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SLIGHTLY DEGENERATE CATEGORIES AND Z-MODULAR DATA

by

Abel Lacabanne

An N-modular datum over C is a finite set I, a distinguished element i, € I, a square
matrix S € .#;(C), a diagonal matrix T € .#;(C) such that

1. forany i€l S; ; #0,

2. S is unitary, symmetric and S* =1d, (ST)® = A1d and [S?, T] =1d,

3. foranyi,j,kel,
Si.1Si,1Sk1
NF =Y

lel
belongs to N.

Modular categories naturally give rise to modular data [EGNO15, Section 8.16] and
given a modular datum, one can ask the question of finding a modular category with
this modular datum. In [Lus94], Lusztig gives a slightly more restrictive definition of
modular datum, and associate a modular datum to each dihedral group.

In order to generalize Lusztig’s work for imprimitive complex reflection groups, Malle
[Mal95] defines a modular datum, but such that the integers le] are in Z, which we
will call Z-modular datum. The question of finding a categorification of these data is
much more complicated, as a modular category always defines an N-modular datum:
the integers le] are the multiplicities of the object k in the tensor product i ® j.

In [BR17] Bonnafé and Rouquier gave a categorification of the Malle Z-modular datum
associated with cyclic groups, by constructing a tensor triangulated category with extra
structure.

In this article, we explain how slightly degenerate categories [EGNO15, Definition
9.15.3] give rise to Z-modular datum. This is also related to braided pivotal superfusion
categories. Note that there exist two pivotal structures on supervector spaces, one of
which is unitary (and therefore all simple objects have positive dimension), and one of
which is not (the two simple objects are of dimension 1 and —1). We will show that
with the non-unitary structure, a slightly degenerated category gives rise to a Z-modular
datum.

As an application, we will reinterpret the example of Bonnafé and Rouquier in this
setting of slightly degenerate categories. This approach will be generalized in [Lac18].

This paper is organized as follows. Section [l extends well-known results on modular
categories to pivotal braided fusion categories which are not necessarily spherical. Sec-
tion[2]introduce slightly degenerate categories, and we explain how such a category gives
rise to a Z-modular datum. We introduce in Section |3 the notion of a supercategory, and
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explain how to produce a supercategory from a slightly degenerate category with extra
structure. Finally, Section[d]is devoted to the example of Bonnafé-Rouquier in the setting
of slightly degenerate categories.

Acknowledgements. — I warmly thank my advisor C. Bonnafé for many fruitful dis-
cussions and his constant support. The paper is partially based upon work supported by
the NSF under grant DMS-1440140 while the author was in residence at the Mathematical
Sciences Research Institute in Berkeley, California, during the Spring 2018 semester.

1. Categorical preliminaries

Let k be an algebraically closed field of characteristic 0 and 6 be a tensor category over
k, as defined in [EGNO15, Definition 4.1.1]: % is a locally finite k-linear abelian rigid
monoidal category (with unit object denoted by 1) such that the bifunctor ®: ¢ x ¢ — ¢
is k-bilinear on morphisms and End(1)=k. We denoteby ay y z: (X®Y)®Z - X®(Y®Z)
the associativity constraint, but will often omit it. The left (resp. right) dual of an object
X € 6 is denoted by X* (resp. *X) with evaluation and coevaluation morphism

evy: X*®X —1 and coevy:1—X®X*
(resp.

evy: X®*X -1 and coevy: 1 —*X®X)
such that the following compositions are identities

coevy ®idy idy ®evy

X —m XXX —— X,

X* idx« ® coevy X*®X®X* ev, ®idyx X*.

One can define, for any f: X — Y with X and Y having left duals, the left dual of f as

the map f*: Y* — X* given by the composition
Y* idyx ® coevy Y*®X®X* idy*@f@idx* Y*® Y®X* evy ®idyx X*’
and similarly there exists the right dual of a map.

We assume that ¢ is equipped with a pivotal structure [EGNO15, Definition 4.7.8]:
there is a family of natural isomorphisms ax: X — X** such that aygy = ax ® ay. For
f € Homg(X, X), we can define two traces which are elements of End¢(1) =k. The left
quantum trace Tr(f) is given by the composition

coevy (axof)®idx* evyx

] —— XX ————— X¥eX* —— 1,
and the right quantum trace Try(f) is given by the composition

COeVyx« idy« ®(foay')

1 2 xre X ———— X Xr@X —25 1.

It is well known that for any f € End¢/(X), Try.(f*) = Try(f). We also define the partial
traces of f € End¢ (X ® Y) by

coevy ((idx ®ay)of)®idy

idy ®TrH(f): X — 5 X@Y®Y* » XQYH®Y —3 X
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and

COeVx+ idx« ®(fo(ay' ®idy))

Try ®idy(f): ¥ ——X% X*@X*®Y s X*X®V —X .

Finally, denote by Try;(f) the endomorphism of 1 given by Try(idx ® Try(f)) which is
then equal to Try (Try ®idy (f)).

Lemma 1.1. — Let 6 be a pivotal rigid monoidal category, X and Y two objects of 6 and
feHomg(X®Y,X®Y). Then Tryty .(f*)=Trysy (f)

Proof. — In order to simplify notations, we omit tensor product signs. We denote by a
the pivotal structure. By definition:

id Y* ® TI'}* (f) = (idY* ® eV xux ) o (id Y* ®aX* ® idX**)o (eVY ® idYX*X** ) o (id Y* ® Evy ® idy Y*X*X**)
o(id y+ x+ ® f ®id ys xu xx# )O(id yu xxx x ® COEVyY ®id x4y )O(id yu xx+ ® COEVY ®id ys Jo(id y+ ® COEV ).

Using the functoriality of the tensor product, we have:

idy. ®Tr}*(f) =(evy ®idy.)o(idy.®evy ®idyy+«) o (idy«x« ®f Qidy+)o(idy.x+x ® coevy)
o(idy.x« ®((idy ®evyw)o(idy ®ay: ® idy«)o(coevy ®idy«)))oidy. @ coevy. .
But ay. = (ay')* (c.f. [EGNO15, Exercise 4.7.9]) and therefore (idy ®ay.)o coevy = (ay' ®
id xw)ocoevy.. Using the definition of the duality, one has (idx ® evy.)o(idx ®ax: ®idx«)o
(coevy ®@idxw) = a;(l and consequently
idy* ®Tr}*(f) = (evy ®idy*) o (ld); ®(TI‘)_( ®ldy)(f) ® ldy*) o (ldy* ® COGVY) = [(TI‘)_( ®ldy)(f)]* .
Finally,

Trytex-(f*) =Ty ([(Try ®idy ) f)]) = iy (Try ®id y () = Trigg y (),
as expected. O
The left and right quantum dimensions are
dim™(X) =Try(idx) and dim™(X) =Try (idx)
which therefore satisfy dim*(X*)=dim™(X). Define the squared norm of an object X by
|X|? = dim*(X)dim™(X) = dim™(X) dim™(X*).

It is a totally positive number if X is simple [EGNO15, Proposition 7.21.14]: for any
embedding ¢ of the subfield k,, of algebraic elements of k in 6, one has ¢(|X [>)> 0. The
dimension of the category ¢ is

dim(¢)= > IXP,
Xelrr(6)
where Irr(¢’) denotes the set of isomorphism classes of simple objets of €.

We further assume that 6 is braided: there exists a family of bifunctorial isomorphisms
cxy:X®Y — Y ®X such that the hexagon axioms are satisfied [EGNO15, Definition
8.1.1].

For a rigid braided tensor category, there exists a natural isomorphism uy: X — X**,
called the Drinfeld morphism, defined as the composition

COeVyx

X O yeXxte Xt X xre X @ Xt Xy X,
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It satisfies for all X, Y € 6,

Ux ® Uy = Uxgy ©Cy,x ©Cx Y-

To give a pivotal structure a on ¢ is therefore equivalent to give a twist on ¢, whichis a
natural isomorphism 6y : X — X satisfying for all X, Y € ¢

Oxey =(0x ® Oy)ocy xocx,y.

The pivotal structure and the twist are related by a = uf. We will often endow the
braided pivotal category ¢ with the twist given by the pivotal structure.

1.1. Semi-simplification. — We recall the procedure of semi-simplification for pivotal
categories (which are not necessarily spherical) which is given in [EO18]. Let 6 be a
braided pivotal tensor category over k. Denote by ay : X — X** the pivotal structure.

A morphism f € Homg(X,Y) is said to be left (resp. right) negligible if for all g €
Hom (Y, X) one has Tr(go f) =0 (resp. Try(go f) =0). An application of [Bru00, Proposi-
tion 1.5.1] shows that the notions of left and right negligible morphisms coincide because
6 is braided. Therefore the left quantum dimension of an object is zero if and only if
its right quantum dimension is zero: the assumption (2) of [EO18, Theorem 2.6] is satis-
fied. We then denote by Hom,g(X, Y) the subspace of negligible morphisms. Define a
category 6°° with the same objects as 6 and Homs(X, Y)=Hom(X, Y)/Homyeq (X, Y).

Proposition 1.2 (JEO18, Theorem 2.6]). — Let 6 be a braided pivotal tensor category. The
category 6*° is a semisimple braided pivotal tensor category whose simple objects are the inde-
composable objects of 6 with left quantum dimension 0.

1.2. S-matrices and symmetric center. — The following definition is due to Miiger [Miig03|
Definition 2.9].

Definition 1.3. — The symmetric center Zgy,(6) of a braided monoidal category € is the full
subcategory of 6 with objects X such that

VY e, Cyx°Cx,y= idX®y .

We say that 6 is non-degenerate if 1 is the unique simple object in Zgym(6).

Hypothesis and notations.We suppose until the end of this Section that the
category €6 is a braided pivotal fusion category. Denote by Irr(6) the set of
isomorphism classes of simple objects in 6 and by Gx(¢) its Grothendieck ring
which admits ([X1)xem(«) as a basis. For X, Y, Z € Irr(6), we denote by N){Y
the multiplicity of Z in the tensor product X ® Y. Then Gr(€) is a free Z-
algebra with basis Irr(6¢') and the structure constants are given by the positive
integers N, :
[X]-[Y]= > Nf,lZ]

Zelrr(6)

For any simple object X, its left and right quantum dimensions are non-zero [EGNO15,
Proposition 4.8.4]. If X and Y are objects of €, we set

S)Jg,y = (idx ®Tr;)(cy,x ocy,y) € Endy(X)
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and
sy y = (Try ®idy)(cy,x o cx,y) € End(Y).
These induce two morphisms of abelian groups

. { Gr(6¢) — Endy(X)

_ {Gr(%) —  Ende(Y)
SX' . .

Y . and Sy: X .

+ —
Sx,v Sx,v

Proposition 1.4 ((EGNO15| Proposition 8.3.11]). — Let 6 be a braided pivotal fusion cate-
gory. If X € 6 is simple then sy : Gr(‘6)—k and sy : Gr(‘¢) — k are morphisms of rings.
We now consider the matrices S**, S~ and S™ in Maty(4)(k) defined by
Sty =Trygy(cyxocx,y)= TY;(S;EVY),
Syy =Trxgy(cyxocxy) =Try(sy y),
S);,er = Tr;(s;’y) = Tr)_((s;yy).
These three matrices are related as follow
dim™(X) ,, ., dim"(Y)
dim*(X) XY XY dim (Y)Y

Remark. — The matrices S** and S™ are symmetric but S™" is not in general; if the
pivotal structure is spherical, these three matrices are equal.

As for any f € Hom (X, X) we have Try(f)=Try.(f*), the following relations are satis-
fied:

++  _o—

SX*,Y* - SX,Y
—+  _ o+

SX*,Y* - SY,X'

Hence the matrix S = (S;}*) X, Yeln(¢) 1 symmetric.

It is clear that if X € Irr(Zy,(6)) then for all Y € Irr(6)) we have S)?(?;/ =dim*(X )dim?/(Y),
for 2,7) e {(+,+),(—+), (=)}

Proposition 1.5 ([EGNO15, Proposition 8.20.5]). — Let 6 be a braided pivotal fusion cate-
gory and X be a simple object in 6. The following are equivalent:

1. X € Zym(6),

2. forall Y €Irt(6) we have Sy, = dim™(X)dim™(Y),

3. forall Y €Irx(6) we have Sy, = dim™(X)dim™(Y),

4. for all Y €Irr(€) we have Sy, = dim™ (X)dim™(Y).

The category ¢ can be endowed with another braiding, namely the reverse braiding.
We denote it by ¢™" and it is defined by ci}, = ¢} y. We denote by €™ the category ¢
equipped with the reverse braiding, and by S™"**, §*V~ and §""~* the corresponding
S-matrices. Note that we use the same pivotal structure on ¢ and 6™ for the computa-

tion of the traces.

Proposition 1.6. — Let 6 a braided pivotal fusion category. Then for any X and Y simple

objects we have

S
Proof. — We start with a lemma, which is a direct consequence of [EGNO15, Proposition
8.9.1].
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Lemma 1.7. — Let 6 be a braided rigid tensor category. Then for every X and Y objects in €
we have:

1. (er®idy)0(idX* ®nyx):(idy®er)0(C;'1X*®idx),
2. (cx,y ®idy.)o(idy ® coevy) = (idy ®cy.) o (coevy ®idy).
Now, by definition

Sy T =(evy ®evy.)o(idy-gx ®ay ®idy.)o(idy. ®cy 'y ®idy.)

o (idx« ®C;YIX ®idy.)o (idy« ®a;(l ®idygy+)o(coevy. ® coevy).
By naturality of the braiding and using Lemma(l.7|we have
(evx ®idy.)o(idx.ex ®ay)o(idy. ®cy ) = (evy ®idy.) o (idx- ®cy y..) o (idx- ®ay ®idy)

= (idy** ®eVX)O (CX*,Y** ® ldx) o (idX* ®ay ® ldx)

Similarly,
(idx- ®cy ) o (idx ®ay' ®idy)o(coevy. ®idy) = (idy-py ®ay')o(cy,x- ®idy-)o (idy ® coevy.).
Therefore

Sxy " =evxgy-o(Cx. v ®idxgy.)o(idy. ®ay ® ay' ®idy.)o(cy x: ® idxwey+)o COEVygx:

= evyey-o(ay ®id} ®ay' ®idy.)o(cxxy ®idymgy=)o(Cy x« ®idymgy-)0 COEVygxs .
Finally, using that (a;(l)* = ay. and that for any f: W — Z we have evy o(idy ® f*) =
evyo(f ®idz.), we obtain S)r(e"g}_+ =83 % O
1.3. Twists and Gauss sums. — We now suppose that the category % is equipped with

a twist 0, the twist associated to the pivotal structure is denoted by 6. On a simple object
X, the twist is the multiplication by a scalar, and we will identify 0y with this scalar.

Proposition 1.8. — Let 6 be a braided pivotal fusion category. We consider 0 the twist associ-
ated to the pivotal structure. For any simple object X, we have 0. dim*(X)=dim™(X)6y.

Proof. — Similarly to [EGNO15, Proposition 8.10.14], we have dim*(X) = 0x evx ocy x« ©
coevy. We show that Try{ X(cg}x) =evy ocy x« o coevy. By definition,
Trybx(cx ') =(evy ®evx.)o(idyex ®ay ®idy:)o(idy. ®cy 'y ®idx.)
o (idx« ®a;(1 ®idxgx:)o(coevy. ®coevy).
Using the naturality of the braiding, we get rid of the pivotal structure:
Tr}gx(c;)lx) =(evy ®evy.)o (idx« ®c§}X** ®idyx«)o(coevy. ®coevy).
From the Lemma|1.7|we deduce that (idy ® evy)o(cx 'y..®idx:) = (evy: ®idx)o(idx ®cx, x+).
Therefore, using the properties of the duality, we obtain Try} X(cg,lx) = evy oCy, x« ©COeVy,
which leads to the conclusion that dim™*(X) = 0y Try}  (ciy)-

But the Lemma [1.1{shows that Tryl, .. ((cx x)*) = TryL ¢ (cx ') ans as (cx,x)* = cxs x (C.f.
[EGNO15) Exercise 8.9.2]) we finally obtain

0, dim*(X)= Tr};X(c;X) = Tr;r®X*(c;,X*) =0, dim*(X*),
as expected. O

Therefore, for a simple object X, its positive and negative quantum dimensions are
equal if and only if Ox. = 0x.
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Corollary 1.9. — Let 6 be a braided pivotal fusion category. The pivotal structure is spherical
if and only if the associated twist 0 is a ribbon, that is satisfy Ox. = (0x)* for any object X.

Proof. — The Category being semisimple, for an object X = zcry4) Z®"#, we have dim™(X) =

> sete) Mz AiM*(Z), Ox. = B zeres)(02+1d 2:)®"2 and (0x)* = B zeim()(07 idz-)®". The re-
sult follows 1mmed1ately from the Proposmon O

Definition 1.10. — Let 6 be a braided pivotal fusion category equipped with a twist . The
Gauss sums of the category € are

56,0)= Z 05X P2

Xelrr(6)

If the twist 0 is the one coming from the pivotal structure, we simply denote these sums by
TH%6).

The relation Oxgy = (0x ® Oy)o cy x © Cx,y gives, by taking the positive quantum trace,
(1.1) OxOySyty = D Nf,dim*(2)dy,
Zelrr(6)
for X and Y simple objects of €.

Lemma 1.11. — Let Y be a simple object of a braided pivotal fusion category 6 equipped with a
twist 0. Then

(12) > Oxdim (X)S5, =05 dim* ()7 7(%, 6).
Xelrr(6)

Proof. — The proof is essentially the same as the one of [EGNO15, Lemma 8.15.2]. Using
(1.1), we have

Z HXdlm X)S5t, =0y Z N{ y dim*(Z)dim™(X)d
Xelrr(¢6 X,Zelrr(6)
=0;' > dim*(2)d, > N, dim*(X*)
Zelrr(6) Xelrr(6)
=0, dim*(Y) Z 0,17 2.
Zelrr(6)
O

We have a similar formula for 67! using simultaneously the Propositions|1.6|and

Lemma 1.12. — Let Y be a simple object of a braided pivotal fusion category 6 equipped with
the twist @ associated to the pivotal structure. Then

(1.3) Z 05 dim*(X)S;", = 0y dim* (V)77 (6).
Xelrr(6)

Proof. — Using the fact that 6™ = 07! is a twist for the category €™, we deduce from
Lemma that

Z 9;{ev dim—(X)SreV A+ (greV) d1m+( Y)T+((grev, 0™).
Xelrr(6)
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From the proposition one has dim (X )S)r(e";’fr+ =dim™(X)S5}, and as ¢ and €™ have
the same simple objects, we have 7%(6™", ™) = 77(¢). Therefore

Oy dim*(Y)r (€)= D 0y dim (X)S¢y
Xelrr(6)
Z 0 dim*(X)SyF,
Xelrr(6
Z 0! dim™(X)SyF,
Xelrr(6

the last equality being the Proposition[I.§] As X — X* is a bijection of Irr(‘¢’), we conclude
using dim™(X) = dim™(X*). O

1.4. Non-degenerate pivotal categories. — It is well known that a modular category
gives rise to a projective representation of SL,(Z). We aim to generalize this result to
categories with a pivotal structure which is not spherical.

Hypothesis. In this section, we suppose that the category 6 is a non-
degenerate braided pivotal fusion category.

All the characters of the ring Gr(¢) are then of the form sy for X a simple object of
%. The map Y — s;(Y*)is a character of Gr(¢) hence equal to s; for some X € Irr(6).
This defines an involution ~ on Irr(6'). Note that if the pivotal structure is spherical, this
involution is nothing more than the duality.

Proposition 1.13. — The object 1 is invertible and X ~ X*®1.

Proof. — Let X be a simple object. We compute sy (1&1%):

++ o+t
XISXI

dim™ (X )2

_ dim™(1) o+ o

= Gim e 1

_ dim™(1) (X *)dlm_(X*)dim_(i) .
dim™(X)? dim™(X*)dim™ (1) **1

_ dim™ ( )dim™ (i)sT(X*)

dim™(X) 1
=dim*(1)dim(1).

sylelM)=s;(1)sy(1%) =

The element [1®1%]— |i|2[1] is then killed by any character of k®,Gr(%). Ink®,Gr(6¢) we
have [181]=)" xeir(6) VL N;.[X] which implies that N, NY X~ =0 for all X simple different from

1 and that Nlll* = |i|2 smce Irr(6) is a basis of the k-vector space k ®7 Gr(%6). But N; e =

for any simple object X and we can conclude that I1® 1" ~1, hence 1 is invertible.
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Now, as 1 is invertible, X ®1 is simple for any simple object X. Showing that s Sy ®1( Y)=
sx(Y*) for any simple object Y ends the proof:
dim*(Y) dim*(Y)
+-Y=—.+X*®1—— X* 1
Sxroi(V) dim*(X*® 1)SY( ) dim*(X*®1) sy X5y (1)
Sy x:
= — — s (V)
dim*(X*)dim*(Y) !
Sysx
— d' + Y*
dim* () dim () O ()
Syx
~ dim*(X)
= sy (V7).
O
Corollary 1.14. — Under the same hypothesis, for any simple objects X and Y we have SI*, =
S++
X7

Proof. — By definition of sg, we have S’”r =dim"(X)s}(Y). Butdim"(X)=dim"(I)dim™(X*)
and dim* = 5; so that

dim* (1) dim*(X*) = dim*(1)s7 (X) = S+ = dim*(X)s;5(1).
Hence we have S;-g*Y =dim*(X)s;(Y*®1) which leads to the conclusion. O

If the pivotal structure is spherical, the square of the S-matrix is well known: up to a
scalar multiple, it is the permutation matrix given by the duality on simple objects (see
[EGNO15) 8.14] for further details). Let E be the square matrix such that Ex y =6y y.

Proposition 1.15. — Let 6 be a non-degenerate braided pivotal fusion category. Then (ST+)? =
dim(%¢)dim*(1)E.

Proof. — Since € is non-degenerate, for X, Y € Irr(6), the equality sy = s; as characters
of Gr(¢) holds if and only if X =Y.

Suppose Y # Z. We have, thanks to the orthogonality of characters [EGNO15, Lemma
8.14.1],

D SERSE, =dim*(Y)dim*(2) D sH(X)sH(X")=0.

Xelrr(C) Xelrr(6)
It remains to compute (S++)Y 7
++ o+ w. ++
> sYXsX b= > N , dim*(X)S; %,
Xelrr(C X, Welrr(¢
> d1m+(W) Ve D dimt(X)sy (X).
Welrr(€6) Xelrr(6)

As dim*(X)= s (X)= s+(X *), the second sum is zero unless W =1 and is equal to

Z dim*(X)sj (X) = z dim*(X)dim™(X) = dim(%).
Xelrr (€ Xelrr(¢

Moreover, as Y ~ Y*® 1, we have N; y=1and (ST . =dim*(1)dim(%). O



10 A. LACABANNE

Corollary 1.16 (Verlinde formula). — Let ¢ be a non-degenerate braided pivotal fusion cat-
egory and X,Y,Z €Irx(6). The structure constants of Gr(6) are given by

z 1 SIJAFITXSJVTYSJVTZ
Nyy == ——— BT —
dim(%)dim™ (1) dim™ (W)

Welrr(6)

Recall that giving a pivotal structure on a braided monoidal category is equivalent to
endowing the category with a twist.

Lemma 1.17. — Let 6 be a non-degenerate braided pivotal fusion category. Then for X simple,
05 = 6;0x.
Proof. — Taking the positive quantum trace of the morphism Oy.gj = Ox:® 01 0 cf x+© Cyx+ i
we obtain
Ox dim"(X) = 0x.0; Sy ; = Ox. 07 dim ™" (1)s]" (X*)
= 0x.0; dim*(1)dim*(X).

The equality 05 = 070y follows then immediately from the fact that X ~ X*®1 and from
the Proposition O

Remark. — Taking for X the simple object 1, we find that 67 =1.

As in the case of a spherical category [EGNO15, Proposition 8.15.4], the Gauss sums
satisfy 77(¢)7 (€)= dim(%) and hence are non-zero.

Proposition 1.18. — Let 6 be a non-degenerate braided pivotal fusion category. Then 67 =1,
where 0 is the twist associated to the pivotal structure. Therefore for any simple object X, one has
HX = Hx.

Proof. — Using the fact that ¢ is non-degenerate, we have, as in [EGNO15, Corollary
8.15.5]

Z 05" dim*(X)S;, = 0y dim™(7)7~(6) dim™ (1).
Xelrr(6)
As Y ~Y*®1, 0y = 0;0y and |1> =1 we have
Z 0" dim*(X)S;, = 630y dim*(Y)r(%6).
Xelrr(6)
This equality for Y =1, together with Lemma show that 0; = 1. O

The modular group is SL,(Z) and has presentation

(s,t] s =1,(st)® =5%)

0 -1 1 1
5—(1 O) and t—(o 1).
We now choose an embedding k,; — 6. The categorical dimension of ¢ being a totally
positive number [EGNO15, Theorem 7.21.12], we denote its positive square root for the
chosen embedding by v/ dim(%). We moreover choose a square root v/ dim*(1) of dim™(1).

The T-matrix of ¢ is the diagonal matrix given by the action of the inverse of the twist 6
on simple objects. We have the non-spherical analogue of [EGNO15, Theorem 8.16.1] :

by choosing
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Theorem 1.19. — Let 6 be a non-degenerate braided pivotal fusion category. We have (ST+T)® =
T(€)ST)? and (ST)* =(dim(€)dim™(1))? id. Therefore
1

5 - St and t—T
V/dim (1) /dim(%)

define a projective representation of S L,(Z).

We can show that that S** and T satisfy (ST T71)3 = t7(%6)dim(%6)dim*(1)?id. Indeed,
we have
SIS =1 (6)T ST T
Multiplying by S** on both sides, using Proposition and the fact that 03 = 0x, we
have
dim(€¢)?dim AP’ T =7t (6¢)ST 1 isT st
which gives (ST T71) = 71(¢)dim(%¢)dim*(1)?id since 7+(€)7(%6) = dim(%6).

Define (€)= ‘/% v/ dim™ (1) so that the images of s and t satisfy

st=id, (st°=&(6) s> and (st )P =E(%)id.

2. Slightly degenerate fusion category

The main object of study of this section is slightly degenerate fusion categories. These
are braided fusion categories with symmetric center equivalent to superspaces. We give
an analogue of the Verlinde formula, the structure constants involved are the ones of a
quotient of the Grothendieck ring of ¢’; these structure constants can be negative.

Hypothesis. In this section, we assume that ¢ is a slightly degenerate
braided pivotal fusion category.

Denote by ¢ the invertible object generating the symmetric center of 6. As 6’ ~ sVect,
the twist of £ is either 1 or —1. In the first case, € is of quantum dimension —1 whereas in
the second case, it is of quantum dimension 1.

Tensoring by ¢ gives an involution on the set of isomorphism classes of simple ob-
jects. According to [EGNO15| Proposition 9.15.4], this involution has no fixed points. We
choose J CIrr(6) a set of representatives of orbits of this involution such that 1 € J. The
S-matrix of € is then of rank half its size by [EGNO15, Theorem 8.20.7] and sy = sy if
and only if X~ Y or X ~ Y ® £ by [EGNO15, Lemma 8.20.8].

The following is related to [BGH*17, Question 2.8]:

Comnjecture 2.1. — If X, Y, Z are simple objects then NfYN)g?}’ =0.
Lemma 2.2. — The S-matrix gives the characters of the quotient ring Gr(6¢)/([&]—dim(e)[1]).

Proof. — Denote by A the ring Gr(%)/([¢]—dim(e)[1]). It has a Z-basis given by the ele-
ments of J and for X,Y,Z € J, the structure constants in A are given by

Z _ i Z : Z®¢
SNy y =Ny y +dim(e)Ny y".
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As ¢ is in the symmetric center, Sy, = dim(#)Sy . Therefore, for W, X,V € J

FX®Y)= Z Zsi(2)

Zelrr(6)

= (N{ y s (Z)+NE s (Z @)

zZe]

Z SNZ sW(Z

zZe]

and s;‘v is indeed a character of A. O

As in section we define an involution ~on J: for any X € J, there exists a unique
X eJsuchthatforall YeJ

sy(Y*)=sZ(Y).

Again, if the pivotal structure is spherical, then X ~ X* or X ~ X*® & whether X* inin J
or not.
For a slightly degenerate category, we define its superdimension by

sdim(%) = Z IX[2== dlm((g)
Xej

Note that this does not depend on the choice of J.

Proposition 2.3. — Let 6 be a slightly degenerate braided pivotal fusion category satisfying
Conjecture Then the simple object 1 is invertible and for X € J we have X ~ X*®1 or
X~X*®loe.

Proof. — The same computations as in the proof of Proposition [1.13|show that 1® 1" =
I1’1 in Gr(6)/([e]—dim(e)[1]). But sNy ,, = Ny ,, +dim(e)N{ ,,, Ny x: = =1and Nf 4, =
N}} x+ge = 0as X* 3 X*®e. Hence in Gr(¢)/([£] —dim(&)[1]) we have I9ol" =1.

Therefore in Gr(6) we have

iei*=1+ Z ny(X —dim(e)X ® &),
XeJ\{1}

with ny € Z.

If dim(g) = 1, the object 1 ® 1" being in ¢, the image of 1® 1" in Gr(%) is in the monoid
generated by Irr(6). Hence we necessarily have 1® 1" = 1 in Gr(%) and therefore 1 is
invertible.

If dim(g)=—1, then the hypothesis made on ¢ shows that ny=0forall X € J\{1}.

As in the proof of a simple calculation shows that sy, (Y)= s¢(Y*) for any simple
object Y. Therefore X ~X*®1 if X*®1€ J and X ~ X*®1® ¢ otherwise. O

Hypothesis. In the following, we suppose that the object 1 is invertible.

Let E be the square matrix such that Ex, y = = (dim(g))®x*e1es § x,v for X and Y in J.

Proposition 2.4. — Let 6 be a slightly degenerate pivotal braided fusion category. The matrix
S=(S¥ " )x,vey satisfies $* = sdim(¢)dim*(1)E.
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Proof. — First, note thatif y; and y, are two different characters of Gr(¢) such that y,(¢) =

x2(€) then
D W)W =o.

weJ
Indeed, by the usual orthogonality of characters,

0=">" 11W)ra(W+ D (W@ e) (W ee)=2 > 11(W)ya(W).
weJ weJ weJ
Using the fact that for X,Y € J, sy = sy if and only if X = Y we show as in the non-
degenerate case that ($?)x,y =0 and that (§?)x x = sdim(% )dim+(1)sN I . Ttis then easy to
see that SN);X =1lif X*®1€J and sN};X =dim(e)if X*®1¢ J. O

Corollary 2.5 (Verlinde formula). — Let ¢ be a slightly degenerate braided pivotal fusion
category and X,Y,Z € J. The structure constants of Gr(¢)/([1]—dim(e)[&]) are given by

7 (dim(g))ozreres Z Sw.xSw,ySw,z
Y sdim(6)dim™*(1) & dim™ (W)

We now study the T-matrix of a slightly degenerate braided pivotal fusion category.
The equality 0. dim*(X) = 6x dim™(X) has been proven without assumption on the de-
generacy of the category 4. As in the non-degenerate setting, it is easy to prove that
05 = 0x0; if X*®1 € J and 03 = 0 0; 6, otherwise. Moreover, 912 =1.ForXand Y e, we
have the relation

OxOySx,y= D, Ni,dim"(2)6;
Zelrr(6)
Z 7 +dim(e)0, Ny %) dim* (2)0.
zZe]
But dim(¢)8, =—1 by definition of .

Hypothesis. From now on, we suppose that dim(e) = —1 and 6, = 1: sVect
is equipped with its non-unitary pivotal structure.

With these assumptions, the structure constants of Gr(%6)/([1]+[€]) appear naturally:
(21) HXHYSXvY:ZSN)?,Y dlm+(Z)QZ
zZe]

forany X,Y €J.
We define the Gauss supersums of the slightly degenerate category ¢ as

Z|X|20il - :l:( ).

XeJ
Note that these are independent of the choice of J since 6, =1.

Proposition 2.6. — The twists and the S-matrix satisfy forall Y € J
ZHXdlm X)Sx y =0, dim*(Y)st*(%)
XeJ

and
ZG dim™(X)Sx y = 0;0y dim™(Y)s 17 (%).
Xe]
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Proof. — Using (1.2), we have

D> Oxdim(X)S5, = 05! dim*(¥)sTH(%).

Xelrr(6)

But 6,5 dim™ (e ® X)S,5y ,, = Ox dim™(X)SY", and then

e®X,Y
Z Ox dim™(X)S; %, =2 Z Ox dim™(X)Sy.y.
Xelrr(6) XeJ

We conclude by definition of s7*(%). We do the same for the second assertion, starting

from (L.3). O

Corollary 2.7. — Let 6 be a slightly degenerate braided pivotal fusion category. Then 07 =1.

Proof. — Same as Proposition[1.18| O

We finally conclude this section by giving an analogue of Theorem|[I.19]in the setting of
slightly degenerate braided pivotal fusion category. We denote by T the diagonal matrix
with entries 65" for X € J. We again fix an embedding k,; — C and denote the positive
square root of sdim(%) for this embedding by +/sdim(%¢). We moreover choose a square

root v/ dim™(1) of dim™*(1).

Theorem 2.8. — Let 6 be a slightly degenerate braided pivotal fusion category. We have (ST)® =
sT7(%6)S? and $* = (sdim(6¢)dim*(1))?id. Therefore

1
51— = S and t—T
v dim™(1)y/sdim(%)
define a projective representation of S L,(Z).
Remark. — If dim(¢) = 1 and 6, = —1, the S and T-matrices do not necessarily give a

representation of SL,(Z).

Consider the Verlinde modular category €(sly,q) where g is a 16-th root of unity
[EGNO15, Section 8.18.2]. It has 7 simple objects 15 = 1,...V;. Let ¢ be the full sub-
category of 6(sl,, q) generated by Vj, V5, Vj, V5. The S-matrix and the T-matrix of ¢ are

1 [3] [3] 1 1 0 0 0
(18] =1 -1 [3] o —-i 0 o
=13 -1 =1 @3] ™ T=lo 0 i o

1 [3] [3] 1 0 0 0 —1

where [3]=g2+1+¢? and i = g* is a primitive fourth root of unity. It is immediate that
the symmetric center of ¢ is generated by V; as a tensor category, and V4 is of dimension
1 and of twist —1. The symmetric center of ¢ is then equivalent to sVect, the matrices S

and T are
s=() ) ana 1=} %)

and they do not define a projective representation of S_L,(Z).
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3. Braided fusion supercategory associated to a slighty degenerate braided fusion
category

In this section, we recall the notion of a superfusion category, which is a fusion category
enriched over super vector spaces. We then construct, following [BE17] and [BCK17],
a superfusion category ¢ associated to a slightly degenerate fusion category %. The
braiding and the pivotal structure of % naturally endow the supercategory 4 with a
braiding and a pivotal structure. The S-matrix of 6 gives then the structure constants of
a quotient of the super Grothendieck ring of 6.

3.1. Superfusion categories. — By a superspace, we mean a Z/2Z-graded vector space.
We denote by |v| the parity of an homogeneous element v of a superspace, by sVect the
category of superspaces of finite dimension with morphisms even linear maps (i.e. map-
ping even degree to even degree and odd one to odd one). This category is monoidal
with (Ve W)y =eW,eVieW and (Ve W), =V,® W, & V; ® W, braided with braiding
defined by

[vllw]|

cywlvew)=(-1) wev,

for v and w homogeneous elements; this braiding is symmetric.

Remark. — The category of superspaces with even and odd morphisms is not monoidal.
This is due to the following relation, known as superinterchange law

(g880(f&f)=(-1)EV(go fla(g’o ),
for f and g homogeneous morphisms. The definition of a monoidal supercategory will
naturally satisfy this superinterchange law.

A supercategory is a sVect-enriched category; a superfunctor between two supercate-
gories is a sVect-enriched functor (see [Kel05| Section 1.2] for more details); a supernatural
transformation a: F — G between two superfunctors F and G is a collection of morphisms
ax: F(X)— G(X) satisfying a certain supernaturality condition. A supernatural transfor-
mation is said to be even if all its components are even.

Now, given two supercategories .¢/ and 98, we define .«/ K B as the supercategory
whose objects are pairs (X,Y) with X € ./ and Y € 8 and whose morphisms are given
by Hom 5 4((X,X’),(Y,Y’))=Hom (X, Y)®Hom4(X’, Y’), the tensor product being the
one of superspaces. The composition in ./ K 2 is defined using the braiding in sVect:

(g@g))o(fef)=1Egofo(g o f).

Definition 3.1 ([BE17, Definition 1.4]). — A monoidal supercategory is a sextuple (¢,®, a,
1,1,r) where 6 is a supercategory, ®: 6 ® ¢ — € is a superfunctor, 1 is the unit object, and
a:(—®—)®———0(—®—), [:1®8———and r: —®1 — — are even supernatural isomorphisms
satisfying axioms analogous to the ones of a monoidal category.

A monoidal superfunctor between two monoidal supercategories 6 and 7 is a pair (F,J)
where F: 6 — 9 is a superfunctor and J: F(—)® F(—) — F(—®—) is an even supernatural
isomorphism satisfying axioms analogous to the ones for a monoidal functor and such that F(1)
is evenly isomorphic to 1.

We now define the notion of braided monoidal supercategory [BCK17, Section 2.2]. First,
let 7: R — 6 denote the superfunctor sending (X, Y)on Y®X and f®g on (—1)/lglg®
f. A braiding on € is then an even supernatural isomorphism c¢: —®—— 7 satisfying the
usual hexagon axioms of a braided monoidal category.
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In a monoidal supercategory ¢, a left dual of an object X € 6 is a triple (X*, evy, coevy)
where X*€ ¢, evy: X*® X — 1 and coevy: 1 — X ® X* are even morphisms satisfying the
same axioms of duality in a rigid monoidal category. Similarly, there is a notion of right
dual. A monoidal supercategory in which any object has a left and right dual is called
rigid. In a rigid monoidal supercategory, we define the dual f* € Hom(Y*, X*) of f €
Hom (X, Y) as in any rigid monoidal category. Note that we have (go f)* = (—1)/ I8l 2o g*
for two homogeneous morphisms f and g, the sign being due to the superinterchange
law.

Finally, a superfusion category is an abelian semisimple rigid monoidal supercategory
with finite number of simple objects, finite dimensional spaces of morphisms and simple
unit object 1.

Before giving a definition of a pivotal structure on a rigid monoidal supercategory, let
us have a closer look to the case of the supercategory of superspaces. On sVect, we have
two pivotal structures.

The first one is given by the Drinfeld morphism. It is indeed a pivotal structure since
the braiding is symmetric. With this pivotal structure, the quantum traces are known as
supertrace. One can show that for any morphism f between superspaces V and W, the
diagram

v sw

a| Jow

is commutative.

The second one is given by a slight modification of the previous one by a tensor auto-
functor of id given by v — (—1)"”! on homogeneous elements. With this pivotal structure,
one recover the usual trace as the quantum trace. One can show that for any homoge-
neous morphism f between superspaces V and W, the diagram

v L sw

avl \Law
N

Ve N Ve

is commutative.

For a rigid monoidal supercategory, we define two even superfunctors Bid and sBid.
Both are given by X — X on objects. On morphisms, Bid sends f to f** whereas sBid
sends f to (1)1 f**. The functor sBid has been considered in [ALW17, Section 8.3].

A pivotal structure on a rigid monoidal supercategory is an even monoidal supernat-
ural isomorphism a:— — Bid. As in the usual case of pivotal monoidal categories, we
have the notion of left and right quantum traces. Note that for f: X - Y and g: Y = X
homogeneous morphisms we have

Tri(go f)=(-1/I8I Tt (fog)

and similarly for the right quantum trace.

A superpivotal structure on a rigid monoidal supercategory is an even monoidal super-
natural isomorphism a: —— sBid. As in the usual case of pivotal monoidal categories, we
have the notion of left and right quantum traces. Note that for f: X - Y and g: Y —» X
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homogeneous morphisms we have

Trh(go f)=(-1)/EFU T (Fog)

and similarly for the right quantum trace.

3.2. Super Grothendieck ring. — Let Z, = Z[¢]/(¢? —1). The super Grothendieck group
sGr(%) of an abelian supercategory % is the Z.-module generated by isomorphism classes

[X] of objects in ¢ modulo the following relations: if 0 — X 4, Y £ 7 - 0is a short exact
sequence with homogeneous maps, then [Y]= eV X1+l 7).

There is a map sGr(¢)/(¢ —1) — Gr(%6) which is clearly surjective but not necessarily
injective.

If 6 is monoidal, then tensor product in ¢ endow sGr(%¢) with a structure of an asso-
ciative algebra. If moreover % is braided, the multiplication is commutative.

In a superfusion category, the super Grothendieck ring is not necessarily a free Z,-
algebra as it may exist simple objects with odd automorphisms. It is nevertheless free as
a Z-algebra.

3.3. Braided monoidal supercategory associated to a slightly degenerate braided cat-
egory. — In this section, we fix a slightly degenerate pivotal braided fusion category
6. We denote by ¢ the unique non-unit simple object of ¢’. We fix an isomorphism
. e@e—1.

Define a supercategory 6 with the same objects as 6 and superspaces of morphisms
being:

Hom(X,Y)y=Homg(X,Y) and Homy(X,Y); =Homg(X,e®Y).

The composition of f € Homy(X,Y) and g € Hom(Y,Z) is obviously defined except
when f and g are odd morphisms. In this case, g o f is the map given by the following
composition
f id, ®g Eeidy
X —— e®Y ——— ¢®@e®ZL —— Z.

By a case-by-case checking, we see that the composition above is indeed associative.

The category € is equipped with a tensor product. On objects, the tensor product is
the same as in 6. On morphisms, we define the tensor product f&f’ on homogeneous
morphisms f € Homy (X, Y) and f’ € Homy (X', Y’) as follows:

if f and f’ are both even, f&f'=f® f’,

if fisevenand f’ odd, f&f' =(cy,®idy)of® f’,

if fisodd and f’ even, f&f' =f® [/,

if f and f” are both odd, f&f’ =(—{®idygy/)o(id, ®cy,,®idy/)o f® f’.

As for the associativity, we check case-by-case, that & satisfies the superinterchange

law.
The braiding in ¢ gives an even morphism cx y € Homy(X® Y, Y ® X).

Proposition 3.2. — Let 6 be a slightly degenerate braided category. The braiding in 6 endows
6 with a structure of a braided supercategory.
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Proof. — We have to check that for any two homogeneous morphisms f € Hom(X, X’)
and g € Hom(Y, Y’) the diagram

Cx,y
X®Y — YeoX

lf &g ig®f

X'ey XY yex

is (—1)//llgl-commutative in 4. If X’ = X and f =idyx, the commutativity follows from the
naturality of the braiding in ¢ and from one of the hexagon axioms. If Y = Y’/, g =idy
and f is of even degree it is trivially commutative; if f is of odd degree, we have to show
that

CeaX/,Y

ERX'®Y —5 Y®e®X’
Qidys
idmm icy' X
ERY®X’

is commutative in 4, which follows from one of the hexagon axioms and the fact that ¢
is in the symmetric center of 6. The general case now follows from the superinterchange
law. O

The category € is also rigid, the evaluations and coevaluations being the same as in
. The dual of a morphism of odd degree f € Hom(X, Y) is then given by the following
map f® e Homy(Y*, e ® X*)

coevy

vr % yrexe Xt Ly Vieea Y@ X* - @ V* QY @ X*

— 5 se X"

Proposition 3.3. — If a, = u, then the pivotal structure on 6 gives rise to a pivotal structure
on €. If a, =—u, then the pivotal structure on 6 gives rise to a superpivotal structure on €.

Proof. — Let fe Hom (X, Y) of odd degree equal to f € Hom¢(X,e® Y). Denote 6 the
twist in 6 associated to the pivotal structure. Using its naturality, we have (theta,®0y)o
f = f o0x as morphisms in 4. Then, in 4, we fins that 8,0y f = fa6y, identifying Ox
and 0y to even morphisms in 4 and 6, to the scalar +1. By definition of the twist, we
have a; = uy 06, in 6 for any object Z and therefore we have in 4

ﬁyéf =0, uyéfaex-
Butin €, uysf = f*suy, exactly as in a pivotal rigid monoidal category. Finally, we have
aysf =0, f"sax,
which gives us a pivotal or a superpivotal structure on 6. O

We end this section with the super Grothendieck ring. The quotient ring Gr(¢)/([1]—
dim(g)[£]) can be seen as a quotient of the super Grothendieck ring of 3

Gr(6)/([1]—dim(e)[£]) ~ sGr(€)/(1 — dim(e)e).
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The quotient ring sGr(%)/(1 —¢) is isomorphic to the usual Grothendieck ring of 4 and
to the quotient ring Gr(%¢)/([1]—[€]). Therefore, if dim(¢) = —1, we are in the following
situation:

sGr(€)
e=1 R
Gr(%) ~Gr(6)/((1]—[e]) Gr(6)/([1]+[e])

The ring sGr(¢) is free as a Z-module and of rank |Irr(6)|. The two quotient rings Gr(¢)/([1]—
[£]) and Gr(%)/([1]—[¢]) are also free as Z-modules and of rank M If the Conjecture
is true, we remark that the structure constants of the ring Gr(¢)/([1]—[¢]) relatively
to a choice of a basis J as in Section [2 are equal to the absolute values of the structure
constants of the ring Gr(¢)/([1]+[£]) relatively to the same basis J.

4. An application to Bonnafé-Rouquier asymptotic cell category

In this section, we consider the example of Bonnafé and Rouquier [BR17] and give
another interpretation of their categorification of a Z-fusion datum. We fix an integer
d > 2 and { a primitive d-th root of unity in C. The algebra D(B) is the algebra with
generators K, z, E, F satisfying the following relations:

Kd:zdzl,
E?=F=y,
[z, E]=]z,F]=[z,K]=0,
KE =(EK,
KF={"'FK,

[E,F]l=K—2zK .

This algebra is the Drinfeld double of the Taft algebra, a finite dimensional version
of the quantum enveloping algebra of a Borel of sl,. The category D(B)-mod of finite
dimensional D(B)-modules has d? simple modules. For each integer 1 < I < d there exists
d simple modules of dimension [ denoted by M, ,, p € Z/dZ (see [BR17, 2.A] for further
details).

As the algebra D(B) is a braided Hopf algebra, the category D(B)-mod is a braided
tensor category. We endow it with a pivotal structure whose pivot is given by z71K.
We denote by ¢ the semi-simplification of the category D(B)-mod. The simple objects
in this category are the indecomposable finite dimensional D(B)-modules with non-zero
positive and negative quantum dimension. In particular, the modules M, , for 1<l <d
and p € Z/dZ are simple in ¢ and the modules M, , are isomorphic to 0.

Proposition 4.1. — The full subcategory 9 of 6 additively generated by the simple modules
M, , for 1<1<d and p € Z/dZ is stable by tensor product.

Proof. — As the category ¢ is semi-simple and M; ,, ~ M, ,® M, ,, it suffices to show that,
for1<1<1’<d and p € Z/pZ, the simple constituents in ¢ of M; ,® M, , are of the form
M, ;. We proceed by induction on [, the case [ = 1 being trivial. For [ =2, this follows



20 A. LACABANNE

from [BR17, Theorem 3.3]:

MZ:P lf llzl,
MZ,O ®Ml/’p ol Ml’+l,p ®Ml’—l,p+l ifl< l/ < d—l,
Md_z,p+1 if l,zd_l.

Now, for [ >3 and I’ > I, the module M; ,® My, is a direct summand of (M; & M;_5,)®
My, ~ My o®M;_; ,®M) ,. By induction, every simple constituent of the module M;_; ¢®
My, is of the form M,, , and therefore so is every simple constituent of (M;o® M;_,;)®
My . O

The category 2 is then a fusion category with d(d — 1) simple objects. The positive
S-matrix $** has been computed by Bonnafé-Rouquier [BR17, Corollary 5.5]:

++ _L —ll/—lp’—pl’—pr’ _ G
N iy 24 1-g'.

The twist is given by
0, p= gP(HP).

We denote by ¢ the object M,;_;; which is of positive and negative quantum dimension
—1 and of twist 1. An easy calculation shows that

++ _ .+
St pya—1,1y = —dim” (M ),

and therefore ¢ lies in the symmetric center of the category Z. As this S-matrix has rank

@, ¢ is the only non-trivial simple object in the symmetric center. Therefore

Zsym(2) ~sVect,

so that the category 7 is slightly degenerate. We then compute the action of tensorisation
by € on the set of simple objects.

Proposition 4.2. — In 9 we have e® M} , ~Mg_; 1.p.

Proof. — We proceed by induction on [, the case [ =1 being trivial. For [ =2, the com-
putation is done in the proof of Proposition Suppose that [ > 3. We embed ¢® M, ),
ine®(M;,®M; 5p1)>e®Mo®M,;_,, as in the proof of .1} Therefore, by induction,
e®M,; ,® embeds in My_;;1p ® My_j421-14p- AS €@ M) 5 i1 ™ Mg_j42 i We finally
deduce that M; , ® e~ Mg ;1. O

We may choose {M;,, |0 < p <I+p <d} as a set of representatives of the action on
simples given by tensorisation by &.
We now compute explicitly the object X, which can be reduced to the computation of
the invertible object 1.
The dual of M, ,, is given by M; ;_;_,, and therefore
g1

_ —_ ot
sy (Mf,)=¢7 i Si1ro(Mip)

shows that 1 =M,_; y and dim*(1)=—¢.
Following section 2} we define the normalized S-matrix of the slightly degenerate piv-
otal braided fusion category 2 by

++
Sx.y

~ /sdim(2)y/dim(D)

SX,Y
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As sdim(2) = (IE?)ZZ (see [BR17Z, Section 5.C]), we have

gfll’flp’fpl’prp’(gll’ -1)
S(l)p)»(l/vp/) = d

We therefore recover the S and T-matrices of Bonnafé-Rouquier by the means of a slightly
degenerate fusion category.

Theorem 4.3. — The braided pivotal superfusion category 9 categorifies the Malle Z-fusion da-
tum associated to the non-trivial family of the cyclic group.

This example gives us a slightly degenerate braided pivotal fusion category which is
not of the form %, K sVect for a non-degenerate braided pivotal fusion category %j.

Proposition 4.4. — If d is even, the category 9 is not of the form %, R sVect.

Proof. — Let us suppose that ¥ = 9, RsVect. We consider the objects M 4 and e®@ M 40
Mg 4. One of these two objects in in %.

An easy induction shows that (M5 4)®?* @ M 4 has M d4pasa simple constituent. There-
fore, if M,  belongs to %,, both M 40 and e® M 4 are simple objects of %,, which is a
contradiction.

Then the object M, o does not belong to 7 and therefore e® M, , does. But (e® M, )®*¢®
M 40 (M, 0)®%* @ M 4 for any integer k, which leads to the same contradiction. O
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