M Langer 
  
P Cloetens 
  
J P Guigay 
  
S Valton 
  
F Peyrin 
  
QUANTITATIVE EVALUATION OF PHASE RETRIEVAL ALGORITHMS IN PROPAGATION BASED PHASE TOMOGRAPHY

Keywords: Microscopy, Simulation, Synchrotron Radiation, Tomography, X-ray imaging

Phase contrast provides new possibilities in X-ray imaging, offering up to 1000 times higher sensitivity than standard absorption contrast. In propagation based phase contrast imaging, a quantitative relationship exists between intensity in the image plane and the phase shift induced by the object. Inversion of this relationship is called phase retrieval. Used as input to a 3D tomographic reconstruction algorithm this gives a reconstruction of the refractive index. Several methods for phase retrieval have been described, but few quantitative studies have been performed. In this paper we describe three phase retrieval methods, respectively based on the Transport of Intensity Equation (TIE), Contrast Transfer Function (CTF) and a Mixed approach recently developed at the ESRF. The methods are evaluated using simulated and experimental data in the case of mixed absorption and phase objects. Using the TIE on simulated data we obtain a reconstruction with a mean error of 10 %, but fail to achieve a qualitatively acceptable reconstruction of experimental data. The CTF approach yields qualitative reconstructions both using simulated and experimental data. Using the Mixed approach, we obtain reconstructions with close correspondence to expected values with an average errors of 3.8 % for the simulated and 5.9 % for the experimental data.

INTRODUCTION

Micro-CT (computed tomography) imaging systems are increasingly used for biomedical and small animal imaging. The high useful flux generated by synchrotron sources makes them very attractive for micro-CT, enabling 3D imaging at sub-micrometer resolution while maintaining high signal to noise ratio. Micro-CT images are obtained by exploiting the attenuation property of x-ray interaction with matter. The coherency property of synchrotron radiation (SR) x-rays however enables another imaging mode based on phase contrast. This modality allows imaging of low-Z materials or interfaces between materials with similar attenuation properties, offering up to 1000 times higher sensitivity [START_REF] Momose | Phase-contrast radiographs of nonstained rat cerebellar specimen[END_REF] and is particularly attractive for imaging biological soft tissues. The coherence of beams generated by third generation synchrotron sources allows a particularly simple mode of phase contrast imaging based on free space propagation that is analogous to the defocusing technique in electron microscopy.

This technique can be coupled to micro-CT by acquiring tomographic scans at several sample to detector distances (Fig. 1). The method is called holotomography [START_REF] Cloetens | Quantitative phase contrast tomography using coherent synchrotron radiation[END_REF] and the inversion process works in two steps: in the first step, called phase retrieval, the phase shift induced by the sample is calculated for each projection angle. This is then used as input to a 3D tomographic reconstruction algorithm, which yields the refractive index distribution of the sample, which is related to the electron density. The phase retrieval step is crucial for the quality of the final 3D reconstructed image. Methods well adapted to objects with "weak" absorption properties have been proposed and successfully applied to several problems in materials and life sciences, where it is crucial to enhance the sensitivity or reduce the dose compared to absorption CT [START_REF] Cloetens | Holotomography: Quantitative phase tomography with micrometer resolution using hard synchrotron radiation x rays[END_REF].

In this work we address the problem of quantitative phase retrieval in mixed absorption/phase objects. Extracting quantitative information from images containing both phase and absorption contrast is still a challenging issue. Although several theoretical approaches have been proposed, there are few works addressing the quantitative evaluation of such methods [START_REF] Barty | Quantitative optical phase microscopy[END_REF]. We consider three methods based on the Transport of Intensity Equation (TIE) [START_REF] Teague | Irradiance moments: their propagation and use for unique retrieval of phase[END_REF], Contrast Transfer Functions (CTF) [START_REF] Guigay | Fourier transform analysis of Fresnel diffraction patterns and in-line holograms[END_REF] and a mixed approach between the two recently developed at the ESRF [START_REF] Guigay | A mixed contrast transfer and transport of intensity approach for phase retrieval in the Fresnel region[END_REF]. We evaluate them using both simulated and real data using a constructed phantom.

IMAGE FORMATION

The image formation process in propagation based imaging is well described in the framework of Fourier optics. By using coherent Xrays, the contrast in the image formed on the detector is not only due to absorption but also to the phase shift induced by the object. In the following we assume that we work with monochromatic x-rays with wavelength .L e t
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be the 3D complex refractive index distribution in the object. The image formation process may be modelled as a function of the transmittance
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are the coordinates in the image plane. The image formed on the detector, when the beam is allowed to propagate after interaction with the object by moving the detector away a distance D, is 1 ,where❉ ✎ ✂ ❍ ❏ ✝ ❍ ▲ ✌ are the spatial frequency coordinates, can be described as [START_REF] Guigay | Fourier transform analysis of Fresnel diffraction patterns and in-line holograms[END_REF] 
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(1) where ✧ ( ❉ denotes scalar product between vectors ✧ and ❉ .
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Eq. 1 reduces to the standard absorption law used in conventional X-ray CT. If ❙ ❜ ❛ the intensity is dependent on both the absorption and phase shift due to the object. Since the phase shift is directly proportional to the projection of the 3D refractive index decrement ✖ ✂ ☎ ✝ ✟ ✝ ☛ ✌ , if the phase shift can be calculated in each projection, this quantity can be reconstructed using standard 3D tomographic reconstruction algorithms.

PHASE RETRIEVAL

Inferring the phase of the wavefront from recorded intensity images is termed phase retireval. Eq. 1 is non-linear however, and no direct way to invert this relationship is known. The three methods we compare here are all based on linearizing some aspect of Eq. 1 to obtain an expression that can be solved for the phase and is applicable in practice.

Transport of Intensity Equation (TIE)

By the Taylor expansion of Eq. 1 to the first order in the propagation direction z we arrive at a linear description of how the intensity changes between two image planes a small distance apart. This can be written as
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and is known as the transport of intensity equation [START_REF] Teague | Irradiance moments: their propagation and use for unique retrieval of phase[END_REF][START_REF] Nugent | Quantitative phase imaging using hard x rays[END_REF].

❆ ❀ is the intensity at ❙ ✎ ❛
and ❞ is the gradient operator in the image plane and is implemented as
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Eq. 2 can be solved for the phase [START_REF] Paganin | Coherent X-Ray Optics[END_REF]:
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Table 1. Theoretical values for the absorption coefficient and refractive index at 24 keV for the materials used in the phantom. These values were also used in the simulated data. to obtain the absorption and one taken at a small distance away. The derivative is approximated by the difference between these two images.
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The inverse Laplacian operator in Eq. 3 is implemented as
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. This means that phase retrieval with the TIE requires 6 FFTs per projection angle. The main drawback of this method is the approximation of the partial derivative. It can be difficult to achieve sufficient signal to noise ratio in a difference between two images taken a small distance apart. Contrast can be improved by increasing the distance, but since the model is only valid for small distances, modelization errors will increase.

Contrast Transfer Function (CTF)

An alternative method can be derived if approximations are made regarding the object. If the complex exponentials in the transmittance function are Taylor expanded to the first order, Eq. 1 becomes [START_REF] Guigay | Fourier transform analysis of Fresnel diffraction patterns and in-line holograms[END_REF] 
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which is known as the contrast transfer function and is a linear approximation of how the Fourier transform of the intensity at distance ❙ depends on the Fourier transforms of the amplitude and the phase of the transmitted wave. This can be shown to be valid for "weak" absorption and slowly varying phase [START_REF] Guigay | Fourier transform analysis of Fresnel diffraction patterns and in-line holograms[END_REF]. Eq. 4 can be solved for the phase in a least squared error sense [START_REF] Zabler | Optimization of phase contrast imaging using hard x rays[END_REF] 
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Since the CTF has zero crossings, images at several distances are needed to solve Eq. 4.

If ➂ distances are used, calculation of the phase using Eq. 5 requires
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FFTs. The main drawback of this method is that it is not valid for strongly absorbing objects, which is the case in many applications of interest, e.g. imaging of soft tissue in biological samples in the presence of bone.

Mixed approach

It can be shown that the TIE equation and CTF models do not approach the same solution, in the case of a strongly absorbing object, when we can approximate the recorded intensity as [START_REF] Guigay | A mixed contrast transfer and transport of intensity approach for phase retrieval in the Fresnel region[END_REF] ❆
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where
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is the intensity at distance ❙ if the phase of the object was zero. This can be either calculated exactly from
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Eq. ( 6) is valid for slowly varying objects and approaches the TIE when ❙ ➄ ❛ . It can be considered as an extension of the TIE valid for larger distances. Eq. 6 can be solved by considering the third term a perturbation term. A first estimate of
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is obtained by disregarding this term and subsequently improving the estimate iteratively. Different distances are taken into account by a linear least squares fitting of the phase to the perturbed data
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is the phase at iteration ✁ with
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is used to adhere more closely to the slowly varying object condition. This is implemented using a standard Gaussian filter, applied in the Fourier domain.

Eq. 7 generally converges in 3-5 iterations. Since the first estimate requires N FFTs (with N typically 4) and the subsequent iterations require 2 FFTs each, between 10 and 14 FFTs are typically required to retrieve the phase.

Table 2. Simulated data: mean values and standard deviations of
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) obtained from the central slices of the tomographic reconstructions.

TIE CTF Mixed Aluminium ➣ ↔ ❯ ➙ ➛ ❛ ↔ ✒ ➝ ➞ ↔ ➟ ➟ ➛ ❛ ↔ ✒ ✒ ➣ ↔ ➠ ❛ ➛ ❛ ↔ ❯ ✒ Ethanol ➟ ↔ ➞ ➟ ➛ ❛ ↔ ❛ ➠ ➟ ↔ ➡ ➟ ➛ ❛ ↔ ❛ ❯ ➟ ↔ ➣ ➠ ➛ ❛ ↔ ❛ ❯ Oil ➝ ↔ ❛ ➟ ➛ ❛ ↔ ❛ ➝ ➟ ↔ ➣ ❛ ➛ ❛ ↔ ❛ ❯ ➝ ↔ ➟ ❯ ➛ ❛ ↔ ❛ ➟ PMMA ➠ ↔ ✒ ❛ ➛ ❛ ↔ ❯ ❯ ➝ ↔ ➣ ✒ ➛ ❛ ↔ ✒ ✒ ➠ ↔ ➠ ❯ ➛ ❛ ↔ ✒ ➡ Polymer ➝ ↔ ➡ ➙ ➛ ❛ ↔ ❛ ➝ ➝ ↔ ❯ ❛ ➛ ❛ ↔ ❛ ➠ ➝ ↔ ➣ ➟ ➛ ❛ ↔ ✒ ➠ Water ➝ ↔ ➠ ➠ ➛ ❛ ↔ ❛ ➟ ➝ ↔ ➟ ➝ ➛ ❛ ↔ ❛ ❯ ➝ ↔ ➙ ➝ ➛ ❛ ↔ ❛ ❯ 4. IMPLEMENTATION

Simulated data

Simulation of propagation based phase contrast imaging can be separated in two steps: calculating projections and simulating propagation. First, two projection data sets, one for the absorption and one for the phase shift, were generated by calculating analytical projections of an ellipsoid phantom based on the 3D Shepp-Logan phantom. The different regions in the simulated phantom were given the theoretical refractive indices of the materials used to construct the real phantom (table 1). The outer ring was removed and the areas of high absorption were surrounded by areas of zero absorption to closer resemble the qualitative behaviour of the constructed phantom. The projections, consisting of
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pixels with a pixel size of 7.5 q s , were generated over 180 degrees using 1000 intervals. The center slice of the absorption and phase phantoms are shown in Fig. 2.

For each projection, the absorption and phase shift were combined to form a complex wave function. A convenient way to simulate propagation is to observe that a Fresnel diffraction pattern can also be described as convolution of the wave function with a propagator [START_REF] Zabler | Optimization of phase contrast imaging using hard x rays[END_REF] . We calculated this in the Fourier domain, where the propagator becomes
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The simulated intensity was then obtained by taking the squared modulus of the propagated wave. Finally, the intensities were interpolated to ➠ ✒ ❯ ✉ ➠ ✒ ❯ pixels, which means that the diffraction patterns were simulated using 4 times oversampling and the final pixel size was ➟ ❛ q s .

Constructed phantom

To evaluate the algorithms under experimental conditions, a phantom was constructed. Five channels were drilled in a 7.5 mm diameter PMMA cylinder and then filled with demineralized water, 96 % ethanol, oil, a length of 0.125 mm diameter aluminium wire and a mixture of polymer spheres, 0.1 and 0.2 mm diameter respectively. The phantom was then imaged using the ID19 micro-CT setup at the ESRF. Tomographic scans were acquired using 24 keV X-rays at four distances (0.012, 0.1, 0.3 and 0.99 m) and 1000 angular positions. A 2048x2048 CCD detector was used at a pixel size of ➞ ↔ ➠ q s .

RESULTS

Both simulations and reconstructions were performed using GNU Octave software on the ESRF computing cluster and were run in a parallel fashion using the fact that each projection can be considered independent. This was implemented using Condor software. 

Simulated data

Results using simulated data are presented in Fig. 3, which show that all three methods give qualitatively good reconstructions. Mean values and standard deviations were measured in the different areas (table 2). The mean errors compared to the theoretical values in table 1 are 10 % for the TIE, 16 % for the CTF and 3.8 % for the Mixed approach. Note that all the methods give underestimations of the refractive index, more so in areas with a higher absorption coefficient.

Constructed phantom

Examining the reconstructed slices (Fig. 4), the CTF and Mixed approach yield visually good reconstructions, while the TIE fails to reconstruct the cylinder properly. This is probably due to the difficulty of achieving enough SNR in the difference image. Measuring the means and standard deviations as before (table 3), we obtain mean errors of 42 % for the TIE, 17 % for the CTF and 5.9 % for the Mixed approach. Again we note that both the CTF and Mixed approach systematically underestimates the refractive index.

DISCUSSION AND CONCLUSION

Three methods for phase retrieval for propagation based imaging were evaluated. This was done using simulated data and experimental data acquired on a constructed phantom. The reconstructions were compared to theoretical values for the different materials used.

Using the TIE on simulated data, a quantitative reconstruction of the refractive index was obtained, with an average error of 10 %. On ) obtained from the central slices of the tomographic reconstructions. Using the CTF, qualitative reconstructions were obtained both on simulated and experimental data, with consistently underestimated values. Using the Mixed approach reconstructions with close correspondence to expected values were obtained, both for simulated and experimental data, with an average error of 3.8 % and 5.9 % respectively.

The main contribution in the work is the framework for evaluating phase retrieval algorithms. The implemented tests are intended as a platform for evaluation of existing as well as new phase retrieval algorithms. They could be used to investigate noise sensitivity or finding optimal experimental conditions for different phase retrieval algorithms.

Fig. 1 .

 1 Fig. 1. Schematic view of the experimental setup used in propagation based imaging. The images recorded at different distances are used to retrieve the phase of the wave exiting the sample. These phase maps allow reconstructing the 3D refractive index decrement distribution in the sample.

Fig. 2 .

 2 Fig. 2. Central slice of the phantom used in the simulations. It is based on the 3D Shepp-Logan phantom, modified to the physical values of the materials used in the constructed phantom below. Areas of zeros were also added around the parts corresponding to polymer and aluminium to closer emulate the qualitative behaviour of the constructed phantom.

.Fig. 3 .

 3 Fig. 3. Absorption and phase tomograms using the simulated data. Reconstruction was done using (a) the absorption radiographs (images simulated close to the detector) and output from the (b) TIE, (c) CTF and (d) mixed approach algorithms. The field of view is 15.4 mm.

Fig. 4 .

 4 Fig. 4. Absorption and phase tomograms of the constructed phantom, consisting of a PMMA cylinder, demineralized water, 96% ethanol, oil, 0.125mm aluminium wire and polymer spheres, imaged at 24 keV. Reconstruction was done using (a) absorption radiographs (images taken close to the detector) and output from the (b) TIE (c) CTF and (d) mixed approach algorithms. The field of view is 15.4 mm.

  however, we failed to achieve a qualitative result.

  Due to the Taylor expansion, this expression is only valid for short propagation distances. Under this condition, it is possible to approximate the partial derivative in the z direction by a finite difference. This means that for this method, two images have to be recorded for each projection angle: one at
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