N

N

Complementation of the subspace of radial multipliers in
the space of Fourier multipliers on R"
Cédric Arhancet, Christoph Kriegler

» To cite this version:

Cédric Arhancet, Christoph Kriegler. Complementation of the subspace of radial multipliers in the
space of Fourier multipliers on R™. Archiv der Mathematik, 2018. hal-01826127

HAL Id: hal-01826127
https://hal.science/hal-01826127

Submitted on 29 Jun 2018

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-01826127
https://hal.archives-ouvertes.fr

Complementation of the subspace of radial
multipliers in the space of Fourier multipli-
ers on R"

Cédric Arhancet and Christoph Kriegler

Abstract. In this short note, we prove that the subspace of radial multi-
pliers is contractively complemented in the space of Fourier multipliers
on the Bochner space LP(R"™, X) where X is a Banach space and where
1 < p < co. Moreover, if X = C, then this complementation preserves
the positivity of multipliers.
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If | - | denotes the euclidean norm on R™, recall that a complex function
¢: R™ — C is radial if we can write ¢(z) = ¢(|z|) for some function ¢: R, —
C. If X is a Banach space and if 1 < p < oo then Theorem [3| below says
that the subspace MY ,(R™, X) of radial Fourier multipliers on the Bochner
space LP(R™, X)) is contractively complemented in the space IMP(R", X) of
(scalar-valued) Fourier multipliers on LP(R", X).

We refer to [6, Definition 5.3.3] for the definition of M (R™, X I} We will
use the notation M? |(R", X) = {¢ € MP(R™, X) : ¢ is radial} equipped
with the norm induced by the one of the Banach space B(LP(R", X)) of
bounded operators on the Bochner space LP(R™, X'). We say that a bounded
linear operator T': LP(R™) — LP(R"™) is positive if T'(f) > 0 for any f > 0.

Let E be a Hausdorff locally convex space and E’ its topological dual.
If we denote by E” the strong bidual of E, that is the topological dual of
E’ where E’ is equipped with the strong topology, we have an injective map
je: E — E”. This map allows us to identify F as a subspace of E”. We say
that E is semireflexive if this map is surjective, see [3, page 523]. In this case,
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we can identify E and E” as vector spaces. By [3, Remarks 8.16.5], if E is
barrelled (this condition is fulfilled whenever E is a Banach space) then E’
equipped with the weak™ topology is semireflexive.

Let € be a locally compact space which is countable at inﬁnityﬂ equipped
with a Radon measure p and let E be a Hausdorff locally convex space. We
say that a function f: 2 — FE is scalarly p-integrable if for any element
o of the topological dual E’ the scalar-valued function p o f: Q@ — C is
integrable, see [3, page 558]. In this case, we denote by [, fdu: E — C the
not necessarily continuous linear form on E’ defined by

fdp, e = [ pofdpy,
RN

where E™* is the algebraic dual of the topological dual E’. We say that a
scalarly p-integrable function f: Q2 — FE is Gelfand integrable if the element
Jo J dpu belongs to E” [3, page 565]. In this case, [, fdpu is called the Gelfand

integral of f. If in addition, fQ f du belongs to F we have for any ¢ € E’

</Qfdu,<p>E,El =/Q<p0fdu- (1)

By [1l Corollary, VI.6] (see also [3, Corollary 8.14.10]), if F is semire-
flexive and if f: Q — FE'is a scalarly p-integrable function such that, for every
compact subset K of 2, f(K) is bounded then f is Gelfand integrable with
JofdueE.

We will use the following lemma which is a straightforward consequence
of [3, Proposition 8.14.5].

Lemma 1. Let © be a locally compact space which is countable at infinity
equipped with a Radon measure . Let T: E — F be a continuous linear map
between Hausdorff locally convex spaces. If the function f: Q — E is Gelfand
integrable with fod,u € E then the function T o f: Q — F is Gelfand
integrable with fQ To fdu € F and we have

T(/Qfdu) :/QTofdu. (2)

Proof. Since € is countable at infinity, by [3, Proposition 8.14.5], the function
To f: Q — F is scalarly integrable. Moreover, the same reference says that
if T"*: B'* — F'* is the canonical extension of T: E — F, we have

T’*(/Qfd,u> :/QTofdu.

where we consider the integrals fQ fdp and fQ T o fdu as elements of E™*
and F'*. Since [, f du belongs to E, we deduce that 7" ( [, f du) belongs to
F and is equal to T'( [, f dj). We infer that [, T o f du also belongs to F and
that the equality is true. (Il

2In this case, by [I, V.1], we can remove the words “essentially” and “essential” of the
statements of [3] used in our paper.
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We need the following variant of [6, Proposition 2.5.2].
Lemma 2. Let X be a Banach space. If a function f of LL (R™, X) satisfies

loc
| (9):99) s =0
for any g € 2(R™, X') then f =0 almost everywhere.
Proof. If p € X’ and if h € (R™), using the function g = h®@y of 2(R", X'),
we obtain

[ b 6h o) xrds = [ (7). (o 0)(5)) . ds

n

= / <f(s),g(s)>X’X, ds = 0.

By [6, Proposition 2.5.2], we deduce that the function (f(-),¢)x x/ is null
almost everywhere. By [0, Corollary 1.1.25], we conclude that f = 0 almost
everywhere. O

Theorem 3. Let X be a Banach space. Suppose 1 < p < co. Then there exists
a contractive projection P, x: MP(R™, X) — MP(R™, X) onto the subspace
ML 4 (R™, X). Moreover, the map Mp, .(g): L?(R™) — LP(R™) associated to

the radial multiplier P, c(¢) is positive if the map My: LP(R™) — LP(R") is
positive.

Proof. Let SO(R™) be the compact group of orthogonal mappings R: R™ —
R™ with determinant 1 equipped with its normalized left Haar measure p. For
R € SO(R"™), consider the induced map Sgi: LP(R™) — LP(R™) defined by
Sr(f) = f(R:). Clearly, Sg and its inverse Sr-1 are isometric and positive.
By [0, Theorem 2.1.3], we obtain that Sp ® Idx: LP(R", X) — LP(R", X)
is a well-defined isometric map. For any f € L?(R™), by [2, Chap. VIII, §2,
Section 5], the map SO(R™) — LP(R™), R — Sgr(f) is continuous. More
generally, it is easy to see that for any f € LP(R", X) the map SO(R") —
LP(R", X), R+~ (Sg ®Idx)(f) is also continuous. Since the composition of
operators is strongly continuous on bounded sets by [4, Proposition C.19],
for any ¢ € MP(R™, X), we deduce that the map SO(R™) — LP(R", X),
R ((Sg'MySr) ® Idx)f is also continuous, hence Bochner integrable on
the compact SO(R™). Now, for any ¢ € MMP(R", X), put

Qp.x(9)f = S0 ((Sp'MySg) @ 1dx) f du(R). (3)
Rn
For any f € LP(R™, X) and any symbol ¢ € 9P (R", X), we have

HQp,X (¢)f||LP(R”,X) =

/ ((Sz'MySr) ®1dx) f du(R)
SO(R™)

LP(R™,X)
< [ ISR M) © 1) ] e )
SO(R™)

< |[Mg ® IdX”Lp(Rn,X)—mp(Rn,X) ||fHLp(Rn,X) :
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Consequently, we have a well-defined contractive map @, x : MP(R", X) —
B(L?(R", X)).

In the sequel, we denote by L}(R™, X),, the space L!(R", X) equipped
with the locally convex topology o(L'(R", X),L°(R", X)) obtained with
the inclusion L*>°(R", X’) C (L}(R", X))’ given by [6, Proposition 1.3.1].
Note that L>°(R", X’) is norming for L!(R", X) again by [6, Proposition
1.3.1]. So we have a well-defined dual pair and furthermore L'(R", X) is
Hausdorff for this topology. Similarly, we will use L>°(R"™, X )+ for the space
L>(R", X) equipped with the topology o(L>°(R", X),L!(R", X')), which is
locally convex, obtained with the inclusion L*(R", X’) C (L>®(R", X))’

Note that for any g € L'(R"), the complex function

R <gv ¢(R_l.)>Ll(Rn),Loo(Rn) = <SR(g)7 ¢>Ll(Rn),Loc(Rn)

is continuous on SO(R™) and consequently measurable. Since SO(R™) is com-
pact, we deduce that this function is integrable. Consequently, the function
SO(R™) — L®(R")y«, R — ¢(R™'") is scalarly p-integrable. Moreover, it
is bounded since in L°°(R™) weak* bounded subsets coincide with bounded
subsets by [7, Theorem 2.6.7]. Since L°(R")y~ is semireflexive, we deduce
that this bounded function is Gelfand integrable by [1 Corollary, VI.6] and
that fSO(R") #(R™1) du(R) belongs to L= (R™).

Let f: R®™ — X be a function of the vector-valued Schwartz space
S(R™, X) such that the continuous function f : R" — X has compact sup-
port. Note that the subset of such functions is dense in the Bochner space
LP(R™, X) by [6, Proposition 2.4.23] and that f belongs to L'(R™, X). By
[T, IV.94, Corollary 1], the product T: L°(R") — LY(R", X), h — hf
is continuous. Moreover, T" remains continuous when considered as a map
T: L®(R")y~ — LY(R", X)y. Indeed, suppose that the net (h;) of L>°(R")
converges to h in the weak* topology. Then for any g € L (R", X'), the
function x — <f(x),g(x)> belongs to L(R™) by [1, IV.94, Corollary 1],
and consequently

X, X'

<T(hi)’9>L1(Rn,X),Lw(Rn,X/) = <hif79>L1(Rn,X),Loc(Rn,X’)

— [ m@)(F@)g@) g oo — [ @) (F@).g(a) . da
R™ Rn

= <hf’g>L1(]R",X),L°C(R",X/) = <T(h)’g>L1(]R",X),L°°(]R",X’)'

Then Lemma (1| implies that the function SO(R") — LY(R", X)y, R
¢(R™1-)f is Gelfand integrable with fSO(R”) #(R™1 ) f du(R) belonging to
LY(R", X), and that

( [ e ~)du(R))f SRV fdu(R), ()
SO(R™) SO(R™)

where the integrals are Gelfand integrals and both sides belong to L' (R", X).
Now using an obvious vector-valued extension of [5l, Proposition 1.3 (vii)] in
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the third and in the fifth equality, we obtain a.e.

According to [6, page 105], the inverse Fourier transform F~!: L}(R", X) —
L*>*(R", X) is bounded. We will show that it remains continuous when con-
sidered as a map F~1: L1(R", X),, — L>®(R", X)y~. Indeed, suppose that
the net (h;) of L!(R", X),, converges to h. For any g € L'(R", X’), using two
times an obvious vector-valued extension of [5, Theorem 1.12], we obtain
(FH

= <h’Lv "T_.71 (g)>L1(R",X)7L°°(Rn7X/)

—1
T> <h7f (g)>L1(R",X),L°°(R",X’)

:<]:*1

hi)v g>Loo(Rn7X)’Ll(]Rn7X/)

(h), g>L°°(R",X),L1(]R",X’)'
Using again Lemma [1| with 7! instead of T, we obtain that the function
SO(R™) — L®(R", X )y, R+ F ' (¢(R™-)f)

is Gelfand integrable with [y ., FY(¢(R™'-)f) du(R) belonging to the
space L>®(R™, X) and that a.e.

([ o)) e

7 ( /SO(R”) (b(R_l ')fdM(R))

F 6B f) du(R)
SO(R™)

def Gel
Lo /S exdu(R),

O(R™)

where the last Gelfand integral defines an element of L*°(R, X). Now, we
show that this Gelfand integral and the Bochner integral in L?(R™, X)
are equal almost everywhere. If g belongs to Z(R™, X'), using [6], (1.2) page
15] in the sixth equality with the bounded map T': LP(R", X) — C, h —
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<h7 g>Lp(Rn,X)7Lp’ (R, X)) W€ obtain

J. <(/SZ() o du(R)) <S)’g(8)>x,x, ds

Gel
([ endulrg)
SO(R™) Lo (R™,X),L1(R",X)

=

a SO(Rn <£R’ >L°° R™, X),L(R", X/)dN(R)

(Rn ( )>X,X’ ds) dM(R)
((Sg'MySr) @1d ds ) du(R
a SO(Rn Rn »Sr) ®Idx)f)(s), 9(5)>X,X/ s ) du(R)
= /S O®™) <( S M¢SR ® IdX)f? >Lp R",X), Lr (R™,X") d/j/(R)

= </B ((S§1M¢SR)®Idx)fdu(R),g>

LP(R",X),Lr" (R?,X")

N / <</SO() ((Sz"MySr) ® Idx)fdu<R>)<s>,g<s>>X7X/ ds
./ <Qp7 ,9(s )>X7X, ds.

Using Lemma [2] in the first equality, we conclude that a.e.
Gel @ R
Qxf = [ eauw @ ([ omtyaum) 7).
SO(R™) SO(R™)
Using the above mentioned density, we conclude that the bounded operator
Qp,X(¢) : LP(RTL’ X) - Lp(an X)

is induced by the Fourier multiplier

/ (R ) dpu(R) (7)
SO(R™)

(Gelfand integral). Moreover, for any Rg € SO(R"™), using the obvious conti-
nuity of the linear map Sg,: L®(R")y» — L*(R")y~ together with Lemma
we see that

Sua(Pox) D ([

— [ sP@dum = [ R du(®)
SO(R™) SO(R™)

Pp,X (d)) d:ef

o )au(m) @ [ 557 0) k)

Pp,X(¢)-
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We deduce that the multiplier P, x(¢) is radial, i.e. P, x(¢) belongs to

mP ((R™, X). In addition, if ¢ itself is already radial, then
(7 _
Px@ @ [ o tyaum = [ odutm) =o.
SO(R™) SO(R™)

Finally, if X = C and if the map My: LP(R") — LP(R"™) is positive,
then S§1M¢5’R: LP(R™) — LP(R™) is positive, so it is easy to prove that
the map Mp, .(4): LP(R") — LP(R") is also positive by using [6, Proposition
1.2.25). O
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