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SEDIMENTATION OF PARTICLES IN STOKES FLOW
AMINA MECHERBET

ABSTRACT. In this paper, we consider N identical spherical particles sedimenting in a
uniform gravitational field. Particle rotation is included in the model while inertia is
neglected. Using the method of reflections, we extend the investigation of [I0] by discussing
the optimal particle distance which is conserved in finite time. We also prove that the
particles interact with a singular interaction force given by the Oseen tensor and justify
the mean field approximation of Vlasov-Stokes equations in the spirit of [7] and [g].

2010 MSC: 35Q70, 76T20, 76D07, 35Q83

Key-words: Suspension flows, Interacting particle systems, Stokes equations, Vlasov-like
equations

1. INTRODUCTION

In this paper, we consider a system of N spherical particles (B;)1<;<y with identical
radii R immersed in a viscous fluid satisfying the following Stokes equation:

—AuN +VpN = 0, 3 -
(1) { divey = 0, on R \gBi’
completed with the no-slip boundary conditions:
u = Vi+Q; x (r —x;), on OBy,
(2) Jim N (z)] = 0,
T|—00

where (V;,€;) € R* x R*, 1 <4 < N represent the linear and angular velocities,

We describe the intertialess motion of the rigid spheres (B;)1<i<y by adding to the instan-
taneous Stokes equation the classical Newton dynamics for the particles (z;)1<i<n:

T, = Vi
(3) F,+mg = 0,
T’i = 07

where m denotes the mass of the identical particles adjusted for buoyancy, g the gravita-

tional acceleration, F; (resp. T;) the drag force (resp. the torque) applied by the the fluid
1
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on the i'* particle B; defined as
Fo= [ o
9B;

no- | =) <o,

with n the unit outer normal to dB; and o(u,p") = 2D(u") — p"I, the stress tensor
where 2D(u") = Vu + Vul .
Equations ({1)) — (3)) are a model for suspensions sedimenting in a uniform gravitational field.
We refer to [5, Chapter 1 section 1] for a physical explanation of the Stokes approximation
in terms of the Reynolds number, we refer also to [I] for an introduction to the model.
The constant velocities (V;, ;) of each particle are unknown and are determined by the
prescribed force and torque F; = mg and T; = 0. In [15], the author shows that the linear
mapping on RV :
(Vz’, Qz’)lgz‘gN — (Fz‘, Ti)1§i§N7

is bijective for all N € N*. This ensures the existence and uniqueness of the velocities.

Given initial particle positions z;(0) := 29, 1 <4 < N, we are interested in the asymp-
totics of the solution when the number of particles NV tends to infinity. The main motiva-
tion is to justifiy the representation of the motion of a dispersed phase inside a fluid using
Vlasov-Stokes equations in spray theory [6], [2].
The analysis of the dynamics is done in [12] in the dilute case i.e when the minimal dis-
tance between particles is at least of order 1/N'/3. The authors prove that the particles
do not get closer in finite time. Moreover, in the case where the minimal distance between
particles is much larger than 1/N'/? the result in [12] shows that particles do not interact
and sink like single particles. We refer finally to [I0] where the author considers a particle
system with minimal distance of order 1/N'/3 and proves that, under a relevant time scale,
the spatial density of the cloud converges in a certain averaged sense to the solution of the
Vlasov-Stokes equation (58]).
In this paper, we continue the investigation of [10] by looking for a more general set of parti-
cle configurations that is conserved in time and prove the convergence to the Vlasov-Stokes
equation . Also, we include particle rotation in the modeling.

1.1. Description of initial configurations. We recall that the particles B; are spherical
with identical radii R:
where

R:r—]\(;, rg > 0.

We define p” the spatial density of the cloud:

1
PN (t,x) = NZ%@) (2),
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and set
po = p"(0,2).
We assume that the cloud occupy initially a bounded domain:
(4) IR >0, 2,0) € B(O,R) ,V1<i<N,VN >1.

To describe the dilution regime we define d,,;,, the minimal particle distance:
in(t) = min{ s (¢) = |1 (t) = ,(¢) )

We define also the particle concentration M¥ as follows:
(5) MN(t) := sup{#{i € {1,---, N} such that |z;(t) — 2| < AV}},

z€R3
where | - | stands for the [* norm. A > 0 is a positive quantity depending only on N.
We assume that there exists two positive constants M, & independent of N such that the
minimal distance dy,;, and the particle concentration MY satisfy initially:

MN0) - AN AN
(6) WSM s N o) = €1 am<<1-
We finally assume that the constant ry is small enough in the sense that:
(7) Mry << 1.

1.2. Main result. The main results of this paper are the two following theorems.

Theorem 1.1. Assume that the particle configuration satisfies initially Assumptions [1.1]
There exists T > 0 independent of N such that for all t € [0,T]:

1
dmin (t) Z §dmin(0>7

MY (t) < 8*M™N(0),
for N large enough and depending on ro, M, &y, E;.

The second part of the result is the justification of the convergence of p¥ when N tends
to infinity.

Theorem 1.2. Consider the mazimal time T > 0 introduced in Theorem [1.1. Given an
initial reqular density pg, we denote by p the unique solution to the Vlasov-Stokes equation
(58)). There exists some positive constants Cy,Cy = C(M, R, ||po||zonz1) independent of N
such that for allt € [0,

Wi(p"(t,-), p(t, ) < Cr (AY + duin (0) t + Wi(po, py)) €72,
for sufficiently large N.

This shows that if the initial particle distribution pj) converges to py then the particle
distribution p"™ converges toward the unique solution p of the Vlasov-Stokes equation ([58))
for all time 0 <t < T. Moreover, Theorem [1.2| provides a quantitative convergence rate in
terms of the initial Wasserstein distance W (po, pd’).
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Remark 1.1. The assumption on the initial density py is the one introduced by Hofer in
[10] which is po, Vpo € Xz, for some B > 2. See Sectionfor the definition of Xs. In
particular, the assumption is satisfied if py is compactly supported and C*.

The idea of proof of Theorem is to formulate the problem considered as a mean-
field problem. The mean-field theory consists in approaching equations of motion of large
particles sytems when the number of particles tends to infinity. The ODE governing the
particle motion satisfies:

N
(8) T = %;F(%—%‘)a
5131(0) = .T?,

where the kernel F' is the interaction force of the particles. The limit model describing the
time evolution for the spatial density p(¢,x) is given by

Ohp+Kp-Vp=0,

(9)
Kp(x) := Jga Fz = y)p(t, y)dy,
In our case, the first difficulty is to extract a system similar to for the particle motion

and to identify the interaction force F'. A key step is then a sharp expansion of the velocities
for large N. We obtain for each 1 <i < N:

Vi = kg + 67‘(% S 02— 2)kg + O (duin) , 1 <i< N,
J#i
where @ is the Green’s function for the Stokes equations, also called the Oseen tensor (see
formula for a definition), x is such that
m

6_97

TR

represents the fall speed of a sedimenting single particle under gravitational force. This
shows that the particle system satisfies with F' = kg + 6mrqPrg.

The proof of Theorem is based on the two papers [8], [7] where, in the first one,
the authors justify the mean field approximation and prove the propagation of chaos for
a system of particles interacting with a singular interaction force and where the ODE
governing the particle motion is second order. In [7] the author considers a different mean-
field equation where the particle dynamics is a first order ODE. The results obtained
hold true for a family of singlar kernels and applies to the case of vortex system converging
towards equations similar to the 2D Euler equation in vorticity formulation. The associated
kernel in this case is the Biot-Savard kernel.

In order to extract the first order terms for the velocities (V;,€2;) we apply the method
of reflections. This method is introduced by Smoluchowski [I6] in 1911. The main idea
is to express the solution u” of N separated particles as superposition of fields produced
by the isolated N particle solutions. We refer to [I3, Chapter 8] and [5], Section 4] for an
introduction to the method. A convergence proof based on orthogonal projection operators
is introduced by Luke [15] in 1989. We refer also to the method of reflections developped

Kg =
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in [I1] which is used by Hoéfer in [10].

In this paper, we design a modified method of reflections that takes into account the
particle rotation and relies on explicit solutions of Stokes flow generated by a translating,
rotating and straining sphere. To obtain the convergence of the method of reflections
we need to identify particle configuration that can be propagated in time. The particle
configuration considered herein is the one introduced in [9] to study the homogenization
of the Stokes problem in perforated domain. The novelty is that the author considers
the minimal distance d;, together with the particle concentration MY as parameters to
describe the cloud. The result in [9] extends in particular the validity of the homogenization
problem for configurations having minimal distance lower than 1/N'/3. Note that the
notion of particle concentration appears also in [§] to describe the cloud. Theorem [1.1
ensures that the particle configurations considered herein are preserved in time. We recover
the result of [I2] in the case where the minimal distance is at least of order 1/N'/? when
AV = N} 7. In particular if dp, is much larger than 1/N /3 the explicit formula for the
velocities implies

2/3

<
kgl < N

- < 6 To 1
Vi — kgl < N ;Wz— " <<1
which is in accordance with the "non-interacting scenario” explained in [12]. More precisely,
for ANV = N} 75, Lheorem extends the previous known results to configurations having
minimal distance at least of order \/LN This lower bound for the minimal distance appears
naturally in our analysis and is closely related to the properties of the Green’s function for
the Stokes equations. We emphasize that this critical minimal distance appears also in the

mean-field analysis due to [7, Theorem 1].

1.3. Outline of the paper. The remaining sections of this paper are organized as follows.
In section 2 we recall the classical results for the existence and uniqueness of the Stokes
solution u. We recall also the definition of the drag force, torque and strain and present in
Section 2.1 the particular solutions to a Stokes flow generated by a translating, a rotating
or a straining sphere. In section 3 we present and prove the convergence of the method of
reflections in order to compute the first order terms for the velocities (V;, 2;)1<;<n. Section
4 is devoted to the proof of Theorem [I.1} In section 5 we recall some definitions associated
to the Wasserstein distance. We present then the strong existence, uniqueness and stability
theory for the Vlasov Stokes equations. In the second part of section 5 we show that the
discrete density pv satisfies weakly a Vlasov-Stokes equation. Section 6 is devoted to the
proof of the second Theorem [.2] Finally, some technical lemmas are presented in the
appendix.

1.4. Notations. Given an exterior domain {2 with smooth boundaries, we set

C™(Q) := {v,ve C(R*)},
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and the following norm for all u € C>(Q)
ullr2 = IVull120),

we define then the homogeneous Sobolev space D(€) as the closure of C*(€) for the
norm || - ||12 (see [4, Theorem I1.7.2]). We also use the notation D,(f2) for the subset of
divergence-free D((2) fields

Dy () :={u e D(Q), divu = 0}.

Which is also the closure of the subset of divergence-free C*°(€2) fields for the || - || 2 norm.
Analogously, if Q = R? we use the notation

Hy(R?) = D, (R?).

For all 3 x 3 matrix M, we define sym(M) (resp. asym(M)) as the symmetric part of M
(resp. the skew-symmetric part of M)

1

ym(M) = S0 4 217),
asym(M) = %(Z\/[ _ M),

We denote by x the cross product on R?® and by ® the tensor product on R? x R? which
associates to each couple (u,v) € R? x R3 the 3 x 3 matrix defined as

(U@U)i]’:’uﬂ}j, 1§Z7j§3

In R3, | - | stands for the euclidian norme while | - |, represents the [° norm. We use the
notation By (z,r) for the ball with center x and radius r for the {* norm.

Finally, in the whole paper we use the symbol < to express an inequality with a multiplica-
tive constant independent of N. We will also denote by C' > 0 all the positive constants
appearing in the estimates. These constants do not depend of N but can depend on the

datas ro, R, M, &, &.

2. REMINDER ON THE STOKES PROBLEM

In this section we recall some results concerning the Stokes equations. We remind that
for all N € N we denote by (u”, p") the solution to (1) — (2). The classical theory for the
Stokes equations yields:

Proposition 2.1. For all N € N, there exists a unique pair (u¥,p"™) € Dy(R3\ JB;) x
L*(R3\ JB;) which realizes
(10)

inf / |Vv|2,v€DU(]R3\UE),v:Vi—|—QZ-x(:v—xi) ondB;, 1<i<N
RNUB: Z-
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The velocity field u” can be extented to V; + €; x (z — ;) on each particle B;. This
extension denoted also u" is in H!(R?).
We recall the definition of the force F; € R3, torque T; € R? and strain S; € M3(R) applied
by the particle B; on the fluid (see [5, Section 1.3])

E:/ a(u®, p™n.
dB;

(11) M; = . (z — ;) ® [o(u™,p")n] .
The matrix M; represents the first momentum which is decomposed into a symmetric and
skew-symmetric part:

M; =T, + 5,
the symmetric part is the strain S;. Since the skew-symmetric part of a 3 x 3 matrix M has
only three independent components, it can be associated to a unique vector T such that

asym(M)zx =T x z, Yz € R®.

In this paper, we allow the confusion between the skew-symmetric matrix asym(M) and
the vector T. Hence, we define the torque T; € R? as beeing the skew-symmetric part of
the first momentum M, which satisfies:

1= asym() = [ (@ =) x ot p]

2.1. Particular Stokes solutions. The linearity of the Stokes problem allows us to de-
velop powerful tools that will be used in the method of reflections. In particular, we
investigate in what follows the analytical solution to a Stokes flow generated by a trans-
lating, a rotating or a straining sphere. The motivation in considering these cases is that
the fluid motion near a point zy may be approximated by

u(z) ~ u(ze) + Vu(xg) - (x — x0),

hence, if we replace the boundary condition on each particle by its Taylor series of order
one, we can use these special solutions to approximate the flow u. The results and formulas
of this section are detailed in [5, Section 2] and [13], Section 2.4.1]. In what follows B :=
B(a,r) is a ball centered in a € R?* with radius r > 0.

2.1.1. Case of translation: Stokeslet. Let V € R3®. We consider the unique solution
(Ua.rlV], Par[V]) to the following Stokes problem:

{ —AU, g[V]+ VP, g[V] = 0,

(13) on R*\ B,

divU,gr[V] = 0,
completed by the boundary condition:

Ua’R[V] = Vv, on aB,
(14) lim |U, gr[V](z)] = 0.

|z| =00
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U, r[V] is the flow generated by a unique sphere immersed in a fluid moving at V' and
is called Stokeslet. The explicit formula for (U, g[V], Por[V]) is derived in [13], section
3.3.1] and also in [5, Formula (2.12) and (2.13)]. These explicit formulas imply that for all
r € R?\ Bla, R):

Vi

(15)  UalV@)] S RE D [VUalV](@)]+ PurlVI(0) S R Vi

|z —al*
On the other hand, the force F', torque T and strain S exerted by the Stokeslet on the
particle B as defined in read:

(16) F=-6xRV,T=0,8=0.

We recall now an important formula that links the Stokeslet to the Green’s function of the
Stokes problem. For all x € R*\ B(a, R) we have:

2
(17) Usr|V](z) = — (Cb(a: —a)— %ACD(;E — a)) F.
Where @ is the Green’s function for Stokes flow also called Oseen-tensor:
1 1 1
18 P(x) = — i
(18) (@) (m o |xr3“'®w>

the 3 x 3 matrix A® represents the Lapla(:lan of ® and is given by:
1 2 6
a0 = 5 (st~ e o).
x

Remark 2.1. Formula S closely related to the Faxén law which represents the rela-
tions between the force F, torque T, stresslet S and the velocity V.. We refer to [5, Section
2.3] and [13], section 3.5] for more details on the topic.

Remark also that in the first part retains the most slowly decaying portion, which is of

order |R| This property is useful in order to extract the first order terms for the velocities

(Vi)1<i<n, see Lemma .
Moreover, we recall a Lipschitz-like inequality satisfied by the Oseen tensor:
(19) B(a) — By < I

min(|y[*, |z[?)
Finally, in this paper, the velocity field U, g[V] is extented by V' on B(a, R).

lz —y

2.1.2. Case of rotation. Let w € R3. Denote by (Asg%[w], Pa(lj)%[w]) the unique solution to

~AAY W+ vPY W] = 0, S
(20) “’R[ ] i A“ﬁ%[ ) B on R*\ B(a, R),
iv a’R[w] = 0,

completed with the boundary conditions

[w] = wx (x—a), on dB(a, R),
lim |Aij[w]| 0.

|| —

(21)
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Agk[w] represents the flow generated by a sphere rotating with angular velocity w. In

particular we have Pé}l)%[w] = 0 due to symmetries. The drag force F' and strain S also
vanish:

F=0 , S=0.

On the other hand, the hydrodynamic torque resulting from the fluid traction on the
surface defined in ((12)) is given by

(22) T = —87Rw.
Finally, for all z € R\ B(a, R)

|w

(1) 5 |wl (1) (1) 3
|Aa,R[w]| 5 R |ZE _ CL|2 ’ |VA(L,R[W]| + |Pa,R[w]| 5 R |I _ a|3'
2.1.3. Case of strain. Let E be a trace-free 3 x 3 symmetric matrix.

Denote by (A,(f;% [E], PC%[E]) the unique solution to

0 on R*\ B(a, R),

(23) aR[E] ; 07

2) = r—a), on a

= 0.

The velocity field A((IQME] is the flow generated by a sphere submitted to the strain E(x—a).
In this case, the drag force and torque vanishes:

F=0 , T=0.
On the other hand, the Stresslet S as defined in is given by

20
(25) S:—Eme

in the case of a straining flow.
Finally, for all z € R®\ B(a, R) we have

El

E
(26) ACHE S RO VASLE] + |PAE) @) < BHEL

2.1.4. Final notations. Now, assume that D is a trace-free 3 x 3 matrix. We denote by
(Aa.r[D], P, r[D]) the unique solution to

{_A%MM+V&RW]= 0. on R*\ Bla, ),

(27) div A, g[D] = 0,
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completed by the boundary conditions:

{ A.r[D] = D(z—a), on 0B(a,R),

(28) lim |A.z[D]] = 0.

|z| =00

We set then, D = F + w with £ = sym(D) and w = asym(D). As stated in the definition
(12), w represents also a 3D vector. Hence, the boundary condition reads

AorlD]=D(r —a)=FE(x —a)+w x (x —a), forall z€ dB(a,R).
We have, thanks to the linearity of the Stokes equation, that
(Aor[D], PurlD)) = (AL plw], Pylw]) + (AZRIE), P2[E]).

Since the two solutions have the same decay-rate this yields for all z € R*\ B(a, R)
D D
(29 AalDI S RIS [V ALA(D] + PalD) )] $ PE

|z[?
2.2. Approximation result. In this part we consider the unique solution (v,p) of the
following Stokes problem:

N

~Av+Vp = 0, —

(30) { divi’ _ o om rR*\ | JB:,
’ i=1

completed with the boundary conditions:

v = V+D(x—uax), on 0By,
(31) v = 0, on0bB;, 1 #1,
lim |v(z)] = 0,

|| =00
with V € R3 and D a trace-free 3 x 3 matrix. We set
vy := Uy, r[V] + Az r[D].

We aim to show that the velocity field v; is a good approximation of the unique solution
.

Lemma 2.2. We have the following error bound

2 < It i
HVU — VUIHLZ(RS\U,L-E) ~ \/m“/‘ + 3/A2 |D|
Proof. We have
Vo = Vol sy, 5 = 1V0llza@sy, 5 — 2 /Ra\u - IV 0111z oy, 70

as v and v; satisfy the same boundary condition on 0Bj this yields

/R3 ~ Vo:Vu = —/ (Opv1 — pn) - v = —/ (Opv1 — pin) - v = ||VU1||2L2(R3\U,~E-)’
\Uz B; 0By 0B,
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hence

Vo - Vo = Vo2,

L2(®\U, Bi =~ Ivorllze

RA\U; B:) RAU; Bi)®

In order to bound the first term we construct an extension v of the boundary conditions
of v and apply the variational principle. We define:

- =T
V=X (dmin/il) U1 — Bxl,dmin/4,dmin/2 [f],

where y is a truncation function such that y = 1 on B(0,1) and y = 0 out of B(0,2), f is
defined as follow

Fo) =) ¥ ooy (5]

and By, 4, /4.dmim/2 denotes the Bogovskii operator satisfying for all f € L{(B(z1, dmin/2) \
B(z1,dmin/4) , ¢ € (0,00):

le Bxl7dmin/4ydmin/2 [f] = f’

we refer to [4, Theorem III.3.1] for a complete definition of the Bogovskii operator. In
particular, from [9 Lemma 16|, there exists a constant C' > 0 independent of d;, such
that:

(32) IV Bas din/Asdimin /2L | 22040 < CIF Nl 22409,

where Ay := B(x1,dwin/2) \ B(1, dmin/4). With this construction @ is a divergence-free
field satisfying the same boundary conditions as u. Moreover, applying formula yields

~112 o r—n
s VBt s a0 P
R3\Ui B;
r — I _

— 2/ Y {x X ( ) vy (a:)] : VBa, duin/4,din /2 Lf ] () d

R3\{, B dmin/4

r — T 2

< Vui(x)|*dx
< [ (T 7ol

2
x— Vy (Z . 2)’ |v1(x)|2) dx.

2

dx

1
+ K ( |V (z)|* + o
Ay

min
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As y ( m111/4) =1 on B(xy, dmin/4) we get

2 ~112 2
IVo = Vorla gy, ) < 1Vl @ay, 3 — IVULllzagayy, )
< | Vo ()
R3\ B(x1,dmin/4)

1 — T
+/ d?mn o VX( mm/4>

2
1 V|2 |D|?
S I Vxlloo R® R’
S IVl /d2 ( \x—w1\2+ |z — |2

min

1 onin /2 211712 ¢|DJ?
SEC - (R|V|—I—R—2)d7“

lv1|?d,

Thanks to and we have:

1 — T
/ 7 Vx< /4)®v1

1 |DJ?
< — | RV % dyiy + R®
~ d?nln ( | | + dmm)

Reproducing an analogous computation for the first term we obtain finally:

IV = Voull Lo\, 5 S !V!2 !D\2

d3

min

This yields the expected result. U

3. ANALYSIS OF THE STATIONARY STOKES EQUATION

This section is devoted to the analysis of the method of reflections and computation of
the unknown velocities (V;,€2;)1<i<ny. We remind that, for fixed time, u" is the unique
solution to the stationary Stokes problem

_AuN N _ N
{ Au +va _ 8a on R?) \ UB'M
’ =1

divu

completed with the no-slip boundary conditions:

uN = Vi +Q x (x —x;), on OB;,
lim [u™(z)] = 0,

|z|—o0
where (V,€);) are the unique velocities satisfying
(33) Fi+mg=0 ,T,=0 ,V1<i<N.

Note that the velocity (Vi,€;) of each particle is only determined by equation and
the configuration X := (z1,--- ,xx). We make precise now the set of configurations that
we consider and which is propagated in finite time.
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Definition 3.1 (Definition of the set of particle configuration). Let N € N and AN > 0
be a positive constant depending only on N. Given X a configuration of N particles we
define the minimal distance:

d[X "] := min{|z; — x| },
]

and the particle concentration

M[XYN AN := sup{#{i € {1,--- , N} such that x; € Byo(x, \NV)}}.

z€eR3

Given threee positive constants M, £y, &y, we define X (M, &1, &) as the set of configurations
(XN ANY such that

N N
MIXY N

(34) “Npap =
X
(35) NP =
DSl
<
(36) d[XN] = 827

Remark 3.1. Note that, according to the definition of M[X™N AN, assumption (34) en-
sures that:

(37) W < I,

which yields thanks to assumption

S 1_ 1

~VEMYS /N

In what follows, we keep the same notations as before by setting:
din (1) == d[ XN ()], MN(t) == M[XY(2), \"],

where XV (t) = (z1(t),--- ,xn(t)) for t > 0.
We will see that, at each fixed time ¢ > 0, the convergence of the method of reflections
toward the unique solution uV hold true in the case where (X (t),\N) € X (M, &}, &).

Remark 3.2. Unlike the initial assumption (@, the constant & in Deﬁm’tion does not

have to be small. Precisely, we do not need to propagate this property in time. Assumption
IAN]?

dmin (0)

(38) d[X"]

<< 1 ensures the convergence of the Wasserstein distance Wi(p™, p).

3.1. The method of reflections. In this part, we present and prove the convergence of
a modified method of reflections for the velocity field u” for arbitrary N € N*, we remind
that u” is the unique solution to the stationary Stokes problem , , where (V;, ;) are
the unique velocities satisfying

F,+mg=0 ,T,=0 ,V1<i:<N.
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The main idea is to express u¥ as the superposition of N fields produced by the isolated

N particle. Thanks to the superposition principle, we know that the velocity field
N

3" (Usy rlVil(@) + Auy r[)(2)) |

i=1
satisfies a Stokes equation on R\ B;. But this velocity field does not match the boundary
conditions of u. Indeed, for all 1 < i < N and = € B; we have:

u (@) = uN (@) = Y (Usy mVi)(@) + Auy r[](2))

= =" (U V) (@) + Au, 1] ()
i#£]

which represents the error committed on the boundary conditions when approaching ulv
by the sum of the particular Stokes solutions. In this paper, for all u, € C*°(|JB;) we use
i

the notation Ulu.| to define the unique solution of the Stokes problem

N

—Au+Vp = 0, —

) { divz -0 " R\ UB”"
’ i=1

completed by the boundary conditions:

u(z), on By,

(40) { lim |u(a:)l\b = 0,

|z|—o00

hence, we can write

N
uV = U, mlVi] + Aay 1 [Q](2) + U],
=1

Note that the boundary condition ufkl) is not constant on each particle B;, thus, the idea

is to approach ul! by
(41) ul (2) ~ ulM (2;) + Vul (2;) - (x — ),

on each particle B; and write Ulul"] as follows:

N
U] = 37 (Uay V) + vyl 97 + UL,

j=1
where

VO = a0 (2;) = =3 (Un, mlVi](25) + Ay 2] ()
i
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V= Vul(z,) = =Y (VU alVi) () + VA, £[9])(21))
JFi
remark that Vgl) has null trace due to the fact that
divul)(z;) = 0.
We have then for all 1 <¢: < N, and x € B;

u® (@) =u (@) = 37 (U nlVV) (@) + Apy n V) (2))

j=1
N
—ul =V = V(@ = 2) = 3 (U nlVV](@) + Auy V(@)
j#i
Which yields the following development:
N
Z 3+ A )+ (U%R[Vj(l)] + ij,R[vgm]) 4 U?).

]:1 =1

.

We iterate then the process by setting for all 1 <i < N

(42) vO .=y, v .=q,
and for p > 1,
(43) Vi = u®(z) , VP = Vul®) (zy),

for the error term we set

(44) ul®(z) = (Vi+ Qi x (z — 7)) 18,

%

and define for all p > 0,1 <i < N, z € B;

(45)
u®*D () Z( V(p) () + A%R[Vgp)](mw
= ul?) (@) = ul () = Vul (@) (0 = ) = 3 (Ul V7| (@) + Au, n V(@)
J#i

With this construction the following equality holds true for all £ > 1

(46) ZZ( p) —|—A [Vgp)]) +Ulu k—l—l]

p=0 j=1
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Remark 3.3. This method of reflection is obtained by expanding the error term u, up to
the first-order:

Uy (2) = uy(2;) + Vua(2;) (2 — 25) + o (Jz — 24]%),
which leads us to formula . If one consider an expansion of u, up to the zeroth-order
then one obtain only the Stokeslet development:

ZZUI], + U[ (k+1) ]

p=0 j=1
The main difference between these two expansions is that the first one allows us to tackle
the particle rotation. It also helps us to obtain a converging method of reflections for a
more general assumption on the minimal distance. We emphasize that we only need to

k
show that the series (ZV )keN and (ZVEP))keN for all1 < i < N converge to obtain the
p=0 p=0
convergence of the expansion . The second step is to show that the expansion converges
to the unique solution u” . Precisely, the only assumptions needed to obtain the convergence

of the series are assumption , (34) and the fact that:

AN RIA"|
Nl/Sdmin <1 ) N2/3d2 << 17

min

wich is less restrctive then and , see Lemma |3.9 and Remark . In addition,
the following assumption
(log MN)I/S
N2d3

min

< 400,

ensures the convergence of the expansion to the velocity field v, see Proposition . One
can show that this assumption is less restrictive than and allows us to consider smaller
mainimal distance. To reach lower bound for the minimal distance, one may develop u, at
higher orders.

3.1.1. Preliminary estimates. Recall that the dependence in time is implicit in this section.
All the following estimates hold true under the assumption that there exists three positive

constants M, &, & such that (XN, \V) € X (M, &, &) (see Definition .
Lemma 3.2. Under assumption there exists a constant K < 1 such that:

miax\VZ-(pH)] + Rmiax\vgpﬂ)] <K (mlaxﬂfi(p)\ + RmZaX|V§p)|> ,
for N large enough.

Proof. Using formulas and @ we get:
(47) V(P+1) u(p+1)(xl)

)

(48) :—Z( V) + Agy V) () )

JF
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and

VEPH) = VulPY(z;)

= 3 (Tl + 9 A ).
J#

This yields using the decay-rate of the special solutions , and Lemma with
k=1and k=2

(»)
(p+1) Vi v
max|V;"*V| < €Y R—— ot R ——
J#i K
>~ mlax\ i |+ mlax| i | ]\fl/g—dmm—i_ + — N2/3dfmn ,
similarly we have:
(p)
V
max| V"] < CZR' 7 | + ! d3 !
J#i

1 2
<C (m?x|‘/;(p)| + leaX|VEp)|) (Zdi; + - dR—2>

J#i Y J#i Y

= C (maxV,”| + Rmax| V")) (Z d2> ( d )

v i i ij Imn
<C <maX|V(p)| + RmaX|V(p)|> (i + NR) M
- i i i N2/342 :
Finally
maxﬂ/;(pﬂ)] + RmaX\V§p+1)| <C (maxﬂ/;(p)| + Rmax|V§p)\)
P R VL ey
X ]\71/3dmin + T N2mE N2/3d2 + ’

we have, according to assumptions and (36):
IAN|? R|I\Y| 1

NV3dyy  N2BE2. N1/3 & + 51’

which vanishes for N large enough. On the other hand, according to assumption ,
MRN = Mry << 1. This ensures the existence of a positive constant K < 1 such that

max|V,""| + Rmax| VY] < & (max|V,”] + Rmax| V("))

for N large enough and depending on 7o, M, &; and &,. U
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Remark 3.4. Note that the following assumptions

AP RIAY]

Nl/gdmin << ’ N2/3d12nin

<< 1,

ensures the convergence of the sequences (V;(p), V§p))peN forall1 <i < N. These assump-

tions are less restricitve then assumptions and .
We have also the following estimates.

Proposition 3.3. For all k > 1 we set

n®) = max|Vj(k)] +R maX|V§.k)].
j j

We have for all1 <i < N

A

log MY log AV
Hv2u£k+l)HLoo(B) (Og +MN|Og |

N NPV

min

)maxuw T RO,

N2/3d2

min

)\N
Hv“gkkH)HLw(Bi) S R||V2U£k+1)\|L°°(B)+< TO) U(k)7
[P | pesy S RV oy + 0.

Proof.
1. Estimate of | V2ul""|| (5,
Let x € B;, as R << dyn, we recall that for i # j

o = 25| 2 |25 — 2] = o — @] 2 5dyy.

Applying this and the iteration formula together with Lemma for k = 3 yields

k
V20 ()| < |2l ( |+Z|VQU% (@) + |V A,/ [V ()]
J#i
< 2, (k) ‘V ‘ 3
~ ||v U, ||L°° + Z d3 R+ d4 R
JF#i gl
R R R
2 (k (k) (k)
S V2P || ooy + (g 7 +E2d—3> (m]aij [+ Rmax|V |)
R R
j;éi iJ min

log MY |log AV
< NWV2uB | ;o . MNLIZSZ 1) (k)
S IV s + Ndo. + NEE U

min
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hence, we iterate the formula and use the fact that VQUiO) = 0 according to formula ,
to get

log MY [log "] g:l
2 (k1) . MN— (p)
[V, | oo () S (Nd3 + N|AN3 p:on ’

min

which yields the expected result by applying Lemma
2. Estimate of | V"™ B,
Let x € B;, again, formula (45) and Lemma yields

Val D (2)] < [Vul (2) — Val® (2)] + Y IV U, £V (@:)] + [V Ag, 2V ()]

J#
A P
S BV ey + 32 z g
JF
R R R K K
S R||v2u£k)||Loo(Bi) + (Zd_2 + d_zd_2> (mjaxﬂ/']( )| + Rm]aX|V§, )|)
g T g
< plo2, k) R AT ()
~ RHV Uy HL‘X’(Bi) + |1+ d . N2/3d2 +RN M?? ’
again note that for N large enough, 1 + dPﬁ < 2.
3. Estimate of ||u£k+1)HLoo(Bz)
Let x € B;, again, formula yields
u D @)] < B2V o +Z|Uzj 2)| + Aa, (V) (2)]
J#i
S V5] s
<RI iy + 3 ; Ut 7
J#i
< R2IV2y k) M i RN : R2N | n®)
S RV e s, + N1/3d . + T NBE N2/342. T "

Since N'ﬁfj + Nﬁg\ —7— 1s bounded, the right hand side can be bounded by n®). Note that

min

this is ensured by the same assumptions as before (see Remark |3.4] - Il

3.1.2. Convergence result. We can now state the main result of this section.

Proposition 3.4. Given _]\_4,51,52 such that (XN, A\N) € X(M, &1, &), there exists a pos-
itive constant C' = C(1g, M, &1, &) satisfying

lim [ VUL 2y 5y < CRmax (V] + RI),
—00 1

for N large enough.
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Proof. The aim is to estimate ||VU[u§<k+1)] | 23\ B;)- To this end, we construct a suitable
extension F [uikﬂ) | of the boundary conditions uF™ and apply the variational principle
(10). By construction, uF ) is regular and well defined on each particle B(z;, R). Hence,
we construct the extension piecewise in each B(x;, 2R). Let 1 <i < N, forallz € B(x;,2R)

we set

v'(2) = (2) + g (2),
where the first term ugi) matchs the boundary condition on B(z;, R) and vanishes outside
B(z;,2R). The second term is the correction needed to get divwv; = 0. In order to obtain

an extension of u{* on B (xi,2R) we set

i T —x;
@N@::u@(m+Rm_%OX(

*

f%ﬁ),ﬁu—mzR,

with x a truncation function such that y =1 on [0, 1] and x = 0 outside [0, 2].
We have then

1

(19) IVl 2y < Ky (||Vu£'“>||mc<3m,m> + §<||ui’f>||mo<m,m>) |

In what follows we introduce the notation A(x,r, R) := B(z, R) \ B(z,r) for r < R. For
the second term we set:

u@) = Bxl ’R72R<_ div ugl)),

(2

where B is the Bogovskii operator (see [9, Appendix A Lemma 15 and 16] for more details

).

The construction satisfies:

e supp u§2) C A(z, R,2R)
e divy, =0
° v = ugl) =u® on B(z;, R)

We set then

k)]
[ g v ( )1z, 2R);

and thanks to the variational formulation we have

HVU[UikH)] H%Q(R?’\U B = HVE[UikH)] H%%RS\UBZ-)

N
= ZHVWH%%A(%R,QR))v
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where we used the fact that the v; have disjoint support.
Thanks to the properties of the Bogovskii operator By, r or we get:

Vel S [ VAP
A(z;,R,2R)
< BV [ (3 mmy)
1 2
S B (196w + 1 limiay )

Finally

N 2
1
||VU[US<I€+1)]H%2(R3\UB¢) S E R’ <||vu>()<k)||L°°(Bi) + §||U5<k)||L°°(B,-)> .

i

Thanks to Proposition [3.3| we have

1
IVl + Fluallems) S max((Vil + RIO)) <

1 AN ®
e, )

log MY ~ | log AV
M ———
N2 M NEDAp

min

Since
n'® < KFmax(|V;| + R|Q]),

with K < 1 according to Lemma (3.2)), we get

POy 5y S (Vi + R {2

RAN 2
+(1+N2/3—dmm>K }

Since K < 1, for N large enough, the second term vanishes when k& — oo. This yields
log MY | log AV

N, N )

The second term on the right hand side can be bounded using assumptions and

log MN nl1og AN logN  Mlog(CN)
M <
g T NeWE S NeE T N

min min

log MY MN\log)\N]
N2dg;, NZANP?

klim ||VU[U§]€+1)]||L2(R3\UB¢) < Rmax(|V;| + R|€%]) ( + MmN
— 00 1

S

where we used the fact that d,;, > Wﬁﬁ Finally we obtain the convergence result

Tim [ VUL 2y < Rmas([Vi| + RIS).
— 00 A
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Remark 3.5. In addition of assumption , the only assumptions needed to obtain the

convergence of the method of reflections to the unique solution u™ are
log MM AN ]2 RAY
de?nin s ’ Nl/gdmin * N2/3d12nin = e

which are less restrictive than assumption and .
Remark 3.6. According to Proposition we have for all 1 <i < N

[ ooy S RV || poo ) + 1)

log MV ~ | log AV .
S max(|Vi| + R|€%]) {R(N2d3 +M N VP +ET.

min

as for the proof of Proposition the second term vanishes when k — oo and we obtain
i [[ul | o) S max(|Vi] + RIQi)R.
— 00 (2

3.1.3. Some associated estimates. We recall that we aim to compute the velocities (V;, €2;)
associated to the unique solution " of the Stokes equation:

—AuN +VpN = 0, N
{ diVZN = 0, " R\ (B,
’ i=1

completed with the no-slip boundary conditions:

{ uY = V;+Q x (x —x;), on OB;,

lim |[u™(z)] = 0.
|z|—00

With
Fi+mg=0 ,T,=0 ,V1<i<N.

The method of reflections obtained in this section helps us to describe the velocity field

N
& (p) : (p)
p p
360|277 )
<

u” in terms of explicit flows
In order to extract a formula for the unknown velocities (V;,€;), 1
compute the series

+ A,
k—oo R
Jj=1

N
u¥ = lim Us; r

7 < N we need to

00 00
V;OO — Z‘/z(P) : vloo — ngp)
p=0 p=0

Applying the method of reflections and writing the force, torque and stress associated to
the unique solution « in two different ways we get the following result.
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Lemma 3.5. foralll <i<N:

Ve = kg+O0 (miax(|vz| + R[]) dmin> .
- - A R
R (Jasym(V{O)| + [sym(V%)|) = O(m?X(|Vi|+R[Q,|)—dmm) :

Proof. For the sake of clarity we fix + = 1 and the same result holds for all 1 <7 < N.
Let V € R3, D a trace-free 3 x 3 matrix.
The main idea is to apply an integration by parts with a suitable test function v €

D, (R?\ UB;) such that v = V + D(z — 2;) on 9B, and v = 0 on the other dB;, j # 1.
We choos«ze v the unique solution to the Stokes equation:
N
—Av+Vp = 0, —
o0 { divzzj — 0, " RS\UB“
’ i=1

completed by the boundary conditions:

v = V+D(x—uax), on 0By,
(51) v = 0OondB;,1#1,
lim |v(z)] = 0.

|z|—o00

We extend u” and v by their boundary values on all B;, 1 <i < N. We set £ = sym(D),
) = asym(D). An integration by parts yields:

DY) : D(w) = — UUN,NTL'U
/Rg\g& () : D(v) Z/[( p")n]
:_/33 [g(uN,pN)n] (V+OX (x—x1) + E(x — 11))
= v [ ot [y o

—E:/ (2 — ;) ® [o(u”, p")n]
OB
(52) :—V'Fl—Q'Tl—Efsl,

see and for the definition of the force F}, torque T and strain S;. On the other
hand, we apply the method of reflections to get

(53) /RS\UBV D) : D(v) =

k—o0 RS\UBi
i
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For the first term we integrate by parts to get forall 1 < j < N

D(Ua, p[Vi?) : D(v) = =) o(Uy. r[V, Py [V - .

/]R;?’\LLJBl ( 7 [] ]) ( ) — /aBZ[ ( 7 [] ] s [] ]) ]
D(A,. g[V®]) : D(w) = — o(As. gV, Pe. r[V 0| - 0.

/[R;3\L;JBZ ( o [ J ]) ( ) ;/H‘BZ |: ( B [ Vi ] s [ i ]) ]

Recall that v vanishes on 0B;, i # 1 and hence, the sums above are reduced to the first
term. Applying and there holds for all 1 < j < N

/ [0(Us, m[VS¥], Poy glVi¥))n] -0 = —6mRVE®- V6,
0B,

20
| o, nl5 Pyl a] -0 = e (Sasyan(VE) -2+ F () £) oy
0B1

where 0y, is the Kronecker symbol.
For the second term we consider vy := Uy, g[V]| + Ay, r[D] and write

DUu] - D(v) = D(U[u*) : D(vy DUUf : D(v— 7).
Ly, pubtoe = [ pw) e+ [ Dwh): D)

To bound the last term we apply Lemma and the convergence result for the method of
reflections [3.4]

lim
k—o0

R R3
S m?X(|Vz‘| + R[] R (m“ﬂ + 3—/2|D|>

/ D(U[u]) : Dw — )
R3\U; B: min
(V] + RID|) max(|Vi| + RI).

2
<

Y
dmin

We focus now on the first term, we have

/ DU[u™] : D(v))| =
R3\9B,-

< Y AnRPo(vr, po)ll ey a2 s,

7

recall that:

RIV| R ,
lo (v, p)llesy < d|2 | + d_3|D” for i # 1,
i i
V
o pliemy S o +1D)

R
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hence

/ D)) : Dwn)| < ROV + RIQD]u® | e
R3\UB

R\V|  RD|
l;él [ (2

< R(V|+ RIDJ) maxul™|| <z,

According to Remark ,we have forall 1 <i < N
lim a5, S Rmax((Vi| + RIQ]).

Finally we get

(54) lim

k—o0

- S

/ D(UT)) : Vo / D) : V(v — )
RN, B RN, B

RQ

max(| Vi + R[{%]) (V] + R|DI).

min

Identifying formula and and gathering all the inequalities above we have for all
vV, QeR3:

_V.Fl_Q.Tl_E:Elz

2

R
V dmln

with Fy +mg = 0, T} = E; = 0. We conclude by identifying the terms involving V € R?
to obtain

6m RV -V + 87 R? asym(VS®) - Q + O <max(|V| + R[Q]) —=(|V| + R|D])) ,

R
Zv g+O(max(|V|+R[Q |)\/m),

and analogously we obtain

R
R V)| + V)N =0 Vil + R[Q; ,
(Jasym(V2)] + [sym(V)) = O (max(1V] + Rls2]) 7= )
which concludes the proof. ]
Corollary 3.6. There exists a positive constant independent of N such that for all 1 <
1 < N we have

max (|[Vi| + R[]) < C
1<i<N
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Proof. recall that V;(o) =V, VEO) =, for all 1 <7 < N, according to Lemma and
Lemma [3.2] we obtain for all 1 < ¢ < N.

< VT + BRIV + K (ZK”) max(|V;| + R[{%])

p=0

V(p)

+R ’v@

Vil + RIS < [V + RIVE + Y
p=1

R

Hence, according to assumption (7)), if My is small enough we can choose K < % More-

over, assumptions and ensures that

R (& gt
dmin 5 min <W, W << 1.

This completes the proof. Il

K
# e ) ma(Vi -+ R

3.2. Extraction of the first order terms for the velocities (V;,2;). In order to
control the motion of the particles, we want to provide a good approximation of the un-
known velocities (V;, ;). Thanks to the method of reflections, the velocity field vV can
be approached by a superposition of analytical solutions to a Stokes flow generated by a
translating, a rotating and a straining sphere (See Proposition with the associated
velocities (V,>°,V$°). This allows us to compute the first order terms for (V;,€;) applying
.5 and Corollary [3.6l Keeping in mind that all the computations are done for a fixed time
t > 0, the main result of this section is the following Proposition:

Proposition 3.7. Assume that for a fived time t > 0 we have the existence of three positive
constants M, &y, Ey such that (XN, \N) € X (M, &,,&,). Assume moreover that assumption
1s satisfied. Then, for all 1 <1 < N we have

N
Vi = kg + 61RY ®(x; — 2;)kg + O (duin) , R = O (dunin) ,
J#i
for N large enough.
We begin by the following lemma:

Lemma 3.8. For all trace-free 3 x 3 matrices (D;)1<i<n, for all W € R? and 1 <1 < N
we have:

N
> (67 R (z; — ;) W — Us, s W)(x)| S RIWI.
J#i
N )\N
; ‘ijvR[Dj](aji)’ SR (1 + W) Hl]aXR’Dj‘.
VED

min
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Proof. Thanks to formula We have for i # j

1 R 3 (wi—x) W
U, p[W](2:) = 67 R®(z; — 2)W + ~—— W — 3polmi— i) W

4|[L’j —xi‘g 4 |[L’j —xi‘s) (xj—zi),

this yields
R3
|Us, r[W](2;) — 6T R®(z; — 2)W| < ﬁym.
]

Applying Lemma with k& = 3 yields

N
R3 log MV ~ | log AV
;|ij i) — 6 R (x; —xi)W|§;%|W|§R(N2dilm+M N2|)\NI3)|W|'

We have thanks to assumptions ,

log MY ~ | log AV logN  MlogCN

<1

N2d§mn ]\]'2|)\JV|3 - N2d§mn N ~ 7
where we used the fact that d,;, > W Nl 7 according to assumption . Analogously,
we obtain the second bound by applylng 1| with & = 2 this time. O

We can now prove the main result.

Proof. Let fix 1 <4 < N. According to Lemma [3.5 and Corollary [3.6] we have

> R
v =Sy = " 1o .
ng ' 67ng + V dmin

As VZ-(O) =V, we get:

= R
2V R T
p=1

Formula for the velocities Vj(p ) vields

= zz( V2 )(w) + Av, VY >)+ﬁ9+0 (i)

p=1 j#i

J?él
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we apply Lemma [3.8 and Lemma 3.5 to get:

0 < RAY 0o
Z |A93j,R[vj ]<x2>‘ S| R+ NBE mjaXR|Vj |

]#’L min
RAN R
<
~ (R " N2/3d12nin> dmin

R
,S dmin a9 |-
(diﬁi>

As for the proof of the convergence of the method of reflections, we used the fact that
BT g uniformly bounded. Moreover, according to assumption and

N2/342

min

32 1 —  a3/2
3—/2§T052 WSMTQE:Q .

Now, we rewrite the sum on the Stokeslets as follows:
> s, V) @) = Vs, mligl(x:) + Y Uy r [Vi° = kg] (22),
i i i
and we bound the error term using Lemma [3.5] and Lemma with k=1
R o
(S0 Yl =

gAY

R

ZUzj,R [V — kg (2:)

JF

AN

N

%

min

2
Q.

We conclude by replacing the Stokeslets by the Oseen tensor thanks to Lemma [3.8] Finally
we have forall 1 < < N
N
Vi = kg + 61RY> ®(x; — 2;)kg + O (duin) -
J#i

For the angular velocities we obtain thanks to Lemma and formula for Vgp ), p>1

> R
ROy = —ZRasym Vﬁ”) + O ( )
p=1 \% dmin

— Rasym (ZVU:EJ.,R[VJ-OO](xl) + Vij,R[v;O](m)) L0 ( R ) .

j£1 dmin
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As before, we bound the first term by

R VU, g[Vi®](21) + VAy, 5[ V5] <R (Z z ) maX(]VOO\ R|VZ|)
J7#1 J7#1
R o oo
sr(Sx max(|V;*| RIV5°)
];él mln
/\N
<# (o, RN)
RAN
S dwmin (N2/3d?nln +7“0) 5
where we used the fact that W is uniformly bounded according to . U

min

4. CONTROL OF THE PARTICLE DISTANCE AND CONCENTRATION

In this section, we make precise the particle behaviour in time. Precisely we want to
prove that if initially there exists three positive constants M, &1, & such that (XN(0),\Y) €
X(M,&,&) (see Definition [3.1)), then the same holds true for a finite time. Recall that

the initial distribution of particles satisfies:
‘)‘NP/Q
N1/3 >

e The minimal distance is at least of order max < AN ]2>

e The maximal number of particles concentrated in a cube of width AV satisfies
assumption ([34]).

We aim to show that the particle distance and concentration stay at the same order in
finite time. The idea is to use a Gronwall argument and the computation of the velocities
(Vi)i<i<n at each fixed time ¢ > 0.

4.1. Proof of Theorem 1.1 We assume that initially there exists three positive constants
M, &, & such that (XY (0),\Y) € X(M,E&,E). Let T > 0 be such that
(55) dis(t) > %dij(()) VI<itj<N, Ve[0T
This maximal time 7" > 0 exists and we aim to prove that it is independent of N. As long
as t < T we have a control on the particle concentration.
Lemma 4.1 (Control of particle concentration M™). As long as t € [0, T[ we have:
MY (t) < 8*M™N(0).
Proof. We recall the definition of MM (¢):
MY (t) .= Sup{#{i € {1,---, N} such that x;(t) € m}}

z€R3
We introduce the following quantity:

(56) LN(t) = rnZaX# {j €{1,...,N} such that |z;(t) — ;(t)]sc <A)}.
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One can show that the two definitions of concentration L™ (t) and M™(t) are equivalent in
the sense that:

LN(t) < MY (t) < 8LN (1)

see Lemma for the proof. We also need to introduce the following notation for all
5> 0:

Ly (t) == max# {j € {1,..., N} such that |2;(t) — z;(t)| < BAY)},

and
MY (t) == sgp{#{i € {1,---, N} such that x;(t) € BOO(:U,B)\N))}},
with the notation
MY () .= MN(t) , LY(t) = LN(t).
We have for all > 0 and all a > 1:
Lys(t) < 8[a]’LF (1),

where [-] denotes the ceiling function. See Corollary for the proof.
The idea is to show that the concentration L” is controlled in time and hence, the same
applies to M*™ according to Lemma . Recall that we have for all ¢t € [0,T7:

1
dij(t) = 5di(0).
Now, fix 1 <4 < N and consider j # i satisfying |2;(0) — 2;(0)|o > AY, then

wt) = 25(t) oo > %mu) — a;(t)

T; z;(0
> —los(t) = 2,(0)
/\N
> —.
2/3
Which means that
)\N
jé {1 < k < N, such that |z;(t) — xx(t)] < —}
We obtain
)\N
57 1 <5 < N, such that |x;(t <
o1 {1<is i) — (0] < = |
C {1 <j <N, such that |z;(0) — z;(0)| < AV},
Hence taking the maximum over 1 <7 < N we obtain

LY (t) < LN(0),
23



SEDIMENTATION OF PARTICLES IN STOKES FLOW 31

thus, we apply Lemma |A.3| with 8 = ﬁg and a = 7! = 2V/3 to get
LN (t) < 8*L7(0).

According to Lemma , the equivalence between M” and LY yields finally for all ¢ €
[0, 7]

MY (t) < 8*M™N(0).
O

This shows that as long as t < T we have (XN (¢), \V) € X(8* M, 4&,,2E,;). This implies
the following control.

Proposition 4.2. Given a fized time t > 0, assume that there exists three positive constants
M, &, & such that (XN(t), \N) € X(81M,4&,,2E;). Then, there exists a positive constant
C > 0 independent of N such that for all i # j we have for N large enough:

with C' = C(To,M,gl,gg).

Proof. For the sake of clarity we fix ©+ = 1 and j = 2. The computations below are
independent of this choice. Thanks to Proposition we obtain :

N
Vi—Va=61R> (D(x1 —2;) — D(x2 — 25))Kg + O(dumin)-
i#1,2

Hence, according to assumption (35 we obtain:

N

1 1

Vi—-Vo| SR § (@ + g) |21 — 22| + O(dmin)
i#1,2 i i

_ AV
SM( +RN> |x1—$2\+0(dmm)

N2 /3 d2 )
5 d12.
We set then C' > 0 the universal constant implicit in the above estimate. U

We have the following control.

Lemma 4.3 (Control of particle distance). For all 1 < i # j < N, for all t € [0,T| we
have:
dij(t) = dij(0)e™".

Proof. Thanks to and Lemma we have for all ¢ < T that
(XN (), \V) € X(8* M, 4&,,2E,).

Hence, all computations from proposition hold true up to time 7'. In other words, there
exists a positive constant C' = C(rg, M, £, &) such that for all indices 1 <i # j < N we
have

Vi(t) = V;(t)| < Cdy(t) vt € [0, T7,
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thus,

S %) = —[Vi(t) = V; (1)1,
This entails
dzj(t) > dij (O)G_Ct.

g

Conclusion. Thanks to Lemma and Lemma we have for all 1 < 7 # j < N,
tel0,T]
dij(t) > dij(0)e™,
MN@t) < 8MN(0),
this shows that T is independent of N and is at least of order

log(2)
el

5. REMINDER ON THE VLASOV-STOKES EQUATION AND WASSERSTEIN DISTANCE

T>—=

In this part we recall some important results of existence, uniqueness, regularity and sta-
bility concerning the Vlasov-Stokes equations. We recall also the definition of the Monge-
Kantorovich-Wasserstein distance of order one and infinite. We refer to [I7), Part I, chapter
6] for definition and properties of the order one distance Wj. To define the infinite Wasser-
stein distance we start with some associated notions. We refer to [3] for more details.

Definition 5.1 (Transference plane). Let p, v € P(R?) be two probability measures. The
set of transference planes from p to v denoted I1(u, v) is the set of all probability measures
7 € P(R3 x R3) having p for first marginal and v the second one i.e:

relli e [ [ )+ o)y = [ s+ [ vwwid),
R3xR3 R3 R3
for all ¢, v € Cp(R3).
Recall that for all probability measure A € P(R? x R?) we have:
Definition 5.2 (Essential supremum).
A — esssup |z —y| :=inf{t >0 : A\{(z,y) ER*xR* : |2 —y| > t}) = 0}.
We recall also the definition of the support for a (non-negative) measure.

Definition 5.3 (Measure support). Given u € P(R?) a non-negative measure, then the
support of v is defined as the set of all points x for which every open neighbourhood of x
has positive measure:

suppp = {z € R*: VYV € V(x), u(V) > 0},
where V(x) denotes the set of open neighbourhoods of x.
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With this definition for the support one can show that there holds
A — esssup |z —y| :=sup{|z —y| : (z,y) € supp A}).

We can now define the infinite Wasserstein distance W:

Definition 5.4 (Infinite Wasserstein distance). The infinite Wasserstein distance between
two probability measures p and v is defined as follows:

Moo, v) = _Inf = esssup |z —yl}-

A transference plan ©* € I (u,v) satisfying
Ma(a, v) = 7" — esssup |& — g,
1s called an optimal transference plan.

We recall also the definition of a transport map.

Definition 5.5 (Transport map). Given two probability measures p and v, a transport
map T is a measurable mapping T : supp p — R3 such that

v="Tuu.
We emphasize that T'(R3) C supp v p - almost everywhere. Indeed
p{r € R*: T(x) ¢ supp v } = u{T~"(‘supp v )}
= v{“supp v}
= 07

in the case where supp v is measurable which is satisfied if v is absolutely continuous with
respect to the Lebesgue measure or if v is a finite sum of diracs for instance.

Remark 5.1. Note that, for all transport map T from u to v one may associate a trans-
ference plane (Id,T)#p € Il(p, v) i.e the pushforward of p by the map x — (x,T(x)) and
we have

(Id, T)#p — esssup |z — y|
=inf{t >0 : (Id, T)#u({(z,y) € R* x R* : |z — y| > t}) = 0}
=inf{t >0 : u((Id,T) H{(z,y) € R* xR* : |z —y| > t}) =0}
=inf{t >0: u({xr €R® : |2 — T(z)| > t}) =0}
= pu— esssup |z —T(z)]|.

Note that this yields

ir(lf ){7r — esssup |z —y|} <inf{p — esssup |T(z) — x|, T :suppp — R®, v = TH#u}.
mell(p,v

It is then natural to investigate in which conditions one has the existence of a transport
map 7T associated to an optimal transference plan. As in [§] we refer to [3] for the following
existence result.
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Theorem 5.6 (Champion, De Pascale, Juutinen). Assume that p is absolutely continuous
with respect to the Lebesque measure. Then there exists optimal transference plans, and at
least one of them is given by a transport map T. If moreover v is a finite sum of Dirac
masses, this optimal transport map is unique.

5.1. Existence, uniqueness and stability of Vlasov-Stokes solution. Consider the
Vlasov-Stokes problem

9p : —
(58) { 5 +div((kg +Kp)p) 0,
p(07 ) = po,
recall the definition of the kernel K :

Kii(z) = Brron / Bz — y) gnly)dy,

for all n € L=(R?) x L'(R?). We refer to the existence and uniquness result due to Hofer
[10, Theorem 9.2] in the case where the initial data py and its gradient Vpg are in the space
Xp for some 8 > 2 where

Xp:={h e L*®%), ||h|x, < oo},
with
Ihllxs = sup(L + [z|”)|A(z)|.
Theorem 5.7 (Hofer). Assume that py, Vpy € Xp for f > 2. There exists a unique

solution p € WH((0,T), X;) to equation for all'T > 0 and a unique well defined flow
X satisfying

(59) 0: X (s, t,x) = rg+Kp(s,X(s,t,z)), Vs,te]0,+o0],
X(t,t,z) = «x, vVt e [0, +oo],

such that

(60) p(t,z) = po(X(0,t,2)), V(¢ x) € [0, +oo[xR>.

Moreover, in the case where py is compactly supported, supp py C B(0, R), we have for all
T>0and0<t<T

supp p(t,-) C B(0, R+ T(k|g| + CR| pollr=)-

Remark 5.2. The flow X is measure-preserving i.e for a test function ¢ € Cy(R?) we have

/ b(y)o(s, y)dy = / H(X (5, 1.))p(t. y)dy,

for all s, t € [0,T]. This allows us to separate the dependence of time s in the integral
with respect to the measure p(t,-).

Remark 5.3. Note that for all n € L>=(R3) N LY(R3), the velocity field Kn is Lipschitz:
() (x) = K] S (Inller + Inll=) l2 —yl, Yo #yeR
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Moreover, if one assume that py is only Lipschitz and compactly supported, then one
can show the existence and uniqueness of the solution p to equation in the space
L>((0,T); L>*(R?) N L'(R?)). The method of proof is related to the stability result due
to G. Loeper in [14] which gives a stability estimate in terms of Wasserstein distance for
the Vlasov-Poisson equation. This result is adapted by M. Hauray in [7, Theorem 4] for a
more general class of kernels K satisfying a (C) condition with a@ < d — 1 where d is the
dimension space.

C

R

(C*) divK =0,Vz #0, |K(x)|, |[z|]|VK(z)| <

see [7]. This condition being satisfied by the Oseen tensor ® we have the following result.

Theorem 5.8 (Hauray-Loeper). Given T' > 0, consider two solutions p; € L*>((0,T),
L>®(R3) N LY(R3)), i = 1,2, to the Viasov-Stokes equation associated to two initial
data piy € L*(R®) N L'(R3), i = 1,2. There holds:

(61) Walpa(t, ). pat, ) < Walpp, pi)e” ™A lummann ot

We refer to [7, Theorem 4] for a complete proof which introduces the main ideas used
also in [§] for the mean field approximation result.

5.2. pV as a weak solution to a Vlasov-Stokes equation. According to Theorem
there exists a time 7" > 0 independent of N for which the particles do not overlap. This
shows that the empirical measure

N
Nt x) = 67?RZ5$Z.(,5)($),
i=1

is well defined on [0,7]. Recall that we are interested in the limiting behaviour of pV €
P([0,T] x R?) when N — co. According to Proposition , particles (x;)1<i<n satisfy the
following system:

T, =V
{ Vi ~ kg+6mRY D(x; — x;).
i#]

In order to prove Theorem [1.2f we want to compare the particle system to the continuous
density p which is solution to the Vlasov-Stokes equation (58). Hence, we need to express
pY as a weak solution to a Vlasov-Stokes equation. The end of this section is devoted to
prove it.

Analogously to the continuous case, we are interested in giving a sense to the quantity

KpN = 6rrok / (z —y)gp™ (¢, dy),

which is not well defined because ® is singular. On the other hand, as the only values of
® that matters are the terms ®(z; — x;), i # j we define the following regularization:

YNO(2) = 0(a)" (@),
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where ¢ (z) := 9 ( ) and ¢ is a truncation function such that ¢» = 0 on B(0,1/4)
and ¢ = 1 outside B(0, 1/2). We can now define the operator KV:

KNpN(t,x) := 67 Ror | YN ®(x —1y) g p™ (¢, dy)
R3

' PN ®(z — 24(t))g.

(2

_ bk
N

With this construction we have for x = z;(¢)

6
KN pN (t, 24(t) WTOK}ZCD (x(t) —zi(t))g.
JF

Indeed, theorem ensures that the particles satisfy

[2i(t) ~ 250 > Sauinl0), Vi .

for all t € [0,7] and T > 0 independent of N as stated in . Hence KV p" is well defined
on [0, 7.

Now, it remains to check that p"v is a weak solution of a Vlasov-Stokes equation. We recall
that p" is a weak solution of a transport equation 2 +div(Vp") with V' € C([0, T], C*(R?))
if for all test function ¢ € C°([0,T] x R?) we have

/OT o (Dup(t, x) + Vo(t, x) - V(t,x)) p™ (da, t)dt = 0.
Note that this integral yields
/T - (Od(t,z) + Vo(t,z) - V(t,z)) p" (dz, t)dt
/T 12 Orp(t, (1)) + Vo(t, zi(t)) - V(L 2:(1)))

In particular if we choose V' such that V (¢, z;(t)) = V;(t) one has:

/ ¥ 20l ) + VoLt al0)
=y / olt, 1)

=0.
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On the other hand, we recall that from we can write for all 1 <7 < N

N
Vi = kg + 6TRY ®(x; — x;)kg + Ei(t)
JF
= kg + KNpM (¢, zi(t)) + Ei(t),
with E;(t) = O(dmin). Hence if we construct a divergence-free vector field EV such that
EN(t, @i(t)) = Ei(t),
we can define V' as
V(t,z) = kg + KNpN(t,x) + EN(t, 7).

Construction of EV. We fix y a truncation function such that x = 1 on B(0,1) and
X =0on “B(0,2). For all i we set

&i(t,z) = curl (x_TW x Ey(t)x (””‘Tf(t))) .

By construction, &; is a divergence-free compactly supported vector field satisfying
Ei(t,zi(t)) = Ei(t).

Furthermore, &; is supported in B(;(t),2R). Thanks to Theorem [L.1] this entails that
supp(&;) Nsupp(&;) = 0 for i # j. We set then

EN(t,z) = Z&(t, ),

which satisfies for all N > 1

o EN € C([0,T] x R?), EN(t,-) € C'(R?) for all 0 < ¢ < T,

o divEN =0,

o EN(t,z;(t)) = Ei(t) forall 1 <i < N

o |EN(t, )|l < Cymax |E;(t)] forall0 < ¢ <T.
The only statement that needs further explanation is the last one. For all z € B(x;(t), R;)
we have

&i(t,x) = Ei(t),

and for all z € B(z;,2R) \ B(x;, R), direct computations yields

e () - 4 () s -t

- %(:c — (1)) - Vx (T) 13} Ei(t).

Therefore
€t )| < Cllxlloo + [[VXloo] [E(E)].
We can now state the following proposition.
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Proposition 5.9. For arbitrary N we have that kg + KNp" + EN € C([0,T] x R?) and
VNN + VEN € C([0,T] x R?). Moreover, the velocity field satisfies

(62) kg + KV oV (8, 2) + BV (t,2)| < O(L+ [2]), ¥(t, 2) € [0,T] x B,
for some constant C' independent of N.

Proof. As the kernel is regularized, the two first properties are satisfied by construction.
For all (t,z) € [0,T] x R* we have

ICN N 67T7"0K,2¢ [E _ :L‘Z<t)>

671'7" K
: Zw \xz m|>dm#n(0)}¢)(l‘ — xl(t))
We set Z(t,z) = {1 <i < N, |a(t) — x| > mm(o 1. which yields

N N < -
Z(t,x)

< M ’ )\N ’2 )
~ Nl/gdmin * ’
thanks to Lemma for K = 1. For the velocity field EV we have also by construction

that sup ||[EN(t,)||e is uniformly bounded . O
t€[0,T]

This allows us to state the following result.

Theorem 5.10. pV is a weak solution of

2% 4+ div((kg + KNpN + EV)pN) = 0,
(63) ot N N

P (07 ) = Po >
on [0,T] xR®. Moreover, the characteristic flow associated to the velocity kg +KY p™ + EN
is of class C! for all N > 1
(64)
0. XN (s, t,z) = kg+KNpN(s, XN (s,t,2)) + EN(s, XN(s,t,2)) Vs,tel0,T],
XNt t,x) = z, vVt e 0,77,

and the following classical formula holds true:

(65) P () = X7(t,0,)¢pp VYt €[0,T].

Proof. As V(t,x) := kg + KNpN(t,z) + EN(t,z) € CL([0,T] x R?) is defined such that
V(t,z;(t)) =V;, Y1 <i+# N this ensures that for all test function ¢ € C>°([0,T] x R?):

/0 /R (00(t,2) + Vo(t,2) - [rg + KV pV (¢ 2) + BV (t,2)]) o (de, )t = 0,
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thus, p" is a weak solution for (63).

According to Proposition [5.9, the ode governing the characteristic flow satisfies the as-
sumptions of the Cauchy-Lipschitz theorem. Therefore, the ode admits a unique maximal
solution XV € C'([0,T] x [0,T] x R?) thanks to formula (62). Equality holds true
thanks to the classical theory for transport equations. ]

6. CONVERGENCE TO THE VLASOV-STOKES EQUATION

At this point, we proved that the particles interact two by two with an interaction force
given by the Oseen-tensor with an additional error term.

{i'i(t) = Vi(1),

(66) Vi(t) = kg+6mRY.®(x:(t) — (1)) + EN (¢, 24(t)).

i#]
We want to estimate the Wasserstein distance Wi (p™(¢,), p(t,+)) for all time 0 < ¢t < T.

To this end, we follow the ideas of [7] and [8] and show that the additional error term E~
can be controled. As in [§], we introduce an intermediate density p™.

6.1. Step 1. Estimate of the distance between p and p". We define p}’ as the
regularized density of p:

o = Py * Xow
where y v (z) := ﬁx (ALN) a mollifier compactly supported in B(0, \V) (for instance).
We emphasize that the regularized density is uniformly bounded:

i) = [ e (St ) o

1 .
< N|/\N|3||XHOO SU.p#{Z € {1, e ,]\/v}7 ;L‘Z<()) c B(ZL’, )\N)}

< xlleM,

according to assumption (34). Moreover, we have
N
1 z — x;(0)
N 7
p(x)de = ——— / X (—) dx
/11&3 N|/\N|3Zz_1: B(ai(0)AN) AN
=1

Remark also that p) is uniformly compactly supported thanks to assumption (4)):

supp py C | B(:(0),A) € B(O,R+1), VN €N,

1
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Now, we define p™¥ as the unique solution to the Vlasov stokes equation (58) associated to
the initial data p)’. The stabily Theorem allows us to compare p and p':

Wl(p(t’ ')v ﬁN(t’ )) S Wl(P(), ﬁ[])V)‘gCt’
where C' = C(R, ||x||so;s M, ||pollx,)- We split the distance Wi (po, p)’) as follows

Wi(po, 5o ) < Wilpo, ) + Wil o),
and use the fact that
Wi(pd', 7y ) < Weelpd s 7).
together with [§, Proposition 1]:
Wee(pg » Py ) < CAY,
to get
(67) Wilp(t, ), o™ (t,-)) S (XY + Wilpo, py)) €

6.2. Step 2. Estimate of the distance between p" to p". It remains to estimate
Wi(pN(t,-), pN(t,-)). We have the following result:

Lemma 6.1. For arbitrary N there holds,
Wi (pN(tﬂ ')7 ﬁN(t> )) 5 WOO(péVa ﬁév)‘eCt + tGCtdmin'

Proof. According to Theorems and we have the explicit formulas for all s, €
0, T7:

ﬁN(ta ) = X(tv S, )#ﬁév7

pN(ta ) = XN(t7 S, )#pi\f
At t = 0 we have the existence of an optimal transport map Ty from p) to p)) thanks to
Theorem [5.6]

pé\] = TO#ﬁéV7
satisfying
Woolpo' s 05 ) = o — esssup |Tp(z) — xl.

We construct then a transport map 7; from p™v to pv at all time ¢ € [0, 7] by following Ty
along the two flows X and X¥:

T, = XN(,0,) 0 Ty 0 X(0,t,-).
One can remark that for all 0 < s < ¢:
T, = XN(t,s,~) oTs0X(s,t,-)
pV(t,) = Ti#P™(t, ).
As in [§] we set then
F(t) = sup p(t,) — esssup |Ts(x) — al,

s<t
so that

Woo(pN(t7 ')7 ﬁN<t’ )) S f(t),
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and
F(0) = Wao (5, p0)-

We reproduce the same steps as in [8] and introduce the following notation for a generic
"particle” of the continuous system with position z; at time ¢ such that

xs = X(s,t, 1),
we fix in what follows 0 < t, < t; and recall the following formula
T o X(t1,ta, ) = XN (t1,t2,) 0 Tpy.
We aim now to estimate |1y, (zy,) — x4, | for all test particle zy, :

T () — @, = XV (t1, 10, Ty (21,)) — X (t1, ta, 24y),

tl . .
= 1—;52(11?,52) — Lty +/ XN(Sat%T;fQ(mtz)) - X(37t2>$t2)d57
to

= Tt2(xt2) — Tty + / 1 ([ICNPN + EN](‘g?XN(S?t??Th(xtz)))v

to

— Ko™ (s, x5)))ds,

=T, (z,) — x4, + / ICNpN + EN](s Ts(zs)) — ICﬁN(s,a:s)))ds,
t1
— Xy, + / (s, Ts(xs))ds,

- EQ xtz

/ /R G (6VR(T(2) ~ Ti(y) — @z, — ) 97" (5, dy)ds,

where we used the fact that pY = T,#p" to get:

KN pN (5, Ty(z4)) = 67rr0/-i/ VN (Ty(ws) — 1) gp™ (s, dy)

R3

= 6mror | PN O(Ty(x,) — Ti(y))gp™ (s, dy).

]R3

We set then t; =tand to =t; —7=t—7, 7 > 0. We obtain for almost every z; and x;_,

Ty () — @] < |Toer(21—r) — Tos| + T BV ()] o0,
+ 67rorlg] s [N (T, (2s) — Tuly)) — (x5 — y)| 5" (s, dy)ds,
< flt=1)+ 7BV ()]

+C/tT/R3 [N O(Ty(xs) — Tu(ys)) — ®(s — ys)| 5~ (¢, dyy)ds,
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here we used remark with ys = X (s,t,y:). In addition we defined
IEY (#)loo = sup [IEY(s,) -
0<s<t

This being true for almost every x; we obtain:
(68) f(t) < f(t—7) + 7 EY ()]l
t
+ Cesssup/ }@/JNCD(TS(%) —Ts(ys)) — P(xs — y5)| P (t, dy,)ds.
Tt t—7 JR3

Hence, it remains to control the last quantity. We split the integral on R? into two terms:
the first one denoted J; is the integral over the subset I and the second one denoted J,
the integral over R3 \ I where

I = {yt : |.Tt - yt| 2 4f(t)eTL}a

where L will be defined later.
Step 1: Estimate of J;.
For all t — 7 < s <t, we have:

t
P / X () — X (4, y)ldt.,
t
Z |xt - yt| - / |KﬁN(t/7 X(tla t? xt)) - }CﬁN(t/’ X(tla ta yt))|dt/7

t
> |2, — 3l — Lip (K5Y) / Xt ) — X(E 1, 0)|dE.

According to Remark , the Lipschitz constant of Kp" is bounded by
Lip (Kp™) < Cllp" || oo (roeriry.-

Thanks to and the fact that pY is uniformly bounded and compactly supported we
obtain

Lip (Kp") < C(1|7g' lloo, supp ) < C-
Applying Gronwall’s inequality yields for all 0 <t —7 < s <t

|ms - ys| Z |xt - yt|6_L(t_S)'

We can make precise now the constant L := Lip (Kp¥) which is uniformly bounded for all
N >0andte€0,7T].
According to the definition of I = {y; : |z;—y| > 4f(t)e™ '} wehave forall 0 < t—7 < s <t
and 7 small enough:

CL(—s e 1
(69) [T — ys| > |2 — yile =) > |zt — yile > §|$t — Yt

Analogously, for almost all x, ans y,

To(zs) =Ts(ys)| = |2 —ys| = Ts(@s) = 5| = [Ts(ys) —ys| > [v5—ys|=2f(s) > [ws—ys| =2 (t),



SEDIMENTATION OF PARTICLES IN STOKES FLOW 43

where we used the fact that f(t) > f(s). This yields for 7 small enough

(70) 1T, (e2) = Taln)| 2 o~ wil

Moreover, recall that Ty(x,) and T,(y,) are in the support of p¥(s, ) i.e there exists i, j
such that Ty(x;s) = z;(s) and Ty(ys) = x;(s). In addition, estimate and the definition
of I ensures that ¢ # j. We have then

(71) ¢N¢(TS(5€8) — Ti(ys)) = ®(Ts(xs) — Ts(ys))-
Finally, using estimates , , formula and the Lipschitz-like estimate for ®

we obtain:

7 = / / 0T ) = ) = B, — )] dsp (..

2 — (@) + lys — L),
<C//t7m1n |Is | |T( ) Ts(y)‘)QdSp (t7dyt)>

< Cf(t) /|x |2p (t,dyy),
< Ctrf(t)]|pN (1) poo -
Recall that [|p" (t)[|z < Hpo HLOO < lIxllosM and
supp " (t,-) € B(0, R+ t(klg| + CRpg [|=)-

Step 2: Estimate of J,.
We focus now on

t
Jo = esssup/ WNCI)(TS(JCS) — Ts(ys)) — ®(zs — ys)‘ P (t, dyy)ds
t—r JCI

Tt

Again T,(z,) and T (y,) are in the support of p™ (s, -) i.e there exists i, j such that T, (z,) =
z;(s) and Ty(ys) = x;(s). Moreover if i = j then YN ®(Ty(z5) — Ts(ys)) = 0. Hence in all
cases we have

‘(I)(J}s - ys) - wN(I)(Ts(xs> - Ts(ys»‘ S |(I)(xs - ys)| + |1/}N<I)(TS(ZL’S) - TS(yS))|

1 1
R
(‘xs - ys‘ dmin<3)

applying the change of variable y, = X (¢, s,ys) we get

/ / s ) < 17 / /
t—1 |x8— S t—1 J¢
:C/ / —dysds.

t—1 J X(t,s,c1) |ZL'5 - y8|

dyt d87
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Denote K = X(t,s,I), as the flow X preserves the Lebesgue measure we have |K| = |I|.
For all s € [t — 7,t] and a > 0 a direct computation yields

1 1
/ dys = (/ +/ ) dysa
K |Ts — ys| KNB(zs,a) KNeB(z,a) |[Zs — s
1
< Ca®+ -|K]|,
a
we choose then a3 = |K| = [¢]| < Cf(t)3e3™ to get

t
1
(72) / / ———dsp (¢, dy;) < Crf(8)2e*.
el Jt—1 |1'5 - y8|

For the remaining term we apply Theorem [I.1] and get for all t — 7 < s < ¢

// dSP (¢, dy.) S // dSP (t,dy:),
el Jt—r mln cl Jt—r1
37’L
<
B 7-dmin<o)

Conclusion.
Gathering these bounds, there exists a universal constant K > 0 independent of N such
that for 7 small enough and 0 <t < T

f(t)?
dmin<0)

We can now appply a discrete Gronwall argument: Note that at time ¢ = 0, assumption
@ ensures the existence of a positive constant C; > 1 such that

F@&) < ft=7) +7IEY ()]l + KTf(1) |1+ Tf(t) +

1+ TFf(0) +

We obtain
f&) < f(t—7) + O f(t) + 7| EY .
If 7 is small enough we can write

T

1—017'

12 [l

fOy<@ -0 Hft—1)+
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iterating the formula we obtain for M € N*

M
) < (1= Com) (0= M) 4 75— 1V
k=1

M
<@A-Cr) Mt - Mr)+ 7Y OBV
k=1

Thanks to the bound 171017 < e?A7 for 1 small enough. We set then t — M7 = 0 to get

M
t_m t 201 L k|| N
flt) < (11— Clﬂ) f(0) + M;e || B | oo -
As €203k < 201t for all 1 < k < M the second term yields

M

t t

LS e ) < 120 BV,
k=1

and for M arbitrary large:
b
(1 o Clﬁ) M S 6201t'
Finally for all ¢t € [0, T%]
() < £(0)e* 4 Cte®| BV .
In particular we have for all ¢ € [0, 7%

f@®)?
donin (0)

2
dmin(o) (

Tf(t)+ < T(0)PN + || BV T2 + F(0)?e" N 4 | BN |2 17>

f0)? + ||EN||30>
dmin(o) '

< T2 4T +277) (f(()) + [|EN] oo +

Since we have f(0) = O (AY) and

FO2+IEYE o AV
dmin(o) ~ dm1n<0)
<< 1,

+ dmina

according to assumption @, this shows that for N large enough, we have for all ¢ € [0, T"]

e
dmin(0) — K’

1+ Tf(t)+

where N depends on T*. Hence, we can choose N large enough so that 7% — T O
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APPENDIX A. TECHNICAL LEMMAS

We state here an important lemma which is the extension of [12], lemma 2.1] to the new
assumptions on the dilution regime introduced in [9].

Lemma A.1 (Adapted from P. E. Jabin and F. Otto). Under assumptions for all
k € [0,2] there exists a positive constant C' > 0 such that for all fited 1 < i < N:

)\N3 kNl——
(73) Zk<()’]\/[<| |dk +N>.

.]#'Z‘ min

Moreover, if k = 3 we have

Z 1 lOgMN MNZOg’)\N’_g

— d, s i [AN]3
J#i

Proof. We fix i = 1 and the same holds true for all 1 <i < N. We introduce the shortcut:
Li={1<j<N, |z —a| <AV},

we have :

ST |

j#1 di; jeh  j¢h dy;
J#1
As #I, < MY we apply [12, Lemma 2.1] to the set of particles I; with minimal distance
dmin to get:

1 |MN|1—I<:/3

jen 1j min

|)\N|3 kNl——
T e—

min

<CM

In the special case where k = 3, reproducing the proof of [12, Lemma 2.1] with k = 3
yields:

For the second sum we choose a covering (C?);<,<\~j-s of (J{z;} with disjoint cubes C*
of width 2\ such that C" is the cube centered in z; with width 2A\". We have then

o, c | Jon,

q#1
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we use then the shortcut
I, :={1 < j < N such that z; € C},
and set 7, the center of the cube C'?. We have then for all j € I:

|21 — 5] > |21 — Zg| — |Tg — 75,
> |z — T4 — AV,
1

> §|$1'_'jqb

where we used the fact that each center 7, is at least 2AY far away from the center ;.
This yields

IAN|=3
J§ZI1 q#1 jeca 1J
AN |3

< MY
Z FREaT _xq‘k

Now, we apply [12, lemma 2.1] for the set of centers (Z,);<4<xv|-s having minimal distance
2N to get the existence of a positive constant C' > 0 satisfying

N |- —
Sl
= e =Tt AN

Again, if k£ = 3 we apply the same method of proof as [12, Lemma 2.1] to get

AN =2

| log AV |
> SO
> e <O

which completes the proof. O

The following results are used for the control of the particle concentration M™:

MY (t) .= Sup{#{i € {1,---, N} such that z;(t) € Boo(m,/\N)}}.

T€R3
We recall the definition of L introduced in (56)):
LN(t) := max# {j € {1,..., N} such that |z;(t) — z;(t)]c <A"}.

The following lemma shwos that the two definitions are equivalent.

Lemma A.2. We have
LN(t) < MY (t) < 8LN(1).



48 AMINA MECHERBET

Proof. The first inequality is trivial. To prove the second one note that we have:

sup{#{i € {1,---, N} such that x; € Boo(x,)\N)}} <,

z€R3

8 sup{#{i € {1,---, N} such that z; € Boo(x,)\N/Q)}}.

z€R3

Indeed, for all x € R? there exists Ty, k = 1,--- ,8 such that

- B AN

k
this yields

{ie{1,---, N} such that z; € Bo(z,\V)}
8
C U{z € {1,---, N} such that @; € Boo(Ty, \V/2)}.
k
Taking the supremum in the right hand side and then in the left one we obtain:

(74) sup{ {ie{1,---, N} such that z; € Boo(x,)\N)}} <

z€ER3

8 sup{#{i € {1,---, N} such that x; € Boo(x,)\N/2)}}.

z€R3

Moreover, we remark that the supremum over all z € R3 can be reduced to the supremum
over (JBuo(wi,%"). Now consider # € |JBoo (i, %), there exists 1 < ig < N such that
i i

|z — 2|00 < %, we have then for all j # iy such that |z — 2] < ’\:.
|xj - xi0|00 < |xj - I|OO + |CL’ - xi0|00 < )‘N’
which means that for all « € |JBeo (s, 2 A7) there exists 1 < ig < N such that
{1 <j <N, such that z; € Bo(z,AN/2)} C {1 <j <N, such that |z; — 2|00 < AV}

Taking the maximum over all 7y in the right hand side, and then the supremum over all
T € UB (zi, 2 ) we obtain:
(75) Sup{#{i € {1,---, N} such that z; € B (a, )\N/Q)}} <

max# {j € {1,..., N} \ {i} such that |z; — zj]c <A"}.

Gathering inequality and concludes the proof. [l
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More generally we define for all g > 0:
Ly (t) = m?x# {j €{1,...,N} such that |z;(t) — 2;(t)|c < BAV},

and
MY (t) == s;lﬂg{#{i € {1,---, N} such that x;(t) € Boo(a:,BAN)}},
with the notation
MY (t) .= MN(t) , LY(t) = LN(t).

The previous results yields

Corollary A.3. For all >0 and all o > 1 we have:
LY, < S[aT*LY @)
where [-] denotes the ceiling function.

Proof. For sake of clarity we set § = 1 and the proof remains the same for all 5 > 0. The
idea is to show an equivalent formula for M and use Lemma [A.2l Analogously to the
proof of Lemma , for all z € R? there exists Ty, k = 1,---, [A]® such that

o?
Bt ¢ () B o)
k=1
Which yields, with the definition of M
MY < [P MY (1).
Finally, we apply Lemma to get
Ly (t) < MJ'(t) < [a]*M7(t) < 8[a] LY ().
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