd8> -

This ends the proof of Proposition [1.1} To extend this proof to the HP norm for p > 2, note that using the

same argument (A.2) holds with the C’p([O, T1]; C3(]0, L])) norm in the left-hand side and the CP norm in
the right-hand side. We can can define V3, ...,V, on HP(0,L) x Rx R} as in such that Vi (w(t, x),t) =
Vo (0Fw(t,z),t), for any k € [3,p]. Then holds with V' :=V, +V, + V.. + V3 + ...V}, and the H? norm,
and the rest can done done identically.
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B Proof of Theorem 1.4l

Theorem [I.4] result from the proof of Theorem Note that the boundary conditions (1.16)) can be written
under the form (1.18) with (Ho, V) instead of (Hy, V) where the only difference is that Z satisfies now

Z=H.—H(t L)+ ®) : (B.1)
vgkj

where f(t) = H.0:Vp(t,L). The rest of the proof can be conducted as in Appendix [A| for (Hy, V1), with a
priori two differences: (H, V') satisfies the boundary conditions of the form || and not of the form given
in , and Z satisfies instead of . However, note that in Appendix|A[the only assumption used
on the boundary conditions of the transformed system is that they are of the form (23, which is still the
case here. Thus, the only difference with Appendix |A| are some additional terms when Z is used, which is
in the boundary terms in the derivative of the Lyapunov function. There exists therefore d4 > 0 and v > 0
such that, for any [|h1(0,-),v1(0,)||g2(0,r) < vo, and [|0:Qo||lc2(j0,00)) < 9, Where & € (0,04),

V(t) < = 2VO+CL10Qo(t) + BQo() + O Qo(BIV'/2 + 20Zf(1) + 2021 (1) + 2Zf" (1), (B2)

where C is a constant only depending on Ho,, «, vo and §;. Using Lemma there exists a constant
C > 0 depending only on H.,, a, vy and d4 such that

V< —%V + CV210,Qo(t) + 05,Qo(t) + 05, Qo ()] (B.3)

The same argument as in Appendix [A] (A.14)—(A.16)), implies directly the ISS property (|1.30)).

C Boundary conditions (2.15) and (2.16))

In this appendix we justify the boundary conditions (2.15)) with (2.16) after the change of variables. From
the boundary conditions (2.3) in the physical coordinate (h,v), together with the definition of u; and ug

given in (2.5, one has at © = L

ur(t, L) = Ba(h(t, L), Z(t),t) + \/zh(t,L) = Fi(h(t, L), Z(t), 2, 1),
(C.1)

us(t, L) = Bo(h(t, L), Z(t),1) — , /Hih(t,L) —: Fa(h(t, L), Z(t), 2, 1).

1
From its definition, F; is C! and, from (2.4), and (1.21)), there exists v; € (0,19) such that, for any
€ [0,00), 1 Fo(0,Z(t),t) # 0. Thus F; is locally invertible with respect to its first variable, thus there
exists vy € (0,v7) such that h(t,L) = F; *(ui(t, L), Z(t),t), where F; ' denotes the inverse with respect to

the first variable. Besides, as JF; is of class C? with respect to the two first variables, F; Lis also of class

C?. Then, using
ug(t, L) = Fo(Fy Y (ur(t, L), Z(t),t), Z(t),t) =: Da(ui(t, L), Z(t),1). (C.2)
and, using ,
01D4(0,0,t) = 01 F2(0,0,)0: (F; 1)(0,0,t)

_ 01 F2(0,0,1) _ 01B2(0,0,t) — \/Hzl
1 F1(0,0,8)  9,B,(0,0,t) + \/HI (©.3)

M (L) —ve(1+ky)
Ao(L) +va(l+ky)
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Now, as 9 F; 1(0,0,t) = —95F1(0,0,t)/81F1(0,0,t), using ([2.4),

92D2(0,0,t) = 01.F2(0,0,4)02(F; 1)(0,0,t) 4 82F2(0,0, t)
62‘771 (Oa 07 t)
01 F1(0,0,1)

01B5(0,0,t 2

= 9,85(0,0, ) (1 0.0~ \/>) (C.4)
81B2(0,0,t) + \/>

_ vakr 2 ng(t,L)

o Hi(t,L) \ va(1+kp) + X2(t, L) '

The same can be done in = 0 in a slightly easier way, as B; does not depends on Z. This gives (2.15) and
(12.16)).

= —0,7(0,0,t) + 05F5(0,0,)

D Proof of Lemma 2.2

In this appendix we prove Lemma The proof is very similar to the proof given in [19] in the special case
where (Hy, V1) is a steady state. However, it happens that the proof actually does not need the relation

(H1V71), = 0 which is no longer true when (Hj,V7) is not a steady-state. Let f = (Aa¢p/A1), we have from
2-22):

Ouf :% (A10zA2 — X201 + Aay1 + A162)
1

¢ Vgt VoH;
=X (V14 VgH1)(—Vie + o8, Hip) — (Vi + gH1)(Via o, 2)
3 (g 3 KV kV2
+(V9H1*V1) <4 Hille‘i’Zle‘i’il*ﬁ >
D.1)
3 [g 3 2KV VP (
a) -2 L H,+ 2 Y
+(Vi + g 1)< 4\/;1 o+ Vie + T+ o ))

2 H
:% (\/QHl( 2Vip + ‘/iw+§/>—V1 (; Hm—kVI J—\/H ))
1 \/ 1
_ ¢ (2kV le H,
_/\% (Hl \/ng V1 H1 8tH1 .

And on the other hand:
2 2 o
= A A2
<)\1 )\2¢f )\2( 172 + A201)

QkV kV Hla: \/ng
)\2< VgH: + 1 Vl V1 H1 5 + Vig 9 ) (D.2)

<2kv\/ﬁ kv1 /H1V1 hHlatm)'
P2 2, |9
Ouf = (>\1+>\2¢f ’/Hlathﬁ)' (D.3)
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Thus from (D.1]) and ( -



And there exists dg such that, if [|0; H1 || 1o ((0,4-00)x (0,200,

2k k H
;;(H‘f@ Ve \/Tvl \fatﬂl)m Yz el0,L], t €0, +00), (D.4)
1

and, from (D.1]) and (| -7

: (D.5)

D72 2 g
Of = |5+ 1g +./=0H
f 1 )\2¢f Hl e

this ends the proof of Lemma [2.2]

References

[1]

2]

[10]

[11]

Karl Johan Astrém and Richard M. Murray. Feedback systems. Princeton University Press, Princeton,
NJ, 2008. An introduction for scientists and engineers.

Adhémar Barré de Saint-Venant. Théorie du mouvement non permanent des eaux, avec application
aux crues des rivieres et a l'introduction des marées dans leurs lits. Comptes Rendus des séances de
I’Académie des Sciences, 73:237-240, 1871.

Georges Bastin and Jean-Michel Coron. On boundary feedback stabilization of non-uniform linear 2x2
hyperbolic systems over a bounded interval. Systems & Control Letters, 60(11):900-906, 2011.

Georges Bastin and Jean-Michel Coron. Stability and boundary stabilization of 1-d hyperbolic systems.
Springer, 2016.

Georges Bastin and Jean-Michel Coron. A quadratic Lyapunov function for hyperbolic density-velocity
systems with nonuniform steady states. Systems & Control Letters, 104:66—71, 2017.

Georges Bastin and Jean-Michel Coron. Exponential stability of PI control for Saint-Venant equations
with a friction term. December 2018. working paper or preprint.

Georges Bastin, Jean-Michel Coron, Amaury Hayat, and Peipei Shang. Boundary feedback stabilization
of hydraulic jumps. Preprint, 2018.

Georges Bastin, Jean-Michel Coron, and Simona Oana Tamasoiu. Stability of linear density-flow hy-
perbolic systems under PI boundary control. Automatica J. IFAC, 53:37-42, 2015.

Jean-Michel Coron, Brigitte d’Andréa Novel, and Georges Bastin. A Lyapunov approach to control
irrigation canals modeled by Saint-Venant equations. In CD-Rom Proceedings, Paper F1008-5, ECC99,
Karlsruhe, Germany, pages 3178-3183, 1999.

Jean-Michel Coron and Amaury Hayat. PI controllers for 1-D nonlinear transport equation. 2018.
working paper or preprint.

Jean-Michel Coron, Long Hu, and Guillaume Olive. Finite-time boundary stabilization of general linear
hyperbolic balance laws via Fredholm backstepping transformation. Automatica J. IFAC, 84:95-100,
2017.

Jean Michel Coron and Simona Oana Tamasoiu. Feedback stabilization for a scalar conservation law
with PID boundary control. Chin. Ann. Math. Ser. B, 36(5):763-776, 2015.

Jean-Michel Coron, Rafael Vazquez, Miroslav Krstic, and Georges Bastin. Local exponential H? stabi-
lization of a 2x 2 quasilinear hyperbolic system using backstepping. STAM J. Control Optim., 51(3):2005—
2035, 2013.

V. Dos Santos, G. Bastin, J.-M. Coron, and B. d’Andréa Novel. Boundary control with integral action
for hyperbolic systems of conservation laws: stability and experiments. Automatica J. IFAC, 44(5):1310-
1318, 2008.

26



[15]

[16]

[17]

[18]

[19]

[20]
[21]

Valérie Dos Santos and Christophe Prieur. Boundary control of open channels with numerical and
experimental validations. IEEE transactions on Control systems technology, 16(6):1252-1264, 2008.

Philip Hartman. Ordinary differential equations. John Wiley & Sons, Inc., New York-London-Sydney,
1964.

Amaury Hayat. Exponential stability of general 1-D quasilinear systems with source terms for the C 1
norm under boundary conditions. 2018. working paper or preprint.

Amaury Hayat. On boundary stability of inhomogeneous 2 x 2 1-D hyperbolic systems for the C!
norm. October 2018. working paper or preprint.

Amaury Hayat and Peipei Shang. A quadratic Lyapunov function for Saint-Venant equations with
arbitrary friction and space-varying slope. Automatica J. IFAC, 100:52-60, 2019.

Tasson Karafyllis and Miroslav Krstic. Input-to-State Stability for PDEs. Springer, 2018.

Miroslav Krstic and Andrey Smyshlyaev. Boundary Control of PDEs: A Course on Backstepping
Designs, volume 16 of Advances in Design and Control. Society for Industrial and Applied Mathematics
(SIAM), Philadelphia, PA, 2008.

Mark Lichtner. Spectral mapping theorem for linear hyperbolic systems. Proc. Amer. Math. Soc.,
136(6):2091-2101, 2008.

Aloisio Freiria Neves, Hermano de Souza Ribeiro, and Orlando Lopes. On the spectrum of evolution
operators generated by hyperbolic systems. J. Funct. Anal., 67(3):320-344, 1986.

Christophe Prieur and Frédéric Mazenc. ISS-Lyapunov functions for time-varying hyperbolic systems
of balance laws. Math. Control Signals Systems, 24(1-2):111-134, 2012.

Eduardo D. Sontag. Input to state stability: basic concepts and results. In Nonlinear and optimal

control theory, volume 1932 of Lecture Notes in Math., pages 163-220. Springer, Berlin, 2008.

Alexandre Terrand-Jeanne, Vincent Andrieu, Valérie Dos Santos Martins, and Cheng-Zhong Xu. Adding
integral action for open-loop exponentially stable semigroups and application to boundary control of
pde systems. Preprint.

Ngoc-Tu Trinh, Vincent Andrieu, and Cheng-Zhong Xu. Pi regulation control of a fluid flow model
governed by hyperbolic partial differential equations. In Proceeding of the International Conference on
System Engineering, Coventry, England, 2015.

Zhiqiang Wang. Exact controllability for nonautonomous first order quasilinear hyperbolic systems.
Chinese Ann. Math. Ser. B, 27(6):643-656, 2006.

Cheng-Zhong Xu and Gauthier Sallet. Multivariable boundary PI control and regulation of a fluid flow
system. Math. Control Relat. Fields, 4(4):501-520, 2014.

Cheng-Zhong Xu and Gauthier Sallet. Multivariable boundary PI control and regulation of a fluid flow
system. Math. Control Relat. Fields, 4(4):501-520, 2014.

Christophe Zhang. Internal rapid stabilization of a 1-D linear transport equation with a scalar feedback.
October 2018. working paper or preprint.

Christophe Zhang. Finite-time internal stabilization of a linear 1-D transport equation. January 2019.
working paper or preprint.

27



	Model description
	Exponential stability for the H2 norm
	A change of variables
	Three useful lemma
	Proof of Theorem 1.3

	Conclusion
	Proof of Proposition 1.10
	Proof of Theorem 1.4
	Boundary conditions (2.15) and (2.16)
	Proof of Lemma 2.2

