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Abstract

The paper deals with the homogenization of a magneto-elastodynamics equation satis-
fied by the displacement u. of an elastic body which is subjected to an oscillating magnetic
field B, generating the Lorentz force dyu. X B.. When the magnetic field B. only depends
on time or on space, the oscillations of B, induce an increase of mass in the homogenized
equation. More generally, when the magnetic field is time-space dependent through a uni-
formly bounded component G¢(t,x) of B, besides the increase of mass the homogenized
equation involves the more intricate limit g of 0;u. X G- which turns out to be decomposed
in two terms. The first term of g can be regarded as a nonlocal Lorentz force the range
of which is limited to a light cone at each point (¢,x). The cone angle is determined by
the maximal velocity defined as the square root of the ratio between the elasticity tensor
spectral radius and the body mass. Otherwise, the second term of g is locally controlled
in L?-norm by the compactness default measure of the oscillating initial energy.

Keywords: Magneto-elastodynamics, oscillating magnetic field, Lorentz force, homogeniza-
tion, increase of mass, nonlocal effect

AMS subject classification: 74Q10, 74Q15, 35B27, 35L05

1 Introduction

In a insulating (vacuum-like) environment, an elastic three-dimensional body placed in an
electric field F and a magnetic B is subjected to the Lorentz force (see, e.g., [2, Section 9.3])

fr=peE+vxB)+o(E+vxB)xB, (1.1)

where v is the velocity, ¢ the conductivity of the body and p. is the density of free electrical
charges, while E and B satisfy Maxwell’s system. In particular, the fields £ and B are connected
by the equation

curl E 4+ 0,B = 0.

In the present paper we focus on the magnetic Lorentz force 0,v X B rather than on the electrical
force. We assume that

e the elastic body is a poor conductor, 7.e. 0 =~ 0,



e the electrical Lorentz force p.FE is negligible compared to the magnetic Lorentz force
pe(v X B),

which yields
fr =~ pe(v x B). (1.2)
The second assumption holds in particular if F(t,z) = ¢ E(t,2/¢) with 0 < € < 1, since then

O(e) = E(t,x) < B(t,x) = B(0,z) — /Ot(curlE)(s,x/a) ds = O(1).

Under these assumptions and setting p. = 1, the displacement u of the body with velocity
v = Oyu, satisfies the “simplified” magneto-elastodynamics equation

pOyu — Div, (Ae(u)) + du x B = f, (1.3)

where p is the mass density, A is the elasticity tensor of the body and e(u) is the symmetric
strain tensor. The right-hand side f encompasses all other body forces. Equation (1.3) can be
extended to any dimension N > 2, replacing the three-dimensional Lorentz force dyu x B by
Boyu, where B is now a N x N skew-symmetric matrix-valued function.

In the framework of homogenization theory, our aim is to study the effect of a time-space
oscillating magnetic field B. (¢, z) on the magneto-elastodynamics equation (1.3).

Let T > 0, let © be a bounded open set of RY and Q := (0,7) x Q. Consider the magneto-
elastodynamics problem

p@ftug — Div, (Ae(ug)) + B.Oywu. = f. in Q
u. =0 on (0,7) x 09 (1.4)
u:(0,.) = u?, du.(0,.) =ul in Q,

where B, is a skew-symmetric matrix-valued function in L*°(Q)V*¥ decomposed as
B.(t,x) = F.(2)+G(t,x)+ H.(t,x), with B.(0,z)= F.(z), G.(0,2) = H.(0,x2) =0, (1.5)

f- € Y0, T; L2(Q)N, u? € HY(Q)N, u!l € L2(Q)N. Contrary to F.(x) the component G, (¢, z)
is assumed to be uniformly bounded with respect to ¢t and x, but the time-space oscillations of
G<(t,x) may produce a nonlocal effect. The component H.(t,z) is a compact perturbation of
B.(t,x). Under suitable oscillations of the sequences B, f., u’, u!l, we can pass to the limit as
e tends to zero in (1.4) in order to derive the homogenized problem.

Homogenization of pde’s with variable coefficients has been the subject of numerous studies
for bounded coefficients in the books [22, 12, 11, 1] and the references therein, [4, 18, 3| for
periodically oscillating coefficients, as well as for non-uniformly bounded coefficients (from
above or below) in the survey article [13]. Here, the asymptotic analysis of equation (1.4)
involving the general sequence B, is in line with homogenization of pde’s with non-periodic
coefficients which was initiated by Spagnolo [19] and Murat, Tartar [17]. More specifically, in
the stationary case Tartar [20, 21] (see also [6] for an alternative approach) has studied the
homogenization of the three-dimensional Stokes equation

—Au. +b. Xxu.+Vp. = f in €, (1.6)

perturbed by the oscillating drift term b. X u. representing the Coriolis force which plays an
analogous role to the Lorentz force (1.2) in equation (1.3). To that end Tartar developed his
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celebrated “oscillating test functions method” at the end of the Seventies, and he obtained a
homogenized Brinkman [7] type equation

—Au+bxu+Vp+Mu=f inQ, (1.7)

where M* is a non-negative symmetric matrix-valued function. If the magnetic field B.(x) is
independent on time and 7' = oo, a time Laplace transform of equation (1.4) leads us to an
equation which is similar to (1.6). Therefore, Tartar’s homogenization result combined with an
inverse Laplace transform should at the least modify the mass p in the homogenized equation
of (1.4).

Alternatively, nonlocal effects without change of mass have been obtained in [8] for the
homogenization of a scalar wave equation with a periodically oscillating matrix-valued function
B.(t,x) = B(t,z,t/e, x/e), where B(t, z, s, y) is bounded with respect to the variables (¢, z) and
periodically continuous with respect to the variables (s,y), using a two-scale analysis method.

In our non-periodic and vectorial setting we show that the time-space oscillations of the
magnetic field B.(t, z) produce both an increase of mass and nonlocal effects through an abstract
representation formula arising in the homogenized equation.

On the one hand, the first result of the paper is the derivation of an anisotropic effective
mass 0" which is greater (in the sense of the quadratic forms) than the starting mass pI. This
increase of mass in the homogenization process is due to the oscillations of the magnetic field
at the microscopic scale, which modify the linear momentum through the magnetic Lorentz
force. At this point Milton and Willis [16] have explained the macroscopic change of mass
obtained in composite elastic bodies at fixed frequency, by the existence of a hidden mass at
the microscopic scale, which modifies Newton’s second law. From this observation, when the
magnetic field B. is only time dependent, we can build an anisotropic internal mass m.(t) such
that in a multiplicative way

me(t) Oyus = m*(t) Oyu. (1.8)

In contrast, when the magnetic field is independent of time, i.e. B. = F. which is assumed to
converge weakly to zero in W=1P(Q)M*¥ for some p > N, we can build an anisotropic internal
mass M. (x) = F.(x)W.(z) such that in an additive way

O, = Oyu + W, OZu. (1.9)

The harmonic limit of m.(t) (due to the multiplicativity of (1.8)) or the arithmetic limit of
M. (z) (due to the additivity of (1.9)) leads us to the anisotropic effective mass o*.

On the other hand, the second result of the paper shows that both time and space oscillations
of the magnetic field B.(¢,z) may also induce nonlocal effects which are absent if the magnetic
field is only time dependent or only space dependent. Assuming that the component G, of the
magnetic field (see (1.5)) weakly converges to zero in L>°(Q)N*" and that H. is a compact
perturbation, we prove (see Theorem 4.1, Theorem 5.9 and Theorem 5.14) that the limit g of
the magnetic Lorentz force G.0,u. admits the following decomposition

g= / dA(s,y) Owu(s,y) — hy, in Q. (1.10)
Q

First, the matrix-valued measure A in (1.10) can be regarded as the kernel of a nonlocal Lorentz
force arising in the homogenized problem. The range of this nonlocal term is limited to each
light cone of @, the angle of which is equal to 2 arctan ¢ with ¢ = /|| A]|/p (||A]| is the Frobenius
norm of tensor A). A particular nonlocal term with some light cone range has been obtained



in the periodically oscillating case of [8]. The general nonlocal term (1.10) with the specific
light cone range is thus substantial to the homogenization process in the present non-periodic
setting. Next, we show (see Theorem 5.9, Corollary 5.11 and Corollary 5.12) that the second
term ho in (1.10) is locally controlled in L?-norm by the compactness default measure p° of
the oscillating initial energy. The function hy acts as a new exterior force in the homogenized
problem.
Therefore, collecting the two previous results we get that the homogenized problem of (1.4)

can be written as

0*0%u — Div, (Ae(u)) +Hou+g=f inQ

u=20 on (0,7) x 00 (1.11)

u(0,.) =’ in Q,

and the initial velocity d,u(0,.) actually depends on the effective mass ¢*. As a by-product of
the energy estimate satisfied by the limit g, we obtain a corrector result for the homogenization
problem (1.4) if the compactness default measure ;° vanishes (see Remark 5.4). This holds in
particular when the initial conditions are “well-prepared” (see Remark 5.1) in the spirit of the
classical homogenization result [10] for the wave equation.

The paper is organized as follows:

In Section 2 we study the case where the magnetic field B. only depends on time. We derive
(see Theorem 2.2) the homogenized problem (1.11) with the sole increase of mass (g = 0).

Section 3 is devoted to a stationary problem (see Theorem 3.1) which prepares the main
homogenization result of the paper in Section 4. It is partly based on Tartar’s works [20, 21].

In Section 4 we consider a more general magnetic field B, satisfying (1.5). We prove (see
Theorem 4.1) that the homogenized magneto-elastodynamics problem of (1.4) is (1.11).

Section 5 deals with several estimates of the limit g (see Theorem 5.3 and Theorem 5.9)
and an abstract representation (see Theorem 5.14) which allow us to prove that the function
¢ admits the decomposition (1.10). In some specific cases we get a complete representation of
the function g and the uniqueness of a solution to the limit problem (1.11) (see Corollary 5.11
and Corollary 5.12).

Notation

e Y denotes the closure of a subset Y of a topological set X.

o A e LRVN.RN*N) is a positive definite symmetric fourth-order tensor, and ||A|| de-
notes its Frobenius norm.

|E| denotes the Lebesgue measure of a measurable set £ of RY.

Z(X;Y) denotes the space of continuous linear functions from the normed space X into
the normed space Y.

- denotes the scalar product in RY | : denotes the scalar product in R¥*¥ and |- | denotes
the associated norm in both cases.

B(x,r) denotes the euclidien ball of center z € RY and of radius r > 0, and B, simply
denotes the ball B(0,r) centered at the origin.

In denotes the unit matrix of RV*¥ and M* denotes the transposed of a matrix of M.

RY*N denotes the space of symmetric matrices of order N.

4



Q) denotes a bounded open set of RY for N > 2, T > 0, and Q the cylinder (0,7") x Q.

e Div denotes the vector-valued divergence operator taking the divergence of each row of a
matrix-valued function.

e c(u) denotes the symmetrized gradient of a vector-valued function w.
e ./ (X) denotes the space of the Radon measures on a locally compact set X.

e C°(U) denotes the set of the smooth functions with compact support in an open subset
U of RV,

e 2'(U) denotes the space of the distributions on an open subset U of RY.
e — denotes a strong convergence, — a weak convergence, and — a weak-* convergence
e — denotes a continuous embedding between two topological spaces.

e O. denotes a sequence of ¢ which converges to zero as ¢ tends to zero, and which may
vary from line to line.

e (' denotes a positive constant which may vary from line to line.

2 Homogenization of an elastodynamics problem with a
strong magnetic field only depending on time

Let 2 be a bounded open set of RY with N > 2 T > 0, Q = (0,T) x ©, p > 0 and let
A € L(RYXN.RVN*N) he a positive definite symmetric tensor. Let f € L'(0,T; L*(Q))Y and
let 8. € C*([0, T])V*¥ be such that

B! = —B. and 88, =88 in[0,7], B.(0)=0, (2.1)

exp(—p 'B.) =Mt in L0, 7)Y with M € CY([0, T])V*V (2.2)

where B, denotes the time derivative of . and M is an invertible matrix-valued function. Here
we need to assume that the weak limit of exp(—p~'8.) is an invertible matrix-valued function.
This is not automatically satisfied as shows the following example.

Example 2.1. Let N = 2 and p = 1. Consider the function b. defined by b.(t) =t/ + b(t/e)
for t € R, where b is a 2r-periodic function in C'(R), and the skew-symmetric matrix-valued

function
B .= 0 —0. c Cl(R)2x2
£ b. 0 ’

We have

o) = () b))

1 o (cos(t) cos(b(t)) — sin(t) sin(b(t)) — cos(t) sin(b(t)) — sin(t) cos(b(t ))) it
o cos(t) sin(b(t)) + sin(t) cos(b(t))  cos(t) cos(b(t)) — sin(t) sin(b(t))



Hence, if b = 0 then the weak limit of exp(—p~'8.) is the nul matrix. Otherwise, if b is closed to
the 2m-periodic function which agrees in [0, 27] with Z 1j -}, then the weak limit of exp(—p~'8;)

is closed to the matrix
B
~\1 1)’

We consider the solution u. to the wave equation

and is thus invertible.

p 02u. — Div, (Ae(ug)) +B8Lowu. = f inQ
u. =0 on (0,7) x 09 (2.3)
u:(0,.) = u?, du(0,.) =ul in Q,
where
ul =’ in H3(Q)Y, ul—wu' in L2(Q)N. (2.4)
We have the following homogenization result.

Theorem 2.2. Assume that conditions (2.1), (2.2), (2.4) hold true. Then, we have
u. —u in L0, T; Hy(Q)Y nWh>(0,T; L*(Q)))Y, (2.5)
where u 1s the solution to the equation

pMMI;u — Div, (Ae(u)) + pMM du = f in Q
u=0 on (0,T) x 00 (2.6)
u(0,.) = u°, Qu(0,.) =M1 (0)u' in Q.

Remark 2.3. Since the matrix exp(p~'8.) is unitary, the lower semi-continuity of convex
functionals yields for any A € RY and for any measurable set E C 2,

/M_l)\ M dz < lim inf/exp(—p_lf)g))\ exp(—p BN dz = | E| A2,
E e=0 Jp
which implies that MIX - M7I\ < |A|? ae. in Q. Due to M = (M~1)~!, we equivalently get that
for any A € RV, MA - MA > |A\]? a.e. in Q. Hence, the homogenized equation (2.6) involves an

effective anisotropic mass
pMM > plIy a.e. in Q,

which is greater than the initial one p. We will see in Section 4 that if we replace time oscillations
by space oscillations, the homogenization process also induces a larger effective anisotropic mass
but in quite a different way.

Proof of Theorem 2.2. First of all, since B, is skew-symmetric, the classical estimates for
the wave equation yield convergence (2.5) up to a subsequence.

By (2.1) we have (exp(p~'8.)) = p~'Blexp(p'8.) = p~'exp(p~'B.)B.. Hence, equa-
tion (2.3) can be written as

p O (exp(p™'B.) Opu.) — exp(p~'B.) Div, (Ae(u.)) = exp(p™'8.)f in Q, (2.7)



which implies that for any ® € C'([0,T]; C>(Q2))N with ®(T,.) = 0, recalling 8.(0) = 0,

/ (—pexp(p’lﬁs) Orue - 0y + Ae(u,) : e(exp(—p’lﬁs)q))) dt dz
Q

(2.8)
= / pul - ®(0,.)dr —|—/ f - exp(—p '8.)® dt du.
Q Q
For ¢ € C°(Q)Y, define the function & € L>(0,T)" by
&(t) == pexp (p'B.(t)) / Owuc(t, x) - p(x)dx, fora.e. te€ (0,7T). (2.9)
Q

By (2.7) and (2.5) we have
g = / (—Ae(u.) : e(exp(—p~'B.)p) + f - exp(—p~'B.)¢) dz bounded in L>(0,T).
Q

Hence, &, is bounded in Wh*°(0,T), and up to a subsequence converges weakly-* to some £ in
Wt (0, T)N. This combined with convergences (2.2) and (2.5) implies that

exp(—p 'B.) & DM = ,0/ ou(t,z) - p(z)dr in L=(0,T)".
)
Due to the arbitrariness of ¢ it follows that
exp(p™'8.) Quu. = MO in L=(0,T; L*(Q))N. (2.10)

Moreover, integrating by parts with respect to x and noting that 8. is independent of z, the
weak convergence (2.5) of u. (see, e.g., [15, Chapter 3, Section 8]) and (2.2) yield

/ Ae(ug) : e(exp(—p’lﬁg)q)) dt doe = —/ U, : Div, [Ae(exp(—p’lﬁg)q))] dt dx
Q Q

—/ u : Div, [Ae(M'®)] dt dz + O, = / Ae(u) : e(M'®) dt dw + O..
Q Q
Therefore, passing to the limit in (2.8) with (2.10) and (2.5), we get that for any ® € C>(Q)Y,

/ (—pMOyu - 0,® + Ae(u) : e(M'®)) dt dw = / f-M'ddtda.
Q Q

which is equivalent to the first equation of (2.6).
Finally, let ® € C'([0,T]; C=°(Q))N with ®(T,.) = 0. Passing to the limit in (2.8) with the
second convergences of (2.2) and (2.4) we get that

/ (—pMOu - 0,® + Ae(u) : e(M ' D)) dt dz:
Q

= / put - ®(0,.) dx—f—/ f-M1odtdz,
Q Q
which combined with the first equation of (2.6) gives the initial condition M(0) 9,u(0,.) = u.
The condition u(0,.) = u° just follows from (2.5), which also implies that u. converges to u in

CY([0,T); L3(2)N). The proof is now complete. O
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3 Homogenization of a stationary problem

Let © be a smooth bounded open set of RY with N > 2. Consider a sequence F. of matrix-
valued functions in W=1?(Q)V*N with p > N, such that

F.—0 in Wh2(Q)N*N, (3.1)

and define w?, 1 < j < N, as the solution to

— Div(Ae(w?!)) + F.e; =0 in Q
Div(Ae(u?)) + Fie, 52)
w! =0 on 0f,
which satisfies (due to the regularity of )
w! — 0 in WyP(Q)N, Vvje{l... ,N}. (3.3)

Extracting a subsequence if necessary, we can assume the existence of a nonnegative symmetric
. . . ya
matrix-valued function M in L2 (Q)M*¥ such that

Ae(w?) : e(wf) = (Me;) e in L2(Q), Vi ke{l,...,N}. (3.4)

£

We have the following result which will be used in the next section with u. as a time average
of the displacement and z. as a time average of the velocity in the elastodynamics problem.

Theorem 3.1. Consider two sequences z. € H'(Q)N and f. € H Q)N such that
2. — 2z in HY(Q)Y, fo— f in HH(Q)Y, (3.5)

and define u. as the solution to

—Div(Ae(u.)) + F.z. = f. in )
(Ae(u.)) f 56
ue =0 on 0N
Then, up to a subsequence, we have
ue —u in H3(Q)Y (3.7)
N
Ue — U — ngzj — 0 in Hy(Q)N, (3.8)
j=1
Ae(ug) : e(u) = Ae(u) s e(u) + Mz -z in A (Q). (3.9)

Proof. First of all, observe that thanks to Rellich-Kondrachov’s compactness theorem, we have
vl =0 in HY(Q)Y = Fol-v? =0 in 2'(Q). (3.10)

Using that F. = div (®.) where ®. is bounded in LP(2)", and that by Sobolev’s imbedding
V(z.u.) belongs to L%(Q)N C L ()N (due to p > N) where z is bounded in H'(Q), we
have by Holder’s inequality

‘<F5,25u5>| < 1P| 2o @) HV(ZEUE)HL%(Q)N < CH“E“H&(Q)-



Hence, putting u. as test function in (3.6) the former estimate combined with the boundedness
of f. in H~(Q2) implies that u. is bounded in Hj(f2). Therefore, convergence (3.7) holds up to
a subsequence.

Now, given ¢ € C®(Q)N, we put

N

oy J A

Ue — U g wle;
=1

as test function in (3.6). Thanks to (3.10) and (3.3), we get
N N
/ Ae(u,) : (e(ue) —e(u) — Z e(wg)qﬁj) dx + <F6z, (us —u— ng¢j)> =0, (3.11)
Q :

j=1 j=1

On the other hand, putting
N
(e —u=Y " wi)
i=1

as test function in (3.2), adding in j and using (3.3), we get

/Q A(i e(wl);) : (e(ue) = e(u) - ia(wm) da

Jj=1 Jj=1

N
+ <FE¢7 (ua —u-— ng¢]>> = Oa-

Jj=1

(3.12)

Subtracting (3.11) and (3.12) we have

/Q Aeue) - ie(wi)aﬁj) (e(ue) = e(w) - i e(w!)g; ) do

j=1 j=1
N
+ <FE(Z —9), <u€ —u— Zw§¢j>> = O..
j=1
This combined with the weak convergence
N
e(us) —e(u) — e(wl)g; —0 in L*(Q)NVN
j=1

also yields

From Rellich-Kondrachov’s compactness theorem and Cauchy-Schwarz’ inequality, we deduce

e—0

lim sup/QA(e(uE) —e(u) — ﬁ:e(wg)éj) : <e(u€) —e(u) — ZN:e(wg)qﬁj) dv < C|z = ¢l gz~ -

Jj=1
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Moreover, taking a sequence ¢" which converges strongly to z in Hg ()" and noting that
N N
lim lim sup/ A(Z e(wl) (] — ZJ)> : <Ze(wg)(¢? — z])> dx =0,
n—0oo ¢ Q - -
7=1 7j=1
we conclude to
N N
lir% A( Ze w?) z]> : ( Ze w?) ZJ> dx =0, (3.13)
E— Q
Jj=1 Jj=1

which by Korn’s inequality proves (3.8).
It is immediate that (3.13) and (3.4) imply (3.9). O

We also have the following lower semicontinuity result.

Lemma 3.2. Consider a sequence u. which satisfies the assumptions of Theorem 3.1. Then,
up to subsequence, there exists a measurable function ¢ : Q — RN, with

M¢-Ce LNQ)N, M¢ e L (), (3.14)

such that
Flu, — M¢ in H(Q)Y, (3.15)
liminf/ Ae(u) : e(us)pdr > / (Ae(u) : e(u) + M- C)pdr, Ve C'Q), ¢>0. (3.16)

Proof. For ¢ € C*°(Q)", we have
N
<F§u5, qzﬁ> = <F€gz5, u5> = — Z/ Ae(u,) : e(wg)gbj dx + O..
j=1"9

Therefore, defining Z € L2 ()N by

Ae(ue) : e(w!) = —Z; in Lit?(Q), (3.17)
we get
Flu, — Z in H Q). (3.18)
Applying (3.18) to w” in place of u. and recalling the definition of M, we get
FlwF —~ —Me, in HH(Q)Y, (3.19)
which implies
N
Fg(zw§¢k> ~ —M¢ in HYQ)N, Ve =)V, (3.20)
k=1

On the other hand, by (3.17), (3.4) and Cauchy-Schwarz’ inequality, we have for any function
ne Lz (@),

N
/Z ndx | = hné/ Ae(u,) : (Ze(wﬁ)m) dx
Q e ,
7=1

1 1
< (limsup/ Ae(u.) = e(u.) dgv) ( MU'UCLT)
e—0 Q Q

10




Therefore, Z is orthogonal to any function n € L2 ()Y such that Mn = 0 a.e. in Q. Now, let
us show the existence of a measurable function ¢ :  — R such that Z = M. To this end,
consider the set

Vo= {M§ fe L%(Q)N}

which by Holder’s inequality (recall that M € L2(Q)¥*N) is a linear subspace of L%(Q)N .
2p
Let n € L»—2(Q)". Due to the symmetry of M we have

nevt & V&ELP%(Q)N, /Mn-gdx:O < Mn=0a.e. in Q,
Q

which implies that Z € (V1) = V since L%(Q)N is a reflexive space (see, e.g., [5, Propo-
sition 1.9]). Hence, there exists a sequence (, in L%(Q)N such that M(, converges strongly
to Z in L%(Q)N. Up to replace ¢, by its orthogonal projection on (ker M)+, we may assume
that ¢, € (ker M)+ a.e. in Q. Next, consider the measurable pseudo-inverse M ! of the matrix-

valued M defined for a.e. € Q by M(x) 1 (M(x)€&) = £ for any ¢ € (ker M (z))*. Then, we
have for any k > 0,

2
1{\M*1|§k} Cn = 1{|M*1\§k}M_1(MCn) — 1{|M—1‘§k}M_1Z strongly in LP%(Q)N.

Since a strongly convergent sequence in L9(2) converges up to a subsequence a.e. in €2, using
a diagonal procedure in the former convergences there exists a subsequence (gy(,) such that for
any k > 0,

1{|M—1\§k} C@(n) — 1{|M—1|§k} M~z a.e. in €.

Therefore, the a.e. limit ¢ of ((,) in € satisfies Z = M( a.e. in €.
It remains to prove (3.16) which in particular implies the first assertion of (3.14). Taking
into account (3.3) and (3.7), for any ¢ € C°(Q)" and ¢ € C°(Q), ¢ > 0, we have

/QA(e(ug) —e(u) — 3 e(wﬁ)@) : ( ie w?) (bJ) pdx

/ (ﬁ:e w] ¢]> : <Z (wﬁ)%)@dw—QZ/QA@(ua):6(wﬁ)¢jgodx+05

j=1 j=1 j=1
:/QAe(ua):e(us)god:v—/QAe(u):e(u)g&dx—i—/ﬂMgzﬁ:gbgodac—l—2/QMC~¢g0dx.

This proves

lim Ae(ua):e(ua)gode/Ae(u):e(u)gpdm—/Mgb-gzﬁgodx—Q/MC-gzﬁgodx,
Q Q Q

e—0 Q

for any ¢ € C°(Q)Y and any ¢ € C°(Q), ¢ > 0. Taking into account that M belongs to

L%(Q)N , we deduce by approximation that the above equality holds for any ¢ € LP%(Q)N .

Thus we can choose in particular ¢ = — 1p(0,r)n{|¢|<r} ¢- Then, passing to the limit as 2 tends

to infinity thanks to the monotone convergence theorem we conclude to (3.16). As a by-product
we deduce from (3.16) with ¢ = 1 that M- € L*(Q). O
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4 Homogenization of a general magneto-elastodynamics
problem

Let © be a smooth bounded open set of RY, N > 2. T >0, Q = (0,7) x 2, p > 0 and let
A€ LRYN:RNXN) he a positive definite symmetric tensor.

Consider a sequence F. of skew-symmetric matrix-valued functions in L>°(Q)"*¥ which
satisfies (3.1) for some p > N, a sequence of skew-symmetric matrix-valued functions G. in
L=(Q)N*N such that

G. >0 in L®(Q)N*N, (4.1)

and a sequence H, of skew-symmetric matrix-valued functions in L*>(Q)Y* such that

H. — H in H(0,T; W= 1P(Q))V*¥, (4.2)
Define
B.(t,x) := F.(x) + G.(t,z) + H.(t,x) for (t,z) € Q. (4.3)
Recall that M is the non-negative symmetric matrix-valued function in Lz (Q)¥*V defined
by (3.4).

The main result of the section is the following
Theorem 4.1. Let f. € L*(0,T; L*(Q))N be such that
fe— f in L'(0,T; L*())", (4.4)
and u? € HY(Q)N, ul € L*(Q)N be such that
uwd —u® in HY(Q)N, wul =t oin LA(Q)N. (4.5)

Then, there exist a measurable function ¢ : Q — RY and a function g € L*°(0,T; L?(Q))Y such
that the solution u. of

p 02u. — Div, (Ae(us)) + B.Owu, = f. inQ
u: =0 on (0,7) x 00 (4.6)
u:(0,.) = u?, G (0,.) =ul inQ,

and u? satisfy up to a subsequence

ue = in L0, T; Hy (Q)N nWwh>(0,T; L*(Q))", (4.7)
GO, = g in L>=(0,T; L*(Q)V, (4.8)
Fou — MC in HY(Q)N, with M¢ € L2 (Q)N, M¢-¢ € LY(Q). (4.9)

Moreover, the limit u is a solution to

(pIn + M)O;u — Div, (Ae(u)) + Hou+g=f inQ
u=0 on (0,T) x 0 (4.10)
u(0,.) = u°, 9u(0,.) = (pIx + M) Hpu' + MC) in Q,
with
Moy - Ou € L=(0,T; L (Q)). (4.11)
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Remark 4.2. Actually, the function g given by convergence (4.8) is independent of the sequence

H. (which is in some sense compact) but cannot be determined in terms of the limits f, u°, u'.

In particular, we cannot prove an uniqueness result for the limit problem (4.10). In Section 5
we will give a specific representation about the function g illuminating possible nonlocal effects
in the homogenization process.

However, if 9,G. is assumed for instance to be bounded in L*(0,T; L>=(2))V*" which cor-
responds to the absence of time oscillations, then the function ¢ is zero. In this case the limit
problem (4.10) is completely determined and has a unique solution. The limit elastodynamics
equation (4.10) is then characterized by a magnetic field H and an increase of mass M which
only depends on the space oscillations of F.(x) through (3.4). This completes the picture of
Section 2 where the magnetic field only depends on time. The general case with both space
and time oscillations through G.(t,z) is much more intricate and leads to the undetermined
function g.

Note that the strong convergence (4.2) makes H. a compact perturbation of the magnetic
field which simply gives the limit H in the homogenized equation (4.10).

Proof of Theorem 4.1. First of all (see, e.g. [14, Chapter 1]), it is classical that the limit
problem (4.6) has one solution in C°([0, T]; HJ ()Y N C([0,T]; L*(2))Y and that, taking into
account that F., H. are skew-symmetric, we have the energy identity

5t (] (o + et s etw) o) = [ 1.0

This implies that up to a subsequence u. satisfies (4.7), (4.8). In particular, we have
u. — u in C°([0,T]; L*(Q))". (4.12)
Moreover, we recall that u € L>(0,T; Hy ()N nWe(0,T; L*(Q))" gives

u(t,.) € Hy(Q)N, Vte[0,T]
ty =t = u(ty,.) —u(t,.) in Hy(Q)",

and that (4.7) implies
us(t,.) = u(t,.) in HY(Q)N, Vtelo,T] (4.13)

Now, the idea is to take time-average values of u. and to apply the results of Section 3.
Integrating (4.6) with respect to ¢ in (t1, ) with 0 < ¢; <ty < T, we deduce that the function

[
Ue ::/ us(s,.)ds in Q

t1
satisfies

p(yuc(ta, ) — Opue(t1, ) — Div, (Ae(t.)) + F(ue(tz, ) — u-(ty, x))

to to
+(H.u)(te, ) — (Heue)(ty, z) — / O H u, dt +/ G O, dt
¢ 4 (4.14)

to
= / fodt in HH(Q)N.
t1
First step. A corrector result for ..
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By (4.7) we have
p(Opus(ts,.) — Oyuc(ty,.)) bounded in L*(Q2)". (4.15)

By (4.2) we have
He(ta ) — H(t, ) in C’O([(LT’]7 V[/'*1717(g2))N><N7

which combined with (4.13) and Rellich-Kondrachov’s theorem gives

(H.ou)(ty,.) — (Houo)(ty,.) — (Hu)(ty,.) — (Hu)(ty,.) in HH(Q)Y. (4.16)
Similarly, we have
to [2)
/ Oy H u, dt — / O Hudt in H Q). (4.17)
t1 t1
By (4.8) we also have
to t2
/ G 0w, dt 4/ gdt in L*(Q)N, (4.18)
t1 t1

The previous convergences (4.15), (4.16), (4.17), and (4.18) combined with (4.13) and (4.14)
allow us to apply Theorem 3.1 to deduce the corrector result

N
a = (uglta, ) = uty, ))wl =0 in H'(Q)", (4.19)
7=1

where we denote

Second step. Limit of (4.14).
We replace in (4.14), t1, to by t1 + s, to + s and we integrate with respect to s in (0,7) with
7 < T —t5. Then, we can pass to the limit as ¢ tends to zero to deduce

p(ults +7,.) —u(ts,.) —u(ts +7,.) + u(ts,.)) — Div <Ae / /tt2+s u dt ds )

1+s

+lim P, </T(ug(tQ—l—s,.)—us(tl—i-s,.))ds) /D((Hu)(t2+s,.) (Hu)(ty +5,.)) ds

t2+s la+s
/ / — O Hu + g) dtds-/ / fdtds in H(Q)",
ti+s t1+s
(4.20)

where the limit in the third term is taken in the weak topology of H~(Q)N. Moreover, by
(3.1), (4.19), (3.19) and F. skew-symmetric we have

(/0 (ue(te +5,.) —uc(ts +5,.)) ds) = F. (/:+T u.(s,.) ds — /:M u(s, .)ds)

N
= Z (Uj(tg + T, ) — Uj(tg, ) — Uj(lfl + T, ) + Uj(tl, ))Fgwg + Rs

S

(4.21)

= M(u(ta +7,.) —ults,.) —u(ty +7,.) + ults,.)) + R,
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where R. denotes a sequence which converges weakly (strongly for the first one) to zero in
H1(Q)N. Putting (4.21) in (4.20), dividing by 7 and letting 7 tend to zero, we get

p(Oults, ) — dyu(ty,.)) — Div (Ae(/t2 udt))

t1

+M (Byu(ts,.) — Ou(ty,.)) + (Hu)(ts,.) — (Hu)(t1,.)

to to
+/ (—3tHu+g)dt:/ fdt in HH(Q)V.
t1 t1

Finally, dividing by t; — t; and letting 2 — ¢ tend to zero, we obtain

(pIn + M)O;u — Div, (Ae(u)) + Hou+g = f in Z'(Q)". (4.22)

Third step. Limit of the initial conditions.
By (4.13) and (4.5) the limit u satisfies

u(0,.) =u’ in Q. (4.23)
Now, it remains to find the initial velocity. Let us prove that
(pOyus + Feu)(t,.) — ((pIn + M)Owu)(t,.) in HHQ)N, Vte|0,T). (4.24)
By (4.6) we have
Oy (p@tug + F.u, + ngg) = f. + Div, (Ae(ug)) + 0yH.u, — G 0.,

where the right-hand side is bounded in L'(0,T; H=1(Q))" by (4.1), (4.2), (4.4), (4.7). There-
fore,
pOyu. + Fou, + Hou. is bounded in W0, T; H1(Q))V,

Now, we fix to € [0,T") and we observe that (3.1), u. € C°([0,T]; H} ()Y nC*([0, T]; L*())N
and (4.7) imply, up to a subsequence,

(pOyu. + Foug)(ty,.) — L in H-HQ)N. (4.25)

On the other hand, for 7 € (0,7 — ty), we have

to+71
(pOyue + Foue + Hou)(to,.) — — / (poyue + Foue + Houo)(t,.) dt

T to

1 T to+t
il / (/ O (pOrue + Foue + Hou)(r, ) dr) dt
0

T to

| 1

H—I(Q)N

H—I(Q)N

T to+t
< l/ (/ 0 Hff + Div, (Ae(ua)) + 0, H.u, — G58Tu5||H_1(Q)N dr) dt
0

T to
< £t M otarmzz@py + (5 + OV IOHe 2 g rar—soipveny ) el o zsmgeny
+ CO7 |G || oo (@) (| Ostie || oo (0,72 (02)) v -
By (4.2), (4.7) and (4.13) we have

(H.u.)(to,.) — (Hu)(ty,.) in HH(Q)Y,
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1 to+T7 1 to+71
— / (pOyue + Houg)(t,.) dt — —/ (pOyu + Hu)(t,.)dt in H(Q)N.
T T Ji

to
By (4.21) we also have

1 to+T7 1 to+T7
—/ Fou.dt — — Mowudt in H(Q).
to

T T Ji
Therefore, we deduce

H L+ (Hu)(to,.) — % /W ((pIn + M)dyu + Hu)(t, ) dt

to

H-1(Q)N (4.26)
<L ) gotormzzpy + C (VT + 7).
Next, equation (4.22), combined with u € L>®(0,T; H}(Q)Y N W (0, T; L*(Q))Y implies as
above
(pIn + M)Oyu + Hu € W0, T; H1(Q)Y — C°([0, T); HH(Q)™.
Hence, passing to the limit in (4.26) as 7 tends to zero, we get
L = ((pIn + M)dyu)(to, .),
which implies (4.24).
Convergence (4.24) combined with (4.5) yields
pul + Ful = ((pIy + M)0wu)(0,.) in HH(Q)V. (4.27)

Therefore, by (3.15) and F. skew-symmetric there exists a measurable function ( satisfying
(4.9), which yields the second initial condition of (4.10).

Finally, the proof of estimate (4.11) is given in Lemma 5.8 below. This concludes the proof
of Theorem 4.1. OJ

5 Energy estimates and nonlocal effects

The aim of this section is to estimate more precisely the function g arising in the homogenized
problem (4.10).

5.1 Energy estimate

First of all, observe that the following inequality holds
(pIn + M)~ (p& + Mn) - (p€ + Mn) < plé|* + Mn-n, VEneRY. (5.1)

In order to show it, set T := (pIy + M)~ '(p§ + Mn). Then, using successively the Cauchy-
Schwarz inequality with the non-negative symmetric matrix M and the Cauchy-Schwarz in-
equality in R?, we have

(pIn + M)Y - T = (p€ + Mn) - T < (plé* + Mn - 1)z ((pIn + M)T - T)2,

which gives (5.1).
From (4.5), applying the lower semicontinuity (3.16) and convergence (3.15) with u. = u2,
and applying the inequality (5.1) with £ = »! and = (, we can assume, up to extract a

subsequence, that there exists a non-negative Radon measure p° defined on  such that
pluzl? + Ae(w?) : e(uf)

€

= p’+ Ae(u’) s e(u”) + (pIy + M) (pu' + MQ) - (pu' + M) in ().

ol

(5.2)
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Remark 5.1. The measure ° represents the compactness default with respect to the initial

conditions u?, u!. Now, assume that the initial conditions are well-prepared (see [10] for the

classical homogenization of the wave equation without Lorentz force) in the following sense:
ul =o' in HY(Q)Y, —div(Ae(w?)) + Ful is compact in H'(Q)Y. (5.3)

Then, using the convergence (3.8) with u. = u? and z. = u!, combined with convergences (3.1),
(3.19), we get that M¢ = Mu'. Moreover, by (3.9) and Rellich-Kondrachov’s compactness
theorem we have

plul? 4+ Ae(u?) s e(u?) = plu'l* + Ae(u®) : e(u®) + Mu' - u in .#(Q),
which proves that the measure ;° vanishes.

Let us introduce the following notations.

Definition 5.2. Set
Al

5.4
; (5.4)
For z €Q, S € (0,T) and t € (0,.5), we denote
B(z,8,t) := B(z,c(S — 1)) N Q. (5.5)
K(z,S,t) == 0B(7,c(S— 1)) NQ, (5.6)

and recall that Bjs is the ball centered at the origin of radius § > 0.
We have the following result.

Theorem 5.3. Under the assumptions and the notations of Theorem 4.1, for any & € Q,
0<S; <8y, s€(0,8),06 >0, and ) € L*(0,T; L 2(9))N, the solution u. of (4.10) satisfies

Sa
lim sup — / / / P’at —U)|2
e—0 S1 J Bs J B(z+2,S,s)

N

et - S (e

Jj=1

J=1
Sg 82
< / / a:—I—Z,S,O))dzdS—I—/ / M (0w — ) - (Opu — ) dx dz dS
2 si J B s1 JBs J B@+2.5.)

1

Sa
+/ / // g-OwdrdtdzdS.
s1 JBsJo JB@E+2,50)

Remark 5.4. Assuming that the measure p° and the function g vanish, estimate (5.7) gives
the corrector result

1 [
lim sup —/ / / [p|at(u5 —u)*+
es0 2 Sy J Bs J B(Z+2,5,s)

N

oo =t - St et

J=1 J=1

Sa
/ / / MOy — ) - (Opu — ) da dz dS.
Sy J Bs J B(Z+2,5,t)
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e(w?) W)}dxdzdS

(5.7)

Mz

e(w?) @/ﬂﬂd:}: dzdS (5.8)



By virtue of Remark 4.2 and Remark 5.1 a sufficient condition for estimate (5.8) to be satisfied
is that the sequence 9;G. is bounded in L'(0,T; L>=(2))V*N and that the initial conditions are
well-prepared in the sense of (5.3).

From Theorem 5.3 we deduce the following estimate for the function g which will be im-
proved in Section 5.2.

Corollary 5.5. Under the same assumptions of Theorem 5.3, there exists a constant C' > 0
which only depends on sup,, ||Ga||][\,fo><§(]\£2) such that the function g of (4.10) satisfies

1 2
/ |g|*dz < Cp°(B(z, 5,0)) + C (/ (/ |3tu|2dm) dt) , (5.9)
B(z,5,s) 0o \JB(@5,1)

1’ (B(z, S,0)) / / g - Oyudzx dt, (5.10)
B(z,S,t)

1
2
T) and a.e. s € (0,95).

for any z € Q, any S € (0,

Remark 5.6. For 7 € Q and S € (0,7), define the cone of vertex (z,S) and angle equal to
2arctanc

€(S,z):={(t,x): 0<t<S, z€B(z,c(S—1)}, (5.11)

where ¢ is the wave propagation velocity defined by (5.4). Then, estimate (5.9) means that
the norm of g over the cone section at time ¢ = s is bounded by the measure u® of the cone
section at time ¢ = 0 plus the norm of the velocity d,u over the truncated cone in the time
interval (0, s).

Proof of Corollary 5.5. By (4.8) and (5.7) there exists a constant C' > 0 which only depends

on sup |G, ||fo§(fg2) such that for any S, S, with 0 < S; < S, < T, s € (0,5;), 6 > 0, and

b€ L2(0,T; Lz (Q)),

SQ 52
/ / / |g\2dxdzdS<C/ / B(z+2,5,0))dzdS
S1 v Bs J B(z+%,5,s) S1 J Bs

So
—1—0/51 /35/ HZStM(Qtu—w)-(8tu—¢)dxdzd8 (5.12)

B
So s
C / / / g-OwudrdtdzdsS.
Sy JBs Jo JB(z+2,5%)

Moreover, by virtue of (4.11) and using an approximation by truncation in the space of the
functions v € L>*(0,T; L*(Q))Y with Mv-v € L>*(0,T; L'(R)), the sequence v, := 9yt 1{j5,u/<n}
in L=(Q)N satisfies

Jin | M (@ = ) - (@t = 6n) | 3 g = O

Using this approximation in (5.12) it follows that

SQ SQ
/ / / |g\2dxdzdS<C’/ / B(z +2,5,0)) dzdS
S1 J Bs J B(Z+%,5,s) S1 J Bs
Sa
+C/ / / / g-OwudrdtdzdS.
S1 JBs J0O B(Z+2z,5,t)
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Making Sy, S tend to S, then § tend to zero, this implies that for any S € (0,7) and a.e.
s € (0,5),

/ g|*dz < Cp°(B(z, S,0)) + C’/ / lg - Oyu| dx dt. (5.14)
B(#,5,5) 0 JB@sS¢)

Now, defining

D(s) ::/ g|*dz, A:=Cp’(B(z,5,0)), K(s):= (/ |8tu|2dm) 2 :
B(z,S,s) B

(z,S,s)

and using the Cauchy-Schwarz inequality in (5.14), it follows that
D(s) < A+ 0/ K (1) ®(t)? dt.
0

By a Gronwall’s type argument this provides (5.9) for another constant C', which concludes the
proof of (5.9).

The proof of (5.10) easily follows from (5.13) by taking S; = S, dividing by (Sy — S) 6%,
then letting this quantity tend to zero. 0

To prove Theorem 5.3 we need the following results.

Lemma 5.7. Let §) be a smooth (C*) open set in RN andu € WH1(0,T; L*(Q))NLY (0, T; WHH(Q)).
For zy € RN and R € CY(0,T), R > 0, we define

d(t) ::/ u(t,x)dz, for t €[0,T].
B(zo,R(£))NQ

Then, ® € WH1(0,T) and
P'(t) = / Owu(t, z) dr + R’(t)/ u(t,z)ds(z), for a.e. te (0,7). (5.15)
B(zo,R(£))N OB(x0,R(t))NQ

Lemma 5.8. The limit u of the solution u. of (4.6) satisfies (4.11).
Moreover, for any v € C°(Q)N with |v| <1, and for any p € C°(Q) with ¢ > 0, we have

T
lim inf/ / <E|8tu5|2 + EAe(us) se(ue) — Ae(ue) : (Opue © V))gpdx dt
o Ja \2 2

e—0
T (5.16)
c c
> / / (§(pIN + M)0Owu - Opu + §Ae(u) te(u) — Ae(u) : (Qu© V))(pdl‘ dt.
o Ja
We also have
Ae(u.) : e(wl) = Mo -e; in L®(0,T; LP%(Q)), vVie{l,...,N}. (5.17)

Proof of Theorem 5.3. Let 7 € ), S € (0,T), t € (0,5) and § > 0.
Note that if yu. € L°(0,T; H} ()™, we can put it as test function in (4.6). Then, integrate
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with respect to x over B(Z + z,S,t) and to z over By, we get by virtue of Lemma 5.7

/ / p|8tu€\ + Ae(u,) : (ue)) dx dz
th Bs J B(Z+z,5,t)

= / / (/0 a?tus ' atus + Ae(us> : e(atus)) dr dz
Bs J B(z+2,5,t)

—g/ / (p|8tus|2 + Ae(u.) : e(ug)) ds(z)dz
Bs J K (3+2,5,t)

= / (pOju. — Divy(Ae(u.))) - Opu. dx dz (5.18)
Bs J B(z+2,5,t)

+/ / Ae(ug) : Que © v — EplatuE\Q - EAe(ug) ; e(u5)>ds(:r;) dz
Bs J K(z+42,5,t) 2 2

= / / fe - O dx dz
Bs J B(z+2,5,t)

+/ / (Ae(us) D Opue OV — EplﬁtuE\Q - EAe(ug) ; e(u5)>ds(x) dz.
Bs T+2z,S,t 2 2

In the general case (5.18) remains true using an approximation argument.
Integrating with respect to ¢ in (0, s) with 0 < s < S, we obtain

1
‘/ / <p!8tu€\2 + Ae(ue) : e(u5)> dx dz
2 Bs J B(Z+2,S,s)

1 s
__/ / (a2l + Ac(u)  e(u) ) dwdz = / / / fo - O dedtdz  (5.19)
2 Bs J B(3+2,5,0) Bs Jo JB@1s54)
_/ / / <Ep‘atu5|2 + EAe(uE) ce(ue) — Ae(ug) : Qyue © 1/) ds(z) dt dz.
Bs (T+2,5,t) 2 2

Using estimate (5.16) in (5.19) and recalling (5.2) we then deduce

lim sup <1 / / (p|Opuc]® + Ae(u.) : e(u.)) dx dz)
e—0 2 Bs J B(Z+z,S,s)
/ / / f-Owdxdtdz + - / 1’ (B(z + 2,5,0)) dz
Bs B(z+z,5,t) Bs

+_/ +30<A€(u):€( O+ (pIn + M) (pu' + M) : (pu' + M()) dz d=

/BJ//WM (pIn + M) - Sy + Ae() e(u) — e(u)iatu(Dl/)dS(x)dtdz.

(5.20)
Moreover, the non-negativity of the last integral of (5.19), convergences (4.4), (4.5), (4.7), and
the inclusion B(Z + 2,5, s) C € imply that there exists a constant Cs such that

/ / (p\(?tus|2 + Ae(u.) : e(us)) dr dz < Cy. (5.21)
Bs J B(Z+2,5,s
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Next, similarly to (5.19) with equation (4.10) we have

1/ / ((PIN + M)Oyu - Oyu + Ae(u) : e(u)) dx dz

Bs J B(z+z,S,s

= 1/ / (Ae(uo) ce(u®) + (ply + M) N pu' + M) - (pu' + MO) du dz
Bs J B(z+%,5,0)

/ / / ) - OQuudrdtdz
Bs B(Z+z, St

- / / / —(pIN + M)owu - Oyu + EAe(u) ce(u) — Ae(u) : Qu © 1/) ds(z)dtdz.
Bs 242,85, 2 2

(5.22)
On the other hand, for any ¢ € C=(Q)Y, we have

L[ )
N / [Plou(ue — )P+
S1 v Bs J B(z+2,5,s)

N
+A< Ze wﬂ 1/)]) . ( Zewa @/)jﬂdﬁdzds
Jj=1 j=1
1[5
- _/ / / (plOvuc|* + Ae(u.) : e(u.)) dxdzdS
2 S1 J Bs J B(Z+%,5,s)
So N
_/ / / (Patug - Ou + Ae(ug) (e(u) + Z e(wg)z/)j)) dedzdS
S1 J Bs J B(Z+2,5,s) =
1 [
+_/ / / (plowul® + Ae(u) : e(u)) dxdzdS
2 Js, /s B(Z+2,5,s)
Sa
+/ / / Ae(u) : (
S1 J Bs J B(Z+2,5,s) =
L A
+_ A e wg ¢] :
2 S1 J Bs J B(Z+2,5,s) (Z ( ) ) (

j=1 7j=1

=2

WE

e(wg)¢j> dxdzdS

“-

e(wg)w) dz dz dS.

Passing to the limit as € tends to zero thanks to (5.17) and (3.4) we get

1 [
1imsup—/ / / [p|8t(u5—u)|2+
e=0 2 Js, JBs JB@at25.9)

N

N
+A< ;e (w?) W)'( ge (w?) W)}da:dzdS

7=1
Sa
glimsup< / / / (plovuc)® + Ae(u.) : e(u.)) dacdzdS)
e—0 B(z+z,S,s)

Sa
- 1/ / / (plowul? + Ae(u) : e(u) + 2Mdyu - — M1 - @) dz dz dS,
2 S1 J Bs z+2z,5,s)
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which, by the Lebesgue dominated convergence theorem together with estimate (5.21), yields

1 [
limsup§/ / / [p|8t(ua—U)|2+
e—0 S1 B(Z+2,S,s)
N N
+ A (el ;ewj o)« (elu, ;ew] W) | dwazas

Sa
g/ limsup< / / (plOvuc]® + Ae(ue) : e(u.)) d:cdz) as
e—0 Bs J B(z+2,S,s)

Sa
——/ / / (p|Owul? + Ae(u) : e(u) + 2Mdyu - — My - @) dz dz dS.
S1 J Bs J B(Z+z,S,s)

Estimate (5.23) combined with (5.20) and (5.22) finally yields (5.7) for ¢ € C°(Q)". The case
2p
where ¢ € L?(0,T; L»—2(Q))" easily follows by approximating 1 by a sequence in C°(Q)~. O

(5.23)

5.2 Fine estimate of the function g

Corollary 5.5 can be improved by the following result.

Theorem 5.9. Under the assumptions of Theorem /4.1 there exist a subsequence of ¢ still de-

noted by €, a constant C' > 0 which only depends on sup,. |G || @vxv and a continuous lin-
ear operator 4 = L'(0,T; L*(Q))N — L>(0,T; L*()™ such that for any w € L'(0,T; L*(2))~,
any T € 2, any S € (0,T) and a.e. s € (0,5),

1 2
s 2
/ Gw|*dx < C /(/ |w|2dx) dt | | (5.24)
B(z,8,s) 0 B(z,5,t)

0< / / (Yw) - wdzdt (5.25)
0 JB@S50)

and such that the functions g and u in the limit problem (4.10) defined up to a subsequence
of €, satisfy

/ g — % ()| *dx < C 1°(B(, 5,0)), (5.26)
B(z,S,s)

where g is the measure defined by (5.2) up to a subsequence of €.

Remark 5.10. Theorem 5.9 shows that the function g of problem (4. 10) is the difference of
4 (0yu) and a function ho which only depends on the initial conditions u?, u} of problem (4.6)
through the measure ;°. The additional term hy acts as a new exter1or force in the limit
equation (4.10).

As a consequence of Theorem 5.25 we can now get a full representation of the limit problem
(4.10) for some particular choices of the initial conditions. Our first result refers to the case of
well-prepared initial conditions in the sense of Remark 5.1.

Corollary 5.11. Consider the subsequence of € defined by Theorem 5.9. Assume that the initial
conditions u?, ul in (4.6) satisfy (5.3). Then, the solution u. of (4.6) satisfies (4.7), where u
18 the unique solution to

(pIn + M)O;u — Div, (Ae(u)) + Hou+ 4 (du) = f in Q
u=0 on (0,T7) x 00 (5.27)
u(0,.) = u°, Qu(0,.) =u' inQ,
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As an example of not well-prepared initial data consider the case where the initial conditions
do not depend on e¢.

Corollary 5.12. There exists a subsequence of € such that Theorem 5.9 holds and such that
there exists a constant C' > 0, which only depends on sup..g ||Ge| <@~ and a continuous
linear operator F : L*(Q)N — L*°(0,T; L*())N such that for every v € L*(Q)N, any 7 € Q,
any S € (0,T) and a.e. s € (0,5),

/ |.F (v)|*dx < C'/ (pl + M) *Mv - vdx, (5.28)
B(%,5,5) (#,5,0)

and such for any u® € H}(Q) and u' € L*(Q), the solution u. of (4.6) with u® = u°, u! = u!
satisfies (4.7), where u is the unique solution to

(pIn + M)O;u — Div, (Ae(u)) + Houu + 9 (0pu) = f + F(u') in Q
u=0 on (0,T) x 00 (5.29)
u(0,.) = u°, Qwu(0,.) = p(ply + M) 'u in Q,

Moreover, for any & € Q, any S € (0,T) and a.e. s € (0,5),

/ / 8tudxdt</ G (Opu) - 8tudxdt+8/ (pI + M) 'Mu' - u' dx.
(z,8 s) (z,S,s) 2 B(z,S,0)
(5.30)
The proof of Theorem 5.9 is based on the following result.
Lemma 5.13. Let w € C(Q)N and let v* for k € N be the solution to
p Ovf — Div, (Ae(v])) + (F. + G2)opt + k(0 —w) =0 in Q
v" =0 on (0,T) x 09 (5.31)
v"(0,.) =0, 0w"(0,.) =0 inQ.

Then, there exists a constant Cy, > 0 such that for any k € N,

t
vf—/ wds
0

Proof of Theorem 5.9. Let {w™, n € N} be a subset of C°(Q)" which is dense in L'(0, T; L?(Q2))V.
Let u*™ k,n € N, be the solution to

2

+ [|owz —

Loo(0,T;H (Q))N vtk ||atvé€ - w”;(Q) <Oy (5.32)
T3Hy

w||L°°(O,T;L2(Q))

p ul™ — Div, (Ae(ub™)) + (Fr + G2)Oul™ + k(dpul™ —w™) =0 in Q
ub™ =0 on (0,T) x 0Q (5.33)

e

ubn(0,.) =0, dub"(0,.) =0 in Q.

By virtue of Theorem 4.1 and using a diagonal extraction procedure, there exists a subsequence
of ¢, still denoted by ¢, such that the following convergences hold for any k,n € N,

{ ubm = oubnin L0, T Hy (Q)N nWhe(0, T; LA(Q))N, (5.34)

G.0ubm = gk in L(0,T; L*(Q))V,
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kn is a solution to

(pIn + M)Oju"™" — Div, (Ae(u"™)) + k(™" — w™) + ¢"" = f in Q
uP" =0 on (0,T) x 0N (5.35)
u™(0,.) =0, Ou*"(0,.) =0 in Q.

where

Fix n € N. By the first convergence of (5.34) and the estimate (5.32) with v¥ = u®" and
w = w", we have
o™ — w™ in L*(Q)N. (5.36)

k—00

Moreover, since the initial conditions of (5.33) are clearly well-prepared in the sense (5.3), by
estimate (5.9) with g = ¢®", we have for any 7 € Q, any S € (0,T) and a.e. s € (0,5),

1 2
s B
/ |g""2de < C / (/ |8tuk’”]2dx) at |
B(z,5,s) 0 B(%,5,t)

where the constant C' only depends on sup ||Ge|| oo (g)vx~. This combined with (5.36) yields
e>0

1 2
s 3
limsup/ |g""2de < C / (/ |w"|2dx> dt | .
k—oo B(.’E,S,S) 0 B(:E,S,t)

Hence, using a diagonal extraction argument, there exist a subsequence of k, still denoted by
k, such that for any n € N,

g"" S g™ in L=(0,T; L*(Q)V, (5.37)

which implies that for any z € , any S € (0,T) and a.e. s € (0,5),

. 1\’
/ lg"2dx < C / (/ |w"|2dx) dt | . (5.38)
B(z,5,s) 0 \JB(@5%)

Then, for any w € L*(0,T; L?(2))" and any subsequence wP" which converges strongly to w,
we define the function Yw by

g > Gw in L0, T; L*(Q)))V. (5.39)

This definition is independent of the strongly convergent subsequence wP* due to the linearity
of (5.33) combined with estimate (5.38). By the linearity of problem (5.33) the operator ¥ is
linear. Moreover, using the lower semicontinuity of the L?(2)¥-norm in (5.38) we deduce that
¢ satisfies estimate (5.24). Estimate (5.25) is a simple consequence of (5.10) in the absence of
measure p°.

Note that the definition of ¢ is based on the subsequence ¢ satisfying convergences (5.34)
for any k,n € N.

Now let us prove estimate (5.26). Let u. be the solution to problem (4.6) and consider a
subsequence &’ of € such that u. satisfies the results of Theorem 4.1. Also consider a sequence
wPr which strongly converges to d;u in L2(Q)"™. Applying the estimate (5.9) with the sequence
Uer — u’;;p" for k,n € N, we get that for any 7 € Q, any S € (0,T) and a.e. s € (0,9),

1 2
/ lg — g"P Pdx < Op° (B(z,5,0)) +C / (/ |0y — 8tuk’p”\2d:v> dt | . (5.40)
B(%,5,5) 0 B(,5,t)
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where the measure 1 is defined by (5.2) with the sequence u. but independently of u?".

Therefore, passing successively to the limit k& — oo with convergences (5.37) and (5.36), then
to the limit n — oo with convergences (5.39) and wP"* — J;u, we obtain the desired estimate
(5.26). This concludes the proof of Theorem (5.9). O

Proof of Corollary 5.11. Consider a subsequence of ¢ such that (4.7), (4.8) and (4.9) hold.
Since (5.3) is satisfied, the function ¢ defined by (4.9) agrees with u! and the measure ° defined
by (5.2) vanishes. By (5.26) we get that ¢ = ¢(0,u), and thus (4.10) proves that u is a solution
to (5.27). Estimates (5.22), (5.25) and Gronwall’s Lemma imply the uniqueness of a solution

to (5.27). Hence, it is not necessary to extract a new subsequence to get the convergence of u..
U

Proof of Corollary 5.12. Consider the subsequence of € given by Theorem 5.9 and a dense
countable set {pL} of L%(Q)V contained in C°(Q)N. By Theorem 4.1, Theorem 5.9 and (5.2)
we can use a diagonal argument to deduce the existence of a subsequence of ¢ and a linear
operator .Z : Span({¢}}) — L>(0,T; L*(€2)) such that for every p' € Span({¢;}) the solution
v, of

p 04v, — Div, (Ae(vg)) + B.0yw. =0 in Q

ve =0 on (0,7) x 00 (5.41)
v.(0,.) =0, 0v:(0,.) = p* in Q,
converges weakly-* in L°°(0,T; H} ()Y n W10, T; L*(Q))Y to a function v solution to
pOyv — Div, (Ae(v)) + Bow + 4(0w) = F(¢') in Q
v =0 on (0,T) x 9O (5.42)
v(0,.) =0, 9w(0,.) = p(pIy + M) tp' in Q,
where .7 (¢!) satisfies

G.0w. = G(0w) — F (") in L=(0,T; L*(Q))". (5.43)
Moreover, by (5.2) and estimate (5.26) we have for any S € (0,7T) and a.e. s € (0, 5),
/ |ﬂ(g01)‘2dx < C’p/ (pIy + M) "' Mp' - o' da. (5.44)
B(2,5,s) B(2,5,0)

This allows us to extend .% to a continuous linear operator in L?(£2) which satisfies (5.28).
Assume now u® € H} ()Y, u' € L?(Q)" and define u,. as the solution to (4.6) with u? = u°,

ul = u'. Applying Theorem 4.1 and Theorem 5.9, we can extract a subsequence of € satisfying

(4.7) and (4.8), where u is a solution to (4.10) with ¢ = 0. Also applying Theorem 5.9 to the
sequence u. — v., where v, is the solution to (5.41) for some ' € Span({¢}}), and recalling the

definition (5.43) of .Z ('), we have for any S € (0,T) and a.e. s € (0,9),
[ o9+ F@Par<Cp [ (ol M) Mt = o) (0! - e
B(%,5,s) B(2,5,0)
which by the arbitrariness of ¢! shows that
g =9 0wm) — Fu"), (5.45)

and thus that u is a solution to (5.29).

The uniqueness of a solution to (5.29) just follows by the uniqueness of a solution to (5.27)
proved above, where f is now replaced by f + .% (uy). This shows that it is not necessary to
extract a new subsequence.

Finally, estimate (5.30) is a consequence of (5.10) and (5.45). O
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5.3 A general representation result

The operator ¢4 defined by (5.39) admits the following representation which shows explicitly
that ¢(0,u) is a nonlocal operator with respect to the velocity in Theorem 5.9.

Theorem 5.14. Under the assumptions of Theorem 5.9 there exists a matriz-valued measure
A e #(Q; LA(Q))N*N which is absolutely continuous with respect to the Lebesque measure,
such that L*(Q)N C LY(Q;dA) and such that the operator 4 defined by (5.39) satisfies the

representation formula

G (w)(t, ) :/QdA(s,y)w(s,y) a.e. inQ, Ywe L*(Q)N. (5.46)

Moreover, we have
AB)=0 ae. in{(z,8)€Qx(0,T): |[BN€(z,5)| =0}, VBCQ, measurable. (5.47)
Theorem 5.14 is based on the following representation result with Remark 5.16 below.

Proposition 5.15. Let X be a reflexive Banach space and let (w, X, p) be a finite measurable
space. Then, for any linear continuous operator 7 : LP(w;du)N — X with 1 < p < oo, there
exists a vector-valued measure A € A (w; X)N, A = (Ay, ..., Ax) which is absolutely continuous
with respect to p such that

LP(w;dp)™ € LYw;A), Tu= /dA(y) u(y), Yue€ LP(w;dp)Y, (5.48)

and

sup [|A;(E)[x < w7 |77 20 )y < 4sup [|4(E)llx, Vi e{l,.... N}, (5.49)
EeX¥ Eex

where we have
N o
17 < |71 < (Z ||9j*||p’) , Vie{l,...,N}.
j=1

Remark 5.16. We are mainly interested in the case where X = L4(w;dv)™ with 1 < ¢ < oo
In this case, A = (A4,...,Ay) is replaced by a matrix-valued measure

Aj = (A1j7 ce ,AM]‘) S j/(w; Lq(w; dl/))M, V] S {1, N M}
Thus, A belongs to . (w; LY(w; dv))(w; du)™*Y and (5.48) can be written as

LP(w;dp)N € LYQ;A), Tu= / dA(y) u(y), Yue LP(w;du)Y, (5.50)

where

(/wdA(y)u(y))j _g/wd/\jk(y) u(y), Vje{l,...,M}.

Observe that for any set £ C X, A(FE) is a function in LY(w;dv)M*N, then the M x N
matrix A(E)(z) is defined v-a.e. x € w. If we assume that

the function £ € ¥ — A(F)(z)
AN C w, u(A) =0, such that

is well defined for any x € w \ .4 "and defines a measure,

(5.51)
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then, denoting A(x, E) = A(F)(z), formula (5.50) can be written as the kernel representation
formula

(Tu)(x) = / dA(z,y) u(y), Yu € LP(w;du)". (5.52)

w

However, it is not clear than assumption (5.51) holds true in general. Furthermore, even if
formula (5.52) holds, A(z,.) is not in general absolutely continuous with respect to p, i.e. A(z,.)
is not a function but just a measure. As a simple example, consider Li(c;dv)M = LP(w;du)N
and .7 as the identity operator, then the measure A is given by

A(B) =11y, for BeX.
In this case (5.52) is satisfied with
Az, y) = 6a(y) I
Proof of Theorem 5.14. First note that
G LH(Q)™ = LN0,T; L*(Q))Y — L(0,T5 L*(Q))" — L*(Q)",

where the two embedding are continuous. Moreover, by the Cauchy-Schwarz inequality and
estimate (5.24) we get that for any w € L?(Q)Y,

1
/ | Gw| dt dx < 052/ lwdtdz, V(S,7) € Q. (5.53)
€(,5) 2 €(z,S)

which implies in particular the continuity of the linear operator ¢ from L*(Q)Y into L*(Q)".

Therefore, applying Proposition 5.15 and Remark 5.16 with X = L2(Q)Y, w = @, u the
Lebesgue measure on @Q and p = 2, there exists a matrix-valued measure A € . (Q; L*(Q))V*N
which is absolutely continuous with respect to the Lebesgue measure, such that ¢ satisfies the
representation formula (5.46).

Moreover, applying (5.24) we get (5.47). O

Proof of Proposition 5.15. Denoting i, ; the continuous embedding from P (w; dp)N into
LY (w;du)N, we apply Theorem 8.1 in [9] to the N components of the operator i,; o Z* in
L(X'; LN (w; dp))N. Taking into account that X' is reflexive and then the unit ball is weakly
compact, we deduce that there exists a vector-valued measure A = (Ay,...,Ay) € A (w; X)V,
which is absolutely continuous with respect to u, such that for any ¢’ € X’ and any j €
{1,..., N}, the measure F € ¥ — <CI’Aj(E)>X/,X € R satisfies

d
T = 22 (A0

or equivalently
[ (@ (@) = (CAE)) o YE €T,

Therefore, for any step function

u=>Y Nlg, A, A €RY, Ei,... B, €3,
=1
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and any ¢’ € X', we have

<C/7 gu X’X - <9* u>Lp N Lp(w)N T Z/ )dﬂ( )
- ZZ)\ZJ/ ) () dp(z) = ZZ)‘U<CI7AJ(EI>>X',X

= DA = <cc [ arwu).

This shows that for any step function wu,

T = / dA(y) u(y).

Now, using that .7 is a continuous operator from LP(w;du))" into X, we conclude to (5.49).
U

5.4 Proof of the lemmas

Proof of Lemma 5.7. Using a translation we can always assume that zy, = 0.
First assume Bpy C €, for any ¢ € [0,7]. In this case, using the change of variables
y = x/R(t), we have

B(t) = R(t)" /B u(t, R(t)y) dy.
Then, we have

d'(t) = NR()N'R/(t) / u(t, R(t)y) dy + R(t)™ / ou(t, R(t)y) dy

+R(t)NR'(t) i Vaul(t, R(t)y) - ydy = R(t)™ i dyu(t, R(t)y) dy
+R(t)N—1R’(t)/B (Nu(t, R(t)y) + V, [ut, R(t)y)] - y)dy

= R(t)N /B ou(t, R(t)y) dy + R(t)N TR/ (t) /B div, [u(t, R(t)y)y]dy
— RN [ ou(t, Ry) dy + RV R (1) / ult, R(t)y) dy

B1 0B1

— / Owu(t, z) dr + R’(t)/ u(t, z) dx,
BRr(t)

8BR(t)

which proves the result.
In the general case, by the regularity of 2 we can always assume that

u € W0, T; L*(RY)) n LY (0, T; WHHRN)).
For A\ € C®(RY) with
/ AMz)dx =1,
RN
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and ¢ > 0, define (. € C>*(R") by

C(x) :—%/ﬂA(“’;y) dy VreRY.

Applying the above proved to the function (¢,z) — u(t, z)(.(x), we get

/JBRuZ(tQ’x) C(x) dx—/ u(ty, z) C(z) dz

Br(t))

t2 (554)
_ /t ( yu(t, ) C.(x) do + R(1) /a ult,z) . (z) ds(a:)) dt.

BRrt) Br)

Moreover, using that (. is bounded in L>(RY) and

1 ifze
Ce(x) — % if x € 002 when ¢ — 0,
0 ifxeRN\Q,

we can pass to the limit in (5.54) to deduce

/ u(to, x)dx —/ u(ty, x)dz
Brty) N Br(t,)N¢

to
= / / Ovu(t, z) dr + R’(t)/ u(t, z) ds(z) + 1R'(t)/ u(t, ) ds(x) | dt.

(5.55)
Now, consider (¢,z) € (0,T) x 99 such that

R(t) #0, & € 0Bgg NOQ.

Since  is C'-regular, there exists a ball B(Z,dz), an open set O C RY~! with 0 € O and a
function ¢ = ¢(¢) € CY(O;RY) such that

»(0) =2, ¢ isinjective in O, Rank(D¢)(()=N -1, V(e O, 00N B(Z,d:) = ¢(0).
Since R/(t) # 0, applying the implicit function theorem to the function
(t,¢) € (0,T7) x O = [o(¢)| — R(t),

0z and O can be chosen small enough to ensure the existence of ¢ > 0 and a function ¢ in
CHO; (t — e,t + €)) such that

— te(t__57t_+€)v QGO
0 =7 R —16(0)]. VC €O, —$(¢). (556
P(0) =, R®(Q) = o), V¢ € { R = 16(0) = t=19(¢). (5.56)

Therefore, we have

{(t,z): te(t—et+e):z € B(& ) NIBry NI} = {(¥(¢),¢) : ¢ € O},
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which thus has null N-dimensional measure. Since for any integer n > 1, the set (we can
assume that R is defined in an interval larger than [0,77)

{(f, T) €[0,7] x 00 : T € OBgp), |R'(t)] > 1/n}
is a compact, we deduce that this set has zero measure. Hence,
{(t,z) € [0,T] x 0 : T € OBgg), R'(t) # 0}

also has null N-dimensional measure. This shows that the last term in (5.55) is zero for a.e.
€ (0,7). Therefore, the derivative formula (5.15) holds. O

Proof of Lemma 5.8. It is enough to consider the case where ¢ € C*(Q) and v € C*(Q).
For any integer n > 1 and any k € {0,...,n — 1}, set

n [T n E+1 k
_n7k —_ " —Tl,k = — e — -
ult(x) T /“T u(t, x)dt, v (x) T <u5 < . T, x) Ue (nT, x)) , (5.57)
ktlp
I A A0 T kE+1 k
Vi= — = — T . — —T
u T[“T (t,z)dt, v T(u( " ,) u(n : , (5.58)
n Etip n Etip
@™k (x) = —/ o(t, x)dt, 7"F(x) .= —/ v(t,x)dt. (5.59)
T kp T kp

Taking into account that for any € € RY with |£] < 1, the function 2 defined as
De: (v, V) ERY x RN §p|v\2+§AV:V—AV:v®§ER

is convex and (4.19), we have

k+l
/ /Q Oy, e(u.) godxdt Z/ /c@ynk O, € ue))gp dxdt—g

1

>

3|’€

/Q,,nk(v”k7e(u"k)) ”kdxdt—g

13 & n

T T
= o

N

C

- nk nk’ *nvkd . — —
/QU e(u )+E e(wl)v} >g0 z+ O "

j=1

Sl’ﬂ
HOM

3|’ﬂ

N
/ o@,,nk o™ (O — 0mF) (@R + ) e(wd) (0] + (o1 - @”’k))>@”’kdx +0, — %
j=1

??‘

Using the weak convergence to zero of e(w?) in LP(Q)N*N with p > N, Rellich-Kondrachov’s
compactness theorem for o™* — ™% the non-negativity of the quadratic form 2, and the
definition (3.4) of M, we have

t T n—1 N ' C
QV a ) c d dt 2 — / e@,jn,k 7n7k7 =,k _|_ g *'{lak 7n,kd + Og _
/0 /Q (Opue, e(u.))p d - kZ:O g (v e(a™”) ;e(w )7 )gp T -

1

n

SRR

C
/ (Qm,k (0", e(a™*)) + gM@””“ : 17"”“)@””“6& +0, — —.
Q

b
I
o

30



Therefore, we have just proved

C

c
hmlnf/ /Q (Opue, e(u.))pdr dt > — Z/ Do (U, (ﬁ”’k))+§M®”’k-6”’k>gﬁ”’kdx——

n
Passing to the limit as n tends to infinity, we finally obtain (4.11) and (5.16).
. 2p
Finally, let us prove (5.17). The sequence Ae(u.) : e(w?) is bounded in L> (0, T; L#+2(9)).

Hence, it is enough that convergence (5.17) holds in the distributions sense in Q.
Let ¢ € C°(Q). With notations (5.57) and (5.58) we have for any integer n > 1,

/QAe(ua): e(w?) g da dt — Z/M /Ae w) : e(wl) ”kderO( )
18 furer o)

Then, again using convergence (4.19), the weak convergence to zero of e(w?) in LP(Q)V*" and
the definition (3.4) of M, we get

1
] —n,k 7\ Ak —
/QAe(uE). e(w!) pdrdt = Z/Ae +Z > e(w!) @ das+0a+0(n).
T 1
== Z/Mﬁn’k'ej@n’kdl'dt—f—og—i—O(—).
n 0 Q n

Passing successively to the limit as € tends to zero for a fixed n, and to the limit as n tends to
infinity, we obtain that

lim [ Ae(u.) : e(w?) pdrdt = / Mo - ej pdx dt,
Q

e—0 Q

which concludes the proof of Lemma 5.8. O

Proof of Lemma 5.13. Set
t
v(t,.) :/ w(s,.)ds, forte0,T].
0

Putting ;0% — w as test function in (5.31) and using that F., G. are skew-symmetric, we get

1d k 2 k . k k 2

2t ), <p‘8tva —w|” + Ae(vf —v) : e(vf — v)) dx + k/Q 0wl — w| da
d

=— [ F.(v* —v)-wdr — / F.(v* =) - 0w dx — / Gw - (Opf — w) da (5.60)
dt Q ¢} Q

- / pOw - (0" — w) dr — / Ae(v) : e(9pF — w) da.
0 Q

Setting
1
EE(t) = =

5 / (p’@tvf - w’Q + Ae(vh —v) s e(vf - v)) dx,
Q

31



equality (5.60) implies that

dE"
dt

dhk

+ k/ ’&vf - w’2d:v < Cw(Eé€ +1) +
Q
Applying Gronwall’s lemma and noting that E*(0) = 0, we get
t
E¥t) <Oy + Cw/ E¥(s) ds,
0

which again using Gronwall’s lemma gives
Ef(t) < Cy, Vte[0,T).

This combined with (5.61) proves that

k;/ |0k — w|*dedt < C,.
Q

Finally, the former estimate and (5.62) yield the desired estimate (5.32).
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