N
N

N

HAL

open science

Large permutation invariant random matrices are

asymptotically free over the diagonal

Benson Au, Guillaume Cébron, Antoine Dahlqvist, Franck Gabriel, Camille
Male

» To cite this version:

Benson Au, Guillaume Cébron, Antoine Dahlqvist, Franck Gabriel, Camille Male. Large permutation
invariant random matrices are asymptotically free over the diagonal. Annals of Probability, In press.
hal-01824543

HAL Id: hal-01824543
https://hal.science/hal-01824543

Submitted on 27 Jun 2018

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-01824543
https://hal.archives-ouvertes.fr

arXiv:1805.07045v1 [math.PR] 18 May 2018

Large permutation invariant random matrices are
asymptotically free over the diagonal

Benson Au Guillaume Cébron
Department of Mathematics IMT; UMR 5219
University of California Université de Toulouse; CNRS
Berkeley, CA 94720-3840 UPS, F-31400 Toulouse; France
Antoine Dahlqvist Franck Gabriel

University College Dublin Imperial College London
School of Mathematics and Statistics South Kensington Campus

Belfield Dublin 4; Ireland London SW7 2AZ; UK

Camille Male
IMB; UMR 5251
Université de Bordeaux; CNRS
F-33405 Talence; France

May 23, 2018

Abstract

We prove that independent families of permutation invariant random matrices
are asymptotically free over the diagonal, both in probability and in expectation,
under a uniform boundedness assumption on the operator norm. We can relax
the operator norm assumption to an estimate on sums associated to graphs of
matrices, further extending the range of applications (for example, to Wigner
matrices with exploding moments and so the sparse regime of the Erdés-Rényi
model). The result still holds even if the matrices are multiplied entrywise
by bounded random variables (for example, as in the case of matrices with a
variance profile and percolation models).

1 Introduction

Non-commutative probability is a generalization of classical probability that extends
the probabilistic perspective to non-commuting random variables. Following the sem-
inal work of Voiculescu [26], this setting provides a robust framework for studying the
spectral theory of random multi-matrix models in the large N limit. We outline the
basic approach of this program as follows.

1. In the non-commutative framework, Voiculescu’s notion of free independence
plays the role of classical independence. This simple parallel yields a surprisingly
rich theory, with free analogues of many classical concepts (e.g., the free CLT,
free cumulants, free entropy, and conditional expectations). The scope of free
probability further benefits from a robust analytic framework, allowing for the
free harmonic analysis [24].



2. Free independence describes the large N limit behavior of independent random
matrices in many generic situations: for example, unitarily invariant random
matrices [26] and Wigner matrices [I1]. The free probability machinery allows
for tractable computations. In particular, we can compute the limiting spectral
distributions of rational functions in these random matrices.

Yet, many random matrix models of interest lie beyond the scope of free probabil-
ity. One can accommodate such models by defining a new framework. This is the
perspective of traffic probability [2, 10, 12, [13] [14], [16], 17, [18].

1. The traffic framework enlarges the non-commutative probability framework.
The notion of traffic distribution is richer and allows to consider a notion of
independence which encodes the non-commutative notions of independences.

2. Permutation invariant random matrices provide a canonical model of traffic
independence in the large N limit.

The purpose of this article is to demonstrate that Voiculescu’s notion of conditional
expectation provides an analytic tool for traffic independence, in the context of large
random matrices.

1.1 Background
We first recall the notion of freeness with amalgamation [25].

Definition 1.1. e An operator-valued probability space is a triple (A, B, E) con-
sisting of a unital algebra A, a unital subalgebra B < A and a conditional ex-
pectation E : A — B, i.e. a unit-preserving linear map such that E(bjaby) =

b1E(a)by for any a € A and by,bs € B.

o Let K be an arbitrary index set. We write B{X}, : k € K) for the algebra gener-
ated by freely noncommuting indeterminates (Xg)rer and B. For a monomial
P =bo Xy, b1 X, -+ Xi, by € B{X}, : k € K), the degree of P is n and its coeffi-
cients are by, ...,b,. The operator-valued distribution, or E-distribution, of a
family A = (A®) ek of elements in A is the map of operator-valued moments

Ea:PeB(X;: ke K)y— E[P(A)] B.

o Sub-families A, = (Agk))keK,...,AL = (A(Lk))keK of A are called free with
amalgamation over B (in short, free over B) whenever for any n = 2, any
by # by # -+ # Ly, and any monomials Py, ..., P, € B{X} : k€ K), one has

B[(Pi(An) - E[P(AL)]) -+ (Pa(An) - E[Pa(A)]) | =0

Ordinary freeness is the special case of operator-valued freeness when the algebra
B equals C. Operator-valued freeness works mostly like the ordinary one, and the
freeness with amalgamation of Aq,..., Ay allows to compute the operator-valued
distribution of A; U ... U A} from the separate operator-valued distributions.

For N € N, the set of N x N matrices is denoted by M . We define the diagonal
map A on My by AA = (5i7jA(i,j))£\fj:1 for any A = (A(i,j))f\fj:l. The set of N x N
diagonal matrices is denoted by Dy. Note that (My, Dy, A) is an operator-valued
non-commutative probability space.

For random matrices, freeness with amalgamation over the diagonal first appeared

in the work of Shlyakhtenko [22] on Gaussian Wigner matrices with variance profile.



Our motivation to consider this question for permutation invariant matrices is a recent
result by Boedihardjo and Dykema [7]. They proved that certain random Vander-
monde matrices based on i.i.d. random variables are asymptotically R-diagonal over
the diagonal matrices. These random matrices are invariant by right multiplication
by permutation matrices. If this symmetry was with respect to multiplication by any
unitary matrices, then we would have obtained convergence to ordinary R-diagonal
elements [2I, Theorem 15.10]. This then suggests a link between permutation invari-
ance and freeness with amalgamation over the diagonal.

1.2 Asymptotic freeness with amalgamation over the diagonal

In the sequel, when we speak about a family Ay of N x N random matrices, we
implicitly refer to a whole sequence (A n)nen of families of N x N random matrices

Ay = (Ag\lf))keK, where K is independent of N. The family A y is said to be permu-
tation invariant if for any permutation o of the set [N]:= {1,..., N}, the following
two families of random variables have the same distribution:

k), . . Law k . .
(49 6.9) 2 (4R (). 0(7)))
Equivalently, for any permutation matrix S of size N,
A(k)) Law (SA(k)Sfl>
( N ke N

The following result is a simplified version of our main result (Theorem .

keK,1<i,j<N keK,1<i,j<N

keK

Theorem 1.2. Let Ay; = (A%c)l)keK,...,AML = (Ag\];_)L)keK be independent fam-
ilies of random matrices which are uniformly bounded in operator norm. Assume
moreover that each family is permutation invariant.

Then An1,...,An 1 are asymptotically free with amalgamation over Dy in the
following sense. For any n = 2, any €1 # fo # --- # L, and any monomials
Pni,...,Pnyn € DN{Xk : k € K) such that their degrees and the norms of their
coefficients are bounded uniformly in N, the matrix

en = A[(Pni(Ane,) — APN1(Ang)) - (Prn(Ane,) — APy n(Ane,))]

converges to zero in Schatten p-norm for all p = 1. Namely, for any p = 1, we have

1
E [NTr[(st}“V)p]] e 0.

This convergence implies the convergence to zero in probability of the Schatten
p-norms of ey as N tends to infinity. Thus, independent large permutation invariant
matrices are asymptotically free over the diagonal in probability in (My, Dy, A):
for a typical realization of Ay 1,..., AN 1, the operator-valued distribution Ax; U
...U Ay 1 is close to the distribution of copies of Ay 1,..., Ay, which are free with
amalgamation over Dy .

In Theorem we first strengthen this result for the operator-valued space of
random matrices generated by the Ay ,. In Section |§| we also weaken the assump-

tion of invariance by permutations: our results also apply if each matrix of A((ZN) is
multiplied entrywise by bounded random variables.



1.3 Numerical validation

Free harmonic analysis in operator-valued spaces and Theorem introduce new
perspectives for the analysis of large random matrices. In particular one can use the
numerical method of Belinschi, Mai and Speicher [4] to calculate the limiting empirical
spectral distribution of rational functions random matrices.

We illustrate our result by computing the limiting distribution of the sum of
two independent Hermitian matrices of various models: GUE matrices with variance
profile, adjacency matrices of Erdés-Rényi graphs, adjacency matrices of percolation
on the cycle, diagonal matrices conjugated by a unitary Brownian motion or by the
Fast Fourier Transform matrix.

The rest of the article is organized as follows. In Section [2] we state our main
results: Theorem [2.2] and its generalizations Proposition [2.3] and Proposition 2:4] In
Section we present an algorithm to compute the eigenvalue distribution of the
sum of independent permutation invariant random matrices, and apply it to various
models. Finally, Section [4] contains the proofs of the different results of Section [2}

2 Statements of results

2.1 Freeness with amalgamation of large random matrices

We now consider the operator-valued probability space of random matrices over a
probability space. We denote it (M (L), Dy (L*), A), where M (L) is the space
of N x N matrices of bounded random variables, and Dy (L) is the space of N x N
diagonal matrices of bounded random variables. In this context, Dy (L) Xy : k € K)
is the space of monomials of random diagonal matrices.

The minimal setting in order to formalize Theoremin (Mn(L*®),Dn(L®), A)
requires the following definition.

Definition 2.1. Let Ay be a family of random matrices. We define An to be the
smallest unital subalgebra containing the matrices of A that is closed under A, and

we denote By = A(An).

Remark that Ay = By(AN), and By is the smallest subalgebra of Dy (L*) such
that A(BN<AN>) c By. The triplet (An, By, A) is an operator-valued probability
space. In order to formulate a notion of asymptotic freeness with amalgamation
over By, the coefficients of the polynomials should be consistent as the dimension N
grows. The way we shall encode the coefficients independently of the dimension is by
the following notion of graph monomial.

In this article, a graph monomial g is the data of a finite, bi-rooted, connected
and directed graph G = (V| E, v, Uout) and edge labels ¢ : E — {1,...,L} and
k : E — K. We allow multiplicity of edges and loops in our graphs. The roots
Vin, Vout, are elements of the vertex set V, which we term the input and the output
respectively. The roots are allowed to be equal. The labels ¢ and k allows to assign
55(176(?) to each edge e € F.

The evaluation of the graph monomial ¢ in the family of matrices Ay = Ay U
-~ U Ay, is the N x N matrix g(Ay) € My (L®) given by

g(AN)(i,j) = > [T ASS) (6w), 6(v)).

¢:V—[N] e=(v,w)eE
d(vin)=5,0(vout)=1

a matrix A



Vin

Figure 1: A graph mononial

In Lemma we prove that By is spanned by the matrices g(Ay) where the graph
of g is a so-called cactus-type monomial, i.e. a graph monomial whose underlying
graph is a cactus and whose input and output are equal.

Theorem 2.2. Let Ay = (Ag\lf)l)keK,...,AML = (A%C)L)keK be independent fam-
ilies of random matrices that are uniformly bounded in operator norm. Assume
moreover that each family, except possibly one, is permutation invariant. We write
Ax =ANn1U---UAnN, for the union of the families of matrices.

Then An1,...,An, are asymptotically free with amalgamation in the operator-
valued probability space (An,Bn,A) in the following sense. Let n = 2, {1 # ly #
oo # Ly and Py, ..., Py € BN(X} : k € K) which are explicitly given by

Py = 90,i(AN)Xp, ()91, (AN) - X, (a,)9d;,i (AN),

where each g;; is a cactus-type monomial (which does not depend on N ). Then, the
matric

en = A[(Pvi(Aneg) = APN1(ANg)) - (Pun(Ane,) = APy n(Ang,))]
converges to zero in Schatten p-norm for all p = 1. Namely, for any p = 1, we have
1
E [NTr[(eNe}"V)p]] .0

Note that there is no assumption of convergence of the A-distribution of the
matrices, as it is commonly assumed in the context of deterministic equivalents [20],

Chapter 10].

2.2 Generalizations

In this section, we present some generalizations of Theorem [2:2] First, we relax the
bounded operator norm assumption.

Proposition 2.3. The conclusion of Theorem[2.9 remains valid if the operator norm
bound assumption is replaced by the following weaker assumption: for any € € {1, ..., L},
any graph monomials g1, ..., gy with equal input and output,

E ll_[ Tr(gi(AN,g))

i=1

_ O(NZLlf(gz‘)/?), (2.1)

where f(g;) = 2 is determined from the forest F' of two-edge connected components of
the graph underlying g; (Definition @)



In particular, the conclusion of Proposition [2.3] holds if

E [ﬁ TT(gi(Aw))} = O(N"),

i=1

which is the boundedness of the so-called traffic distribution [I7]. For example, this
holds for Wigner matrices with exploding moments as the matrix of the Erdos-Rényi
graph (see for instance [I8, Proposition 4.1]), which do not satisfy the bounded oper-
ator norm property [27, Proposition 12].

The integer f(g) appearing in the above theorem has been considered by Mingo and
Speicher in [I9], where they proved that (2.1 is true if Ay 1,..., Ay, are uniformly
bounded in operator norms (see Section

Proposition 2.4. Let An1,..., AN, be independent families of random matrices
that are uniformly bounded in operator norms, or which satisfies the bound ({2.1).

Assume moreover that each family is permutation invariant. Let (Fék))e L be a family

of random matrices with uniformly bounded entries, independent of (AN 1,...,ANL).
Then the conclusion of Theorem [1.9 and the conclusion of Theorem[2.4 remains true
for the family An1,..., AN 1, where

An ) — (A(k) F(k)> :
N,¢ NeOly he K
and o denotes the entrywise product.

Let us emphasize that the families of matrices (ng))k, ceey (F(Lk))k are not as-
sumed to be neither independent nor permutation invariant, and so too for the
AN,l, .. .,AN, 1. In particular, Proposition can be applied to Wigner random
matrices with variance profile [22].

3 Examples and numerical validation

In this section, we consider various models of independent permutation invariant
random random matrices Xy and Y. On the one hand, we construct the empirical
spectral distribution of X y+Yx. One the other hand, we use the fixed point algorithm
of Belinschi, Mai and Speicher [4] to compute the spectral distribution of the free
convolution with amalgamation over the diagonal of X and Yy. This depends only
on the separated A-distributions of X and Yy. Our main theorem guarantees that
the difference between this two pictures becomes negligible in the limit in expectation
and in probability. We actually obtain the numerical evidence for realizations of large
matrices that asymptotic freeness over the diagonal holds.

3.1 Amalgamated subordination property

We need the following notion to explain the fixed point algorithm. Let (A4, D, A) be an
operator-valued probability space such that A is a C*-algebra. The operator-valued
Stieltjes transform of a self-adjoint element X of A is the map

Gx:Ae D' — A[(A—X)7'],

where DT is the set of elements A € D such that S(A) := A;f* > 0. We also write
Hx for the map H : A — Gx(A)™! — A.




For random matrices, this map is then the diagonal of the resolvent of the matrices.
Let us remark that this object was known to be an important tool in the analysis
of large random matrices, for instance for random matrices with heavy tailed entries
[9, B, B, B], for adjacency matrices of random graphs [15], or more recently for the
local analysis of Wigner matrices with variance profile [J.

Theorem 3.1 (Theorem 2.2 of []). Two self-adjoint operator-valued random vari-
ables X and Y free with amalgamation over D satisfy the following subordination
property. For all A € DV, we have Gxiy(A) = Gx(Q(A)), where the subordi-
nation function Q : DY — DT is the unique solution of the fizred point equation

Q(A) = Fy (Q(A)), where

FA(Q) = Hy(Hx(Q) + A) + A.
Moreover, it is the limit of the sequence €, given by Q41 = FA(Q,) for any Qg € DT.

Let X and Y be two self-adjoint operator valued random variables, free with
amalgamation. Assume that the A-distributions of X and Y are those of our matrices
Xy and Yy respectively. The following algorithm generates an approximation of the
value of the spectral density gx+y(z) of X +Y at z € R when it exists.

Step 1 Simulate a realization of X and a realization of Y.

Step 2 Set A = (x + iy)Iy where y > 0 is small. Compute the terms of the sequence
Q1(A) == A, Qui1(A) = Hy,, (Hx (20 (A)+A)+ A, Yn > 1, until the difference
between €2, and €2, .1 is under a threshold.

Step 3 The value of the density gx 1y () is then close to

1s<J1VTr [((7) - XN)‘1]>

™
provided y is small enough and the distribution admits a density at x.
Remark 3.2. Let us mention two strengthening of this method.

1. The amalgamated R-transform of Y is the map D+t — Dt characterized by
Gy(A) = (A = Ry (Gy(A))) ™", The function Q(A) of Theorem [3.1 actually
equals A — Ry (G X4Y (A)) The knowledge of the amalgamated R-function of
X and/or Y provides faster algorithms [20, Theorem 11 of Chapter 9] which do
not require the simulation of the matrices X and/or Y.

2. Thanks to a linearization trick, the fixed point algorithm described by Belinschi,
Mai and Speicher can be extended in order to compute the distribution of any
non-commuting rational function in X and Y, see [4, Theorem 2.2].

3.2 DMatrix models

In the rest of the section, we will present examples of different models to illustrate of
our results.

1. We write GU Evp(n) for the matrix with variance profile decomposed in blocks

8 VX Xio >
GUE = ,
vp(n) 5n+3 < Xor /N X22




where n > 0 is a parameter, X;; has size N/4 x N /4 and
Xor Xoo

GUE matrix.

X1 X ) s a

2. We write ER(d) for the standardized adjacency matrix of a sparse Erdés-Rényi
graph, namely
Yn —dIn

V(1 = d/(N =1))’

ER(d) =

where

e Yy is a real symmetric random matrix, with null diagonal, and such that
the strict subdiagonal entries are i.i.d. Bernoulli random variables with
parameter d/(N — 1),

e Jx is the matrix whose non diagonal entries are all 1/(N —1) and diagonal
entries are zero,

e d > 0 is a parameter.

3. We write Perm for the matrix %(V + V' —2]y), where V is a uniform per-

mutation matrix, and Perm(p) for the matrix ﬁPerm oI'(p), where I'(p) is a

symmetric matrix, with null diagonal, and whose strict subdiagonal entries are
i.d.d. Bernoulli random variables with parameter p.

4. For a given diagonal matrix D, we write F'F'Tp for the matrix VUDU*V* where
V is a uniform permutation matrix and U is the Fast Fourier Transform uni-

—Enne i) ),...- We also denote FFTp(p) for the matrix

ﬁFFTD o I'(p), where I'(p) is as in the definition of Perm(p).

5. For a given diagonal matrix D, we write UM Bp(t) for the matrix Uy DU/ y,
where Uy n is a unitary Brownian motion starting from a uniform permutation
matrix at time ¢t. We refer to [6] for the definition of the unitary Brownian
motion and the related notion of t-freeness.

tary matrix (Tlﬁwe

6. We also define the three following diagonal matrix:

Dl = diag(l,—1,1,-1,...,1,~1),
D2 := diag(—L...,—l,l,-n,l)a
— —
N/2 N/2
3 2 4 N -1 2 4
D3 = | di (—2—2 Bl S PR i S I U
3 \/;mg , +N, +N, , + N +N +N

3.3 Experiment framework and comments

Figure [2 reports the result of 8 numerical simulations, for different models for Xy
and Yy indicated in the legend of the pictures.
In each case, we represent

e the histogram of the eigenvalues of one realization of %(X ~N + Y ) for matrices
of size N = 1000,

e in blue, the density of the spectral distribution of %(X +Y), where X and Y

are free over the diagonal and such that their A-distribution is the one of Xy
and Yy
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Figure 2: Results of the numerical simulations.



e in red, the density of the free convolution of the empirical eigenvalues distribu-
tions of Xy and Yy.

In the algorithm, the small parameter y equals 0.001. We stop the fixed point
process at the threshold ||, — Q,11]x < 0.001.

The prediction by asymptotic freeness over the diagonal fits accurately the his-
togram in all situations we have investigated numerically. In Picture (a) to (d) we
see that the deviation between the free case and the free with amalgamation case is
mainly at the center of the spectrum. In Picture (e) to (h), the time of the Brownian
motion is quite small and so the difference between the red and the blue line is more
important.

4 Proof of the theorems

4.1 Algebras of graph polynomials
We first make precise the notion of cacti mentioned previously.

Definition 4.1. A connected graph is a cactus if every edge belongs to exactly one
simple cycle. An oriented cactus is a cactus such that each simple cycle is directed.

Figure 3: Cactus with four simple cycles

We define C to be the set of cactus-type monomials, that is such that the underlying
graph is an oriented cactus and the input and output are equal. We denote by Cy
the vector space generated by (Q(AN))gec. More generally we define F to be the set
of graph monomials obtained by considering a directed simple path oriented from the
right to the left and by attaching oriented cacti on the vertices of the path. The input
is the far right vertex of the path, the output is the far left. We then denote by Fy
the vector space generated by (g(AN))ge]_-. It is clear that C < F and so Cy < Fn.
Moreover, note that Fy = Cy(An), namely it is the vector space generated by
elements of the form

P = go(AN)ASY g1(AN) -+ AGY ga(Aw), (4.1)
where, for i € {0, ...,d}, g; is in C.
Lemma 4.2. The spaces Cy and Fn are unital algebras and A(Fn) =Cy.

Proof. For any graph monomials g; and g, the product of matrices g1(An)g2(AN)
is equal to g(A ), where g is obtained by identifying the input of g1 with the output
of go. It follows that C is an algebra, and so is Fy. Both are unital by considering
the trivial graph with a single isolated vertex.

10



For any graph monomial g, the matrix A(g(Ay)) is equal to A(g)(Ay), where
A(g) is obtained by identifying the input with the output of g. It follows that
A(Fn) =Cn. O

Lemma 4.3. One has Fy = An and consequently Cy = By.

Proof. Recall that Ay is the smallest unital algebra containing A stable under A.
It is clear that Ay < F since Ay < Fy and A(Fy) < Fy by Lemma

We now prove the reverse inclusion by induction on the number of edges. If g has
a single edge then g(An) € Ay UA(Ayn) € An.

Assume that for some n > 2, every g(Ay) € Fny whose graph has fewer than n
edges belongs to Ay. Let g(An) € Fuy for some graph with n edges. If the input
and the output of g are not equal, or if they are equal but belong to more than one
cycle, then we can write g(An) = g1(An)g2(An), where g1 and g, have fewer than
n edges. Since Ay is an algebra, then g(Ay) € Ay.

Assume that the input and the output are equal to a vertex v and belong to exactly
one cycle. Then one can split the vertex v into two vertices v;, and v,y, allowing
one to exhibit a product P of the form such that A(P) = g(Ay). Now we
can factorize P = g1(An)g2(AN) as in the previous case, where g1 (Ay) and g2(Ay)
belong to Ay by the induction hypothesis. Hence g(An) = A(g1(An)g2(An))
belongs to Ax. O

4.2 Preliminary lemmas

We start by considering arbitrary families Ay 1,..., Ay, of random matrices. By
enlarging them if necessary, we can assume that the families are closed under .

Lemma 4.4. If
1
. [NTf aN] o

for every en as in Theorem i.e.
en = (Pni(Anye,) — APn1(Ang))  (Pyn(Ane,) — APy n(Any,))

where n = 2, €1 # Ly # -+ # €y, and Pn1,...,Pny € BN(X) 1 k € K) are explic-
itly given by Py = g0,i(AN)Xk,(1)91,i(AN) - Xk, (d,)9d;,i(AN), with g;; cactus-type
monomials (which does not depend on N ), then, we also have

1
E |:NTI‘(€N€}RV);D] ]\:)O 0

for any such ey .

1

Proof. Let us remark that (ene} )P = eneX (eneh )P can be written as:

(Pna(Ane) — APy 1(ANng))  (Prn(Ane,) — APn o (Ang,)) ek (enek)? "

Moreover, €% (eye¥)P~! is an element of By, that we denote g(Ay). Since A is a
conditional expectation, one has A(Py (AN, ))9(An) = A(Pyn(Ane,)9(AN)).
Hence one can update the last coefficient of the polynomial Py , in order to include
the factor % (ene%)P~1. More precisely, writing

Py = 900 (AN) Xk, (1)91,0(AN) -+ Xio, (d) 9o n (AN),

11



we can replace this polynomial by
Py, = 90,0 (AN) Xk, (1)91,0(AN) - X, (d0) I n (AN),

where a, .n(AN) = ga,n(An)g(An). Hence we are left to prove that E [+ Tren]
converges to zero. O

For any i € {1,...,n}, let Py, € BN{(X) : k € K). We define M; := PNZ(ANg )

and M = M;—A(M;). In order to compute the quantity E[ + Tr(M1 M )], we use
the moment method, involving sums over unrooted labeled graphs that we introduce
now.
In this article, a test graph T is the data of a finite, directed and labeled graph
= (V,E,K). Note that the graphs are possibly disconnected. The labelling map
K : E — Ay corresponds to an assignment of matrices e — K.. We define the
quantities

w1l = B B T Kelstw)ow)] (4.2

¢:V—[N]e=(v,w)eE

A1) - Bl X T Klswew)| (1.3)
¢:V—>[N]e=(v,w)eE
injective
where ¢(T) is the number of connected components of T'.

For any partition 7 of V, we define T™ = (V™ E™, K™) as the graph obtained
from T by identifying vertices in the same block of w. More precisely, the vertices of
T™ are the blocks of 7, each edge e = (v,w) induces an edge e™ = (B,, B,,) where
B, and B,, are the blocks of m containing v and w respectively. The label K[ is
the same as the label K.. We say that 77 is a quotient of 7. We then have the two
relations [I7, Lemma 2.6]

T = 3 N (44
TeP(V

=[T] = D) NUTDINMob(0, 7) Tn[T7], (4.5)
TeP (V)

where Mob(0,7) = (HBEW(—1)|B|(|B| - 1)!) is the Mobius function on the poset of

partitions [23] Example 3.10.4].
We write M; = go.i(AN) Ak, (1)91,i(AN) - - - Ak, (d,)9d;,i(AN), and consider the graph
monomial ¢; € F such that ¢;(Ay) = M;. It is explicitly given by

. ._( Vi) V@ VT @) gdy'i’i)

obtained by considering a directed simple path oriented from the right to the left
whose edges are labelled by (¢;,k;(d;)),..., (¢, k;(1)) and attaching, following the
decreasing order on j = dj, ...,0, the root of the graph monomial g;; on the vertices
of the path.

Let T = (V, E, K) be the test graph obtained by identifying the output vertex of
t; with the input vertex of ¢;_; for ¢ € {1,...,n} (with notation modulo n for the
index 4). It inherits the edge labels from the ¢;. Note that as an unrooted graph, T
equals A(ty ---t,). One can easily verify that E[%Tr[Ml .. Mn]] =TN [T]

12



For each ¢ = 1,...,n, the graph ¢; can be seen as a subgraph of 7. We denote by
v; the vertex of T' corresponding to the input of ¢; with the convention vg = v,. The
following lemma describes the cancellations in Formula (4.4)) when one replaces M;

by 1\041‘ = M; — A(M;).

Lemma 4.5. With above notations for the test graph T we have

E[;]Tr[ﬁl...]\;[n]]z DR ]
meP(V) s.t
Vit rVi—1, Vi

Proof. Let us consider I < {1,...,n}. Denote by T} the test graph obtained form T'
by identifying, for each i € I, the input and output of ¢;. Then we have

EHTr[ﬁl..Mn]]: S ()],

Ic{1,...,n}

For each i = 1,...,n, we denote by V; the vertex set of ¢;, seen in the graph T'.

E [}VTr[A}l » 1\2"]] S e (L S
Ic{1,...,n} TeP (V)
s.t. vi_1~rv;, Viel

For any w € P(V), denote by J, the set of indices i € {1,...,n} such that v;_1 ~; v;.
Then, exchanging the order of the sums, we get

E [;Tr[ﬁl. ] 3 ( 3 (- |f|) il

TeP(V) IC)x

Since the sum in the parentheses vanishes as soon as the index set J. is nonempty,
we get the expected result. O

Our analysis of each term 7 [T”] relies on the geometry of a graph we introduce
now. In this article, we call colored component of 77 a connected maximal subgraph
of T™ whose edges are labelled in one of the sets {1} x K,...,{L} x K. We denote
by CC(T™) the set of colored components. Hence a colored component has labels
corresponding to only one of the families Ay 1,...,Ax . We call graph of colored
components of T™ the undirected bipartite graph GCC(T™) = (Vr, Ex), where V,; =
CC(T™) u V; and there is an edge between each vertex and the colored components
it belongs to. The definition is slightly different from the one in [I7] where V), is the
union of the colored components and the vertices of T™ that belong to more than one
colored component.

Lemma 4.6. There is no partition 7 in the sum of Lemma such that GCC (T’r)
s a tree.

Proof. Consider the simple cycle ¢ of T' that visits the edges of ¢4, ..., %, labeled with
bin | |, A;. For any partition m of P(V), the cycle induces a cycle ¢™ (non simple
in general) on the graph of colored components of T7. If this graph is a tree, then
eventually ¢™ backtracks and m must identify v; with v;_; for some i € {1,...,n}. O

The conclusion so far is that to prove the converge to zero of any ey as in
Lemma it suffices to prove the convergence to zero of 74[T™], as in Lemma
for any T™ such that GCC(T™) is not a tree.
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4.3 Proof of Proposition 2.3

Henceforth, we assume that the families of matrices Ay ,..., Ay 1 are permutation
invariant and we are operating under the assumptions of Proposition Notations
are those of the previous section.

We first prove that, without loss of generality, we can assume that Ay ; is also
permutation invariant. By Lemma the quantity E [%Tr € N] is a linear combi-
nation of terms of the form E[%Tr g(AN)], for some graph monomials g. Let U be
a uniform permutation matrix, independent of Ay. By [I7, Lemma 1.4], for any
graph monomial g one has E[+Trg(Ay)| = E[5Trg(UANU")]. Since the families
of matrices are independent, we have equality in distribution

L
(UANlet,.‘.,UANyLUt) i (UAN U Ang, ..., AN L).
This proves that we can replace Ay ; by the permutation invariant family UA v ,U".

Lemma 4.7. For any partition © of V' such that GCC(T™) is not a tree, we have
[T = O(NY).

Proof. Let ¢ be an arbitrary injective function from V7™ to [N]. By permutation
invariance, we have [I7, Lemma 4.1]

1 N!
N7 l=—=—"__FE KT . 4.6
TN[ ] N (N _ |V7T|)' a (UEIGEW ((;5( ) (rb( )) ( )
For any 1 < ¢ < L, we denote by T] = (V;, E;) the test graph which is composed of

the colored components of T™ labelled by the matrices Ay . Then, by independence
of the families of matrices:

El [[] KI((w) ] H E[ [[  KZ(w), ¢(v))]-
e=(v,w)EE™ e=(v,w)EE,
Hence, using again for each graph T} we get

orpey L NI L (N = [V lcc(r™)| L o
~T = v (H NN XﬂTN[Tf]

L
N*1+|V"\*Zelwl+\CC(T")|(1+O ) 1—[ (17,

where |[CC(T™)| is the number of colored components of 7. Note that the cardinals
of the vertex and edge sets of GCC(T™) are |Vx| = |CC(T™)| + |Vz| and |Ex| = >3, | Vil
so that

9 [17] = N'V‘1|5‘<1+O )) x HTNTZ

A bound for HgL:1 5 [TZ7r ] is obtained from the growth condition (2.1)), for which we
need the following definition.

Definition 4.8. 1. Recall that a cut edge of a finite graph is an edge whose dele-
tion increases the number of connected components.

14



2. A two-edge connected graph is a connected graph that does not contain a cut
edge. A two-edge connected component of a graph is a mazimal two-edge con-
nected subgraph.

3. For a finite graph G, we define F(G) to be the graph whose vertices are the
two-edge connected components of G and whose edges are the cut edges linking
the two-edge components that contain its adjacent vertices. Note that F(G) is
always a forest: we call it the forest of two-edge connected components of G.

4. We define §(G) to be the number of leaves of F(QG), with the convention that the
trees of F(G) that consist only of one vertex have two leaves.

Lemma 4.9. We have the following estimate
L
[[=~[r] =0 (NZ,Z f(TZr)/2—\CC(T")|) _
=1

Proof. Let T'= (V, E) be a test graph. By (£.5), we have

T = D) NTDI=DNob(0,0) 7y [T7].
aeP (V)

Under the assumption of Proposition 2.3, we have 7x[T] = O(NTT*)/2=e(T7)y Bt
f(T7) < §(T), so we get [T] = O(NTT)/2=e(T)) " Applying this fact for each TJ
provides the expected result. O

Thus, we have the estimate

7% [T7] = O(NV=I= 1=l + 2 fT7)/2=leeTmly (4.7)

Let us recall that, for a finite and undirected graph G = (V, £), denoting by degg(v)
the degree of a vertex v € V, we have

vl 3 (1 ),

veV

Assume GCC(T™) is not a tree. Let G = (Vy,Ex) be the graph obtained pruning
GCC(T™), by removing the vertices of GCC(T™) that are of degree one (as well as
the edges attached to these vertices), and iterating this procedure until it does not
remain vertices of degree one. We denote by V4 and V; the vertices of CC (T™) and V,
respectively that remain in G, after this process. Then we have

L =
Vil = el =1+ 2 20 jeeam)
(=1

Vel =&l =14 ) (%-1)

sece(T)

B (T D () B ()

56\71 veVs SECC(T")

Note that since T™ is two-edge connected, the colored components S such that f(S) =
3 remain in G,. Indeed, since T is two-edge connected, each leaf of the tree of two-
edge connected components of S corresponds to at least one vertex v € V. So the
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components S that have been removed have necessarily f(.S) = 2. Moreover, for the
same reason, we have f(S) < degg (S). Hence, since degg (v) > 2 for each v € Va,
the last equality yields

el =l =1+ 20D ey < 1 - 3 (2 _yy <y
L

~ 2
veVsy
By Formula ([4.7), we get as expected 73[T7] .0 O
—00

4.4 Proof of Theorem 2.2

Theorem 6 of [I9] ensures that

k
Te(g(Ane) < N2 T AN, |
ee

for any graph monomial g with set of edges F and equal input and output. Because
the norm of our matrix are uniformly bounded, the matrices satisfies the growth
assumption (2.1) of Proposition and all the results of the previous section are
valid.

4.5 Proof of Theorem 1.2

Let Ay1,..., AN, and ey be as in Theorem By enlarging the index set K if
necessary, let us denote by Ay, 41 the family of the coefficients D; ¢ of the polynomial
Py ¢ defining en. We apply Theorem @ to the family An1,..., AN r+1, specified
for the polynomials

Py = Doy Xk,1yD1,e+ Xy (dg) Dy -

Note that each D;, can indeed be written as g; (Ay) for g;, a graph monomial
consisting in a single loop labeled by the matrix D;, of Ay 1. This proves the
assertion of Theorem @ for any Py ¢ with fixed degree and bounded coefficients,
which is sufficient to ensure the validity of the theorem in full generality.

4.6 Proof of Proposition 2.4

Let us consider the families of random matrices A N1y ooy A N,L, Where we recall that
A e (AK) (k) _ (1)
AN7g = (AN,E OFZ )keK’ and I = (FE )Z,k
uniformly bounded entries, independent of the matrices (An1,..., AN,L)-

According to Section[£.2] in order to have the conclusion of Theorem [2.2] it suffices

to prove that 7% [T”(A N)] converges to 0 for all test graph T and partition 7 such
that GCC(T™) is not a tree. Using (4.6]), we have

is a family of random matrices, with

T]%[Tﬂ(AN)]
— % Y B[ [T AY@w.ew] <] ] 1 (6w).ew)]
q:n‘J/e;E\]/\g] e=(v,w)eE e=(v,w)eE

N — V) .
— [T (AN)] % > B[ 1 T 6w e
LGl e tmer
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The term 73 [T™(An)] tends to 0 thanks to Section and Section 4.4} and the

rightmost term is bounded, since the entries of the matrices F( ) are bounded Thus
the conclusion of Theorem . are true for A N A N,L-

Reasoning as in Section 45 in order to have the conclusion of Theorem [T.2]
true for AN 1y AN L, it suffices to have the conclusion of Theorem true for
AN,l, . AN L,AN L+1, where AN L+1 is a family of bounded determlstlc diago-

nal matrices. We can write Ay 41 as (Ag\l;,)e o ch))

keK
F(ij_l = A%C,)LH, in such a way that Ay 141 = (A%)Lﬂ)ke;( is permutation invariant.

with AN7L+1 = Iy and

Then we have proved that the conclusion of Theorem is true for A N1y oo A N,L+1-
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