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ABSTRACT. The main goal of this paper is to investigate the controllability
properties of semi-discrete in space coupled parabolic systems with less controls
than equations, in dimension greater than 1. We are particularly interested in
the boundary control case which is notably more intricate that the distributed
control case, even though our analysis is more general.

The main assumption we make on the geometry and on the evolution equa-
tion itself is that it can be put into a tensorized form. In such a case, following
[5] and using an adapted version of the Lebeau-Robbiano construction, we are
able to prove controllability results for those semi-discrete systems (provided
that the structure of the coupling terms satisfies some necessary Kalman con-
dition) with uniform bounds on the controls.

To achieve this objective we actually propose an abstract result on ordinary
differential equations with estimates on the control and the solution whose
dependence upon the system parameters are carefully tracked. When applied
to an ODE coming from the discretization in space of a parabolic system, we
thus obtain uniform estimates with respect to the discretization parameters.

1. Introduction.

1.1. Motivating example. In this paper, we are interested in null-controllability
properties at any time 7' > 0 of coupled linear parabolic equations at the continuous
level as well as at the semi-discrete in space level. In this introduction, we will focus
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on the following prototype system (which is in the so-called cascade form)

O — A =0, in (0,7) x Q,

o —AB+a=0, in (0,7) x Q,
a=1pv, on (0,7) x 09, (1)
B=0, on (0,T) x 09,

where ) is a bounded domain of R? (d > 1), I is a non empty part of the boundary
09, a and § are the two components of the system, and v is the boundary control
we are looking for. The main difficulty in the analysis of the controllability of such
system comes from the fact that we only have one boundary control v to drive the
two components («, ) to 0 at the final time. The coupling terms (here the term «
in the equation for §) plays a key role in the problem and it can be seen as a kind
of indirect control for the second component of the system. Note that this indirect
controllability issue arises even if I' = 0€).

Actually, it appears that the results for such systems may be quite different from
the case of scalar equations or from the case of coupled systems with a distributed
control. We refer for instance to the survey [3] for a review on that topic. In
particular, it is explained in that reference that usual techniques based on Carleman
estimates are useless on those problems. This is mainly because those techniques
naturally give the controllability of the system when there is as many controls as
components of the system (for (1) it would consist in another boundary control for 8
on I') and, in a second step, it is needed to prove that only one control is necessary.
This is done, at the observability inequality level (see the discussion in Section 2.3)
by removing one observation term thanks to the PDE itself. This last step cannot
be done for boundary controls (or observations). This is why other approaches have
to be developed.

Most of the results available up to now for such controllability problems are
only proved in dimension d = 1 by using the so-called moments method. This is
a quite powerful method but, unfortunately, restricted to autonomous problems in
space dimension 1. In the multi-dimensional case, one of the more advanced result
available in the literature is proved in [5], in the case where the geometry and the
diffusion operator can be tensorized and this is also the case we shall consider in the
present work. We also refer to [1] for results on similar multi-dimensional systems,
yet under the geometric control condition which is not satisfied in the present study
(see Figure 1).

FIGURE 1. Typical geometric situation

In this work, the geometric assumption we shall consider for problem (1), is as
follows: Q = Q; x Qy with Q; = (0,a) and Q5 C R¥! and T' = {0} x wy (see
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Figure 1). Then, we can rewrite the system as follows

8t04 — 6510[ — AQO{ = 0, in (O,T) X Ql X QQ,

B — 928 —Nof+a=0, in (0,7) x Q1 x Qo,
a=p£=0, on (0,T) x Q1 x 095, (2)

a = lgoyxw,v, on (0,7) x {0,a} x Qo,

B8=0, on (0,7) x {0,a} x Qq,

where Ay is the (d — 1)-dimensional Laplace operator in Qy. The fact that the
diffusion operator is split into two parts, each of them acting on different sets of
variables, is crucial in the analysis. That is the reason why we shall adopt a tensor
product formalism that consists essentially in identifying L(Q) to L?(Q1)®L?(y)
(see Remark 3.1 for a definition of ®) and in writing the two equations above in
the following equivalent form

{8ta+(—8§1)®Ia+I®(—A2)a =0, in(0,7), 3)

B+ (-02)QIB+I®(—As)B+a=0, in(0,7),

where the same symbol 7 is used for the identity operator in L?(Q) and L?(Q2). All
the necessary notations and properties concerning tensor products will be recalled
in Section 3.1.

By exploiting this tensor product structure, even though the tensor product
formalism was not explicitly used, it was proved in [5], that the null-controllability
of (3) holds at any time T > 0.

1.2. Passing to the discrete world. We are now interested in semi-discrete ver-
sions of the controllability result for (1) mentioned just before. To simplify the
presentation in this introduction, we assume that d = 2, that Q; = Qo = (0,1)
and that the computation grid is made of N x N uniformly distributed points
(th, jh)i<ij<n with h = ﬁ The semi-discrete system we consider is obtained

by the finite difference method and reads

Aoij — Qi1 — Qig1j — Qi1 — Qi1
B2
4B ; — Bi—1,5 — Biv1,j — Bij—1 — Bij+1
B2
ajo = Bio=aiNty1 = Bint1 =0, V1 <i<N,
ao; =vjlu, (jh),  VI<j<N,
any1,; = Poj =BN+1,; =0, VI<Fi<N.
(4)
The grid geometry is essentially the one described in Figure 2, where the control
v = (v;); is only appearing in the first equation of the system (the one for o ;)
and only on the boundary points represented by the symbol B corresponding to the
subdomain ws.

At each time ¢, both components ap = (a;;)i; € RVN*N and 8, = (Bij)i; €
RN*N of the system are now considered as elements of the tensor product RY @ RN
and we observe that the five-point discrete Laplace operator can be written as the
tensor product Ay, @ I +1® Aj with the usual definition of the three-point discrete

8t04i,j+ =0, V1<1,57<N,

Ofi,j + +a;; =0, V1<i,j<N,
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Laplace matrix

2-10 0
-1
0
1
A — —
-1
O0—0-12

We finally end up with the following equivalent form of our semi-discrete system

{&ah—i—(Ah@I—l—I@Ah)ah = Bpup,

5
08 + (An @ T+1@ Ap)Bn + an = 0, (5)

where By, is a matrix that accounts for the influence of the control vy, in the system
through the boundary conditions in (4), the precise definition of which will be given
in Section 4.1. This is the semi-discrete version of (3).

For this particular system, the main result of this paper is the following (see
Section 4.1 for the precise statement and definition of the norms involved).

Theorem. There exist C > 0 and hg > 0 such that for any h < hg, any time
T > 0 and any initial data o), B) € RN @ RY, (with h = ﬁ) there exists a
control v, € L*(0,T,RN) such that

C
[on]z20,mmyy < CeT (gl + 11Bu),

and the associated solution to (5) satisfies
—o/n? S
lan(T)|| + [1Bu(T)|| < Ce= " e (|laf]| + 18-

It is well known, see [7, 19], that we cannot expect in general to achieve exactly
ap(T) = Br(T) = 0 since the semi-discrete system may be not even approximately
controllable. In this sense, achieving exponentially small targets with respect to h
is an optimal result.

Our aim will be to provide similar results for more general semi-discrete systems.
That is the reason why, in order to formulate them more conveniently for any
number of coupled equations and to ease the reading of the proofs, we shall actually
gather the two components (as,r) € (RY @ RV)? into a single unknown y;, €
RY @ RN @ R™, with n = 2 in the present case, in such a way that the considered
system (5) will finally be written in the compact form

1
atyh+(Ah®1+I®Ah)®'yh“®1®<(1) 8) yhBh@(O)W

In the sequel of this paper we shall not explicitly mention the subscript A for the
notation of quantities related to the discretization process but taking into account
the fact that the considered spaces, norms and operators are grid-dependent is a
central point in the analysis.

1.3. Main results and outline of the paper. Considering the previous discus-
sion we shall analyze in this paper the controllability of parabolic systems of n
components and m controls of the following tensorized form

O+ A QTN Yy+IT@ A1 y+IRIQCy=B,®By®Bu, in (0,T), (6)
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where A; is a diffusion operator in €;, B; is a (boundary or distributed) control
operator in €2;, I is the n x n identity matrix, C is a n X n coupling matrix and B a
n X m control matrix.

Our main aim being to analyze semi-discrete versions of (6), we shall also consider
linear ordinary differential equations of the similar form

Oy+ A1 y+IA @1 y+119Cy=B; @By ®Bv, in (0,7), (7)

where the unknown y and the control v belong to a finite dimensional tensor space,
A; and B; are linear operators on those space. All those objects depend, by nature,
on discretization parameters, as in the example of Section 1.1. Therefore, it will be
crucial to take care of all the constants in the estimates so as to obtain, at the end,
controllability results for (7), that will not depend on those parameters.

Remark 1.1. We have used in (6) and (7) a convention that will be used all along
the paper:

e Operators acting in infinite dimensional function spaces are written with cal-
ligraphic letters: A, B, Z, ...

e Operators (matrices) acting in finite dimensional spaces coming from dis-
cretization issues (whose dimension may be large and depends on the dis-
cretization parameters) are written with upright letters: A, B, I, ...

e Matrices acting in finite dimensional spaces coming from the number of com-
ponents or controls in the system (their dimension is fixed and independent
of discretization parameters) are written with sans serif letters: B, C, I, ...

The outline of the paper is the following. Section 2 is dedicated to recall the main
results in the controllability theory for ODEs while paying a particular attention to
the discrete functional setting that will be adapted to the analysis of finite difference
approximations of parabolic PDEs. In section 3, we first review the material we
need concerning tensorized operators that are central in the present work, then we
state the precise assumptions we need and our main abstract result (Theorem 3.1).
In short, we will assume for our tensorized system (6) (in the continuous setting)
or (7) (in the discrete setting):

e that the associated sub-problem concerning only the first coordinate of the
tensor product which is
Ohy+ A ®ly+Z®Cy=DB ®Bv, in (0,7T), (8)
or
Oy +A1®ly+I®Cy=B;®Bv, in (0,T), (9)
is null-controllable (or a relaxed version of this) at any time 7" with a precise

control of the cost of the control.
If we come back to our motivating example, this subsystem reads

Orov — aila =0, in (0,T) x Qq,
WB—02B+a=0, in (0,7) x Q, 10)
a=1lq v, on (0,T)x 0,
8 =0, on (0,T) x 9.

Note that this system does not depend on the control set ws.
e that the diffusion operator Ay (resp. As) and the control operator By (resp.
Bs) in the other direction satisfy a suitable spectral estimate similar to the
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Lebeau-Robbiano spectral inequality, except that we allow the inequality to
hold only for a portion of the spectrum.

For system (2), this amounts to ask that the Lebeau-Robbiano spectral
inequality holds, relative to the control set ws, for the eigenfunctions of the
operator —As in 5 with homogeneous boundary condition.

The complete proof of the theorem is given in Section 3.3. It consists, following
the strategy developed in [5], to implement a construction of the control similar
to the one originally proposed by Lebeau and Robbiano in [15]. We split the time
interval into a suitable number of subintervals whose length is carefully chosen and,
on each of those subintervals, we construct a partial control (obtained by combining
the two assumptions above) that is able to damp out exponentially the part of the
solution corresponding to the frequencies less than some threshold. Note that,
contrary to the usual construction, we are not necessary able to drive this part of
the solution exactly to zero at this stage. This threshold is then increased while the
construction progresses towards the final time T'; this eventually gives the expected
control.

The main novelties in the present work are that : we allow relaxed controllability
and spectral inequalities in our assumptions and moreover we precisely take care of
the dependence of all the quantities of interest (norms, constants, ...) with respect
to parameters on which the problem may depend. Those two refinements of the
proof in [5] are mandatory since we want to apply this abstract result to systems
obtained by semi-discretization processes.

To conclude the paper, in section 4, we precisely explain how to use the abstract
formalism developed here to achieve the uniform controllability results of semi-
discrete coupled parabolic systems as announced in this introduction. As another
example, we also show how to deduce the result of [5] (slightly generalized to variable
coefficients operators) from the present abstract result and give some insights on
other possible applications.

2. Controllability for linear ODEs. Before studying discrete versions of System
(6), which is the main aim of the paper, we start by introducing the main notations
and results that we shall use in the sequel concerning the controllability of linear
ODEs. Most of this material is already well-known, however we propose a specific
point of view adapted to our needs.

2.1. Framework. Let (E,(e,0),) and (U, [e,e],) be two (finite dimensional) Eu-
clidean spaces (each of them being identified with its own dual space). The corre-
sponding norms are denoted by ||e||, and [e],. The presence of a subscript 0 in the
notation is related to the fact that, in Section 2.2, those norms will be embedded
in a scale of Sobolev-like norms.

We consider for the moment a general linear autonomous controlled system of
the form

y(0) = yo, ()

where L : E — E and B : U — E are two linear operators, y : [0,7] — E is the
state and v : [0,T] — U is the control we are looking for.

In the sequel of this paper, different such systems will be considered, coming in
particular from the discretization of multi-D parabolic control problems such as (7)
or their reduced version (9). In particular, the spaces E, U and the operators L

{y' + Ly = Bv, on (0,7T),
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and B will depend on some discretization parameter h. We will be interested in
properties of those systems that are uniform with respect to h, that is the reason why
we will pay, in this section, a particular attention to the various constants appearing
in the estimates. In section 4 we will propose a suitable framework ensuring that
all those constants will be uniform with respect to h.

2.2. Well-posedness. It is clear that (11) is well-posed for any choice of yy and v
and that

b ly@®)llo < €™ (llyoll + VTIBI [Vl 20,70 ) (12)

where ||L|| (resp. ||BJ|) is the operator norm of L : E — E (resp. B: U — E). How-
ever, in the framework we are interested in which comes from the semi-discretization
in space of an evolution PDEs, those operator norms will not be bounded in general
with respect to the discretization parameter. This is the consequence at the dis-
crete level of the fact that differential operators are naturally unbounded operators
in Sobolev spaces. For example if L. the discrete Laplace operator on a uniform
mesh of size h and B the boundary control operator as defined in section 4.1, then
|B|| and ||L|| both behave like C/h?. Thus, inequality (12) will not give usable
estimates.

Therefore, we need to introduce adapted estimates and some kind of discrete
Sobolev norms to take into account the particular geometry of the (discrete) control
operators under study. To this end, we introduce D : F — E a self-adjoint definite
positive operator on E (one can think of the discrete Laplace operator for instance)
and we define a scale of inner products in E defined, for any s € R, by

(u, U>s,D = (D%, U>O )

and |||, 1, is the associated norm. Observe that ||e[[, = [[e|, , and that the space
(E,(e,®)__ ) is naturally isometric to the dual of (£, (e, e)_ ;) since
<’U,7 ¢>O

[ull - p = su (13)

P .
(ASY ) ||st,D

We shall now define, for given s € R, the two constants M adm, Ms cont > 0 that
satisfy

sup eftL*wH < My cont ||7/’HS,D7 Vi € E, (14)
te[0,T] s,D
T . 2 %
/ [Brey] dr) < Moawl¥ll,p, V0 € B, (15)
0

where the adjoint operators L* and B* are relative to the ambient inner product on
E and U. Observe that (14) and (15) automatically holds since we consider finite
dimensional spaces, and the only interesting point is the uniformity (or not) of the
constants with respect to the spaces and the operators involved. Depending on the
targeted application (distributed control, Dirichlet boundary control or Neumann
boundary control for instance) we will need to choose a convenient value of s and
of the operator D to ensure that those constants are actually uniform with respect
to the discretization parameter.

Proposition 2.1. For any v € L?(0,T;U) and any yo € E, there exists a unique
solution y to (11) and it satisfies

ts[%pT] ||y(t)||_S,D < M cont ||yOH_s,D + M adm [[UHLZ((),T;U) :
€10,
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Proof. We write the Duhamel formula

t
y(t) = e Ty —I—/ e~ (=)L By(s) ds,
0

then we take the inner product with any v € FE

(0,80 = (om0, + | (B0, ) ar

0

It follows that
t

W®: 0= (m.e ) + [ [olr)Bre VY] ar

0 0
and then

0(6): 9ol < ol e 0]+ [ ool [Bre ] dr

0
By (14) and (15) we deduce that

[{y(£), ¥)ol < (Mmont 1yoll —s,p + M adm [[v]]L2(O,T;U)> 19lsp -

Since this is valid for any ¢ € E, we deduce the expected estimate by the duality
property (13). O

Remark 2.1. During this work we will often use the following very standard duality
formula that was given in the proof above

WD), %) = (o, e ™) = / ' o), BTy dt, wpe B (16)

2.3. Relaxed observability inequalities. It is well-known (see [11, 18] for in-
stance) that System (11) is null controllable at time 7" for any initial condition yg
if and only if there exists C' > 0, such that the following observability inequality for
the adjoint problem is satisfied

. 2 T . 2
He_TL qTHo < 02/ [[B*e_(T_t)L qT]]o dt, Yqr € E. (17)
0

The value of the constant C' in this inequality is crucial since it appears in the
measure of the control cost.

It happens that, when (11) comes from a discretization of a parabolic equation
with the finite difference method then the null controllability of the semi-discrete
system may not hold (in particular in a multi dimensional setting, see the example
given by Kavian and reported in [19]). To tackle this problem, it was proposed (in
[12, 8, 9, 7] for instance) to relax the controllability requirements by considering
instead the (h)-null-controllability of (11). It consists in constructing uniformly
bounded controls such that the solution y(7T") does not identically vanish but is
small enough with respect to the discretization parameter h. This approach is
based on the penalized HUM construction, where the penalization parameter is a
given function h — @(h) of the discretization parameter, given its name to this
notion. Note that, the spaces F, U and the operators L and B all depend on h, in
particular the dimensions of ¥ and U may increase when h tends to zero. This is
one of the main difficulty that we need to take care of in the analysis.

The @(h)-null-controllability property is equivalent to a relaxed version of in-
equality (17) and the following Lemma 2.2, whose proof is given in appendix A,
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aims at establishing such an equivalence. This lemma is somehow related to [16,
Lemma 3.4] or [4, Proposition 1] and is stated in a quite general framework : the
constant s and the operator D can be chosen arbitrarily. Moreover using appro-
priate spaces Fy and Fr (which are defined below), one can show that Lemma 2.2
encompasses some already known situations (see Remark 2.3). Roughly speaking,
this Lemma is about controlling the components in the final state space Fr of the
solution of system (24) which starts from an initial condition yo in the initial state
space Fy. Even though we only state it in a finite dimensional setting, it is clear
that infinite dimensional versions also hold, as in the references quoted above.

Let Fy and Fr be two subspaces of E and Pg, (resp. Ppg,) the orthogonal
projection onto Fy (resp. Fr) with respect to the inner product (e, e) .

We will denote the adjoint operators of the projectors Pr, and Pg, for the inner
product (e, e), 1, by Py, and Pf, . Observe that P}, and P, - are also the orthogonal
projectors in (E, (o,o)S’D) onto D™*Fy and D~* Fr respectively. In particular, we
have

HP*FOyH&’D S ||y||37D3 vy 6 E7
HP}Tst,D S ||y||s,D7 Vy S E.

Remark 2.2. Observe that, if Fy (resp. Fr) is stable by D then Pg, (resp. Pg,)
does not depend on s. In particular, those projections are orthogonal for the inner
product (e, e),.

Dealing with such subspaces will be crucial in the sequel when we will apply
the Lebeau-Robbiano strategy since it requires to be able to control some precise
components of the solution at each step (depending on eigenspaces of As), see
Section 3.3.

Lemma 2.2 (Relaxed observability inequalities and controllability). We use the
above notations and assume that s,D, Fy and Fr are given. Let My, > 0 and
M1 > 0 be two given numbers.

The following two propositions are equivalent.

1. For any yo € Fy there exists a v € L?(0,T;U) satisfying
1 2 1 2 2
7 om0y + 775 IPee (W(T)IZe b < llwoll =5 p s (18)
M3, O10 T M2, ! ' '
where y is the corresponding solution of (11).
2. For any qp € D™*Fp, the following relaxed observability inequality holds:

. 2 T . 2
HP;O(ETL )l <z, /O [[B*efmm QT]]O dt + M2y llgrlip . (19)

s,D

Of course, for M, = 0, the inequality (18) should be understood as
1 2 2

7 [lz200,m0) < w0l s p s

M2 | (0,15U) ,

||PFT (y(T)) Hfs’[) =0.

Remark 2.3. Throughout this paper Fy will always be equal to the whole space E.
However it is worth noticing that by specifying spaces Fy and Fr, one can recover
usual inequalities related to different notions of controllability.
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e When Fy = Fr = E, inequality (19) is the usual relaxed inequality. If (19)
holds with M, = 0 then system (11) is null controllable.

As explained above, we cannot always expect M, to be equal to zero when
system (11) is discretized by finite differences method with a space domain
of dimension greater than one. However, if this inequality holds with M2, =
o(h) and with M,s independent of h, we recover the p(h)-null-controllability
notion briefly described above.

e When dim(Fy) = 1 and Fr = FE, then proving (19) amounts to drive only one
given initial condition to zero (when M,e = 0) or close to zero (when M2, is
small, like p(h) for instance). This question is tackled for instance in [7].

e The partial null-controllability consists in driving to zero only some compo-
nents of the solution of a system of parabolic PDEs. It amounts to prove
inequality (19) for M,e = 0 and to choose an appropriate subspace Fr. This
kind of controllability is studied for instance in [4] where related o(h)-partial-
null-controllability is also investigated.

3. Controllability of tensorized systems.

3.1. Notations. We introduce in this section the main notations used all along
this paper. They mostly rely on usual notations and properties of tensor products
(see for instance [13] for the algebraic properties of such structures, and [17] for
related Euclidean/Hilbertian properties)

Let (F;, (e, .>0,i)’ 1 = 1,2 be two finite dimensional Euclidean spaces of dimen-
sions Ni and Na. The associated norms are denoted by |[le]|, ;. Let D; be two
positive definite self-adjoint operators in those spaces and for any s € R, we intro-

duce the following scalar products
(uisvi) p, = (Dius, vi)g,» Vus,v; € By,

and the associated norms |[e]|, p, .

In the case of a finite difference approximate system, the two spaces E; have
to be understood as the spaces of discrete in space (scalar) functions defined on a
grid of €;, i = 1,2. We will then consider the tensor product space E; ® Fs as a
natural discretization space for functions defined on the tensor product grid of 2.
This space is equipped with the natural Euclidean structure defined by

(U1 ® ug,v1 @), = <u17vl>0’1 <u2,v2>0’2 . (20)

Remark 3.1. If F; and E5 are infinite dimensional Hilbert spaces, the algebraic
tensort product F; ® Fs equipped with the above inner product is only a pre-
hilbertian space. The natural functional space to consider in that case is the com-
pletion of By ® Es, which is then an Hilbert space denoted by F1&Fs,, see [17].

On F; ® Fy we consider the operator D = D; ® I + I ® Do, where I stands for
the identity operator in Fy and E5. This is a positive definite self-adjoint operator,
from which we can define the following natural inner products and associated norms

(u,v)S!D = (D%u,v),, Yu,v € E1 ® E»
Note, in particular that we have

(u1 ® ug,v1 ® Uz>17D = <u17v1>17D1 <u27U2>072 + <U1,U1>0,1 (uz, ”2>1,D2 )
Yuqi,v1 € Fq1,Vug,vg € Fs. (21)
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Since we will be interested in vector-valued discrete functions that aim at being
approximations of the solution (at any time ¢) of system (6), we will naturally work
with the space

E=F®EoR",
which corresponds to the fact that all the n components of the system are approx-
imated at each grid point.

We recall that if L; is a linear operator in E; and L a linear operator in R™, the
tensor product Ly ® Ly ® L is a linear operator on E defined by

(Ll ® Lo ® L)(u1 X Uz @ Z) = Ll(ul) (39 LQ(UQ) & L(Z), Yu; € B;,Vz € R"™.

Let (e, o) be the Euclidean inner product in R™ and |e| the associated norm. The
previous definitions are naturally extended to the space F as follows

U@y, v® Z>S’D = <u,v>S’D (y,2), Yu,v € E1 ® By, Vy,z € R",

and we do similar extensions for spaces F1 ® R"” and Ey ® R™.

Recall that E can be identified to 1 ® R™ ® E5 and Fs @ R™ ® Ey. Therefore,
ifu:=wuQ®y € E; @R"” and v; € E; where i # j € {1,2}, one is allowed to
consider u ® v; as an element of E, although one should instead deal with the
element u; ® v; ® y.

We now introduce two other finite dimensional Euclidean spaces (U, [e, ] ;),
1 = 1,2, with the associated norms [[.]]O,i that correspond to the control space for
each subproblem.

We define U := U; ® U ® R™ and its inner product [e, e];, whose definition on
U ® U is analogous to (20) :

[ul & u2,v1 @ 'UQ]O = [ulv 01]0,1 [UQ; U2]072 s (22)

and is extended to U as before.

3.2. Main theorem. Let A; be a symmetric definite positive operator in F;. One
can think of A; as an approximation of the continuous operator A; but the statement
of our result is generic and does not explicitly make use of such an assumption. The
eigenvalues of A; will be denoted by (\;, k)kN;1 and the corresponding eigenfunctions
are (¢;1)n",. Those form an orthonormal family for (e, ®)o.ir

In our estimates, the following discrete Poincaré inequality for A, will be needed

lullg = llullo,a, < Mpallully s, >Vu € Er, (23)

for some Mp ;. Without loss of generality, we will assume that Mp; > 1. Note

that the best possible value for Mp ; is )\1_71/ 2 but it is not sure that this value is
greater than 1. Note also that the following generalized Poincaré estimate holds

llull, < Mg 4 |u||S,A1 Vu € Eq,Vs > 0.

For each i = 1,2, we consider a control operator B; : U; — FEj;, a coupling matrix
C and a control matrix B.

Our goal is to analyze the controllability properties (uniform with respect to any
parameter on which the system may depend) of the following tensorized ODE

Oy + Ly = B1 ® By ® Bu,
{y(o) =y € E,
where the control v belongs to L?(0,T;U) and
L:=A+1IICand A =A QIR +IR A 1.

(24)
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Here, the symbol I stands for the identity operator on F; or Fs and the symbol |
is the identity operator of R™.

To this end, we will take benefit from the tensor product structure of the system
and make two main assumptions:

1. the first one concerns the vector-valued sub-control-system in F; defined by

Oy+A 1 ®@ly+1® Cy =B ®Bu,
{ty 1 Y ) 1 (25)

y(O) =1 € F4 ®Rn,

with y € C°([0,T], E1 ® R") and v € L2(0, T; Uy ® R™).

Assumption 1. For some Mops1 > 0, pip, € (0,400], we have that for any
T >0, for any yo € Ey @ R™, there exists a control v € L*(0,T;U; @ R™) for
(25) such that

< eMovs1 (144)

[[v]]Lz(O,T;U1®Rm) HZ/0||7S,A1 )

Mo S, = -
Hy(T)”—s,Al < eMon ,1(1+T)e e, T ||y0||—s7A1 )

2. the second one concerns a spectral property related with the pair of operators
(A2, By) similar to the well-known Lebeau-Robbiano inequality, excepted that
it only holds for a certain portion of the spectrum of As.

Assumption 2. For some Mg, > 0, pig, € (0,400], we have the following
partial Lebeau-Robbiano spectral inequality

[llg < M0V B, 5, VO € span(@n,j, Ao < 1), (26)
forany 0 < p < g, .
The main theorem of this paper is the following.

Theorem 3.1. Assume that Assumptions 1 and 2 hold. Let p* = min(pip, , fis,)-

There exist a Myy,s > 0 depending only on Moys.1, Migr,2s Ms.cont, Ms.aam and
|IC|| such that for any yo € E and any T > 0 there exists a control v € L*(0,T;U)
satisfying

1
{[[U]]LQ(O,T;U) < 6MObS(1+T+T) ||y0||757A7

g(T) g < Mo OH A D T

Note that in this theorem the constant Mgy 1 is built upon the Sobolev norms
associated with D; = A; and the constants M ¢ont, Ms aam With the Sobolev norms
associated with D = A. Those norms are thus problem dependent.

In the case where A; are discrete versions of diffusion operators, it can be tempt-
ing to use instead usual discrete Sobolev norms, that are defined by using for D; and
D the discrete Laplace operators. However, the equivalence between those norms,
for large values of s, is uniform with respect to the discretization parameter if and
only if the diffusion coefficients ~; are smooth enough. In the case of non smooth
diffusion coefficients, using the norms given in the theorem is mandatory.

3.3. Proof of the main result. In this section, we will prove Theorem 3.1.
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3.3.1. Preliminary estimates. We start with some preliminary results.

Lemma 3.2 (Norms comparison). For any s > 0, and any

N2
q=> ¢ ®¢2;, ¢ €E1QR",
j=1
we have
No Ny
2 2 2

Sollgpl? s, < llal? 0 <2235 S0+ 43,) 2.4, -
Jj=1 j=1

Proof. We write each g; under the form

N
G = 16D,
k=1
with ¢, ; € R™ in such a way that

Aq = Z Ak +A2,5)%01,% @ d2,5 ® g j-

1<k<N;
153N,

It follows that
2 s
lalia= D Ouk+re;)lansl,

1<k<N;
1<5<N2

and we immediately obtain

N2 N1 N2
2 2
lallin =" <Z X g qk,j|2> =" lgl2 4, -
j=1

j=1 \k=1

Moreover, we have

2
gl 4 <2° > M+ 23k
1<k<N;
1<j<Ny

N2 N2
2
=2 lajllia, +2° )N,
=1

j=1

2
)

2
19104,

No

2
<2PMEL D (1+A3) g2 4,
j=1

and the claim follows. O
We define, for any p > 0, the following subspaces of Fo
E, 2 :=span{¢a ; : Ao ; < pu}, and E;‘Q =span{gs ; : Ao ; > u}
and the corresponding subspaces of F/
E,:=F ®E,»®R", and E; := F; ® E;, ® R".

Let P, (resp. Pi) be the orthogonal projection in E onto E,, (resp. E’f) for the
inner product (e, .>—S,A' By construction we have P, + Pf; =1L
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Let us now state some properties of the uncontrolled system

{&y + Ly =0,

y(0) =yo € E. (27)

Proposition 3.3 (Dissipation estimates).

1. Foranyp >0, ifyy € Elf, then the unique solution to (27) satisfies y(t) € Ej
for any t and moreover, for any s € R, we have

ly@)ll_ a < el Ve flyoll g, Vt=>0.

2. For any pn > 0, and any yo € E, the unique solution to (27) satisfies, for any
s€EeR,

C
IPuy(® g0 < eI IPuyoll_, 5

1 Cllt— 1 Cllt—

[PEy@_, o < el Phyo|_, < et y)l_, .

Proof. 1. The first point is just a consequence of the fact that F, and Ef; are
stable by L= A+1®I® C. A straightforward computation, using that A
commutes with I ® I ® C shows that

1 s s
5& <A75y, y>0 + <AA7§y, A*5y>0 = — <A75(I ®I® Oy, y>0

Then we observe that, A~ y(t) € Ei‘ for any ¢, and that by definition of Elj-
we have

(Az,2)y > p(z,2),, Vz€ Ej
It follows that

1
30 (A7 9)0 < (IC] = 1) (A7, 9),

and the claim follows by the differential form of Gronwall’s Lemma.

2. We simply observe that P,y and Pﬁy solve the same equation as y with initial
conditions P,yo € Ed‘, Pf;yo € Ef; It is then enough to use the inequality of
the first point to conclude.

O

3.3.2. Partial controllability results. The following proposition is a partial version of
Theorem 3.1. More precisely, we establish the existence of a control v that reduces
the norm of the projection on E, of the final state y(7) as much as possible.
However, the bound on the control is not uniform with respect to u yet.

Proposition 3.4. There exists a positive number My which depends only on
s, Mp1, Mobs,1, Mins, Mscont; Msaam such that for any p € (0, ps,) and any
Yo € E, there exists a control v € L?(0,T;U) that satisfies

[[U]]LQ(O,T;U) < Moot (174 ||ZUOH75,A

(28)
||Pu(y(T))H_g,A S eMparc(l-‘r%)e—HElT Hy0||7S’A7

and
1
(T _ p < Moot OFTHVE o] (29)



BOUNDARY CONTROL OF SEMI-DISCRETE PARABOLIC SYSTEMS IN MULTI-D 15

Proof. Let qr € E,, and g be the solution of the backward equation

—0iq+L%q=0
q(T) = qr.

We recall that A; (resp. Ag) is self-adjoint in E; (resp. E2) so that

L"=A I +I0A: ! +I1eC".

Since E,, is stable by L*, we can decompose ¢ in the following way

q(t) = Y q;(t) @ ¢a, with ¢;(t) € By @ R"
A2 i<p

where ¢; satisfies

{_atqj + (A1 ®1)gj +A25q; + (1@ C*)g; =0

qj(T) =dqr,; € FEq Q R™.
The new variable z;(t) :

q;(t)e*>5 (T satisfies the following system
—Ozj + (A1 ®1)z; + I®C")zi(t) =0
zi(T) = qr;-

Thanks to Assumption 1, we can apply Lemma 2.2 in the space F; ® R", with
Fo=Fr=E®R", L =A@ +I0C, B =B®B, D = A1 @I, Myps = Mer=1(1+7)
and M, = eMovs, 1 (1474) g, T Inequality (19) with gr = ¢r,; gives

T
502 0, < =208 [ [B; 0B (O] dere™oms(FHemmma g2
0

and therefore, coming back to the variable ¢;, we get

T
a5 O)II7 , €247 < e2Mev (147 / [B] @ B"q;(1)]g, €7 TVt

0,

4 2Movs,1 (1+4) g—pip, 2T llgr

2
1j||5’A1 )
and thus,

lg; (0)]

T
2 Mops L * * 2
2 ce b,1(1+T)/0 [B} @ B*q;(1)]2 , dt

2Mops,1 (145 ) ,— —2Xo 2
+e b,,l( +T)6 uEl2T6 2)\2,JT||qT’j||S’A1 )
Using the second inequality in Lemma 3.2, we get

T
lg(0)]2 5 < 2°MEs 2 Mern (147) §7 (<1+Az,j> / [B; ® B*q; (t)];, dt
A2 i <p

n (1 + )\Syj)e—ka,jTe—HElyr ||qT,j||§7A1 ) .
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Applymg‘ now the first inequality in Lemma 3.2 and the following inequality A*e~2*T <

((ZT)z , we get
T
1 * *
la(0)]17 4 < 2°MB3 (1 4 u)e?Morer () 37 / [Bi ©Bg; ()], at
A2 i <p

—1\s
T R i L

We shall now apply Assumption 2. To this end we choose any orthonormal basis
(¥r)k=1,...x of U3 ® R™ and we decompose each B} ® B*g¢;(t) in this basis, the
coefficients being denoted by ay ;(t). It follows

K 2 K
> BieB W, = >, ﬂZakJ(tmﬂ =33 (aw(t)
0,1

Az, i<p Az i<p k=1 E=1X2;<p

For any k € {1, ..., K}, given that 0 < pu < pg,, we can apply the discrete Lebeau-
Robbiano inequality given by Assumption 2 to the vector ¢ = Z ak,j(t)pa.;, to

Az, 5<p
obtain

K
Z [BT ® B*g;(t ]]01 SZ 2Mir,2(1+vE) Z ap,;(t)B5da,;
k=1

A2, <p Az <p

K
_ezMLRTz(H\/ﬁ)Z Z Z [ak,j (£)B5 2,5, ar i (1) Bsda 1]

k=12 ;<p >\2,j/ <p

0,2

Apply now (22) and the fact that for any k, [¥x],, = 1:

> [BieB @),

A2 i <p
K

< M2 UHVIDN "N N [ag () Wk @ Biga 5, an (1)) © Biga ]
k=1X2;<p Ay ;s <p

< M2V N [BY @ B* @ B3 (g5(1) © ¢a,5), B @ B* @ B3 (g5 (1) @ ¢2,5)],
A2 i <p
)‘2,j/§#

< 2Mir.2(1+V/A) [BT ® Bi ® B*Q(t)]]g-

Hence,

T
1g(0)]2 5 < 2° M (1 + p®)Mrim2 (VD + 20 (14) / [B; @ B} @ B*q(t)]2 dt

—1\s
+2° MR e2Morn (14) <1 + (f;T)Z >e"E1

(30)
Note that, by construction, E,, is stable by A so that (30) is valid for any ¢r €
Fr =D7°E,. Thus, we can apply Lemma 2.2 in the space I with D = A, [y = F
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and Fr = E,. It follows that there exists a control v € L?(0,T;U) such that

s 1
[[U]]L"’(O,T;U) < 22M1§71 /1 + HSeMLR.2(1+\/ﬁ)+Mubs,1(1+T) ||y0||7s,A7

PR (1L se=l)s
P,y < 2803 Momn O, 1 B e gy

Finally, inequality (29) comes from Proposition 2.1 and the estimate on the control
cost just proved which give

ly(T)I] 5,a
< (M&wm + demgéMl;lmeMLR,Q(Hﬁ)JrMObS,I(1+%)) lyoll_, x -

Those estimates can easily be put into the expected form for a suitable choice of
Mpars. O

The following corollary contains the main idea of Lebeau and Robbiano’s strat-
egy: during the first half of a given time interval, we control the lowest frequencies
then, during the second half of the time interval, we turn the control to zero to take
advantage of the natural dissipation of the problem.

Corollary 3.5. There exists a positive number My which depends only on Moy 1,
Mg s, Mscont, Msaam and ||C|| such that for any 7 € (0,T), p € (0, pp,) and any
Yo € E, there exists a control v € L?(0,7;U) that satisfies

1
”:’U]]L2(07T;U) S eMLR'(lJrTJr\/ﬁ) HyOH_&A
()l g < M (H4357) (emm /2 o emirBEM VI [y,
Proof. We apply Proposition 3.4 on the time interval (0,7/2). We get a control v

and a solution y which satisfy (28) (with T replaced by 7/2). Then, on the interval
(1/2,7), we set the control to zero. Thus, we have constructed the following control

~ v(t) fort e (0,7/2)
olt) := {0 for t € (1/2,7),

and the associated solution of the system is still denoted by y. Clearly, the L? norm
of v on (0,7) is equal to that of v on (0,7/2).
1. Since the control is 0 on (7/2, 7), the dissipation properties given in Proposi-
tion 3.3 yield
Pyl g n < e IEPL(y(r/2)] 4 4 -
Then, we use (28) to get
1Py q < Moo (D) lCITemrmn s |y, (31)
2. By the dissipation properties given in Proposition 3.3 we get
[Py, , < M5 y(r/2)l| 4 -
Then inequality (29) of Proposition 3.4 (with still T' replaced by 7/2) leads to
Mpart 1 —p) 5
HPﬁ(y(T))H_S,A < 2Mpare(1+1+VE) (IC1 =) 3 [ (32)

We combine (31) and (32) to get the result for a suitable value of M, depending
on Mpay. O
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Observe that Corollary 3.5 is slightly different from the similar result in the
classical Lebeau and Robbiano’s strategy. Indeed, the modes corresponding to
frequencies less than p of the final state y(7) are not cancelled; they still exist but
are controlled by the small term e~ ##1 3. When applying the complete strategy on
the interval (0,7), one has to make sure that the term e ##17/2 is smaller than
e #7/2. This constraint is fulfilled in Theorem 3.1 by dealing with frequencies
smaller than pip, .

3.3.3. Conclusion of the proof of the main theorem. We can now apply Lebeau-
Robbiano’s strategy, with a well chosen finite number of steps, and prove Theorem
3.1.

Proof. Without loss of generality we suppose that M; > In(2). Let a > 0 such

that
«@ Va
—3— —-5>0. 33
8M. 2 (33)

Note that « only depends on M. Let pu; = %(ZJ)Q, T = %2% and T = Zi:l Tk
Suppose that p* < pp. In this case we apply Corollary 3.5 with 4 = p* on the
whole time interval (0, 7). There exists a control v € L2(0,7T,U) that satisfies

) < eMLR(l-‘r%-‘r\/lF)

[[UHL2(0,T;U |y0||7s,A )

||y(T)H—s A < eMLR(1+%+T) (e*#ElT/Q + e*#*T/QJrMLR\/ﬁ?) HyOH—s A

Since e #E1T/2 < ¢ T/2 e have
1 o -
Hy(T)H—s,A < eMLR(1+T+T)6 uT/2 (1 _|_eMLR\/,LT> ”yOH—s,A’

. 2
and moreover eMLrVET < oMLrVEiL < eTMirVa, Therefore,

i ok
Hy(T)H—s,A < eMLR(1+2\/a)(1+T+T)e w*T/2 ”yO”—s,A )

Thus, if u* < pq, the proof of Theorem 3.1 is complete since a depends only on
M, , which itself depends only on Mobs.1, Mir 2, Ms cont, Ms,adm and ||C||.
Suppose now that p; < p* and define j* € N* such that p;- < p* < pjeqq.

e During the time interval (0,77) = (0,71), we apply a control v; as given by
Corollary 3.5 with 4 = p; (which applies here since p1 < p* < pp,) and we
get

1
[o1] 2oy 0y < €M EFT VI gl

1
Hy(Tl)H_s,A < eMLR(l'f‘Tl +71) (equln/z + e*H1T1/2+MLR\//Tl) HyO||_s,A~
e For any index j < 7%, we continue this procedure by applying Corollary 3.5
on time interval (T;-1,T;) = (Tj—1,Tj—1 + 7;) with g = p;. We get a control
v; that satisfies

MR (7 )

[[vjﬂL2(Tj—1’Tj§U) < ||_37A’

a1
W, 5 <M (H54m) (34)

(emmeams/2 g emmam M) Jly(Ty )|,



BOUNDARY CONTROL OF SEMI-DISCRETE PARABOLIC SYSTEMS IN MULTI-D 19

Let us focus on the estimation of the term y(7}). First, we use that e #£17/2 <
e #i7i/2 and the relations

o al
o= 9 =22
TRy 55)
«
Tj
It follows
e*ﬂjTj/QJrMLR\/ITj < e%(7%+MLR§>
Hence
M, ST (M
(T, < 26MimeMR G TSR oy (36)

since In(2) < My, inequality 1 < — + 7; leads to

M 1 . M 1 . 3 M, 1 .
9eMLr LR,(TjJrTJ)SeQMLRe LR(T],+TJ)§6 LR,(TjJrTJ)

)

which, associated with (36), finally yields

3MLr(E +TJ)+ 1( °‘+MLR 5 )H (

ly(Ti)l_sa < e /Y] BN

o 3, in such a way that the previous estimate reads

Now we set 8 := g MLR 5

Mpr £

(Tl o < e ly(Tim)ll 4 -

According to (33), we have 8 > 0 since %— — (ﬂ +3)> 75— — (M +5)>0.

SMyr 8MrLr
Thus, we can estimate y(T;) by using the previous upper-bound recursively,
j _ i1
y(T; ||_3A < ( 3Mir 35—, Tk) (e BMur 3254 m) Hy0||7S’A
< @M FAMu S |
< s,
26
< MDY
Therefore,
M w T _BMpR
[Y(T)ll_sa <€ e 7 lyoll s 4 (37)

and with (35),

BMLR
< MR =277V

(Tl o [
When j = 5%, we end up with (recall that p* < pj-y1 = 4pj+)
L _BMip =
Iy (Ty )|y o < MerTim e VI Yy (38)

Let us now estimate the control v. Taking back (34) for j > 2, combined with (37)
and (35),

Mur [1+4 (14555 - 5)+3T;-1]

lojleer,_y 10y < e lvoll A -

Note that, (33) gives that 3 := 3/2— 1——0‘:%@ 2— f):%(%_3@_5)>
0.
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This implies that

[[U]]%z(Tl,Tj*;U) Z[[vﬂ]]f?z Tj-1,T5:U)

M- T IWLRE Jj+2 2
&2 Lr(1+3 )Z LR=2 HyOH—s,A
=20
T
(1 " ) Sl (71
LRﬂ ’
M RB MRS
and the last inequality came from >~ e~ e < > js0€’ e < W
—e
and$§1+%,forx>0.
Using that
2 2Mir(1+ 4 +71+
[[U1HL2(O,T1;U) <e e T ||90H75Aa
we have built a control v on (0, T}-) that satisfies
Mops (144 +T
[o] 201y 50y < €M) [y, o (39)
with Mg,s depending on M,y but not on T.
Notice that Tj+ = Z] 1T =5 Z 2i < L. The last step of the proof consists
in applying Corollary 3.5 on the 1nterval ( T)) to recover the estimates of Theorem
3.1.

Corollary 3.5 with g = pu* gives now a control v € L?(T;,T) such that

1 T s *
MLR(1+T—TJ-* JFT TJ +\/lT) ||y(T*)

[zt mvy <e
J

M 14— +T— T
Hy(T)H,S,A <e LR( trerst i >>< (40)

(equl(T*Tj*)/Z+67u*(T*Tj )/2+MLRW) ly (T _ A

First, with (38), we have

BM -
Mg (14+ £ +T=Tjs +/i%) 3BMLR T+ = e VI ol a»
s,

[lz(r,. vy <e
and by (33), we can check that
B> (41)
Hence
[Wlr2(rye mv) < MR+ HT) ]|

Finally this estimation and (39) give the first inequality of Theorem 3.1.
According to (40) and (38),

”y(T)”_&A SeMLR (1+7T3Tj* +T7Tj*> (ef“El (T=T3+)/2 4 e,#*(Tij*)/2+MLR\/l7) >

SMLRT;x ;= =/ Vi

H—S,A
<2Mir(1+4+7) (e_.uElT/4 +e—u*T/4+MLR\/F) o R

||75,A

<2 2Myg (1+% +T)6 W T/4 ML Vi™ ,—
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Using (41), this reduces to
1 o
ly(Dl| g, < 262 (T T g

and this concludes the proof. O

4. Applications.

4.1. Dirichlet boundary null control of a semi-discrete cascade system
on a rectangle. In this section, we will apply the general framework introduced
above to prove the ¢(h) null controllability properties for semi-discrete versions of
the boundary control problem of the coupled system (6) in the case of a cascade
form (that is for particular B and C given below). The penalization term ¢(h) will
be exponentially small in h, just like in similar results obtained in the literature
and quoted in the introduction section 1.1.

The results are valid for the finite difference discretization in space of the system
in any dimension. However, for the simplicity of the presentation we will only state
and prove our theorem in dimension d = 2. Observe that other usual techniques
(based on Carleman estimates, or on moments methods as in [2, 10, 9, 8]) do not
directly apply in this setting since we are considering boundary controls for multi-
dimensional coupled systems with less controls than components in the system.

4.1.1. Presentation of the semi-discrete system. Let us rewrite the assumptions in
the precise setting we consider here. Let ai,a2 € RY, Q1 = (0,a1), Q2 = (0,0a2)
and Q := ; x Qy. Let wy be a non empty open subset of 5. Without loss of
generality, we assume that
wy C . (42)
Let 1 € C*(©;) and 72 € C*(Q) be two functions which satisfy:
Y1,min = infy; > 0 and 72 min := infyy > 0.
951 Q
Let Ay = =0y, (71(21)05, @) (resp. Az = —0g,(72(22)05,0)) be the self-adjoint
unbounded operator in L?(€2;) (resp. L?(2)) whose domain is D(A;) = H}(Q21)N
H?(Q4) (vesp. D(A2) = HE(Q2)NH?(22)). Let n > 1, we can define an unbounded
operator in L?(01)®L?(Q2) @R” (see Remark 3.1) on the domain D(A;)® D(A)®
R™ as follows
A=A I1 +I1 A ®|.
This operator is closable and we use the same notation (A, D(A)) for its closure.
Since L?(Q1)®L?(Q2) @ R™ is canonically isomorphic to (L?(Q))", it is easily seen
that A can in fact been understood as a self-adjoint operator in (L?(Q2))" with
domain (Hg(92) N H%(Q2))". The control matrix B € M, 1(R) and the coupling
matrix C € M, (R) are chosen in the so-called cascade form, given as follows

1 0—0
0 1

0
0 0——010

Let us now define the finite difference approximation that we consider for this
system. For simplicity we present the results on uniform grids even though the same
result will hold for regular enough families of meshes (see for instance the discussion
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in [2, Remark 1.6] or [9, Section 5]). Let Ny and N3 be two integers greater or equal
to 2. For i € {1,2}, we set h; := g7 and consider (xl,j);yzla'l and (xQ,j)?fja‘l a
discretization of ; and Qs respectively : z1 ; := jhy for j € {0,..., N1 +1}, 25 ; 1=
Jjha for j € {0,..., No+1}. We define also, for j € {0,..., N1}, 1 j11/0 = 21,5+ %
and for j € {0,..., No}, 34172 = 25 + b

The geometry of the grid and of the control domain is summarized in Figure
2: the interior grid points are shown in black circles ®, the homogeneous Dirichlet
boundary points are shown in white circles O and the boundary points in the control

region are shown in gray squares H.

>

I ho

hl

FI1GURE 2. Grid geometry

Associated with those grids, we can introduce the discrete functional spaces Fy =
RM (resp. Ey = R¥2) equipped with the Euclidean inner product inherited from
the L? inner product in Q; (resp. in Q) and defined by

N;
(Y, 2)0, = hiy;zj, Vy,z € E;,Vi € {1,2}.
j=1

For any function f : ; — R, we will use the same letter f to denote the sampling
of f on the grid (f(z;;)); € E; or the multiplication by f operator in E; which means
that, for any y € E;, the vector fy € E; is defined by

(fy); = f(@ij)yj, Vie{l,...,N;}. (43)

Let A; be the self-adjoint operator in E; (that can be seen as a N; x N; ma-

trix) corresponding to the discretization of the scalar 1D operator A; by the finite
difference method, which is defined for any y € F; by

1 Yj+1 —Yj Yj — Yj— :
(Aiy)j = 5 (%‘,j+1/2]+1h_J - Vz'.,g>1/2]}L7_]1 JVie LN, (44)

with the usual convention that yo = yn,+1 = 0. Here, we have used the notation
Yij+1/2 = Vi(Tijy1/2), for i = 1,2 and j € {0,..., N; — 1}, for the sampling of the
diffusion coefficient 7; on the dual grid of the mesh of ;. At some point we will
also need to consider the discrete Laplace operators A; defined by

=2y il
(—Ay); = Uit hyQJ Yl e [1,Ni], Wy € E.
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The discretization of the vector-valued 2D operator A we will be interested in is
thus given by
and, if we take into account the coupling terms, the complete discretization of the
operator appearing in (6) is given by

L:=A+I®lI®C

We introduce now the discrete control spaces and operators associated with our
boundary control problem. We set U, = E5, and to avoid confusions, we will use
the notation [e, 0]072 instead of (e, e), , when dealing with objects in Us.

Using the convention (43), we define the discrete control operator in Q5 by

By =1,,.
This means that for any y € Fa,

(B = {

Observe that this operator is self-adjoint in Es, that is B = Bs. Since the domain
Qq is a 1D interval, the corresponding boundary control v is in fact a scalar control
that lives in the space U; = R. However, the discretization A; of the operator A; is
built upon the assumption that we are dealing with homogeneous Dirichlet bound-
ary condition. Therefore, in order to include non-homogeneous Dirichlet boundary
condition on the left end-point of ; in the discretization, we need to add a source
term in the discretization which is given by

Yjs if T2 j € Wwo,

O7 if €25 g wa.

Y1,1/2
— =30
h3
0
Bl”U = € El.

0

For the analysis, it will be sightly more convenient to work with this operator in
the following form
Biv =711/2(A1m)v, Vv ER, (45)
where r is (the sampling of) the affine map defined by z € Oy — 1 — z/a;. This
is the discrete counterpart of the boundary control operator as analyzed in [18,
Chapter 2].
A simple computation shows that the adjoint of By is given by

Big = ’71,1/231%

where 0;q is the discrete normal derivative of ¢ € FE; on the left boundary of the
domain defined by

0—a ¢

Ol = =—=.

1q Iy hy

Note that this formula takes into account implicitly the homogeneous Dirichlet
boundary condition for q.

We can now precisely write the semi-discrete control problem that we consider

{y’(t) + Ly(t) = B; ® By @ Bu(t)

y(0) = yo € E, (46)
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where y(t) € E = E; @ E; @ R” and v(t) € U = R® Uy ® R. Note that, in this
particular case, the control space U can be in fact identified with Fs.

The main theorem of this section is the following. The crucial point is that all
the constants appearing in the estimates (47) do not depend on the discretization
parameter h. In short, we prove that we can drive the semi-discrete system (46)
to a target which is exponentially small with respect to h with controls that are
uniformly bounded. Up to a subsequence, this results imply the weak convergence
of the semi-discrete controls towards a control of the continuous problem which
leads the solution to zero, as soon as the discrete initial data converges towards the
suitable initial data.

Theorem 4.1. There exist C > 0, C >0 and hy > 0, depending only on v1, v
and wy such that, for any T > 0, any mesh such that h < hqg, and any yo € E there
exists a control v € L(0,T;U) satisfying

C 1
< 0t lyoll 14

o o
Hy(T)Hfl,A < et e=C/h ||ZUOH71,A7

[vlz2(0,m0) (47)

where y is the corresponding solution to the semi-discrete problem (46) with control
v and h = max(hq, ha) is the space discretization parameter.

Once such a theorem is proved, even with a non explicit/constructive proof, one
can produce an optimization algorithm, based on the penalized HUM approach, that
is able to compute a control v satisfying (47). We can even relax the requirements
by replacing the exponential factor e~C/"* by any more convenient @(h), such as
¢(h) = hP for some large enough integer p. Those questions are discussed in details
for instance in [7] where some numerical illustrations are given.

4.1.2. Additional notations and properties. In order to simplify the presentation of
the following proofs we need to introduce a few more notations. For any i € {1,2},
we define %-i to be the translated sampling of the diffusion coefficient 7y; defined by

(’Yf)j = ,Yi,j:tl/Qa v.] S {1a aNl}
We also introduce the forward and backward difference operators V;‘L defined, for
any y € Ej, by

(Viy) =25 v e {1, V),

(Viy); = %
(3

For any ¢ € {1,2}, we define (e;;)1<j<n, to be the canonical basis of E; (each

element corresponds to a point in the 1D grid of Q;). At some point in the forth-

coming analysis, we shall need to work with compactly supported discrete functions

in order to justify some discrete integrations by parts. To this end, we introduce
the subspaces EY° C EY C E; defined by

E? =span(e; ;, j=2,...,N;, — 1),
EiOO = Span(em', j = 3,. . .,Ni — 2)

With those notations, we observe that the gradient operators defined above satisfy
the duality property

(Viy,z),, == . Viz),,, Vy,z€E, (48)

which is obtained by a summation by parts.

, Vj€e {1, 7N7,}
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Lemma 4.2. There exists a C > 0 depending only on inf~;, sup~y;, ||[villLe, a;
such that: for any i € {1,2}, and any y € E;, we have

Iyllo: < CIVFwlly, (49)
V5wl + 197wl < C Ay 9o, (50)
”AinO,i <C HAinO,i : (51)

Remark 4.1. By combining the above properties, we can obtain the following
estimate

lyllo,; < CllAwylo,; Yy € Ei, (52)
where C' depends only on ~; and a;. This implies in particular that the Poincaré

inequality (23) holds with a constant Mp ; uniform with respect to the discretization
parameters.

Proof. The first inequality is very classical. We recall the sketch of proof: for
i € {1,2}, we first write
J J
vi=vi—v0 =2 Wk —ye-1) = hil(V; ¥k,

k=1 k=1
and by the Cauchy-Schwarz inequality, we obtain
_ 2 .
|yj|2 < a; HVl yHO,i , V5 €{0,...,N;}.
The claim follows by multiplying by h; and summing over j. The proof with the
operator V;, is done in the same way but starting from the equality

N;

N;
Ui =i —Uner = — O (k1 — uk) = O (Vi )k
k=j k=j
For the third estimate, a simple calculation shows that
N

<Aiy, iU)o,i = hi%,j+1/2
j=0

2
Yi+1 — Y5
h;

) Vy S Ei7
and we deduce (50) with C' depending only on ming, (;).
Finally, a straightforward algebraic computation gives

A,:M(_A,)_V;r—%‘_ Vi+vi
i 9 i h, ) )

which implies

where C only depends on ming, (y;). By using (50), the Cauchy-Schwarz inequality
and the Young inequality, we finally deduce that

||_Aiy||0,i <C ||Aiy||0,i +C ||?JH01 , Vy €Lk,

where C' only depends on the function «y; and we conclude by using (49) (where we
take the square on both sides) and (50). O
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4.1.3. Proof of the semi-discrete controllability result. The proof of Theorem 4.1
consists essentially in applying the analysis above to a suitable setting. To achieve
the results, it is just needed to check that all the assumptions of Theorem 3.1 are
satisfied with constants that do not depend on the discretization parameter.

e In a first step, we will check that the discrete diffusion operator L and the
discrete control operator B = B; ® Bo ® B are compatible in the sense that
inequalities (14) and (15) are satisfied with s = 1, and D = A, uniformly with
respect to the mesh size.

e In asecond step, using previous results in the literature, we shall prove that the
discrete Lebeau-Robbiano spectral inequality (Assumption 2) and the semi-
discrete controllability of the 1D system (Assumption 1) hold.

Let us start by proving the following result.

Lemma 4.3. There exist two positive constants Meon: and Myg, independent of
h1 and ho that satisfy:

sup {|e™y| < Meont Il 0 V0 € E, (53)
t€[0,T) LA

T . 2 %
(/0 |[B*€_TL 1/)]]0 d7'> < Madm ||'(/}H17A7 Vw € Ev (54)

Proof. The proof of (53) is exactly the same as the one of the dissipation estimates
of Proposition 3.3, for 4 = 0 and s = —1, except that we deal with the adjoint
matrix C*.

The more intricate part is now to prove (54). This will be a combination of
discrete trace estimates and of discrete elliptic regularity properties for the operator
A. In that proof the fact that we consider s = 1 in the definition of the norms is
crucial, this is the discrete counter-part of the fact that, in the continuous setting,
we need to take H initial data to ensure that the normal derivative of the solution
of the backward heat equation belongs to L2.

1. First, we prove a 1D trace inequality. More precisely, we show that there
exists C > 0 independent of hq such that:

[Bi @B dlo, < CllA @ ldlly, . Vg € By @ R™. (55)
To this end, we first use (45) and the fact that A; is self-adjoint to get
B ®B* = v1,12(r @ B ) (A1 ®1).
It follows that, for any ¢ € 1 ® R”,
[Bi ©B"qlos < a2 lrlloq IBT 1AL @1gllgy < CllAL@T4llg

where C' depends only on 7 and €.
From (51) (that we apply on each component of the vector-valued unknown
q), we deduce that

A1 @] CIHo,l <ClAr® I‘IHo,l )

which proves (55).

2. In the second step, we prove that the inequality (55) can be extended to 2D
discrete unknowns. More precisely, we show that there exists a constant
C > 0 independent of h; and ho such that

[B*q5 = [Bi @ B; ®B*qly < C A1 ®I®q|lg, Vg € E. (56)
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We define f; = e3 ;/v/ha, in such a way that (f2 ;)1<j<n, is an orthonormal
basis of Ey. Note that the particular structure of By implies that Bofa ; =
a; fa; with a; € {0,1} (a; = 1 if and only if the mesh point x5 ; lies in wy).

We can decompose any g € E into the unique form

N3
4= 4 ® fa,

j=1
with ¢; € 1 @ R” for any j. We have, by orthogonality of (f2;);,
No 2 No
[Bf @B3 @Bl = > oy [(BT ® B*)%} ® foi|| =D [Bi®@Bgl;, o
j=1 o =1
Using (55) for each j, and the fact that « § 1, we get
Na N» 2
CEE LY R YIS o [ [T P .
j=1 J=1

and, still by orthogonality of (f2;);, we obtain the claimed inequality (56),
the constant C' being the same as in (55).

3. In the estimate (56) we only have the operator A; ® I ® | that appears in
the right-hand side and not the complete discrete 2D elliptic operator A. The
third step consists in proving a discrete elliptic regularity property that
will allow us to get that there exists a constant C' > 0 independent of h; and
ha such that

2 2
[B*qly < CllAqlly, Vg € E. (57)
The main idea is based on the following well-known computation: for any
smooth and compactly supported function f defined on R?, we can write

/ / 1B, (11(21)s1 1) + By (2(22)0s, )2
= / |8m1 (’Yl(ml)avclf)l2 + |azz ('72(332)312f)|2

+ 2// a$1 (’Yl(xl)ath) X a'm (’72(‘%‘2)6302]6) .
Moreover, by a double integration by parts, we find

/ / By (11(21)0, f) X ry (12200, ) = / / 1 (@1)72(22) |0, Oy 1P 2 0,

so that

[ 10 a0, 007 < [[ 100 11202, 1) + 02, (a0 )P
We want to apply the same idea to prove roughly speaking that

AL @Tg2 <A ®@Tg+1® Azql?2,

which, according to (56), would prove (57).

However, because of boundary terms, it is easier to prove this inequality
for compactly supported discrete functions, that is for ¢ € E?9 @ E0. We
will thus proceed by extension and truncation of the discrete functions under
study.
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Let & : (0,a1) — R be a smooth function such that {; =1 on (0, %), and
& =0 on (%,al), and & : (0,a2) — R be a smooth compactly supported
function such that €& = 1 on ws. Such a function exists thanks to the assump-
tion (42). We introduce now the truncation operator on E; ® Es, defined by
T =& ®&. The choice of & and & implies that

[B; ® B ®B*q]s = [(Bf ® By @ B*)(T @ 1)q)]3,
and thus by (56) we have
[Bi ® B @B q]s < C (AL @TI@ 1) (T®1)g|l3.

The discrete function (T ®1)g vanishes near all the boundaries of the domain,
except the one corresponding to {x; = 0} because of the choice of &. We
will now introduce a symmetrization procedure that will let us work with a
compactly supported discrete function.

We start by introducing the extended space in the first variable defined by

By = RN}

which stands for discrete functions defined on a uniform discretization of
(—ai1,a1) with a mesh size h;. If we denote by (€1;)-n~,<j<n, the canon-
ical basis of E;, we can define the odd symmetrization operator S : B, — F;
by

8617]' = él,j — él,*j; VJ S {1, ...,Nl}.
With this notation, for ¢ € Ey ® Es, (S ® I)g is the odd symmetrization of ¢
with respect to the x; variable in the extended 2D domain.

We consider 77 to be the even extension of 71 to (—a,a1) and let A be
the discrete diffusion operator associated with 4; and defined on FE; in the
same way as in (44).

A simple computation shows that the symmetrization is compatible with
the diffusion operator definitions, that is

K]Sq =SA.q, Vqe€ E. (58)

In particular, using the same notation for the norm in F; as for the one in
FE1, we have

— 2
HA1SQHO71 =2 ||A1Q||§71 , Vq € Eq.
As a consequence, all the previous estimates lead to the following inequality
* * * A _i12
IBf © B3 ©Bqllg, < C|[Ar @1l |y, Vg€ E,

where, we have set § = (S®I®I)(T®I )g. Observe now that, by construction of
the symmetrization and truncation operators, the discrete function ¢ belongs
to By @ EQ @ R™.

Note that for such compactly supported discrete functions we have the al-
gebraic identities

EoDi=((-V7 V1) e
I®A2)q=(I&(-V3y% V3))T
We can now make the following computation
(& @1 +10 As) g2 =|A1 @ 1|+ [T® Az ql2
+2(A1®13,1®A2q),,
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and the double product term can be evaluated as follows, the discrete inte-
gration by parts being justified by (48) and the fact that Vf:E?O C EY,

- _ _ =+t _ _ _
(Ay ®Iq,I®A2q>O = <(V1 V) ®1g1e (V; 'YQFVJ)Q>O
_ =+ _ =t _
= (G @)V © VT, (Vi @ V§)a), > 0.
At the end, we obtain that
— 12 — 12
A1 @1q], <[[(Ar@I+I®Ay)ql,-
To conclude the proof of the final claim, we just need to show that

I(B ©T+12 As)q|, < ClAdll,

for a C' > 0 independent of the mesh.
Recall that § = (S ® I)Tq and by (58) we have

(A1 @I+1®Ay)q = (S®I)ATy,

and in particular we have

I(Ks @ T+1@ ) gy = 2| ATql5

It thus remains to evaluate the norm of ATq by the one of Agq. A simple
algebraic computation leads to

ATq=(A1 @T+1® As)(&1 ® &2)q
=(&1 ®&2)(Ag) + ((A161) ® &2)q + (&1 @ (A2é2))q
+ (7 (ViG) @ (VI @D+ (v (Vi &) @1)(Vy ®1)g
+ (I®75(V56) T Vg+ (187 (V56)) 10 Vy)g.

Since &1 and & are smooth and 77 and 5 are bounded, we conclude, with the
mean-value theorem that

IATq|ly < Cl|Aglly + Cllglly + C|[(VT @D,
+C||(Vi @Dgll, +C | V)|, +C |02 Vy)q,-

The conclusion follows by (49), (50), (52) and the Cauchy-Schwarz and Young
inequalities.

4. The last step of the proof consists in showing (54) by using (57) and a classical
energy estimate. Let 1) € E and let q(t) = e 9. We set 2(t) = 1@ 1®
e'© q(t). One can check that z satisfies

Oz +Az =0,
z(0) = 9.

We multiply (59) by Az and integrate on (0,7,

(59)

T
(2(T), A2(T))g — (t, Agb)g +2 / |A=(1)]2dt = 0.

thus, since the operator A is positive,

T
/0 1A= dt < 1] 4 -
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Since A commutes with I® I ® €', we find that
T tC* 2 2
| eors e aq)] de < 1017 4.
0

Moreover, |[I®1® etC*Aq(t)H(Q) > e 27ICl || Ag(t)]|2, for any ¢ € (0,T) and so

T
/0 |Ag(t)]2 dt < XTIl g2 ,

Applying (57) to ¢(t) for any ¢ € (0,7T) and integrating in time this inequality,
we finally get

T
/0 [B*q()]2dt < CeCT )% 4 -

and this concludes the proof of (54).
O

Remark 4.2. Note that we just proved that M4, depends on T like e“T and this
is consistent with estimates of v and y(7T') given by Theorem 4.1.

Now we can prove Assumption 2

Proof of Assumption 2. In [8] the authors proved a discrete Lebeau-Robbiano in-
equality on quite general meshes.
We translate the statement of their Theorem 6.1 in our setting.

Theorem 4.4. There exists C > 0, € > 0 and hg > 0, depending on 2, we such
that if ha < hg, we have for all 0 < pu < e/h3,

2 2

>, |ak|2:/ > ardon SC'ec‘/ﬁ/ > bl

kida, ko <p Q2 \kido ke <p W2 | kidg p <pe
V(ag)i<k<n, CC

This result exactly yields that Assumption 2 is fulfilled in this setting with

3
/”LEQ = hig

Finally, we prove that Assumption 1 holds.

Proof of Assumption 1. We base our proof on the strategy developed in [2], where
the semi-discretized (on a uniform mesh) boundary null-control problem in space
dimension 1 with operator A1 is tackled by applying the moments method. However,
the explicit dependence in T of the control cost by some bound in e/7 was not
given in that work. This is crucial in the present analysis.

We can actually obtain this precised bound by using the expression of the control
obtained with this method, in setting (S2) described in [2], and by using the refined
bounds on biorthogonal families to exponential functions given by Theorem 1.5 of
[5]. We will just describe here the new estimate that we need to adapt the results
of [2] to our needs.
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We first set € = 1/2 for instance (any value between 0 and 1 would be acceptable),
and we follow [2], to define

4
]C:;lal.,a = max {k S [[LNl]]; )\l,k < ﬁ’}/Lmin(l — 8)}
1

and :
]\h )\l,k for k € [[ij%laa:,eﬂ?
1 —
(e )‘1,k?,}az,g + 471, mink? for k > k?nlaxﬁ + 1.

the sequence /~\?1 satisfies the following items required to apply Theorem 1.5 of [5]
1. (AP), # (A1), for all k,n € N with k # n;
2,3 (A1), e R*, for every k > 1;
4. (AM)y is non decreasing;
5. First, applying Theorem 3.2 of [2] there exists C' > 0 such that

(A )1 — (ALY > C\/@, Vk > 1.

Second, note that according to Lemma 3.3 of [2], there exist ¢; and ¢ two
positive constants such that :

c1k? < Aig < eok?, Yk € [1, Ny]. (60)
Therefore, ) )
(AP — (MM > Ck, VE > 1.
Take k,n € N*, k > n, we have :
k—1
(Al — (Al > 03 i > Ok —n?).

6. Finally, let N the counting function associated with the sequence (Af1)g>1,
defined by ~
N(r)=t{k: (AL)y <7}
There exist a > 0, pmin > 0 and ppax > 0 such that for every r > 0,
—« +pmin\/; S N(T) S o+ pmax\/"j-
Indeed, from item 4, it follows easily from the definition of A/ that (/~\Q1 ING) <

r and (/N\gl)N(T)H > r, and according to (60),
aN(r)? <r < cN(r) +1)2,

\ﬁ L<SN(@) <4/~
Co C1

We can now apply Theorem 1.5 of [5] to conclude that there exists T, > 0, such

that for every 0 < T < Ty, there exists a family of functions in L?(0,7") denoted by

S
(q;\k Jk>1,je[1,n—1], satisfying for all k,1 > 1, and i, € [0,n — 1],

thus,

T ) -
/ qpi, ()t = T) exp(—(AM) (T — 1)) dt = 818,
0

and for all £ > 1 and j € [0,n — 1],

APt ~hy C
1635 T2y < Comp (/@ + 5. (61)
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where C does not depend on hs.

Remark 4.3. In [5], Theorem 1.5, hypothesis of 6 on the counting function is
slightly different from item 6 given above. Indeed, in this reference the authors
require the following condition : for some p, a > 0,

Ipvr — N(r)| < a,Vr > 0. (62)

Actually, looking carefully at the proof of Theorem 1.5, we realize that we can use
item 6 above instead of hypothesis (62). Indeed, we can just replace p by pmax in
the definition of the number d at page 2988 and in the proofs of Theorem 4.3 at
page 2987, Lemma A.3 at page 2994 (note that the property lim; o @ =0is
preserved), and Lemma A.4 at page 2996 and change p into pmin at page 2993 in

the proof of Lemma A.1.

Now, in the proof of [2, Theorem 5.4], we can use the improved estimate (61)
into the bound of the control (with to = Z), and find that

k::zlam,s
M T s c
[v] 20,10y < Cellyoll _ya, D, e rzeCVArTT,
k=1
and using (60),
400 )
C T
[o]z2020) < Cee™ |lyoll g 4, D_ e #HEVEE,
k=1

thus there exists C; > 0 depending only on & (whose value has been arbitrarily set
to 1/2) and 7; such that

1
[Wlzz0r0) < Cre™ |lyoll 4, - (63)
Indeed if k > ko = [S42EL], we have —csk? T + C/erk < —k, so
+oo ko +oo
Ze—ch2%+Cﬁk < 26—02k2§+c\/ak + Z ek
k=1 k=1 k=ko+1

e
— 1 _ 67

. . . . [
which gives (63) since kg < —2=.
Still using the estimates in the proof of Theorem 5.4 of [2], we get

1y
ly(T)l -y, < =0T DemmmT gy 4,

with
T
Eq h%
and C; > 0 and C5 > 0 depending only on ;. O

Now we can apply Theorem 3.1 with pp, and pg, both of the same order h%
The proof of Theorem 4.1 is complete.
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4.2. Dirichlet boundary null control of a continuous n-dimensional system
on a cylindrical domain of dimension d. Our aim is to show how the finite
dimensional framework developed in Section 3 actually applies to the study of null-
controllability problems of tensorized parabolic systems.

As an illustration of this statement, we shall give a short proof of the main result
of [5] by using Theorem 3.1 of the present article. This is of course not surprising
since our approach is directly inspired from the one developed in [5]. However,
it seems to us interesting to show how our general finite dimensional framework
actually encompasses already known results through a spectral projection technique.
This example should convince the reader that, by using the same strategy, one
can easily adapt the proof to other kinds of tensorized controlled systems like, for
instance, Neumann or Robin boundary controls, or even mixed (distributed and
boundary) controls, as soon as we have in hand a suitable controllability result on
the associated 1D system.

Finally, since we have taken care of all the constants in the proofs, this strategy
can be used to derive controllability properties that are uniform with respect to
some parameters present in the problem. As an illustration, in the case of a 1D
Robin boundary control problem, we can prove estimates that are uniform in the
Robin parameter (see [6]). By the present technique, those result will automatically
be translated to the corresponding multi-D result, generalizing the one proved in

[5].

Let us recall the statement of [5, Theorem 1.3] with the notation of the present
paper.

Theorem 4.5. Let Q1 = (0,1), and Qa be a smooth bounded connected domain of
R4 and set Q = Qq x Q.
We suppose given a coupling matric C € M,(R) and a control matriz B €

M, mR). Assume that the following system of n equations

oyt + A ely' +T@Cyt =0,  in (0,T)x Y,

yl = 1{0} & (B’Ul) m (O,T) x 01,

y'(0) = yo in S,
is null controllable for any yt € H=1(Q1)®R" and any time T > 0 with, in addition,
the following bound:

Mobs,1 (14

1
[v'] 20, mm) < € ) lyg || 5r-1 (1) @r- (64)

Then, for any nonempty open set wo C §a, the following system of n equations:

Oy + Ly =0, in (0,T) x Q,
y = (1{o}xw, @®B)v in (0,T) x 99, (65)
y(0) = yo in 8,

where L .= A1 3T Q1 +ZT0 A 1 +Z 7T ® C, is null controllable for any
Yo € H~H(Q) ® R™ and any time T > 0 with, in addition, the following bound:

obs,l(l"l‘%) ||y0

vl z2(0,m)x00)m < M -1 ()ern- (66)



34 DAMIEN ALLONSIUS AND FRANCK BOYER

Proof. Let yo € H1(Q) ® R™, recall that, by definition, the solution y of (65)
satisfies for any v € H}(Q) ® R, the equality

<y(T)7¢>H*1(Q),Hé(Q) - <y07 e e w>H—1(Q)’Hé(Q)

- _ [(88 ® 1y, ® B*) e*(Tf-)L*w’v ‘| .
1 |21=0 L2((0,T) xdQ)™

Therefore, v is a null-control for this system, if and only if, it satisfies

- <y07 e—Tﬁ*¢>H

~HQ),H (Q)

(2 aon)erra]
1 [e1=0 L2((0,T) x8Q)™

for any ¢ € H}(Q) ® R™. Actually, it is enough to check the previous equality for
any 1) belonging to a total family of H}(Q) @ R™.

Let us consider the total family of H} () made of the eigenfunctions of A; and
As. For i = 1,2, we denote by (¢, A j)j>1 the eigenfunctions and eigenvalues of
the operator A; with homogeneous Dirichlet boundary conditions. We choose them
to form an orthonormal basis of L?(€;). We will thus consider the total family of
H3 () defined by (¢1,j, ® $2.5,) 1,5, that will be tensorized with the canonical basis
of R, (ex)req1,...,n} to finally produce a total family of H}(Q) @ R™.

We are thus led to find a control satisfying, Vj1,j2 > 1 and Vk € {1,...,n},

—T(A1,5;+A2,5,) < i j e >
e Yo, P15, © P25, @ (€ k) H-1(Q),H}(2)

= |e=(T=)(1,5+22,55) Y ) * o= (T—)C"
= [T (615, (0) @ (luybns,) © (B T e 0] L

67)

In order to apply Theorem 3.1, we need to consider a projection of (65) on a
finite dimensional space. For ¢ = 1,2 and J > 1, we define the spaces

E,J = Span (d)i,ja j S J)a

and the operator A; : F; ; — F; ; as the restriction to F; ; of A;, that is the unique
isomorphism of F; j satisfying A;¢; j = A j@s,5, for any j < J.

Let P; ; be the orthogonal projection from the space H~1(©Q;) equipped with the
inner product (e, 0)71”41_ onto the space F; ;.

We define also Py := P17 ® P2,y ® | which is an orthogonal projection from
H=1(Q) ® R" onto Fy ; ® F» ; ® R", with respect to (e, ®) 14

Remark 4.4. Since the eigenfunctions (¢; ;);>1 are orthogonal with respect to
the L?(Q;), H~1(Q;) and H}(Q;) inner products, we deduce that the projection
Py (resp. Pj ) is orthogonal with respect to (e,e) , (resp. (e,e) ), for any
s€{-1,0,1}.

Hypothesis (64) allows to apply Assumption 1 with By = Fy ;, U1 = R, By =
Aqr, where we have used the affine function r(z) = 1—x (note that B} = —14010,,)
and pp, = +o0o0. Moreover, thanks to the Lebeau-Robbiano’s spectral inequality in
the domain 9, (see [15, 14]), Assumption 2 is fulfilled with Ey = F» 5, Uy = Fs j,
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By : Uy = Ey, By = Py jl,,, and pig, = +oc. Indeed, the usual spectral inequality
gives that there exists C' > 0 such that for any p > 0, J € N*

||w||%2(92) < CeC\/ﬁ o (lwzw)Zv V¢ S Span(¢27j27 )‘27j2 < :u) N Es.
2

/ (L) = /| (L0,

and according to Remark 4.4 and given that ¢ € E,

/Q (1oat) = [ Postwiri= [ @ = [ B,

Moreover,

Qo Q2

since By is self-adjoint. It follows from the Cauchy-Schwarz inequality that
[9]l L2 (n) < CeVEB3l| 12(m)s Vb € Span(dajy, Azjy < ) N Eo.

Thus, for any fixed J, Theorem 3.1 applies with pu* as large as we want. Thus, letting
©* go to infinity, we finally build a null control for the projected finite dimensional
problem denoted by v; € L?(0,T;Us) @ R™ that drives solution y of (24) from Pjyq
to zero and which satisfies the following bound, uniformly with respect to J:

1 1
[vslz2(o.1yxaaym < Moo +T) [Pryoll_ya < Meobs (17 +1) lvoll -y 4- (68)

2 _

where o125 5 = {o19) 1 = (2 A7) )y
From (68) we can infer that there exists a subsequence of (vy); denoted by (v/)
which weakly converges in L2((0,7) x 9)™ to a limit denoted by v, satisfying also

Mobs(l“!‘%“rT

[v] 20,y x00)m < e Mlyoll _q 4 -

We claim that this limit drives the solution y of (65) from yg to zero. Indeed, let
ke{l,...,N}, ji1,j2 > 1, and J > max(j1, j2)-
First, we have by definition of a solution of (24)

_ —T(A1,5;+A2,50) 4 ) -TC* >
<731y076 D15, @ P25, ® (e €k) 1), HI@)

= |le=(T=)A151+22.52) (B* by B¥do B*e—(T—C" }
{6 ! 2 ( 1¢1731) ® ( 2¢2712) & ( € ek)’ vy L2((0,T)x8Q)m
(69)

Second, since J > j; and J > jo, and by definition of P;, we have

— T +A2,52) gy, . -rce
<P1y°’ c 01, @ P2, @ (€ ek)>H*1(Q),Hé(Q)

T <7)Jyo, A1y + Az jp)e™ TR0 T2202) 6, 5@ ¢ 5, ® (e_Tc*ek)>,1 A

T <y0, A1y + Az gy )e™ TR0 T2202) 6, 50 ¢ 5, © (e_Tc*ek)>,1 A

Hence, we get

—{Pyo, —T(A1,j;HA2,50) 4 ) -rcr >
< 40, ¢ P11 @ P2; @ (€77 e) H=1(Q),Hy(Q)

_ STy HA2in) 4 ‘ —7c*
B <y0’e 01 @ G2 © (0 ek)>H—1(Q)7H(}(Q). (70)
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Third, since F» ; is stable by Ag, Pa s is an orthogonal projection with respect to
the L?(Q2) norm, see Remark 2.2. So, since vy € L?(0,T;Uz) @ R™ and Uy = Fy 5,
according to remark 4.4, we have for any ¢

[BS(bQ,jQ 9 UJ (t)]LZ’(QQ)m = [PZ,JIMQ ¢2,j2 i UJ(t)]L2(Q2)7n = [lwg ¢2,j2 b UJ(t)]L2(Q2)7n .

Hence,

B* ) B . B* —(T-.)C* :|
(Bi1) @ (Bjn) @ (B'e N .

= [~ (61.,)/(0) ® Loz, ® (B*e~ T ] !
[—(61.3.)/(0) © 1usd5, © (B 1)1 L omeame TV
Gathering (69), (70) and (71), we get
_ —TA151+22.52) gy , -rc
<y076 BTNy G © o g, ® (e 6k)>H71(Q)7Hé(Q)
- [_¢/1,j1(0) ® Loy @25, ® (B*e_(T_')C*ek)’UJ] L2((0.T)x0Q)™ (72)

Considering the subsequence vy in (72) and letting J' go to infinity, we get (67)
and this concludes the proof. O

Appendix A. Proof of Lemma 2.2.

1. = 2. For any qr € D™*Fp, we set ¢(t) = e~ (T~ ¢ and we consider the initial
data yo := Pr,D*PF, q(0); by assumption there exists a control v and an
associated solution y satisfying (18).

By (16) we find

T
(P, D*P} q(0), 4(0)), = (w(T), ar)y — / [o(t), B*q(t)], dt
T

IP%, (@O, = (7). D%ar)_, —/O [v(®), B*q(t)], dt.

Since D*qr € Fr and Pp, is orthogonal with respect to (e,e)__ |, we deduce

[P3 (@(O)[|? < (Pru(T), Dar)_, 1

T 1/2
+ [[U]]L2(0,T;U) (/0 [[B*q(t)]]§ dt) .

The Cauchy-Schwarz inequality gives

N 2 1 1 2
||PF0 (Q(O))Hsp < (MQ ||PFT2J(T)||2_S,D + el [[U]ﬁ'ﬁ(o,T;U))
rel

obs

Nl

T
X <Mr261 ||DSQT||3S,D + Mgbs/o [[B*Q(t)]]g dt)

Using the estimate (18) given in the assumptions we get

1
2

T
* 2 s *
P3| 5 < lloll_.p (Mfel ID*gr|, p + M2, / B q(t)]]édt>



L=

2
[v] L2(0,T;U) +
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Recall that we have chosen yo = P 5, D*PF, ¢(0), and that P, is the orthogonal
projection onto Fy with respect to the inner product (:,-)_, . Therefore,
”yO”—s D — HDSPFO )H—S,D - H >kll‘joq(o)Hs,D

and thus

W%@@Mw§<MéMﬂ%+ m/uw HMQ7

which gives the claim.

1. Let yo be an element of Fy. We apply the quite usual penalized HUM
approach (as described for instance in [7]) to find such a control v. To this
end, we introduce the functional defined on D™°Fp by

* Mr
=5 [ R+ S arl  + (a0,

obs
It is clear that J is continuous, strictly convex and coercive; we denote by
¢;?" € D™*Fr its minimizer and by ¢°P*(t) = c —(T=tL"g%P* the solution to
the backward equation with final condition g7"*. We set v( ) := B*q°P'(¢) and
introduce the associated solution y to (11). Let us show the relation

M2, . 0
Pr (y(T)) = — 3 5L D% (73)

obs
Take any gr € D=*Fr and let ¢(t) = e~ (T=Y" g1 be the solution of the adjoint

equation with final condition ¢7. The associated Euler-Lagrange equation for
J at the optimal point ¢oP" writes

T 2

* O * Mr O

/0 [B*¢°P(t), B*q(t)], dt + M;‘ (a7 ar), p + (Y0, a(0)g = 0. (74)
obs

Combining (74) with (16) gives that for any ¢r € D™ Fr,
M
<y(T)ﬂQT>0 M2 L <q’(1)“pt7QT>SD ;

obs

and thus,
2

M
(1), D%r)_,p = =5 (D™, Dar)

—s,D
obs

and using that D%¢3"" € Fr, and that D*gy is an arbitrary element in Fr,we
finally find the equahty (73).
Now we apply (74) with g7 = ¢o** to get

(y0,4°*(0)),
<yO7PF0 opt >O

< ||y0|| s,D HPFO Opt(O)Hs,D’

where the second equality comes from the fact that yo € Fj. Using now the
hypothesis (19), we obtain

[[UﬂLz(OTU)Jr rel H OptH&D

rel opt 1/2
H HS D> ||’LJOH_5D ( obs [M]L? (0,T5U) + M el ||q ||SD)
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and thus
2 2 2
M02bs [[v]]LQ(O,T;U) + Mrzel Hq%ptHs,D < M;Lbs ||y0||7s,D . (75)
Note that taking the norm |-||, , in (73) gives

opt

2 M2
6120 = T2 IPrcu DI

so that with (75) we end up with

M4
2 obs 2 2
M02bs [[U]]L2(O,T;U) + M2b HPFTy(T>||—s’D < M(ilbs ||y0H—s,D

el

and the claim is proved.

Appendix B. Numerical Illustrations. In this section we give a numerical il-
lustration of the boundary controllability of a 2D parabolic system of the cascade
form using the HUM approach (see [7] for an introduction to this method and also
the last paragraph of section 4.1.1). We consider a discretization in time of system
(4) of coupled heat-like equations, with a constant diffusion coefficients equal to
0.05 in both directions, on a unit square with a uniform discretization of 50 mesh
points in both directions and 100 times steps. The time horizon is T = 1, the cou-
pling coefficient is equal to 10 and the initial condition of the controlled equation is
ap = 0 and the initial condition of the second component is By = sin(7z) sin(my).
The boundary control is acting on a part of the boundary situated on three of the
edges of the square namely

(0.2,0.6) x {1} J (0.4,0.8) x {0} | J{0} x (0.2,0.8).

Observe that Theorem 4.1 ensures that the controllability properties of the discrete
system holds even if the control only acts on one of those three parts.

In this fully discretized framework, we make the parameter € of the (fully-discrete
version of the) penalised functional F.(v) := 1 [[v]]QLQ(O7T;U)+% (le(D) |12 + 1B(T)]1?)
depend on the mesh parameter h and we set € = 0.3 x h?. We give two sets of sim-
ulations below for different times ¢t € {0,7/3,27/3,T'}.

In figure 3, we set the control to zero and we plot solutions « and 5. We see on
figure 3d that the second component 3 of the system at time T is not equal to zero
since the solution only decreases because of the dissipation of the heat equation.
The first component « remains equal to zero since its initial condition is zero and
it is not controlled.

In figure 4, however, we see how the control affects the first component of the
system « so that it can drive both components of the system to zero.

In figure 5 we plot the norms of the two components ¢t — «(t) and t — S(t) as
a function of time. When no control is applied to the system (dashed lines), we
observe that the norm of the component 8 decreases until the final time T where it
is close to 0.2, whereas o remains constant equal to zero. However, when applying
the control (solid lines), a does not remain constant anymore, and both components
«a and B eventually get close to zero. We recall that we do not exactly reach zero
since we used a penalized HUM approach with a penalty term depending on the
mesh size.
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(A) t=0 (B) t=T/3

(c) t=2T/3 (D) t=T

FIGURE 3. Component « (left) and 8 (right) of system (4) with
no control

(a) t=0 (B) t=T/3

(c) t=21/3 () t=T

FIGURE 4. Component « (left) and 8 (right) of system (4) with a
boundary control
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FIGURE 5. Norms of the components a, /3 of system (4) with and
without control.
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