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Abstract

In this article we prove the stability of mean field systems as the
Winfree model in the synchronized state. The model is governed by
the coupling strength parameter £ and the natural frequency of each
oscillator. The stability is proved independently of the number of os-
cillators and the distribution of the natural frequencies. In order to
prove the main result, we introduce the positive invariant cone and we
start by studying the linearized system. The method can be applied
to others mean field models as the Kuramoto model.

Keywords: Stability, coupled oscillators, mean field, interconnected sys-
tems, synchronization, Winfree model.

1 Introduction and Main result

In 1967 Winfree [8] proposed a mean field model describing the synchroniza-
tion of a population of organisms or oscillators that interact simultaneously
[1,[7]. The mean field models are used, for example, in the Neurosciences to
study of neuronal synchronization in the brain [2| 3]. The Winfree model is
given by the following differential equation

:tiZWi—HU(x)R(xi), t>0, z= (x17"'7$n)7 (1)
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where n > 1 is the number of oscillators, the mean field part o is defined by
1 n
o(z) = EZ;P(Z]-), Vz = (z1,...,2n) € R",
=

P and R are C2 27-periodic functions, z;(t) is the phase of the i-th oscillator,
and z(t) = (x1(t),...,x,(t)) is the global state of the system. The natural
frequencies w; are chosen in (1 —~,1 + ) with v € (0,1). The coupling
strength « is taken in the interval (0,1). The stability studied in this article
takes the meaning of Lyapunov’s stability. In the second Section, we start
by introducing the ingredients to study the Winfree model’s stability. In the
last Section we prove the Main result. Now, we define the invariant set and
the positive stability. Let n € N* and let F : R® — R" be a C'! function and
denote dF' its Jacobian such that

max{sup ||[F(z)||, sup ||dF(2)||} =r < oo.
zeR™ zeR™

where ||.|| is the usual matrix norm. Let ¢! : R® — R™ be the flow of the
following autonomous system

&= F(x), t>0. (2)

Definition 1. Consider the system (2) and let C' C R™ be an open set. We
say that C is ¢'—positive invariant if ¢'(C) C C for all t > 0.

Definition 2. [Stability] Consider the system (@2l and let C' C R be an
open set. We say that the system(2) is C—positive stable if C is ¢! —positive
invariant and

IN>0,VzeC, >0, VyeC: |z—y|<d
— [6'@) - ¢ )| < Nz -l vz 0.
Denote @' the flow of the Winfree model (). In [5] the existence of the
synchronization state of the Winfree model is proved independently of the

number n and the choice of natural frequencies. More precisely, if the Win-
free model (] satisfies the synchronization hypothesis

[T POREG) oo
H/0 1—/1P(3)R(s)d >0, Vi € (0, k),

where the locking bifurcation critical parameter k. is defined by

ky:=sup{k >0 :1-kP(z)R(z) >0, Vz € R},
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then there exists an open set U in the space of parameters
(v,k) € (0,1) x (0,K4), independent of n, containing in its closure
{0} x [0, k4], such that for every n > 1 and every parameter (v,k) € U
there exist D € (0,1) and a ®'—positive invariant open set C7 . indepen-
dent of choice of natural frequencies (w;)!_; and of the form,

1 n
O i= {X = @)y € R s max o — ol < Ao .lei)} (3)
1=

where A, ,; : R — (0,1) is C? 27-periodic function and solution of

d B kP(s)R'(s)
%A'y,n(s) = a(y,k, D) — T(S),R(S)A%H(S)’ (4)
2y 4+ CkD?*  (2v+ CrD? + CkD)(y + CkD)

1 — k/Kx (1=~ —CkD — k/k)(1 — K/Ky)

2 5 o] ]
0<i,j<2

The periodic function A, satisfies H[loagc}A%,{(s) < D. Further, for all
se 0,27

(v,k) €U, 2(0) € CY,, and t > 0 we have
1—y—CrD—k/rs > 0and |1— kP (g (t)) R(piz(t)) — f12(t)| < v+CrD, (5)

where p,(t) :== 1 > j—12;j(t). In the following Main result, we show that the
Winfree model is C7 , —positive stable when the synchronization hypothesis
H is satisfied and when (vy,x) € U.

Main result. Consider the Winfree model ([{{l) and assume that the hypoth-
esis H is satisfied. Then for every parameter (vy,k) € U, for every n > 1
and every choice of natural frequencies (w;)l, the Winfree model () is
C?% ,—positive stable, where the open set C) . is defined by equation (3] .

a(y,k,D) =

Note that, the periodic system’s stability as Winfree model implies
¢'(x) = pt + pe(t) where p € R"™ is the rotation vector and p,(t) is an
almost periodic function; for more details, see [4, [6]. The existence of a
synchronized periodic orbit on the torus with initial condition in CF, of the
Winfree model is proved in [5].

2 Invariant cone and stability

In this Section we study the stability by introducing the positive invariant
cone. Under some hypothesis, we prove that the system () is stable if its lin-
earized admits such an invariant cone. The next independents Propositions
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are the main ingredients to study the linearized Winfree model’s stability.
In this Section we consider the linear system

y= A(ﬂj‘,t)y, t > to, (6)

where ty € R and A(z,t) := {a; j(z,t) }1<i j<n is a continuous n X n matrix
function of z € C C R™ and the time t > t3. For all x € C let \Iff',c the flow
of the system ([6l). Now, we define the positive invariant cone

Definition 3. Denote V, := {(21,...,2,) € R": 2z, >0, Vi=1,...,n} and
consider the linear system (6]). We say that the cone V, is \Ifé_to—positive
invariant if there exists a control time 6 > 0 such that

Vo € C, 3t, € [to,to +0]:  W=(V,)CV,, Vt>t,.

The stability of the linear system (@) in the following Definition is equivalent
to the stability of Definition (2l); just the linear system is not autonomous.

Definition 4. Consider the linear system (@) and let ! be its flow. We
say that the system(2]) is linearly C—positive stable if

IA>0, Vo e O H\If;(z)H < Alz|l, Yz € RY, Vit > 0.

In the next proposition, we state the stability of class of nonlinear systems
using the invariant cone V.

Proposition 5. Consider the system [2) and put F := (f1,..., fn). Suppose
that there ewists a ¢'—positive invariant open set C C R and there exists
a > 0 such that

fi(¢t(x)) >, Yz eC, Vt>0, Vie{l,..,n}
Let x € C and let WL be the flow of the linearized system
y=dF(¢'(x))y, t=0. (7)

Suppose that the cone Vi is \I/g—posz'tz've invariant, then the system ([2l) is
C'—positive stable.

To prove the Proposition Bl we use the next Lemma which gives a suf-
ficient condition of the stability of the system (2)) as defined in Definition
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Lemma 6. We consider the system (2). Suppose that there exists an open
¢t —positive invariant set C C R™ such that the linear system

g =dF(¢'(x))y, t=0, (8)
is linearly C-positive stable. Then the system (2l) is C'—positive stable.

Proof. The system (2]) can be written as

d
S9! () = dF (¢! ()6 (2),
Since the linear system (8)) is linearly C-positive stable. Then
IA>0, Vo e O Hd&@:)” < )\quﬁo(x)H =\ Vt>0. 9)

Let (z1,22) € C x C such that z(s) := (1 — s)z2 + s21 € C for all s € [0, 1].

_ ! ¢ dz(s)
- /0 46 (=(5) S s

_ /0 4" (2(s))(1 — 22)ds

H¢t z1) — ¢'(22 H = —¢t

< ot ]

Finally, use the fact z(s) € C and use equation (@) to obtain
|61 = ¢)|| < Alet = =l v >0,

which implies that the system (2]) is C'—positive stable. O

Proof of Proposition[d. By hypotheses V. is UL —positive invariant. Then
there exists a control time § > 0 such that for all x € C there exists t, > [0, ]
such that

A V+ — \I’fc_t’c(Z) S V+, Vit > tr.

Let a > 0 satisfying the hypotheses of the present Proposition and put
ni= é Let x € C, y € R™ and denote

Ti=nlyll F(¢* (x)) +y and 27 :=qlly| F(¢"(z)) —y.

On the one hand, 2% := (2],...,2}) € Vi and 27 := (27 ,...,2,) € V4. In
fact,

min {27, 2 = nllyll min {inf f; (@™ (@)} = llyll = (e = DIyl = 0.
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On the other hand, $¢'(¥) is solution of the linearized
system () of initial condition %Qﬁt”(x) = F(¢'(x)) then
Vit (F(of(x) = go'(x) = F(¢'(x)).
invariant, we obtain

nllyll F(¢' () + 05 (y) = U7 (z7) € Vi, VE > 1,

nllyll F (@' () — W (y) = Ui (27) € Vi, VE > 1o

Knowing that max{||F(¢'(z))|| ,||dF (¢ (x))||} < r we obtain

Since V4 is UL —positive

)

|9t )| < mrlll vt > 8 and ||wLw)|| < expra)yl vt € [0,9]
— vt <Al veec vizo,

where A := nrexp(rd). The linearized system (7)) is linearly C'—positive
stable. Lemma [6] implies that (2]) is C'—positive stable. ]

We have shown in the previous Proposition that the system is stable when
the cone V. is invariant under the flow of its linearized. We show in the next
Proposition one case of a linear systems such that the cone V, is invariant
under the flow. The linear systems in the next Proposition play the role of
the linear system (7)) of Proposition [l

Proposition 7. Consider the linear system (0l). Suppose that there exist
a continuous l-periodic functions p,3 : R — R such that 5 is a positive
function and such that for all t > tg

lgg?ignigg {p(t) —a;j(z,t), |a;j(z,t) — ak,l(m,t)‘} < B(t). (10)

Suppose that there exist d > 0 and a positive 1—periodic function 6 such that
0= —np(t)0 +2ndB(t) and 6O(t) <d, Yt >t (11)
Then the cone Vi is \I’tc_to —positive invariant of control time 6 = 1.

Proof. Let be 6 be the positive 1—periodic solution of Equation (III). Let
be t. € [to,to + 1] such that

0(t) = 6(t.). 12
max 6(t) = 6(t.) (12)
Let be x € C and recall that ! = (\Iﬂix, ..., ¥}, ) is the flow of the system
(@). Let V. be the interior of the set V. and let bey € V. Put ji(z) = > 7 %
for all z=(z1,...,2,) € R". By continuity,

>t U (y) e Vi, Vs € [t t).
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Let define
T = sup {t S, U (y) e Vi, Vs e (t*,t)}.

By uniqueness of solution a(¥$7*(y)) > 0 for all s € [t,,T]. The propo-
sition is proved if we prove that T' = 4+o00. By contradiction, suppose that
T < +o00, then )

Wy () & Vi (13)
Use Equation (@), we obtain for all 1 < i < n and t € [t,,T) the following
equations

2221 a;,j(, t)\yz',_xt* (y)
(Y5 (y))

n

d ci—teg ! ~ . ,
E\Pi,w (y) = a;(t) exp (/t*a(s)d.S),u(y), where a:= ;a].

d
Vi (W) = i)Y (y)), where ai(t) :=

By hypothesis ([I0), we have |na;(s) —a(s)| < nf(s) and 0(t.) < d, therefore

o (= [ o) (40 ) i

= 0(t.) /:[G(S) + (nai(s) — a(s))] exp ( - /STG(C)dC) ds > 0(t.) — 2(T)

z(t) == exp ( - /tta(C)(K)H(t*) + /tt ndf(s) exp < - /sta(g)dg“)ds, t € [ts, T).
= Z(t) := —a(t)z(t) + ndB(t), =z(ts) =0(ts), t€ [t T].

To obtain WI~(y) € V4 and get a contradiction with (I3), it is sufficient
to prove that z(T) < 6(t.), knowing that y; > 0. For that, we use the
comparison principle of differential equations. By Equation (I2]), the strat-
egy is to prove that z(T) < 6(T). Since 6(t,) is a maximum of 6 then
f(t,) = 0. By definition of the function a(t) and by hypothesis (IQ), we
have —a(t) < —np(t) + nB(t) for all [t.,T) and 6(t.) < d, therefore

2(ti) = —a(ts)z(te) + nB(t) < —np(t)z(te) + nB(t)z(t:) + dnpB(ts)
= —np(t)0(t:) +nB(t)0(t) + dnp(ts) < —np(t)0(t) + 2dnS(t)
= 0(t.) = 0.

Then there exists € > 0 such that z(t) < 6(t) for all t € (t,t« +€). Let
define

T := sup {t >te, 2(s) <6(s), Vse (t*,t)}.



8 W. OukiL, PH. THIEULLEN AND A. KESSI

Proving that T > T. By contradiction, if T < T, then z(T) = 6(T). That
implies

#(T) = —a(T)2(T) + ndB(T) = —a(T)O(T) + ndB(T)
< —np(T)(T) + 2ndB(T) = 6(T).

There exists t < T close enough to T such that z(t) > 6(t). We have obtained
a contradiction. Then T > T and z(T) < 6(T) < 6(t.). By Equation (I4),
we deduce that WI~t(y) € V,. Contradiction with the definition of the
point 7. We have Wit (y) € V, for all t > ¢, and all z € C. By continuity
of the flow, we have then proved that U!~t*(y) € V, for all y € V, , all
t > t,. and all z € C. In the other word, we have proved that the cone V.
is \IJtC_tO—positive invariant. O

3 Proof of the Main result

We prove in this Section the Main result of Section [Il For this, we consider
the Winfree model (1)) and recall that ®° is its flow. Without loss of gen-
erality we put x = (z1,...,2,) := ®!(z). As is stated in the Main result,
we will focus on the case when the Winfree model satisfies the hypothesis
H . To prove the Main result, for (v,x) € U and x € CF, (as defined in
equation(3])) we consider the linearized Winfree model

Dy = aWw@ @), 120, y=(nw).  (5)

where W(z) := —ko(2)(R(21),...,R(z,)) for all z = (z1,...,2,) € R". The
next Lemma shows that the linearized Winfree model (I3]) can be written
as the linear system of Proposition [7l In the Lemma (@), we prove then the
cone V. is positive invariant under the flow of the linearized Winfree model.
Finally, we use Proposition [ to prove the Main result.

Lemma 8. Let n € N* and assume that the Winfree model () satisfies
the hypothesis H. Then for all (v,k) € U and all z € C7 ;. there exist an
homeomorphism t — s := u,(t) and a change of variables of the form

7i(8) == exp </s:%d§>yi(u(s)), s> 80 = uz(0),

where s — t := 1,(s) is the inverse function of p, such that the linearized
Winfree model ([I3)) is equivalent to

A )= A 9pts), szs0 §=Gd) (0
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and such that the matriz function A(z,s) = {a; ;(x, ) }1<ij<n satisfies

1911;12;}]%”21612 {p(s) —aij(z,8), |aij(x,s) —ag(z, S)‘} < B(s), s> so,
1 KP'(s)R(s) 1= k/ke ay,k,D)
pls) = " n1—kP(s)R(s)’ pls) == 1—kP(s)R(s) 2nD

where D and (7, k, D) are defined in Equation (@).

Proof. Let (v,x) € U, x € C7,, and consider the linearized Winfree model
[@5). Let A(2) := {ai;(2)}1<i,j<n be the matrix function defined by

1
a; j(z) == —ERP'(zj)R(zi), Vz=(21,...,2n) € R".

The Jacobian dW(z) = {w; ;(2)}<i j<n, 2 € R", of the field W is defined by
wii(2) == —ko(2) R () + a;,i(2) and wi;(2) = a; j(2), @ # j.
Denote piz(t) := %zyzl x(t). Since (v,x) € U and by equation (&)
0<1—7—CrD — K[k < f1z(t), Vt>0.

Consider the change of variable t — s := u,(t) and put w(s) := y(7.(s))
where 7, is the inverse function of u,. We have %y(t) = d%w(s),aw . Put

1:=(1,...,1) € R". In terms of the new variables the linearized Winfree
model (I3]) becomes
d dW(s1)

%w(s) = T(S)R(S) + H(m,s)] w(s), s> s0:= pz(0), (17)

where the matrix function H(z,s) = {h; j(z,s)}1<i j<n is defined by

_dW(@™E)(z)) — dW(s1)  dW(P™) (z)) fha
A@s)=—3pORe) . T-sPRE "

Now consider the change of variables

o * KP(OR(Q)
7:(s) == exp (Lowdﬁ>wi(s), s > 50.

In terms of the new variables the linear system (7)) and so the linearized
Winfree model (I5) are equivalent to the linear system ([[6]) where the matrix
function A(z,s) = {a; j(z, s)}1<i j<n is defined by

N A(s1)

Az, s) 1—5P(3)R(3)+H(x’s)’ s>sp, 1<i,j<mn
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Recall that max |zi— piz| < A x(pz) < D. Use Equation (5l) and the Mean
<i<
Value Theorem to get for all 1 <4, 7, k,I < n the following inequality

HJD Q:‘i 1CkD
(o9 =) < L+ U]
1 CkD 1 Qn(’y +1CkD)
i w29 < P B T (= kPR < )
where
B(s) = 1—k/ke  a(y,k,D)
" 1-kP(s)R(s) 2nD
]

Lemma 9. Let n € N* and assume that the Winfree model ({1l satisfies the
hypothesis H. Let (v,k) € U, x € CY, and let Ul be the flow of the linearized
Winfree model ([IE). Then the cone Vy is WL, —positive invariant.

~¥,K

Proof. The strategy is to use Proposition [l Let (v,x) € U and z € C7,..
Lemma 8 implies that the linearized Winfree model (15) is equivalent to the
linear system ([I6]) such that the matrix function A(z, s) = {a; j(z, s) hi<ij<n
satisfies

max _ sup {P( ) — i j(z,8), |aij(x,s)— ak,l(m,s)‘} < B(s), s> so,
1<4,5,L,k<n xcC

1 kP'(s)R(s)
nl— rP(s)R(s)’

1—k/ke alv,k,D)
1—kP(s)R(s) 2nD

p(s) = — Bls) =
Let A, .(s) the positive 2r—periodic function as defined in Equation (@]).
By definition of the locking bifurcation critical parameter k., we have

min 1 —kP(s)R(s) =1 — K/kx. (18)
s€[0,2m]

Let 6 be the positive 2r—periodic function defined by

1 — K/Kx

0(s) := T nP(s)R() vk (8).

Knowing that [|0]| < HA%HHOO < D, by Equations () and (I8]), we find

1 — K/Kx

0= —np()0 + T B R

a(vy,k, D) = —np(s)8 + 2nDp(s).
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Since 0 is a positive 2 —periodic function ans satisfies ||0|| ,, < D, by Propo-
sition [ the cone V is \I’Cn -positive invariant, where ¥? is the flow of the

linear system (I6) and Where S0 = pz(0). Further, the control time satisfies
0 = 2m. In the other word

Vo e C!

ks 38z € [s0,80 +27] 1 z €V, = TS5 (2) € Vi, Vs > s,.

Recall that 7, is the inverse function of .. We deduce that for all x € CTYL’R
there exists 7,(s;) € [0, 7,(27)] such that the flows family {\Ifi}we(;% of the
linearized Winfree model ([I5]) satisfies

zeVy, = W) (5) e Vi, Vit > 7u(s,).

Finally, we have

B T2 (27)
T:(2m)(1—y—CrkD—kK/ky) < / [z (t)dt =27 = sup 7,(27) < +oc.
0 zeCy

O
Now, we prove the Main result of Section [l

Proof of the Main result. We use in this proof the Proposition Bl On the
one hand, by definition of the Winfree model ()

&; = w; — ko(x)R(x;) = w; — kP(x;)R(x;) + g Z(P(az,) — P(z;))R(z;).
j=1
Using the Mean Value Theorem, we obtain for all (v,x) € U and 1 < i < n,

0<1—y—CkD—k/ks < wi—ko(x)R(z;) < 1+y+rC, V& € CY

vt > 0.

On the other hand, by Lemma [ for all (y,x) € U the cone Vi is
\I/’}Jn —positive invariant. Proposition [l implies that the Winfree model
VK

@ is C% . —positive stable for all (v,x) € U. O

4 Conclusion

We have studied the stability of the Winfree model in its synchronized state.
The method based on the study of the linearized system’s stability. We
have introduced the V. invariant cone. The invariance of the cone V, is a
sufficient condition of the stability of the linear system (Proposition [l). To
obtain the stability of the Winfree model we have proved that V. is invariant
under the flow of its linearized system.
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