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DRINFELD DOUBLE OF QUANTUM GROUPS, TILTING MODULES
AND Z-MODULAR DATA ASSOCIATED TO COMPLEX REFLECTION
GROUPS

by

ABEL LACABANNE

In this article, we construct a categorification of some Fourier matrices associated to
complex reflections groups by Malle [Mal95]. To any spetsial imprimitive complex re-
flection group W, he attached a set of unipotent characters, which is in bijection with
the set of unipotent characters of the correnponding finite reductive group when W is a
Weyl group. He also defined a partition of these characters into families, the analogue of
Lusztig’s non abelian Fourier transform and eigenvalues of the Frobenius. In [Cun07],
Cuntz showed that for each family, this defines a so-called Z-modular datum. Therefore,
one can associate a Z-algebra, free of finite rank over Z. If the stucture constants of such
an algebra R are positive, it is a classical problem to find a tensor category, with some ex-
tra structure, whose Grothendieck ring is precisely R. However, these structure constants
belong in general to Z and the categorification is more involved.

In the case of cyclic groups, Bonnafé and Rouquier [BR17] constructed a tensor trian-
gulated category which categorifies the modular datum attached to the non-trivial family
of the cyclic spets. In the present article, we construct fusion categories with symmetric
center equivalent to Rep(G, z) for G a cyclic group and z € G satisfying z* = 1. If the order
of G is even, we can therefore construct a new category, which is enriched over super-
spaces, so that its Grothendieck group have negative structure constants in general. As
shown in [Lac18], this defines a Z-modular datum.

Our construction is as follows: we consider the representation theory of a quantum
double associated to the complex simple Lie algebra sl,,;; at an even root of unity. Simi-
larly to the usual construction for %,(g) at a root of unity, we consider the semisimplifi-
cation of the full subcategory of tilting modules. A partial modularization of an integral
subcategory gives then the category with symmetric center Rep(G, z).

We investigate this construction in full generality considering any simple complex Lie
algebra g and any root of unity. Indeed, some fusion datum constructed by Broué, Malle
and Michel for spetsial exceptional complex reflection groups can be categorified by con-
sidering similar categories in type B.

Acknowledgements. — I'warmly thank my advisor C. Bonnafé for many fruitful discus-
sions and his constant support. I also thank R. Rouquier for suggesting me to consider
supercategories in this work.



2 A. LACABANNE

1. Quantum double of Borel algebras

In this section, we recall the construction of the quantum enveloping algebra %, (g) as-
sociated to a simple complex Lie algebra g. Our main object of study will be the quantum
double of a Borel algebra b of g, which will be denoted by Z,(g).

1.1. Notations. — Let g be a simple complex Lie algebra of rank n. We fix a Cartan
subalgebra h of g. Let ® C h* be the set of roots of g relative to h, [I={a,,...,a,} be a basis
of ®, ®* be the positive roots relative to II. Let b* (resp. b™) be the Borel subalgebra of
g relative to II (resp. —II). We denote by h the Coxeter number of g and by h" the dual
Coxeter number of g.

Fix a symmetric bilinear form (-,-) on h* normalized such that (a, a) = 2 for short roots.
Let D = max, geo % Wehave D=1intype A, D or E, D =2intype B,C or F;and D =3
in type G,. For a € ®, we define a" € h* by

v_ 2a
(a,a)

Let Q be the root lattice, P the weight lattice, P* the cone of dominant weights, Q" the
coroot lattice and P the coweight lattice

P={Aeh*|(A,a")eZ, Yaell}
Pt={reh*|(A,a")eN, Yaell}
p'={Aeb*|(A,a)€Z, Yacll}

Let (@;)1<i<, be the dual basis of (a)),<;<, with respect to the form (,-) and p be the half
sum of positive roots. We call the @;’s the fundamental weights. The element p is in P
and is equal to the sum of fundamental weights [Bou68, V1.1.10 Proposition 29].

We denote by Q" the monoid spanned by II. We denote by < the usual partial order on
P: A<pifandonlyif u—Ae€Q™.

For any a € ®, denote by s, the reflection in the hyperplane orthogonal to «

s{(=v—(v,aYa=v—(v,a)a’, Yveh*

For 1 <i < n denote by s; the reflection s,,. All these reflections generate the Weyl group

W of g and for any w € W, w(®) = ®. The form (;,-) is then invariant with respect to W.
We denote by I(w) the length of w € W relative to the generating set (s;)1<j<p-

For g an indeterminate, define the following elements of Z[q, g ']

- k

qn —q n n n

[nl,=—,neZ, [n],'=]| llk]l,,neN and [ ] = -

"~ a=q7 =] 1 e, ",

n+l1—i
g,neZ,keN.

We denote by [n]: (resp. [n]:!, resp. [Z] ) the evaluation of [n], (resp. [n],!, resp. [Z] )
£

at an invertible element £ of a ring. Let L be the smallest integer such that L(A, u) € Z for

any A,u € P. Let s be an indeterminate and let g = s*. We will work over the field Q(s)

{aj,a;)

and the ring .«/ =Z[s,s!]. We define q;=¢q 2

1.2. Positive and negative parts of the usual quantum enveloping algebra. — We start
by defining the usual positive and negative part of the quantum group %,(g).
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Definition 1.1. — Let %,(b") be the associative unital Q(s)-algebra with generators Kiﬂ, E;,
1 <i < n, and defining relations

KK;=K;K;, KK '=1=K'K; V1<i,j<n,
KEj=q'“""VE;K;, V1<i,j<n,
1—(a,»,a}()

1—(a;,a" 1—(a;,a})—
(—l)r[ (rl ])] Ei (a (ZI> rE]-Eir:O; VISZ#]SH.

r=0 qi

There exist several Hopf algebra structures on %,(b*), and we choose the following
comultiplication A, counit ¢ and antipode S:
S(Kl) = Kil y

A(K;)=K; ® K; e(Ky)=1 i
A(E))=1®E;+E;®K; e(E;)=0 S(E;)=—E;K; .
Definition 1.2. — Let %,(b7) be the associative unital Q(s)-algebra with generators Liﬂ, E,

a €, and defining relations
LiLj=L;L;, LL;'=1=L7'L;, VY1<i,j<n,
LiFj=q % FL;, VY1<i,j<n,

1—(a;,a) 1 —{a;,a") -

- B : —\a;,a;)—r . .
> [T B o visizgen
r=0 qi

There exist severals Hopf algebra structures on %,(b~), and we choose the following
comultiplication A, counit ¢ and antipode S:

A(L)=L;®L; e(L;)=1 S(L)=L;",
AF)=L;'®F+F®l e(F)=0 S(E)=~L;F
For A=Y A;a;, we denote by K; (resp. L,) the element [ [}, Ki)\i (resp. [ 1}, L?i)
1.3. A Hopf pairing between %, (b*) and %,(b~). — The following is due to Drinfeld
[Dri87, Section 13] and has been studied by Tanisaki [Tan92].

Proposition 1.3. — There exists a unique bilinear form (-,-): Uq(b™)x U, (6™) — Q(s) satisfying
forall x,x" €Uy (6%), y,y' €Uy (67 )and 1<i<n

L (x,yy)=(Ax),y®y",
2. (xx',y)=(x"®x,A(y)),
3. (x,1 ) é(x), (L y)=ely),
4. (K;, Lj)=q'“e),

5. (K;, ) 0=(Ei,Lj),

6. (Esz)_ q

This bilinear form endows the tensor product %,(b™) ® %,(b*) with a Hopf algebra
structure, which we denote by %,(g), see [KS97, Section 8.2]. Using Sweedler notation
for the coproduct, the product of y; ® x; and y, ® x, in %,(b7)® %q(b’L) is given by

mex)nex)= > (x, xS My, ®x] 5.
(x1)(32)
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Consequently, both %,(b7)® 1 and 1® %,(b*) are subalgebras of 7,(g). In the following,
we identify %,(b7) and %,(b") with their images in Z,(g) and will write y x instead of
y®x.

Proposition 1.4. — The algebra 9,(g) is the associative unital Q(s)-algebra with generators
K*', L7, E;and F, 1< i < n and defining relations
K;K; =K;K;, KK, '=1=K; 'K,
L;L;=L;L; LiL7'=1=L"L;,
KlL] = LjKi,
KiE;=q"“"“V E;K;, KiF;=q " FK;,
LiEj=q"“ ") E;L;, LiF=q ) F L,
[E;, Fi]=6 KL/
v ai—at
I—Ka“ay>
1—(a;,al)| 1a,a))-r .
r=0 qi
1—{a;,a)
! 1—(a;,a¥)|  1—(@na)-r -
(—1)’[ rl " F " FE =0, 1<i#j<n.
r=0 qi

The elements z; = K; Ll._1 are central and %,(g) is the quotient of %,(g) by the Hopf ideal
generated by (z; —1)1<j<p-

Denote by @q(g)<O (resp. 2,(g)°, resp. @q(g)>°) the subalgebra of 7,(g) generated
by (Ei)i<i<n (resp. (F)i<i<n, resp. (Kj, L;)i<i<n). Multiplication yields an isomorphism
24(0)°°® 2,4(9)° ® 2,4(9)”° ~ 2,4(g). It is worth mentioning that the coproduct and antipode
of Z,4(g) do not restrict to Z,(a)<° or 2,(g)™°.

The square of the antipode is given by the conjugation by any element of the form
Ly Kyp_p, A€Q as it is easily checked on the generators.

0

1.4. Graduation. — There exists a Q-graduation on %,(g) given by deg(K;)=0=deg(L;),
deg(E;)=a; and deg(F;) =—a;. For A € Q, we denote by 7,(g), the homogeneous elements
of degree A. We have

9, ={ve 2, | Kiv=g"""vK;, ¥1<i<n}.

The coproduct, the counit and the antipode respect the grading. Moreover, the same
lemma as [Jan96, lemma 4.12] shows that for ueQ, u=>0

A(2403°)c D 240, K,24(0),
0<v<u

and
A(240°)c D L' 2,2, ® Z4(0).
0<v<u

Therefore, for x € 7,(g)’°, there are elements r;(x) and r/(x) in @q(g)ziai such that
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1) Alx )€1®x+ZE ®Kiri(x)+ > 24(0);"® K, 74(a)0,,
0<v<u
eIl
and
() x)ex®K, +Z X)® Ko Ei + Z 24(0)."® K, 9, (g)
0<v<pu
u—vell

Similarly, we can define p;(y) and pj(y) for y € @q(g)fg by the following

n
Aly)eyel+> Ll Eepiy)+ > L,'%(0), 8 Z4(0)>
i=1

0<v<u
u—vell

and

A(y)eL, ®y+ZL e F+ > L] 0), ) ®Z4(0)).
0<v<u
VeIl

The values of r;, r{, p; and p} can be computed by induction. Compare with [Jan96,
6.14,6.15].

Lemma 1.5. — Let u,u’ €Q, u=>0and u’' >0.
1. Forall x € .@q(g);o and x' € 7,(g ZO

ri(xx") =g~ % x r(x") + ri(x)x ri(xx")=xr{(x")+ gl ri(x)x’.

2. Forall y e @q(g)fg and y’ € @q(g)fg,,
piyy)=ypiy )+ a o)y pilyy)=a  ypiy)+pin)y
These elements can also be used to compute some commutators.
Lemma 1.6. — Let u€Q, u>0. Let x € @q(g)zo and y € @q(g)jg. Then
K;ri(x)—r/(x)L;*

X E - E X = ]
qi—4q;
and L,
i(V)K;i—L;"p;
Ely_yEl:pl(y) 1 ilpl(.}/)‘
qi—4q;
Proof. — We only show the first formula, the second one is proven similarly. If x =1 or

x = E;, the formula is satisfied. Now, supposing that it is true for x and x’, we show it for

xx’:

xx'F—Fxx' = x(x’F~—F-x’)+(xF—F-x)x’
=(qi—q; ") (x(K;ri(x") = /(X)L + (Kiry(x) = r{(x) L7 1) x')
=(qi—q,. DTN K™ () + (0 x) = (] () + O (0 x)
=(q;—q; ") (Kiri(xx)—r{(xx)L7"),
where we used Lemma(I.5in the last equality. O
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1.5. Some properties of the pairing. — We gather here some well known properties of
the pairing.

Proposition 1.7. — Let x € 4(g)°, y € 24(9)° and A, € Q. Then

1' (KAX»LHJ/) = (KA’ L‘u)(xr J/)
2. Suppose A, > 0. If x is of weight A and y of weight —u then (x,y)=0if A # p.

Proof. — For the first equality, it suffices to show it for x and y homogeneous. It then
follows easily from , and the fact that (Kj, y’) =0=(x’,L,) for any x’ € 7,(g)”° and
V' € Dq()°.

For the second assertion, we proceed by induction on ht(A) = z;’:lki, where A =
>, Aia;. We can suppose that x is a product of the generators E;. The case ht(A)=1, i.e.
A €1l is easily proved by induction on ht(u). Then, writing x = E; x” and

Aly)= Z LY o ®¥ ¥y € 2405,

0<v<u
one has
(Bex',y)= D (L E ¥ = (5 Y WEis 3%
0<v<p
As A # u, the two terms can not be simultaneously non-zero. O

Using these two facts and an easy induction, one can show that, for1<i<n,and r €N,

r(r—1)

g [rlg!
(gi—a; )
We now turn to the compatibility between the pairing and the r;, 1/, p; and p; defined
in section [L.4l

(El‘r» P;r) =

Lemma 1.8. — Let x € Z,(g)% and y € @q(g)fg. One has

u
(x, B y)=(E;, E)(ri(x), y), (x,yF)=(E;, F)r/(x),y),
(Eix,y)=(E;, K)x,pi(y)), (xEj, y)=(Ei, E)x, pi(y)).
Proof. — 1t follows easily from (1)), (2) and Proposition[I.7} O

We end this section with [Tan92| Proposition 2.1.4]

Proposition 1.9. — The restriction of the pairing to @q(g)>° X @q(g)<0 is non-degenerate.

1.6. Basis for 7,(g). — We introduce the divided power El.(r) and Fl.(r) for1<i<n:

r r

E; .
EV=—L and F"=—_

The following is the analogue of [Lus90, Theorem 3.1] for 2,(g).

Proposition 1.10. — For all 1 <i < n, there exists a unique Q(s)-algebra isomorphism T; such
that:

T(Ky) =K,y Ti(Ly)= L) YAEQ,
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and, for 1< j < m, setting r =—(a;,a}),

—FL; ifi ::j’

Ti(E;)) =1 < .
5 Z(—l)kql “EVMEES  otherwise,

k=0
—K;'E; ifi=j,
T(F)={<
i) Z(—l)kq F FF (=0 otherwise,
k=0

We also have the analogue of [Lus90, Theorem 3.2] for %,(g).

Proposition 1.11. — The (T;),<;<, satisfy the braid relations and therefore define a morphism
from the braid group of W to the algebra automorphisms of 7 4(g).

Choose now a reduced decomposition wy = s;, s;, -+ s;, of the longest element w;, of W.
The positive roots are then

" ={s; 55,5, (@;,,)[0< k<r—1}.
For any a=s; s;, -+~ 5;, (a;,,,) € ®* define

E,=T, T, T;,(E

lk+1)

and F,=T,T, T, (F

lk+1)

Note that E, (resp F,) is homogeneous of degree « (resp. —a). The choice of a reduced
decomposition of wj gives an order on ®*, namely s; s;,---s; (a;,, ) < 5,85, 85, (@, ,,) for
every k. All products will be ordered with this order.

Proposition 1.12 ([Lus90, Theorem 6.7]). — The elements
]_I Eé"a), ng €N
aedt

form a Q(s)-basis of 2,(g)”°
The elements

l_l FOE"“), ng €N

acdt

form a Q(s)-basis of 2,(g)<°.

We compute now the dual basis of 967(9)>0 with respect to (-,-). The following can be
found in [Jan96), 8.29].

Proposition 1.13. — For any a € %, let a,, b, € N. We have

ag(ag—1)

Ga * laaly,!
(]_[ e[ paba) =11 5%,%"2%_7;3.

acd+ acdt acdt

: (14) ;
Therefore, the dual basis of (]_[aeq)+ Eg )(na)em+ is

([ maasa-srn)
(nq)EN®*

acdt
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1.7. Quasi-R-matrix. — The algebra %,(g) is not quasi-triangular. Nevertheless, we con-
struct a quasi-R-matrix which will endow the usual category of modules with a braiding
(see section [2.3). We adapt the exposition of Jantzen [Jan96, Chapter 7] to the case of
P4(9).

For any u € Q, u > 0, fix a basis (uf)ielu of 7,(g), and let (Viu)ielu the dual basis in
94(9)—, with respect to the pairing D. Set

Oy = ul'®v!' € 7,(a)® Z4(0)
i€l

Note that this does not depend on the choice of the basis of %,(g),. A homogeneous basis
of 2,(g)° and its dual with respect to D have already been computed above. Following
[Ros90, A.1], we define an algebra automorphism ¥ of %,(g) ® 7,(g) by

Y(K;®1)=K;®1, Y(1®K;)=1®K;,
U(L;®e1)=L;®1, Y(1eL;)=1®L,;,
W(E;®1)=E®L;", U(1®E)=K; '®FE,
Y(Eel)=FEe®L; Y(1®F)=K;®F;,

Proposition 1.14. — Let ueQ, u>0. We have
Ou(K; ® K;)=¥(K; ® K;)0,,
G.U(Li ® Ll) == ‘I’(Ll ® Li)@ﬂ’
@.U(l ® El) +@,u—ai(Ei ® Kl) = lII(EI ® ].)@u_ai +‘II(KL' ® Ei)@,u’
OuF®1)+0, o (L' @ F)=U(18 F)0,_4, + V(F®L;)0,,.

Proof. — We follow closely the proof of [Jan96, Lemma 7.1]. The first two equations are
trivial. We will use the following fact: for any u € Q, u >0, and any x € @q(g);(’ and

_ By, M _
x—Z(x,vi Ju; and y—Z(uf,y)vl“
1 l

We set ¢; =(q;—q; '), and we have

y € Qq(g)fg we have

(18 E)0,—0,(18 E)= > ue(Ev! - v/'E)
7

:ciZu ®(pl( )K Ly pi(v]‘.‘)) by Lemmal(L.6]
j

= > uf o (i (o) i K= (™ o} (v )) 27 0
ik

=cl~2u ®[(u” YE, v )v,‘c‘_a"Ki—(E,-u‘,j_a",v;l)Lilv]’: a] by Lemma|1.§

=Z(u R e vt K~ Eul ™ e L7 vl )

=0y, (E;® K;)—(E;®L7')0)y,,

as expected because V(E;®1)=E; ® Ll._1 and ¥(K; ® E;) = 1® E;. A similar calculation show
the fourth formula. d
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Define, as in [Lus10, Chapter 4], the completion %,(g)®%,(g) of Z,(g) ® 2,(g) with re-
spect to the descending sequence of spaces

(24(9)@Z4(0))n = Z4(0)@ Z D40V ° 2@ 2@+ D D4(0)°24(0)° 24 (0);° ©24(0).
ht(u)>N

The morphism ¥ extends by continuity to 7,(g)®%,(g) and we consider the following
element of 9,(9)®%,(g)

Then we can rewrite Proposition as
OA(u)=(PoA°) ()0
for any u € 7,(g).

We also have the analogue of [Jan96, Lemma 7.4].

Lemma 1.15. — For u€Q, u >0, we have
(Aid)(O,)= D (©,)1518 K,®1)O) )3,

0<v<u

and
(i[d8A)O,)= D (0,118 L, @ 1)O, )

0<v<u
Proof. — First, note that for any x € @q(g)zo

Alx)= Z (x vvv]” V) uf@Kvuﬁ.l_v,
0<v<u
ij

and for any y € @q(g)fg

Therefore

= Z (@V)lg(]. ® KV® 1)(®/,L—V)23'

0<v<u

The proof of the other formula is similar. O
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We can translate this last lemma as equalities in Z,(g)®%,(g). Note that for any x €
94(9);" and y € 2,(g)<), we have
VU(xol)=x® L, vlex)=K 'ex,
Yyel)=yeL, Y(ley)=K,®y.
Therefore, we have

(Aeid©)=> > (6,),(10K,81)©,)3
u=0 v+n=u

= Z Z @23 ((G)Tl)lii) (OV)23

=0 v+=p
= \P23 (613)@23 .

Similarly, we have
(Id®A)(©O) =¥} (0:3)0y;.
We now show that the element © is invertible. Set I}, = (S®id)©,)(K, ®1) and I' =
Zuzoru‘
Lemma 1.16. — We have T® =1 =0T in 9,(9)8%,(g).

Proof. — We show that for all >0,

D> 0O,=6,0,

A+v=u

Z G)AFV = 5M_0.

A+v=u

and

We start with the first formula. We may and will suppose that y > 0. As

Z 0, = Z S(uf)KAu}’® vl.lvjv
u

A+rv= A+v=u
i,j
isin 7,(g)®7, (g)fz, it suffices to show that applying id®(x, -) gives zero, forall x € @q(g)zo.
But
Ax)= Z D (x, vl.’1 vj”) ufL ® K) u]‘.’,
)H—lv.=/4
]

so the antipode axiom gives
0=¢(x)= Z D (x, vi)L vjv) S(ul’.l)K,l uJ”
)H—.v.=,u
i,j
as desired.
For the second equality, we again apply id®(x,-) to show that

A A
E 0,I,= E uiS(u;)KV@)vl. u]?:o.
A+v=u At+v=u

ij
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The antipode axiom also gives

— — 2 2
0=¢(x)= Z D (x, V] Ujv) u; S(u}’)K_A
A+v=u
iLj
which is, after multiplication by K|, the result expected. ]
We therefore have proven:

Proposition 1.17. — The element © € @q(g)é@q(g) is invertible and
— for all u € %,(g) we have ©A(u) = (¥ o A°P)(u)O,
- (A®id)(©) =W,3(0,3)0,3,
- (Id®A)(BO) =¥,(0:3)0,.

Finally, we give an explicit form of © (compare with [CP94, 10.1.D])

T n(n—1)
o=]] ( G © [n]qa!(qa—q,;l)"E,g")®F;")).
0

acdt \n=

2. Representation theory at g generic

We now turn to the representation theory of the quantum group %,(g), which is quite
similar to the one of %,(g). We work over the field Q(s).

2.1. Representations of 7,(g). — We will consider the category 6, of finite dimensional
%4(g)-modules M such that
M= D Moy
(A,u)ePxpP
where M, ,) denote the weight space of M associated to (A, u) € P x P:

i) )

M(;L,m:{meMlKi-m:q;A'a m, Li-m:ql.(“’a m, Y1<i<n}.

As 9,(g) is a Hopf algebra, 6, is a monoidal rigid abelian category. For (A,u) € P x P
and (A, ') € P x P, we write (A', /) <(A, u) if (X' —A, i/ — ) =D ,cp Nal@, @) with n, €N.

Proposition 2.1. — A simple module M in 6, is a highest weight module.

Proof. — Let M be a simple module in 6,. Then, there exists a weight (4, u) of M such
that for all other weight (1’, u’) of M, we have (A, u) £ (A’, ). Such a weight exists because
M is finite dimensional. Pick a non-zero v € M, ). As, by choice of (4, u), (A+a;, u+a;)is
not a weight of M for any i, we have E;m =0 for ay i. Hence v is a highest weight vector.

Consider now the 7,(g)-module of M generated by v. As M is simple and v #0, it is
the entire module M: M is a highest weight module. O

Proposition 2.2. — Any highest weight (A, u) of a module in 6, satisfy A+u €2P™.

Proof. — Let M be a module in 6, and m € M a highest weight vector of weight (A, u).

Let 1 <i < n and consider the family (Fl.(k)m) ren Of vectors in M. The vector Fl.(k)m being
of weight (A, u) — k(a;, a;) and M being finite dimensional, there exists k € N such that

Fl.(k)m #0and Fl.(kﬂ)m =0. Let k be the smallest of these integers. As

—k kr—
F(k)qi Ki—q;/ L7

[E,F(k+1)] —
qi—aq;"

’
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—k+Aa))  k—(uay)
we have 0=[E, Fkt)|m =14

qi—qi‘ll Fm. Therefore (A+u,a)) =2k. O
For any A € P, there exists a one-dimensional %,(g)-module with unique (hence high-
est) weight (4,—A), which we denote by L(A,—A). The elements E and F necessarily acts
by 0 and the action of K; (resp. L;) is multiplication by g»@! (resp. g—*).
We denote by P the subset of P x P such that the sum of the two components is in 2P.
These are precisely the weights which appear as weights of objects of the category 4.

Proposition 2.3. — For any (A,u) € P x P such that A+ u € 2P, there exists a simple module
of highest weight (A, ).

Proof. — Using the classification of %,(g)-modules (see [CP94, Proposition 10.1.1]), there

exists a simple Z,(g)-module of highest weight (MT“, %) Tensoring this module with

L (%, —A%“), we obtain a simple module in 6, of highest weight (4, u). O

Therefore, simple objects in 6, are classified by (4,u) € P x P such that A+u €2P*. We

denote P this set of weights and by L(A, u) the simple module of highest weight (A, u).
Note that we also have a construction of simple modules “a la Verma”.

Proposition 2.4. — The category 6, is semisimple.

Proof. — 1t suffices to show that there are no extension 0 = L — M — N — 0 of objects in
6y with M indecomposable and L, N non-trivial. If such an extension exists, for 1 <i<n
the action of z; on M has a unique eigenvalue. Therefore, for any weight (4, u) of M,
the value A —u does not depend on the weight and is in 2P. We tensorize the exact
sequence by the invertible object X = L (“T_A,—%) in order to obtain an exact sequence

of %,(g)-modules. As the category of finite dimensional %,(g)-modules is split, M ® X =~
(L®X)® (N ® X). Therefore M ~ L & M, contrary to our assumption. O

There exists a faithful P-grading on the category %, given by the action of the central

elements (z;)1<i<n
Gq =D 4.0
veP

where 6 , is additively generated by simple objects L(A, u) with A—u =2, i.e. the simple
objects on which the action of the central elements (z;);<;<, acts by 2». Each component
64,y 1s equivalent to the category of finite dimensional %,(g)-modules: it is clear for the
trivial component 6,y and tensoring by L(»,—v) gives an equivalence between 6, , and
.
2.2. Character formula. — We now write a character formula, which we obtain easily
using Weyl character formula (see [Hum78), 24.3]). We define an action of the Weyl group
W on P as follows

1
si(4, ‘LL) =, ‘LL)— 5 (A +U, a?)(air a;),
for any 1 <i < n. It is easily shown, by induction on the length of w € W that

A+p) A—p (A4 A—
o)z ()

wﬂ””:(w( 2 2 2 2
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We denote by e®*# € Z[ P x P] the element of the group ring of P x P over Z correspond-
ing to (A, u). The character of a module M in 6, is

XM= Z dim(M(;L,H))e(A’“).
(A,u)ePxPpP

Almost every term of the sum are zero and the support of ), is included in P.
The usual Weyl character formula gives the character of all simple modules in 6, of
the form L(A,A) with A€ P*:

3 e (C1) W wip)wi+p)
X1 = S e (D) ewp)wip)

As, for (A, u) € P, we have an isomorphism in 6y

A+u A — —
3 +u)®L(7L uy_k u),
2 2 2 2

LA u)~L (
the character of L(A, u) is

X)) = Zwew(_l)l(w)e(w(p)’ww)) ’

which is therefore equal to
o= ZWGW(_1)I(W)e(wm+p»u+p))
Aw > pew(EDiwlelwip.p)

We rewrite this formula by introducing the dot action w e (A, u)=w(A+p,u+p)—(p,p)
which stabilizes P x P:

S (1)@ lweh)

X0 = S e (C1)Hwelws0,0)°

2.3. Braiding. — Using the quasi-R-matrix of section[I.7, we endow the tensor category
64 with a braiding.

First, as any element of 6, has a finite number of weights, we see that for N sufficiently
large and any u € Q, u > 0 and ht(u) > N, the element ©,, of section acts by 0 on any
tensor product of two elements of 6. Therefore, for any M and M" in 6, the action of
O defines a linear map

Ouyu:MeM -MeM'.
Note that this map is not Z,(g)-linear but satisfies for any u € ,(g)

O, mr 0 Au) = (¥ 0 A°P)(u) 0 Ops, v,

as linear endomorphisms of M ® M’. This follows immediately from Proposition [1.14}

To construct the braiding, we need one more ingredient. For M and M’ two objects
of 6,, we introduce a linear map fy;,p: M ® M’ — M ® M’ defined on weight vectors
meM, , and m’ € M;, , by

fumw(mem)=qg** ' mem’
where we write g” = s” for any r € $Z (recall that s in a L-th root of g, see Section|1.1).

Lemma 2.5. — For any u € 94(g) ® 9,4(g), we have the following equality as linear endomor-
phisms of M ® M’

uo for,m = fur,m 0¥ (1),
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Proof. — It suffices to show it on the generators of %,(g) ® Z,(g). It is trivial for K; ® 1,
L;®1,1®K; and 1® L;. We now verify it for E; ® 1. On the one hand,

_ A i N__ i A
(furmo(Ei® L; ) |M,W®Mg,,ﬂ, = g Mo e (g, @ 1)|MA,H®M/’V'H,-
On the other hand,
((Ei ®1) OfM,M’) |M,W®M/’1,'ﬂ, = q(ku (E® 1)|MM,®M/’VYM,,
which concludes the proof for E; ® 1. The other cases are similar. O
Denote by 7 the twist of vector spaces and define

CM,M =T O fu,mr © O -

It is then a morphism in 6, between M ® M’ and M’ ® M. Indeed, for any u € 2,(g) we
have

cm, v © Ulpmenr =T © fur,m © O e 0 Al e
=70 fur,mr 0 (¥ o A%P) (1) e ©Onr,
=7 o A(u)lmem © fur,mr ©On v
= A(u)lmrem © Cv, v
= ulprem © v M-

Proposition 2.6. — The morphisms c defined above endow 6, with a braiding: the hexagon
axioms are satisfied.

Proof. — We check that ¢y prrgn = (idp ®Cpr pre) © (Cpg ppr ® id ). It follows from the fol-
lowing calculations, where we denote by 7, 53: M ® (M’ @ M) — (M’ ® M")® M the twist,
which is equal to 7,30 75:

CM MeM” = T1,23° fu, mremr © Om mrem»
=T230T120° (fM,M”)ls ° (fM,M/)IZ o (id®A)O)|mem em”
=T230T12°(fir,m7)13 © (far,m7)12 © W12 (O13) IMemrem © Or2lmemrem”
=T230T12°(fur,m7)13 ©O13lmemrenr © (far,m/)12(Onr, 17 ® idpgrr)
= T30 (far,m7)23 © (i ®Ong,a17) © T12 0 (far, m7)12(Ong, 17 ® id )
= (idpr ®car, ) o (Car,mr @ 1dpgn).

The other hexagon axiom is shown similarly. O

2.4. Duality and pivotal structure. — The algebra 7,(g) being a Hopf algebra, for any
%4(g)-module M in 6,, the space of linear forms has naturally a structure of left (resp.
right) dual denoted by M* (resp. *M), where the action of u € Z,(g) on ¢ € M* (resp.
¢ €*M) is given by

(u-p)m)=p(S(u)-m) (resp. (u-@)m)=p(S ' (u)-m)).

Let (A, u) € P*. The simple module L(A, u) is isomorphic to L (A#, MT”) QL (A_T”,—A%”)
and
A— A—u)* A+u A+u)*
_M,__u) @L(_u,_u) |

LA, u)~L
() (2 2 2 2
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But the left dual of a simple %,(g)-module L(k, k) is isomorphic to L(—wy(k),—wy(x)) and
the left dual of the invertible module L(k,—x) is clearly isomorphic to L(—x,k). Conse-
quently,

LA, ) =~ L(ﬂ,—“zi)m(—wo (A;”),—WO(AZ“D ~ L= wp(A w)).

2

Similarly *L(A, u) ~ L(—wy(A, 1)), which also follows from the pivotal structure given be-
low.

As for any u € 7,(g) we have S%(u)= Ky, uK , we have for any A € Q a pivotal struc-
ture given by

axm: { M M= .
m — 9= @(LiKzp-2)-m)

We will consider only the pivotal structure given by A = 2p, i.e. we choose Ly, as
pivotal element. This pivotal structure allows us to compute left and right quantum
dimensions of modules. It follows from the Weyl character formula that

Zwew(_l)l(w)q(Zp'(w'(l'mm

o+ _
dlm (L(A) ;u))_ Zwew(_l)l(w)q(zp,wo(()»

and
ZweW 1)1 —(2p,(we(A,u)),)

3

As the actions of Ly, and K, coincide on any @/q(g)-module, the quantum dimensions
of L,(x,x) viewed as a Z,(g)-module coincide with the quantum dimensions of L,(x,x)
viewed as a %,(g)-module.

dim™(L(A, w)) =

3. Specialization at a root of unity and tilting modules

The goal to this section is to construct a fusion category using the representations of
94(g). But the category 6, has an infinite number of simple objects. We adapt the con-
struction of the fusion categories attached to quantum groups at roots of unity to %,(g).
Recall the notation .o/ = Z[s, s !].

3.1. Lusztig’s integral form. — We introduce a .¢/-subalgebra of %,(g) which we will
use to specialize Z,(g) at a root of unity. Consider the following elements of Z,(g):

[Ki; C] B ﬁ qic—r+1Ki _ qi_c+r_1Ki_1 [Li; C] B ﬁ qic—r+1Li _ qi—c+r—1 Li—l

t r=1 qir - ql_r t r=1 qir - ql_r
[Ki; c: Li _ ﬁ ql r+1K q—c+r lL— [Zi; C:| _ t qlc r+1 ql—c+r 1 1_1
r=1 a —4;" t r=1 qi —aq;"

forl1<i<n,ce€Zand teN.

We define 7,7(g) as the .</-subalgebra generated by E.(r), F-(r), Ki, L;, Ki;c], [Lit;c]f

t
antipode of 2 (g) restrict to @;es( g) and endow 9;"5(9) with a structure of a Hopf algebra.

; K;;c; L;
[zl ] [ e ] for 1<i<mn, ceZand t €N. The coproduct, the counit and the
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The quotient of 7;**(g) by the Hopf ideal generated by z; -1, [zi; C] — [c] , [Ki; & Li] —
@

r r r
[Lit; C] and [Ki; (;;Li] — [Kit; C], for 1 < i < n is the usual Lusztig’s integral form of %,(g)
(see [[CP94, Section 9.3]).
The element of the form [Ki; i; Li ] appears naturally in the following identity, proved

by induction
min(p,r)

=

(V—t)[Ki;Zt_r_p;Li pr1)
t i ’

forany1<i<n, rseN.
The following formulas for the coproduct will be useful.

Proposition 3.1. — Let 1<i<nand t €N. Then

- t
K;;01) _ Ki; O o —r  [Kis O poo—r
1. A(_ ; D_;[t_r K; ®[ il P
- t
L0 _ L0 —r o [Li30] ;s
2 A(_ D_ [t_r]Li ®[ O,
_ t
3 A( Ki;O;LiD: [Ki;O;Li]L'—r®[Ki;0;Li:|K.t—r’
l' 0 1 r 1
i —
_ t
zi;01) _ z2i30 —r [2650] ¢—r
4. A(_ " D_Z[t—r]zi ®[ - ]zi .
We denote by @Z;’S(g)>0 (resp. @;es(g)o, resp. @;es(gfo) the intersection of 7{**(g) with

24(0)7° (resp. 24(a)°, resp. Z,4(9)<°).
It is not hard to show that for any 1 <i < n, the automorphism T; restricts to Z;*(g). As

in Section[1.6] we have:

Proposition 3.2 ([Lus90, Theorem 6.7]). — The elements

[] %, men
acdt
form an .o/ -basis of 7;*%(g)°.
The elements
[, e
acdt

form an .o/ -basis of 7;°(g)".

Note that the quasi-R-matrix at the end of Section belongs in fact in @;"S(g) and
the formula for its inverse show that it also belongs to 7,*(g). We still denote by © this
element. Moreover, the algebra endomorphism ¥ of Z,(g) ® ,(g) restricts to an algebra
endomorphism of @;es(g) ® @;es(g), which we still denote by W. Therefore, we still have
the relations

OA(u)=(VoAP)(1)O, (d®A)O)=U»(03)0);, and (A®id)(©)=Ty3(0;3)0,3.
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3.2. Specialization at a root of unity. — Let £ € C be a root of unity of order [. Set I’ =1
if lisodd and I’ = % if 1 is even so that [’ is the order of £2. We fix £1/L an L-th root of &
and consider the morphism of rings

o — C

The specialization of 7,(g) at £ is by definition the algebra Z:(g) = 92‘“‘5(9) ® 4 C. Intro-

duce the integers [; as the order of £; = §<aiéai> and set I = I; if [; is odd and I/ = %’ if [; is

even so that I/ is the order of &2.
The algebra Z:(g) is generated by elements of the form

") o) 1 ;41 |Kipc| [Lic| [Kie;L; z;;C
E " F KL ,[ lt ],[ lt ],[ lt "| and lt ,

for1<i<n, r,teNand c €Z given by the images in Z:(g) of the corresponding elements
of @;es(g). There exist some relations in Z:(g) related to the order of the root of the £;’s as

14 14 M 14 A 14
E/=0,F"=0,K"=1,L."=1,K;" = L}".

l
We denote by O; the specialization of ©. It is still an invertible element of some comple-
tion of 2:(g)®Z:(g), and we have an algebra endomorphism ¥: which is the specialization
of U. They satisfy the usual relations

O:A(u)= (T 0 AP)(1)0z, (Id®A)O:)=(¥:)12((0:)13)Os)12,
and (A®id)(©:)=(T:)s3((0:)13)(Os)23.

3.3. Representations at a root of unity. — The representation theory of %;:(g), as well
the one of %;(g), is more involved. As explained in [CP94, 11.2.A], defining the weight
space of weight (4, u) of a @;es(g)—module M as

My, ={meM|Km=E*m, Lim=E¥%m, y1<i<n}

is rather unsatisfactory: one can not distinguish the weight (4, u) form the weight (A +
lyw ;, u) for example.
The weight space of weight (A, u) of M is then defined as

v v . v
MM‘:{mEM‘Kim=gix’a”m,Lim=Egu'a")m,[K“O]m:[ural)] ,

li
. v
[LE?O]’" = [m’a")] ,Vi<is n}

Proposition 3.3. — Let (A,u) and (X', ') two weights of a module M. Then M, , = My, ., if
and only if (A, u) = (A, ).

Proof. — We show that for ¢ a root of unity of order d and with d’ =d if d is odd, d’ = 4

if d is even, and r € Z, we can recover r knowing only L;,] and Z".
4

Lemma 3.4. — Leta,b eNwitha>b. Let a=a,d’+ayand b = byd’+by with 0 < ag, by < d’.

Then
a / / (a1+1)b1+a1b0+a0b1 al a
[b]g 1) (¢") o lin),
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Proof. — We start with the following equality, valid for any m € N and X an indetermi-

nate
m—1 m m .
2k v _ k(m—1)
(1+¢*x)=>¢ [k] X
k=0 k=0 4
As {{72k |0 < k < d’} is the set of d’th-roots of 1 and
d’'—1 d’—1
(1 +§2kX) — é«d (d’-1) I_[ (X+§_2k)
k=0 k=0
we have
d/_l / / / / / / / /
l_[ (1 + ékaX) — gd (d —1)(Xd _(_l)d ): gd (d +1)(Xd +(_1)d +1).
k=0

On the one hand we have

a—1 a
l‘[(l %) Zng(r—l)[Z] Xk,
k=0 k=0 4
and on the other hand
a—1 ap—1
l_I(l n {2kX) _ (gd’(d’+1) (Xd’ +(_1)d’+1))“1 (l_l (1+ {2kX))
k=0 k=0
a, a9
_ yd'(d'+1)a 4 (d’+1)a—k) y kd’ k(ag—1) | @0 k
—Z_,, +la(;(k)(_l) +1)(a X )(;4’ a01|:k:|/X )

Comparing the coefficient of X? gives us

bla1)[ @] _ ya'td+va+blay1)_qy\d+Da—b) [ao]
renly) = i) (bl) R

which, using the fact that 4@+ = (—1)4*1, leads to the desired formula. O
Therefore, for r €N, we have
o (n ifa'=d
[ r] =1 (=D)otntly ifd/ = 2 4 and d’ odd,
¢ (—1)or ifd'=% 4 and d’ even.

/ —
Using [ d’] =(-1)% [r * Z, 1] we check that this is still valid for r € Z.
4

We wrlte r=nd +1rwith0<r<d’ Let 0<r’ <d be the unique integer such that
Lr=¢r.
First, we suppose d’ = d, hence d’ is odd. Lemma gives [;,] = r, and we have
4
r:[g,] d+r'.
4
Now, we suppose that d is even. Let r” =r"if 0<r’ < d’ and r” =r’—d’ otherwise.

We suppose that d’ = 5 is odd. Lemmaglves [;,] = (1)t If 1”7 =1/ then
¢

(1) “[ ] +r”,and if r” #r’ then r = —1)’”[6;,] +r”.
4
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Finally, if we suppose that d’ = ¢ is even, Lemma gives [6;,] =(-1)"r and r =
(=1 [ 6;,] +r.

vV 7V V / Vv
Therefore, if for all 1 < i < n, §§.A’ai> = gi.l =t and [M’ai)] = [M ’ai>] , we have

4
! Si

(A, a))y=(XN,a}) forall 1 <i<n and hence A=2". Similarly u=p’. O

The formula for the coproduct given in the Proposition[3.1|shows that the tensor prod-
uct of two weight vectors of weight (A, u) and (1/,u’) is again a weight vector, of weight
A+ u+u).

We consider the category 6 of finite dimensional %;(g)-modules M such that

M= P My,
(A,u)ePxPpP

As in the generic case we have El-(r) "My € Mjyra; psra; and Fim "M S My_ra; y—ra;-
Contrary to the generic case, it may happen that A +u ¢ 2P, for example if one of the
l;’s is odd.
One way to construct Z:(g)-modules is specialization. Let (4,u) € P*. We have de-
fined a simple highest weight %,(g)-module L(4, u) and we consider a sub-@;es(g)-module
L™5(A, u) generated by a chosen highest weight vector. Define the Weyl module by

va()tﬂ .u) = Lres(aﬂ ‘u) ®¢27 C.

This is a highest weight Z:(g)-module with highest weight (4, u), but it is not always a
simple module. As specialization does not change the weight spaces, it is clear that the
character of Wx(4, u) is still given by the Weyl character formula given in section2.2] The
Weyl module is a quotient of the Verma module and it has simple head Lz(A4, ).
Similarly to the case of g generic, we braid the category of representations as in section

3.4. Tilting modules. — As for %;(g), we consider the tilting modules, which have been
studied for quantum groups at roots of unity by Andersen in [And92].

Definition 3.5. — A 2:(g)-module M is tilting if both M and M* have a filtration with succes-
sive quotients being Weyl modules.

We refer to [Saw06] for more details in the case of %;:(g). We remark that weights (A, u)
of Weyl modules always satisfy A+ u € 2P; hence only these weights can appear in a
tilting module.

Proposition 3.6. — For any (A, u) € P, there exists an indecomposable tilting module T (A, u)
such that T(A, )y, =0 unless (A, u') < (A, u) and T (A, u),,, is of dimension one.
Moreover, any indecomposable tilting module is isomorphic to some T(A, ).

Proof. — The existence of such tilting modules follows easily from the existence for %;:(g).
Indeed, there exists a tilting module for %:(g) with a maximal vector of weight MT“ Ten-
soring it with L (A%“,—A%“) gives us an indecomposable tilting module with a vector of

highest weight (A, u).
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Let T be an indecomposable tilting module. Using the action of the central elements
z;, [le’,o] for 1 <i < n, one can show that A—u does not depend on the weight (4, u) of T.
i
Therefore, tensoring by L3> (” ;A,—#) gives an indecomposable tilting module for %:(g),
which is isomorphic to T (k, k) for some k € P, O

As a direct summand of a tilting module is again a tilting module, every tilting module
is a direct sum of indecomposable tilting modules. Using the fact that the tensor product
of two tilting modules for %;(g) is again a tilting module, we easily show that the tensor
product of two tilting modules for Z;(g) is again a tilting module.

The full subcategory of 6: with objects the tilting modules is far from being a fusion
category: it is not abelian, nor semisimple. We want to semisimplify this category; hence
we must understand which indecomposable tilting modules are of non-zero quantum

dimension. As any indecomposable tilting is isomorphic to some T'(A,u)~ T (’pzr—“, A#) ®

L (Ag“ ,—/12;“), we can use the results for %:(g). The next theorem follows immediately

from [Saw06, Theorem 2]. Recall that D =max, geo % Let 6, be the highest root of ® if

D | I’ and be the highest short root of ® otherwise. Let C be the following set of dominant
weights

C={reP"|(A+p,0,) <.

Theorem 3.7. — We suppose that I’ > Dh" if D | I’ and I’ > h otherwise. Then T(A,u) is of

non-zero positive and negative quantum dimension if and only if # € C. Moreover, T(A,u) =~

3.5. The semisimple category of non-negligible tilting modules. — From now on,
we keep the assumption on [ of Theorem We construct a fusion category using a
semisimplification of pivotal categories. As the category of tilting modules is neither
abelian, nor spherical, we use the version of semisimplification of pivotal Karoubian cat-
egories as in [EO18, 2.3]. The hypothesis of [EO18| Theorem 2.6] are satisfied since

1. the category of tilting modules is a subcategory of an abelian category,
2. up to an invertible element, the positive and negative quantum dimensions of an
indecomposable tilting module are equal.

We then denote by 7;: the semisimplification of the category of tilting %:(g)-modules.
This is a semisimple braided pivotal tensor category and the simple objects are the in-

decomposable tilting modules T'(A,u) such that A# € C. This category admits a faithful
P-grading
T =D 7
veP

where 7; ,, is additively generated by simple objects L:(A,u) with A+u =2v. As in the
case of g generic, each component J; ,, is equivalent to the category of tilting modules for
Us(g).

We now compute explicitly the S-matrix and the twist for 7:. The S-matrix is the
matrix indexed by Irr(7;) given by

— Tyt
Stagaaw) =T (3 L2, (L 07), Le(Ags) © CL(A ), L2 g7))-
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The twist 8 and the pivotal structure a are related using the Drinfeld morphism u (see
[EGNO15) 8.35]): a = uf. The latter is given by the composition

PRIl EP LY Gt PP catids Sy

We recall the expression of the quasi-R-matrix © of Z;(g)

o= ]_[(anz [n]g,da— q;")"E ®F("))

acd+

Recall also that we have chosen the pivotal structure given by the element L,, so that
positive and negative quantum traces of any linear map f: M — M are given by

TrX,I(f):Tr(szflM) and TrI_VI(f):Tr(fLZ_; | M).

Proposition 3.8. — Let (A, u) and (A, u') in P™. Then the S-matrix is given by
S e (DI ERPHA WA )+ (weA i )i+2p)

S(A,u),()\’,u’) - Zwew(_l)l(w)é'(zp,woo) ’

and the twist is
0100 =X id -
Proof. — Let Lz(A,u) be a simple object in J:. For any other simple object M in 7: the
map
(id 2.0, ® TrN ) © Cu1 20 © CLetR M
is an endomorphism of the simple object L:(A, u) hence is a scalar. We compute it on the
highest weight vector v, ,, of Lz(A,u). Let m € M be a vector of weight (1', u). We have

A /
M, L (M) © CL(A),M (Up u ® M) = g M, L) (M ® Up )
as vy, is a vector of highest weight. Now, we take the partial trace of this expression and
are interested only in the component on v, ,. As ™ v, is not of weight (A, u), this shows
that only the term 1® 1 in © contributes on this component. Therefore
(1L, ® Try ) e L) © CLoagmm = Toy (90 ﬁwy) idr.

where w%u(m) = EA+ Xt m for m a vector of weight (A, u/).
Finally, the S-matrix is given by

St g = dim* (L T (977,
Using the Weyl character formula, we have
Zwew(_1)1(W)§<Zpy(w-(/1,u))z) ZweW(_l)l(W)§(2p+/1,(w-(/l’,u’))z)+(u,(w-(l’yu’))l)
Soup ) = S e (—1)Iw)E2p,ws0) S ey (—1) ) E@p A4, we0)

Note that the assumption on / ensures that the denominators are non-zero. As we have
(p+A+u, we0)=2p,(w ' e(A,u)) —{(u,2p) the formula for the S-matrix becomes

S()L Yw) = ZweW(_l)l(W)5(2p+l,(WO(A/’M/))2)+<H,(w.(k/’u/))ﬁ_zp)
o ZWEW(—I)I(W)g(Zp,W.m

We now turn to the twist. Unrolling the definition of the Drinfeld morphism, one can
show that for v, , the highest weight vector of L:(4,u)

UL (Vap) =9 — £ o (va),
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whereas
ar (V) =9 =< (Zp'M)SO(VA,u)-

Therefore we have 0,5, =& A+2p.1) id LeOw)- O

3.6. A partial modularization. — Contrary to the category of tilting modules for %:(g),
T is infinite, since it has an infinite number of non-isomorphic simple objects. Following
Miiger [Mii00], we first find some objects in the symmetric center of 7, and we add
isomorphism between these objects and the unit object.

Proposition 3.9. — Let ve (I’QY)N P. Then the invertible simple object Lg(v,—v) lies in the
symmetric center of Tx. Its positive and negative quantum dimension is 1 and its twist is 1 or —1.

Proof. — For any simple object Ls(A, u) in Jr, we compute ¢z, u)1:(v,—7) © CL:(v—), L (D)
As Lg(v,—v)® Lg(A, ) is a simple object, the double braiding is the multipliéation yby a
scalar. By a computation on the highest weight vector, the double braiding is &"#~). But
as visin I’QY and u—A €2P, we have (v,u—A) € 2I'Z, so that the double braiding is the
identity.

The positive quantum dimension of Lz(v,—v) is given by the action of L,,, so is equal
to £727) = 1 because p € P.

The twist is given by £{"+22=?) which is obviously equal to £1 since v€ 1’Q". O

Let # be the tensor subcategory of 7 generated by the L:(v,—v) (wWhich we will denote
by S(v)), with v € (I'Q¥)N P and of twist 1. We recall the construction of the category
T:x & of [Mii00, Definition 3.12], which is simpler in our case since the objects in . are
all of dimension 1. We choose for any »,v € (I’Q¥)N P an isomorphism ¢,,,» in the one
dimensional space Hom (S(v)® S(v/), S(v+ 7)) such that the following commutes

SMeS()eS() 222 s(y+ )@ 8(v)

lid@’%/,w i%w,w

P v+

SMeS(V +vV") ——— S(v+ Vv +v)
To do so, choose in any S(v) a non-zero vector v,. Then ¢,, ,» sends v, ® v,/ t0 Uy .

We consider the category J: %, with the same objects as 7 and with space of mor-
phisms between two objects X and Y

Homg, o (X, Y)= @ Homg. (X,S(v)® Y).
yePNQV )

The composition of f € Homg.(X,5(v)® Y) and of g € Hom(Y,S(V)® Z) in Tr x & is
given by

; e
x —L 5 smey —2% 5 s(mesi)ez M, sr+v)ez .

Due to the compatibility of the maps g, it is easy to check that this defines an associative
composition.

This category has tensor products: on objects the tensor product is the same as the one
in 7r and if f € Homg, (X,S(v)® Y) and g € Homg, (X', S(v)® Y’), their tensor product is
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defined as the composition

id® ®id
XoXx —I% _, smeves(r)ey —% shes()eY e Y

Py, ®id

s S(v+vY)®Y®Y'.

Again, the compatibility of ¢ ensures that this tensor product endows J; %, . with a
structure of a semisimple tensor category, see [Mii00, Section 3.2] for further details.

The duality on 7;: extends to a duality on J; xy.#. One may check that the pivotal
structure in J; induces a pivotal structure on J; %, . It is crucial that the objects in .%
are of twist 1.

Finally, the category 7 x, &/ is braided because .7 is a subcategory of the symmetric
center of 7: (see [Mii00, Lemma 3.10]).

Now, in the general case, it can happen that the category constructed above is not
idempotent complete. This happens exactly when tensoring by a non-trivial simple object
of & has a fixed point on the set of simple objects of 7:. But the object S(v) is in the
component 7 , of the grading, thus tensoring by this object has no fixed points on the
set of simples, provided that v # 0. Therefore the idempotent completion F; x.% of 7%y
is T 4 & itself.

Proposition 3.10. — The category Tz x /' is finite.

Proof. — Indeed, denoting by G the quotient of P by {v € (I’'Q¥)NP | fg,y =1}, Tz xS is
a G-graded category, with each homogeneous component equivalent to the category of
tilting modules for %:(g)
T xS =P(Tex 7).
veG
Therefore, 7: X% has |C||G| simple objects. Note that G is indeed finite since P/((IQ")NP)
surjectson G. O

3.7. An integral subcategory. — We consider the full subcategory of 7: additively gen-
erated by the Ls(A,u) with A+u € 2C and u € Q. This subcategory is stable by tensor
product: we can easily see this at the level of Z:(g)-modules. We denote this category
by Z(7;). In the case of the tilting category for %:(sl,,+;), Masbaum and Wenzl [MW?98]
show that an analogue of this subcategory is a modular category provided that / is even
and I’ and n +1 are relatively prime.

As for the category 7, there are an infinite number of simple objects. But the objects
of the form S(v) with v€(I’QY)NQ are in the symmetric center of Z (3;)

Lemma 3.11. — The twist of S(v) is 1 for any ve(I’QV)NQ.

Proof. — In type A, D or E we have Q" = Q and therefore (I’Q")NQ = I’Q. Hence for
v=10U>" va; v; €Z, we have

n
_1’2( Z 2vivi{a;,a ')'l‘ZV?(ai,ai))EO mod 21’
i=1

1<i<j<n

so that all S(v) with ve(I’QY)NQ are of twist 1.
In type B, let a;,...,a,_; be the long roots of A and a,, the short one. We have a) = 3
for1<i<n-—1land a)=a,.If I’is odd, then (I'QY)NQ =1’Q and (v, ») =0 mod 2!’ as in
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the simply laced case. If I’ is even, then (I’Q¥)NQ =1’Q" and for v= % Zl L viai+Uva,,
v; € Z, we have

l/2 l/2 n—1
(V,V>=I Z ViVj<ai’aj>+?ZViVn<airan>+l,2Vi<an»an)
1<i,j<n—1 i=1
n—1 1
=17 ZV?+5 Z Vivi{ei, ) = Vg V29
i=1 1<i<j<n—1

and since (a;,a;) is even for 1< i< j<n—1,(», v =0 mod I’”. As I’ is even, we have
[=21"and (v, =0 mod .

In type C, let aj,...,a,_; be the short simple roots and a, be the long simple root.
We have af =a; for 1 <i<n—1and ! = 3. If I is odd, then (I'QY)NQ = I’Q and
(v,»y=0 mod 2l’ as in the simply laced case. If I’ is even, (I’Q¥V)NQ = I’QY and for

y=1I Zl L Vi +L vnan, v; € Z, we have

VZ
_1/2( Z vivila;,a; +Zvnv, a;,a 4n(an,0!n)

1<i<n—1
and as (a,,a,) =4, we have (v, =0 mod I’?. As I’ is even, we have [ =21’ and (v, ¥) =0
mod /.

In type Fj, let a; and a, the long simple roots and a3 and a, the short simple roots.
We have a) =3, ay = %, a¥ = a3 and a} = a,. If I’ is odd, then (I’QY)NQ = I’Q and
(v,7) =0 mod 2!’ as in the simply laced case. If I’ is even, (I’QY)NQ = I'QY and for
v=1"(%a;+ Zas+ v3a3+ v,a4), v; €Z, we have

(7, ) =12+ 5+ 205+ 2V — v v, — 27 73— 273 7)
and therefore (v, ) =0 mod .

Finally, in type G,, let a; be the short simple root and @, the long one. We have af = a;
and ay = %. If I’ is not divisible by 3, then (I’Q")NQ =1'Q and (v, ¥) =0 mod 2!’ as in the
simply laced case. If I’ is divisible by 3 then (I’'Q¥)NQ =1'Q"Y and for v=1"v,a; + lg/ Volls,
v; € Z, we have

U

2
(v, ) =1%2Vi=2vm+=} 21’ (32 =3y v, +75)
1 3

and therefore (v, v) =0 mod 21’. O

Hence, we have shown that for any v € (I’Q¥)NQ, S(v)is of quantum dimension 1 and of
twist 1. We again construct the category Z(J;)x.% and we obtain a P/((I'Q")NQ)-graded
category

UT)nS= P AT,
veP/((I'QV)NQ)
Note that we do not have an equivalence of category between Z(7;), and Z(7;), if v¢ Q.
But we have an equivalence between Z(7;), and Z(7),  if v=7"in P/Q.

Proposition 3.12. — The category Z(7:)x . is finite and has |C||Q/((I’Q¥)NQ)| simple objects.

Proof. — If we choose some representatives vy,..., ;. of P/Q in P/((I’Q"Y)NQ), we have |C|

simple objects in G}l 1 Z(7%),,. Therefore Z(7:) x # has |C||Q/((I’QY)N Q)| simple objects.
OJ
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We end this part with some notation. Denote by C the following set of weights
C={AuePxQ|A+uec2C}.
This set parametrizes the simple objects of Z(J;) and the group I’Q¥ N Q acts on it by
V- (AL v)=A+r,u—v)
for (A, u)€ € and ve (I'QV)NQ. The set C = C/((I’Q"Y)NQ) parametrizes the simple objects
of Z(T:)x & .

3.8. Non-degeneracy of 7; x.# and degeneracy of Z(7): x /. — In this subsection, we
suppose that I =2Dd for d > hV Then I’=Dd and DdQY € Q and by Lemma 3.11] for
any ve DdQV, we have 6y,

Proposition 3.13. — The category Tz X/ is non-degenerate.

Proof. — Using the proof of [BK01, Theorem 3.3.20], we show that the square of the S-
matrix of 7x x ./ is invertible. as for any w € W and (4, u) € P we have

A+ A— A+ A—
WO(A,u):(wo 'u+ ‘u,wo g ‘u),
2 2 2 2

we can rewrite the S-matrix of 7 x.% as

é’(zp,M—TI+M/—TI/>—2(H—7%M/—TI’> g
nn

Sy =
where A +u =2n, A4+ u’ =2n" and § is the S-matrix of the modular category of tilting
modules for %:(g) (see proof of [BK01, Theorem 3.3.20]). The simple objects of 7: x
are indexed by {(A,u) € P x P | A+u€2C}/DdQ" which is in bijection with C x P/Dd Q"
sending (A, u) to (n, u). Therefore

4 4 / 4 A / 7/ a
( 52)(/1,;1),(&”,#”) = gRpu—n+u"=n") Z Sy Sy g2 2p+n—ptn" =) Z g2 204" —u")
n'eC WeP/DdQV

:|P/DdQV|52p+n—‘u+n”ju”€DdQV
=|P/DdQV|5 " §<2p’2p) § /§ /
2p+n—pu+n"—u’eDdQv N =N
n’eC

= 02p ti-ptn/—preDd QY Oy —un(m)K

= Oy —un(m)O prezp-+n—pi—wy(n)+DAQVK:
where x is a non-zero constant. As y € P/DdQV, the matrix S$? is, up to a non-zero
constant, the invertible permutation matrix (8 ;7),(—2p,2p)—wo(A,1)) o), (7, 127)- O

The square of the S-matrix is not given by the duality: this is due to the fact that 7z x.
is not spherical, but only pivotal.
Now we turn to the category Z(7): x ¥ which is degenerate in general.

Theorem 3.14. — The symmetric center of Z(T): X/ contains |P /Q| simple objects. Therefore,
the category Z(T): X /' is non-degenerate if and only if g is of type F,, G, or Eg.

Proof. — Using [EGNO15, Lemma 8.20.9], the simple object Lz(A,u) is in the symmetric
center of Z(7): x & if and only if

dim™(Lz (A, u ))
(Mo Po,0)z(7): 0 = Zfdim L) SO, Ay S )
(A, u)eC
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As in the proof of Proposition we let 2n = A+p and 21’ = A+, which are elements
in C. We then have

22p,0 =) £ 2p u—n+u'—n')=2{u—n.u'—n') & 2p,p'—1) &
(Bp ho0)zi 7)o = Z Z g2@p =) £ @p pn+p' =) =2{u—np ”)Sm,mf(p“ n)Sn/,o
/eC weQ/DAQY
2 — 2(u’ -
—é’p“”Zé’ ”n“Snn/Sn/o Z g2 -
n’eC weQ/DdQVv
|Q/DdQv|5H—neDdPV

\% ~ ~ 2 ! U—
= |Q/DdQ |5,u—n€DdPV Z Sn,n’sn’,og o+ 77)_
n’eC

Lemma 3.15. — Let ye DdPY. Forany w € W, we have y —w(y)€ DdQ".

Proof. — We proceed by induction on the length of w € W. If [(w) =0, the result is trivial.
If [(w)=1, we have w = s, for some a €II. Then we have

r—sq(y)=(r,a)a",

and since y € DdQV, the scalar product (y, @) is in DdZ. Now suppose I(w)> 1 and write
w = s,w’ for some w’ € W, a €Il such that I[(w’)=I(w)— 1. We have

r—wy)=r=wr)+wy)—s(w'(y)
which is the sum of two elements in DdQ". O

Now, fix y € Dd P". Following [BK01, Section 3.3], we have an action of the affine Weyl
group W% = W x DdQ" on P such that C contains exacly one element for every orbit
with trivial stabilizer for the dot action (note that in [BK01, Section 3.3], the translation
subgroup of W* is generated by dQV, but Q" is embedded in P using D71{.,), so that it
coincides with our notations). Using the fact that 3, e = (—1)"")5, ,» and Lemma
we see that §, 5, oE2P 74~ is invariant by the action of W¢. We therefore can replace
the summation on C by a summation on P/DdQ" and we obtain, using the formula of §
in the proof of [BK01, Theorem3.3.20]:

Zgnn,gn, GEXPHTT) = ! Z (—1)lw)+iw) Z g2 +p,wintpyrw(p)+y)
’ ’ |[Wlk

n’eC w,w'ew ePIDAQY
_IP/DdQY| ;
B |W|K Z (- w 5 w(n+plH+w(p)+yeDdQVs

w,w’eW

where k is a non-zero constant.

Asy e DdPV the stabilizer of y for the dot action is trivial, and there exist a unique y € C
and w € W such that y+p € w(f+p)+DdQ". Now w(n+p)+w’(p)+y € DdQ" if and only
if wn+p)e—y—w'(p)+DdQV. But w'(p)e—w'(y)+w'w(f+p)+ DdQV and therefore,
using Lemma wn+p)+w'(p)+yeDdQV if and only if n+p € w w' i wo(—wy(7)+
p)+DdQV. But this is possible if and only if n =—wy(7) and w = w’w w, and therefore

D S ST = k()G .
n’eC
Therefore, the simple objects in the symmetric center of Z(7): x.# are indexed by

(A, u) € C where 52 =y e DdPV/DdQV and ’” =—wy(7), where 7 is the only element in
C in the orbit of y under the dot action of W“ O
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4. The type A

In this section, we investigate in details the category Z(J;) x # for s, at an even root
of unity.

Notations. In this section g =sl,,, and & is a primitive 2d-th root of unity,
where d > n+ 1. To be consistent with the notation of Section [B|we set | =2d
and 1’ = d. We use the conventions of [Bou68| Planche I] for the labelling of
r00ts.

4.1. The category Z(7:)x .. — In type A, we have QY = Q therefore this category has
|C||Q/dQ|=d"|C|simple objects. From the description of C given in Section we have

n n
C:{Zniwiep+ ZT],Sd—(U'FI)}
i=1 i=1

so that |C|= (d,;l). Recall the notations € and C at the end of Section

The category Z(7:) % # is not modular by Theorem To compute the n +1 simple
objects in the symmetric center of Z(7;) x #, we follow the proof of Theorem [3.14} for
every y € dPV/dQV, we find a representative 7 € C of y for the dot action of the affine
Weyl group W¢. The group dP"/dQ" is generated by the image of dw, and we have

n

SnSn—1 "'Sl(dwn +p)_p = dwn _ansn—l "'Sn+2—i(an+1—i) mod dQV
i=1

But s, 8,1 Sppo_i(@pi1—i) = Z?:nﬂ_l. @ and therefore
SpSp_1-- S 8(dw,)=dw,—(n+1)w, moddQY,
which is indeed an element of C. Therefore the element
I=L:(d—(n+1))o,—dw,,(d—(n+1))o,+dw,)
is in the symmetric center of Z(7;) % <. As @w;+ @, € QY, we have an isomorphism

I~L:((2d—(n+1))w;,—(n+1)w;) in Z(T:) % .

Proposition 4.1. — The symmetric center of Z(T:)x / is generated by I as a tensor category.
The object 1 is of positive and negative quantum dimension (—1)" and of twist 1. Moreover,
tensorisation by I has no fixed points on the set of simple objects of Z(Tz)x /.

Proof. — First, the object I is invertible because the object L:((d—(n+1))@,(d—(n+1))w,)
in 7; is invertible and the tensor product L:((d —(n + 1))@ ,(d —(n + 1))@,) ® L:(n,7),
n=>.,n;w;€C,is given by

Ls((d—(n+1))o,(d—(n+1))w)® L:(n,n)~ L: (Zm_lwi,Zm_lwi),
i=1 i=1

where we set ng =d —(n+ 1)—Z?=1 n; > 0 (see the proof of [Bru00, Lemme 5.1]). Let
(A,u) € C. Write this weight as

n

=) mie; and /1=—u+22n:mwi

i=1 i=1
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with u; €Z,n; €Nand Y7 | n; <d—(n+1). Therefore, using the braiding, we have

n n
I®L:(Au)~ L (A+Z(ni—1 —nio;+ d61,u+2(m_1 — i), —dw1)-
i=1 i=1

From this, we see that the objects I®* for 0 < k < n are non-isomorphic. Since I is in the
symmetric center of Z(7;)x ., which contains |P/Q| = n+1 simple objects, all the simple
objects in this symmetric center are given by the powers of I.

We can compute the quantum dimension directly in 6:. As a %;(sl,;,)-module, the
quantum dimension of Lz((d —(n + 1))@ ,(d —(n +1))@,) is 1: this object is invertible
and its quantum dimension is positive [BK01, Theorem 3.3.9]. Therefore, the positive
quantum dimension of I is the one of Ls(dw,,—dw,) which is £~42P.@1) = (—1)",

The twist is given by £( ) 126 -1 1)) = £724n = 1. The last assertion is easy,
since the grading of I is dw, ¢ dQ. O

4.2. Dimension of Z(7:) x . and renormalization. — Thanks to the decomposition
Lg(A, ) ~ ;(A;“, M) ® Lg( —A%“) the squared norm of Lg(A,u) is the same as the

)

( )L+/,t /1+u )

one of Lg Therefore

dim(Z(7:)x #)=d"N,

where N is the dimension of the fusion category of tilting modules for %:(sl,;), which
is well known (see [BKO01, Theorem 3.3.20], except our N is their D?)

N=(n+1)d"(~1)®" ]—[

L] gen —g=wone

The Weyl character formula gives

l_lg(ap —(a,p) — =& 2(p,p) Z (_1)1(W)§(2pvw'0).

aed+ weS 41

Now, as the category Z(7;:) x # is degenerate, we construct a non-degenerate category
from it. If n is even, all elements in the symmetric center are of quantum dimension 1
and of twist 1: adding an isomorphism between I and 1 as in Sections [3.6|and [3.7| yields
a non-degenerate category of dimension

. -2
dlm(Zn(i'gl) xS _ dzn(_1)|<1)+|€—(2p,2p>( Z (_l)l(w)g(Zp,wm)) .

weGnJrl

If n is odd, one half of the objects of the symmetric center are of quantum dimension
1 and of twist 1 and the other half is of quantum dimension —1 and of twist 1. We first
add an isomorphism between I ® I and 1 and we obtain a slightly degenerate category of
superdimension

) -2
dlm(Z(%) X y) _ dzn(_1)|tb+|€—(2p,2p) ( Z (_l)l(w)g(Zp,woO)) ,

n+1

we6n+l

see [Lac18] for more details. By adding an isomorphism of odd degree between I and 1,
we obtain a braided pivotal superfusion category, as in [Lac18, Section 3].

In both cases, the category obtained is not spherical and we renormalize the S-matrix
by a factor involving the dimension on a certain object 1 introduced in [Lac18]: it is an
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object X such that the character induced by X on Gr(Z(7;)x.#) is the negative quantum di-
mension. If such an object exists, it is not unique as tensorization by the symmetric center
leaves invariant the character induced at the level of the Grothendieck group. Therfore,
if n is even, 1 is well defined in the modularization of Z(7;)x.%, and if n is odd, it is well
defined in the super category associated to Z(7:) x ..

Proposition 4.2. — The object 1 belongs to the orbit of L:(—2p,2p) under tensorisation by the
symmetric center.

Proof. — We show that the character of Gr(Z(7;) % ') induced by L:(—2p,2p) is the neg-
ative quantum dimension. Denote by y the character of Gr(Z(7;) x ') defined by

~ dim*(L:(—2p,2p))’

2(X)
The formula for the S-matrix, together with dim*(Lz(—2p,2p)) = £2P:2P) gives
g g\l=2p,2p g
ZweG (_l)l(W)g(/1+2p.(w-(—ZPvZ,D))z)Jr((w-(—2py2p))1+2p,u)
n+l
ZERRD NIRRT
It is easy to check that w e(—2p,2p) = w ¢(0,0)+(—2p, 2p) and therefore
(A+2p,(we(=2p,2p))p) +((we(=2p,2p)1 +2p,u)—(2p,2p)

)L_
=<A+u+2p,w(p)>+<7“—p,2p>

4 A+u A—uU
_ 1
—<w . 2 ,2p>+< 2 ,2p>.

Then, the value of y at L:(A,u) is given by

B S e L s
_ 52, weby, 41
Z(L{(%W)—d p> Zwee +1(_l)l(w)§<21r3,u/.0)

:dim—(L;(%—H,_A;ﬂ))dimi(b(m,M))
> 2 2 = 2 2

— dim™(Ls(A, ),
as stated. O

A(Le(A, )=

Finally, we renormalize S with a square root of

)
dim(Z(%)xy) : I n tl+n w ,we
e am@=dTeEnTy ( D e 0)) :

we6n+1

which is

—1
dni|¢++n( Z (_1)l(w)g(2p,w00))

weB 41
up to a sign.

We choose for each orbit of simple objects of Z(7;:) x - a representative of the orbit
under tensorisation by the symmetric center, such that 1 is the representative of the orbit
of 1 and I ® L:(—2p,2p) is the representative of the orbit of L:(—2p,2p). This choice will
be explained in Section
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Theorem 4.3. — If n is even, the category Z(T:) x & gives rise to a non-degenerate braided
pivotal fusion category. If n is odd, the category Z(Tz) % &/ gives rise to a non-degenerate braided
pivotal superfusion category. In both cases the renormalized S-matrix is given by

- - Zwew(_1)1(W)§(2p+/1.(w-(/l’,u’))z>+<u,(w-(l"u’))1+2p>
— i n
St ) =1 an

and the twist by
0r = 5(/14-2/?41)_

5. Malle Z-modular datum

We refer to [Mal95] and [Cun07] for most of the materials of this section. Let { be a
primitive d-th of unity.

5.1. Set up. — Let Y ={1,2,...,nd + 1} of cardinal nd +1 and n: Y — N be the map
defined by

=1" if1<k<n+1
|22 ifn+2<k<nd+1

Let (Y, ) be the set of maps f: Y — {0,1,...,d —1} such that f is strictly increasing on
each n71(i), 0 < i < n. Since for 0 < i < n—1 the set 771(i) is of cardinal d —1, there exists
a unique element k;(f)€{0,...,d —1} such that {0,...,d — 1} = f(n~'(i))U{k;(f)}. Note that
f is then determined by the values of f(1) <--- < f(n +1) and of ky(f),..., k,_1(f). For
fev(Y,n), we set

e(f)= (_UI{(J’,J’/)GYX Yly<y’and f(y)<f(y" )}l

Let V be a C-vector space of dimension d with basis (v;)o<i<q—1. We denote by %
the square matrix ({'/)y<; j<a—1 and we will view it as an endomorphism of V. We set
7(d)=(—1)a-D/2 det(#) = H05i<j5d—1(§i — 7). We consider the automorphism of the vec-

tor space (/\"+1 V) ® (/\d_1 V)®n given by (/\"Jrl 5’) ® (/\”l_1 Sﬂ)m. This space has a basis
given by
V=W A AV @ (W) A AVp(nsa) ® -+ @ (Uf(na2s(n—1)d—1) A A Vf(nd+1)

for f € ¥(Y,n). Denote by S the matrix of (/\thl 5”) ® (/\d_1 9)8’” in the basis (V) ey(v,n)
((/\n+ly)® (/\d—ly)con)(vf) _ Z S,V
gev(Y,n)

The following lemma follows immediately from [BR17, Lemma 6.2].

Lemma 5.1. — Let f,g €W(Y, ). Then we have

— n+1

L ki kiten 1)”“ W2e(d)" 11 - (0] m P00
Sfg=(=1)=i=0 I_[;’ Z - l_IZj
i=1

U€6n+l
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5.2. Malle Z-modular datum. — Following [Mal95], we consider the family .# of unipo-
tent characters of G (d 1 @) parametrized by reduced d-symbols with values in the
multiset

{07117, (n =) e

These d-symbols are in bijection with the set

> )= n(j) mod d}.

yey

Uiy, )= {felIl(Y,n)

Indeed to f € ¥#(Y,7) we associate the reduced d-symbol S = (Sy,...,S;_1) with entries
i€S§;forall je f(n'(i)). We define for f e U(Y, )

a2 _ 2
Fr(f)= é';ld(l d )I_I Z; 6(f(y) +df(y),
yeY

where £, is a primitive 12d-th root of unity such that ¢ iz = {. Denote by T the diagonal
matrix with entries (Fr(f)) ews(v,r)-
Following [Cun07, Section 5], we denote by S = (S¢ ¢) ¢ scw#(v,r) the square matrix de-
fined by
(_l)n(d—l)_
Sre="Zap e

Define fy € U*(Y,n) by f(i)=i—1for1<i<n+1and ki(f)=j+1for0<j<n-—1.
Note that Sz, . # 0 for all g € ¥(Y, ) as it is, up to a non-zero constant, the value of a
Vandermonde determinant. The following is due to Malle [Mal95, 4.15].

Proposition 5.2. — We have

1. S*=(ST)* =[S%,T]=1.
2. S is symmetric and unitary.
3. Forall f,g,heV*(Y, ) the numbers

SrS, S
V- S St
kel#(Y,n) ok

belong to Z.

The special symbol also parametrizes a complex representation of G (d, 1, W) and
the complex conjugate of this representation is parametrized by the cospecial symbol, see
[Mal95, 2.A, 2.D] for more details. Explicitely, the cospecial symbol f, is given by

d—n+i—2 otherwise

f(i):{o ifi=1 and ki(f)=d—i—1.

We will compare this modular datum to the one constructed in Theorem For this,
we rewrite the expressions of S and T. First, note that f € ¥(Y, r) is in ¥*(Y, 7) if and only
if n+l n—1

> f0)=D ki(f) modd.
i=1 i=0
Therefore, we get rid of f(n+1) in the expressions of S and T.
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Proposition 5.3. — For f,g e V*(Y )we have
(f) Z:Zl] i1(f (Zjlf Z jl(f))

and

Sre= %g(f)g(g)(_l)z,'-’:l(ki_l(f)+ki_1(g))
Z (=1)l@) évz;;l[(kifl(f)—f(i))(zj':l(a‘g)(j) S kjealog) [+ ki (0o )Xy -3 k()]

0'66,,+1
Proof. — Let us begin by the value of Fr(f). By definition, Fr(f)={¢ where
a=nd(1—d*)—6 > (fy)+df(y).
yeY

which we consider « as an element of Z/12dZ. First, as {0,...,d —1} = f(7 (i) U {k;(f)}
for0<i<n—1,wehave

Zy(f(y)2+df(y))=§(f(i)2+df(i))+ dz_: +di)— Z ki (f P +dkia ().
But sgfz‘ol(ﬁ +di)=(d— 1);(2(1 —1)+3d?*(d —1)=d(d —1)(5d —1) and therefore
d(l—dz)—edi(i2+di)=6d2(1—d)zo mod 12d,
so that -

n+l1 n
a=—6 (Z(f(i)z+df(i))—2(ki_1(f)2+dkl-_1(fn).
i=1 i=1

Fix neZsuch that f(n+1)= Z?zo(k,-_l(f)—f(i))+ nd, so that we have
n 2 n
fn+17+df(n+1)= (Z(k,-_l(f)—f(i))) +dZ(k,-_1(f)—f(i))
i=1

+2dnz ()= f)+d?n(1+1n)
N———
=0 mod 2

n 2 n
E(Z(ki_l(f)—f(i») +d ) (kia(f)—f(i)) mod2d.
i=1 i=1

a:—6(( - 1) ) +Z(k, (Y - )
i=1

—12(Zf(z (- fa)-2 > (ki_ltf)—f(i))(kj_ltf)—fu)))

1<j<i<n

i i—1
= 1zZ(ki_1(f)—f(i» (Z Fi=>. kj_l(f))
i=1 j=1 j=1

which gives the expected formula for Fr(f).

Finally
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We now turn to the formula for S. Since 7(d) = (—1)4~"N4-2/2¢(d) we have

)X krkE) =L e
Spg= - ll:olévk,(f)k,( g)%; 13(")];[5 F@Do-g)i).

Fixoce&,;andlet h=0-g. Then

n n+l
D kia(Nkia(h) = f(i)h()

i=1 i=1

=Z(ki—l(f)ki—l(h)_f(i)h(i))_ (ki1 (f) = F)(Ki—1(R)— h(i)
i=1 1<i,j<n

= (ki ()= FEDR(E) + D (Kia(B) = RGN = D (kia(f)— (@ ki—1 (h)— h(D))
i=1 i=1

1<i#j<n

n i i—1 i i—1
=> (k,-_l(f)—f(i))(zh(j)—ij_l(h))+(k,~_1(h)—h(i))(Zf(j)—ij_l(f)) :
=1 j=1 j=1 =1

j=1

Hence, taking the sum on o € &,,;;, we obtain the second formula. O

5.3. Ennola duality. — For each d-symbol S in the family #, Malle defined a polyno-
mial y5(q), which have similar properties to the degree of a unipotent character for a finite
group of Lie type. These polynomials satisfy the Ennola property: there exists a bijection
&:F — Z such that for every symbol S in the family .7, y5({q) = £y ¢(5)- The symbol &(S)
is explicitly given in the proof of [Mal95, Folgerung 3.11]. We describe it at the level of
functions in ¥*(Y, 7). Let f € U*(Y, ), its Ennola dual &(f) is given by the unique function
g such that

ki(g)= (ki(f)+i— n(n2+ 3))res and

(gl 1<i< n+1}={(f(i)— ”(”z“))res i< n+1},

(k) being the remainder in the Euclidean division of k by d.

5.4. Comparison with the modular datum of the category Z(7;) x .. — We now com-
pare the modular datum of Malle with the modular datum of Theorem from which
we use the notation. To each function f € W#(Y,n) we associate u = Z?Zl u;a; € Q and
A=—p+2>" n;o;€P with

i—1 i

pi=>_ kja(f)—
=1

J

f(j) and n;=fi+1)—f(i)—1.
1

j:
As f takes its values in {0,...,d —1} and is strictly increasing on {1,...,n + 1} we have
> ni <d—1—n and therefore A+ p €2C. We then obtain a map
.. { vyn) — C
N F = Gpup
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Note that the special symbol f; is sent to (0,0) and the cospecial symbol is sent to (—2p +
(2d —(n+1))@,2p —(n +1)@;. We define a left inverse to ¢ as follows. Let (A, u) € C and
define f; , as the unique function f € ¥(Y, ) such that

i—1 res
{f(l),--.,f(n+1)}={( (U, @)+ <—+pa]>) |1£i£n+1}

j=1

ki (f)= (Z<A%“ +p,aj>)r“'8.

j=1
An easy computation shows that f; , belongs to W#(Y, ) and that f,s) = f for any f €
U#(Y, 7). A straightforward computation shows the followmg lemma.

and

Lemma 5.4. — Let f,g € W*(Y,n). With the previous notation we have

n i i—1
(A +2p, 1)+ (Mg +2p, 1) =— > (kia(f)— f(i)) (Zg(j)—z k,-_l(g))
i=1 j=1 j=1
n i i—1
= (ki1(g)—g(i) (Zf(j)—z kj_l(f))

i=1 j=1 =1
Now, let { = £72. It follows immediately that

Ty= BLs(lfyﬂf)'

and noticing that ¢(o - f) = s e1(f) (Where we extend ¢ to all functions f: ¥ —{0,---,d —1}
such that f is injective on each 771(i), the action of &,,;; being induced by the action on
the {1,...,n+1} C Y) we have

Z 5., (_l)l(w)g(Zp,woO) . A
Sf,g _ —weby T 8(f)8(g)(_1)Z":l(k'fl(f)-kk'*l(g))S()Lf,yf),()\g,,ug)'

Let P be the diagonal matrix with diagonal entries (&(f )(—1)2 ki (f)) rew(v,m)- We can
now state the main theorem of this paper.

Theorem 5.5. — If n is even (resp. odd) the braided pivotal fusion category (resp. braided pivotal
superfusion category) of £.3]is a categorification of the Malle Z-modular datum:

Srg=i " T PSP and Tp=0pp)

Remark. — The image of ¢ contains exactly one representative of each orbit of simple
objects of Z(J;) x # under tensorisation by the symmetric center. As I ® L:(—2p,2p)is in
the image of ¢, this justifies our choice of 1 made in Section

5.5. Categorification of the Ennola property. — The Ennola duality gives a bijection &

on W#(Y, 1) and satisfies & =id. Consider (—y,7) in C given by y = @t g

Proposition 5.6. — Tensoring by L:(—y,r) is a categorification the Ennola duality. For any
f € V*(Y, 1) we have

Le(u(fN®Le(=y, 1)~ L(U(E(f)))
the isomorphism being understood in the non-degenerate (super)fusion category associated to
ZL(T)NS
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As 7 belongs to QV, it is clear that Lz(—y,7)®? ~

Proof. — We write y on the basis of simple roots

1< : .
yzég(n—l+l)(n—z+2)ai.
Let f € U¥(Y,n) and let (A,u) = t(f)+ (—y,y). Writing as usual u = Z?Zl,uiai and A =
—,u+22i:1n,w, we have

i—1 i - .
u,:ij_l(f)—Zf(m(” SRR and =)0

By definition, f; , is the unique function g € ¥(Y, ) such that

i—1 res
{g(l),...,g(n+1)}:{( (U, @)+ <—+pa1>) |1£i$n+1}

j=1

and s
[N/ Amm
ki_1(g)= ; —  tPa; .
But as
it n(n+1)
—(u, @, +Z<—+p a,>=f(i)— 5
j=1
and

<A%‘U+P (1]> f(i+1)—@+.ui+1—.ui
n(n+1+(n—i)(n—i+1)_(n—i+1)(n—i+2)

2 2 2
n(n+3)

= ki (f)—

=kia(f)+i—-1-

we have f3 , = fis(r)- As the fibres of the map (A, u) — f; , are exactly the orbits under
tensorisation by the symmetric center on the set of simple objects of Z(7;)x.7, there exists
k € Z such that L:(t(f))® Lz(—7,7) ~ L:(L(E(f)) ® I®F. O

6. Z-modular data associated to exceptional complex reflection groups

The notion of “unipotent characters” has been defined for some exceptional com-
plex reflection group by Broué, Malle and Michel [BMM99], [BMM14], which are called
spetsial. The notion of families of such characters, as well as of Fourier transform and
eigenvalues of the Frobenius exists, and are available in the package CHEVIE of GAP
[GHL796], [Mic15]. In this section, we categorify some of these Z-modular data using
subcategories of Z(7;:) x ., for a well suited simple complex Lie algebra g and & a well
chosen root of unity. The unipotent characters of a complex reflection group G are ob-
tained in CHEVIE and displayed with the following command (we do the example of
G,):
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gap> G:=ComplexReflectionGroup(4);;
gap> U:=UnipotentCharacters (G);;
gap> Display (U, rec (byFamily:=true)) ;
Unipotent characters for G4

Name | Degree FakeDegree Eigenvalue Label
*phi{1,0} | 1 1 1
*phi{2,1} | (3-ER( ) /6gP’ 3P4P" 6 qP4 1 1.E3
#rhi{2,3} | (3+ER(—- /6qP"3P4P 6 g~ 3P4 1 1.E3"2
Z3:2 | —ER 3) /3gP1P2P4 0 E3"2 E3.E3"2
*phi{3,2} | qr2P3P6 qr2P3P6 1
xphi{l,4} | —-ER(-3)/6g74P"3P4P"6 qr4 1 1.-E3"2
phi{2,5} | 1/29”~4P2"2P6 g~ 5P4 1 1.E3"2
G4 | —l/2q 4P1"2P3 0 -1 -E3"2.-1
z3:11 | —ER 3)/3g~4P1P2P4 0 E372 E3.-E3
#phi{1,8) | ER(-3)/6g"4P’3P4P’'6 g~ 8 1 -1.E3"2

One can access to a family, to its Fourier matrix and to the eignevalues of the Frobenius
as follows (continuing the same example):

gap> f:=U.families([2];

Family ("RZ/372",[6,5,8])

gap> f.fourierMat;

[ [ -2/3*E(3)-1/3*E(3)"2, —1/3*E(3)—2/3*E(3)A , —1/3*%E(3)+1/3*E(3)"2 ]
[ -1/3xE(3)-2/3%*E(3)"2, —2/3*E(3)—1/3*E(3) 2, 1/3%xE(3)-1/3xE(3)"2 1,
[ -1/3*E(3)+1/3%xE(3)"2, 1/3%E(3)-1/3*E(3)" 1/3*E(3)-1/3%xE(3)"2 1 1]

gap> f.eigenvalues

[ 1, 1, E(3)"2 ]

I4

6.1. Two families attached to G,;. — We consider the complex reflection group denoted
by G,; in the classification of Shephard-Todd [ST54]. Two families of unipotent characters
are of cardinal 18, the second one and the last but one. The Z-modular datum they define
are complex conjugate to each other, hence we will only consider the second family of
unipotent characters of G,;. The Z-modular datum is in fact the tensor product of a Z-
modular datum of cardinal 3 and of a N-modular datum of cardinal 6.

6.1.1. The Z-modular datum of cardinal 3. — The Fourier matrix and the eigenvalues of the
Frobenius are

(178G 1= -8 10 0
{3—85 (3-8 (=03 0 0 ¢3

where {3 is a primitive third root of unity. It is easily checked that it coincides with the
Z-modular datum associated to the non-trivial family of the cyclic complex reflection
group G(3,1,1). By Theorem this Z-modular datum is categorifed by the braided
pivotal slightly degenerate fusion category Z(J;)x . for g=sl, and & a sixth root of unity
such that &2 =31
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6.1.2. The N-modular datum of cardimal 6. — The Fourier matrix and the eigenvalues of
the Frobenius are
LGl GGG A=) 2A-GHEHEL) 55
1| TErGHESls —GHGHECs Al 2A-CaHEHE L) 55
S=— | 2-3+E3HEL5) 2A-L3HEHELs) 203L5+2034205+3L5) 2(-2L3-3¢3-3¢5—2L5) 0 0
10| 22423 +¢3-5) 202483 +02-L5) 2-208-8L3-803-205) 23¢4+2¢3+20243L5) 0 0
-5 5 0 0 5 =5
-5 5 0 0 -5 5
and
10 0 0 0 O
01 0 0 0 O
3
|00 & 02 0 0 ,
000 2 00
00 0 0 —-120
00 0 0 0 1

where {5 is a primitive fifth root of unity.

Notation. In this section, g is of type B, with Cartan matrix

2 =2
-1 2 )
The short simple root is denoted by a; and the long simple root is denoted by
a,. The fundamental weights are @, = a; + %az and @, =a; + .

Let £ be a primitive twentieth root of unity such that £* = {5 and consider the full
subcategory ¢ of Z(J:)x # for g of type B, generated by the objects of grading 0 and
5. As 10, €10QVNQ, {0,5w} is a subgroup of P/(10Q¥ N Q). Hence ¥ is stable by
tensor product. The fundamental chamber C is given by

C={Ao+A,oy€ P+|A1 +2A,<3}={0,01, @, @ +@,,20,25}.

Therefore, there are 6 simple objects in 6 which are labelled by:

- in degree 0: (0,0),(@,, @,),(2w;,2w;) and (2@,,2@)),

- in degree 5w : (6w ,,—4w;) and (6@, + @,,—4w@, + @3).

We choose the following set of representatives of the fusion category 4
{L:(0,0), L:(2w,,2w5), (21, 2,), Le(@,, @3), L: (6@ + @), —4@ | + @), L:(6w,—4@,)}
With this order, the S-matrix and the T-matrix of the twist of € are

1 1 2 2 -804+ 0030845
1 1 2 2 LRl 3R
Sy = 2 2 2034205 2034202 0 0
2 2 2034272 2084275 0 0 ’
=034y 0+ 03402-05 0 0 L3402l 03024
=004 0+ 03+ 0 0 -0+ 0+ 3L
and
10 0 0 0 O
01 0 0O O0 O
00 o0 0 0
T, = 5
“7loo 0o ¢ o0 o0
00 0 0 -1 0
00 0 0 0 1
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Renormalizing S, with the square root of 20, which is the dimension of ¢, gives us the
opposite of the matrix S.
Theorem 6.1. — The S-matrix and the T-matrix of the modular category 6 satisfy

Sq
i :—S T@ZT.

V20 ’
Remark. — The category %6 is indeed ribbon since every object is self dual.
6.2. Two families attached to G,,. — We consider the complex reflection group denoted

by Gy, in the classification of Shephard-Todd [ST54]. Two families of unipotent characters
are of cardinal 7, the second one and the last but one. The Z-modular datum they define
are complex conjugate to each other, hence we will only consider the last but one family
of unipotent characters of G,,.

The Fourier matrix and the eigenvalues of the Frobenius are

/=7 v=7 7 7 —24—7 —24/—7 —24/=7
V=T /=77 7 2v/—=7 2v/=7 2V/=7
1 7 7 7 =7 0 0 0
S—— 7 7 =77 0 0 0
14| —2v=72/=7 0 0 205+408—a3-20; —al8+205-20244¢; —4L3-204+203+4L2
—2v/=T7 24/=7 0 0 —484205-202+4; —AL5—203+203+48% 208+403-403-2¢,
—2v/=7 24/=7 0 0 —403-2034203+40% 208+404—-473-28; —aL8+205-202+4,
and
1 00 0 O 0 O
010 0O 0O 0 O
001 0 0 0 O
T=10 0 0 -1 0 O 0],
3
0 0 0 O {7 0 O
000 0 0 & 0
000 0 0 0 ¢

where {7 is a primitive seventh root of unity and v—7={;+{2 -3+ {3 -5 (8.

In [Cun05) Section 8.2.1 Beispiel 15], Cuntz showed that the fusion algebra associated
to this modular datum is related to the Verlinde algebra of type B; at a twenty-eighth root
of unity.

Let & be a primitive twenty-eighth root of unity such that £* = {; and consider the
category Z(Jz) x . for g of type Bs.

Notations. In this section, g is of type Bs with Cartan matrix

2 -2 0
-1 2 -1
0 -1 2

The short simple root is denoted by a; and the two long simple roots are de-
noted by ay and as. The fundamental weights are @, = %al +a,+ %ag,
@y =207 +20, + a3 and @3 = a; +ay +Az.

We have @) = 3a) +2ay +a and therefore the subgroup of P/(14Q" N Q) generated by
7w, is {0,7@,14@,21@,}. Let € be the full subcategory of Z(J;) x.# generated by the
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objects of grading in {0, 7w,14@,21w,}. This category is then stable by tensor product.
The fundamental chamber C is

C={7tlwl+/12w2+/13133€P+|/11+212+X3<3}={0,61,62,63,261,263,61—va}.

Therefore, there are 14 simple objects in ¢ which are labelled by:

- in degree 0: (0,0),(@,, @), (@3, @3),(2w;,2w,) and (2w3,2w3),

- in degree 7w ,: (8w ,,—6w,) and (8w, + w3, —6w, +w@3),

- in degree 14@1: (14@1,—14’(31),(1451 +’(D'2,—14’(D'1 +’(D'2),(14’(D'1 +’(D'3,—14’(D'1 +’(D'3),
(16w,—12w;) and (14w +2@3,—14w; +2w3)

- in degree 21w ,: (22w ,,—20@,) and (22w + @w3,—20w; + @ ).

Proposition 6.2. — The category 6 is slightly degenerate. The non-unit objecct of its symmet-
ric center is Lz(14w +2w3,—14@ +2@3) which is of dimension —1 and of twist 1.

We choose the following set of representatives of the superfusion category &:

{Li(o, 0), L§(14(D'1,—141D'1), L§(22{D'1,—20w'1), Lg(ZZfD‘l + wl,—ZOzD'l + (D's),

Lg(w3,@3), Le(wy, @)), L(2t01,2,)}.

With this order, the S-matrix and the T-matrix of the twist of € are

( 1 -1 /=7 V7 2 2 2
-1 1 V=7 —7 -2 -2 -2
V=T V= =T =7 0 0 0
Sg=| V=7 v=T —/=7 V=7 0 0 0
2 -2 0 0 205+28; 203+285 203 +203
2 -2 0 0 2054202 203+283 205+2¢;
L2 —= o 0 2ri+208 208427, 2754272
and
1 00 0 0 O 0\
010 0 0 0 O
001 0 O O O
T-=/0 0 0 -1 0 0 O
3
0000 3 & o
7
\0 00 0 0 0 8

This category is not spherical and the object 1 is Lz(14@,—14@), which is of dimen-
sion —1. Therefore following [Lac18, Theorem 2.7], we renormalise Sz with the square
root of —28, which is sdim(%¢)dim™(1).

Theorem 6.3. — The S-matrix and the T-matrix of the superfusion category € satisfy

=S T=T,

where i =&7.
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