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Abstract

The advection-diffusion equation y; — ey5, + My; =0, (z,t) € (0,1) x (0,T) is null controllable for any
strictly positive values of the diffusion coefficient ¢ and of the controllability time 7. We discuss here the
behavior of the cost of control when the coefficient € goes to zero, according to the values of T'. It is actually
known that this cost is uniformly bounded with respect to ¢ if T" is greater than a minimal time T, with
T in the interval [1,2v/3]/M for M > 0 and in the interval [2v/2,2(1 + v/3)]/|M| for M < 0. The exact
value of Ty is however unknown.

We investigate in this work the determination of the minimal time Ths employing two distincts but
complementary approaches. In a first one, we numerically estimate the cost of controllability, reformulated
as the solution of a generalized eigenvalue problem for the underlying control operator, with respect to the
parameter T" and €. This allows notably to exhibit the structure of initial data leading to large costs of
control. At the practical level, this evaluation requires the non trivial and challenging approximation of null
controls for the advection-diffusion equation. In the second approach, we perform an asymptotic analysis,
with respect to the parameter e, of the optimality system associated to the control of minimal L?-norm.
The matched asymptotic expansion method is used to describe the multiple boundary layers.

Key words: Numerical approximation, space-time variational formulation, Asymptotic analysis, Boundary
layers, Null controllability.

1 Introduction

Let L > 0,T > 0and Qr := (0, L) x (0,T). This work is concerned with the scalar advection-diffusion equation

Yp — €Yzy + Myz =0, (v,t) € Qr,
y=(0,t) = v°(t), y*(L,t) =0, t€(0,T), (1)
y° (z,0) = y5(x), z € (0,L).

The parameter € > 0 is the diffusion coefficient while the real M is the transport coefficient; v© = v=(t) is the
control function in L2(0,7), y§ € H~1(0, L) is the initial data and y° = y°(x,t) is the associated state.

For any y5 € H*(0,L) and v* € L?(0,T), there exists exactly one solution y° to , with the regularity
y® € L3(Qr)NC([0,T); H-1(0, L)) (see [I8, Prop. 2.2]). Accordingly, for any final time 7' > 0, the associated
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null controllability problem at time T > 0 is the following: for each y5 € H~1(0, L), find v € L?(0,T) such that
the corresponding solution to satisfies

y*(-,T)=0in H'(0,L). (2)

For any T > 0, M € R and € > 0, the null controllability for the parabolic type equation holds true (see
[20 27]). We therefore introduce the non-empty set of null controls

Clys, T,e, M) :={(y,v) : v € L*(0,T);y solves and satisfies }

We are mainly concerned with the asymptotic behavior of null controls for when the coefficient € becomes
small. System can be seen as a simple example of complex models where the diffusion coefficient is very
small compared to the others. We have notably in mind the Stokes system where € stands for the viscosity
coefficient. One may also think of a parabolic regularization of a system of conservation laws. Precisely, we are
interested with the control of minimal L?-norm and define for any e > 0 the cost of control as follows:

DEFINITION 1.1 For alle > 0,7 > 0,M € R, we define

K(e,T,M) := sup

HySHLQ(o‘L):l

u||Lz(o,T)} . (3)

min
ueC(y§,T,e,M)

For the sake of simplicity, we consider the supremum over initial conditions in L?(0,L). A similar definition
holds true with the space H=1(0,L). The cost of control K(e,T, M) is the norm of the (linear) operator
Y5 — V5 Where v5;,, is the control of minimal L%-norm.

DEFINITION 1.2 Let
T ::inf{T>0:EIC>O s.t. V5>0,K(57T,M)<C}, 4)

so that is uniformly controllable with respect to ¢ if and only if T' > T},.
For € = 0, the system degenerates into a transport equation and is uniformly controllable as soon as T’
is large enough, according to the speed |M| of transport, precisely as soon as T' > L/|M]|.

DEFINITION 1.3 For all L > 0 and M € R*, we denote

T |J\L/[| (5)

Obviously, if T > T*, the zero function is a null control - and so the control of minimal L?-norm - for the
transport equation. Accordingly, K (0,7, M) =0 for any T > T™*.

On the other hand, the behavior of K (e, T, M) as ¢ — 0 is more involved and has been the subject of several
recent works. We may expect that the cost K(e, T, M) goes to zero as ¢ — 0 as soon as T > T™ and therefore
that Thy = T*. But, at least for M < 0, this is false since, as shown in [29], the cost K(e,T, M) blows up
exponentially as e — 07 for any T' < 2(1+ V/3)T*. This is a priori a surprising and non expected result. There is
actually a kind of balance between the term —eyZ, which favors the diffusion (and so the null controllability) for
¢ large and the term MyS which enhances the complete transport of the solution out of the domain (0, L) for €
small. Precisely, for any ¢ larger than T*, the L?-norm |[|y° (-, t)||2(0,1) is of the order efé(th*)a exponentially
small but non zero. This is the effect of the transport term. On the other hand, the cost of null control for the
heat equation with initial condition of magnitude one and diffusion ¢ is exponentially large, of the order e .
The time Ty is therefore related to the minimal time beyond which the transport of the solution is enough to
compensate the cost of control to zero of the remainder.

One may tackle this problem and the determination of the minimal uniform controllability time T, using
at least two distincts approaches. A first one, discussed in [33], consists in approximating numerically the cost
K(e, T, M) for various values of € and T > 0, the ratio L/M being fixed. This can be done by reformulating the
cost as the solution of a generalized eigenvalue problem for the control operator associated to . This latter
problem requires the approximation of the control of minimal L?-norm, a delicate issue for small values of .
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A second approach, discussed in [I], consists in performing, in the spirit of [28], an asymptotic analysis of
the optimality system associated to the control of minimal L?-norm. In spite of the apparent simplicity of the
system , such analysis is not straightforward because, as & goes to zero, the direct and adjoint solutions
exhibit boundary layers in the transition parabolic to hyperbolic. For example, for M > 0, the solution y¢
exhibits a first boundary layer of size O(g) at * = L and a second boundary layer of size O(y/¢) along the
characteristic {(z,t) € Qr, Lx — Mt = 0}. A third singular behavior due to the initial condition y§ occurs for
y© in the neighborhood of the points (z¢,%) = (0,0) and (x1,¢1) = (L,0).

We review in this paper existing results as well as well recent contributions based on the two previous
mentioned approaches. In Section [2, we preliminary recall some important facts about the system and
some corresponding existing controllability results. In particular, we enhance the fact that, for this system, the
difference between null and approximate controllability becomes very important as € goes to zero. Then, in
Section [3] we introduce and discuss, mainly formally, a method allowing to approximate numerically the cost
K for relatively large values of . Then, in Section [4] we investigate in a rigorous way the asymptotic analysis
of the problem with respect to . We conclude in Section [6] with some perspectives.

Along the text, we shall use the following notations:

Lsy =Yt — EYzx + Myza L;QO = =Pt — EPra — M@z

2 Asymptotic properties and overview of controllability results

We overview in this section some qualitative results related to the system as well as controllability results.
We start with two remarks.

Remark 1 If M =0, is simply the heat equation, uniformly controllable with respect to T > 0 and yg5 €
H~'(0,L). By making the change of variable t = t, we easily obtain the equality K(e,T,0) = e~ /?K(1,T,0)
for alle >0 and T > 0. Moreover, the cost of control for the heat equation in arbitrarily small time has been
studied in various places (see [31] and the references therein) and is as follows: K(1,T,0) ~p_so+ €T for some
k€ (1/2,3/4). Gathering these two estimates, we deduce that

® 2
K(e,T,0) ~eyor £ 2T k€ (1/2,3/4) (6)

and conclude that, for M = 0, the cost of control defined by (@ blows up exponentially with respect to the
diffusion coefficient. We may write Ty = 4o00. The open question in the case M = 0 is the value of the
exponential rate k known to be in the range (1/2,3/4).

In view of (@, we assume in the sequel that M # 0, for which the situation is different as it also depends
on the value of the controllability time 7'. It is also useful to recall the following fact, which can be obtained
by standard duality arguments.

Remark 2 The controllability cost is related to the observability constant Cops(e, T, M) which appears in the
observability inequality for (@

||905('70)”L2(0,L) < OobS(€7T’ M)H‘SSDZ(Ov ')||L2(0,T)7 Vg@%« € H&(OvL) n H2<07L)7

defined by
l° (-, 0)[| 20,
Covs(e, T, M) := sup ez (0] (.L) , (7)
pgeH(0,L) €LY, )lIL2(0,T)

where ©° solves the adjoint system

50§+5502z+M90; :07 (iﬂ,t) GQT?
©°(0,t) = ¢°(L,t) =0, te(0,T), (8)
o (z,T) = p7(z), x € (0,L).

Precisely, we get that K(e,T,M) = Cops(e, T, M) (see [T]|], Remark 2.98). The observability inequality is
the main tool to prove the null controllability of .
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The first result we recall is due to J-.M. Coron and S. Guerrero and concerns the asymptotic behavior of
the direct solution »°, with respect to ¢, for v¢ given in L%(0,T).

THEOREM 2.1 (CORON-GUERRERO [I5]) Let T > 0, M € R*, yo € L*(0, L), independent of . Let (v°)(.) be
a sequence of functions in L*(0,T) such that for some v € L*(0,T), v — v in L*(0,T), ase — 0%. Fore > 0,
let us denote by y° € C([0,T); H=1(0, L)) the weak solution of

yts_gyim—’—My;:O, (Z‘,t)EQT,
y°(0,t) = v°(t), y°(L,t) =0, te (0,7), (9)
Yy (z,0) = yo(x), z € (0,L).

Then, y* — y in L*(Qr) as e — 0T where y € C([0,T); L*(0, L)) is the weak solution of

Yyt + My, =0, (z,t) € Qr,
y(0,t) =v(t), o M>0 t€(0,T), (10)
y(L,t) =0, if M<0 te (0,7),
y(x,0) = yo(x), z € (0,L).

The fact that the limit weak solution solves the transport equation is quite expected: it is however crucial to
note that this theorem assumes that the initial condition does not depend on the parameter €. As a consequence
of this result, if T' < T, one may exhibit initial data y§ for which the corresponding control cost is not bounded
with respect to € :

COROLLARY 2.1 If T < T*, lim._,0 K(e,T, M) = co. Consequently, Ty > T*.

PROOF. Assume that K (e, T, M) / +oo. There exists (e,)nen) positive tending to 0 such that (K (e, T, M))mnen)
is bounded. Let v*" the optimal control driving yy to 0 at time T and y°~ the corresponding solution. Let
To € (T, T*). We extend y» and v by 0 on (T, Tp). From the inequality

En En

[[v

£200,10) = [V |20,y < K (€™, T, M)||y5ll22(0,L)

we deduce that (v°")(,en) is bounded in L?(0,Tp), so we extract a subsequence (v°")(,en) such that v*» — v
in L2(0,7p). We deduce that y*» — y in L?(Qg,), solution of the transport equation. Necessarily, y = 0 on
(0,L) x (T, Ty) which is a contradiction if the support of yg is such that supp(y§) N (0,L —T|M|) #0 (M > 0)
or supp(yg) N (L —T|M|,L) # 0 (M < 0). O

Corollarythus provides a lower bound for Th;. On the other hand, since the limit system is uniformly
null controllable (with null controls) if and only if 7" is greater than T™*, we expect that Th; = T* and moreover
that lim._,0 K (e, T, M) = 0 as soon as T" > T*. As we will see, this is not so simple since the cost of control
may be achieved by an initial data dependent on &, a situation not covered by Theorem [2.I] The following
result makes precise the behavior of the cost K(e,T, M). We also mention [22] for a multi-dimensional case.

THEOREM 2.2 (CORON-GUERRERO [15]) If M > 0 and T < T*, then there exist constants ¢,C > 0 such that
K(e,T,M) > Ce®/® for all ¢ > 0. Similarly, if M < 0 and T < 2T*, then there exist constants ¢,C' > 0 such
that K(,T, M) > Ce®*, ¢,C > 0 for all ¢ > 0.

Therefore, if T' < T*, the control cost blows up exponentially as £ goes to zero (as for the heat equation, see
Remark . The theorem also clearly states that the case M < 0 is much more singular and that T, > 27T*:
heuristically, when M is negative, as ¢ — 0, the solution y° is mainly transported from the right to the left
parallel to the first characteristic, and therefore somehow acts “against” the control, active at the left extremity
x = 0. For the same reason, for M > 0, the transport term My, “helps” the control. These lower bounds are
obtained by considering the following condition (the first mode associated to the advection-diffusion operator)

yo(z) = Ko sin(?), z € (0,L) (11)
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with K. = O(c3/2¢~ 2% ) such that Y|l 2(0,2) = 1 and by estimating the corresponding L?-norm of the control
of minimal L2-norm: precisely, it is obtained, for M > 0, that

e 3/ 12[2 V)2 M m2eT
K(e, T,M) > Cy TIP3 exp(zg(L—TM)— I )
while for M < 0,
6_3/2T_1/2L2M1/2 |M| 7.(.251'v
K T,M)>C —Q2L-T\M|) — —— |.
(87 b ) — 1 1 +L3|M|3673 € ( 25 ( | D L2 )

The initial condition depends on ¢, so that the result for M < 0 does not contradict Theorem [2.1} However,
the bounds T* and 27™ obtained with such initial condition are quite unexpected. Take for instance M > 0 so
that the initial condition y§ given by gets concentrated and supported in the neighborhood of the point
x = L (see Figure 1)) as ¢ — 0 with lim. 0 [|y§| £ (0,—s) = O for any § > 0. Moreover, this initial condition is
transported from the left to the right (again assuming € small) so that at any time ¢ > 0 (not necessarily larger
than T*) the L*-norm of the free solution ||y°(-,¢)||12(0,z) is exponentially small (see Lemma below) with
respect to . However, according to the bound, if T" is lower than T, the corresponding control cost blows up
exponentially with respect to €. The situation is even worst for M < 0 (now y§ is concentrated at the point
x = 0) since the property remains true for any ¢ € (0,27*) | Very likely, the worst initial condition (leading to
the largest L2-norm for the HUM control v¢) is not the one given by .

Figure 1: y5(z) for z € (0,L) = (0,1) -e =5x 1072, e =10"2, e =5 x 1073,

Before recalling known upper bounds for Ty, let us consider the behavior of the free solution (i.e. v = 0)
with respect to €.

LEMMA 2.1 Let a € (0,1). The free solution (i.e. v¢ = 0) satisfies

(!2 *
ly*CDllzz0.0) < Iyl zzo.cye” 05T, e > (1%)
PROOF. A proof is given in [I5] by extending the system to x € R and then by using explicit integral repre-
sentation of the extended solution. We provide here a simpler one that will be useful in the sequel. We assume
M > 0, the case M < 0 is similar. We check that 2°(z,t) = e#ya(m,t) solves
M2
zi —ezi, + M(1— o)z — 4—25(042 —2a)z° =0, (x,t)€Qr,

T

25(0,t) = 2°(L,t) = 0, te(0,7),

—Max

2%(x,0) = e 2= yi(x), x € (0,L).
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Multiplying the main equation by z° and integrating over (0, L) then leads to

d M?

125 G000y + 2601250 D0,y = 5 (@ = 20)12°C, )IZ2 0,1,

and then to the estimate ||2°(-,t)||z2(0,2) < [12°(-; 0)|[z2(0,)€ A (a2 200t equivalently, to

_ Mas _ Moz M2, 2
le™ 2y (, )llz2(0,0) < lle” 2 57 (, 0) | 2o, pye 5= (4 20,
Consequently,
Max Max Max
19" ()l 20,0y = lle ™55 e " E5 7 ()| 20,1 < fle™° IILoo(OL>H6 2=y (D)2 0,n)
Max Moz M= —
< ||€ 2% || Lo 0, plle” 2=y (5 0)[| 2o, L)e‘“ - (o 200t
< e oty (. )||L2(0 L)eM;;LJrM (a%—2a)t
< |lyE (-, 0)|| 2 (0.1)€ Mo ([ Myt Mat)
using that (recall that a > 0) [|e"22* || (0.z) = ¢ 2 and ||e” 2" || p~(0.z) = 1. Let now ¢ > M(lL 5 > L 5o
that L — Mt + M2t < —gfes and (L — Mt + ¥pt) < — 4@4_6; - The result follows. m

This result shows that the norm ||y*(-,t)||z2(o,) of the free solution is exponentially small as soon as t > T*
and exhibits how large is the gap between exact controllability and approximate controllability, for any small
enough and fixed e. Take again M < 0 and T' € (T*,2T*). According to the previous lemma, for any 6 > 0,
there exists g9 > 0 such that for all ¢ < eo, [|¥°(-,7)|lz2(0,0) < 6. The cost of approximate control, says
Ks(e,T, M) defined in the same way than K (e, T, M) except that is replaced by [|y*(-,T)||g-1(0,0) < 0 is
equal to zero, for any § > 0, as soon as ¢ is small enough: lim._,o Ks5(e,T, M) = 0 for any 6 > 0. On the other
hand, according to Theorem the cost of exact null controllability blows up exponentially. The price to reach
the target 0 from any state in the ball B(0,6) = {y € H (0, L), ||yllg-1(0,r) < 6} is arbitrarily large: this is
due to the fact that the coefficient of diffusion term —ey,, so essential for the controllability property, vanishes.
Remark that this kind of balance between transport and diffusion can be seen on the spectrum of the operator
A:H}0,L) — H1(0,L) defined by A(z) = —ez4x + M2, given by {e(km)? + M?/(4¢)}ren associated to the
cigenfunctions {e 2= sin(kwz/L)}ren.

On the other hand, if the controllability time 7' > 0 is large enough, then the cost K (e, T, M) is bounded
uniformly with respect to €, both for M > 0 and M < 0. The following result provides upper bounds for T;.

THEOREM 2.3 (CORON-GUERRERO [15]) Let ¢ > 0. If M > 0 and T > 4.3T*, then there exists constants
¢,C > 0 such that K(e, T, M) < Ce=¢/c. If M <0 and T > 57.2T*, then there exists constants ¢,C > 0 such
that K (e, T, M) < Ce™¢/=.

Consequently, we may summarize the previous results as follows.

THEOREM 2.4 (CORON-GUERRERO [I5]) Let Ty be the minimal time for which the control of minimal L*-
norm is uniformly bounded with respect to e > 0 and y§ € L?(0,L). Then,

Ty € [1,A3)T* if M >0, [2,57.2]T* if M <O0.

These bounds have then been improved by O. Glass, P. Lissy and more recently by S. Darde, S. Ervedoza
in the positive case M > 0. Existing results are as follows :

THEOREM 2.5 (GLaAss [21])

Ta € [1,421T* if M >0, [2,61]T* if M <O0.
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THEOREM 2.6 (Lissy [30])
Ty € [1L,2VBIT* if M >0, [2V2,20+V3)|T* if M <O.
We mention that 2v/3 ~ 3.46.
THEOREM 2.7 (DARDE-ERVEDOZA [10])
Ty € [1L,KIT* if M>0, K=~334

As far as we know, the determination of T, both for M > 0 and M < 0, remains an open and nontrivial
problem. In the next section, we investigate numerically this issue.

3 Numerical estimation of the cost of control

As explained in detail in [33], we may, at least formally, approximate numerically the cost K (e, T, M) with
respect to the parameters e, 7 and M. We may remark right now that in view of the behavior of the uncontrolled
solution given by Lemma for T' > T*, such numerical approximation will be a priori duable only for not too
small values of € and T close to T™.

3.1 Reformulation of the controllability cost K (e, T, M)

We reformulate the cost of control K as the solution of a generalized eigenvalue problem involving the control
operator (named as the HUM operator by J.-L. Lions for wave type equations). From , we write

,UE, Ve
K2(57T7M): Sup (55)&
ysE€L2(0,L) (yOv yO)L2(0,L)

where v° = v(y§) is the null control of minimal L?(0,T)-norm for with initial data y§. Let us recall that
any null control v for satisfies the following characterization

(v,e04(0,°)) 20,1y + (Y5, #(+,0))2(0,L) = 0, (12)

for any ¢ solution of the adjoint problem with initial state or € H}(0,L). In particular, the control of
minimal L?-norm is given by v = ¢¢Z(0,-) in (0,7) where ¢ solves associated to the initial ¢%., solution

of the extremal .
1
sup T (07 i= 3 [ (660, + 06 (0o (13)
@S €HL(0,L) 0

Taking ¢® = ¢° associated to ¢ in , we therefore have

(v%,0%) 20,1y = (v5,695(0,1)) 20,7y = — (Y5, ©°(+,0)) £2(0,1) - (14)

Consequently, if we denote by A. : L?(0, L) — L?(0, L) the operator defined by A.y5 := —¢(-,0), we finally
may write

Ay5,v5
K?(e,T,M) = sup M

£ £ (15)
ys€L2(0,L) (yano)L2(O,L)

and conclude that K?(e, T, M) is solution of the following generalized eigenvalue problem :

sup{)\ €eR:3y5 € L*0,L),y5 #0, s.t. Acys = \y5 in LQ(O,L)}. (16)
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Remark 3 We may reformulate as well the previous extremal problem over H}(0,L) (seen as the dual space
of H-Y(0,L) 3 y(-,T)) in term of a generalized eigenvalue problem; we proceed as follows.
We introduce the operators A. and B. given by
A.: HY0,L) — L*(0,L) B.: H}0,L) — L2(0,T)

and
oT = (-, 0) T = e (0,-),

where ¢ solves (@ The adjoint operators A: and B} of A. and B, are given by :

Ar: L*(0,L) — HY0,L) p B*: L*0,L) — H(0,L)
an
Yo = y(T;90,0) v = y(T;0,v),

where y(t;yo,v) is the solution to at time t for the initial data yo and the control v. With these notations,
we may rewrite Cops given by (@ as follows

Cobs(€ T, M) = sup (Aceor, s<PT)L2(o,L)
pr€H(0,L) Beor, EQOT)L?(O T)

. sup (=A )A AESOT»SOT)Hl(o L)

eretio,0) (FATY)BEBepr, o1) 3 (0,1)

leading to an eigenvalue problem over H}(0,L). Remark that the operator BXB. from H}(0,L) to H=1(0,L)
associates to the initial state pr of (§) the final state y(-,T) of with yo = 0 and v = ep,(0,-). v is therefore
the control of minimal L*(0,T)-norm which drives the state y from 0 to the trajectory y(-,T). BB is the

so-called HUM operator.

Remark 4 Actually, the supremum of or € H(0,L) in (@ can be taken over o(-,0) € L*(0, L) (or even over
1) leading immediately to
0), o(-,0
Cgbs(&T’ M) = sup (¢(+,0), (-, ))L2(0 L)
»(-,0)eL2(0,L) (Ae ©(+,0),0(, ))L?(o L)

in full agreement with and the equality K (e, T, M) = Cups(e, T, M).

In order to solve the eigenvalue problem and get the largest eigenvalue of the operator A., we may
formally employ the power iterate method (see [11]), which reads as follows : given yJ € L?(0, L) such that
||y8HL2(0,L) = 1, compute iteratively the sequence

k
k+1 _ Ay

Y =———  k>0.
0 ||Aey§||L2(0,L)

In a finite dimensional situation, the real sequence {||Acy§|l12(0,)}k>0) then converges to the eigenvalue with
largest modulus of the operator A, so that 1/HA€y§|\L2(07L) — K(g,T,M) as k — oco. The L?-sequence
{y(’)“}(kzo) then converges toward the corresponding eigenvector. The first step requires to compute the image

of the control operator A,: this is done by determining the control of minimal L2-norm associated to the initial
condition y5.

3.2 Approximation of the control of minimal L?-norm

The numerical approximation of null controls for parabolic equations is a not an easy task and has been first
discussed in [§], and then in several works: we refer to the review [37]. Duality theory reduces the problem
to the resolution of the unconstrained extremal problem . In view of the regularization character of the
parabolic operator, the extremal problem is ill-posed as the supremum is not reached in H}(0, L) but in
a space, say #, defined as the completion of Hg (0, L) for the norm |[or||y := [leps(0,-)||2(0,7), much larger
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than Hg (0, L) and difficult to approximate. We refer to the review paper [37]. The usual “remedy” consists to
enforce the regularity Hi and replace by

1 p
. JE(0E) = = €(0. - 22 € (-0 Il 821 , 17
D 5 5(07) = 5 llewa(0,))za0m) + (65,97, 0)) 20,y + S 107 1713 0,19 (17)
for any 8 > 0 small. The resulting approximate control v = EW%@(Q -) leads to a state yj solution of
satisfying the property

15 (. D)l er-10,0) < CV/BIIYG 20,1 (18)

(for a constant C' > 0 independent of 8). This penalty method is discussed in [8] for the boundary controllability
of the heat equation (for the distributed case, we refer to [5], [19, 26]). As in [§], problem may be solved using
a gradient iterative method: in view of the ill-posedness of , such method requires an increasing number of
iterates to reach convergence as (8 goes to zero.

Moreover, in the context of the transport equation 7 it is necessary to chose 3 in relation with the
diffusion coefficient ¢ and the controllability time 7T". Indeed, if 7' > T™*, then according to Lemma[2.1] 8 should
be exponentially small with respect to e, otherwise the minimization of JE leads to ¢7 = 0 and then to a null
control, which is not the optimal one we expect for negative values of M (in view of Theorem [2.4]))! In practice,
this means that as soon as T' > T™ and ¢ is small enough, g is numerically equal to zero. Consequently, if €
is small (as it should be !), the only case for which the Tychonoff term in Ji may be of some help is the case
T = T*, since the corresponding L?(0, L)-norm of the free state at time 7' = T* is of the order &.

Moreover, the occurence of boundary layers (discussed at length in the next section) both for the direct and
adjoint solution y° and ¢° makes the minimization of Jj even more difficult as it requires local refinement of
the geometry discretization.

Theorefore, as € tends to 0, the transport term MyZ makes the (numerical) approximation of the null control
for (1)) a challenging task. Consequently, instead of minimizing the functional J* (or J3), we adapt [35] (devoted
to the inner situation for M = 0 and € = 1) and solve directly the corresponding optimality conditions. This
leads to a space-time mixed variational formulation (following the terminology used in [35]).

3.2.1 Mixed variational formulation

We introduce the linear space ®° := {p € C*(Qr), ¢ =0 on X7}. For any 1 > 0, we define the bilinear form

T
(@7@)@0 = A E(pz(oat) E@I(O,t) dt+6(90(7T)7¢(7T))H01(07L) +”7_/</Q L;¢L:¢d$ dtu v@a@ € (I)O'
T

From the unique continuation property for the transport equation, this bilinear form defines for any 5 > 0 a
scalar product. Let ®5 be the completion of ®° for this scalar product. We denote the norm over ®g by || - [|o,
such that

lell3, = lews (0, )L,y + BleC D00y + MlLEeI T2y, Vo € P (19)
Finally, we define the close subset Wg of ®3 by Wz = {p € &5 : L*¢ = 0 in L?(Qr)} endowed with the same
norm than ®3. Then, for any » > 0, we define the following extremal problem :

0 T 1 B r
min J5(¢) == =llex (0, )1 22¢0.1) + §||<P('7T)||§15(0,L) + (Y5, 0(,0)) 20,y + §HL§<P||%2(QT)- (20)

pEWS 2
Standard energy estimates for imply that, for any ¢ € Wg, ¢(-,0) € L?(0, L) so that the functional jg is
well-defined over Ws. Moreover, since for any ¢ € W, ¢(-,T) belongs to H}(0, L), problem is equivalent
to the extremal problem . The main variable is now ¢ submitted to the constraint equality (in L?(Qr))
L%y = 0, which is addressed through a Lagrange multiplier, leading to a saddle-point problem.
We consider the following mixed formulation : find (¢g, A\g) € @5 x L*(Qr) solution of

{aﬁ,r(sﬁ,@,sﬁ)‘*‘b(%}‘ﬁ) = I(p), Vpeds, 1)
b(ps, A) = 0, VA € L3(Qr),
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where

agr: Pg x g >R, agr(9,9) = (€02(0,),68,(0,)) r20,1) + B0 1), 2(, T)) m1(0,1)5
+r(LIe, L) L2(Qr)>

b:®g x L*(Qr) = R, b(p,\) = (Lig, A)L2(Qr)

L:®5 =R, Up):=—(y5,%(-,0))r2(0,1)-

THEOREM 3.1 Assume that 8 >0 and r > 0.

1. The mized formulation is well-posed.

2. The unique solution (g, Ag) € ®ax L*(Qr) is the unique saddle-point of the Lagrangian Lg , : ®5 x L*(Qr) — R

defined by

Lo(6.3) 1= 3as,(,0) + b, N) ~ U(9). (22

3. The optimal function g is the minimizer of j;; over Ws while \g € L*(Qr) is the state of in the
weak sense.

PROOF- The proof is very closed to the proof given in [35], Section 2.1.1. The bilinear form ag , is continuous,
symmetric and positive over ®5 x ®5. The bilinear form b is continuous over ®5 x L?(Qr). Furthermore, for
any > 0, the continuity of the linear form [ over ®3 is deduced from the energy estimate:

le( 01220,y < C//Q [LiplPdedt + (-, T)l720,), Ve € g,
T
for some C > 0 so that ”90("0)”%2(0,@ < max(Cn*1,5*1)||g0||éB. Therefore, the well-posedness of the mixed
formulation is a consequence of the following properties (see [7]):

e ag, is coercive on N (b), where N(b) denotes the kernel of b :

N(b):={pec®s : bp,\) =0 for every X € L*(Qr)}.

e b satisfies the usual “inf-sup” condition over ®5 x L?(Qr): there exists 6 > 0 such that

sup M) > 4. (23)

f 2
AeL2(@r) peay [llles Al L2 (o)

The first point follows from the definition. Concerning the inf-sup condition, for any fixed \° € L?(Qr), we
define the (unique) element ¢° such that L*¢% = A% » = 0 on X7 and ¢°(-,T) = 0 in L?(0, L). The function ¢°
is therefore solution of the backward transport equation with source term A\° € L?(Qr), null Dirichlet boundary
condition and zero initial state. Moreover, since A\’ € L?(Qr), the following estimate proved in the Appendix
A of [15] (more precisely, we refer to the inequality (94))

elle2(0,)lz20,m) < CrralN Lz @),

for a constant C, 7, > 0 independent of €, implies that ¢° € ®4. In particular, we have b(°, \?) = ||)\0||2LQ(QT)
and

b(p, %) b(°, \0) ANz 0m)

sup > = T .
3
2200, ) a0 my + 1IXNZ 20, IN2(0r)

pes [19lles N2 @r) — 190lleslINllz20r) (
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Combining the above two inequalities, we obtain

b(¢°, \°) 1
Sup 0 0 =
POedy ||<,0 quH)‘ ||L2(QT) C%TM +n

and, hence, holds with 6 = (C7 7 5 + 77)71/2.

The second point is due to the symmetry and to the positivity of the bilinear form ag,. Concerning the
third point, the equality b(¢g, A) = 0 for all A € L?(Qr) implies that L*ps = 0 as an L?(Qr) function, so that
if (v, Ag) € @5 x L*(Qr) solves the mixed formulation, then ¢5 € W5 and Lg(ps, \g) = jg(gog) Finally, the
first equation of the mixed formulation (taking r = 0) reads as follows:

T
|| 00,02, 0.0+ (s 1B T oy~ [ L Aot =12, Vo0,
T

or equivalently, since the control is given by vg := e(¢g). (0, -),

T
/Ovﬂﬁ%(O,t)dt+ﬁ(@ﬁ(wT),@(-,T))Hg(o,m—// LipAsdrdt = (), Yy @p.

Qr

But this means that A\g € L*(Qr) is a solution of (1)) in the transposition sense. Since yo € L?*(0,L) and
vg € L2(0,T), As coincides with the unique weak solution to such that —A™\g(-,T) + Bps(-,T) =0. O

3.2.2 Minimization with respect to the multiplier

The augmented mixed formulation allows to solve simultaneously the dual variable ¢g, argument of the
conjugate functional , and the Lagrange multiplier Ag, qualified as the primal variable of the problem.

Assuming that the augmentation parameter r is strictly positive, we derive the corresponding extremal
problem involving only that variable Ag. For any r > 0, let the linear operator Ag , from L?(Qr) into L*(Qr)
be defined by Ag ) := L*¢ where ¢ = ¢()\) € ®3 is the unique solution to

a,@,r(%‘%@) = b(¢7 )‘)7 W € (I)ﬂ (25)

For any r > 0, the form ag,, defines a norm equivalent to the norm on ®4 (see (19)), so that is well-posed.
The following crucial lemma holds true.

LEMMA 3.1 For any r > 0, the operator Ag, is a strongly elliptic, symmetric isomorphism from L?(Qr) into
L*(Q7).

It allows to get the following proposition which permits to replace the minimization of Jg over Wy to the
minimization of the functional J 5o OVer L?(Qr), which is a space much easier to approximate than Wj.

PROPOSITION 3.1 For any r > 0, let ©° € ®g be the unique solution of
0'577“(3007¢) = l(¢)7 Vo € q),@v
and let J3*. - L*(Qr) — L*(Qr) be the functional defined by

1
J*,*r()‘) = 5(“4577‘)‘7 )‘)LZ(QT) - b(‘PO7)‘)'
The following equality holds :

su inf Lg,(0,\)=— inf J3(\) + Ls,(¢°0).
Lt Lolp ) == it RO+ L0

We refer to [35], section 2.1 for the proof in the case M = 0.

Remark 5 By introducing appropriate weights functions (vanishing at the time t = T) leading to optimal
L?-weighted controls vanishing at time T, we may consider the case 3 = 0. We refer to [35], section 2.5.
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3.2.3 Numerical approximation

We now turn to the discretization of the mixed formulation assuming r > 0. We follow [35] for which we
refer for the details. Let then ®3 5 and Mg ), be two finite dimensional spaces parametrized by the variable h
such that, for any 8 > 0,

®gy C &g, Mgy C L*(Qr), Vh>0.

Then, we can introduce the following approximated problems : find (¢n, An) € @ x Mg p solution of

{aa,r<soh,soh>+b<wh,Ah> = U7, oh € Pan (26)
b(‘P}uxh) = 0, VX;LEMBJL.

The well-posedness of this mixed formulation is a consequence of two properties : the first one is the coercivity
of the form ag, on the subset Ny, (b) = {¢n € g : b(pn, An) =0 VA, € Mg} Actually, from the relation

agr(p,9) 2 Cryliollp,, Ve € P,

where C,.,, = min{1,r/n}, the form ag, is coercive on the full space ®3, and so a fortiori on Nj,(b) C @3 C Pgs.
The second property is a discrete inf-sup condition :

b(pn, A
08,r,n := _ inf sup (pn: An)

>0 Vh>O0. (27)
AREMp.h o, €D g, ||90h||<1>/3,h, H)\h”M/S,h

Let us assume that this property holds. Consequently, for any fixed h > 0, there exists a unique couple (pp, Ap)
solution of . The property is in general difficult to prove and strongly depends on the choice made for
the approximated spaces Mg and ®g . We shall analyze numerically this property in the next section.

Remark 6 Forr =0, the discrete formulation (@ is not well-posed over ®g 5, x Mg j, because the form agr—o
is not coercive over the discrete kernel of b: the equality b(Ap,pn) = 0 for all A\, € Mgy, does not imply that
L*¢p, vanishes. The term T||L;<Ph||2L2(QT) is a numerical stabilization term: for any h > 0, it ensures the
uniform coercivity of the form ag, and vanishes at the limit in h. We also emphasize that this term is not a
reqularization term as it does not add any regqularity to the solution gy,.

The finite dimensional and conformal space ®3 5 must be chosen such that L*y; belongs to L?(Qr) for any
on € ®p 5. This is guaranteed as soon as ¢y, possesses second-order derivatives in L?(Qr). Any conformal ap-
proximation based on standard triangulation of Q1 achieves this sufficient property as soon as it is generated by
spaces of functions continuously differentiable with respect to the variable = and spaces of continuous functions
with respect to the variable .

We introduce a triangulation 7j, such that Qr = Uxer, K and we assume that {7;, }5>0 is a regular family.
Then, we introduce the space @3, as follows :

Ppp = {on € CYQr) : onlk EP(K) VK € Th, ¢ =0o0n Sr} (28)

where P(K) denotes an appropriate space of polynomial functions in x and ¢. In this work, we consider for
P(K) the so-called Bogner-Foz-Schmit (BFS for short) C'-element defined for rectangles (see [12]). In the one
dimensional setting (in space), P(K) = (P3 , ® P5;)(K) where P, ¢ is the space of polynomial functions of order
r in the variable &.

We also define the finite dimensional space

Mgy ={M € C°(Qr) : M|k € Q(K) VK € Tp},

where Q(K) denotes the space of affine functions both in = and ¢ on the element K. In the one dimensional
setting in space, K is a rectangle and we simply have Q(K) = (Py , ® Py +)(K).
The resulting approximation is conformal: for any h > 0, ®5;, C &g and Mg ), C L*(Qr).
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Let ny, = dim ®g p,my = dim Mg, and let the real matrices Ag, € R*»" By € R™»™  J, € R™™e
and Ly € R™ be defined by

ag,(on, Pr) =< Agra{ent {BR} >ron Ron Yon, @n € Bpon,

b(¢n, An) =< Br{en}, { n} >rmn gmn Von € ®gnAn € Mg p,

// )\hThdJ] dt =< Jh{)\h}7 {)\7}1} SRrmu R V)\haTh c Mg,h,
QT

1(on) =< Ln, {on} > Yon € g,

where {¢p} € R™ denotes the vector associated to ¢p, and < -,- >gn, g the usual scalar product over R™».
With these notations, Problem reads as follows : find {pp} € R™ and {A\n} € R™" such that

( Aﬂﬂ‘,h Bg; ) ( {(Ph} ) _ ( Ly )
Bh O Rnh+mh,nh+nLh {Ah} ]R"h"'"’h O R"h+mh

3.2.4 The discrete inf-sup test

Before to discuss some numerical experiments, we numerically test the discrete inf-sup condition . Taking
n =r > 0so that ag,(p,P) = (p,P)s, exactly for all ¢, B € ®g, it is readily seen (see for instance [10]) that
the discrete inf-sup constant satisfies

Sp.rn = inf{\/g BrAgL B} =6 In{An},  V{An} e R™\ {0}}. (29)

The matrix BhAEjﬂ, hB,T; enjoys the same properties than the matrix Ag , : it is symmetric and positive definite
so that the scalar dg,.j, defined in term of the (generalized) eigenvalue problem is strictly positive. This
eigenvalue problem is solved using the power iterate algorithm (assuming that the lowest eigenvalue is simple):
for any {09} € R™ such that ||{v)}||2 = 1, compute for any n > 0, {¢7} € R™ {7} € R™ and {v} '} € R™»
iteratively as follows :

Bi{gh} = —Jn{vi} IEAR 2

The scalar dg ., defined by is then given by 65,5 = limy, oo (|[{AFH]2) ~1/2.

We now reports some numerical values of dg ., with respect to h for the C'-finite element introduced in
Section We use the value T = 1 and B = 1071%. Tables and 3| provides the value of 83,5 with
respect to h and r for M =1 for e = 107!,1072 and € = 1073, respectively. For a fixed value of the parameter
g, we observe as in [35], that the inf sup constant increases as 7 — 0 and behaves like dg,,.,, ~ r~/2, and more
importantly, is bounded by below uniformly with respect to h. This key property is preserved as the parameter
€ decreases.

{Aﬁ,r,h{soZ} +BI{\} =0 iy — )
) h — T\

T 10. 1. 0.1 h h?
h=1/80 | 0.315 0.919 1.909 2.359 2.535
h=1/160 | 0.313 0.923 1.94 2468 2.599
h=1/320 | 0.313 0.927 1.969 2.548 2.658

Table 1: 65,5 wr.t. hand r; e =10"1 - 3=10"16 - M = 1.

The case M = —1 is reported in Tables [4] [f] and [} The same behavior is observed except that we note
larger values of the inf-sup constant.

Consequently, we may conclude that the finite approximation we have used ‘passes” the discrete inf-sup
test. Such property together with the uniform coercivity of the form ag, then imply the convergence of the
approximation sequence (¢p, A\p), unique solution of . As a matter of fact, the use of stabilization technics
(so as to enrich the coercivity of the saddle point problem) introduced and analyzed in a closed context in
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r 10. 1. 0.1 h h?
h=1/80 | 0.311 0.961 2423 3.64 4.473
h=1/160 | 0.316 0.967 2.492 4.06 4.692
h=1/320 | 0.316 0.971 2.545 4.406 4.916

Table 2: 63,5, wr.t. hand r; e =10"2-3=10"10 - M = 1.

T 10. 1. 0.1 h h?
h=1/80 | 0.310 0.942 2.121 3412 6.012
h=1/160 | 0.310 0.987 2.435 4.012 5.944
h=1/320 | 0.310 0.969 2.544 4.561 5.756

Table 3: 63,5, w.r.t. hand r; e =10"3 - 3=10"16 - M = 1.

[36 2] is not necessary here. We emphasize that for 8 = 0 (or 8 — 0 as h — 0), the convergence of the
approximation vy, is still an open issue. For 8 = 0, the convergence is guarantees if a vanishing weight in time
is introduced, see [I9]. This however leads a priori to a different control and therefore a different definition of
the cost K (g, T, M).

The choice of r affects the convergence of the sequences 5, and A, with respect to h and may be very
important here, in view of the sensitivity of the boundary control problem with respect to €. Recall from
Theorem [3.1] that for any r > 0, the multiplier A coincides with the controlled solution. At the finite dimensional
level of the mixed formulation where 7 must be strictly positive, this property is lost for any h fixed: the
non zero augmentation term 7||LXpp| 12(g,) introduces a small perturbation and requires to take r > 0 small
(in order that the approximation \; be closed to the controlled solution y). In the sequel, the value r = h? is
used.

r 10. 1. 0.1 h h?
h=1/80 | 0.3161 0.997 2.663 4.358 5.069
h=1/160 | 0.316 0.9805 2.673 4.69 5.139
h=1/320 | 0.3162 0.9801 2.653 4.172 5.171

Table 4: g5, for e =101 - 3=10"10 - M = —1.

3.3 Numerical experiments

We discuss some experiments for both M =1 and M = —1, respectively, and several values of €. We consider
a fixed data, independent of the parameter : precisely, we take y§(z) = sin(rz) for z € (0, L) and L = 1.

We consider regular but non uniform rectangular meshes refined near the four edges of the space-time
domain Q7. More precisely, we refine at the edge {x = L} x (0,7) to capture the boundary layer of length
¢ which appear for the variable A\, when M is positive (see [1]), at the edge {x = 0} x (0,T) to approximate
correctly the “control” function given by v}, := e¢j, ,, and finally at (0, L) x {0,T"} to represent correctly the
initial condition and final condition. Precisely, let p : [0,L] — [0, L] the polynomial of degree 3 such that
p(0) = 0,p'(0) = n1,p'(L) = n2 and p(L) = L for some fixed 7y,m2 > 0. The [0, L] interval is therefore
discretized as follows :

{[0, L] = Uj_o[y;, yj+1); (30)

yO:anj_yj—l:p(xj)_p(xl’j71)7 jzlan+1
where {z;},—¢.... 41 is the uniform discretization of [0, L] defined by x; = jh,j =0,-,J +1, h = L/(J + 1).

Small values for 71,72 lead to a refined discretization {yj }jzo,... J+1 at © = 0 and z = L. The same procedure
is used for the time discretization of [0, T]. In the sequel, we use 7; = 1y = 1073.
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r 10. 1. 0.1 h h?
h=1/80 | 0.316 0.997 3.109 7.562  13.936
h=1/160 | 0.3161 0.9997 3.086  9.433  14.101
h=1/320 | 0.316 0.9809 3.086 11.1008 14.140

Table 5: 65, fore =1072- 3 =10"10 - M = —1.

r 10. 1. 0.1 h h?
h=1/80 | 0.302 0.9129 2.887 8.16  39.09
h=1/160 | 0.301 0.957 3.022 12.145 43.08
h=1/320 | 0.301 0.981 3.084 16.61 44.29

Table 6: 65, for e =10"3-3=10"16 - M = —1.

Preliminary, Table [7| gives some values of the H~!-norm of the uncontrolled solution of (1) at time T
associated to yo(xz) = sin(mxz). We take L = |M| = 1.
with a very fine discretization both in time and space. In agreement with Lemma for T greater than
T*, the norm ||y*(-,T)||g-1(0,z) decreases exponentially as ¢ goes to zero. For T' = T*, we observe that
Iy D) lE-1(0,1) = O(e).

We first discuss the case M = 1. As ¢ goes to 0", a boundary layer of length ¢ appears for the approximation
X at © = L (we refer to the next section). The profile of the solution takes along the normal the form

(1- eM) and is captured with a locally refined mesh. Tables |§| and [10[ reports some numerical norms
for ¢ = 107',1072 and 1073 respectively. These results are obtained by minimizing the functional J 5y over
Mg p, defined in Proposition The minimization of JZ%. of M} is performed using the conjugate gradient
(CG for short in the sequel) algorithm: the stopping criterion is [|g}||£2(q,) < 107%||gp||L2(gr) Where g is the
residus at the iterate n. The algorithm is initialized with \) = 0. We refer to [35] for the details.

We take 8 = 10716 and » = h? for the augmentation parameter leading to an appropriate approximation of
the controlled solution y by the function A,: in particular, the optimality condition A, (0,-) — epp ,(0,-) = 0 is
well respected in L?(0,T). The convergence of v/7||L¢p||12(gr) (close to [|[LEgp | r2(m-1) and actually sufficient
to describe the solution of , see [I3]) is also observed. As is usual, we observe a faster convergence for the

norm ||| £2(q,) than for the norm |jvp||12(0,7). From e = 107! to 1072, we also clearly observe a deterioration

A time-marching approximation scheme is used

of the convergence order with respect to h.

For h = 1/320, Figure [2| depicts the function Ap(-,t), approximation of the control v, for t € (0,7), T =1
fore = 107!, ¢ = 1072 and € = 1073 respectively. For large values of the diffusion coefficient ¢, for instance & =
10~ 1, the transport term has a weak influence: the control of minimal L?-norm is similar to the corresponding
control for the heat equation and oscillates near the controllability time. On the contrary, for € small, typically
¢ = 1073, the solution - mainly driven by the transport term - is transported along a direction closed to
(1,1/M) = (1,1), so that at time T = 1/M, is mainly distributed in the neighborhood of z = 1. Consequently,
the control (of minimal L?-norm) acts mainly at the beginning of the time interval, so as to have an effect, at
time 7', in the neighborhood of x = 1. We observe a regular oscillatory and decreasing behavior of the controls.

Let us now discuss the case M = —1 which exhibits boundary layers for y¢ at x = 0 and for ¢° at = = L.
Tables and [13| give some numerical values with respect to h for ¢ = 10~!,1072 and 10~3. Concerning the
behavior of the approximation with respect to h, similar remarks (than for M = 1) can be made: the notable

€ 101 10—2 103 10~4 10~°
T=09T* | 220x 1072 7.45x107% 276 x 1072 2.20x 1073 2.15x 1073
T=T* |158x1072 267x1073 1.72x107* 976 x10"% 3.07x 1077
T=11T* | 1.12x 1072 813 x107* 1.15x107% 1.63x107' 8.62x 102

Table 7: Approximation [|y5, (-, T)||gz-1(0,z) W-r-t. T" and ¢ for yo(x) = sin(rz). M =L =1.
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h 1/80 1/160 1/320 1/640
VIILEGS | L2 () 7.76 x 1072 3.01x 1072 1.12x 1072 7.12x 1073
ez (02 O)llzry | 4 05 % 1072 4.45 x 1078 1.97 x 103 7.61 x 10~
[IAx (0, )HL2(0,T)
(BAIEES 0.324 0.357 0.3877 0.3912
12511 22(Q) 0.367 0.366 0.362 0.363
A5G T =100, 447 x 107 959 x 1077 2.03 x 1077 1.01 x 1077
f CG iterate 76 117 175 231

Table 8: Mixed formulation -r=h%e=10"58=107-M=L=1.

h 1/80 1/160 1/320 1/640
NG AT 5.86 x 1071 243 x 107t 1.41x10°1 9.12x 102
leez 02 O)lzor) | 9551072 1.24x 102 6.04x 1073  2.89 x 10~
H)\h(O, )HLQ(O,T)
v ]l 22 0.7) 1.391 2.392 2.929 3.316
1251122 (@) 0.518 0.6001 0.789 0.832
IX (D)l r-1(0,) | 546 x 1076 356 x 1076 8.77x 107"  6.12 x 1078
f CG iterate 53 93 155 181

Table 9: Mixed formulation -r=h%e=10"2%8=10"-M=L=1.

h 1/80 1/160 1/320 1/640
VTIILESS I 22 (0r) 1.75x 1071 1.01 x 107* 851 x 1072 6.91 x 1072
”W‘iﬁi’;)@f“‘(o“)““(“*” 487 %1072 243x10°2 13x10~%* 7.19x 1075

'\ L20,1)

lvE |l 20, 0.231 0.713 0.855 0.911

IX5 | 22 (0r) 0.498 0.5015 0.5210 0.5319
A5 G T 10,1 1.17x 1075 3.69x 1077 1.20x 1077 8.12x 1078

# CG iterate 29 68 129 151

Table 10: Mixed formulation -r=h%e=10"38=10%-M=L=1.

0.2 0.4 t 0.6 0.8 1

16

0.2 0.4

0.6 0.8
t

0.2 0.4 0.6
t

0.8 1

Figure 2: Approximation \§(0,t) of the control w.r.t. t € [0,T] for e =107!, 1072 and 1073 T = L = M = 1;

r=h?-h=1/320.
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h 1/80 1/160 1/320 1/640
\E/?||L;fguL2(QT> 1.51 0.731 0.231 0.101
”w"ﬁi’;&,ﬁfﬁ;;ﬁ“’;j“"T) 919 x 102 3.87x 103 1.61 x 10-3 1.12 x 10-3

195 1 2201 98.16 39.26 49.96 52.03
1A% |12 @) 5.74 7.96 9.05 10.12
X)) | 835x 1074 1.82x 107 3.97x107°  1.12x 10~°
f CG iterate 48 80 129 157

Table 11: Mixed formulation -r=h%e=10"3=10"10- M = —1.

h 1/80 1/160 1/320 1/640
VIILEGS | L2 () 5.291 2.134 1.213 0.591
lee2 (02 O)llzry | 597 4 1074 2,08 x 102 8.05x 1073 5.01 x 103

[RACH )HLZ(o,T)

vl L2(0,7) 250.54 457.78 666.902 712.121
X511 22(Q) 6.76 10.05 13.111 15.301
A5G T 100,12 1.54 x 1073 2.08 x 1073 1.71 x 1072 6.12 x 1074
# CG iterate 22 41 79 101

17

Table 12: Mixed formulation -r=h%e=10"2%8=10"16- M = —1.

difference is a lower rate of convergence, probably due to the singularity of the controls we obtain. Precisely,
for the same data as in the case M = 1, Figure [3| depicts the ”control” function A5 (0,¢) for ¢ € (0,T"), T =1 for
e =10"1 e =102 and £ = 103 respectively. The behavior of the control is quite different from the previous
case. For ¢ large, typically ¢ = 10~!, the control is again similar to the control we observe for the heat equation,
with an oscillatory behavior at the final time. We observe however that the corresponding norm is significantly
larger that for the case M = 1: this is due to the fact, that for M < 0, the transport term “pushes” the solution
toward x = 0 where the control acts: this reduces the effect of the control which therefore must be stronger.
For ¢ small, the solution is mainly transported along the direction (1,1/M) = (1,—1) so that at time T, the
solution is mainly concentrated in the neighborhood of z = 0. For this reason, the control mainly acts at the
end of the time interval: any action of the control not concentrated at the end of the time interval would be
useless because pushed back to the edge z = 0 and will produce a larger L?-norm. As € goes to zero, the control
is getting concentrated at the terminal time with an oscillatory behavior and large amplitudes. This fact may
explain why the behavior of the cost of control with respect to ¢ observed in [I5] 2] 29] is singular for negatives
values of M. For M > 0, the transport term “helps” the control to act on the edge x = 1 while for M < 0, the
transport term is against the control and reduces its action. For this reason, the numerical approximation of
controls for M = —1 is definitively more involved and requires to take a very fine discretization.

We also observe, both for M =1 and M = —1, that from ¢ = 1072 to ¢ = 1073, the L*norm |[v||12(0,1)
decreases. Probably, as e goes to zero, this norm goes to zero. This does not contradict Theorem [2.2] obtained
for the dependent of ¢ initial condition given by .

h 1/80 1/160 1/320 1/640

VIILESS 2 (0g) 7.12 2.14 1.31 0.59
et 20z | 987 %1071 776 %1072 431 x 1072 212 x 1072

n\Y L2 0,1)

v ll22(0,7) 0.281 x 107! 2.35 18.98 21.23
1251 22(@r) 497 x107% 501 x107" 6.38x 107! 7.23x 107!
A5 G D) =100, 2.03x107°  3.28 x107® 6.01 x 107° 8.01 x 1075

g CG iterate 7 11 23 26

Table 13: Mixed formulation -r=h%e=10"33=10"1%- M = —1.
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Figure 3: Approximation X (0,¢) of the control w.r.t. t € [0,T] fore =107, 1072 and 1073, T =L =-M = 1;
r=h? - h=1/320.

3.4 Numerical approximation of the cost of control

We now turn to the numerical approximation of the cost of control K(e,T, M) defined by and address
numerically the resolution of the generalized eigenvalue problem . Let V}, be a conformal approximation of
the space L?(0, L) for all h > 0. At the discrete level, problem leads to the following finite dimensional
eigenvalue problem:

Sup{/\ €R:Jyon € Va,yo,n #0, s.t. Acyon = Ayo,n  in Vh}-

Acyo,n in L2(0, L) is defined as —¢p, (-, 0) where ), € @35, solves the variational formulation . Consequently,
from the definition of ®4 5, in , the space V}, is the set of C''-functions and piecewise polynomial of order 3:

Vh = {yO,h c Cl([O,L]) : y0,h|K S Pg,’m VK € Th},

where T}, is the triangulation of [0, L] defined by . This kind of finite dimensional eigenvalue problems may
be solved using the power iterate method (see [11]): the algorithm is as follows: given yg , € L*(0, L) such that
||y8,h||L2(0,L) =1, compute for all £ > 0,

k
k+1 Asyo,h

Y =—>>  k>0.
O H-Aey(])c,hHL?(O,L)

For any fixe h > 0, the real sequence {||z§ nllz2(0,2)} then converges to the eigenvalue with largest modulus of

the operator A, restricted to eigenvectors in Vj,, so that |/[.A.y% wllz21) = Kn(e,T,M,L) as k — oo. The

sequence {yéC h} k>0 converges to the corresponding eigenvector. The first step requires to compute the image of
the control operator A.: this is done by solving the mixed formulation taking yéﬁh as initial condition for
. The algorithm is stopped as soon as the sequence {Aeyl&h}kzo satisfies

A6 nllz20.0) = IAYs 7 20,0y | < 1073 Acyg 2 220, (31)

for some k > 0.
We now report the numerical values for L = 1 and M = £1. We initialize the algorithm with

e~ "2 sin(m)

Yo(z) = , z€(0,L).

He_% sin(mz)|| L2 (0,1
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Figure 4: Cost of control Ky (e, T, M) w.r.t. ¢ € [1073,107] for T = 0.957*,T = T* and T = 1.05T* ;
L=M=1;r=h?-h=1/320.

3.4.1 Cost of control in the case M =1

The tables in the annexe section report on the approximations obtained of the cost of control K} (e, T, M) for
M =1 with respect to T and . They corresponds to the discretization h = 1/320. As expected, for T" strictly
lower than T* = 1, here T = 0.95 and T = 0.99, we obtain that the cost K} (e, T, M) blows up as € goes to zero.
This is in agreement with the fact, that for T < T™, the system is not uniformly controllable with respect
to the initial data y5 and e.

Figure [d} Left displays the approximations with respect to ¢ for 7' = 0.957*. On the other hand, for T larger
than T* = 1, we observe that the numerical approximation of K (e, T, M) is bounded with respect to €. More
precisely, the cost is not monotonous with respect to € as it reaches a maximal value for ¢ ~ 1.75 x 1073 for
T=T*and e =6 x 1073 for T = 1.05T* (see Figure [4).

Figure Left displays the approximation of the initial data y5 € L?(0, L) solution of the optimal problem
for T=1ande =10"1,10"2 and 1072. As ¢ decreases, the optimal initial condition y§ with 5l z20,0) = 1
gets concentrated at = 0. Again, this is in agreement with the intuition since such condition produces (in
the uncontrolled situation) larger values of ||y*(-, T')||z-1(q). It should be noted however that the solutions we
get are different from e~ 2¢ sin(ra)/|le” 2 sin(mz)|| £2(0,1)- Moreover, they are apparently independent of the
controllability time T' (at least for the values of T close to 1/M we have used). Remark also that the initial
data yo(z) = e’ sin(mz)/||e 2 sin(mx)||2(o,z) highlighted in [I5] [30] leads to a much lower numerical value of
[villz2(0,z)-

For each values of € and T, the convergence of the power iterate algorithm is fast: the stopping criterion
is reached in less than 5 iterates.

Remark 7 We also emphasize that the space-time variational approrimation we use is very well-suited to the
mesh adaptivity. Figure [§] depicts the non uniform time-space mesh obtained after 5 adaptations starting from
a reqular mesh, corresponding to € = 1072 and M = 1. A refinement appears at x = L, along the characteristic
Lx — Mt =0, at the beginning of the time interval for x = 0 where the control is mainly active and oscillating
and also in the neighborhood of the corner (x,t) = (L,T) where the adjoint solution is oscillating as well.

Remark 8 In order to avoid the use of C'-approzimation in space, one may preliminary rewrite the adjoint
equation into a first order system

1;;,1 (997]7) =+ pr + Mo, =0, 1;;,2 (997]7) =p—ep: =0, in Qr,

involving the flux p and for which a generalized observability inequality holds true as well. As discussed in [36]
and [F))] for the case of the heat and wave equations respectively, this allows to use simply H(Qr) approzimation.
On the other hand, the corresponding discrete inf-sup constant is generally not uniformly bounded by below;
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Figure 7: Approximation A (0, ¢) of the corresponding control w.r.t. ¢t € [0,T] fore =103 and T =L = —-M =
1;r=h%-h=1/320.

this requires the use of stabilized technics a la Barbosa-Hugues [3], leading here to the following stabilized-

augmentation formulation

i 1
sup inf  Lpa((:p), (M, X)) = S IP(0, ) Z2 0,y + (16, 9(0,)) 20,1
(A1,22)€A (Pp)EDS 2

+ < /\1,L;14p >12(Qr) + < )\Q,L;’z(p >12(Qr)
1 T2
+ S22 (@ P T20n) + 5 IE22(2: P T2 (o)

o s
= 5 Lea(h, 27200 — 7\\Ls,2()\17/\2)||2L2(QT)

with r1,79 > 0 (augmentation parameters) and oy, as (stabilization terms). The annexe provides the implemen-
tation of the corresponding mized formulation using P'-elements associated to the FreeFem++ package developed
at the University Paris 6 (see [23]), which is very well adapted to our space-time setting.

3.4.2 Cost of control in the case M = —1

Tables in the annexe section reports the approximation of the cost of control K (¢, T, M) for M = =1 and T = T*
with respect to ¢ € [1073,107!]. With respect to the positive case, the notable difference is the amplitude of
the cost, as expected much larger, since the transport term now acts “against” the control. For instance, for
e = 1073, we obtain K (e, T, M) ~ 18.75 for M = 1 and K (,T, M) ~ 1.07 x 10* for M = —1. Moreover,
the corresponding optimal initial condition yg is supported as € — 0 at the right extremity x = 1 (see figure
Right) leading to a corresponding control localized at ¢ = T', with very large amplitude and oscillations, as
shown on Figure [7| for ¢ = 1072. Such oscillations are difficult to capture numerically and are very sensitive
to the discretization used. On the other hand, we observe, as for M = 1, that the cost Kp(e,T, M) does not
blow up as € — 0, in contradiction with the theoretical results from [I5] [30]. The discretization used is not
fine enough here to capture the highly oscillatory behavior of the control near the controllability time 7' (in
contrast to the positive case) and very likely leads to an uncorrect approximation of the controls. For T' lower
than 1/|M|, as expected, we observe that the cost blows up, while for T strictly greater than 1/|M|, the cost
decreases to zero with .
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Figure 8: Cost of control K(g,T, M) w.r.t. e € [1073,107 | for T = L/M and L = =M = 1; 7 = h* - h = 1/320.

3.5 Conclusion of the numerical study

For M > 0, the “worst” initial data we observe are concentrated at x = 0 leading to a control distributed
at the beginning of the time interval, and vanishing as ¢t — 7. In this case, controls v are smooth and easily
approximated. Vanishing exponentially weights as considered in [35] leading to strong convergent results (w.r.t.
h) are therefore not necessary here. Consequently, for M > 0, we are confident with the numerical approximation
obtained and may conjecture that the minimal time of uniform controllability w.r.t. € is Tj; = T*. The situation
is much more singular for M < 0 for which the transport term acts “against” the control. The optimal initial
data are concentrated as the right extremity leading to a highly singular controls at the end of the time interval.
Such controls, similar to the controls we observe for the heat equation (see [37]) are difficult to approximate.
The strong convergent approximation of controls w.r.t. & is still open in such situation. In both situations, we
also suspect, that at limit in e, the worst initial condition is related to the function e~ 2 sin(%2), x € (0, L).

We also emphasize that the numerical approach is restricted to large enough values of ¢, since for small ¢,
the numerical approximation can not distinguish, in view of the lemma[2.I] approximate and null controls. Let
us however comment possible perspectives to improve the resolution of this singular controllability problem.

a) A way to recover a strong convergent approximation with respect to h is to force the control to vanish
exponentially at time T of the form v(t) := ep™2(t),(0,t), with p(t) := O(e’/(T=1). Remark that this modifies
the cost of control as follows:

Kp(e, T, M) = sup { min lpul 20,1 }
p\& 4, ly§llz20,2)=1 uweC(yE,The,M) 0,7) (>

! vanishes only at time T, we

larger than K (e, T, M) leading a priori to an upper bound Ty , of Ths. Since p~
suspect that the minimal time of uniform controllability Ths, , coincides with T.

b) Even if the introduction of weights like p improves the numerical stability of the mixed formulation ,
it seems quite impossible to consider values of T far from T*: for instance, for T = 21/2T* exhibited in [30] (see
Theorem , the norm ||y*(-,T')||r-1(0,z) in the uncontrolled situation, is for e = 1072, about 3.33 x 10717,
Consequently, when the double precision is used, we achieve “numerically” zero. Resolution of would then
lead to v® := 0 on (0,7) ! A possible way to avoid such pathologies is to preliminary consider a change of

variables. We may write the solution y¢ as follows, for any o, € R,

Maz _ yM2t

yo(z,t) = e 2e e 4w 2f(x,t), V(x,t) € Qr,
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leading to
2

oax 2' M
Loy i=e 2 e e <zt€ —ezi, + M(1—a)z; — 476(’7 +a? - QQ)ZE),

Remark that y*(-,T) = 0 if and only if 2°(-,T) = 0. Taking 1 — o small and (7 + a? — 2a) > 0 allows
to reduce the dissipation of the solution at time T as ¢ — 0 and therefore avoid the zero numeric effect. The
extreme case is for & = 7 = 1 leading to the equation zf — 25, = 0. Within this change of variable, the cost of
control is ..
K2, T,M) = sup M
zgeL?(0,L) (67 = 2§, 25)
where A is the control operator defined by A : 25 — —w*®(-,0) € L?(0,1); here w® solves the adjoint problem

2
—wi —ew,, — M(1 - a)w; — E(’y+a2—2a)w€ =0, (z,t)€Qr,
w®(0,t) = w(L,t) =0, te(0,7),
w®(z,T) = wi(z), xz € (0,L),

with w§. € Hg (0, L), the minimizer of the functional
* (1€ 1 T 2 M2t £\2 £ €
J(wp) =5 | eTemz= (wg)7(0,0)dt + (25, w (- 0)) L2(0.1)-
0

The corresponding control of minimal L?(0, T’; e~ e )-norm for the varlable 2° is given by ve . = ce’ 5w °(1,-).
The optimality conditions for J* lead to a mixed formulation similar to . The introduction of appropriate
parameters « and -y allows to avoid the effect of the transport term; on the other hand, the change of variables
make appear explicitly in the formulation some exponential functions which may lead to numerical overflow for
small values of €.

¢) Another numerical strategy, employed in [37], is to use a spectral expansion of the adjoint solution ¢° of
(8) (with L =1 here):

- M?
o (z,t) = —5 E age rer(T—t) sin(krx), Aep = ek?m? + v
€

E>0

with {ax}rso € L(e, M, T) such that ¢(z,0) be in L?(0, 1), equivalently

3 _ o~ {\p+q
L(e,M,T) := {{ap}p>o €ER, Y apaqefus,km,p)ﬂ?e M(m)(qﬂ)(i b2€) (=P _ OO}

p,a>0 (a3, = Vg

with a, , := 4(M? + £2((pr)? + (¢m)?)) and b, , := 8?(pm)(gm). The characterization of the control with
ve = 95 (0, ) then rewrites as follows: find {ay}x>1 € L(e, M, T') such that

1 — e~ Qeptre )T

/\e,p + )‘EJf

+ Z ake_/\a"“T Z BpMp,k = 07 v{aik}k>0 € L(€7 M7 T)v (32)
k>0 p>0

&2 > opa, (k) (pr)

k,p>0

with y5(z) == >_ -, By sin(prz) and M, 4 := fo —%% sin(pra) sin(grz)dz. The use of symbolic computations
with large digit numbers may allow to solve with robustness, as done in [37] (we also refer to [4]) in the
context of the heat equation (¢ =1 and M = 0). This remains however duable for not so small values of ¢.

In the next section, we examine a more theoretical approach based on an asymptotic analysis with respect
to the parameter ¢.
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Figure 9: Boundary layer zones for y© (left) and ¢°(right) in the case M > 0.

4 Asymptotic analysis with respect to ¢

In the spirit of the book [28], one possibility to better understand the behavior of the cost K(e,T, M) is to
perform an asymptotic analysis of the optimality system associated to the control of minimal L?-norm. It
couples the direct and adjoint solutions y° and ¢° as follows :

Ley" =0, Lig" =0, (z,t) € Qr,
y (2, 0) = yo(a), z € (0,L),
ve(t) = y°(0,¢) = e (0, 1), te (0,7), (33)
y*(L,t) =0,. te (0,7),
©°(0,t) = ©°(L,t) =0, te (0,7T),
—BE)¢e(T)+y°(T) =0, ze€(0,L)

The asymptotic analysis with respect to € of such system is quite involved both for M > 0 and M < 0. Take
for instance M > 0. As e goes to zero, the direct solution y° exhibits a boundary layer of size O(¢) at = L and
a boundary layer of size O(y/€) along the characteristic {(z,t) € Qr,Lx — Mt = 0}. Therefore, two distincts
boundary layers, with different sizes, appear and intersect (see Figure @-Left) ! Similarly, the adjoint solution ¢°
exhibits a boundary layer of size (O(g)) at = 0 and a boundary layer of size (O(y/€)) along the characteristic
{(z,t) € Qr, Lz — M(t — T) — 1 = 0} (Figure [9}Right). In particular, the control v¢ lives in a boundary layer
for the adjoint solution. Moreover, even if such boundary layers are not responsible of the unexpected behavior
of the cost K mentioned in the previous section, they must be considered in the asymptotic analysis.

Let us point out that the boundary layer at « = 0 and 2 = L (in blue on Figure @-Left) are unavoidable (unless
ys = 0). On the other hand, the ones along the characteristics can be avoided assuming some compatibility
conditions at the point (z,t) = (0,0) between the initial condition y§ at x = 0 and the control v® at ¢ = 0.
There is however no reason for the control of minimal L?-norm to satisfy such conditions ! Similarly, at the
point (z,t) = (L,T'), some properties must hold for the adjoint solution ¢° that are not a priori encoded in the
optimality system .

In the next subsection, we perform the asymptotic analysis of the direct problem in y°, assuming appropriate
compatibility conditions at the point (z,t) = (0,0). This leads to quite involved but interesting developments,
independently of the controllability issue. We consider the case M > 0. In order to simplify notations, we also
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take L = 1 so that T* = 1/M. We emphasize again that in view of the behavior of the free solution stated in
Lemma[2.1] such asymptotic analysis should be as fine as possible in order to distinguish null and approximate
controllability property. For this reason, the controllability time of interest for which we may capture some
phenomenon is T = T™*.

4.1 Matched asymptotic expansions and approximate solutions

In this section we apply the method of matched asymptotic expansions to construct approximate solutions
of problem . We refer to [24] [39, [40] for a general presentation of the method. Then we apply the same
procedure to construct asymptotic approximate solutions of the adjoint solution ¢°, see problem .

Let us consider the problem

yf 75y;x +Myi Oa (xat) € QT)
€(0,t) = v (t), te (0,7),
v(0.0) = (1) 0.7) -
y°(1,t) =0, t€(0,7),
Yy (z,0) = yo(x), z € (0,1),
m
where yo and v° are given functions. We assume that M > 0 and v¢ is in the form v = Z e®u¥ | the functions
k=0
oY, vl .-+ 0™ being known. We construct an asymptotic approximation of the solution 3¢ of by using the
method of matched asymptotic expansions. We assume here that the initial condition y°(x,0) is independent
of € but the procedure is very similar for y*(-,0) of the form y=(-,0) = >/, ekyk. The case M < 0 can be
treated similarly.
In the sequel, ¢, ¢1, co, - -+, will stand for generic constants that do not depend on €. When the constants c,
¢1, ¢, -+, depend in addition on some other parameter p we will write ¢, ¢1(p), ca(p),- - -

We also refer to [38] where a sensitivity analysis of an optimal control problem is performed an involving
advection-diffusion equation.
4.1.1 Formal asymptotic expansions

Let us consider two formal asymptotic expansions of y°:
— the outer expansion

S kyt(at), (at) € Qr,
k=0

— the inner expansion

m 17
DV, 2= — T e(0,e7Y), te(0,7).
k=0

We will construct outer and inner expansions which will be valid in the so-called outer and inner regions,
respectively. Here the boundary layer (inner region) occurs near x = 1, it is of O(¢) size, and the outer region
is the subset of (0,1) consisting of the points far from the boundary layer, it is of O(1) size. There is an
intermediate region between them, with size O(g7), v € (0,1). To construct an approximate solution we require
that inner and outer expansions coincide in the intermediate region, then some conditions must be satisfied
in that region by the inner and outer expansions. These conditions are the so-called matching asymptotic
conditions.

m
Putting Zekyk (z,t) into equation 1, the identification of the powers of ¢ yields
k=0

eyl + My, =0,

e : yf+My’;:y’;;1, for any 1 < k < m.
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Taking the initial and boundary conditions into account we define y° and y* (1 < k < m) as functions satisfying
the transport equations, respectively,

y?+My2:O, (z,t) € Qr,
y°(0,t) =°(t),  te(0,T), (35)
yo(xao) = yo(ac), T € (Ovl)a

and k k k—1
v + My; =vyor , (z,t) € Qr,
y*(0,) = v*(t), te(0,T), (36)
y*(z,0) =0, z € (0,1).

The solution of is given by
yolx — Mt), x> Mt,

0
yi@t) = v (t—%), r < Mt. (87)
Using the method of characteristics we find that, for any 1 < k < m,
t
/ yP (2 4 (s — t)M, s)ds, x> Mt,
Y, t) =" (38)

x o/M T
oF (tfﬂ>+/0 yl;;l(sM,thqu)ds, x < Mt.

Remark 9 Actually, above the first characteristic, we may express explicitly each function y* in term of the

vl, 5 =0,---,k, which is very valuable in our controllability context. We verify that we have explicitly
) ty(()z)(ac—Mt)7 x > Mt,
y (z,t) = 1 T T o\(2 T (39)
U(t_M)—i_W(U)()(t—M)’ J?<Mt,
and )
t
§y(()4)(x—Mt), x> Mt,
2
r,t) =< 2 z T 12 z 40
R T T R v R ) 1)
2T, o\(3 T 2 o T
Here and in the sequel, 9 denotes the derivative of order i of the real function f.
Now we turn back to the construction of the inner expansion. Putting Zz:‘kY’C (z,t) into equation 1,
k=0

the identification of the powers of ¢ yields
671 : Yzoz(z7t)+MYzO(zat) :07
el YE (2 t) + MYF(2,t) =Y (2,t), forany 1 <k <m.

We impose that Y*(0,¢) = 0 for any 0 < k < m. To get the asymptotic matching conditions we write that, for
any fixed ¢ and large z,

YO(z,t) + Y (z,t) + €2Y2(2,t) + - - + ™Y ™(2,1)
=0z, t) + eyt (w,t) + 2% (x,t) + -+ eMy™ (x, 1) + O(e™T).
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Rewriting the right-hand side of the above equality in terms of z, ¢ and using Taylor expansions we have

YO(z,t) + Y (2,t) + 2V 2(2,t) + -+ + ™Y ™ (2, 1)
=y'(1 —ez,t) + eyt (1 —ez,t) + 22 (1 —ez,t) + - +™y™(1 — ez,t) + O(e™™)

= §(1,0) 4200, 0)(e2) + 5u0 (L 0)(E2)? ot () (1, ) ()

v (1004002 + P A0E? + o+ O e )
T +€mym(1,t)+o(5m+1).

Therefore the matching conditions read

YOz, t) ~ Q%2,t) :=9°(1,t), asz— +oo,
Yi(z,t) ~ Q' (2, 1) := ¢y (1,t) —4°(1,t)z, as z — oo,

1
Y2(2,t) ~ Q%(2,t) :=y*(1,t) —yl(1,t)z + iygom(l,t)zQ7 as z — +oo,
(41)
1 1 m
Y7 (ot) ~ Q2 1) = ™ (1) — L)z 4 gyl (L0270 (L)
as 2 — +o00.
We thus define Y0 as a solution of
YO.(2,8) + MY?(2,1) =0, (2,t) € (0,4+00) x (0, 7),
Y(0,t) =0, te (0,7), (42)
. 0 1 0
ZETOOY (2,t) = 31:1_>mly (z,1), te(0,T).

The last condition in is the matching asymptotic condition. The general solution of 1, (42)), is YO(z,t) =
C(t) (1 — e M=), where C(t) is an arbitrary constant. The matching condition allows to find C(t) = y°(1,1),
leading to

YO(z,t) =y°(L,t) (L —e M), (2,t) € (0,+00) x (0,T). (43)

Next we determine the general solution of
Vi (2,t) + MY (2,8) =y (L,t) (1 —e ™M), (2,t) € (0,+00) x (0,T),
Y1(0,t) =0, t € (0,7).
We find
Yi(z,t) = (C(t) = ya(1,0)2) + e M2 (=C(t) = 53(1,1)2)

where C(t) is an arbitrary constant. We determine C(¢) by using the matching asymptotic condition

lim [Y!(z,t) — Q' (2,t] =0, te(0,T),

zZ—400
which gives
The function Y2 is defined as a solution of
V2 (z,t) + MY2(2,t) =Y, (2,1), (2,t) € (0,+00) x (0,T),
Y?2(0,t) =0, te (0,T),
lim [Y%(z,t) — Q*(2,t] =0, t € (0,T).

z——400

—~~
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We obtain
2 2
Va0 = (00 - 10 005 )+ (P00 -0k ). @)

For 1 < k < m, the function Y* is defined iteratively as the solution of

YE(zt) + MYF(2,8) = Y7 H(2,1), (2,1) € (0,+00) x (0,T),

YH0,t) =0, te (0,7), (46)
ZETOO[Yk(Z’t) —Q"(z,t)] =0, te (0,7).

4.1.2 Second order approximation
2
Here we take m = 2. The outer expansion is Zakyk(x,t), where y° and y* (k = 1,2) are given by

k=0
2

and , respectively, and the inner expansion is ZekYk(z, t), where YO Y! and Y? are given by ,

k=0
and ([45), respectively. We introduce a C* cut-off function X : R — [0, 1] such that

X(s) L s22 (47)
S) =
0, s<1,

and define, for v € (0,1), the function X. : [0,1] — [0, 1], plotted on Figure by

1-—2z
X(x) =X ( = ) . (48)
1 |
|
| X (x)
|
A\
0 | -
0 1-2e7 1 x
1—-¢7
Figure 10: The function X..
Then we introduce the function w§ by
2 2 1
uf(ont) = la) 30t ) + (1= ) 3o (F=54). @neon (49)

defined to be the second order asymptotic approximation of the solution y¢ of . To justify all the computa-
tions we will perform we need some regularity assumptions on the data yg, v°, v' and v2. We have the following
result.

LEMMA 4.1 (i) Assume that yo € C°[0,1], v° € C3[0,T] and the following C°-matching conditions are satisfied

MP(yo) ) (0) + (=1)PT (°) P (0) =0, 0<p<5. (50)
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Then the function y° defined by belongs to C°(Qr).
(ii) Additionally, assume that v € C3[0,T], v? € C0,T] and the following C* and C'-matching conditions
are satisfied, respectively,

vH0) =0, (HD(0) = M%) P (0) = 4 (0),
(1)@ (0) = 2M2(1°)®)(0) = 2My(3)<o>, (51)
(v)@(0) = 3M ~2(u%)D(0) = 3M%y5"(0),

2(0) =0, ()M (0)=0. (52)

Then the function y' defined by (with k = 1) belongs to C3(Qr), and the function y? defined by (with
k = 2) belongs to C(Qr).

PROOF. (i) According to the explicit form , it suffices to match the partial derivative of y° on the charac-
teristic line {(z,t),z — Mt = 0}. Differentiating p times (p < 5) with respect to x we have

apyo( | y$ (x — M), x> Mt,
—(z, 1) = _1\p
Oxp (=D? w (=%

r (v) (t —M>, x < Mt.
ory°

Matching the expressions of upper and under the characteristic line {(z,t),z — Mt = 0} gives and

oxP
pyO
ensures the continuity of
OxP

in Q7. Differentiating p times with respect to t we have

8py0( ) (—1)”M”y(()p) (x — Mt), z> Mt,

= (x,t) =

or (v°)® (t - %) , x < Mt,
p,,0

then we see that the continuity of 85} holds under condition . Using equation we easily verify that

the mixed partial derivatives, of order p < 5, of ° are continuous under condition .
(ii) Arguing as previously, using formula and equation (with £ = 1) we find the matching condi-
tions . Then, using formula and equation (with k = 2) we find the matching conditions . |

LEMMA 4.2 Let w§ be the function defined by . Assume that the assumptions of Lemma |4. 1] m hold true.
Then there is a constant ¢ independent of € such that

| Le (w5) |l (o, 11522(0,1)) < €€ (53)

PROOF. A straightforward calculation gives L. (w§)(z,t) = S°0_, Ii(z, t), with

1=1"¢€

Isl(xvt) = —¢ ymc(x t) I)v

Pot) =20 - a)y? (<)

2

. 1—x 1—x

3 _ ’ - kv k k, k

I(x,t) = MX < = >€ V(Ejey ( . ,t>§ ey (x,t)>,
k=0 k=0

1—=x 2 1—=x 2
4 Y7/ - 1-2 kv k — k, k
Lz, t)=X <€7>5 'Y(;:OE Y ( . ,t)—kgzos y (a?,t)),

2 2
- 1- 1-
I3(z,t) = 2X < EW”) el (51 > etk ( = x,t) +> s’“@;’i(x,t)).
k=0



4 ASYMPTOTIC ANALYSIS WITH RESPECT TO €

Clearly,
I lcqor20,1)) < €2 llYaelleqo,rinzoy) < e,

and

I12{lco,ry;z2(0,0)) < €

2 ‘(1 _ X ()Y (1 ‘%)

€
1
< 22
< & max
t€[0,T7] 1—2e7

C([0,T7;L2(0,1))

) 9 1/2
\ % <—1:, t) dx) .
€
Using a change of variable we have

1 1 2 1/2 2 1/2
/ Y2 < "”,t) de | = g/ Y2(z,0)2dz | .
1—2e7 € 0

Thanks to the explicit form we have, for 0 < € < g¢ small enough,

t€[0,T]

It results that
112l (0,77 220,1)) < €2 .

Using Taylor expansions, for 1 — x = €z — 0, we have

2 2 2 2—k ik
Zskyk(x,t) = Zskyk(l —ez,t) = Zek (Z ;({gi(l,t)(—sz)i> +£20 ((e2)).

k=0 k=0 k=0 i=0
Since
k _ Nk —Mz pk
Y¥(z,1) = Q%(2,t) + e P%(2,t), (2,1) € (0,+00) X (0,1),
with
k : y* i k : 0"y i
P (Zat) = _; ox’ (l,t)Z ) Q (Zat) = ;(_1) ox’ (lat)z ’
we have
2 2 2
ZskYk(z,t) - Zskyk(l —ez,t) =20 ((e2)) + e M? ZekPk(z,t).
k=0 k=0 k=0

Using the previous estimate we have

112l eqto.13:L2(0.1))

X’ (1;x> (iakY’“ (1:C,t> =Y Mt —5z,t)>

k=0

1-e” 1/2
< et / (1—x)*dz <t
1-2e7

Similarly we have ||I2{|c(jo,77;02(0,1)) < £33 . Tt results from that

=Me™"

C([0,T];L2(0,1))

2 2 2
et Zeka(z,t) + ZE’“yi(l —ez,t) =0 ((2)) + & te M= ZEka(z,t)
k=0 k=0 k=0

2
— et Me M= ZekPk(z, t).
k=0

227 1/2 227 1/2
inax ( / m%z,t)?dz) < elluillcqoamoim ( A dz) <2 %,
0 0

30

(54)
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Arguing as for I? we find that

112 leo.ry:z20,1)) < ce?2.

Collecting the previous estimates, we obtain . O

Let us now consider the initial layer corrector #° defined as the solution of

9; - 50966;8 + Mo;i =0, (xvt) € Qr,

6°(0,1) = 6°(1,1) =0, L€ (0,T), (55)
0°(x,0) = 05(x), xz € (0,1),
with )
€ € kv k -z
Mw:mw—%um=a—&@%@w—2ky(sﬁ»,xe&w. (56)
k=0

The following lemma gives an estimate of ||0°(-, )|/ z2(0,1)-

LEMMA 4.3 Let 6° be the solution of problem , . Assume v € (0,1/2]. Then there exists a constant ¢
independent of € such that

~ 2
0° (-, )| r20.1) < ¢ 5%4—577 e_%t, vt € [0,T]. 57
( ? )
PRrROOF. By repeating the arguments in the proof of Lemma with o = £!77, we obtain the estimate
_ M2
105, )l 20,1y < ll5ll L2 (127,17 27t Ve [0,T]. (58)

Let us now give an estimate of |05 12(1—2.+,1). Using (43)—(5) it holds that 65 = a® + b, with

fmzu_%mwﬁm—mm+wmw@ﬂ@mgf>

W@ZOﬂM@WM%%m+QMW@ﬂﬁ“&?)’(FJ;ﬁ'

Using Taylor’s expansion, for 1 — z = ¢z — 0, we have

(1—2)* (3

a®(z) = (1 = Xe(2)) —c—¥0

€, ¢e(x1),

hence |a®[[2(0,1) < e . Since

1 2\ 2
oM €z
10 = [ e () + 06 + 205 ) e
—2e7

we have [|b%[[z2(0,1) < ce?. Tt results that 1061 20,1) < ¢ (6% + 5%) which with (58) imply the estimate (57)).
O

Let us now establish the following result.

LEMMA 4.4 Let y¢ be the solution of problem , let w5 be the function defined by and let 6° be the
solution of problem , . Assume that the assumptions of Lemma hold true. Then there is a constant
¢, independent of €, such that

5y
ly* — w3 — 0%|lcqo,r);02(0,1)) S e 2
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PRrROOF. Let us consider the function 2° = y* — w5 — 6°. By construction, it satisfies

LE(ZE) = —La(w§)7 (l‘,t) € Qr,
25(0,t) = 2°(1,t) = 0, te (0,7,
2°(x,0) =0, x € (0,1),

leading to the estimate ||zE(-,t)||%2(0,1) < ||L5(w§)||2Lz(QT)et, for all ¢t € (0,T). Lemmathen implies (77). O
Using Lemmas [£.3] and [£.4] we immediately obtain the following result.

THEOREM 4.1 Let y¢ be the solution of problem and let w§ be the function defined by . Assume that
the assumptions of Lemma hold true and v € (0,1/2]. Then there exist two positive constants ¢ and €g, ¢
independent of €, such that, for any 0 < € < &g,
5y 1 7y M2
ly= (-, 2) —w5(-,t)[|L2(00) < g2 +c (55 + ET) e" 27t Yt e [0,T).

Remark 10 We may also define the so-called composite approzimations and avoid the use of the cut-off function
X.. For instance, at the first order, we define the approximation

’lﬂg(l‘,t) = yo(x7t) - yo(l?t)e_Mza (J?,t) € QT

obtained by adding the inner and outer expansions y° and Y° and then subtracting their common part, here

equal (in view of ) to y°(1,t). The difference z§ := y° — w§ then solves
Lc(25) = —Le(wp) = sygz(xvt) + yg(l’t)eisz (z,t) € Qr,
26(0,8) = °(L, ), 25(1,6) =0, te(0,7),
z5(2,0) = yo(1)e™ M, z € (0,1),

from which we deduce, using an estimate of the normal derivative (see ) to take into account the vanishing
but nonzero Dirichlet condition at x = 0, that |ly* — @§|lc(o,):12(0,1)) = O(e'/?).
Similarly, at the next order, we define

() = T (. 1) + a(y1<x,t> LMy (L) + y2<1,t>z>), (e,0) € Qr.

and compute that the difference 2§ := y* — W solves

L.(25) = 52%161(:5,16) 4 oee M= (ytl(Lt) + ygt(l,t)z), (x,t) € Qr,
2£(0,1) = (y0<17t> 000 +ey1<1,t>)e“!, (L) =0,  te(0.T),
25 (2,0) = (yo(1) + y5" (e2))e M=, z € (0,1),

for which we deduce, arguing as in the proof of Lemma that ||y° — willcqo,r):22(0,1)) = O(£3/?). We do
not go on further here with composite approximations and refer to [J] where it is employed in a similar context
and in [2] to describe the interaction of this boundary layer at © = 1 with the one occurring along the first
characteristic {(z,t) € Qr,x — Mt = 0}.

4.1.3 High order asymptotic approximation

Here we construct an asymptotic approximation of the solution y of (34) at any order m. The outer expansion

is Z k¥ (x,t), where the functions y° and y* (1 < k < m) are given by and (38), respectively. The inner
k=0

m
expansion is given by Z ekY*(2,t), where the function Y is given by , and the function Y* (1 <k <m)
k=0
is a solution of problem ([46).
By induction over the parameter k, we obtain the following result (we refer to [I] for the proof)
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LEMMA 4.5 For any 1 < k < m, the solution of problem reads

YE(2,t) = Q% (2,t) + e MZPR(2,1), (2,t) € (0, +00) x (0,1), (59)
where i ‘ ‘ i
P*(zt) = ;illazg;l(l,t)zi, QF (2, 1) > ala;; L)
We then introduce the function
wi, (z,t) = Xe(x) iskyk(x,t) + (1= X () iakY’C (15:17725) , (60)
k=0 k=0

defined to be an asymptotic approximation at order m of the solution y¢ of . Function X is defined on
. Again, in order to justify the computations, we make the following regularity assumptions.

LEMMA 4.6 (i) Assume that yo € C*™+1[0,1], v° € C?™*+L(0,T| and the following C*™*1-matching conditions
are satisfied

MP (o) P (0) + (=P (@) P(0) =0, 0<p<2m+1. (61)
Then the function y° defined by belongs to C*™+1(Qr).
(i) Additionally, assume that v* € C>=R*Y0,T], and the following C*"~®*1 matching conditions are
satisfied, respectively,

K\ (p) A
CORIOEIY (“1)'M' 555 (0,0), 0<p<2(m—k)+1. (62)
t+j=p—1

Then the function y* belongs to C2m=R+1(Qr).

PROOF. (i) For the proof of we refer to that of (50).
(ii) Using a change of variable we rewrite in the form

t
/yl;;l(x—l—M(s—t),s)ds, x> Mt,
=" (63)
k(tf—)Jr/ yPol (x4 M(s —t),s)ds, x < Mt.
M t—x /M
For notational convenience we omit in the sequel the index k and denote y*,! = f so that reads
t
/ flx+ (s—t)M,s)ds, x> Mt,
0
y(x7 t) = T t
v(t——)—i—/ fx+M(s—t),s)ds, x< Mt.
M t—x /M
Successive partial derivatives with respect to = lead to the formulae:
p P
%(:@,t) - /O axf (z+M(s—t),s)ds for z > Mt, (64)
and
Py (=D x oo
(2, 1) =~ P>(t——) / M(s —t),s)ds
o @0 = (=) + [ G M= 0.9)
J or— 1f T
oyl MJH e (0t —22)  fora < M. (65)

i+j=p—1
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is continuous

These formulae can be easily justified by induction. Then it results from (| and . that 2
in Qr if

311’

=DP oy (=1)7 o 'f
Mr " = ¢+Z;:)—1 M+ 9zioti (0,0),

which is equivalent to . Similar calculations allow to establish the formulae

9P P
3Tg(x’t) :(—1)”Mp/0 8a:f (x+M(s—t),s)ds
+ HJZP 1 Z@tﬂ (z,t) for x > Mt, (66)

and

"y @ (2 _1\P AP ' " f _
8tp(xt) =v (t M)+( 1)M~/tw/M8xp($+M(s t),s)ds

orLf orLf x
+ >« (Watj( )= g (t—M>> for = < Mt. (67)

i+j=p—1

It results from and that giff is continuous in Qr if

®)(0) — i LS
v (0) - Z (_1) M Ot Ot (070)7

t+j=p—1

that is the condition (62)). Using equation we easily verify that the mixed partial derivatives, of order
0<p<2(m—k)+1, of y* are continuous under condition . a

Remark 11 Let m = 2. For k =1 the conditions read

v (0) =0, (@)D (0) =12,(0,0) = y§¥ (0) = M~2(°)(0),
(") @(0) = 9,,(0,0) — My, = —2Mys”(0) = 2M~2(u*)(0),
(") @(0) = M0, — My0,.1(0,0) +12,,,(0,0) = 30y (0) = 3M 20 (0)
while for k = 2 we have
v?(0) =0, (1*)(0) = y,;,(0,0) =0.
Thus we retrieve the matching conditions and ,

Let us now establish the following result.

LEMMA 4.7 Let w;, be the function defined by . Assume that the assumptions of Lemma hold true.
Then there is a constant c,, independent of € such that

€ @mi)y
| Le(wp)llcomiz20,) < eme 2. (68)
PROOF. A straightforward calculation gives

5

Le(wy,) (@, t) = Y Ji(x, 1), (69)
i=1
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with
I (w,t) = ="My (2, 1) X (),
1 —
Pat) =1 - 2oy (L),
1 _ m 1 _ m
J3(x,t) = MX' ( 7”3) e ( by (“‘Hﬁ) - Zekyk(x,t)> :
< k=0 < k=0
1- - 1 -
JH(x,t) = & ( x) 5 (Z eky® ( x,t) - Zékyk(w,t)> ;
k=0 k=0
1 o m
J5(z,t) = 24 ( x) e ( *125’%’“ ( - x,t) +Zeky§(x,t)) .
k=0 k=0
Clearly,
2| Loe 0.1:220,1)) < €™M lyielleo,mir20,1)) < eme™ ™,
and

1—=2
12l < " H(l X () ( ,t)
C([0,77;L2(0,1))

€
1 1— 2 1/2 2e7 1/2
< e™ max (/ Yy (,t) dx) < e™ max (5/ [V, (2)*d ) .
te[0,T] 1_92e7 15 te[0,T] 0

Thanks to the explicit form we have, for 0 < € < g¢ small enough,

27 1/2 227 1/2
= 8m+1 0 =
max 6/ [Y;™(2,t)|% dz < cmH 5/ 22 dz
weior) \ Jo 02t lo(o,apxpom \ Jo
2m+1

<epe Me T

It results that ||J2HC( 0,7):L2(0,1)) < CmE 2ty Using Taylor expansions, for 1 — x = ez — 0, we have

m m m m—k i
oty t) = Myl —ezt) =) € (Z %%i’k (1,t)(sz)i> + ™0 ((e2)).
k=0 k=0

k=0 =0

According to it results that

zmjekY’“(z t) Za (1 —e2,t) =m0 ((e2)) + e M= zm:s’“Pk(z,t). (70)
k=0

( )(ZekYkzt Ze 1—6zt)>

1—e” 1/2
< eppe™T / (1—2z)*dx < epe™tE,
1—2e7

Similarly we have || J2||c(o,7):12(0,1)) < ¢me™ Y72, It results from that

Using the previous estimate we have

172 leo.rL20,1)) = Me™?

C([0,77;L2(0,1))

et ZskYk (z,t) + ZE (1 —e2,t) =m0 ((e2)) —i—s_le_MZZs’“PZk(z,t)

k=0

— et Me M= ZekPk(z, t).
k=0
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Arguing as for J2 we deduce that HJ,:?”C([O,T];LZ(O,I)) < ¢me™t2. Collecting the previous estimates leads

to . O

We now define the initial layer corrector ¢, as the solution of

ant - Eofnwz + Mefna: = 07 (x7 t) € QT7
0:.(0,t) = 05,(1,t) =0, te(0,7T), (71)
07 (2,0) = 050(2), z € (0,1),

with
a0 (@) = o(@) — w5y (2,0) = (1= X.()) (yo<x> Yot (1‘0)> Cwen. (1)
k=0

We have the analog of Lemma We refer to [I] for the proof.

LEMMA 4.8 Let 6%, be the solution of problem (71)), (72). Assume v € (0,1/2]. Then there exists a constant
Cm, independent of €, such that

2
M= 4

105, )l z20,1) < em (eF + ™5 ) 7350, v e (0,7,

Arguing as in Section one can establish the analog of Lemma [£.4]

LEMMA 4.9 Let y° be the solution of problem , let wg, be the function defined by and thet 65, be the
solution of problem , . Assume that the assumptions of Lemma hold true. Then there is a constant
Cm, tndependent of €, such that

2m-+41
ly© — wi, — Onlleqo, L2 (0,1)) < Cme 2

’y.

Using Lemmas [£.8] and [£.9] we readily obtain the following result.

THEOREM 4.2 Let y° be the solution of problem and let we, be the function defined by . Assume that
the assumptions of Lemma hold true and v € (0,1/2]. Then there exist two positive constants c,, and &g,
cm independent of €, such that, for any 0 < € < &g,

m+1

2 1
19+ 8) = wia (s )220, < me 57 e (% 4

(2m+3) 2
T 7) em2e7t e [0,T).

We have thus constructed a regular and strongly convergent approximation (as ¢ — 0) w$, of y°, unique solution

of .

4.1.4 Passing to the limit as m — oo. Particular case

Our objective here is to show that, under some conditions on the initial condition yo and the functions v*, we

can pass to the limit with respect to the parameter m and establish a convergence result of the sequence (WS, ).
We make the following assumptions:

(i) The initial condition yo belongs to C*°[0, 1] and there is b € R such that

ke
Iz < | 5|08 ke, )

where |.] denotes the integer part.

(ii) (v*¥)g>0 is a sequence of polynomials of degree < p — 1, p > 1, uniformly bounded in CP~1[0, 7.
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(iii) For any k € N, for any m € N, the functions v¥ and yy satisfy the matching conditions of Lemma

We establish the following result.

THEOREM 4.3 Let, for anym € N, y5, denote the solution of problem , and ws, the function defined by .
We assume that the assumptions (i)—(iii) hold true and v € (0,1/2]. Then, there exist g > 0 and a function
6° € L?(0,T; HE(0,1)) N C([0,T); L*(0,1)) satisfying an exponential decay, such that, for any fived 0 < & < &g,

we have
£

ye, —ws, —6° =0 in C([0,T);L*0,1)), asm — +oo.

Consequently

lim wi (z,t) = X.(x) iskyk(a:,t) + (1 — X.(x)) iekY’“ <1;m,t) + 6% (2, t)
k=0 k=0

m——+oo
=y (x,t) + 0°(2,t) a.e in Qr,

where y° is the solution of problem with (34)), replaced by y=(0,t) = > po ekv*(t), t € (0,T). The function
6° satisfies

165, )|l 200y < ceZe” 27, Vit e [0,T],

where ¢ is a constant independent of €.

The proof of this result requires the following lemma proved in [IJ.

LEMMA 4.10 For z < Mt, the function y™ given by , @ may be written in the form

e = (1 )+ 3 K (1 ), "

j=11i=1

where, for any 1 <i < j < m, X;(x) s a polynomial of degree < i.

PROOF (of Theorem . Recall that (see (69) L.(ws,)(z,t) = Z?Zl Ji(z,t). We define

= fmait foat+ fs inQr,

with

m

1-—- 1-a 1-—
e, t) = =M’ ( ) M) Pt (t) ,
5 prt 5
1-— e 1—
fma(x, t=-X" (f) g2 M ZskPk (x,t> ,
£ 5
k=0

1— i 1— - 1—
Frs(a,t) = —2X < Ef) eTem M <Zskpj ( - x,t) - MZskPk(gx,t))
k=0

k=0

We also define -
(@) = (1 — Xe(2)) <yo<x> Sy (A o)) re ()
k=0

Let 62, be the solution of the problem

m

Ls(éren) = 76n7 (:L‘,f) € Qr,
05,(0,t) = 05,(1,8) =0, te(0,T), (75)
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so that the function 2, =: y;, —ws, — éfn satisfies

L&‘(zfn) = _La(wrsn) - 767'7,7 (x7t) € Qr,

25.(0,t) = 25,(1,t) =0, te (0,7,
zr (2,0) =0, x € (0,1),
and then )
/ |28 (x,t)|> dx < dE e, // |Le(w,)(2,8) + [ (x, s)| dxds. (76)
0

Let us verify that (d5,)m>o0 tends to 0, as m — co. We note that

Lo(wi) + fo=J + 2+ (2 + fo )+ (U2 + foa) + (J2+ fos)-

e Estimate of ||J2||12(gy) - It is easily seen that
" (2m+2)
You(@,1) = — Yo (x — Mt) for x> Mt.
m!

We set Q7 = {(z,t) € Qr : x > Mt} and QF = {(z,t) € Qr : * < Mt}. Using k =2(m+ 1) we have

T 42m 1-Mt T2m+1
[ mnpdea= [ o [ P < | W era
|t o TSy @+ Dml?

Qp
T2m+1

= m((m + 1)D2p*™H2 < b(m 4 1)(Th)?™ 1 < b(v/2Tb)*m 1, (77)

where we used the inequality m + 1 < 2. For z < Mt, it results from that y™ is a polynomial of degree
< p—1 and, for large m (m > p),
p—1 j

y"(z,t) = (t— 7) +Z

Since all the terms in the right-hand side of the previous inequality are uniformly bounded in the space
CP~1(@%), we deduce that there is a constant c1(p) independent of m such that

Xi) ) (1= 2.
- M

1=

max |yzx(x t)|2 < Cl(p)
<M

then
| e dodt < . (78)
Q+

T

It results from and that

121720 < €b(V2Tbe)* ™ + ¢y (p)Te™ 2. (79)

e Estimate of ||J2||12(g,) - We have (see the proof of Lemma

T (27
121172 (gqp) < €2 /0 /O Y™ (2,t)|? dzdt.
Thanks to Lemma we have

Y™ (z,t) = Q™ (2,t) + e M*P™(2,t), (z,t) € (0,+00) x (0,1),
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where 4 4
Pty = -3 2 i e, = f: ) oy m_l(1 £)2
) ‘ O 7:! 8'1:1 b ) 1:0 )
Then
T 27 T p2
[ wreopaase [ / (1Q (2, ) + [P (2, 1)[2) dzat.
0o 0Jo
We have
T 27 T 27 m 2
= m = 1 87,+1 m—1 ;
/O/O Q7 (z,t)|2dzdt§/0/0 (ZZ' g (1) z> dzdt
=0

2 27

az—i—l m—i
oxtot

(m+1) zm: OE / (1,t)

1=

First, we easily verify that there is €1 > 0 such that, for 0 < € < 1, we have

2e7 2e7

= ) = 92m+1 E(2m+1)fy
qi ::/ zmdzgqm:/ 22 dy =
0 0

2m +1 g2m+l ’

dt/ ’ 2% dz.
0

1=0,...,m.

39

Moreover, for 1 < Mt, writing y™*(x,t) in the form , we deduce that there is a constant ¢3(p) independent

of m such that

Pitlym—i 2
—_— < .
B8 | owar (Y| <@
On the other hand, for 1 > Mt, we have
az’—i—l m—i tm—i (2m—it1) m—i—1 (2m—1)
——(1,t) =—M 1— Mt ———————— 1— Mt),
oot (L,1) (mfi)!yo ( >—’—g(mfzfl)!yo ( )

with g; =1 if i < m and g, = 0. Consequently, for all 0 < i < m,
§itlym—i
Oxtot

2
M2t2m 2% » 2m—2i—2
<2 (2=t (1 _ Are))? + 2,

(0] =2 et

((m—i=1)

We set Bn = {(2,t) € (0,+00) x (0,T) : 1> Mt, 0 < z < 257} and B} = {(z,t) € (0,+00) x

Mt, 0< z< %} We have

m 1 T2m—2ib2'rn—i+1 q 1 2
m 2 < 2 — = —|! i
/BT QF (=, 1) ded < 2(m + 1)M ; iy (G R DK

m—1 1 T2m 2i—2p2m—i

2(m+1) ; m—1i—1)!)2 Qm_i

m—1

<2(m+1)M*T " QmﬂmZafm—i—2m+1)T b qmz
i=0

2m—2-2m

s2<m+1>qu2“b2m(M2b Z a2+ me)

_ - m—iil|) mei
with T := max(1,7T) and b := max(1,b) and a,; := L*%%;,J', bmi == Lizjlz Finally, we write

(m—1i)!a!

iafm. < (i ami>2 < (m+ 1)2§:O<Mii)!>2 = (m+1)*(2™)?,

=0 1=0 =

(m—1—1)!

2m—1i
2| § )(1_

1<
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in view of the binomial formulae. Similarly, /" "p2 < m2(2m1)2. It results that

92m+1 E(2m+1)'y —9m—2-9m 9
m 2 < m 2 2062m 262(m—1)
/;|Qt (z,1)] dzdt_2(m+1)2m+1 o T b (M bT" (m +1)727" + m=2

and

2m+1 —9m—2-2m .
€2m+1/ \Q;”(z,t)|2 dzdt < 2(m+1)m5(2m+1)7T2 2b2 (Mng2(m+1)222m+m222(m—1)>
- m
< 2(m +1)3
2m+1

T

(1+ M26T) (T bde™)2m+1

which tends to 0 as m — oo if ¢ is small enough so that 7'b4e” < 1. The estimation for [, [P/ (z,t)|* dzdt is
T
the same. On the other hand, a direct calculation shows that

| J2 < dey(p)eTe?m=P)(2e7) 2P+

|| L2 B*)
Consequently,

8(m +1)3 S N m m—
1721172 (@) < it M2bT ) (T bae?)>" 1 4 dey(p)eTe2m—P) (2e7) 21, (80)

e Estimate of ||J3 + fz, 1|l12(q,) - Using Taylor expansions, for 1 —z = ez — 0, we have

m

m m m—k i
Zskyk(x,t) = Zs"”‘yk(l —ez,l) = Zak (Z %83325 (1,t)(—sz)i> + R:, (z,1),

k=0 k=0 k=0 i=0

with

m 1 —k gm—k+1,k
l—ez—s)m%9
_ng/ (1—ez—s) i (s,t)ds.
1

P s (m —k)! Qrm—k+1

Then we have

ZskYk< x,t) Zm:ekyk t)=—R; (z,t) + e*M'ZiekPk(z,t).

k=0 k=0

T E
< M2 / / RE, (2, )2 dedt.
o J2

Wesetégf{(zt) € (0,400) x (0,T) : 1 > Mt, = < 2 < 2%} and B} = {(2,t) € (0,+00) x (0,7) : 1 <
Mt—<z< }Wehavef0r1>Mt1—sz<s<1

We deduce that

2
172 + £, 1HL2(QT) = M? %

) (ZEka z,t) Z efyk(1 —5271&))
=0 L2(Q)

3m7k+1 k tk m
P (s.t) = s (s — M.

Orm—k+1 k170
Thanks to the continuous Sobolev embedding H*(0,1) < C[0, 1] there is a constant ¢y independent of m such
that

k+m-+1 k+m+ k+m+2
w6 ™ oo < eo (I8 ™ Pllzzon + 58 ™ e -
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Using we then have

m k4+m-+1 k+4+m+2 1\ ktmil
IS ™l gy SCOQ2J!+ {2J1b5>b 3

— 2 m41
SQCOﬁ{WJ!be .

It results that, for 1 > Mt, 1 —ez < s < 1,

6m—k+1yk =tk | k +m+2 ktmt1l

Therefore, for (z,t) € By we have

. s—l—l—ez)mk
o ”'<Z I

k ) 1 _ m—k
<2co\/l;ZEkt {+m+QJ!ka“Z’L+ / (sol+ex)™ ds
l—ez

2 (m —k)!

_ 2CMZ Vﬁ 5 2J g _(€2)

(m+1—k)!

am k+1, k

Y
Py (s,t)’ ds

— 200\/5 Z Ektkfzmkbkh;+1 (52)’”“4‘3,
k=0

with

~ 1 k+m+2], (m+1)!
Amk = : § .
Ellm+1—k)! 2 Ellm+1—k)!
It then follows

T 27 m 2
z,t 2dt < 4c¢2b et A S ek ) gt
R, 2dzdt < 4 3b Kt b
B e

<4C%b(m+1 2m+2// ZtQk ~2 bk+m+1 2m—+2—-2k dzdt
k=0

T E
< 4c2b(m + 1)e?m 2 / /W Z t2kG2  pRTmEL2mA2 g dt
0/ koo

(2e7)2m+3 f: poe T2k 1pk+mt1
2k +1

m

< 2635

2m+3
< 20(2)5(257) " (bT)2m+192(m+1)
< 16¢2be® 1 (47D T)?m T

We deduce that ||J2 + fg, |2 < 16M2c2b(4e70T)*™+1. We also have, for (z,t) € By,

12(By)
i 5—1+€z)m ko gm—ktlyk
t < )| d
B / e |G )| ds
s—l+ez —k
< es(p) / b s
l—ez

k=m— p+1
m+1 k

= cz(p)e™ ! Z €km,

k=m—p+1

41

(81)
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where c3(p) is a constant independent of m. Then

z m 52m+2-2k
/ IR (2,8)[ dzdt < pT cs(p)e 2m+2/ ) I ———

- — k)2
Br = k=m—p+1 ((m +1 k))
2 om42 22! Zm: 2P
< pT es(p)e™ / Y dz
5 — )2
T k=m—p+l ((m+1-k))
(257)211-1-1 m 1
< pT c3(p)’e Amop) AL 2 Z TS ALY
— kN2
2p+1 fe T ((m+1-kK)"
< 64(]9) T(267)2p+152(m7p)+1’
where ¢4(p) is a constant independent of m. We conclude that
172+ frllF2(@ey < 1I6MPED(A7DT)> ™+ + 4 (p) MPT> =) (287)2PH120m=p), (82)

Estimates for [|J2 + f, 5|l r2(gr) and [|J2 + f5, 5ll2(@.) are very similar and are not detailed.
It results from the estimates , , 7 that we can choose €9 > 0 such that, for any fixed 0 < € < gy,
(d5,)m>0 (see[76)) tends to 0, as m — oo. Thanks to (76), (25,)m>0 tends to 0 as well, as m — oco.

e Estimate for (6%, )., solution of . We have 0, = a5, + b5, with

(@) = (1= X () (Z/o(l’) -y “._”lyé“u)(ez)i) ,

boae) = (1 = X)) Y Sl (1)) ( == x) .

Using Taylor’s expansion, for 1 — x = ez — 0, we have

(1 _ J3)m+1 (mt1

NG, G e (1),

(@) = (1= X)) S
hence 267y
e 2e7 m
|am<x>|§ﬁnyo Plepa, ze@-27,1).

Using with k = 0, we obtain for all z € (1 —2¢7,1) that

(2v/be7)m 2
las, (x) \<2co\/ \[E) {m;— J'<2CO\[2\/I;<€”Y mEL

ooy (1)(

We conclude that (aj,) converges uniformly in [0, 1] to 0. Moreover, the series » .~ ) *0—

convergent since in [1 — 2¢7,1]

— z)* is uniformly

m |, () o , _
e )i Vi 2\/1357 V + 1J 2coVb

§ 1— E E 1< .

=0 = =0 2 11— 2vber

Here we have used again the inequality Hy(()i)HC[OJ] < ¢ (||y((f)HLzO’1) + ||y(()i+1)|\L20’1)) and . Then (;Eno)m

converges uniformly in [0,1] to 65 given by

O5(z) = (1 - X ), ze(0,1).
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Moreover, 58 satisfies an exponential decay property:

o) < 2e0Vb
1 — 2vbeV

Consider now the function f7, ;. We have

1—=2 _ b
()< ()
= 0

then, for 1 —2e7 <2z <1 —¢7, and 1 > Mt, we have

m m k —ir. (2k—1) i
11—z Tr=iy (1—-Mt)| =
k| pk k 0
kP < ,t>‘§zs (Z = 7]
k=0 k=0 i=0
Using the continuous Sobolev embedding and ([73)) we obtain again

_ — 2]€_Z+1 2k—i
196 ooy < 2605 | 22552

Pk<1

(1—X.(z))e” Vz € (0,1). (83)

m

D&

k=0

61k1

’

Zj")a (xat)eQTa z = ’

Then

m
> <
k=0

=0

—.m k k=i | 2k—it1 !bb ‘
x,t)‘ §2co\/526k (Z L(k 2_)'J_' ’ z
P —1)lal
k

LN 7k
< 200\/52(T bs)k(%
k=0 -

[—5+5]!

it~ Writing that Z o @i < 2%, we finally obtain

. i (2e7)* . o
using that z* < B for all 0 <i¢ < k and ag; :=

m
D ¢
k=0

assuming e small enough so that 1 — 47 be” > 0. On the other hand, for 1 —2¢¥ <2 <1 —¢" and 1 < Mt, we

write
k (1

_ _ m+1
Pk(lgx >'<2co\/Z4Tb57 < 205 LT

1 — 4T be™

m
D <

T < m A p 67.yk‘—l Z’i
) = ZE Z &rl (Lt) ﬁ
=0

k=0 k=0
£
k=0 i=0
< cs(p)e (287)P
~1l—e¢ e’

where ¢5(p) is a constant independent of m. Then, for 0 < &7 < 1/(4T'b), the series > - e*P* (1=£,¢) is
uniformly convergent in Q7. This implies that (f2 1.1)m converges uniformly in Qr to a function f§ given by

1- e 2 1—
fi(x,t)=-MX' < Wx) e Ve M ZakPk (x,t) ,  (z,t) € Qr.
€ = €
Moreover, f; has an exponential decay property:

1- 2c0Vb 2e7)P =
it < xﬂ( Vb +%®de>>X€%2M%
e 1—4Tber  1—e €P
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for (z,t) € Q7. Clearly, (f5, 2)m converges uniformly in Qr to a function f§ satisfying a similar property of
exponential decay. Similar arguments allow to show that (fy, 3)m converges uniformly in Q7 to a function f§
satisfying a property of exponential decay. Note also that the functions ff, f5 and f5 have supports contained
n [l —2e7,1—¢7] x[0,7]. Thus (f,), converges uniformly in Qr to a function f& = ff + f§ + f5 satisfying
a property of exponential decay.

Let 6° be the solution of the problem

L(6°) = f, (z,t) € Qr),
6°(0,t) = 6°(1,t) =0,  te(0,7), (84)
6% (,0) = 65(x), x € (0,1).

To show the exponential decay of 6 we proceed as in the proof of Lemma We use notably, from the
exponential decay of f¢, that there is a constant ¢y such that

1f2(2, )] < coeeMT i Q.

Then from and we deduce that
105,4) = F 0 oy < (15 = Py + 1850 Bl ) ', VE e (07),
which implies that (82,),, converges in C([0,T]; L?(0,1)) to 6°. This completes the proof of the theorem. [

Remark 12 Polynomials satisfy assumption (i) of Theorem- In fact, the functions satisfying assumption (i)
can be identified as the analytic functions of the Gevrey class of order 1/2 on [0, 1], denoted G'/2[0,1] (see 125]).
Recall that a function f € C*[0,1] is said to belong to G'/2[0,1] if there exist two positive constants a and b
such

(s ||C (0,1]) <a(k)30*, VkeN.
Using the Stirling formula, one can verify that every function f € G1/2[0, 1] satisfies assumption (i). Conversely,
using the continuous Sobolev embedding H'(0,1) < C[0,1] and the Stirling formula, one can verify that every
function satisfying assumption (i) belongs to G'/2[0,1].
4.1.5 Asymptotic approximation of the adjoint solution ¢°

Let us consider the adjoint problem

—<P§—€<p;x—M<p;:O, (l‘,t)EQT,

©°(0,t) = ¢°(1,t) =0, te (0,7), (85)
o (z,T) = (), x € (0,1),
where ¢5. is a function of the form ¢% = Zekgpl}, the functions p%, ¢k, -, T being given. We assume

k=0
M > 0, the case M < 0 can be treated similarly. We construct an asymptotic approximation of the solution ¢®
of (85) by using the matched asymptotic expansion method.
m

To get the outer expansion Zskgak (z,t) of ¢° we repeat again the procedure performed for the direct
k=0
solution y°. From equation we have
% )+ M2 =0,

e P+ Mgl = ¢t 1<k <m.
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Taking the initial and boundary conditions into account we define ¢° and ¢* (1 < k < m) as functions satisfying
the transport equations, respectively,

(,0?+M902:07 (xvt)eQT7
¢°(1,t) =0, t e (0,7), (86)
¢z, T) = p7(z), =€(0,1),

and k k k—1
2 +M90z = _9093; ) (:K,t) S QT?
¢ (1,t) =0, te(0,7),
(@, T) = ¢l (a), z € (0,1).

The solution of is given by

0 0, x>14+Mit-T),
ez t) =19 (87)
op(e+M(T —1t)), z<1+MEt-T).
Using the method of characteristics we find that, for any 1 < k < m,
t+(1—z)/M
/ P Mz + M(s —t),s)ds, x>14+M(t-T),
oz, t) =4 r
o (z + M(T —t)) —|—/ @I;;l(x—i-M(s—t),s)dS, <1+ M(t-T).
t
The inner expansion is given by
S ke (zt), 2= e(0,e7), te(0,T),
k=0 €
with functions ®° and ®* (1 < k < m) satisfying the equations, respectively,
@Y (2,t) + M®Y(z,t) =0,
We define ®° as a solution of
9, (2,t) + M®)(z,t) =0, (z,t) € (0,+00) x (0,T),
0°(0,1) =0, t€(0,7), (88)
: 0 1 0
zkr}r’looq) (Zat)_:l%@ (Jﬁ,t), te (OaT)
The solution of reads
DOz, 8) = $0(0,8) (1= e M2) | (2,1) € (0,400) x (0,T). (89)
For 1 < k < m, the function ®F is defined iteratively as a solution of
OL. (2, 1) + M®L(z, 1) = =B (1), (2,1) € (0,400) x (0, T),
@*(0,t) =0, te(0,7), (90)
. k _ gk _
ZETW[Q (z,t) — S¥(z,t)] = 0, te(0,7),
where i
k %
t) = - - t)z".
S0 =3 S —(0.0)2

i=0
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Arguing as in Lemma one can verify that the solution of problem reads
O (z,) = S(2,t) + TR (2,8),  (2,1) € (0,+00) x (0,1),

where

-1 3+1 az k—1 )
Rzt =Y ( Z)’ 2 (0,t)7

ozt
i=0

Let X : R — [0,1] denote a C* cut-off function satisfying (47). We define, for v € (0,1), the function

Xo(w) =x (%),

=
then introduce the function

m

2(@,t) = Xe(a) Y et t) + (1- @) Y_eFor (Lt (91)
k=0

k=0

defined to be an asymptotic approximation at order m of the solution ¢° of . To justify all the computations
we will perform we need some regularity assumptions on the data ¢° and ¢*, 1 < k < m. We have the following
result.

LEMMA 4.11 Assume that, for any 0 < k < m, @k € C2m=R*L0,T|, and the following C*™~F+1 matching
conditions are satisfied, respectively,

(5P (1) =0, 0<p<2m—k)+1. (92)
Then the function ©* belongs to C*"=F+1(Qr).
A straightforward calculation gives LX(¢¢,)(z,t) = Z?:l Ei(z,t), with

E‘sl(a:? t) = 7€m+1§02ﬁ;(z7 t)Xs(x)a
B2 (a,t) = —e"(1 - X(e)@}" (£.1)

T B m T m
E3(z,t) = MX' (577> e <Zak<1>k (E’t) — Zsknpk(a:,t)> ,
k=0 k=0
EX(x,t) = X" (%) el=2 <Z kot (f,t) - Zskgok(x,t)> ,
¢ k=0 ‘ k=0
E2(z,t) = 2X' (g) el <e’:‘1 Zektﬁf (g,t) - Zekgo’;(m,t)> .
k=0 k=0

We have the analogue of Lemma [4.7]

LEMMA 4.12 Assume that the assumptions of Lemma hold true. Let 1%, be the function defined by .
Then there is a constant ¢, independent of € such that

(2m+1)~y

I LZ(by)lleo,r):L2(0,1)) < Cmé
Using Lemma we can argue as in the proof of Theorem to establish the following result.

THEOREM 4.4 Let ¢° be the solution of problem and let V%, be the function defined by . Assume that
the assumptions of Lemma hold true and v € (0,1/2]. Then there is a constant c,, independent of € such
that K )

165+ 8) = i Ol 20,y < eme ™5™ 40 (3 455 ) T, e (0,7,
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5 Applications to controllability property
We may use the previous asymptotic analysis to state e-approximate controllability results.

PROPOSITION 5.1 Letm e N, T > ﬁ and a €]0,T — ﬁ[ Assume that the assumptions on the initial condition
yo and functions v*, 0 < k < m of Lemma@ hold true. Assume moreover that

() =0, 0<k<m,VtelaT) (92)

Then, the solution y* of problem satisfies the following property

(2m+1)y

Iy Tl z201) < eme™ 2, ¥y e (0,1)

for some constant c,, > 0 independent of €.

In other words, the function v¢ € C([0,T]) defined by v¢ := Y_" ;eFv¥ is an approximate null control for :
for any 1 > 0, there exists eo, such that for any e € (0,¢0), [|¥°(,T) | £2(0,1) < -

PRrROOF. We first check by induction that the function y*, 0 < k < m given by and vanishes at time
T. From and the assumption , y°(z,t) = 0 on the set

Se :={(z,t) € (0,1) x (0,T),tM —x > aM}

which contains the set S7_1 /s and the set {0,1} x {T'}. Assume now that y*~*(z,t) = 0 on S,, for some k > 1.
implies that, for all (z,t) € S,

t
y*(z,t) =" (t—i)—k/ y*l (@ M(s —t),s)ds.
M t—x /M

From , the first term vanishes because t — {7 > a for all (z,t) € S,. Moreover, for (z,t) € S, the segment
[+ M(s —t),s] for s € [t —x/M,t] C [a,T] belongs to S,. Consequently, the second term vanishes as well
and y*(z,t) = 0, 0 < k < m for all (v,t) € S,. In particular y*(x,T) = 0, 0 < k < m for all x € [0,1].
Then, the relation implies that the function Y* satisfies for all 0 < k < m, Y*(z,T) = 0 for all z € [0, 00).
Consequently, the function wg, defined by satisfies w,(-,T) = 0 on [0,1]. The result follows from the
inequality [|y°(-, T)l[z2(0,1) < [l¥°(,T) — wy, (-, T)||2¢0,1) and Proposition Figure [L1}left illustrates this
result. ]

This result should be compared with Lemmal[2.1] which asserts that the uncontrolled solution is exponentially
small at any time ¢ > T*. A gain of Proposition [5.1] is to construct smooth solutions from ¢ = 0, while the
uncontrolled solution y¢ belongs to C*°([0, 1] x [, T]) for all n > 0. y* belongs to C*°([0, 1] x [0, T]) if in addition
the initial data satisfies regularity and compatibility assumptions (for the heat equation, y5 € H*(0,1), for all
ke Nand y§ = (y5)?®) =0 at 2 = 0,1 for all k € N, see Theorem 10.2 in [6]).

Remark 13 From a controllability viewpoint, the null function is a much better approximate null control than
the function Z?:o ekv® we construct in Proposition . The interest of such proposition (and of the results
presented in the previous section) lies on the asymptotic of the solution of a direct problem. Given any function
v € L*(0,T), we may approxvimate numerically the corresponding solution y° and get an approzimation, says
Y5, with h is a parameter discretization. The error ||y° — y5 || 2(qp) will be of the order cchP, for some rate
B >0 (see [T7]). Fore small enough and m large enough, this error will be larger than |ly* —wy, |lc(o,77,22(0,1)) -
We emphasize that the function wS, is easily calculable because explicit for all (z,t) € Qr.

The limit case T' = 1/M can be considered as well but requires explicit formula. The function wé, (-, T) no
longer vanishes in this case. Let us consider for simplicity the case m = 0 for which

11—z

w§(z, T) = Xe(2)y°(x,T) + (1 — Xo(x)) YO < ,T) , z€(0,1).

£
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t="T¢e"

0
0 L 1 0 xr 1

Figure 11: Influence zone of the control v¢ (as & — 0) in Q7 delimited by the characteristic line Mt —x = 0 for
T> ﬁ and T = ﬁ

_ M(-=z)

First, leads to Y0 (=%, T) = yo(0)(1 —e~~ = ). Therefore,

g

2

H(1 — X.(z)) YO (1 _x,T)

3

— (50(0))? / (1— X))’ (1 — e=M*)2d.

L2(0,1)

Writing that (1 £ e~*#) < 2 and that || (1 — Xz(z)) (1 — 2)P||12(0,1) = O(e#P+17/2), p > 0, we obtain that

1—
Hh — Xo(2)Y? ( m»T) = lyo(0) 7.
€ L£2(0,1)
Moreover, from , we obtain, for all z € (0,1), that
1_
Y@, 1) =@, Ti=— =T(-x)

and we may easily define a function v° such that the norm || y°(-, T') lz2(0,1) be equal to zero. Actually, since
the function A, is supported in [0, 1 — 7], it suffices to take a function v° such that v%(Z) = 0 for z € [0,1—¢&],
i.e. supported in [0,7T] (see Figure right). Consequently, such control v° leads to

1§ (- T p20,1) < lyo(0)] €772,
It remains to evaluate the term ||y*(-, T') —w§(-, T)||£2(0,1), equivalently the term || L*w§| ¢ (jo,71,22(0,1))- In order
to satisfy the matching conditions of Lemma we define v° as follows
1

(1) = 31D oy @ x e,

p!

p=0

for any C1([0,al, [0, 1])-function X such that X(0) = 1,(X)*(0) = 0,X(a) = 0,(X)*(a) = 0,k = 0,1 with
a €]0,e7T]. The function v° (and in particular the derivatives) depends on ¢ here and so the constant c,, in

(68)-
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Let us evaluate the first term J! of L.w§ (see (69)), restricted to QT = {(z,t) € Qr,xz — Mt < 0}, in

3

function of the support [0,a] of v°: from J! = —eyd, = —35 (v°)? (¢t — z/M), we have

1211 ) = M4// ( )2)(¢ x/M))thdx
M4//T x/M( YAt )) dt do = M4//mm(T x/Ma)((vo)(2)(t)>2dtdx (93)
<o [ (@20) attr = e (G169 s00 )

Let us consider the polynomial of order 3 given by X (t) = 1—3(t/a)?+2(t/a)? so that X(0) = 1 and X’(0) =
X(a) = X'(a) =0 for all a # 0. Moreover, to simplify even more the computation, let assume that y(l)(()) =0

so that the control v° is simply given by v°(t) = yo(0)X (t)1[0,q(t) leading to ||(v | 12(0,0) = 12{'}%‘}(20” and

then (from (93))

12¢
17211 2 ) < —s7app2 00l
We are therefore looking for a < Te” such that €2/a® — 0 as e — 0. We take a = Te'. This requires
= [%2/3] and then ||J51HL2(Q;) < 12|ﬁ2§0)|51_37’/2 < 1;12/;;5\2)2\51—3«,/2_
We can proceed in a similar way with the other terms in and determine a rate 7 = 7(v) such that
| Le(w§)l 22(@r) < ce™ and then [|y*(-,T') — w§(-, T)||z2(0,1) < c”. This allows to conclude that there exists a

control function v € C1([0,7T€7]) such that the solution of with v® = v satisfies

ly° (- T) 20,1 < 90(0)](ce™ + /%), (94)

with v < 2/3 (instead of 7 < 1 in Proposition . This stronger condition shows how the convergence is
affected in the limit case T'= 1/M. Nevertheless, after tedious computations, we may extend this construction
of v° to any order k and improve the rate in the estimate . This may allow to obtain a better estimate that in
the uncontrolled case discussed in Lemma Remark that in the uncontrolled case, the norm [|y*(-, T)||z2(0,1)
is a priori not exponentially small for 7= 1/M.

5.1 Conclusions of the asymptotic analysis

We have derived an asymptotic expansion at any order m of the solution y° of an advection-diffusion equation
with respect to the diffusion parameter £. The matching asymptotic expansion method allows to describe the
boundary layer of the solution at the right extremity of the interval. As is usual, the asymptotic analysis requires
the initial and boundary conditions to be regular enough. This is not restrictive as y° solves a parabolic type
equation. In an essential way, we have also assumed compatibility equations between these conditions at the
point (x,t) = (0,0) where the main characteristic of equation  — Mt = 0 starts. This allows to get rid off the
boundary layer for y° on this characteristic. This also allows to obtain a regular approximation w;, of y* so
that the norm [|y® — wy, [lc(j0,17,22(0,1)) 18 of size O(szmi;l”). As expected, the approximation w;, is the sum of
m~+ 1 explicit solutions of transport equations plus an initial layer corrector, exponentially small, which retains
the parabolic character of the initial equation. The approximation w?, is useful to construct explicit and regular
approximate null controls for y° as soon as the controllability time satisfies T > 1/M. Moreover, for a precise
class of initial conditions, this decomposition of the solution ¥ remains true, uniformly with respect to m. This
allows to reduce the null controllability of y° to the null controllability of the corrector, a priori easier since this
latter is exponentially small with respect to e.

The knowledge of the minimal uniform controllability time Th; remains unknown for an arbitrary initial
condition. One may use our asymptotic analysis in the optimality system which characterizes the unique
control of minimal L?(0,T)-norm, T, ¢ and the initial condition yo (assumed independent of €) being fixed. Let
us focus on the optimality equation v°(t) = e¢%(0,t) which links the forward and backward solutions. Using
the inner expansion for ¢° (see Section , this equality rewrites as follows

O(t) Fevt(t) + - =@20,8) +e®L(0,8) +---, VL€ (0,T).
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At the zero order, we get therefore the equality v°(¢) = ®2(0,¢) leading, using and simultaneously, to

’Uo(t) :M¢O(07t) _ {MSD%(M(T_t)% tG]T—l/M7T]7 (95)
0, te0,T—1/M].
The function ¢° defined in Q7 is given by . If T > 1/M, the last equality contradicts the matching conditions
, notably v°(0) = yo(0), unless that yo(0) = 0! If T = 1/M, we have v°(t) = M¢%(1 — Mt), t € [0,1/M]
and in particular v°(0) = p%(1). But again, this contradicts unless v°(0) = 0 (and so yo(0) = 0).

If we do not assume yo(0) = 0, then leads to incompatibility and our asymptotic analysis is not effective
to address the optimality system . To avoid this difficulty, we must relax the matching conditions and
and therefore take into account the second boundary layer occurring for y* and ¢° on the characteristic
lines {(z,t) € Qr, Lz — Mt = 0} and {(z,t) € Qr,Lz — M(t — T) — 1 = 0} respectively. This is done in [2].
Briefly, this layer, of size O(/€), leads to the introduction of a second inner expansion of the form

i —T _w—Mt _( Mt 1-Mt
kZ::Oa ('UJ, ), w \/g \/;:7 \/g

Putting this expansion into equation 1, the identification of the powers of ¢ yields

), t e (0,7).

Wtk/z(w,t) —WF2(w,t) =0, forany 0<k<m,

so that at the first order, taking into account the matching conditions with the outer expansion, WP solves the
boundary value problem

WP (w,t) — W2, (w,t) =0, (w,t) € R x (0,T),
: 0 _ 0 0 + o) —

ngmW (w,t) = JH1(11\1311)5)+y (z,t) ==y ((Mt)",t) = yo(0), te(0,7),
li 0 = i 0 =y ((Mt)~,t) =" T

u;—1>I£looW (w,t) wa(lﬁt)—y (x,t) ==y ((Mt)~,t) =v"(0), te(0,7),

and is given by

WO (w,t) = erf(M

WY makes appear the jump 3°(0) —2°(0) (which does not have to vanish anymore) of the solution y at the first
order across the characteristics {(z,t) € Q7,2 — Mt = 0}. Localized around such characteristics, W° enriches
the first order approximation wf given by (see also w§ defined in Remark .

The next step will be to address the asymptotic analysis of the system This requires to adapt this work
in order to treat initial conditions which depends on ¢ and controls which are only in L?(0, 1), as done in [9] for
a fourth order partial differential equation.

) vo(0) = v*(0) , 30(0) +¢°(0)
2 2

6 Concluding remarks

In spite of its apparent simplicity, the advection-diffusion equation y; — €y, + My, = 0 leads to challenging
open problems from an exact controllability viewpoint. The evaluation, either theoretical or numerical of the
corresponding cost of control as the diffusion coefficient € goes to zero remains open. This is mainly due to the
fact that the uncontrolled solution is exponentially small with respect to € as soon as the time t is strictly larger
than L/|M|. Consequently, the gap between exact and approximate controllability is huge as € goes to zero.
For this reason, for small values of €, any direct numerical approach can not capture the behavior of the cost
of control. Computations for intermediate values give however some hints on the structure of the worst initial
conditions. On the other hand, the asymptotic analysis with respect to € allows to decompose the solution to
be controlled as the sum of a pure advection part plus an advection-diffusion component, exponentially small
with respect to . Provided some regularity conditions on the controls and on the initial data, this allows to
report the controllability issue on the small advection-diffusion component, leading, for M > 0 to Ty, = 1/M
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(for M > 0). These regularity conditions on the data, which are intrinsic to the asymptotic method used, are
however quite strong. Consequently, for an arbitrary initial condition y5 € L2(0, 1), the precise value of the
uniform minimal time T}, remains, as far as we know, an open question. The negative case M < 0 seems, on a
numerical viewpoint, out of reach, at its leads to very oscillating control near the controllability time. On the
other hand, from an asymptotic analysis viewpoint, it seems more accessible, since, roughly, the initial condition
and the support of the control live on the same side of the main characteristic line.

7 Annexe

7.1 Tables of cost of control K (s, T, M)

5 T=09 |T=09 | T=1. | T=1.05 € T=1.
1073 237.877 | 30.4972 | 18.7555 | 2.2915 1073 10718.0955
1.25 x 1073 | 190.574 29.7622 | 19.1953 | 2.8028 1.25 x 1073 | 13839.4039
1.5x 1073 159.813 29.0015 | 19.3883 | 3.2556 1.5 x 1072 | 16903.9918
1.75 x 1073 | 138.166 28.2446 | 19.4234 | 3.6529 1.75 x 1073 | 19898.1360
2x1073 122.044 27.4997 | 19.3540 | 4.0005 2x1073 22812.2634
2.25 x 1073 | 109.519 26.7745 | 19.2093 | 4.3013 2.25 x 1073 | 25638.7601
2.5 x 1073 99.476 26.0722 | 19.0163 | 4.5623 2.5 x 1072 | 28375.3693
3x1073 84.250 24.7318 | 18.5275 | 4.9814 3x1073 33575.9482
4x1073 64.648 22.3060 | 17.3600 | 5.5078 4x1073 42871.1424
5x 1073 52.289 20.1837 | 16.1269 | 5.7530 5x 1073 50751.4443
6 x 1073 43.650 18.3289 | 14.9392 | 5.8259 6 x 1073 57316.7716
7x1073 37.213 16.6883 | 13.8166 | 5.7787 7x 1073 62692.7273
8 x 1073 32.198 15.2461 | 12.7839 | 5.6683 8x 1073 66997.3602
9x1073 28.210 13.9660 | 11.8380 | 5.5099 9x 1073 70350.3966
1072 24.934 12.8331 | 10.9763 | 5.3276 1072 72862.0738
1.25 x 1072 18.898 10.5015 | 9.1493 4.8282 1.25 x 1072 | 76089.8839
1.5 x 1072 14.810 8.7281 7.7087 4.3378 1.5 x 1072 | 75988.4041
1.75 x 1072 11.913 7.3526 6.5694 3.8897 1.75 x 1072 | 73579.1022
2x 1072 9.784 6.2780 5.6566 3.4943 2 x 1072 69647.3042
2.25 x 1072 8.176 5.4196 4.9210 3.1506 2.25 x 1072 | 64735.7778
2.5 x 1072 6.937 4.7293 4.3237 2.8534 2.5 x 1072 | 59254.0430
3x 1072 5.180 3.7047 3.4240 2.3744 3x 1072 47994.1519
4 %1072 3.264 2.4895 2.3297 1.7350 4 x 1072 27872.8642
5x 1072 2.294 1.8261 1.7304 1.3416 5x 1072 13312.4452
6 x 1072 1.736 1.4209 1.3522 1.0848 6 x 1072 5687.6960
7x 1072 1.376 1.1510 1.1030 0.8978 7x 1072 1864.7252
8 x 1072 1.113 0.9596 0.9223 0.7612 8 x 1072 648.7029
9 x 1072 0.0952 0.8130 0.7865 0.6554 9 x 1072 264.5594
107! 0.8175 0.7075 0.6808 0.5711 107! 123.3069

Cost of control Kp(e, T, M) with respect to T and ¢ for M = 1(Left) and M = —1 (Right); h = 1/320 - 7 = h?
- =10"16,

7.2 Free-Fem-++ code

ilborder bas(s=0,1){x=s; y=0;label=Ntop;}; border droit(s=0,T){x=1;y=s;label=Nright;}
2lborder haut(s=1,0){x=s;y=T;label=Nhaut;} border gauche(s=T,0){x=0;y=s;label=Ngauche;}
sjmesh Th=buildmesh (bas (50)+droit (50) +haut (50) +gauche (50)) ;
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fespace Vh(Th,P3); fespace Ph(Th,P3);
real eps=1.e-3, M=1, rl=1.e-6, r2=1.e-6, alphal=5.e-2, alpha2=5.e-2;

Vh phi,p,phit,pt; Ph 11,12,11t,12t; Vh yO = sin(pi*x)*x(1-y);

problem transport ([phi,p,11,12],[phit,pt,1l1t,12t])=
// Initial conjugate cost
int1d (Th,Ngauche) (eps*eps*dx(phi)*dx(phit))+intid(Th,Nbas) (yO*phit)

// bilinear adjoint- direct solution terms

+ int2d (Th) ((dy (phi)+dx (p) +M*dx (phi))*11t)

+ int2d (Th) ((dy (phit)+dx (pt)+M*dx (phit))*11)
+ int2d (Th) ((p-eps*dx (phi))*12t)

+ int2d (Th) ((pt-eps*dx (phit))*12)

// Augmentation terms
+ int2d (Th) (r1*(dy (phi)+dx (p) +M*dx (phi))* (dy(phit)+dx(pt)+M*dx (phit)))
+ int2d (Th) (r2* (eps*dx(phi)-p) * (eps*dx(phit)-pt))

// stabilized terms
-int2d (Th) (alphal*(dy (11)+M*dx (11)-eps*dx(12))*(dy(11t)+M*dx (11t) -eps*dx(12t)))
- int2d (Th) (alpha2*(dx(11)-12)*(dx(11t)-12t))

// boundary conditions for the adjoint and lagrange multiplier solutions
+ on(Nbas,1l1=y0)+on(Ndroit ,Ngauche ,phi=0.)+on(Ndroit, Nhaut, 11=0.);
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