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Abstract

Analytical homogenization provides information about the average mechanical

fields but can also be used to obtain information about the statistical variabil-

ity or fluctuations of these fields. Here, we present analytical estimations of

the fluctuations of elastic stresses within cement-based materials (CBM). Mori-

Tanaka, self-consistent and generalized self-consistent schemes are combined to

represent the multiscale character of CBM. The second moment of mechanical

fields is derived from the internal energy. The presence of transformation fields

and resulting fluctuations are considered. We account for the evolution of the

volume fractions of phases due to cement hydration. Scenarios considering or

not the ITZ are studied. Our estimations are dependent on load and repre-

sentation CBM microstructure. The obtained standard deviation of stresses in

C-S-H are on the order of the stresses applied at concrete scale. We provide

estimations of the compressive strength of a cement paste at early-age using our

results of fluctuation of stresses.
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homogenization; compressive strength.

Highlights

• Fluctuations of mechanical fields are estimated by analytical homogeniza-

tion

• Standard deviation of stresses in C-S-H has the order of magnitude of the

stresses applied at concrete scale.5

• Fluctuations increase with the stiffness and contrast of phases.

• Fluctuations are dependent of mechanical load.

• Transformation fields also cause mechanical fluctuations.

1. Introduction

The heterogeneous and hierarchical multi-scale character of Cement-Based10

Materials (CBM) is closely related to key properties affecting thermo-mechanical

performance of such materials. Upscaling techniques have been applied to the

estimations of effective properties of CBM including elastic [1, 2, 3, 4], ageing

and non-ageing creep and relaxation functions [5, 6, 7, 8], diffusion [9] and

thermal properties (thermal conductivity and heat capacity) [10, 11] as well as15

coupling properties such as Biot coefficient and coefficients of thermal expansion

[10, 12]. These estimations focus on first-order or averaged information per

phase, without coping with the distribution of fields (notably, mechanical fields)

within phases.

The distribution of fields within a phase (intraphase distribution) is, though,20

a useful information concerning the development of more precise multiscale esti-

mations. This local information is valuable in the study of composite materials

in which some constituents may have stress or strain states exceeding some

criterion determining the onset of damage or failure. Indeed, fluctuations in
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mechanical fields are reported to play a major role in the determination of fail-25

ure mechanisms [13]. The computation of second order moments of mechanical

fields (from which fluctuations are obtained) is proven to be a crucial ingredi-

ent in the development of more precise constitutive models of porous materials

[14]. Upscaling estimations of CBM strength require the computations of these

second moments [15, 16, 17, 18]. However, in such studies no detailed analy-30

sis of the factors affecting the statistical variability of mechanical fields per se

is provided. Information about the statistical variability of mechanical fields

can be used to test important hypothesis regarding the mechanical behaviour

of CBM. For instance, the heterogeneity of mechanical fields is associated with

key aspects of CBM behavior such as viscoelastic deformations (through the35

relaxation of prestresses [19, 20, 21] or microfissuration [22], for instance) and

eventual non-linearities of the mechanical behavior. Moreover, the prediction of

the heterogeneity of mechanical fields can be useful in understanding durability

issues, especially those associated with swelling reactions such as alkali-silica

reaction.40

Numerical simulations have been employed to get local information within

CBM. For example, in [6], finite elements methods is used to compute the

averaged stresses and strains in sub-volumes of a numerical sample representing

concrete - a distribution of the mechanical fields within aggregates and matrix

(mortar) is then obtained. But as for ad-hoc modelling, the results of numerical45

simulations may lack of generality.

Analytical homogenization tools may also provide information about the

fluctuations (from which a standard deviation can be estimated) of mechani-

cal fields within a given phase. General estimations in the presence or not of

transformation fields have been proposed in the litterature [23, 24, 25, 26]. How-50

ever, to the authors knowledge, no analytical estimations of the fluctuations of

mechanical fields applied to CBM were proposed to date. Note that these theo-

retical estimations have been used to validate numerical estimations (e.g. in the

Finite Elements code developed by Garboczi [27]), since in some situations such

as biphasic composites, theoretical results are exact. Furthermore, mechanical55
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fields measurements in multiscale context, specially stress fields and residual

stresses are recognized for being difficult to measure directly (e.g. [28]). Mod-

elling, including theoretical modelling arises as a powerful tool to fill this gap.

Indeed, most of the developments of stress fluctuations theory [23, 24, 25, 26]

have been made in a purely theoretical framework and could provide important60

insight into the behaviour of various materials.

In this paper, we estimate inter- and intra-phase distributions of strain and

stresses fields following a multiscale representation of CBM in elasticity and

in the presence of transformation fields. We provide a detailed analysis of the

factors affecting the statistical variability of mechanical fields in CBM (namely,65

property contrast, age, phase assembly, morphology) and its estimates (e.g.

choice of homogenization scheme). CBM have a multi-scale porosity with pore

sizes ranging from few Angstroms (in C-S-H interlayer pores) up to few millime-

ters (in air trapped voids) which justifies the application of poromechanics to

the study of such materials [29]. Also, structures composed of CBM are subject70

to thermal loadings in their service lives due to different transfert phenomena

[30]. Therefore, we consider problems in thermoelasticity and poroelasticity.

The general formulation of these problems is first presented. The localization

relations of the analytical schemes employed are recalled. Then, the formula-

tion for the estimation of the variance of the mechanical fields, following [25],75

is presented. We assume micro- and macro-isotropy; and the estimations of

fluctuations are made for spherical or equiaxed particles. We first compare

our results to simulations performed on numerical samples to obtain local in-

formation on the distribution of mechanical fields. The representation of the

multi-scale character of CBM adopted and the tools used to model hydration80

evolution is based on previous work and is briefly recalled [6, 10, 31]. Appli-

cations to cement paste, ITZ, mortar and concrete scales are finally held out.

The applications include estimations of compressive strength of cement paste

and their confrontation with experimental data from the literature.
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2. Overall and local mechanical behaviour in the presence of trans-85

formation fields

Consider a composite with elastic constituent phases, which are perfectly

bonded at their interfaces. We assume that the properties of these phases are

statistically independent quantities. Let such composite be homogeneous at a

given macro-scale, so that a Representative Element Volume (REV) Ω can be90

chosen to study local and overall behaviour. In terms of Cauchy stress and

linearized (infinitesimal) strain, the overall behaviour is:

σ(x) = C(x) : ε(x) + σ(0)(x), ∀x ∈ Ω (1)

or, equivalently

ε(x) = S(x) : σ(x) + ε(0)(x), ∀x ∈ Ω (2)

where C and S are, respectively, the symmetric fourth-rank elastic stiffness and

compliance tensors, which are the reciprocal of each other (C = S−1); σ(0)
95

and ε(0) are the overall stress and strain transformation fields (or eigenstress

and eigenstrain), respectively. At this stage, no specific assumptions regarding

the geometry of the microstructure are adopted. The tranformation fields in the

affine form of Eqs. 1 and 2 may represent different physical phenomena including

deformations due to a uniform change in temperature, phase transformation or100

other changes in the volume or shape of the material [32, 26]. Here, we are

particularly interested in prestresses or prestrains due to thermoelasticity and

(saturated) poroelasticity, for which the transformation stresses and strains are

written, respectively, as:

σ(0)(x) = −C(x) : A(x)(T − T0); ε(0)(x) = A(x)(T − T0) (3)

σ(0)(x) = −B(x)p; ε(0)(x) = S : B(x)p (4)
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Concerning thermoelastic behaviour, A is the tensor of the coefficients of ther-105

mal expansion; T is the current temperature and T0 is a temperature of refer-

ence. Concerning poroelastic behaviour, B is the tensor of Biot coefficients; p

is the pressure in the fluid filling the pores.

2.1. Local behaviour and residual stresses

The local constitutive relation, in a sub-volume of Ωs ∈ Ω, reads:110

σ(x) = B(x) : Σ + σres(x), ∀x ∈ Ωs (5)

where B is the stress localization forth-rank tensor; Σ is a uniform stress applied

at the boundary ∂Ω of the RVE and σres(x) is the residual stress field resulting

from the incompatibility of the a local eigenstrain ε
(0)
s . As pointed out by [32],

with the assumption of a uniform load applied on ∂Ω, the local transformation

and residual fields that are admissible in Ω must generate a uniform overall strain115

at the macroscopic scale. Adopting a ”mean-field” approach, by considering the

average fields within a given phase (i), one might write

〈σ〉i = 〈B〉i : Σ + 〈σres〉i (6)

where 〈.〉x =
∫
x
.dx stands for the volume average over a volume x. With this

equation the interphase distribution of the stress within a composite is obtained.

In order to estimate both volume averages in the second term of last equation,120

we can resort to the well-known Eshelby solution for an ellipsoidal inclusion in

an infinite homogeneous linear medium under a homogeneous loading Σ [33].

Thus, without specifying a homogenization scheme, the phase averaged stress

localization tensor reads (e.g. [34]):

〈B〉i = (Si + HR)−1 :
〈
(Si + HR)−1

〉−1

Ω
(7)

where HR is the inverse of Hill’s [35] constraint tensor HR =
((

SE
R

)−1−I
)−1

: S∗,125

with SE
R being the Eshelby tensor, S∗ being the compliance of the reference
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medium and I being the identity forth-rank tensor. S∗ is defined in line with

the chosen homogenization scheme.

According to a given reference medium, the effective compliance can de

determined by:130

Seff = 〈S : B〉Ω =

N∑
i=1

fiSi: 〈B〉i (8)

where the sum term can be written under the assumption of piecewise uniform

fields inside a phase.

Finally, it can be shown [36, 37] that the average residual stress tensor may

be obtained from the effective properties of the medium and the averaged stress

localization tensors 〈B〉i:135

〈σres〉i = (Si + HR)−1 :
(〈

t 〈B〉i : ε
(0)
i

〉
Ω
−
〈
ε

(0)
i

〉)
(9)

with the superscript ”t” standing for the transpose of a tensor.

2.2. Isotropic medium and homogenization schemes

For an isotropic medium the stiffness (or its reciprocal, the compliance) can

be decomposed in hydrostatic and deviatoric parts:

Ci = 3kiJ + 2µiK (10)

where k and µ are the bulk and shear modulus, respectively; J and K are the140

forth-rank tensor extracting the volumetric and deviatoric part of a second rank

tensor.

Assuming that the behaviour of the constituent phases is isotropic and that

the phases are randomly distributed over the REV, the macroscopic behaviour

is also isotropic. In the following we recall classical estimations under the hy-145

pothesis of micro- and macro-isotropy.
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2.2.1. Schemes based on Eshelby solution: Mori-Tanaka and Self-Consistent

schemes for spherical inclusions

Let S∗ be the stiffness tensor of the infinite medium. With the Self-Consistent

(SC) estimate, the reference medium is the effective medium S∗ = S. With150

Mori-Tanaka (MT) estimate the matrix is the reference medium S∗ = S0. For

both schemes, which are based on Eshelby solution, the effective bulk and shear

modulus are, respectively:

kES =
∑N
i fikiA

k
i µES =

∑N
i fiµiA

µ
i

(11)

where Aki and Aµi are the hydrostatic and deviatoric components, respectively,

of the strain localization tensor given by:155

Aki =

(
1 + ak0(ki/k(0) − 1)

)−1∑N
i fr

(
1 + ak0(ki/k(0) − 1)

)−1 (12)

Aµi =

(
1 + bµ0 (µi/µ(0) − 1)

)−1∑N
i fr

(
1 + bµ0 (µi/µ(0) − 1)

)−1 (13)

with

ak0 =
3k(0)

3k(0)+4µ(0)
bµ0 =

6(3k(0)+2µ(0))
5(3k(0)+4µ(0))

(14)

where k(0) and µ(0) the bulk and shear modulus of the reference medium. For the

MT scheme, the reference medium is the matrix; for SC scheme, the reference

medium is the homogenized medium itself, therefore the formulation is not

explicit.160

The isotropic effective Biot’s coefficient b can be estimated by the simplified

relation :

b = 1−

(
N∑
i

fiA
k
i

)
(15)

The isotropic effective coefficient of thermal expansion α is given by [38, 39]:

αES =

N∑
i

fiαiB
k
i (16)
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where Bki is the hydrostatic component of the stress localization tensor given

by:165

Bki =
ki
(
1 + ak0

(
ki/k(0) − 1

))−1∑N
i fiki

(
1 + ak0

(
ki/k(0) − 1

))−1 (17)

2.2.2. Generalized Self-Consistent scheme

Solutions of effective properties of a composite sphere with n-concentric coats

(i.e. (n + 1)-composite accounting for the spherical core), the so-called Gener-

alized Self-Consistent (GSC) scheme, are proposed by [40]. The bulk modulus

is derived by iteratively applying the formula [41]:170

kn−GSC = kn−1
f inn

1
kn−kn−1

+
3(1−finn )

3kn−1+3µn−1

(18)

where f inn is the equivalent volume fraction of phase n with respect to the inner

composite sphere. The expressions for the shear modulus are more complex

and should be determined according to the number of coatings. For a 2-coated

sphere, the effective shear modulus can be obtained from a quadratic equation

as in [42]. Once the average isotropic localization tensors [40, 38] are obtained175

for this scheme the formula in Eq. 15 and 16 can also be applied.

3. Fluctuations of fields: estimations of intraphase field distributions

Besides averaged information per phase (or interphase distribution of fields,

as in Eq. 6 for stress field), more precise local information regarding the in-

traphase estimations of the distribution of fields can be obtained by means of180

analytical methods. Let the fluctuation or covariance (forth-rank) tensor of a

stress field within phase (i) be defined by

qi ≡ 〈σ ⊗ σ〉i − 〈σ〉i ⊗ 〈σ〉i (19)

where ”⊗ ” denotes the dyadic product. Note that, even if the constituents are

isotropic, the fluctuation field is anisotropic [24]. The fluctuations are larger in
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the direction of the applied stress or strain load and smaller in the perpendicular185

direction. The standard deviation ωi, or the statistical variability, of a field in a

given direction klmn can be approximated by the square root of the components

of the fluctuation tensor defined in Eq. 19 [25]:

ωi, klmn ≡ (qi, klmn)
1/2

(20)

As shown in the last sections, the average stress 〈σ〉i per phase can be

obtained through localization relations. In order to compute the second moment190

(i.e. 〈σ ⊗ σ〉i), we use the definitions of local u and effective U elastic energies

[43]:

u(x) =
1

2

[
σ(x) :

(
ε(x)− ε(0)(x)

)]
=

1

2
[σ(x)⊗ σ(x)] :: S(x) (21)

U = 〈u(x)〉 =
1

2

[
Σ : Seff : Σ −

〈
σres(x) : ε(0)

〉]
(22)

where the effective elastic energy is obtained from the local energy by applying

Hill’s lemma[43].

The second moment of stress field in a phase i can be then obtained by195

deriving U with respect to the local compliance Si [26]:

〈σ ⊗ σ〉i = − 2

fi

∂U

∂Si
(23)

Assuming ε(0) constant per phase, the second moment of stresses is [26, 44,

43]:

〈σ ⊗ σ〉i =
1

fi

[
Σ⊗ Σ ::

∂Seff

∂Si
+

N∑
i=1

fiε
(0)
i :

(
2Σ :

∂ t〈B〉i
∂Si

+
∂ 〈σres〉i
∂Si

)]
(24)

This results can be used with different homogenization schemes.

The influence of the shape of inclusion on the fluctuations of stresses in the200

absence of transformation fields can be evaluated by considering the derivative

∂Seff

∂Si . Strategies to solve this derivative are provided in [45, 44]. Within a
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spheroidal particles with orthogonal dimension a1 = a2 and a3, for concentra-

tions in which the interaction between particles play a crucial role (i.e. larger

volume fractions of inclusions), the average stresses in the direction of small-205

est inclusion size are larger than their respective values in spherical inclusions;

while the average stresses in the direction of largest inclusion size are smaller

than their respective values in spherical inclusions. For small volume fractions,

this effect on average stresses may be inverted (see Fig. 3 and 4 in [45]). The

stress fluctuations are, in all cases, larger in the direction of smallest inclusion210

size than in the other directions. In these other direction, these fluctuations can

be non-monotonic. The distribution of stresses within an ellipsoidal inclusion,

accounting for the contributions of all the directions, is expected to be broader

than within a spherical inclusion. Figure 1 displays a schematic representation

of this effect.215

The second moment of strain fields can also be obtained considering a uni-

form strain field on ∂Ω [43] or by combining Eq. 21 with the last equation under

the assumption of macro-homogeneity [44] :

〈ε⊗ ε〉i = Si : 〈σ ⊗ σ〉i : Si + Si : 〈σ〉i ⊗ ε
(0)
i + ε

(0)
i ⊗ Si : 〈σ〉i + ε

(0)
i ⊗ ε

(0)
i (25)

From both previous equations, it can be seen that in the absence of external

mechanical loading Σ, fluctuations within the phase exist if the residual stresses220

are non-zero. These results regarding second moments are valid to any degree

of anisotropy [26]. In the macro-isotropic case, for spherical inclusions, the

expressions are reduced [26] to the ones presented by [24] in the absence of

transformation fields or [25] in the presence of transformation/residual fields.

The expressions regarding the latter case are shown in Appendix A and used225

hereafter to the computation of the fluctuations.

3.1. Fluctuations in poromechanics

Equations 24 and 25 deserve a closer analysis in the context of poromechan-

ics. With Eq. 24, in the absence of external loading, fluctuations can exist due
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Figure 1: Sketch of the distribution of stresses in spheroidal inclusions inspired by the results

of Buryachenko and Kreher [45] for concentrations in which the binary interaction between

particles play a crucial role. The orthogonal dimensions of the inclusion are a1 = a2 and a3.

The distribution of stresses are computed in each direction of the particle 11 = 22 and 33.
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to the residual stresses resulting from prestrains. If a phase is a fluid (with zero230

shear modulus) and the pores are interconnected, by the principle of communi-

cating vessels, the pressure in the whole phase will be uniform. No ”mechanical”

fluctuations are, therefore, identified within pore phase. If the sample is not ad-

ditionally mechanically loaded, no fluctuations will arise. On the other hand,

in the case of unconnected pores and considering the bulk modulus of the fluid,235

fluctuations can be estimated within the pores. In this case, fluctuations related

to shear are zero. In the unsaturated case, different classes of pores may be sub-

jected to different pressures. Additional complexity arises from the saturation

state. Throughout this paper, we consider saturated media with unconnected

pores.240

3.2. Propagation of fluctuations in localization

In contrast with homogenization procedure (bottom-up), localization proce-

dure (top-down) consists in deriving the average mechanical fields in the micro-

scopic scale from the information at the macroscopic scale. In the localization

of mechanical fields in multi-scale materials, the fluctuations propagate through245

smaller scales. The average stresses at smaller scales tend to concentrate in

stiffer phases and to diminish in less stiff phases.

Let the fluctuations of stress fields associated with a phase i at a scale s be

qsi . At the macroscopic scale s = 0 and the loading Σ is applied on the REV. We

assume that the local fluctuations (qsi )local associated with lower scales s ≥ 1 are250

decorrelated from the fluctuations of all upper scales, being a function of only the

average stresses 〈σ〉s−1
j . The contribution of the higher scales to the fluctuations

at a given scale s ≥ 1 are expressed in terms of Bs−1
j : qs−1

j :
(
Bs−1
j

)t
, where

Bs−1
k is the stress localization tensor of phase j in which the domain of phase

i is contained: Ωi ⊂ Ωj . Recall that for two independent random variables X255

and Y , the variance (or fluctuation) qZ of the sum Z = Y +X is qZ = qY + qX .

The total fluctuation at a scale s > 1 is, therefore, expressed by:

qsi = (qsi )local + Bs−1
j ⊗ Bs−1

j :: qs−1
j (26)
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Substituting recursively qs−1
is

in the last equation, we obtain:

qsi = (qsi )local +

s−1∏
ss=1

(
Bssis ⊗ Bssis

)
:: q0

i0 +

s−1∑
ss=1

(
ss∏
st=1

(
Bstit ⊗ Bstit

))
::
(
qssis
)
local

(27)

where the product
∏

is defined in terms of tensor quadruple contraction ” :: ”.

The subscript is is equal to i for a scale ss = s and equal to the corresponding260

index of the phase containing Ωsi at higher scales so that Ωsis=i ⊂ Ωs−1
is−1
⊂ ... ⊂

Ω0
i0

.

The bounds associated with one standard deviation in stresses are given by:

(σsi )
±

=

∏
is,rs

Bssis

 : Σ± ωsi (28)

where
∏

is defined in terms of tensor double contraction ” : ” and the standard

deviation ωsi can be estimated by
(
q0
i, klmn

)1/2

according to a given loading and265

direction associated with index klmn.

Following this strategy to propagate the fluctuations, we ensure the normal-

ity of the distributions of stresses on all scales. A more precise way of prop-

agating the fluctuations would be to apply a Monte-Carlo approach in which

the distribution of mechanical fields in the higher scale is empirically propa-270

gated. In this case, the distribution of mechanical fields itself can be estimated

at a given scale and the normality of the distribution is not assumed a priori.

This procedure is much more computationally expensive than our proposition

since, instead of one single computation of fluctuations, more than circa 104

to 105 computations would be required to properly describe the distribution of275

mechanical fields. We argue that our simplified way of accounting for the prop-

agation of mechanical fields is consistent with the other simplifying assumptions

adopted in homogenization/localization procedures, notably the ones related to

the morphology of phases in each scale. Also, since we compute local fluctua-

tions as a function of the average fields only, our estimations remain conservative280

with respect to other approaches. In other words, fluctuations propagating, as
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proposed here in a multiscale framework, are close to the minimal values ex-

pected in a composite due to the contrast of properties and volume fraction of

constituent phases.

3.3. Estimation of compressive mechanical strength285

The mechanical strength of composites can be estimated from the intraphase

distribution of stresses associated with a (stress) failure criterion. Being stresses

a tensorial quantity, it is necessary to deal with a multivariate distribution

℘(〈σ〉i , qi) of stress tensor in a given constituent phase i. For compressive

strength, adopting Von Mises criterion, which corresponds to second invariant290

of stresses:

σ2
VM =

1

2

[
(σ11 − σ22)

2
+ (σ22 − σ33)

2
+ (σ33 − σ11)

2
+ 6

(
σ2

23 + σ2
31 + σ2

12

)]
(29)

the resulting distribution is 6-variate, with each degree of freedom corresponding

to one term in the right-hand side of the equation.

Let us assume that the stress components are random variables that are

independent. The distribution of the difference of two random independent295

variables X1(〈X1〉 , q1) and X2(〈X2〉 , q2) is X1−2(〈X1〉 − 〈X2〉 , q1 + q2). Note

that in the resulting distribution of the difference the variances are summed.

The product of a random variable X1 and a scalar a verifies aX1(〈X1〉 , q1) =

X1(a 〈X1〉 , a2q1). With these properties of independent random variables, the

distributions of Von Mises stress can be computed from the Euclidean norm (or300

2-norm) of a multivariate distribution with kχ = 6 degrees of freedom accounting

for each term of the right-most side of Eq. 29. The multivariate distribution

of normally distributed random variables 〈Xi〉2 /qi is given by the noncentral

chi-squared distribution whose PDF is:

fχ(kχ, λ;x) =
1

2
exp

(
−x+ λ

2

)(x
λ

) kχ
4 −

1
2

J kχ
2 −1

(√
λx
)

(30)
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where Jv(y) = (y/2)v
∑∞
j=0

(y2/4)j

j!Γ(v+j+1) is the modified Bessel function of the first305

kind. The mean of noncentral chi-squared distribution is the sum of the degrees

of freedom kχ and non-centrality parameter λ =
∑kχ
i=1

(
〈Xi〉
qi

)2

. The variance

of noncentral chi-squared distribution is qχ = 2(kχ + 2λ).

In a REV Ω, a given phase i with compressive strength fc,i is expected to

fail in a uniaxial test if in a volume fraction fcr the von Mises stress exceeds310

(2/3)f2
c,i [18]. The compressive strength of the REV is therefore:

fc,Ω = min
∀i⊆Ω

 fc,i

√
2
3√

qχ
kχ
F−1
χ (1− fcr)

 (31)

where F−1
χ is the inverse of the Cumulative Distribution Function (CDF) of

the noncentral chi-squared distribution fχ in Eq. 30. The value of the critical

volume fraction fcr must be chosen so that the strength of the composite fc,Ω

does not exceed the strength fc,i of the constituent phases i [18].315

4. Results

4.1. Comparison with numerical simulations

Figure 2 shows a comparison of our analytical estimates with 3D numer-

ical simulation of Lavergne et al. [18] in a composite under uniaxial load

in x-direction. The composite, mimicking a mortar, is composed of spheri-320

cal inclusions embedded in a matrix. The Young moduli of the matrix and

of the inclusions are 15 and 65 GPa, respectively; and the Poisson ratio of

both phases is 0.2. Good agreement is observed between numerical and an-

alytical results using MT scheme. For the matrix phase, we obtain the av-

erage value of σxx/σ0 = 0.724 and the standard deviations ωxx/σ0 = 0.162,325

ωyy/σ0 = ωzz/σ0 = 0.080, ωxy/σ0 = ωxz/σ0 = 0.048 and ωyx/σ0 = 0.056.

Numerical simulations seem to underestimate the the variability of stress dis-

tributions. This effect is expected since the evaluation of mechanical fields in

numerical methods is generally made by averaging over finite size regions. Other
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Figure 2: Comparison of analytical estimates of stress distribution with results from 3D

numerical simulations of Lavergne et al. [18]. The composite, mimicking a mortar, is made

of spherical inclusions embedded in a matrix. A uniaxial load is applied in the x-direction.

The estimates are provided for the matrix only. The von Mises stress provided by the authors

is also shown. In our estimations, we assume a normal distribution of stresses (unless stated

otherwise).

distributions with larger kurtosis (e.g. logistic distribution) could also be envi-330

sioned to describe the statistical variability of stress fields.

We also performed simulations on numerical samples mimicking concrete at

early-age. The inclusions have a Young modulus of 65 GPa whilst the matrix

has a increasing Young modulus: 5, 10 and 20 GPa corresponding roughly to

the very early-age (hours), mid-age (days) and late age (months), respectively.335

For all phases the Poisson ratio is 0.2. Analytical estimates are obtained using

MT scheme. Figure 3 (a) depicts the numerical sample with spherical inclusions

considered in the finite elements simulations. The procedure for generating the

microstructures is detailed in e.g. [47, 48, 46, 49] and has been applied to the

study and estimation of various phenomena and physical properties. All geome-340

tries are obtained by randomly dispersing 4627 inclusions in a box, whatever

their form, representing 50% in volume fraction (see [46]). The meshes (as well as

the corresponding geometries) are periodic, allowing the application of periodic

17



(a) (b) (c)

Figure 3: Numerical samples considered in 3D finite elements simulations: (a) spherical, (b)

convex Voronoi polyhedral and (c) convex Voronoi polyhedral flattened (with aspect ratio of

3) inclusions [46].

stress boundary conditions. The number of tetrahedral finite elements ranges

from 3.75×106 for Voronoi to 5.65×106 for spherical inclusions. All simulations345

are performed with the Cast3M FE code (www-cast3m.cea.fr). The stress field

is then locally analyzed by computing the average stresses in all finite elements

weighted by the corresponding element volume. Although we may argue that

the results depend significantly on the mesh fineness and spatial resolution, it

has been shown in [50] that the FE simulations were very close in terms of350

dispersion and macroscopic averaged values to FFT computations performed

on the same geometries but with a considerably higher number of voxels. A

uniaxial load is applied in x-direction. Figure 4 displays the numerical and ana-

lytical results of distribution of stresses in the matrix and inclusion at the three

ages. Table 1 gathers the average and standard deviation of stresses according355

to analytical and numerical simulations. In general, analytical estimations re-

turn larger standard deviations of stresses when compared to numerical results.

Analytical and numerical estimations of stress distributions for the matrix are

in fair agreement in all ages and in all directions. On the other hand, within

inclusions, the standard deviation of stresses, according to analytical estimates,360

are markedly larger than the standard deviation of stresses according to numeri-

cal results. With decreasing property contrast (Emat/Einc → 1), numerical and

analytical results become closer.
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Table 1: Average stresses in the direction of the load 〈σxx〉 /σ0 and standard deviations of

stresses ω/σ0 according to analytical and numerical simulations.

Phase 〈σxx〉 /σ0 ωxx/σ0 ωyy/σ0 ωzz/σ0 ωxy/σ0 ωxz/σ0 ωyz/σ0

Matrix Analytical 0.700 0.259 0.127 0.127 0.0690 0.0690 0.0911

(Emat/Einc=0.0769) Num. (Spherical incl.) 0.60 0.340 0.102 0.101 0.114 0.113 0.0477

Num. (Vor. incl.) 0.544 0.331 0.0946 0.0949 0.112 0.112 0.0427

Num. (Flat. incl.) 0.536 0.305 0.0912 0.0908 0.112 0.110 0.0490

Matrix Analytical 0.732 0.215 0.101 0.101 0.0612 0.0612 0.0750

(Emat/Einc=0.154) Num. (Spherical incl.) 0.654 0.299 0.0856 0.0852 0.101 0.100 0.0420

Num. (Vor. incl.) 0.611 0.286 0.0794 0.0797 0.0984 0.0988 0.0378

Num. (Flat. incl.) 0.616 0.265 0.0769 0.0761 0.0970 0.0952 0.0422

Matrix Analytical 0.791 0.160 0.0787 0.0787 0.0476 0.0476 0.0557

(Emat/Einc=0.308) Num. (Spherical incl.) 0.743 0.225 0.0621 0.0618 0.0777 0.0771 0.0325

Num. (Vor. incl.) 0.719 0.215 0.0575 0.0578 0.0755 0.0758 0.0294

Num. (Flat. incl.) 0.728 0.200 0.0561 0.0557 0.0733 0.0721 0.0320

Inclusion Analytical 1.300 0.791 0.387 0.387 0.214 0.2140 0.277

(Emat/Einc=0.0769) Num. (Spherical incl.) 1.40 0.289 0.106 0.106 0.122 0.121 0.0657

Num. (Vor. incl.) 1.470 0.402 0.133 0.132 0.161 0.161 0.0794

Num. (Flat. incl.) 1.470 0.488 0.162 0.161 0.192 0.188 0.104

Inclusion Analytical 1.268 0.519 0.252 0.253 0.149 0.149 0.181

(Emat/Einc=0.154) Num. (Spherical incl.) 1.35 0.210 0.0767 0.0763 0.0897 0.0888 0.0485

Num. (Vor. incl.) 1.390 0.282 0.0924 0.0920 0.113 0.113 0.0559

Num. (Flat. incl.) 1.390 0.345 0.108 0.106 0.133 0.130 0.0687

Inclusion Analytical 1.209 0.286 0.141 0.141 0.0851 0.0851 0.0995

(Emat/Einc=0.308) Num. (Spherical incl.) 1.260 0.123 0.0452 0.0450 0.0536 0.0531 0.0294

Num. (Vor. incl.) 1.28 0.162 0.0527 0.0527 0.0651 0.0650 0.0324

Num. (Flat. incl.) 1.270 0.203 0.0593 0.0583 0.0762 0.0747 0.0377
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Figure 4: Comparison of analytical estimates of stress distribution in matrix and inclusions

with results from 3D finite elements simulations. Only the numerical sample with spherical

inclusions is considered for finite element simulations. The matrix depicts an ageing mortar

with increasing Young modulus Emat = 5, 10 and 20 GPa corresponding to the very early-

ages, few days of age and late ages, respectively. The Young modulus of the coarse aggregate is

Einc =65 GPa; the Poisson ratio of all phases is 0.2. A uniaxial load is applied in x-direction.

The analytical estimations are shown assuming a normal distribution of stresses.
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Additionally, the effect of coarse aggregate shape is considered in Figure 5 for

a matrix with Emat =20 GPa. Again, a uniaxial load is applied in x-direction.365

Figure 3(b) and (c) depicts the numerical samples with convex Voronoi poly-

hedral (b) and flattened (with aspect ratio of 3) convex Voronoi polyhedral (c)

as considered in the FE simulations. The PDF is shown in logarithmic scale in

order to highlight the high kurtosis of numerical results regarding x-direction.

As in Figure 4, analytical results yield larger standard deviation of stresses than370

numerical results. Compared to the case with spherical inclusions, the stress

distribution curves in the composite with Voronoi inclusions are broadened.

As expected, the flattened polyhedral inclusions lead to broader distributions of

stresses within the aggregates considering all directions. Note however that, with

flattened polyhedral inclusions, the distribution of stresses within the matrix is375

less broad than for spherical inclusions. The results in 5 show that the analyti-

cal estimations of standard deviations can capture even the stress distribution

associated with flattened inclusions embedded in a matrix.

With the results in this section, however, it is not possible to identify which

technique, analytical or numerical simulations, yields estimations of standard380

deviations of stresses in composites that are closer to the variability of stresses in

”real” composites. In both cases, specific underlying assumptions may impact

the estimates. Remarkably, both techniques lead to results of variability of

stresses that are on the same order of magnitude. This observation corroborates

the validity of both techniques regarding the estimation of standard deviations385

of stresses in composites.

4.2. Application to estimation of fluctuations within C-S-H

A second application is to study a simple example of a porous material with

saturated pores. We compare estimations of micro- and macro-isotropic MT

and SC schemes as presented in Section 2.2. These simple morphologies are390

used to represent C-S-H according to different packing densities. C-S-H is often

reported to occur in two specific average packing densities generally called Low

Density (LD) and High Density (HD) products. According to Constantinides et
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Figure 5: Effects of inclusion shape: comparison of analytical estimates of stress distributions

in matrix and inclusions with results from 3D finite elements simulations on numerical samples

with three different inclusion shapes. The Young moduli of the matrix and inclusion are

Emat = 20 GPa and Einc =65 GPa, respectively; the Poisson ratio of all phases is 0.2.

A uniaxial load is applied in x-direction. The analytical estimations are shown assuming a

normal distribution of stresses.

al. [51], LD and HD C-S-H present an average packing density of 0.64 and 0.76,

respectively. Undrained conditions with closed pores are assumed so that the395

fluctuations within pores can be assessed. In this case, since the bulk modulus

of water (2.18 GPa) is taken into account in the homogenization, the percolation

threshold of self-consistent scheme is close to 0.4. In all cases, the solids grains

of C-S-H are assumed homogeneously distributed over the REV.

The average stresses and the corresponding standard deviations of C-S-H400

according to the packing density are shown in Figure 6. Both SC and MT

estimates are displayed and the fluctuations are computed in the principal di-

rection of the loading. At the left, the Probability Density Functions (PDF) are

shown for both solids and pores. Hereafter, in PDF plots, we assume normal

distribution of stresses. MT and SC return similar estimations of fluctuations405

for packing densities above 0.7. The estimations of the fluctuations of stresses

of LD C-S-H with SC scheme are slightly larger than with MT scheme. Regard-

ing the unconnected pores, the pores in MT estimations are subjected to larger

average stresses than in SC estimations. The fluctuations are larger within LD
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Figure 6: Stress fluctuations within ’undrained’ C-S-H according to packing density for a

hydrostatic load (left). At right, the PDF at the packing densities corresponding to HD and

LD C-S-H, (0.76 and 0.64, respectively) assuming normal distribution.

pores as computed by MT scheme. For both estimates, LD solid C-S-H and410

corresponding pores are subject to larger fluctuations compared to HD C-S-H.

For a hydrostatic loading, with SC scheme the maximum fluctuations in the

solid arise at a packing density of circa 0.55 and in the pore at a packing den-

sity of 0.5. With MT scheme, the fluctuations increase with the packing density

tending to 0. Accounting for two standard deviations is enough to observe op-415

posite sign loading within a given phase, i.e. traction if σ0 is compression and

vice-versa, for low packing densities (below 0.65 for solids in SC scheme and

0.65 for pores in MT scheme). The estimations of the standard deviation of

stresses computed with both schemes in HD and LD C-S-H have the order of

magnitude of half the load applied on the bulk material.420

As can be observed in the formulation presented in Section 3, fluctuations

are load dependent. Figure 7 shows the PDF of stresses in the direction 11 in

23



solids for LD C-S-H according to four different loads. Hydrostatic, uniaxial,

biaxial and pure shear are considered. The base of comparison of these different

loads is the maximum principal stresses in all cases being 1. On this criterion,425

anisotropic loads exhibit larger fluctuations with pure shear load depicting the

largest ones among the loads considered in the figure. Further interpretations

of the load-dependence of fluctuations must be made with care since comparing

tensorial quantities is not a trivial task. Other criteria could be defined in order

to establish a comparison; for example, the trace of the tensor of the principal430

stresses or a criterion on energy. Moreover, the fluctuations in directions that

are not the principal directions could also be compared. An interesting finding

is that, in spite of the differences due to load type, the fluctuations in the tested

cases are all of the same order of magnitude for loads with a maximum principal

stress is equal to 1.435

Estimations of fluctuations in a mesoscopic scale of C-S-H can also be com-

puted according to a distribution of packing densities over a REV.

Distributions of packing densities at mesocale of C-S-H, obtained from ex-

periments and simulations, are reported by Ioannidou et al. [52]. We consider

the experimental samples ”S1” (made with oil-well cement, class G and quartz440

hydrated at w/c = 0.43) and ”S3” (made with ordinary Portland cement type

I (OPC CEM-I) and hydrated at room temperature with w/c = 0.35) obtained

by nanoindentation, provided by these authors. Note that Constantinides et

al. [51] used a cement similar to the one of S3 samples and also provided the

distribution of packing densities in C-S-H mesoscale. The corresponding dis-445

tributions of volume of the zones with a given packing density are shown in

Figure 8 (top). Each packing density in 8 (top) is considered as a phase whose

mechanical properties are obtained by homogenization as in Figure 6 with SC

scheme. Then, the regions with a given packing density are treated again as

homogeneous equiaxed grains organized in a polycristal-like microstructure. We450

compute the fluctuations associated with each packing density at this mesoscale

as displayed in Figure 8 (bottom). In both curves, the fluctuations gradually

increase with the stiffness (or packing density) of a zone irrespectively of its
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volume fraction. In the range of packing densities shared by both cases, a zone

with the same packing density presents smaller fluctuations in S1 scenario since455

the overall stiffness is larger in this case.

The estimations provided in this section account neither for the anisotropy

and disorder [53] which must increase the heterogeneity of mechanical fields in

C-S-H nor for aspects related to confinement of water which may lead to solid

or glassy-like behaviours of pore phase [54]. Additionally, the simplified repre-460

sentations, often adopted in homogenization-based studies, may not capture the

complexities of the assembly of hydration products as reported by nanoinden-

tation investigations strategies coupled with chemical techniques [55, 56, 57].

4.3. Application to CBM

4.3.1. Multiscale representation of CBM465

The multiscale representation of CBM microstructure used here is similar

to the one proposed in [10] and used previously by other authors [58, 9]. Two-

coated sphere morphology based on GSC scheme is adopted to represent cement

paste and mortar. At cement paste scale, the hydrating clinker particle is em-

bedded in a high density (HD) products layer, which is embedded in a low470

density (LD) products layer. Both product layers are composed of the different

products resulting from cement hydration processes; the difference is the pres-

ence of HD C-S-H in HD layer and LD C-S-H in LD layer. In this paper, we

compare estimations of the effective properties of hydration product layers (i.e.

HD and LD layers as well as ITZ) following MT and SC schemes. A discussion475

about the separability of the scales in the sub-problems at cement paste scale

can be found in [9].

At mortar scale, a homogeneous cement paste embeds ITZ, which in turn

embeds sand particles. GSC scheme is used to obtain the homogenized prop-

erties of mortar. As mentioned, estimations of the effective properties of ITZ480

from MT and SC schemes are provided. At concrete scale, coarse aggregates

are embedded in a homogeneous mortar matrix. ITZ around coarse aggregates

is not accounted for since its volume is negligible with respect to the ITZ of fine
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Figure 9: Representation of the multiscale character of CBM

aggregates. MT scheme is used to obtain the effective properties of concrete.

The assumption of the separability of cement paste and mortar scales seems ad-485

equate since fine aggregates are in general larger than 100 µm, which is reported

to be the maximum size of crystalline inclusions in cement paste [59]. Concern-

ing the separability of mortar and concrete scales, coarse aggregates size can be

considered about one order of magnitude bigger than fine aggregates.

The kinetics of hydration processes is modelled using the approach detailed490

in [60]. The evolution of volume fractions at cement paste scale is estimated by

means of Tennis and Jennings [61] stoichiometric balance equations with slight

modifications [10] so that HD product is formed after the peak in heat flux

curves. We divide hydration products in LD and HD layers proportionally to

LD and HD volume fractions as in Honorio et al. [6].495

In the scenarios with ITZ, a part of the products in LD layer is discounted for

to constitute the ITZ. This aspect introduces a dependency of the composition of

LD layer on ITZ composition and size. Following a previous work [6], we assume

ITZ is 10 µm thick, and its total volume is computed taking into account the

interpenetration of neighbouring ITZ.500

The composition of the cement (CEM I) considered is as follows in terms of

mass fractions: C3S = 0.64, C2S = 0.231, C3A = 0.015, C4AF = 0.020, CSH2

= 0.02 and CaCO3 = 0.035. The particle size distributions of cement and sand
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Figure 10: Evolution of volume fractions of clinker minerals and hydrate products with respect

to the degree of hydration. Cement composition as in [6] with w/c = 0.5. At left, repartition

of cement hydration products in HD and LD layers as well as ITZ [6]. The repartition in HD

and LD layers follows the relative volume fraction of HD and LD C-S-H. ITZ is assumed to

be 10 µm thick

are detailed in Honorio et al. [6]. Figure 10 (left) displays the evolution of the

volume fraction of phases at cement paste scale for w/c = 0.5. On the right,505

the repartition of hydration products within HD, LD and ITZ layers is shown.

4.3.2. Homogenization

A first step of homogenization is carried out in order to obtain the effective

properties at each scale detailed in the last section. The elastic properties

of phases are gathered in Table 2. Figure 11 shows the homogenized bulk510

and shear modulus at cement paste, ITZ, mortar and concrete scales. The

estimations of the effective properties of the layer of hydration products are
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Table 2: Elastic properties of phases

Phase E [GPa] ν [-] Ref.

Clinker 140 0.3 [62]

C-S-H HD 29.4 0.24 [1]

C-S-H LD 21.7 0.24 [1]

CH 38 0.305 [63]

AFt 22.4 0.25 [64]

AFm 42.3 0.324 [64]

C3(A,F)H6 21.7 0.24 [65]

C4AH13 25 0.25 [65]

CSH2 45.7 0.33 [65]

Sand (limestone) 74.5 0.2 [66]

Coarse aggregate (limestone) 74.5 0.2 [66]

computed according to MT and SC schemes. The resulting effective properties of

cement paste are shown in the Figure 11. The same is done for ITZ. Estimations

without accounting for ITZ are also provided; in this case, only the scenario with515

SC homogenization of product layers is considered. The material is stiffer in

the absence of ITZ. We considered the pores as saturated and unconnected, i.e.

water is the only fluid inside the pores and behaves similarly to a solid. With

that assumption, one can assess the fluctuations within pores. The cusp points

in SC estimations are due to percolation threshold associated with this scheme.520

4.3.3. Fluctuations in elasticity

In this section, we compute the fluctuations of stress fields without account-

ing for the presence of transformation fields. The statistical variability of stresses

is presented following the three scenarios presented in the last section regarding

homogenization of hydration products at cement paste and ITZ scales (with525

MT or SC schemes) as well as a scenario not accounting for an ITZ (SC scheme

for the layers of hydration products). Figure 12 shows the average stresses and

standard deviation of stresses at concrete scale in which coarse aggregate are

embedded in a mortar matrix. A hydrostatic loading σ0 is applied and the
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Figure 11: Homogenization of elastic properties at cement paste, ITZ, mortar and concrete

scales. Scenarios with and without accounting for ITZ at mortar scale and concrete scale. ITZ

of coarse aggregates are not considered in all cases. SC (resp. MT) stands for estimations of

the effective properties of product layers (LD layer, HD layer and ITZ) with SC (resp. MT)

scheme. In Honorio [67] the scenario with ITZ and MT scheme is compared with experimental

results of samples with the considered cement and w/c=0.5.
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fluctuations are computed in one of the principal directions of the load. The530

mortar is stiffer in the scenario without ITZ. So, the contrast between coarse

aggregates and mortar is lesser than in the scenarios with ITZ. This translates

in fluctuations being smaller in the scenario without ITZ. In the scenarios ac-

counting for the ITZ, similar standard variations are observed irrespective of

the schemes used to homogenize hydration products. At early-age, the fluctu-535

ations are larger than in late ages. In terms of coefficient of variation (COV),

defined as the ratio between the maximum standard deviation and the average

at a given time, the difference between stiffer and softer phases are greater at

the very early-ages and becomes smaller at late ages.

Figure 13 displays the average stresses and standard deviation of stresses540

at mortar scale for the hydrostatic loading σ0 applied at concrete scale. The

fluctuations are larger in the presence of ITZ. Akin to concrete scale, the fluctua-

tions are larger in the stiffer phases, which, in this example, are the aggregates.

It is noteworthy that stresses localized within the ITZ are smaller than the

macroscopic applied stress.545

The average stresses and standard deviation of stresses at cement paste paste

scale, as defined in Figure 9 in terms of concentric spheres, are shown in Figure

14. The clinker is the most loaded phase since it is stiffer than the homogenized

layers of hydration products. At this scale, the effect of the propagation of

fluctuations, as discussed in Section 3.2, is clear with fluctuations of stresses550

within clinker being the largest among all phases across each one of the scales

considered. The average stresses and standard deviation of stresses at the layers

are quite similar, with HD layer presenting slightly larger fluctuations of stresses.

In the following, we retain HD layer as representative of stress states in hydration

products in general.555

Considering only HD layer, the average stresses and standard deviation of

stresses at hydration products scale is displayed in Figure 15. For the sake of

readability, only C-S-H HD, aFm (the most stiff phase at this scale), CH and

saturated pore phases are shown. The estimations of the averages stresses are

notably dependent on the homogenization scheme adopted. In the comparison560
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Figure 12: Average stresses and standard deviation of stresses at concrete scale for a hydro-

static loading σ0 at concrete scale. Three scenarios (MT, SC and SC without ITZ) defined

with respect to the homogenization of hydration products in cement paste and ITZ, as shown

in Figure 11, are considered. The coefficient of variation (COV) defined as the ratio between

the maximum standard deviation and the average (at a given time) is also provided.
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Figure 13: Average stresses and standard deviation of stresses at mortar scale for a hydrostatic

loading σ0 applied at concrete scale.
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Figure 14: Average stresses and standard deviation of stresses at cement paste and hydration

products scales for a hydrostatic loading σ0 at concrete scale.

between SC scenarios with and without ITZ, these average stresses significantly

differ since the presence of ITZ affects the averaging computation in localization

process. Note, however, that both SC estimations (i.e. accounting or not for

the ITZ) show, as expected, similar fluctuations of stresses. Again, the stiffer

phase present larger fluctuations of stresses. In the scenarios with ITZ, with565

one standard deviation one may observe opposite sign loading in all phases (i.e.

traction if σ0 is compression and vice-versa). This effect is more pronounced

with SC estimations. Except for the very early-age (before 1 day) in which

percolation effects may disturb the results, the standard deviation of stresses

increases with age.570

A variety of aggregates with different mechanical properties can be used in

concretes. Since fluctuations are a function of the stiffness of the phases, we

recompute the average stresses and standard deviations of stresses at concrete
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Figure 15: Average stresses and standard deviation of stresses at hydration products scales

within HD layer for a hydrostatic loading at concrete scale.
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scale (as in Figure 12, but only with MT scenario) considering three classes of

aggregates [68](pp. 93-94) according to their average Young moduli EAgg:575

• Low porosity aggregates (e.g. granite and basalt) with Young moduli

ranging from 70 to 140 GPa (EAgg = 105 GPa);

• High porosity aggregates (e.g. sandstones and limestones) with Young

moduli ranging from 21 to 49 GPa (EAgg = 35 GPa);

• Lightweight aggregates with Young moduli ranging from 7 to 28 GPa580

(EAgg = 17.5 GPa).

In all cases, we adopt a Poisson ratio of 0.2. The results are gathered in Figure

16. The fluctuations of stresses increase with the stiffness of the aggregates or

more precisely, with the contrast between mortar and aggregates. The fluc-

tuations in the concrete with lightweight aggregates are circa 4 times inferior585

to the fluctuations in concrete with low porosity aggregates. Thus, it would

be expected that the onset of damage in concretes with stiffer aggregates is

more likely than in concretes with aggregates with stiffeness close to mortar’s

(provided that the aggregates have a similar shape, size and surface texture

in both cases). It does not mean, however, that concretes with less contrast590

between aggregate and mortar stiffnesses would be more resistant since aggre-

gates with properties close to mortar’s are more susceptible to damage per se.

With lightweight aggregates, the mortar becomes the most loaded phase after

few days. In this case, the failure mode may be affected as highlighted in the

literature [69].595

4.4. Estimations of compressive strength of cement paste

Figure 17 displays a comparison of analytical estimates of compressive strength

of cement pastes against experimental data. The estimations are made at hy-

dration layer scales, as in Figure 14. We follow the formulation presented in

Section 3.3 considering both SC and MT schemes for homogenizing each hydra-600

tion products’ layer. At this scale, the adopted intrinsic compressive strength
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Figure 16: Average stresses and standard deviation of stresses according to different types of

aggregates at concrete scale for a hydrostatic loading σ0 at the same scale. Average Young

modulus corresponding to low porosity (EAgg = 105 GPa) and high porosity (EAgg = 35

GPa) natural aggregates as well as lightweight aggregates (EAgg = 17.5 GPa) are considered

according to the MT scenario (with ITZ).
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of hydrates is fc,0 =141.5 MPa [4]. We consider various values of the critical

volume fraction fcr. As in Lavergne et al. [18], values of fcr nearing 0.1 return

reasonable estimations of compressive strength. Larger values of fcr may lead

to estimations of the strength of a composite that are higher than the strength605

of the contituent phases.

The results in Figure 17 show that the estimations of strength are scheme-

dependent, notably at early-ages. Hydration products’ layer homogenized by

SC scheme provides better estimations at the very early-ages than with MT

scheme. It must be noted, however, that at the very early-age, the assumption of610

spherical (or equiaxed) inclusions and isotropy of phases seem not to be enough

to capture the strength of the cement paste. This aspect was observed by Pichler

et al. [70], which propose acicular inclusions to model hydrates in cement paste

scale. Further investigations could also cope with higher fluctuations coming

from the anisotropy of inclusions (not necessarily non-spherical ones). Our615

results, however, indicate that these simplifying assumptions of spherical (or

equiaxed) inclusions and (micro-)isotropy are enough to capture the compressive

strength of cement paste at late ages.

In this direction, we compare our estimates of compressive strength at late

ages with experimental data [71, 72, 17] provided as a function of the gel-space620

ratio. The gel-space ratio γ is defined as the ratio between the volume of gel (i.e.

hydration products plus ”gel” micropores) and the sum of the volumes of gel

and capillary pores [73]. This parameter is often associated with the strength of

cement-based materials. For instance, the compressive strength of the cement

paste fc,cp is reported to scale with γn, with n between 2 and 3 [74]. As can be625

seen in Figure 17 (right), our estimates at late ages are in agreement with other

results regarding the relation of the compressive strength of cement pastes with

gel-space ratio.

4.5. Fluctuations in the presence of transformation fields

In this section, we compute the fluctuations of stress fields accounting for630

the presence of transformation fields. Thermoelastic and poroelastic scenarios
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Figure 17: Comparison of analytical estimates with experimental compressive strength of ce-

ment pastes obtained from the literature [75, 4, 71, 72, 17]. At left, the results of Wyrzykowski

et al. [4] refer to a w/c of 0.3; at the center the results of Honorio et al. [75] refer to a w/c of

0.50. In both cases, the evolution of Young moduli with age are presented in the respective

articles. Analytical estimations are provided as a function of the critical volume fraction fcr

and homogenization scheme (MT ou SC) used to get the effective properties of the hydration

product layer scale.

40



are considered. As can be seen in Eq. 32 of the Appendix, the fluctuations are

a sum of a ”mechanical” load contribution, a transformation field contribution

and a contribution of a coupling term.

Figure 18 shows the standard deviation of stresses at concrete scale according635

to a thermal loading corresponding to an increment of T Kelvins in MT scenario

described in the last section. The coefficients of thermal expansion of the mortar

and aggregate are, respectively, 1×10−5 K−1 and 0.8×10−5 K−1 (e.g. [10]):

there is, therefore, a mismatch between the transformation fields applied in each

phase. The evolution of mortar bulk modulus is considered. We assume that640

the coefficient of thermal expansion of the mortar remains constant at early-age

since this property is reported to vary only at the very early-ages. The results

are shown in the absence of macroscopic mechanical loading (σ0 = 0) as well

as for some values of macroscopic loading with an order of magnitude similar

to that produced by the thermal load. A thermal load corresponding to an645

increment of 1 K induces standard deviation of stresses in the order of magnitude

of 10 kPa. Again, the fluctuations, now due to a thermal load, are larger in

the stiffer phase (the aggregate) and decrease with the age. The fluctuations

due to thermoelastic transformation field and mechanical loads seem nearly

independent for the system studied (i.e. the contribution of the coupling term650

is not significant).

Similarly, to evaluate the fluctuations due to a poromechanical load, a pore

pressure of 1 MPa applied in the capillary pores assumed saturated can be con-

sidered. The analysis is simplified by considering that this pressure is only ap-

plied in the mortar phase in a homogeneous way. The effective pressure applied655

in the mortar is corrected with respect to the capillary porosity (computed with

hydration modelling presented in Section 4.3.1), being thus time-dependent. In

this scenario, the standard deviation induced by a 1 MPa of pore pressure is in

the order of magnitude of 0.1 MPa. Physico-chemical processes may induce pore

pressures of this order of magnitude. According to Flatt et al. [76], pressures660

in the order of 1 MPa may take place in porous media due to salt crystalliza-

tion. The resulting fluctuations may contribute to the onset of damage of CBM,
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Figure 18: Standard deviation of stresses at concrete scale according to a thermal loading

corresponding to an increment of T Kelvins in MT scenario (k0 = 1 GPa, α0 = 10−5 K−1).
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which presents tensile strengths of few MPa.

5. Conclusion

In this paper, we propose, for the first time to the author’s knowledge, es-665

timations of the statistical variability of mechanical fields in cement-based ma-

terials at early-age by means of analytical homogenization. The estimations of

fluctuations provided here are caused by the mismatch of mechanical properties

of constituent phases in a cement-based composite. The phases were repre-

sented by isotropic spherical particles. Non-spherical and anisotropic particles670

are expected to experience larger fluctuations of mechanical fields. Therefore,

our estimations can be viewed as a ”minimal” value of fluctuation of mechan-

ical fields in composites due to the mismatch of mechanical properties, which

other fluctuations due to morphology and anisotropy can be added to. Since

stress fields measurements in cement-based materials seem not to be available675

experimentally to date, theoretical modelling as the one proposed here arises as

a potential tool to fill this gap. Note that at molecular scale, more fundamental

fluctuations of mechanical fields can be observed due to atoms vibration within

a single phase [77].

A direct way of using the estimations of the fluctuations of stresses is in680

the computation of the strength of composites. In our estimations of compres-

sive strength of cement pastes at various w/c ratios, under the assumption of

spherical (or equiaxed) inclusions and micro- and macro-isotropy, we obtained

reasonable agreement with experimental data, especially at late ages. This in-

directly corroborates the suitability of the theory employed here to estimate685

fluctuations of mechanical fields in cement-based materials. In the sense of

Popper, our results could be falsified if estimations of strength using the same

theory are proven wrong. Furthermore, our results indicate that the choice of

homogenization scheme and assumptions regarding anisotropy and microstruc-

ture morphology impacts decisively the estimations of strength of composites,690

as expected.
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Fluctuations increase with the stiffness of the phases. Stiffer aggregates dis-

play larger fluctuations in stresses (as well as larger average stresses per se).

Also, sand and clinker particles are the most loaded phases and present the

larger standard deviation of stresses in mortar and cement paste scales, respec-695

tively. The same occurs at the scale of hydration products with aFm phase.

ITZ, being the less stiffer phase at mortar scale, exhibits lower average stresses

and fluctuations at this scale. The fluctuations also increase with the contrast

between the stiffness of constituents. Concretes with aggregates with similar

stiffness than mortar exhibit less fluctuations of stresses in both phases com-700

pared to concretes with higher contrast.

Regarding the dependence of homogenization scheme in the estimation of

fluctuations, the application to C-S-H shows that MT and SC schemes yield

similar results for low porosities (below circa 35 %). The estimations of the

standard deviation of stresses computed with both schemes in HD and LH C-705

S-H have the order of magnitude of half the load applied on the bulk material.

Two effects are observed in a multiscale framework: 1) localization of stresses in

stiffer phases to the detriment of less stiff phases; 2) propagation of fluctuations

towards smaller scales as detailed in Section 3.2. These effects are competing

in the determination of the statistical variability of stresses within hydration710

products. For C-S-H, standard deviation of stresses for a hydrostatic load are

of the order of magnitude of the stresses applied at concrete scale even if C-S-H

is much less stiffer than other phases (AFm, aggregates, clinker) present across

the scales.

Concerning the effect of age, different behaviours can be observed accord-715

ing to the scale considered. Discounted the very early-age (before 1 day), the

standard deviation of stresses decreases with age at concrete and mortar scales

and increases in hydration products scales. In the latter case, the solidification

of the material can be used to explain the evolution. In the former case, the

diminution of the contrast of stiffness may be evoked.720

Finally, even in the absence of purely mechanical load, transformation fields

such as thermoelastic and poroelastic loadings can induce fluctuations in me-
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chanical fields within composites. In the presence of mechanical load, both

contributions to the fluctuations are added up together with a coupled con-

tribution. In the example considered here, at concrete scale, a thermal load725

corresponding to an increment of 1 K induced a standard deviation of stresses

in the order of magnitude of 10 kPa. Also, the standard deviation induced solely

by a 1 MPa of pore pressure was in the order of magnitude of 0.1 MPa.
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Appendix A. Fluctuations for macro-isotropic composites in the pres-

ence of transformation fields

The evaluation of field fluctuations for macro-isotropic materials with spher-735

ical Eshelby inclusions is briefly presented based on the works of [24, 25] in

thermoelasticity. However, we reason here in terms of general transformations

fields, instead of eigenstrains due to uniform temperature change as in [25]. In

their derivation, the strain fluctuations present three contributions: 1) qσ, mp ,

a contribution independent of the transformation field, 2) qσ, tp , a contribution740

depending only on the transformation field and 3) qσ, mtp , a coupled contribution:

qσp = qσ, mp + qσ, mtp + qσ, tp (32)

These three contributions can be computed from the same expression, based on

the fluctuations of strain fields qε, Xp , by means of some transformations [25]:

qσ, Xp ≡ 〈σ ⊗ σ〉p − 〈σ〉p ⊗ 〈σ〉p = Cp q
ε, X
p = Cp Fp 〈σ〉 ⊗ 〈σ〉 (33)

where the superscript X = m, t or mt according to the contributions men-

tioned above and the forth-rank tensor Fp, whose components are defined in the745

following.
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In [25], the forth-rank tensor qε, mp is built in terms of second-rank tensors

I and ε̄ where the strain ε̄ = S : σ denotes the mechanical contribution in the

absence of a transformation field and ē = K : ε̄ = ε̄−Trε̄/3 I is its deviatoric

part. In this sense, the following forth-rank tensors are defined:750

E0 =I ⊗ I

E1 =ē⊗ I + I ⊗ ē

E2 = (ε̄ : ε̄)⊗ I + I ⊗ (ē : ē)

E3 =ē⊗ ē(
Ẽn

)
iklm

= (En)iklm + (En)ilkm + (En)imlk

(34)

where the tensors Ẽn are the symmetrized versions of the En tensors (n =

0, 1, 2, 3).

Thus, the first contribution reads:

qε, mp =
[
F11 (Tr ε̄/3)

2
+ (F12/

√
5)Tr ē2/3

]
E0

+
[
(F21/2

√
5) (Tr ε̄/3)

2
+ (F22/10)Tr ē2/3

]
(3Ẽ0 − 5E0)

+ (F33/21)
[
2Tr ē2Ẽ05 + 7Ẽ3 − 2Ẽ2

]
+ F44 (Tr ε̄/3)

2
E1 + (4F45/

√
14)
[
(Tr ē2/3)E0 − E2/2

]
− (F54/

√
14) (Tr ε̄/3)

(
3Ẽ1 − 7E1

)
− (F55/7)

[
2
(
Tr ē2/3

) (
3Ẽ0 − 7E0

)
−
(

3Ẽ2 − 7E2

)]
(35)

where the p superscript of the components of the tensor Fp was omitted for

conciseness; Tr is the trace operator.755

The other contributions can be obtained from Eq. 35 by the substitutions

[25], (Tr ε̄/3)
2 → 2ζ1 (Tr ε̄/3) θ and Tr ε̄/3 → ζ

′

1θ for qε, mtp ; and (Tr ε̄/3)
2 →

ζ2θ
2 for qε, tp :

qε, mtp =[2F11ζ1 (Tr ε̄/3)E0

+ (F21ζ1/
√

5) (Tr ε̄/3)
(

3Ẽ0 − 5E0

)
+ F44ζ

′

1E1 − (F54ζ
′

1/
√

14)
(

3Ẽ1 − 7E1

)
]

(36)
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qε, tp =
[
F11E0 + (F21/2

√
5)
(

3Ẽ0 − 5E0

)]
ζ2 (37)

The components of tensor Fp are given in terms of the eighth-rank tensor H

that in the isotropic case owns 10 independent components:760

F11 = f2
pH12H21/D12 F11 = fpgp(1−H55 −D45)/D45

F12 = f2
pH12/D12 F45 = fpgpH45/D45

F21 = g2
pH21/D12 F54 = g2

pH54/D45

F22 = g2
p(1−D12)/D12 F55 = g2

p(1−H44 −D45)/D45

F33 = g2
pH33/(1−H33)

(38)

where

D12 = 1−H22 −H12H21 D45 = (1−H44)(1−H55)−H45H54 (39)

H11 = 0 H45 = −10

√
2

7
(5− 7υ)(1− 2υ)h1

H12 = 50
√

1/5(1− 2υ)2h1 H54 = 50
√

1/5(5− 7υ)h3

H21 =
√

4/5h2 H55 = −3

7
(11− 50ν + 35ν2)h1

H22 = 2(23− 50ν + 35ν2)h1 H33 = H66 =
4

7
(18− 50ν + 35ν2)h1

H44 = 2(1− 2υ)h3

(40)

and

fp = 1− 3Ajp gp = 1− 2Akp (41)

h1 =

〈
(Akp)

2
〉

Ω

(4−5υ)2 h2 =
〈
(3Akp)2

〉
Ω

h3 =
〈3AkpAjp〉Ω

4−5υ
(42)

where the hydrostatic Ajp and deviatoric Akp components of strain localization

tensor, respectively. The last term depend on the effective Poisson ratio of the

composite (ν = (3k − 2µ)/ [2(3k + µ)]).765
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The coefficients ζ in Eqs. 35 and 36 are:

ζ1 =

〈
(Ajp)

2〈ω〉p
〉

Ω〈
(Ajp)

2
〉

Ω

ζ
′

1 =
〈AjpAkp〈ω〉p〉Ω
〈AjpAkp〉Ω

ζ2 =

〈
Akp(〈ω〉p)

2
〉

Ω〈
(Akp)

2
〉

Ω

(43)

From Eq. 9, in the micro-isotropic case and considering a general transformation

field

〈ω〉p =
kp

(kp−k) (ε(0) − ε(0)
p ) (44)

For comparison, in the case of uniform temperature change θ, we have as

in[25] (Eq. 2.29), 〈σres〉p = ωpθ =
kp

(kp−k) (α − αp)θ, where α and αp are,770

respectively, the effective and per phase coefficients of thermal expansion.

Finally, to get the stress fluctuations from strains fluctuations as presented

in Eq. 33, the transformations Fik → CipFik and ε̄ → σ̄ are performed in Eqs.

35, 36 and37, with

C1
p = (3kp)

2
C2
p = 6kpµp C3

p = (2µp)
2 (45)

Trε̄→ Trσ̄/3k ē→ s̄ = K : σ̄ = (σ̄−Trσ̄/3 I) /2µ (46)
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