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Numerical investigatiof contact/impact problems between deformable
bodies

B. Magnain, Z.-Q Feng, J.-M. Cros
Laboratoire de M:canique et dEnergetique dEvry, Universié d’Evry Val d’Essonne

ABSTRACT: The bi-potential method has been successfully applied to the modelling of frictional contact prob
lems in static cases. This paper presents the extension of this method for dynamic analysis of impact probler
A first order algorithm is applied to the numerical integration of the time-dicretized equation of motion. The
solution algorithm is simple and efficient. Two numerical examples are carried out in 2D: a longitudinal elasti
impact between two slender bars and a more complex impact between two cylinders inside rigid walls.

1 INTRODUCTION leads to an equation of projection onto Coulomb’s
cone, strictly equivalent to the original inequality.

Problems involving contact and friction are among the Usually, the time-discretized equation of motion of
most difficult ones in mechanics and at the same timglynamic system is integrated by second order algo-
of crucial practical importance in many engineeringfithms such as Newmark, Wilson, etc. In this kind of
branches. The main mathematical difficulty lies inmethods, the acceleration is often assumed to be con-
the severe contact non-linearities because the nat§tant or to vary linearly within one time step. How-
ral first order constitutive laws of contact and friction ever, it is well known that in impact problems, the
phenomena are expressed by non-smooth multivakelocity and acceleration are not continuous because
ued force-displacement or force-velocity relations. AOf the sudden changes in contact conditions. So the
large number of algorithms for the numerical solutionsecond order algorithms may lead to serious errors
of the related equations and inequalities have beef1998). In this work we use the first order integration
presented in literature. The popular penalty methodlgorithm proposed by Jean (1989) in which the ac-
appears, at first glance, suitable for many appncacelera_tlon doesn’t_nee_d to be calculat_ed. The total La-
tions. But in this method, the contact boundary congrangian formulation is used to take into account the
ditions and friction laws are not accurately satisfiedlarge displacements and rotations that occur in impact
and it is difficult for the users to choose appropri- Problems.

ate penalty factors. In addition, it may fail for stiff  In the present paper, we propose an extension of
problems because of unpleasant numerical oscillathe bi-potential method for the modelling of impact
tions between contact statuses. In mutually indeperProblems using a first order algorithm for integration
dent works, Alart and Curnier (1991) and Simo andof the equation of motion. Two numerical examples
Laursen (1992) have proposed the augmented Lagre performed in this study to show the validity of the
grangian method. De Sa&cand Feng (1998) have model developed. The first example concerns the lon-
proposed another augmented Lagrangian formulatiogitudinal impact between two elastic bars. The second
and the bi-potential method, which is somewhat dif-example simulates the impact of two elastic cylinders
ferent from the one presented in the first two works. Inin rigid walls.

particular, the frictional contact problem is treated in a

reduced system by means of a predictor-corrector so-

lution algorithm. In addition, the bi-potential method 2 THE BI-POTENTIAL METHOD

leads to a single displacement variational principle

and a unique inequality in which the unilateral contactin the following section, basic definitions and nota-
and the friction are coupled via a contact bi-potentialtions used are described. Two deformable bodies
Using the bi-potential properties, the application of(Figure 1),a = 1,2, are considered. Each of them
the augmented Lagrangian method to the contact lawsccupies the open, simply connected, bounded do-



main Q* C R3, whose generic point idenotedX®.  condition. These three conditions are known as the
Furthermorethe solids are elastic and undergo largeSignorini conditions:

displacements. The boundalry of each body is as-

sumed to be sufficiently smooth everywhere so that aff» = O, m=20, wn=0 ()

outward unit normal vector, denoted by, can be de- | case of dynamic analysis such as impact problems,

fined at any poinfif onI'*. At each timef < I, where  ihe Signorini conditions can be formulated, in terms
| = [0, T'] denotes the time interval corresponding toyf relative velocity:

the loading process, the bounddiy of the bodyB*
can, in general, be split into three pai$: with pre- %,>0 , »,>0 , 4,7, =0 (6)
scribed displacements®, I'! with prescribed bound-
ary loadst®, and the potential contact surfacE$
where the two bodie#* and 32 may possibly come
into contact at some time

r*=r*uryure (1)

Classically, a rate independent dry friction law is
characterized by a kinematic slip rule. In this work,
the classical Coulomb friction rule is used. The set of
admissible forces, denoted I, is defined by:

K, = {r e R® suchthaf|r|| — ur, <0} (7)

K, is the so-called Coulomb’s cone and is convex.
De Saxé and Feng (1998) have introduced the bi-
potential defined by:

be(=0,1) = | J(=in) + ) + pral =0l (8)

R_ K,
whereR_ =] — 00, 0] is the set of the negative and
null real numbers an@Jr denotes the so-called indi-

Ky
catory function of the closed convex S€},:

0 ifrekK
Figurel. Contact kinematics U(r) - { +00 otherwise 9)
Ku
The successe deformed configurations & are de- | order to avoid nondifferentiable potentials that oc-
scribed at each time by the displacement fields* cyr jn nonlinear mechanics, such as in contact prob-
defined orf2*). On the contact surface, a unique nor-lems, it is convenient to use the augmented La-
maln directed toward$" (n = n’) is defined and the grangian method. For the contact bi-potentla)

tangential plane, orthogonal toin R3, is denoted by given by (8), provided that,, > 0 andr € K, we
T. To construct a local basis, two unit vectdgsand  paye: N !

t, are defined within the plan€. For describing the

frictional contact interactions that may occur b, VI € K,

. : hat r / . L (10)
we introduce the relative velocity with respect3d op(r, —13) U]+ (r—(r — ou)) - (r —r) >0
u=ut—u? (2) wherep is a solution parameter which is not user-

- - ) . defined. In order to ensure numerical convergence,
whereu! andu? are the instantaneous velocities®f  can be chosen as the maximum value of the diago-

andB?. Letr be the contact force distribution exerted | terms of the local contact stiffness matrix. Taking
onB" at from B2. According to the action-reaction account of the decomposition (3,4), the following in-
pI’InCIp|e,l5’2 IS SUbJeCted to-r. In the |00a| COOI’dI- equa”ty has to be satisfied:

nate system defined by the tangential plarend the , /

normaln, any elementi andr may be uniquely de- r € K,, (r—7)-(r —r) >0 (11)

composed as . -
where the modified augmented surface tractors

u=u;+u,n, U eT, u,eR (3) defined by

=r—o(U U, u.\Nn 12
r=r+mnn 1T, neR @ "ol (it pfudn) (12)

. : _ The inequality (11) means thatis the projection of
The unilateral contact law is characterized by a géx- ynto the closed convex Coulomb’s cone:

ometric condition of non-penetration, a static condi-
tion of no-adhesion and a mechanical complementary = proj(r, K, (13)



To find the numericasolutionof the implicit equation  tensor. Using the finite element method, the equilib-
(13), Uzawa’s algorithm can be used, which leads taium equation for an impact problem can be generally
an iterative process involving one predictor-correctomritten in the form:
step:

. . . L MU+CU+ant_Fezt_Rc:0 (19)
Predictorrit! = r'— o' (U + (a;, +p|Uf|) )

; 2\ 14
Correctorr ! = proj(+'*1, K ,) (14)

whereF..:, F;,; andR,. are respectively the external,

_ _ ) ) i . internal and contact forces. In this equation, reaction
It is worth noting that, in this algorithm, the unilat- forces are introduced like a second type of external
eral contact and the friction are coupled via the bi-fgrces M is the mass matrix an@ is the damping
potential. Another gist of the bi-potential method is matrix. i1 is the acceleration vector aids the veloc-
that the corrector can be analytically found with re-jty vector. It is noted that the stiffness effect is taken
spect to the three possible contact statuses: K, nto account by the internal forces vecty,. Taking
(contact with sticking)y C K (no contact) ane- C - the derivative ofF;,, with respect to the nodal dis-
R® — K, |J K} (contact with sliding) /; is the polar  placementsi gives the tangent stiffness matrix as
cone of K. It is important to emphasize the fact that

this explicit formula is valid for both 2D and 3D con- K — OFins
tact problems with Coulomb’s friction and allows us ™ =
to obtain very stable and accurate results.

=K.+ K, +K, (20)

Thetangent stiffness matrix is fact the sum of the

elastic stiffness matrik ., the geometric stiffness (or
3 FINITE ELEMENT FORMULATION OF NON-  nitia] stress stiffness) matrik , and the initial dis-

LINEAR STRUCTURES placement stiffness matrik ,:

3.1 Total Lagrangian formulation
_ _ K. :/ B7DB.dV (21)
In order to describe the geometrical transformation Vo
problems, we use the deformation gradient tensor:
0B
F=Id +Vu (15) Kaz/S aNL
Vo u

whereld is the unity tensor and/u the displace-
ment gradient tensor. Because of large displacemer&%s - T T T

and rotations, Green-Lagrangian strain is adopted for*— VO(BLDBNL+BNLDBL+BNLDBNL)OW (23)
the nonlinear relationships between strains and dis-

placements. We not€ the stretch tensor or the right \ynere is the volume of the initial configuration.
Cauchy-Green deformation tens® & F'F). The

Green-Lagrangian strain tendbiis defined by:

1
E=5(C-1) (16)  For the integration of Eq.(19), we adopt a first-order

o algorithm based on the following velocity approxima-
In the context othe finite element method and from  tjon (Jean 1989):

Egs.(15, 16), the Green-Lagrangian strain includes

AV (22)

3.2 First-order algorithm

formally linear and nonlinear terms in function of . uttat —ut ) )

nodal displacements: U=—y—=0-90) U+ gutte (24)

E— <BL—|—EBNL(U))U (17) With (0 < ¢ < 1). Then, we obtain the following
2 Newton-Raphson iterative formulation:

KiAu =F +F

acc

utl =u'+ Au

term to the nodal displacements, aBg.(u), the +RH
matrix which relates the nonlinear strain term to
the nodal displacements. In the particular case of o _
isotropic Saint-Venant-Kirchhoff material models, we WhereK®, . andF" are calculated by)(< & < 1):

have:

whereB; is the matrixwhich relates the linear strain {
(25)

. e |

KZ — KZ 1 MZ
S=D:E (18) I T 25)
whereD andS respectively denote the usual material | Face = — g5z M'{U" —U' = AtU'}

secant tangent and the second Piola-Kirchoff stresq F*' = (1—-¢)(F. ,+F.,,)+&(F, + Ft+At>

ext ext



At the end of eachime step, the velocity is updated 4.1.1 Case 1: similar bar

by: For this first simulation, both bars have the same ma-
terial properties. For each of the following displayed

A = (1 — 1>ut+ (Ut ) (27) results, analytical solutions are plotted in order to
0 0 At check the efficiency of the proposed method. In Fig-

ure 3 the nodal displacement of point C is plotted. It

In the following numericafesults,the local velocity  ghq\ys a good concordance between the analytical so-
at the contact interfaces are expressed in terms of thﬁtion and the numerical solution.

average velocity over a time step:

U= (1-0)u" +ou+a (28) 0
-0.002 \ analytl:ca; e /
numerical ——
4 NUMERICAL RESULTS = -0.004 ’
IS

The algorithms presented above have been im- & ~%%% \ /
plemented and tested in the finite element codes _,,u

FER/Impact. To illustrate the effectiveness and the ro- /

bustness of the algorithm, we consider two example  -0.01
applications which are homogenous Neumann prob- 5
lems (no displacements or external forces imposed). "0 0005 0.01 0.015 0.02 0.025 0.03 0.035 0.04
For both cases, we assume that no damping exists ex- Time

cept for Coulomb friction between contact surfacesfigure3. Local displacement gfointC

i.,e.C =0 in Egs.(19, 26). Moreover, the algorithm
parameters used for the following simulation éare

¢ = 0.5 for which the first order algorithm is conser-
vative. Dimensionless data are intentionally used fo
these analyses.

The velocities and reaction forces at the contact in-
rterface (point C) are plotted in Figures 4 and 5.

1.5 '
4.1 Longitudinal elastic impact 1 analytical —----- I
numerical —— il
The first example of dynamics is presented in order to 05
verify the validity and the efficiency of the method de- *§ '
veloped. The problem concerns the longitudinal im-g o
pact of two elastic bars in 2D. Two cases are consid- .
ered : impact between similar and dissimilar bars. Ge-
ometric configurations and material characteristics of ~ -!
the two considerated cases are reported in Figure 2 _,;
and Table 1. 0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04
Time
v @ v ® Figure4. Local velocityof point C
A —2>—» Bc —2—» D
! @ || &) \
Figure2. Longitudinal impact of tw elastic bars
1
0.8
Table 1. Material and geometric data
casel case? g 06
T 0.04 50.0 & 04
At 0.00001 0.01 ' analytical -~
bar(1) | bar(2) | bar(1) | bar(2) 0.2 numerical ————
Length| 10 10 100 100
E 1000 | 1000 | 10,000| 80,000 0
4 0.001 0.001 100 200 0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04
Vo 1.0 -1.0 0.1 0.0 Time

Figure5. Reaction force gpointC



Figure 6 displays the engy evolution of the full For each bar, the evolution of total energy is plotted
system(bar(1) + bar(2). Ex, E. andE, = E;, + E.  inFigure 9. Once again, the total energy of the system
are respectively the kinetic energy, the elastic straifF; = F;, + E;,) is conserved.
energy and the total energy. It shows that the proposed
method permits us to verify the principe of energy
conservation for frictionless contact problems.

50
40
0.01
> 30
0.008 o S Bar(1) -
Y 2 Bar(2) ——
E o wu oot Total -
5 0006 / s t 1
5 ' S —
< \ e T 10
W 0.004
0.002 Y
0 5 10 15 20 25 30 35 40 45 50
0 Time
0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 Figure9. Energy golution (1= 0.0)

Time

Figure6. Energy golution

o 4.2 Impact of two cylinders inside rigid walls

4.1.2 Case 2: dissimilar bars

This example has been first studied by Laursen antthe second example is dealing with the impact of

Love (2002) with a penalty regularization method.two elastic cylinders inside rigid walls. This problem,

The displacements of both bars and the local velocproposed by Armero and Petocz (1998), permits to

ities at the contact interface are plotted in Figures %explore the performance of the presented method in

and 8. the case of deformable-deformable contact. The ge-
ometric data of the problem is displayed in Figure

10. The material constants of the both cylinders are
25 : F =2700, v = 0.33, andp = 1. The left cylinder is
5 given an initial velocity ofl, = 1.0 andV, = —2.0,
IS hitting the bottom rigid wall and afterwards the right
S 15 cylinder as depicted in Figure 10. The total simulation
8 [T P time is 15 and time step &t = 1073,
g 77—
Up
0.5 / -
0 4 4
0 5 10 15 20 25 30 35 40 45 50 /
Time
Figure7. Local displacements
N/
0.1
» - MW)L,W Figure10. Impact of tvo cylinders inside rigid walls
0.05 Prwephete
2 | y
s In Figures 11 and 12F,, E, and E, are plotted
; : in the case of frictionlessy(= 0.0) and frictional
00 Y- (1 = 0.2) contact. We can clearly observe that the total
°r 5 energy is quite well conserved in the case of friction-
01 less contact. However, in the case of frictional contact
0 5 10 15 20 25 30 35 40 45 50 (» = 0.2), the total energy decreases at each shock
Time (Figure 12). As expected, the energy is dissipated by

Figure8. Velocity atthe contact interface frictional effects.
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Figurel2. Energy eolution (1= 0.2)

Figure 13 shows the distribution of the shear stress

of the left cylinder when it hits the bottom wall. As

expected, the distribution is symmetrical in friction-

less case while this is not true in frictional case.

-5.000e+001
-6.222e+001
-4 444e+001
-2.667e+001
-8.889e+000
§.889e+000
2 B67e+001
4.444e+001
5.222e+001
8.000e+001

Figurel13. Distribution ofshearstress at = 1.56 s

5 CONCLUSION

In this paper, we have presented the recent develop-
ment of the bi-potential method applied to dynamic
analysis in impact mechanics. The numerical algo-
rithms are described. The presented results demon-
strate that the proposed method can provide good re-
sults in terms of numerical stability and precision. The
proposed algorithms seem to preserve the total energy
of the system in the case of frictionless contact and
also take into account the physical energy dissipation

by frictional effects.

REFERENCES

Alart, P. & Curnier, A. 1991. A mixed formulation for fric-
tional contact problems prone to newton like solution
methodsComp. Meth. Appl. Mech. Engng. ®¥53-375.

Armero, F. & Petocz, E. 1998. Formulation and analysis
of conserving algorithms for frictionless dynamic con-
tact/impact problemsComp. Meth. Appl. Mech. En-
gng. 158269-300.

De Saxé, G. & Feng, ZQ. 1998. The bi-potential method: a
constructive approach to design the complete contact law
with friction and improved numerical algorithnidathe-
matical and Computer Modeling 28(4-2R5-245. spe-
cial issue Recent Advances in Contact Mechanics.

Jean, M. 1989. Dynamics with partially elastic shocks and dry
friction: double scale method and numerical approach.
4th Meeting on unilateral problems in structural analy-
sis Capri.

Laursen, TA. & Love, GR. 2002. Improved implicit integra-
tors for transient impact problems geometric admissibil-
ity within the conserving frameworknt. J. Num. Meth.
Engng. 53245-274.

Simo, JC. & Laursen, TA. 1992. An augmented lagrangian
treatment of contact problems involving frictioBom-
puters & Structures 487-116.





