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Abstract

The characterization of acoustic sources typically involves the retro-propa-
gation of the acoustic field measured with a microphone array to a mesh of
the surface of interest, which amounts to solve an inverse problem. Such an
inverse problem is built on the basis of a forward model prone to uncertain-
ties arising from mismatches with the physics of the experiment. Assessing
the effects of these unavoidable uncertainties on the resolution of the inverse
problem represents a challenge. The present paper introduces a practical so-
lution to measure these effects by conducting a sensitivity analysis. The latter
provides a mean to identify and rank the main sources of uncertainty through
the estimation of sensitivity indices. Two inverse methods are investigated
through the sensitivity analysis: Beamforming and Bayesian focusing. The
propagation of uncertainties is carried on numerically. The consistency be-
tween the real experiment and its numerical simulation is assessed by means
of a small batch of measurements performed in a semi-anechoic chamber.

1. Introduction

Numerical models used in various fields (e.g., macroeconomics, fluid dy-
namics, here acoustics) are often build on large sets of complex equations
subject to many sources of uncertainty. This is all the more true for acoustic
imaging methods whose aim is to reconstruct acoustic sources through the
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resolution of an inverse problem. More specifically, the source reconstruction
is achieved by retro-propagating the acoustic field measured with a micro-
phone array to a mesh of the surface of interest. Various methods have been
developed throughout the last decades to solve the acoustic inverse prob-
lem. A recent classification of these methods has been proposed in [1]. The
present papers focuses on two of these methods: conventional Beamforming
2] and Bayesian focusing [3]. The former assumes that the source field to
be reconstructed is generated by a finite number of scattered point sources
(or monopoles). The latter belongs to the class of “matrix inversion” meth-
ods and possesses a wider range of applications as it relaxes the assumption
of scattered point sources. In addition, Bayesian focusing brings an unifying
framework for acoustic inverse methods, rooted in a Bayesian formalism, that
contains as particular cases: ESM [4], HELS [5], NAH [6].

The acoustic inverse problem is built on the basis of a forward model and
of the measurements of the acoustic field, prone to sources of uncertainty
arising from mismatches with the physics of the experiment. Assessing the
effects of these uncertainties on the reconstruction of the source field rep-
resents a challenge. In such context, sensitivity analysis (SA) methods are
practical tools for studying “how the uncertainty in the output of a model
can be apportioned to different sources of uncertainty in the model input”
[7]. The main objective of SA is to identity the most contributing inputs vari-
ables to an output, i.e., the most important, influential, inputs variables. An
auxiliary goal is to detect, within the model, existing interactions between
inputs variables. SA methods are commonly classified in three categories:
screening, local and global, according to three criteria: their computational
cost (number of model evaluations), the complexity of the studied model and
the nature of the supplied information.

Historically, SA was conceived and defined only through local methods
where the contribution of an input is studied by means of small variations
around a nominal value. Such approaches rely on the calculation (or the
estimation) of partial derivatives of the model at a specific point [8]. Local
methods are however limited by the linearity assumption made on the model
and their intrinsic nature (local information). Screening methods are quali-
tative methods suitable to study sensitivity of models involving several tens
to a hundred inputs variables. These methods investigate the contribution of
each input only through a few values, yielding a fast but shallow exploration
of the model output. The main goal of screening methods is to single out
the non-influential inputs variables with a few model calls. The most widely



used screening method is due to [9]. A recent and exhaustive survey of local
and screening methods is proposed in [10].

In contrast to both local and screening methods, global SA methods ex-
plore sensitivity on the whole variation range of the inputs and produce sta-
tistical summaries quantifying the contribution of each input. Examples of
statistical summary include: entropy-based indices [11], distribution-based
indices [12] and variance-based indices. The present paper focuses on the
latter which are based on the functional decomposition of the model output
variance [13]. The original approach was introduced by [14] and relies on the
calculation of sensitivity measures also known as Sobol” indices. These indices
are scalars between zero and one that summarize the influence of each input
or combination of inputs. Alternatively, these indices can be interpreted as
the share (percentage) of the model variance due to a given input or com-
bination of inputs. In most applications, analytical expressions of Sobol’
indices are often inaccessible and one must rely on estimation procedures.
Such procedures might be quite expensive, requiring several thousands of
model evaluations. To overcome this hindrance, [15] proposed cost-efficient
strategies to estimate sets of Sobol” indices at once. Spectral approaches
were introduced later on to improve the estimation cost, notably: the FAST
method [16], its RBD extension [17] and chaos polynomial-based methods
[18].

Coming back to the acoustic inverse problem, only a few applications of
SA have been proposed in the literature. In [19], a form of local SA is em-
ployed, by means of Taylor series expansions, to study the contributions of
sensor and position mismatch to the measured and reconstructed pressures.
However, the proposed approach only focuses on main effects and disregards
potential interactions. More recently, applications of variance-based methods
have been investigated. In [20] and [21], the FAST method is used to per-
form an SA of respectively an axial fan model and an analytical vibroacoustic
transmission model. Even if not being an application of SA, a recent study
was proposed in [22] to compare, by means of uncertainty quantification,
the robustness of some inverse methods to different sources of uncertainty.
To the best of our knowledge, performing a variance based SA of acoustic
inverse problems has yet to be addressed. By conducting an SA, the aim of
the present paper is to identify and rank the sources of uncertainty altering
the resolution of the acoustic inverse problem when either Beamforming or
Bayesian focusing is used. The nature of the sources of uncertainty is twofold:
the position and orientation of the microphone array, and other sources rel-



ative to the physics of the experiment, namely the ground reflection, the
temperature and the signal-to-noise ratio. The propagation of these uncer-
tainties is carried on numerically. Given the relatively small number of inputs
and the unknown complexity of the model, Saltelli’s procedure is opted for.

This paper is organized as follows. The two investigated inverse for-
mulations, Beamforming and Bayesian focusing, are presented in Section 2.
Section 3 provides background on Sobol’ indices and reviews Saltelli’s es-
timation procedure. Section 4 presents a numerical application of Saltelli’s
procedure for the reconstruction of an acoustic source. In addition, a batch of
measurements is used to assess the consistency between the real experiment
and its numerical simulation.

2. Acoustic inverse problem

2.1. Problem statement

In the frequency domain, the problem of reconstructing an acoustic source
is based on a linear relationship between a set of acoustic pressures p, mea-
sured with a microphone array, and the source field q to be reconstructed.
The terms p and g both denote discrete complex quantities. The following
set-up is considered to formulate this relationship at a fized frequency f. De-
note by r;, © = 1,..., M, the microphones positions where the acoustic field
is measured. Let I' be the surface, discretized into a set of points r, on which
the source field is reconstructed. Then, the linear relationship is completely
determined by:

pri) =Y _G(rir)g(r) +n;,  i=1,...,M, (1)

rel’

where G(r;|r) denotes the Green function between the surface I', at point r,
and the measurement point r;, and n = (nq,...,ny) is the vector of mea-
surement noises. Equation (1) can be rewritten in matrix form to consider
all measurements at once:

p=Gqg+n. (2)

A classical challenge in the acoustic literature is to recover the source field
q from (2). This task corresponds to an inverse problem, since one needs to
provide an inversion of the operator G. Such a problem is typically ill-posed
as existence, uniqueness and stability of the solution are not guaranteed.
Most of the methods devised to solve this problem, including the ones studied
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in this paper, formulate the inverse problem solution through a linear system
3]:

M

i) =S ar)p(r) | (3)

i=1
where the a;(r) are coefficients that depend on the calculation points . The
following two sections focus on the characterization of the solution g when
either conventional Beamforming or Bayesian focusing is applied.

2.2.  Beamforming

Assuming that the source field can be modeled as a distribution of scat-
tered monopoles, the solution g obtained by conventional Beamforming is
based on a component-wise least squares resolution of Eq. (2). The strength
of each candidate q(r) is estimated independently from the others, as the
minimum of the functional:

Jis(q) = |Gg - p|; -

In particular:

S0 o) 35 STy

dq(r) = Yol Gre|r) Grilr)

where the superscript * stands for the conjugate transpose operator. By
identification with Eq. (3):

a;(r) = Grifr)” 4
i S ohiy Glrilr) Glrylr) W

which are the elements of the so-called “steering vector”.

2.3.  Bayesian focusing

In some acoustic configurations, Beamforming methods might perform
poorly. In the low frequency band typically, the hypothesis of uncorrelated
source becomes unrealistic, which worsen the spatial resolution of the results.
Several alternatives have been proposed in the last decades. This section
focuses on a contribution [3] based on Bayesian analysis. The idea is to seek



an optimal interpolation basis that minimizes the reconstruction error of the
source field,

p
qr) = cdnl(r) ()
k=1
where the ¢ are coefficients that depend on the measurements p(r;) and the
¢ are spatial basis functions. Note that this formulation is fully equivalent
to Eq. (3), the parallel will be drawn at the end of the section. Substituting
Eq. (5) into Eq. (2) leads to:

p=Gopc+n=Hc+n, (6)

where ¢ is the matrix whose columns are the basis functions ¢, and ¢ =
(¢1,...,cp) is the vector of coefficients.

Bayesian focusing introduced in [3], builds on such optimality while con-
jointly incorporating the effects of both noise and prior spatial information,
through a Bayesian formulation of the inverse problem. This method has a
wider range of applications than Beamforming as it relaxes the assumption
of scattered point sources. Bayesian focusing is a “matrix inversion” method
that brings a unifying framework for acoustic inverse methods. Through the
choice of the basis functions ¢y, this framework contains Beamforming, as
well as ESM, HELS or NAH as particular cases. The main results of Bayesian
focusing are outlined below.

2.3.1.  Bayesian framework

Equation (6) is handled within a Bayesian framework, in particular the
coefficients ¢, are viewed as random variables that produce a random source
field g. All along this paper, the notation [.] will denote the probability
density function of a continuous random variable. The main ingredients of
the Bayesian formulation are: the likelihood [p|c] expressing the probability
distribution of the measured pressures p given ¢, and the prior probabil-
ity distribution [¢] that incorporates any a priori on the source field. Us-
ing Bayes’ rule, one may express the posterior probability distribution (or
posterior) which corresponds to the solution of the inverse problem in the
Bayesian setting. This posterior can be viewed as the “inverse probability”
of the source field given measurements p:

_ lplele
lc|p] = ] [plc][c] ,




where o< denotes the “proportional to” symbol. The higher the value of [¢|p],
the higher the probability that measurements p explain the source field.

2.3.2. MAP estimator

The posterior is viewed as a cost function whose maximization with re-
spect to ¢ will return an optimal solution that most fits the measurements
p. Consequently, the solution ¢ of Eq. (6) is sought as the maximum a
posteriori (MAP) estimate:

c= argmax [c|p] x argmax plc] [c] . (7)

Expressing the MAP estimate requires selecting distributions for both the
likelihood [p|c] and the prior [¢]. Equation (6) states that the likelihood is
completely defined by the distribution assigned to the measurement noise n.
As in [3], here m is assumed to follow a circularly-symmetric complex normal
distribution [23]:

[n] = CN(0, 8°Qn) | (8)

where (3% characterizes the unknown expected noise energy and €Q,, is the
covariance matrix, expressing the correlation between the different compo-
nents of the noise field. As a result, the likelihood follows a circularly complex
normal distribution:

[ple] = CN(He, 5°Qy) . (9)

The last assumption concerns the prior which is also assumed to follow a
circularly-symmetric complex normal distribution:

[c] = CN(0,0°Q,) , (10)

where o? characterizes the unknown source energy. Injecting (9) and (10)
into (7) yields the solution [24]:

c=Q.H" (HQ.H" + 772Qn)*1p , (11)

where n* = 3%/a? identifies as the signal-to-noise ratio (SNR). One may
recognize in Eq. (11) the solution of a generalized Thikonov regularization
[25] where 1 plays the role of the regularization parameter. Note that since
a? and 3? are unknown variables, the parameter n? has to be calibrated. An
estimation procedure of 7%, rooted in the posterior distribution, is introduced
in [24]. This procedure operates as follows: first the distribution [n?|p] is
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obtained by marginalizing the posterior, [?|p] = [[e,n?|p][c]de. Then,
[7?|p] is viewed as a posterior, [%|p]  [p|n?] [%], whose maximization with
respect to n? yields the regularization parameter.

The choice of the interpolation basis is achieved by considering a singular-
value decomposition of G through (2. and whitened by the covariance matrix
O ) )

022G =UXV* |
where X is a diagonal matrix containing the eigenvalues sy; > spro1 > -+ >
s1 > 0. Tt is proved in [3] that the optimal basis functions ¢y, k = 1,..., P,

1
are the columns of 22V and that these functions are orthogonal through (..
With the interpolation basis and the coefficients (11), the solution of (5) is
completely identified with P = M, and reads:

M
~ Sk -3
q('f‘)zE ———0u(r)UQnp |
— SZ+772 k

. 1
where Uy, is the k-th column of U. Introducing the vector U, = U}, * with
elements Uy ;, i = 1,..., M, the latter expression of ¢(r) can be reformulated
as in (3) with:

M
Sk ~
Remark that Bayesian focusing admits Beamforming as a limit case when
the set of eigenvalues reduces to a singleton, i.e., s; > 0and V k£ > 1, s ~ 0.
Such a phenomenon can occurs, for instance, in far-field acoustic imaging.

2.4. Preliminary observations

Looking at Eqs. (4) and (12) the expressions of the coefficients a;(r)
differ between Beamforming and Bayesian focusing. In the former, these
coefficients remain unaffected by the sources of uncertainties propagated in
the forward problem. In the latter however, the sources of uncertainties have
an effect on the coefficients a;(r) through the regularization parameter n>.

More generally, the two methods differ on the way the source q is recon-
structed. Beamforming is classically formulated to retain only the estimated
source g(r) on the node r where the estimated acoustic strength is maxi-
mal (the approach considered in Section 4 will be different). On the other



hand, Bayesian focusing assumes that all nodes of the reconstruction surface
are potential radiating point sources. With these two observations in mind,
one can expect to observe significant contrasts between the results of the
sensitivity analyses performed with each method.

3. Background on Sobol’ indices

3.1.  Definition of Sobol’ indices
Let g represent a deterministic numerical model:

g K¢ - R
x=(x1,...,2q) — g(x),

where x is the vector of inputs of g (the sources of uncertainty), d is the
dimension of the input space and K¢ is a compact subspace of R%. Let u be
a subset of D = {1,...,d}, —u its complement and |u| its cardinality. Then,
x, represents a point in K1 with components xj,J € u. Given two points x
and @', the hybrid point (z, : '_,) is defined as x; if j € u and 2 if j & u.
E[.] and Var[.] denote the expectation and the variance of a random variable.
The uncertainty on @ is defined within a probabilistic setting: @ is mod-
eled by a vector of independent random variables and is assumed to be
uniformly distributed in K?. For the sake of simplicity, in the following
K4 =[0,1]? 1. Assume further that g € L2([0,1]¢, \) where A denotes the
Lebesgue measure on [0, 1]%. Consider the Hoeffding’s decomposition [27, 14]
of g:
g(w) = 92 + Z gu(mu) . (13>
uCDu#>

Under the assumptions that g4 is constant and each term g, u # &, satisfies:

1
/ Gu(xy,)dz; =0, Vieu,
0

the Hoeffding’s decomposition becomes unique and gy = E[g(x)] = p. Then,
the variance of Eq. (13) leads to the variance decomposition of g:

0? = Varlg(@)] = Y o2 (14)

uCDu#d

IThe assumption K¢ = [0, 1]d is not restrictive, the generalization to other continuous
probability distributions can be achieved through many procedures (see [26] for more
details)



where 02 = Var[g,(x,)]. From this latter decomposition, one can define the
two following quantities:

2= =3 o2, ucCD. (15)

vCu vNUF#D

Both 72 and 72 satisfy the following relations: 0 < 72 < 72 and 72 = 0272,

The definition of Sobol’ indices is then obtained by normalizing the two
quantities expressed in (15):

ﬁu:zi/az , ?u:?i/ag , uC7D. (16)

In this paper, only the case |u| = 1 is studied. In this context, S, is called
first-order Sobol’ index and quantifies the main effect of the input x, on the
output g(z). Its analogue S, is called total effect Sobol’ index and quantifies
the main effect of z,, plus the effects of all interactions between x, and other
inputs variables. One may define higher order Sobol” indices but their use is
beyond the scope of the present paper.

Sobol” indices enjoy several practical properties. First, their values are
scalars varying between zero and one. This yields a straightforward inter-
pretation: the higher the index, the more influential the input. Note that
an input is considered as influential if the variance of the output is strongly
reduced when this input is fixed. In particular, it must be stress that Sobol’
indices inform by no means directly on the value of the outputs. Secondly,
subtracting the first-order index S, to its counterpart S, returns a direct
quantification of all interaction effects between x, and other inputs. Hence,
one may categorize inputs following the nature of their effects: main, inter-
actions, both or none. Third, the following equation can be derived from Eq.
(14):

o2
oS, + D> S =1 (17)
ueD uCDu#d,|ul#1
As a consequence, if the sum of all first-order indices S, is close to one, one
can conclude that there exists no interactions between the inputs variables.
This last property provides a better understanding of the model behavior.

3.2.  Estimation of Sobol’ indices

Usually the complexity of the model leads to intractable analytical ex-
pressions of Sobol” indices displayed in Eq. (16). In such cases, only approx-
imations of these indices through estimation procedures can be expected.
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This section reviews the procedure introduced by Saltelli to estimate both
all first-order and all total effect Sobol” indices. This procedure requires the
construction of so-called numerical designs of experiments, referred as de-
signs hereafter, to perform evaluations of the model. A design is a point set
P ={x;}"y, i = (z;1,...,%;,) € [0,1]%, obtained by sampling each input
variable x; n times. It is represented as an n X d array, where each row
corresponds to a point x; and yields one evaluation of the model g(x;).

Consider now two designs P = {x;}", and P’ = {a';}?, such that
(z;, x';) is uniformly distributed in [0, 1]?. One possible way to estimate the
two quantities defined in Eq. (15) is:

n—1
1
Iz% = E Z (g(mz,u : m,i,—u) - g(m;)) g(mz) )
=0
n—1
5 1 / . 2
Ty = % Z(g(m z) - g(mz,u T i,—u))
=0

Then, using an estimator 62 of o2 defined as:

1 n—1 1 n—1
~2 N 2~ — .
o= 2 @) ) =) (@)
1=0 =0
the Sobol” indices can be estimated by:
S,=13/8  S.=7/8". (18)

Based on Eq. (18), the estimation of a single pair (S,, S,) requires 3n
evaluations of the model g. As a result, one would need 3nd model evaluations
to estimate all first order and total effect indices. To improve this estimation
cost, Saltelli introduced in [15, Theorem 1] a subtle estimation strategy based
on the following result:

Theorem 1. The d+2 designs {x;,, : «'; _,}}, constructed for u € {@, {1},
..., {d}, D} allow the estimation of all first-order and total effect Sobol’
indices at a cost of n(d+ 2) evaluations of the model.

Theorem 1 states that there is no need to reevaluate g(«;) and g(x';) for
each u. Alternatively, one can simply evaluate g(x;) n times, g(a’;) n times,
and g(x;, : «'; ) nd times, which amounts to a total of n(d+2) evaluations.
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The d + 2 designs of Theorem 1 are obtained by substituting columns of
P for columns of P’ according to u. While elegant, this approach requires a
number of model evaluations that grows linearly with respect to d, the input
space dimension. However, for applications with a relatively low number of
inputs and an affordable computational cost (as in this paper), the number
of model evaluations remains reasonable.

4. Application

4.1. Case study

The general set-up that will be studied is presented in Fig. 1-(a). The
acoustic source is modeled by a set of 21 correlated monopoles. The closer
the monopole to the center of the reconstruction surface I', the higher its
strength. The aim is to match the acoustic source used in the real experiment.
Statistically speaking, each of the 21 monopoles is a random variable:

qr = O X U, k=1,...,21,

where u follows the standard normal distribution A/ (0, 1) and o}, characterizes
the strength of the monopole. Figure 1-(b) shows a colormap of the values
assigned to the o,. The dashed black circle outlines the set of 21 monopoles
modeling the source.

The microphone array is circular and composed of 36 microphones. Ini-
tially, the microphone array is facing towards the reconstruction surface at a
distance of 0.6 meters. In the following, this position will be referred as the
reference position of the microphone array. The surface of reconstruction I'
is modeled by a rectangular grid, placed in the plane z = 0.6, and discretized
into 441 points. The ground is modeled by the plane y = —0.72.

The measurement noises introduced in Eq. (1) are supposed independent
and are each defined by:

2
2

n; = 107SNR/205 00 %, i=1,...,M, (19)

where §; and 6; are two independent random variables following respectively
a standard normal distribution and a uniform distribution on [0, 27], while
Po is the vector of noise-free pressure.
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Figure 1: (color online) (a) Scheme of the study case set-up including: the circular micro-
phone array, the ground, and the reconstruction surface containing the acoustic source.
(b) Colormap of the values characterizing the source strength. The dashed circle outlines
the set of 21 monopoles (black dots) modeling the source. The nodes of the reconstruction
surface are represented by the gray dots.

4.2. Sensitivity analysis setting

4.2.1. Inputs

The sources of uncertainty that will be considered as inputs of the SA
are listed in Table 1. The nature of these sources is twofold. Six of them are
spatial variables describing the position and orientation of the microphone
array: three spatial coordinates c.,cy,c, and three angles ¢,, ¢,,¢.. The
remaining three inputs variables gather uncertainties relative to the physics
of the experiment, namely: the air temperature T, the SNR and the ground
reflection coefficient R. Together, these 9 variables form the vector of inputs
x introduced in Section 3.1.

T, SNR and R are uniformly distributed (their ranges are specified in Ta-
ble 1). The three spatial coordinates c,, ¢,, ¢, and the three angles ., ¢, ¢,
all follow truncated normal distributions [28]. The rationale for using trun-
cated normal distributions over normal ones is to discard the tails. The two
truncated normal distributions used here are parametrized as follows:

TN (0,00, —Le, L.) for ez, cy, ., (20)
TN (0,0, Ly, L,) for p., 0y, @, . (21)

13



inputs notation distribution description

T Co TN, position x of the array (meters)

T Cy TN. position y of the array (meters)

T3 Cs TN, position z of the array (meters)

T4 o TN, angle of rotation about axis = (radians)
x5 Oy TN, angle of rotation about axis y (radians)
Tg Oz TN, angle of rotation about axis z (radians)
X7 T U([15,25])  air temperature (degrees Celsius)

Ts SNR U([2,30]) signal-to-noise ratio

Tg R U(o,1]) ground reflection coefficient

Table 1: Input variables and their distributions. Symbols TN, TN, stand for truncated
normal distributions whose arguments are specified in Eqgs. (20),(21), U stands for the
uniform distribution.

Figure 2: Geometrical interpretation of £, with ¢ = ¢,. r, is the chord of ¢, D is the
radius of the microphone array (in black). Given D = 0.25 m, £, is set to be the maximum
value of ¢ such that r, = 0.04 m.

The parameters /., 0. are the same for the three spatial coordinates ¢, ¢, c.
and likewise for £,,0, and ¢,, ¢y, p.. The standard deviations o., o, and
bounds /., ¢, have been selected to model small position and orientation
mismatches that occur when setting a microphone array in an experiment:

L. 1 ) 0.04 9 /
{, = — arcsin <—) ~~ I o, = —2

Ec - 006, Oc= —, y Uc )
q0.999 2 2x0.25 180 70.999

and ¢gg99 is the 99,9% quantile of the standard normal distribution. The
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geometrical interpretation of £, is sketched in Fig. 2 with ¢ = ¢,. r, denotes
the chord of ¢, D is the radius of the microphone array. With D = 0.25 m,
l, is sought as the maximum value of ¢ such that r, = 0.04 m. Setting
r, = 0.04 m ensures the range of variation of the angles ¢,, ¢, ¢, is similar
to those of the spatial coordinates c,, ¢y, c..

It is important to point out that the matrices of rotation related to
Ou, Py, P» do not commute (since SO(3) is a non-commutative group). Here,
the sequence of rotations is applied in the following order: ¢, — ¢, — ¢..

4.2.2. Qutputs

Three outputs are selected for the SA: the regularization parameter n?
(Eq. (11)), a normalized mean square error between cross-spectral matrices
and the acoustic power radiated by the reconstructed source field. The last
two outputs are investigated with both Beamforming and Bayesian focusing.
These two outputs are rooted on quadratic quantities that are often of prime
interest in industrial applications. The regularization parameter is interesting
to study as it encompasses the effects of the sources of uncertainty on the
coefficients a;(r) (Eq. (12)).

The normalized mean square error reads:

MSE — ||Spp - SﬁﬁHF

HSPPHF ’
where S),;, is the cross-spectral matrix of the pressures p obtained after prop-
agating the sources of uncertainty and Spp is the cross-spectral matrix of the
pressures obtained from the reconstructed acoustic sources (see Eq. (3))
and propagated without perturbations, that is p = Gq. The notation ||.|»
denotes the Frobenius norm. The mean square error assesses whether the
acoustic source is well reconstructed or not. Using this output, the SA will
inform on the inputs having the most effect on the source reconstruction
when their uncertainties are propagated during the forward problem (Eq.
(2).

The last output considered is the acoustic power radiated by the recon-
structed source field. The expression of this output varies whether Beam-
forming or Bayesian focusing is employed. With Beamforming, the acoustic
power is taken as the power radiated by the reconstructed source ¢ on the
node ry of I' where the source strength is maximal (i.e., the center of T,

ro = (0.0,0.0,0.6)):

(22)

_ pek?|g(ro)

= 2
Wbeam {7 ( 3)
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With Bayesian focusing, the acoustic power consists of summing the power
radiated by each virtual source, i.e. each node of I'; independently and a
second term characterizing the influence of the neighbor sources. Formally,
this reads: RGP Relpd ()
per-ig\r e\Prq T
Wa e — , 24
by =)+ — (24)

rel’

where Re{.} is the real part operator and p, is the acoustic pressure at
position r generated by the other correlated sources:

pr = Z G(r|r")q(r') .

r’el\{r}

4.3. Results

Saltelli’s procedure is carried on with n = 10 000 samples of each input
variable. The total cost of the procedure corresponds to 110 000 model
evaluations. The analysis is conducted for a set of 128 frequencies ranging
from 100 Hz to 12 800 Hz with a spacing of 100 Hz. Since the formulation
presented in Section 2.1 assumed a fixed frequency, the SA returns one set of
Sobol” estimates per frequency. Results are explored with stacked area chart
to observe the evolution of the Sobol’ estimates in function of the frequency.
For each of the three outputs selected, stack area charts of the first-order
indices and of the total effect order indices are drawn.

Within Bayesian focusing, the noise covariance matrix €, (Eq. (8)) is
chosen to be the identity matrix. The covariance matrix Q. (Eq. (10)) is
deduced from Qg [24, Eq. (6)], the covariance matrix of the prior distribution
of the source field. Here, (24 is a diagonal matrix whose elements are designed
from a two-dimensional Hanning window with radial symmetry and radius
0.05 m.

4.3.1.  Regularization parameter

This section displays the results of the SA for the regularization parameter
n?. Figure 3 shows the stacked area chart obtained for the first-order (Fig.
3-a) and the total effect Sobol” estimates (Fig. 3-b).

First, it can be observed that six of the nine inputs have a significant
effect on the output: the SNR and R are influential mainly by main effects,
the position ¢, and ¢, of the microphone array are influential mainly by
interactio