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Abstract. Let E/F be a cyclic extension of p-adic fields and n a positive integer. Arthur and Clozel
constructed a base change process m — 7 which associates to a smooth irreducible representation
of GL,(F) a smooth irreducible representation of GL,(E), invariant under Gal(E/F). When 7
is tempered, mp is tempered and is characterized by an identity (the Shintani character relation)
relating the character of 7 to the character of 7g twisted by the action of Gal(E/F). In this paper
we show that the Shintani relation also holds when 7 is unitary or elliptic. We prove similar results
for the extension C/R. As a corollary we show that for a cyclic extension E/F of number fields the
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base change for automorphic residual representations of GL, (Ag) respects the Shintani relation at
each place of F.

1. INTRODUCTION

Our goal in this paper is to extend results of Arthur and Clozel ([AC]) on local base change for
tempered representations and global base change for cuspidal representations. In particular, for p-
adic fields, we show that the Shintani character relation expresses base change for unitary or elliptic
representations. Globally we construct base change for residual representations compatible with the
local Shintani character relations.

Let us give some detail, first in the p-adic case, for a prime number p. Let E/F be a cyclic
extension of p-adic fields of degree [, o a generator of Gal(FE/F) and n a positive integer. To each
smooth irreducible representation m of GL, (F'), Arthur and Clozel attach a pair (7g, I, ), called
here base change of 7, where g is a smooth irreducible representation of GL,(E) and I, is
an isomorphism of 7 onto 7%. When 7 is tempered, mg is tempered and is characterized by the
Shintani character relation:

(1.1) Xrp,o(9) = Xx(Ng)

for any o-regular element g of GL,(E): in this relation x is the character of 7, X, » is the twisted
character of 7p associated to the choice of o, and Nyg is an element of GL,(F), called the norm
of g, conjugate in GL,(E) to gg”g”z...g"lfl. This result extends easily to essentially tempered rep-
resentations and to Levi subgroups of GL, (F) instead of GL,(F). In general, 7 is the Langlands
quotient of a parabolically induced representation from an essentially tempered representation 7, of
some Levi subgroup, and 7g is then defined to be the Langlands quotient of the induced represen-
tation from 7g. Easy examples show that the Shintani relation does not hold for general m and its
base change (see Example after the prop. [6.5]). If the Shintani relation holds, we say that 7z is a
Shintani lift of 7. Our main local result is:

Theorem. When m is unitary or elliptic, mg is a Shintani lift of .
We also prove the same result in the case of the Archimedean extension C/R.

In the sequel, we say that 7w has a Shintani lift to mean that 7 and its base change 7w verify the
Shintani relation — thus it is automatic when 7 is tempered. We call Shintani lift or simply lift the
process of showing that certain classes of representations of GL,(F') have a Shintani lift.

Our global result (Theorem E, section [B]) concerns residual automorphic representations. We
consider a cyclic extension E/F of degree | of number fields, and an automorphic discrete series
representation m of GL,(Ag). If v is a place of F and w a place of E above v, the component 7,
of m at v has a Shintani lift 7/, to GL,(E,) and we form the admissible representation 7’ := ®,,m,
of GL,(Ag). When 7 is cuspidal, Arthur and Clozel showed that 7’ is automorphic, induced from
cuspidal. We extend it to the residual case and show that if 7 is residual, then 7’ is automorphic,
and 7’ is parabolically irreducibly induced from a tensor product of residual representations.

Let us comment on the proofs which are gathered in section [Gl
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The Theorem for elliptic representations is deduced by local methods from the case of square
integrable representations (done in [AC]) using the explicit description of elliptic representations

(see section [6.4)).

To treat unitary representations, an important local step is the following, proved in section

Proposition. Let m; be smooth irreducible representations of GLy,(F), i = 1,2. Assume that
m; has Shintani lift m; g and that the parabolically induced representations m X my and 7 g X T2 g
are irreducible. Then the base change of w1 X g is w1, g X mo, . The representation 7 g X T g s
also a Shintani lift for m X ms.

The notation 71 x my stands for the representation of GLy, 4+n,(F') obtained by normalized par-
abolic induction from 7 ® 7y, with respect to the upper triangular parabolic subgroup with Levi
subgroup the group of block diagonal matrices of size ny and nsy. This Proposition implies a short
proof of the Theorem when 7 is unitary and spherical, a result proved in [AC] by global means. It
also implies that to prove the Theorem for general unitary irreducible representations, it is enough
to prove it for the so-called Speh representations u(d, k) (see section 2.1]for the definition). To prove
the Theorem for Speh representations, we follow the local-global method of Arthur and Clozel and
use the trace formula ([AC] Chapter 2). For such a Speh representation m = (4, k) there is :

(i) a cyclic extension E/F of number fields giving the extension E/F at a place v of F,

(i) an automorphic discrete series representation IT of GL,,(Ar) such that I, ~ 7 and such that

at all places v’ of F different from v, II,» has a Shintani lift.
From the trace formula it follows that 7 has a Shintani lift. The same type of proof works for the
Archimedean case. Once the local lift is proved for all unitary representations, the global lift for
residual automorphic representations is obtained by the trace formula of [AC] and arguments of
compatibility between the local and global settings.

We want to thank the referee warmly for his careful reading and his many remarks which helped
us to substantially improve the quality of this presentation.

2. NOTATION AND BASIC FACTS (LOCAL)

In the following sections of chapter 2] except the last one 2.6 F' will be a p-adic field. We write
Op for the ring of integers of ' and gp for the cardinality of the residue field. We fix a uniformizer
mr of F and let | |p be the absolute value on F defined by |7p|r = ¢n'. We consider complex
smooth representations of linear groups over F', which we simply call “representations”.

2.1. Classifications. Let n be a positive integer. Put Gp = GL,,(F). Let Zr be the center of
Gp. Let Kp := GL,(Op) and fix Haar measures on Gp, resp. Zp, such that vol(Kp) = 1, resp.
vol(Zp N Kp) = 1. Let Bp be the Borel subgroup made of upper triangular matrices and Up the
unipotent subgroup of Br made of upper triangular matrices with 1 on the diagonal.

For any k € N*, let v denote the character of GLy(F') given by the composition of the norm | |p
with the determinant map. The twist of a representation 7w (of Gr) with a character x (of Gg) will
be written simply x7 (instead of x ® 7). Moreover, when we write x7 for a character x of F* and
a representation ™ of G we mean (x o det)m.
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A smooth representation p of G is cuspidal if p is irreducible and has a non-zero coefficient
with compact support modulo Zr. A smooth representation § of Gr is square integrable if ¢
is irreducible, unitary, and has a non-zero coefficient which is square integrable over Gp/Zp. An
essentially square integrable representation is the twist of a square integrable representation
with a character. Any essentially square integrable representation § may be written as § = (9§
where e(9) is a real number, and §" is a square integrable representation. Then ¢ determines e(d) —
which is called the exponent of § — and §“.

A standard Levi subgroup of G is a subgroup L of block diagonal matrices of given sizes.
If ny,ng,...,n; (where Zle n; = n) are the sizes of blocks, then L is identified with the product
1%, GL,,(F) (which is GLy, (F) X GLy,(F) x ... X GLy, (F) in this order). We denote by Py, the
parabolic subgroup generated by L and Bgr. The definitions of cuspidal representation and square
integrable representation extend to L in the obvious way. Here indfF will denote the normalized
parabolic induction from (L, Pr) to Gp. Then, if m; is an admissible representation of G,,(F') for
1 < i <k we write m X 9 X ... X 7, for indme Rmy®...Qm. We call m1 X mo X ... X mp, the product
of the representations 7; and we sometimes denote it Hle m;, not forgetting that the product is not
commutative.

Let us recall the Bernstein-Zelevinsky classification of essentially square integrable representations
([BZ], [Ze]). If 0 is a square integrable representation of GL,,(F'), there exists a pair (k, p), where
k is a divisor of n and p is a unitary cuspidal representation of GL%(F ) such that ¢ is isomorphic

to the unique irreducible subrepresentation Z(p, k) of V%p x pir 1 P X e X y_%p (this induced
representation also has a unique irreducible quotient, its Langlands quotient, defined below). The
integer k and the isomorphism class of p are determined by the isomorphism class of 4.

Let § be an essentially square integrable representation. Then there exist a positive integer k, k|n,
and a cuspidal representation p of GL%(F ) such that 0 is the unique irreducible subrepresentation

k—2 k-1

of vF=1p x v¥72p x ... x p. The set {p,vp,..,v*"1p} is a Zelevinsky segment, the Zelevinsky

segment of §. The integer k is its length.

If § is an irreducible unitary representation of a standard Levi subgroup L, in particular if J is
square integrable, then the induced representation indgF J is irreducible ([Be]). We define here a

tempered representation to be an (irreducible) representation of the form indgF 0, where 0 is a
square integrable representation of L. An essentially tempered representation is the twist of a
tempered representation with a character. Then any essentially tempered representation 7 may be
written as 7 = vV 7% where e(7) is a real number, and 7" is a tempered representation. Then 7
determines e(7) — which is called the exponent of 7 — and 7.

We recall the Langlands classification ([Re] VI1.4.2). Let 71, 72, ..., 7k be tempered representations
of groups GLy, (F) and oy > a2 > ... > ay, real numbers. We say that the essentially tempered repre-
sentations v®it; are in standard or strictly decreasing order. Then Hle v%i7; has a unique irreducible
quotient, called the Langlands quotient and denoted here Lg(v*'11,v*? 1o, ...,v*13). Every irre-
ducible representation m of G,,(F') is isomorphic with such a Lg(v® 7y, v*? 7y, ...,v*7;) such that k,
Qaq,Qo, ..., ap and the isomorphism classes of 71, 79, ..., 7 are determined by the isomorphism class of
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7. We may extend this definition to the case when a7 > a9 > ... > ay, and this will be convenient,
for example, for the proof of Proposition We say then that the essentially tempered representa-
tions v 7; are in decreasing order. Set oy, = oy and let aj, > a4, > ... > ;. be the subsequence of
a1, ao, ..., af made of all elements «; such that «;_1 > «;. Set TZ-,J_ = Hz'jgigz'j+1—1 Ti (ip41 = k+1).

T (e 75N
=1V T We set by

definition Lg(v®'71,v?7g,...,v¥%7y,) i= Lg(v¥a 7] ,v¥T1] ... v% 7] ). Moreover, if an irreducible
representation m of G is given, then 7 is isomorphic to some Lg(v*'7i,v*?1o,...,v% 1) with 7
square integrable and oy > «ag > ... > ag. If 7; are given essentially tempered representations, we
define Lg(m,72,..., k) or Lg(m1 X T2 X ... X 7)) as being the Langlands quotient when we order 7; in
such an order that their exponents are in decreasing order, and this is independent of the order we

choose with that property.

;. . . . k Qi ~o
Then 7i; is an irreducible tempered representation and we have [[;_; v*7; =~ [

If 7 is a tempered representation and k € N*, we will write u(r, k) for Lg(u% T 162;17')

(when 7 is square integrable, these are Speh representations). Moreover, if a €]0, %[, we let
mw(u(T, k), a) be the representation v®u(r, k) x v~%u(r, k). It is an irreducible representation.

The irreducible unitary representations of the groups GL,(F) have been classified by Tadié
([Tal]), using also the already quoted result of Bernstein ([Be]). We describe Tadié’s result. Let U
be the set of isomorphism classes of representations u(d, k), m(u(d, k), ) where ¢ is a square inte-
grable representation, k is a positive integer and « €]0, %[ Then all the representations in U are
irreducible and unitary. Any product of representations in U is irreducible. Any irreducible unitary
representation 7 of any GL,(F'), n € N*, is isomorphic to such a product of representations from

U, and the factors of the product are determined by 7 up to isomorphism and permutation.

Let 1 be a non-trivial additive character of F'; we define ©,, : Up — C* by O (u) = w(Z?:_f Ui it1)
if w = (uij)i<ij<n- A Whittaker functional on a representation (m,V) of GL,(F) is a linear
map A : V' — C such that A(7(u)v) = Oy(u)A(v) for v € V, u € Up. If 7 is irreducible, the space
of Whittaker functionals W (m, 1) is of dimension 0 or 1. We say that a smooth representation 7 is
generic if 7 is irreducible and the dimension of W (m, 1)) is 1, a condition which does not depend of
the choice of ¥. (For n =1, U is trivial, so all the characters of GL;(F') are generic.)

According to [Ze] Theorem 9.7, an irreducible representation 7 is generic if and only if v is
isomorphic to an irreducible product [ [ ¥*§; with «; € R and §; are square integrable representations
(in [Ze], generic representations are called non-degenerate). If a generic representation 7 is the
Langlands quotient of a representation induced from an essentially tempered representation ¢ of a
standard Levi subgroup, it follows that v is the full induced representation from ¢. If, moreover, ~y
is unitary, Tadié’s classification implies that v is an irreducible product

81 X g X oo X O X (0], 1) X 7(Fh, q0) X ... X (6], ),

where 01,02, ..., 0, 07,05, ..., 0, are square integrable representations and o, as, ...,oq €]0, %[ Note
that such a product is always irreducible, unitary and generic. Hence a product of unitary generic
representations is a unitary generic representation. Note also that tempered representations are
generic and unitary.

If v is a unitary generic representation as before and k € N* | then the induced representation
I/%y X I/%_ly X oo X 1/_%7 has a unique irreducible quotient which we denote u(7y, k) (we recall
that u(y, k) has already been defined when + is tempered). With the notation at the beginning of
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the last paragraph, we have then u(vy, k) ~ [[ v®u(d;, k) (see [Ba2] 4.1, for example). In particular,
Tadié’s classification implies that wu(y, k) is unitary. Notice that the local component of a global
cuspidal representation is unitary generic, so the local component of an automorphic residual repre-
sentation, according to the Moeglin and Waldspurger classification ([MW1], recalled below, section
M), is always of type u(y, k) for some unitary generic representation 7.

A representation m of G is said to be spherical if 7 is irreducible and has a non-zero vector
fixed under Kp = GL,(OF). Let m = Lg(d1,d2, ..., 0 ) be an irreducible representation of G, where
61,09, ...,0 are essentially square integrable representations. Then 7 is spherical if and only if all
the §;, 1 < ¢ < k, are unramified characters of GL;.

2.2. The normalized o-intertwining operator. Let E be a cyclic extension of F and [ := [E :
F]. Let Ng/p : E — F be the norm of the extension. Fix a generator o of Gal(E/F). Put
Gg = GL,(F). The Haar measure on Gg is defined in the same way as on Gp. If s € Gal(E/F)
and x € Gpg, then we write s(z) or z° for the matrix obtained from z by applying s to all the
coefficients. Then z**" = (2°)*, det(z*) = s(det(z)) and x ~ z° is a group automorphism of Gg.

If (II, V) is a representation of Gg and s € Gal(E/F'), we write (II*, V) for the representation of
Gpg given by g — II(¢g°). We then say II is s-stable if II® ~ II. Let us say a few words about the
behavior of this Galois action on representations with respect to the induction functor. Let (IL, V)
be a representation of Gg by right translations in some space of functions on Gg and s € Gal(E/F).
For f € V define fs by  — f(s(x)). Let sV be the space {fs, f € V} and let (sII,sV) be the
representation of Gg by right translations in sV. By abuse, we denote sometimes s : V' — sV the
map f — fs, a notation used also in [AC]. Assume 7 = inde T is an induced representation, where
(1,W) is a representation of a standard Levi subgroup L of Gg. Then inde (1°) = sm. Indeed, by
definition, 7 is the representation by right translations in the space

V= {f:Gp — W smooth , f(pg) = 62 (p)r(p)f(9)¥g € G,p € Pr}

and inde 7% is the representation of Gg by right translations in the space:

U:={f:Gp — W smooth , f(pg) = 62 (p)r(s(p))f (9)Vg € Gp,p € PL},

where § is the modulus character of the parabolic subgroup P;, from which we induce. Notice that
the space of 79 is the same space W as for 7, but V' # U (unless, for example, 7° = 7). Now
f — fs is a bijection from V to U which intertwines 7° with sm, hence an identification U = sV
and inde (1%) = sm.

Let I : W — W be an intertwining operator between 7 and 7°. Parabolic induction is a functor,
and we let inde I :V — U be the intertwining operator (between m and sm) parabolically induced

from I. We let I4(r) := s~} oindeI, where s: f — fs.

Definition. We say I;(m) is the s-operator on 7 obtained from I by the parabolic in-
duction procedure.

The operator I4(m) is an operator on the space of 7 which intertwines 7 and 7. If, for example,
n =2, L=GLi(F)xGL(F) and 7 is an unramified character of L, if I is trivial, then V = U,
but I,(7) is equal to f(*) — f(s71(")), which is not identity (unless £ = F).
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Important. Most often we will meet the following situation: 7 = indeT has an irreducible
subquotient 7y of our interest, which is multiplicity one and s-stable. Then the s-operator I4(m) on
7 obtained from I by the parabolic induction procedure induces by the multiplicity one property
(see section Group with automorphism of the Appendix) an operator Is(my) on my, well defined in
the sense that it does not depend on the way we realize my as a subquotient of 7.

Definition. We say I;(m) is the s-operator on 7y obtained from I by p.i.m.o. (p.i.m.o.
stands for parabolic induction and multiplicity one).

Let L' be a standard Levi subgroup of Gg such that L C L’. Let
V' = {f: L' = W smooth, f(pg) = 0% (p)7(p)f(9)¥g € L'.p € PLO L'}

The representation 7/ := indfT is the representation by right translations of L' in V’. Then the
representation indf,E 7/ is the representation by right translations of G in the space

V" :={f:Gg — V' smooth, f(pg) = 5%(p)7’(p)f(g)Vg € Gg,p € Pp/}.
It is known, and easy to check, that the map h : V” — V, defined by h(f) = (g — f(g)(1)) for
f eV"and g € Gg, is an isomorphism of representations from indf,E 7' to = indgE 7 (this is the
transitivity of the parabolic induction functor).
With these notation, if 7 is s-stable and I intertwines 7 and 7°, we have the transitivity property:

Proposition 2.1. (a) One has h o (Is(7"))s(mw) = Is(w) o h.
(b) Let my be an irreducible s-stable subquotient of w of multiplicity one.
Let 1) be the irreducible subquotient of ' such that my is a subquotient of

indSP 7). If 74 is s-stable we have:

Is(mo) = (18(76))8(770)-

Claim (b) will be important for crucial proofs in this article.

Proof. (a) follows from simple verification starting with the definition of h.
(b) Let
0—W —U-—=1,—0
be an exact sequence of representations, where (U, W) is the maximal pair of subrepresentations of
7' such that U/W =~ 7(. As explained in the Appendix, U and W are stable by I;(7’). The parabolic
induction functor is exact ([Re], Prop. 11.2.2) and we obtain:
0 — mdFw -  wdfru L ndfrr —o.

Now g is a subquotient of indg,E 74, of multiplicity one, and we let (u,w) be the maximal pair of
subrepresentations of indf,E 74 such that u/w ~ my (see the Appendix). We end up with a chain of
inclusions

indf,EW c Flw) ¢ F'u) c indf,EU,
such that the isomorphism
indf,E U/ indf,E W~ indf,E T



sends

F_l(u)/indf,EW onto u
and

F_l(w)/indf,EW onto w.

By (a), the operator on indf,EU obtained by restriction from I(7) equals Js(indf,E ) where J is

obtained on U by restriction from I5(7'). Now F~!(u) is the maximal submodule of indf,EU admit-
ting mp as a quotient (indeed, the image by F' of such a submodule is included in u by Proposition
[C1 (a)). The result then follows from the section Group with automorphism of the Appendix. O

Let II be an irreducible o-stable representation of Gg. Following [AC], we want to produce a
canonical isomorphism I = I of II onto I17; in particular, if ¢ is an isomorphism of II onto another
representation II' of Gg we shall have by construction Iy o ¢ = ¢ o Iyy.

Let us first treat the case where II is generic. Choosing a non-trivial additive character ¢ of F
we put g = Y otrg/p. Because ¢ is invariant under o, we have W (I1?, ¢ ) = W (II, ¢ g) and any
isomorphism of II onto I1? induces an automorphism (actually, a non-zero homothety) of W (II, ¢ g).
Consequently, there is a unique isomorphism Iﬁe" of II onto II? inducing identity on W (I, ¢ ).
This is the normalized o-intertwining operator for generic representations.

Let a € F* and put ¥ : & + t(ax); then the map A — X o II(diag(a"~!,a"2,...,a,1)) gives an
isomorphism of W (II, ¢ g) onto W (II,¢%); since a is fixed by o, we see that If™ does not depend
on the choice of 1. If ¢ is an isomorphism of IT onto II' then X — )\ o ¢ is an isomorphism of
W(Il',4g) onto W(IL ¢g). So the operators If™ are compatible with isomorphisms.

Let now II be general, irreducible and o-stable. Then IT is in some isomorphism class Lg(ITy, I, ..., I ),
where 11y, Io, ..., IT; are essentially tempered - hence generic - in standard order e(Ily) > e(Ilz) >
.. > e(Il;). As II? is then in the class Lg(I1{,IIg,...,II7), by unicity we get that II; is o-stable.
Then the normalized c-intertwining operator Iy of II is by definition the o-operator on II
obtained from Il*‘-][el" ® If-]é" ®R.Q If-][i" and ¢ by p.i.m.o.. We have the:

Lemma 2.2. Let II, II' be irreducible o-stable isomorphic representations
of GL,(E). If h : 1 — I’ is an isomorphism, then Ity = high~!.

Proof. If IT = Lg(I1y, 1y, ..., II;), we fix a surjective intertwining operator f : Iy x IIg x ... x I, — II
and we obtain a surjective intertwining operator ho f : II; x Iy x ... x II;, — II'. The Lemma follows
from the fact that Ity and Ity do not depend on the choice of f. O

Lemma 2.3. LetII be a generic o-stable representation of Gg. Then IJ" =
Ir.

Proof. That is Lemma 2.1 in [AC] I which, however, offers only a hint of the proof. One can reason
as follows. Write II as a Langlands quotient Lg(IIy,IIs,...,II;) as above. If II is generic, in fact,
the product IIy x Ily X ... x Iy is irreducible and Lg(IT;,Ils, ..., II;) = II; x IIs X ... x IIx. We have
noticed, just after having defined I{™", that these operators are compatible with isomorphisms, and
so is the operator I, by Lemma So we may assume II = II; x IIs x ... x I.
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Choose non-zero Whittaker functionals \; € W (II;,¢g) for i = 1,2, ..., k. By [JS1] chapter 3, we
have on IT; x IIy x ... x II; a Whittaker functional A given by ([JS1], formula (2) chapter 3):

A(f) = /U A () B (W)

where A = A\ ® A2 ® ... ® \g, f is a function in the space of Iy x IIy x ... x II; (in particular, a map
from Ggp to V1 ® V5 ® ... ® Vi, where V; is the space of II;), and du is a Haar measure on Ug; by
loc.cit. the integral is always convergent.

Now, for u € Ug, we have:

MIn(f)(w) = AU (f(o™" (w))))

. gen gen gen
where [ is the product Iy~ x Iy~ X ... X IHk , SO

MIn(f) (@) = A(f (o™ (u))

by the definition of IF™. We then get A o It = A from the o-invariance of ©,,, and du. The result
follows. O

Proposition 2.4. Let L be a standard Levi subgroup of Gg = GL,(F),
v a o-stable generic representation of L and I, = I§*" the normalized o-
intertwining operator of v. Then inde’y has a unique generic irreducible

subquotient II. Moreover, 11 is o-stable and if I, ,(II) is the o-operator on
II obtained by p.i.m.o. then I, ,(IT) = If".

Proof. The induced representation indgE ~ has a unique line D of Whittaker functionals. So there
is one and only one irreducible subquotient IT with non-zero Whittaker functionals. As II is generic,
I1° is generic and by multiplicity one and the fact that indgE v is o-stable we get Il is o-stable.

Set II = U/V with (U,V) maximal as in the Appendix. Then I%U(inde'y) =octo indeIV
stabilizes U and V, and induces by quotient I, ,(II) on II (see the end of the Appendix).

If A is a non-zero Whittaker functional in D, then it induces by restriction a non-zero Whittaker
functional Ay on U. By the same proof as in the previous Lemma 2.3] I%J(ind(L;E’y) fixes A, so
its restriction to U fixes Ay. This shows that I, ,(II) satisfies the definition of the normalized
o-intertwining operator of II. O

Example. Take for II the trivial character of Gg. When n = 1, the trivial character is generic and
If™ is identity. For general n, II is isomorphic to Lg(II, I, ..., II,,) where II; = v'3, and each
operator If™" is the identity. Then the o-intertwining operator on the space V' of Iy x Tly x ... x I,
obtained by the parabolic induction procedure is composition of functions with ¢~!. The space of
left invariant functionals on V has dimension one: one can construct one by using a Haar measure
on Gg and a left Haar measure on its upper triangular subgroup; such a functional is obviously
invariant under o, so the normalized o-intertwining operator of II is the identity.

Let x be any character of E*, invariant under o, i.e. factorizing through the norm from E to F.
Then if II is isomorphic to I17, xII is also isomorphic to (xII)” and the normalized o-intertwining
operators are the same (I,1 = Ir1, they act on the same space). From the example above, if II is
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any character of G invariant under o, then the normalized o-intertwining operator It is the identity.

Remark. Assume (II, V') is irreducible, o-stable and unitary, and ( , ) is a II-stable scalar product
on V. A consequence of Schur’s lemma is that every II-stable scalar product on V' is proportional to
(, ). Obviously, the proportionality constant is real positive. Set now < v,v' >:= (I*(v), I;' (v')).
Then <, > is a scalar product, and is II?-stable. But then it is also II-stable. We have <, >=a(, ),
with a € R . Because Iﬁ is identity by canonicity of IT, a' = 1 so a = 1. So I is a unitary operator

of (V,(, )

2.3. The norm map. If x € Gg, we write Nz for the element z2°..3% " of GE; it is called the
norm of x.
Two elements g, h € G are called o-conjugate if ¢ = 2~ hz? for some z € G.

Lemma 2.5. (Lemma 1.1, page 3 [AC]) (i) If z € Gg, Nz is conjugate in
Gg to an element y of Gp; y is uniquely defined modulo conjugation in Gp.
(ii) If Nx and Ny are conjugate in Gg, then x and y are o-conjugate.

So the norm map induces an injection from the set of o-conjugacy classes in G into the set of
conjugacy classes in Gp. If © € Gg (or if z is a o-conjugacy class in Gg) we will write Nz for the
associated conjugacy class in Gp.

If P is a polynomial of degree d with coefficients in F' we say P is separable if P has d distinct
roots in an algebraic closure of F. If y € G, we say y is regular semisimple if its characteristic
polynomial is separable, and elliptic if its characteristic polynomial is irreducible. A conjugacy
class y in G is called regular semisimple if it contains a regular semisimple element (then all the
elements in y are regular semisimple, and regular semisimple classes in Gr are parametrized by
separable monic polynomials of degree n with coefficients in F').

We say = € G is o-regular semisimple if the class Nz is regular semisimple.

2.4. The Shintani relation. Let H(GF) (resp. H(GEg)) be the Hecke algebra of complex functions
locally constant with compact support on G (resp. Gg). If 7 is a finite length representation of
Gp, the character of 7 is the distribution on Gp given by f — tr(w(f)) for f € H(Gp) (as
always, 7(f) := fGF f(g)m(g)dg). By [H-C], Theorem 1, or [DS] Theorem 16.3, there exists a locally
integrable function y, on G locally constant on the open set of regular semisimple elements, such
that tr(w(f)) = fGF X=(9)f(g)dg for f € H(GF). Moreover, x, is constant on regular semisimple
conjugacy classes. Let II be an irreducible o-stable representation of Gg. The twisted character of
IT is by definition the distribution on G given by f +— tr(II(f) o Iry) for f € H(Gg). The operator
II(f) is of finite rank, so tr(II(f)oIrr) = tr(IrolIl(f)) and we will use here one formula or the othenfl.

By [AC] Proposition 2.2, the twisted character is given by a locally integrable function x1 », locally
constant on the open set of o-regular semisimple elements, i.e. tr(II(f) o Iyy) = fGE xm,0(9)f(g)dg.
The function x7, is constant on o-regular conjugacy classes.

1In [AC], the twisted character is defined, like in [La), with Iy on the right. However,
the trace formula is written in [La] with the operator M on the right and in [AC] it
is written with the operator M on the left, which makes I11 appear on the left in the
trace formula of [AC] which we use here. But this has no influence on the local-global
comparison because of the local equality of traces.
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Let 7 be an irreducible admissible representation of Gr and II an irreducible admissible repre-
sentation of Gg. We say Il and 7 verify the Shintani relation if II is o-stable and for all g € Gg
regular semisimple we have

X1,0(9) = Xz (Ng).
Note that this depends only on the isomorphism classes of 7 and II.

2.5. Matching functions. Let 7,7’ be two maximal tori of Gg. Assume T and 7" are conjugate,
T' = 2Tz ! for some z € Gp. A Haar measure dt on T induces then by conjugation a Haar measure
dt’ on T’, which does not, actually, depend on the choice of x, as every continuous automorphism
of T is measure preserving. We say the measures dt’ and dt are conjugate. On maximal tori of G
we fix Haar measures such that when two maximal tori are conjugate, the measures are conjugate.

For g € GF, we let G, be the centralizer of g in Gr. When g is regular semisimple, G, is a
maximal torus.

For g € GEg, let Gy, be the twisted centralizer of g, namely the set of elements y € G such that
y~lgy® = g. Let g € Gg be o-regular semisimple. Then, for every v € N(g), there is a canonical
F-isomorphism from Gy, onto G+ ([AC], page 20). We fix on G, , the Haar measure defined by
the pullback of the Haar measure chosen on G,. We define orbital integrals ® and ®, with respect
to these measures, as in [AC], page 20: for f € H(GF), v € Gp regular semisimple,

D(f,) ::/G\G flatyz)de

for the quotient measure and, for ¢ € H(Gg), g € Gg o-regular semisimple

By(9,9) = /G R

for the quotient measure.

Then:

Proposition 2.6. (Proposition 3.1, page 20 [AC])
(a) If ¢ € H(Gg) there exists f € H(Gp) such that, for all regular
semisimple v € G,
(i) ®(f,~) =0 if v is not conjugate to a norm and
(it) ®(f,7) = ®5(¢,9) if v € Ng.
(b) Given f € H(GF) such that ®(f,v) = 0 if v is not conjugate to a
norm, there exists ¢ € H(Gg) such that

®o(¢,9) = (f, Ng)
forall g € Gg.

If ¢ and f satisfy conditions (i) and (ii), we say ¢ and f match. We sometimes simply write ¢ <> f
to indicate that ¢ and f match. The Weyl integration formula shows that II and 7 verify the Shintani
relation if and only if trIjII(¢) = trm(f) whenever f <> ¢. Then 7 determines II up to isomorphism.

Remark. In [AC] the terminology “¢ and f are associated” is used instead of “¢ and f match”.
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Here we made the choice to use “match” in the local setting and “associate” in the global setting
where the nature of the definition is somehow different. (The same for “square integrable” versus
“discrete series”.)

Let HO(GF) (resp. H%(GE)) be the sub-algebra of H(GF) (resp. H(GE)) consisting of spherical
functions, i.e. functions which are left and right invariant by Kp (resp. Kpg). When E/F is
unramified, Arthur and Clozel define, using Satake parameters, an algebra morphism b : H*(Gg) —
H°(GF). They show ([AC] Theorem 4.5, page 39) that b(¢) <> ¢ for all ¢ € H°(Gg). This is the
fundamental lemma. We will use the map b later without explaining how it is constructed.

2.6. Archimedean case. Let us now consider briefly the Archimedean case, where F' ~ R or C.

The Langlands classification for Gp = GL,(F') has exactly the same statement as in the p-adic
case above ([BW] Section IV, Theorem 4.11). Also, an irreducible unitary representation of a Levi
subgroup of G gives by normalized parabolic induction an irreducible unitary representation of Gg
([Bar], and implicit in [Vo2]). The classification of irreducible unitary representations of G is also
the same as in the p-adic case ([Ta2]).

There are differences however between the Archimedean and the p-adic case. Firstly square
integrable representations exist only when n = 1 for FF ~ C, and n = 1 or n = 2 for F =~
R. Secondly there is some subtlety for generic representations. We explain it for an irreducible
unitary representation II on a Hilbert space V', which is our case of interest. The subspace V™
of smooth vectors in V' carries a natural Fréchet space topology. On V*™ we consider continuous
linear functionals A such that

A(m(u)v) = Oy (u)v

for all u € Up and all v € V¥™. The space of such functionals has dimension 0 or 1 ([Sh]) and we
say that IT is generic if it is 1. Note, however, that on the (G, K)-module V> attached to V, there
might be more functionals of this type ([Ko]). In any case, the classification of generic irreducible
representations for G is the same as in the p-adic case ([Vo], cf. the explanations in [He2], Section
2). Let now E/F be the Archimedean extension C/R (up to isomorphism). Let (II,V) be an
irreducible unitary representation of G, invariant under o (i.e. under the conjugation of E over
F). As in the p-adic case, we construct, when II is generic, a normalized o-intertwining operator
X" on V™,

I

As in the Remark in Section 2.2] Iﬁe" is unitary; it extends to a unitary operator on V and
stabilizes V°°; we again write Iﬁe" for the extended operator on V' and for the intertwining operator
on the (G, K)-module V*° induced by restriction. That is valid, in particular, when II is tempered.
We then use the Langlands classification exactly as in the p-adic case to construct a normalized
o-intertwining operator Iy of II when IT is not generic. When II itself is generic, then Iy = Iﬁen. To
prove this, instead of relying on the results of Jacquet and Shalika used in the p-adic case, we use
[Wa] 15.6.7, cf. the comments on the page 110 in [JS1]. In the same manner, we get a statement
analogous to Proposition 2.4]in the Archimedean case, using [Wa] 15.6.7.

The norm map is defined exactly as in the p-adic case. Characters and twisted characters of
representations also exist and the Shintani relation is defined via the same character identity as in
section 2.4 Matching functions are defined in the same way and [AC] 7.3 gives the proposition
analogous to for smooth K-finite functions with compact support. Similarly, IT and 7 verify
the Shintani relation if and only if tr o II(f) = trm(¢) whenever we take such matching functions
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f < ¢. We also have trII(f) o Iy = trm(¢), because for smooth K-finite functions with compact
support II(f) is of finite rank. We define Shintani lift (or simply lift) exactly as in [2.4]

3. RESULTS (LOCAL)

In this chapter Bl except in the last few lines, E/F is a cyclic extension of p-adic fields of degree
[ and that we have fixed a generator o of Gal(E/F). Let X (E/F) be the group of characters of F*
trivial on Ng,p(E™). By class field theory, X(E/F) is dual to Gal(E/F), hence is cyclic of order
l. We fix a generator x of this group X(E/F). If 7 is a representation of G, we set X, for the
set of isomorphism classes ¢m where ¢ runs over X(E/F). We let m(w) be the cardinality of X,
(it is the smallest positive integer m such that m ~ x™m). It is clear that m(x) divides [. If IT is a
representation of Gg, we let Xg be the set of isomorphism classes II* where = runs over Gal(E/F)
and r(II) be the cardinality of X1. Then r(II) is the smallest positive integer r such that I1%" ~ II.
It is obvious that r(II) divides I.

Theorem A is proved in [AC], Theorem 6.2, Proposition 6.6, Lemma 6.10.

Theorem A.
(a) (i) Let p be a cuspidal representation of GL,(F). Set r := l/m(p). Then there exists a
o"-stable cuspidal representation p' of GL%(E) such that

pEi=p x p7 x ,0'“2 X .o X p"ﬂni1
and p verify the Shintani relation. The representations w of GLy(F') such that pgp and 7 satisfy the
Shintani relation are up to isomorphism the elements of X,. One has r(p') =r.

(ii) Let

or—1

D=7 x7"7x..x7

be a representation of GL,(E), where 7' is a cuspidal representation of GL%(E) such that r(n') = r.
Then there exists a cuspidal representation p of GLy(F) such that II and p verify the Shintani
relation. Moreover, one has m(p) =1/r.

(b) The same statement is true if we replace “cuspidal” with “square integrable” in (a). Moreover
we have

(iii) if 6 = Z(p, k) is a square integrable representation of GL,(F'), then m(p) = m(d). If p and
p' are linked by the relation of (a) (i), set &' = Z(p', k). Then

6p =0 x 87 x 8 x .. x§°

and & verify the Shintani relation.

(¢) (i) Let T be a tempered representation of GL,(F). There is a (unique) tempered o-stable
representation T of GL,(E) such that T and T verify the Shintani relation.

(ii) If T is an irreducible o-stable tempered representation of GL,(E), then there is a tempered
representation T of GLy(F') such that T and T verify the Shintani relation.

r—1

The proof of this Theorem in [AC] is written only for prime [ (so that m(p) is always 1 or [) but
works in general. For a tempered representation 7 of GL,(F), we say that the representation 75
provided by the Theorem A (c) (i) is the base change, and also the Shintani lift, of 7. Using
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the Langlands classification, Arthur and Clozel define an abstract base change for any irreducible
representation 7w of G to a o-stable representation g of Gg. If m = Lg(71, 72, ..., 7% ) for essentially
tempered representations 7, 7o, ..., 7, then 7g is defined by 7g = Lg(7g,1,TE 2, ..., TE k), Where Tg ;
is the Shintani lift (from (c) (i)) of 7; for 1 < i < k. Here we say that mg (the base change of 7) is
a Shintani lift of 7 if 7 and 7 satisfy the Shintani relation. Thus it is automatic for tempered 7,
but that is NOT always true in general, as explained in our example after Proposition When
7 is a Shintani lift of 7, we also say that 7 has a Shintani lift. Our goal is to provide many classes
of representations of GL,,(F') which do have a Shintani lift.

Theorem B. Every irreducible spherical unitary representation of GLy(F') has a Shintani lift which
is an irreducible spherical unitary representation of GL,(FE). Every irreducible spherical unitary
representation of GLy(E) is the Shintani lift of an irreducible spherical unitary representation of

GLn(F).

That is proved in [AC] (I. 4, III.1) using base change for spherical functions. We give here a
straightforward proof (see section [fl for the proof and an explicit form of this Shintani lift).

The original local results of this paper are the following. If 7 is a smooth representation of G g
(or Gg), we say 7 is elliptic if 7 is irreducible and the character x, of m does not vanish identically
on the elliptic set, i.e. trw(f) is not identically null on functions f with support in the elliptic set.

Theorem C.
(a) Let & be an elliptic representation of GLy(F). Set r:=1/m(£). Then there exists a o”-stable
elliptic representation &' of GL%(E) such that

2 -1
Ep =& X7 %7 x..x€

is a Shintani lift of £&. All the representations of GLy,(F') with Shintani lift £g are up to isomorphism
the elements of X¢. One has r(§g) = 1.
(b) Let
B x 7 x . x g7
be a representation of GL,(E), where & is an elliptic representation of GLx (E) such that r(&') =r.

Then Z is the Shintani lift of some elliptic representation & of GL,(F). Moreover, one has m(§) =
l/r and the representations with Shintani lift = are up to isomorphism the elements of X¢.

Theorem D.
(a) Let 0 be a square integrable representation of GLn(F) and let

2 r—1
Sp=08 x67 x8 x..x§°

be the Shintani lift of § to GL,(FE) like in Theorem A. Let k be a positive integer and set m :=
u(d,k). Then m(m) =m(d) =1/r and

2 r—1
g i=uxu’ xu® X..xXu ,

where u :=u(d', k), is a Shintani lift of .
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(b) Every unitary irreducible representation 7 of GL,(F') has a Shintani lift T to GL,(E). Every
unitary irreducible o-stable representation T of GL,(FE) is the Shintani lift of some unitary irre-
ducible representation T of GLy,(F). The representation T is generic if and only if T is generic.

The case F' ~ R. In the case F ~ R and E ~ C, Theorems A, C and D are still true (for B,
the notion of spherical representation does not make sense). In this case | = 2 and so m,r € {1, 2}.
Moreover, cuspidal representations exist only in the case n = 1, square integrable representations ex-
ist only if n € {1, 2}, elliptic elements exist in the case n € {1,2} and then the elliptic representations
are the essentially square integrable ones and the finite dimensional ones.

4. NOTATION AND BASIC FACTS (GLOBAL)

Let F be a number field and n a positive integer. For every place v of F we let F,, be the v-adic
completion of F. For each place v we fix an absolute value | |, on F,, normalized as before if v
is finite, and equal to the usual absolute value (resp. the square of the modulus) if F, ~ R (resp.
F, ~ C). If v is finite, let Og, be the ring of integers of F,,. Let Ag be the ring of adeles of F. For
every place v of F we denote Gy, the group GL,(F,). If v is finite we let Kg, be the maximal
compact subgroup GL,(OF) of Gg,. We then endow Gy, with the Haar measure such that the
volume of Kg, is one. If v is infinite, we fix a Haar measure dg, on Gg ;.

Let GL,(Ar) be the adele group of GL,(F) with respect to the Kg,. We denote | |4, the
absolute value on Ag which is the product of the local absolute values. If we see F' as a subring of
Ap (by diagonal embedding), then elements of F* have absolute value 1. We endow GL,,(Ar) with
the Haar measure dg which is the product of local Haar measures dg,,.

We consider GL,,(F) as a subgroup of GL,(Afr) via the diagonal embedding. Then GL,(F) is a
discrete subgroup of the locally compact group GL,,(Ap).

Let Z be the center of GL,,, Z(F) the center of GL, (F). For every place v, let Zg , be the center
of Gg,. For every finite place v of F, let dz, be a Haar measure on Zg, such that the volume
of Zg , N Kp, is one. For infinite places v, fix a Haar measure dz, on Zg,. The center Z(Ar) of
GL,(Ar) is the restricted product of the Zg , with respect to the Zg , N K¥ . On Z(Ar) we fix the
Haar measure dz which is the product of the measures dz,. On Z(Ap)\GL,(Ar) we consider the
quotient measure dz\dg. As GL,(F) N Z(Ar)\GL,(F) is a discrete subgroup of Z(Ar)\GL,(AF),
on the quotient space Z(Ar)GL,(F)\GL,(Ar) we have a well-defined measure dg coming from
dz\dg. The measure of the whole space Z(Ar)GL,(F)\GL, (AF) is finite.

Let w be a unitary character of Z(Ap), trivial on Z(F). We write L?(GL,,(F)Z(Ar)\GL,(Ar),w)
for the space of classes (modulo zero measure sets) of functions f defined on GL,(Ar) with values
in C such that:

i) f is left invariant under GL, (F),

ii) f satisfies f(zg) = w(z)f(g) for all z € Z(Af) and almost all g € GL,,(Ar),

iii) | f|? is integrable over Z(Ap)GL, (F)\GL, (Ar).

The scalar product on L?(GL,(F)Z(Ar)\GL,(Af),w) is the standard one, given by

(f.h) = / F@h(a)da,
Z(AF)GLn (F)\GLn (AF)

where f(g) is the complex conjugate of f(g).
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We consider the representation R, of GL,(Ag) by right translations on this space. We call a
representation of GL,(Ar) a discrete series if it is an irreducible subrepresentation (irreducible
stable Hilbert subspace) of such a representation R,, for any unitary character w of Z(Ag) trivial
on Z(F). The underlying automorphic representation ([BJ]) is irreducible. We call such an auto-
morphic representation automorphic discrete series. They can be either cuspidal or residual.
Recall that a discrete series II is a completed Hilbert tensor product of local Hilbert unitary repre-
sentations I, and the underlying automorphic representation I1*° is the restricted tensor product
of representations II5°, where IIS° is the (G, K)-module of Z(G)-finite and K-finite vectors in II,, if
v is infinite, and is the space of smooth vectors in II, if v is finite.

Let L(F) be the set of Levi subgroups of GL,,(F) given by block matrices as in the local setting.
For k dividing n, let Ly be the Levi subgroup of GL,(F) given by block diagonal matrices with
k blocks of the same size (which is n/k). By abuse of notation, if L € L(F), we will denote by the
same letter L the corresponding Levi subgroup of GL,,(Ag) when no confusion may occur.

Moeglin and Waldspurger gave ([MW1]) the classification of automorphic discrete series in terms
of automorphic cuspidal representations. If k|n and p is an automorphic cuspidal representation of
GL,r(Ar), then the representation indf}f”(AF)(V%p@) V¥p® I/%p@) e ® I/_%p) has a unique
irreducible quotient MW (p, k) which is an automorphic discrete series of GL,(AF) (see [La2] for
the definition of parabolic induction and quotient for global representations). Given an automor-
phic discrete series § of GL,(Ayp) there exist k|n and an automorphic cuspidal representation p of
G L, (Ap) such that § is isomorphic to MW (p,k). This is the Théoreme on page 606, [MWT1].
Let us show that ¢ actually determines k and the class of p. We show it together with the strong
multiplicity one theorem for discrete series.

Fact. If 6 = MW (p,k) and &' = MW (p', k') are two automorphic discrete series of GL,(Ar)
such that 6, ~ 8. for almost all places v of F, then &, ~ 0. for all places v of F, i.e. § ~ ¢'.
Moreover, k =k and p ~ p'.

This result is known to hold for cuspidal representations, i.e. the case k = k' = 1 ([Sh], [P-S]).
Let v be a finite place of F. If 6 = MW /(p, k), then by construction (see below some detail in
the proof of Proposition [A.1]). §, = u(py, k), where p, is the local component of p at the place v,
which is known to be generic by [Sh]. If &' = MW (p/, k'), then 6] = u(p), k"), where pl is the local
component of p’ at the place v. The Tadi¢ classification of unitary representations and the fact that
a unitary generic representation is an irreducible product of essentially square integrable represen-
tations implies that u(py, k) ~ u(p), k') implies k = k' and p, ~ p). So the strong multiplicity one
theorem for automorphic discrete series follows from the strong multiplicity one theorem applied to
the cuspidal representations p and p'.

Let § = MW (p, k) be a discrete series of GL,(Agr). We then have the multiplicity one theorem
for automorphic discrete series:

8 appears with multiplicity one in L?(GLy,(F)Z(Ap)\GL,(AR),w).
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This is the Théoreme of [MW1] page 606, combined with the fact that ¢ determines k and p.

Let E be a cyclic extension of F. Adopt the same notation for E as for F.

Put [ = [E : F] and choose a generator o of the Galois group Gal(E/F) of E/F.

Let v be a place of F and set E, = E ®f F,. Then E, decomposes naturally as the product
Hw|v E,, where w runs through the places of E above v, and Gal(E/F) acts F,-linearly on E,,
permuting the E,,. More precisely, the extensions E,,/F, all have the same degree d and [ = da,
where a is the number of places w above v; the stabilizer of E,, in Gal(E/F) is generated by
0® We can choose notation so that E, is the product E; x Ey x ... x E, (of extensions of F,),
with 0(E;) = E;j11 for i = 1,2,...,a — 1, 0(E,) = E;. An irreducible smooth representation II of
GL,(E,) = GL,(E1)XGLy(E2)X...xGL,(E,) then decomposes as a tensor product IT; 11x®...®I1,
and II is o-stable if and only if II; is o%stable and II; 0 0'~t ~ II; for i = 1,2, ..., a.

If that is the case, we can take II; = IT; o 0!~ and if I; is an isomorphism of II; onto H‘l’a, then
I1:21R09%..0xTq — Iy, @T1 R ... xye_1 is an isomorphism of IT onto I1¢. If I; is the normalized
o%intertwining operator of II;, we call I the normalized o-intertwining operator of II (it is readily
verified that it does not depend on the identifications II; = II; o o1 ~%).

The notions of matching functions and Shintani lift readily extend to the case of cyclic F,-algebra
E, (see [AC] I, 5, and more explanation in [HL]). If IT is an irreducible o-stable representation of
GL,(E,) written Il = II; ® [l ® ... ® I, as above, then II is a Shintani lift of 7 if and only if, for i =
1,2,...,a, II; is a Shintani lift of 7, with respect to the generator o of Gal(E;/F,); as II is o-stable,
it is enough to verify that II; is a Shintani lift of 7 with respect to 0. Now H(GL,,(E,)) is identified
with H(GLn(El)) ® H(GLn(E2)) ®..® H(GLn(Ea))a and if (151) = (Zsl ® ¢2 ®..Q ¢a € H(GLn(Ev))y
we will view the ¢; as functions on GL, (E;) via the isomorphism ¢'~! : E; — E; and associate to
b, the function ¢, := ¢ x o *...x g € H (GL,,(E1)) (where * is the convolution product). We then
say ¢, and f, match if ¢, and f, match in the sense of section (see [HL] 1.2.5, 1.2.9 for details).
Notice that tr(l o II(¢y)) = tr((I1 o II1(¢1)) o Hi(¢2) o Hi(¢3)... o Il1(da)) = tr(f1 o Il1(¢y)). We
extend the definition of spherical base change b (section [Z1]) by setting b(¢,,) = b(¢y).

The Galois group Gal(E/F) acts on GL,(Ag), hence also on its unitary or admissible representa-
tions. As in the local setting, if II is such a representation, I1? will be the representation on the same
space given by g — II(c(g)). Also, Gal(E/F) acts on functions from GL,,(Ag) to C. As in the local
setting, if IT is a representation of GL,(Ag) by right translations on some space V' of functions from
GLy(Ag) to C, we let oV = {foo|f € V} an oIl be the representation of GL,,(Ag) by right transla-
tions in oV. Note that the map f +— foo, V — oV, is an isomorphism of I1” onto ¢ll. This applies,
for example, to the representation R,, on L?(GL,(E)Z(Ag)\GL,(Ag),w) for any unitary character
w of A trivial on EX. If w is invariant under Gal(E/F), then o(L?(GL,(E)Z(Ag)\GL,(Ag),w)) =
L*(GL,(E)Z(Ag)\GLy,(AgR),w).

A discrete component of L*(GL,(E)Z(Ag)\GL,(Ag),w) occurs with multiplicity one. So, if
(IT, V') is such a component and IT ~ II? then actually V = oV and f — f oo gives an isomorphism
of TI° onto oIl = II. The operator o' : f — f oo ! is called the “physical” operator between II
and I1?. But we also have a normalized o-intertwining operator Ity coming from the local setting, as
we now explain. For each place v of F, let II,, be the local component of II at ». It is an irreducible
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unitary representation of G Ly (Ey) = Il,|,GLn(Ey), well defined up to isomorphism. Choose an
isomorphism ¢ of ®, 11, onto IT where & stands for the completed restricted tensor product (restricted
with respect to the choice of a unitary spherical vector e, in II, for almost all finite places v, see
[F11]). As II is isomorphic to I17, we also have I, ~ II7 for each place v of F, so we get an associated
normalized o-intertwining operator Iy, ; it is unitary and stabilizes e, for almost all v (see above,
Section 2.2). So ®,I11, has a unique extension to a unitary operator ®, I, on ®,II, which transfers
via ¢ to the operator Iy : IT — II?, which does not depend on the choice of ¢ (nor on the choice of
€y’s).

Proposition 4.1. Let II be a discrete series component of L*(GL,(F)Z(Ap)\GL,(Ar),w)
for some unitary character w of Ay trivial on EX and o-invariant. Assume
that II ~ I1°. Then Iy is equal to the physical operator f — foo™ L.

Proof. The case where II is cuspidal is known: indeed it is present behind the scene in [AC]. We
give an argument, based on [Sh].

Let II°™ be the image by ¢ of ®|cI1;™ @y finite [17°. Here, as above in section 2.6], IT;”™ denotes the
space of smooth vectors in II,, if v is infinite, and II3° is the space of vectors in II, with open stabilizer
if v is finite. On II*" we have the global Whittaker functional A : f +— fU(E)\U(AE) f(u)Oyy (u)du,
where we have chosen a non-trivial character ¢ of Ag/F and put ¢g = 1 otrg/p, defining ©,,, as in
the local case, and we have chosen a Haar measure du on U(Ag). By (loc. cit.) A is factorisable i.e.
Aoy is the tensor product ®A,, of local Whittaker functionals A, with respect to ¥g, = ¢E\EU . Since

Haar measures on U(Ag) are o-invariant and O, is o-invariant too, we have A(f) = A(f oo~ !)for
f in the space of II**. On the other hand, the normalized o-intertwining operator I, on II3° or IIJ™
is the unique one such that A, oI, = A,. So we get that ®I, transports to the physical operator on
II*™ and, by density, on II.

To treat the case of residual II, we need to recall the construction by Jacquet ([Ja]) of such rep-
resentations.

Jacquet’s construction starts with a strict divisor r of n, n = ra, and a cuspidal automorphic
representation ¥ of GL,(Ag) on a space, say V>, of functions on GL,(E)\GL,(Ag). Jacquet
assumes in fact, in the ambiguous “we may arrange” ([JS], p. 187, line -4) that the central character
of ¥ is trivial on the subgroup R} of Af, where Aj is seen as the center of GL,(Ag) and R} is
embedded diagonally at the infinite places of E. We assume that condition for the moment — we
shall say at the end what to do in the general case.

Write M for the block diagonal Levi subgroup of GL,, with blocks of size r (so M is the Levi
subgroup Lr in the above notation), P for the corresponding upper triangular parabolic subgroup,
and Up for the unipotent radical of P. Jacquet considers the automorphic representation of GL,,(Ag)
automorphically induced from X° ® ¥ ® ... ® X°°, which he realizes in a space F of functions f on
GL,(Ag) which are K-finite (where K is the product over all places w of E of the usual maximal
compact subgroup K, of GL,(E,)) left-invariant under Up(Ag) and P(E) and such that for each k
in K the function m — f(mk) on M(Ag) belongs to the space V@ V> ®...® V> of automorphic
forms on M (Ag). For s € C* one forms an Eisenstein series

E(g,s,f)= Y, [f(vg)exp(< Hp(vg),s+p>)
1€ P(E)\G(E)
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That Eisenstein series converges absolutely in an open cone in C® and extends to a meromorphic
function of s. Jacquet specifies a meromorphic function u(s) (independent of f and whose exact
value is irrelevant for us) such that wu(s)E(g,s, f) is holomorphic at e := (%1, %1 -1,.., 1_7“)
(entries decreasing by 1) and such that, varying f, we get upon evaluation at s = e the desired
space of automorphic functions on GL,,(Ag), spanning the automorphic discrete series 11> attached
to 3°°. This process gives a GL,(Ag)-intertwining operator between the space F. of functions
g f(g)exp(< Hp(g),e + p >) and II*°. We write Res for the resulting map F, — II*°.

For a place w of E, let ¥, be the local component of ¥*° at w, V,, the space of ¥,,, and form

a—1 a—1

l—a

the representation R, := V]f Yw X V]g _1Zw X ... X V]g Y of GL,(Ey). Jacquet identifies the
local component II,, of II* at w as the Langlands quotient of R,, (note that that quotient is the
representation u(X,,, a); we used that in the proof of the fact above). As [Ja] is very elliptic, we give
enough detail to follow the action of the o-operator.

Let J be an isomorphism of ®,,%,, onto ¥, so that J is a linear isomorphism of ®,,V,, onto the
space V' of 3°°. An element ¢,, of Ry, is a function GL,,(E,) — Vi, ® V,, ® ... ®@ V,, satisfying some
extra conditions. To an element ¢ = ®¢,, of ®,,R,, we associate a function

Fy:GLy(Ag) = C

in the following way. First define the function ®y : GL,(Ag) = V@V @ ... @ V™, &4 :
9= (9w~ (JOJ®..8J)(Rudw(gw)). Recalling that V> is actually made out of functions
GL,.(Ag) — C, we can evaluate at 1 € GL,.(Ag) a function in V', resulting in a linear map
V@ V®®..0V>® = C. Composing with ®4(g) yields the desired function g — Fy(g) (so, if
P=P1 QP2 @ ... ® Pa, Fp(9) =[5, J(¢i(g))(1) where the product is taken in C).

This process results in an isomorphism ® of ®,,R,, onto F, as automorphic representation of
GL,(Ag). Composing with Res gives a surjective GL,,(Ag)-equivariant map ®,,R,, — II*°. The
local component II,, of II*® at w can then only be the Langlands quotient R, of R,, and the
G L, (Ag)-equivariant map ®,,R,, — I factors through an isomorphism ®,, R, ~ I1*°.

Now assume that II is o-stable. That happens exactly when X is o-stable, by the uniqueness result
of Moeglin and Waldspurger. We clearly have Res(f oo~ 1) = Res(f)oo~! for f € F.. For each
place w of E, let I, be the normalized o-intertwining operator on Y, and Z,, the g-operator on R,
obtained by the parabolic induction procedure from I, (using our previous notation, Z,, = I,(X)).
Then Z,, induces the normalized o-intertwining operator on R,,. Thus, it is enough to prove that
for ¢ = @y in @y Ry, we have Fg, 7,6, (9) = Fplo7(g)) for g € GL,(Ag).

But Z,¢y is the function gy, +— (Iy ® Ly ® ... @ Iy) (¢ (07 (gw))), so we get Py, 7,6.,(9) =
JRJ® ... ® J)(Dulw) @ (Ruly) @ ... @ (D)) (@uwdw (07 (gw))). By the cuspidal case already
treated, J o (®w/1yw) is I o J, where I is the physical operator on V', so we get ®g,7,4,(9) =
(IRI®...01)(Pge, (07 1(g)). Composing with evaluation in 1, we find Fig, 7,6, (9) = Fes, (@ 19)
(since (I ou)(1) = u(1) for w € V°°), which is what we wanted.

The result for II follows by density from the result on I1°°.

Finally, when the central character of ¥ is not trivial on R, there is some complex number ¢
such that the central character of ¥’ = | |g'S (realized in the space of functions g — |det g|g'u(g)
for w in V'*°) is trivial on ]RJXF. If IT" is the discrete series attached to X’ by the above procedure, then
II = | |5II" is the one attached to ¥ — it is realized in the space of functions g — |det [5é(g), ¢ in
the space of I'. From the case of II' established above, one deduces right away that the normalized
o-intertwining operator on II is equal to the physical operator. O
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5. RESULTS (GLOBAL)

Let E/F be a cyclic extension of number fields of degree [ as before. Let X (E/F) be the group of
characters of A trivial on F* Ng p(Ag). By class field theory, X (E/F) is isomorphic to the dual
of Gal(E/F), hence is cyclic of order . We fix a generator x of this group. If 7 is a discrete series
of G(Ar), we set X for the set of isomorphism classes ¢m where ¢ runs over X (E/F). We let m(m)
be the cardinality of X . If II is a discrete series of GL, (Ag), we let X be the set of isomorphism
classes II” where x runs over Gal(E/F) and we let r(II) be the cardinality of Xp. Then r(II) is the
smallest positive integer r such that 1% ~ II.

If 7 is an automorphic discrete series of GL,(Ag) and II is a o-stable irreducible automorphic
representation of GL,(Ag), we say II is a Shintani lift of 7 if, for every place v of F, II,, is a Shintani
lift of .

The following theorem has already been proved for cuspidal representations by Arthur and Clozel

([AC)).

Theorem E.
(a) Let m be an automorphic discrete series (resp. cuspidal) representation of GLy(Ar). Set

ri= . Then n is divisible by r and there exists a unique o”-stable discrete series (resp. cuspidal)

m(r)
representation 7' of GL» (Ag) such that

r—1
D=7 x7"7x..x7"7

is a o-stable automorphic representation of GL,(Ag) and a Shintani lift of w. Moreover, r(z') = r.
(b) Let

0.7'71

D=r"x77x..x7
be a representation of GL,(Ag), where ' is a discrete series (resp. cuspidal) representation of
GLxn(Ag) such that r(z") = r. Then II is the Shintani lift of some discrete series (resp. cuspidal)
representation of GL,(Ar).

Remark. The fibers of the lift can easily be described as in the local setting, following [AC]
or [Hel].

6. PROOFS
Until Section [6.5, E/F is an extension of local fields .

6.1. Shintani lift for characters and twists. Let X(GL, (F)) (resp. X(GL,(E))) be the group
of smooth characters of GL,(F) (resp. of GL,(E)). If F is non-Archimedean, let X°(GL,(F)),
X%GL,(E)) the subgroups of unramified characters. Recall the characters x € X°(GL,,(F)) are of

the form g — |det g|3, with z a complex number determined by x up to II%ZWFZ.

Proposition 6.1. (a) Every character x € X(GL,(F)), has a Shintani
lift xg € X(GL,(E)) defined by xr(g) = x(Ng). The normalized o-
intertwining operator is identity.

(b) If F is non-Archimedean, then every unramified character |det |3, z €
C, lifts to |det |%. The lift is a surjective group morphism from X°(G L, (F))
to XO(GL,(E)).
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(¢) If x € X(GL,(F)) and 7 is an irreducible representation of G L, (F")
which has a Shintani lift 11 to GL,(E), then xm has a Shintani lift xgIl.

Proof. (a) In the Example at the end of Section we explained why the normalized o-
intertwining operator of xg is identity. One checks directly that the Shintani relation holds by
the very definition of xg.

(b) We have |det N'(g)|r = |Ng,/r(det(g))|r = |det(g)|g since | |Fo Ng/p =| |g. The rest is
obvious.

(c) is clear, we have already noted (end of Section [2.2]) that the normalized o-intertwining operator
is the same for I and xpgIl. O

6.2. Shintani lift for products of representations. In the following we will study the lift of an
irreducible product of representations (Proposition below). It is more complicated than in the
case where the representations are generic.

Let 7;, i € {1,2,...,k}, be an essentially tempered representation of GLg4,(E), 7; = v7! as in
section 2  Assume Zle d; = n. Let W be the space of the representation ®f:17'i of the Levi
subgroup Hle GL4,(E) of GLy(E). Set D := 71 X 79 X ... X 7. Let s € &. Consider the
representation 7,-1(1) @ Ty-1(2) ® ... ® T-1() of the Levi subgroup Hle GLdsfl(i) (E) defined, to be
coherent with the intertwining operators theory, on the same space W. Let D, be the representation
Ts—1(1) X Ts—1(2) X ... X Tg-1(xy. Then the normalized intertwining operator N(s,D,(e1,e2,...,er)) :
D — Dy from [MW1] page 607, is, by the property (2) there, well-defined and non-zero. Let us call
it simply Ny here — its definition is recalled in the proof below.

Lemma 6.2. (a) The diagram

18 commutative.

(b) Assume 7; is o-stable for i = 1,2,....k, and let J : D — o(D) and
Js : Dy — o(Dy) be the intertwining operators induced from the I . Then
the following diagram

1s commutative.

Proof. (a) Nj is the evaluation at z = (e, ea,...,ex) of a product asM; where M — the unnor-
malized intertwining operator — depends meromorphically on z = (21, 22, ..., 2;) € CF and as — the
normalizing factor — is a meromorphic function of z. Precisely we have:

as(2) = [[ L x 72— 2) T L(rf x 7, 1+ 2 — 25)e (7 X 7, 20 — 25, )
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where the product is taken over inversions in s, that is over pairs of integers (i,7), 1 <i < j < k such
that s(i) > s(j). The L— and e— factors are those defined by Shahidi [S1] or Jacquet, Piatetski-
Shapiro and Shalika [JP-SS] (they are the same by [S2]). Here ¢)p = ¢otrg/r where 1 is a non-trivial
character of F'. The L— and e— factors for pairs depend only on the isomorphism classes of the
representations involved — indeed they are defined using their Whittaker models with respect to ¢ g
— so the normalizing factor as(z) stays the same if we replace each 7; by o(7;).

On the other hand the unnormalized intertwining operator Ms(z) is given by an integral, which
we now recall.

We let L be the block-diagonal subgroup of GL,, with consecutive blocks of size dy,ds, ..., di such
that 7; is a representation of GLg4,(E), di1 + da + ... + di, = n. Let P be the upper block-triangular
parabolic subgroup of GL, with Levi component L, and U its unipotent radical.

Gather the vectors in the canonical basis (v, ve, ..., v, ) of E™ in successive strings Sy, Sa, ..., S, of
size dy, dg,...,dy, and let w = w; be the permutation S;-1(1), Ss-1(2), -+, Ss—1(x) Of this basis (permute
strings keeping the same order inside a given string); we also write w for the corresponding permuta-

tion matrix of GL, (F). For example, when k£ = 2 and s = (1,2), w is the matrix ( IO Igf). Then
d

1
L' = wLw™! is the block diagonal subgroup of GL,, with consecutive sizes ds=1(1)s ds=1(2)5 s g1 ()
Let P’ be the upper block-triangular subgroup with Levi component L’ and U’ its unipotent rad-
ical. Let f be a function in the spacd] V of vaTd x v¥2rg x o x v¥ 7. Consider the function

¢:g— fwlg) on GL,(E). For I' € L' = wLw™! we have

o(l'g) = flw™'g) = fw Tww " g) = ¢.(w 'w)e(g)

where ¢, is the representation v 7' @ V273 ® ... @ V¥ 71! of GLq, (E) x GLg,(E) x ... x GLg, (E) = L
so that ¢(l'g) = ¢.(I')¢(g) where ¢ is the representation I/ZS*VUT;‘,I(I) ® I/ZS*1<2>T;‘,1(2) ®.0Q
VZS’l(k)T;‘,l(k) of GLq _, (E) x GLa_, (E)x .. xGLq (E) = L'. Moreover, ¢ is left invariant

under wUw™!, so that we can consider the integral

/ o(u'g)dul
wUw=1NU\U’

where du’ is an invariant measure on the quotient. It is proved by Shahidi [S2] that this inte-
gral converges when z is in some open subset of C* and can be extended meromorphically to
the whole of CF, yielding an intertwining operator M,(z) from v* 78 x v?2718 x ... x VR to
I/ZS*1<1>T;‘,1(1) X VZS”(?)T;&(Q) X ... X yzs*l(’c)Tgﬂl(k). Since the Haar measure du’ is o-invariant,
the intertwining operator Mjs(z) commutes with o. This proves (a).

)

(b) Assume now each 7; is o-stable and comes with its normalized o-intertwining operator I¥ " :
7 — 77 (7; is generic). That gives a linear map I : W — W, [ = ®F_ IZ". Then J : D — o(D)
and Js : Dy — o(Ds) are given by J(f)(g) = I(f(g)) and Js(h)(g) = I(h(g)) for functions f € D
and h € Dg;. We have to show that the diagram

2We should write V. where z = (z1, 22, ..., 21, but, as is customary, we identify all these
spaces by taking restriction to Kg. The operator ¢ is compatible with this identification.
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D = o(D)
Ng| LN
D, % o(D,)
is commutative.

We have to “check the diagram for z where integrals converge”. Notice that J and J; are
compatible with the identification of spaces V, through restriction to Kr. We have already noted
that the operator as(z) does not change when we replace the 7; by o(7;). Moreover, for g € GL,(E)
and f € D, one has, for z where integrals converge:

M;(2)(J(f)) =/J(f)(w_1U'g)dU' Z/I((f(w_1U'g))dU'

= [(/f(w_lu/g)du/) = Js(Ms(2)(f))

(we used the fact that I is linear and commutes with integrals). That shows that the diagram is
commutative by unique meromorphic extension property. O

For the definition of the p.i.m.o. in the next Lemma see Section

Proposition 6.3. Let 7;, 1 <1 < k, be essentially tempered representations
of GLy,(E) such that y~, n; = n, and assume all 7; are o-stable. Then the o-
operator on w := Lg(T1, T2, ...T;) obtained from the normalized o-intertwining
operator of T1 @ To ® ... ® T, by p.i.m.o. is the normalized o-intertwining
operator I of .

Proof. Let us take, in the previous Lemma, Ds to be 71 X 75 X ... X 7 in this order (and D the
product in standard order). Then the intertwining operator N is known to contain 7 in its image
(theory of the Langlands quotient), with multiplicity one. It induces (as explained in the Appendix,
in the paragraph just after the Remark) an intertwining operator N of .

By definition, the normalized o-intertwining operator I; of 7 is the intertwining operator between
7 and 77 obtained by restriction of ¢~ o J. The operator o~ ! o J; induces also by restriction an
intertwining operator of m with 77 (see the Appendix) which we denote I(7). The preceding Lemma
implies NI, N; ' = I(r), so I(r) is the normalized o-intertwining operator of 7 by Lemma 22 [

Let now II; and I be two irreducible representations of GL,, (F) and GL,(E), ni + ng = n,
such that IT := II; x IIy is irreducible. Let Dy = 71 X 72 X ... X T, Dy = 7{ X 75 X ... X 7}, be standard
representations such that II; is the Langlands quotient of Dy and Il is the Langlands quotient of
Dy — it is understood that the 7;, 7/ are essentially tempered representations.

Define 7/, for 1 <i < k+k by 7/ =nifl1<i<kand7/ =7_,ifk+1<i<k+Fk. Let
5 € Gy be such that (Ts”(i))lgigk+kr is in standard order. Let D be the standard representation
which is the ordered product of the elements of (7';’( ))1§i§k+k’- By transitivity of the parabolic

i
induction, we have Dy X Dy = D,. In [Ta3], Prop. 2.2 and 2.3, it is shown that, in general, I1; x Il
has always, even if not irreducible, an irreducible subquotient isomorphic to the Langlands quotient

of D. In particular, here, IT; x Il5 is isomorphic to the Langlands quotient of D.
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Assume that II; and IIp are o-stable. Then all the 7]’ are o-stable. Proposition implies that
the normalized o-intertwining operator of II; x Ils is equal to the o-operator on II; x IIs obtained
from the normalized o-intertwining operator If,c;n ® Ifffn ® e ® If,c;n by p.i.m.o.. But then, by

1 2 k+k’

Proposition 2] (b), this is the o-operator on II; x IIy obtained from I, ® I, by the parabolic
induction procedure.
We have proved the

Proposition 6.4. Let I1y and Ils be two o-stable irreducible representations
of GLy, (E) and GLy,(E) such that IIy x Iy is irreducible. Then Iy, 1, 1S
obtained by the parabolic induction procedure from Iy, ® I, .

As a consequence, we get the following important proposition:

Proposition 6.5. Let m and w3 be two irreducible representations of GLy, (F)
and GLy,(F). Let Iy and Iy be irreducible o-stable representations of
GL,(FE) such that II; and m; verify the Shintani relation for i = 1,2. As-
sume that m X mo and II; x Iy are irreducible. Then 111 x Ily and w1 X mo
verify the Shintani relation.

Proof. By a result of Clozel ([Cl] Theorem 2), m X mo and II; x Ily verify the Shintani relation
for the intertwining operator o~1(Ir, x Ir,). We have just proved that this is also the normalized
o-intertwining operator of II; x Il (proposition [6.4]). O

Example. Notice that Proposition applies well to unitary representations, as their product
is always irreducible. When the product of the lifts is not irreducible awkward things may happen.
For example, consider the standard irreducible representation | |p X x of GLo(F'), where x is the
generator of X(FE/F) we fixed. The lift of | |p is | |g, and the lift of x is 1. It turns out that
| |E x 1 is reducible (and each irreducible subquotient — a character and an essentially square in-
tegrable representation — is o-stable and is a lift of an irreducible representation). The Langlands
quotient |det |}E/2 of | |g x 1 is the base change of | |p X x. But they do not verify the Shintani
relation, because the character of | | x x, which is fully induced, vanishes on the set of elliptic
elements, which always contains norms (every square of an element of GLy(F) is a norm) while the

character | det |1113/2 vanishes nowhere. (As we proved above, |det |1113/2 is the Shintani lift of | det |}/2)

The same proof of Proposition [6.4] implies, however, even when II; X Il is not irreducible:

Proposition 6.6. The operator Iy, ® I, induces by p.i.m.o. on the Lang-
lands quotient of D, which appears in 11y x Iy with multiplicity one, the
normalized o-intertwining operator.

Remark. Assume II; is the base change of m;, i = 1,2 and m; X 79 is irreducible. Then D is the
base change of w1 X mo. If, moreover, II; is the Shintani lift of 7; for ¢ = 1,2, Proposition shows
that if II{ x Ils is irreducible then D = II; x Ily is the Shintani lift of m; x my, while the Example
above shows that if II; x Ily is reducible then D may not be the Shintani lift of m x ms.
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6.3. Shintani lift for spherical unitary representations (Theorem B). Here F' is a p-adic
field. As a corollary of the lift of characters and of products, we get the Shintani lift for spherical
unitary representations (proved in [AC] by other methods). Indeed, the classification of spherical
representations combined with Tadi¢’s classification of unitary representations implies that 7 is an
irreducible spherical unitary representation of GL,,(F') if and only if 7 is a product

(6.1) T =01 X XCyXCyX.oXcpXcyXdy XdyX .. X dy,

where

- for each i € {1,2,....k}, ¢; = |det |5 and ¢, = |det |z*" are unramified characters of some
GL,,(F) such that a €]0, 5[, b € R, and

- for each j € {1,2,...,p}, d; is an unramified unitary character of some GL,,,(F), such that
23 mi+ 3 mj=n.

Moreover, the characters ¢;, ¢; and d; are determined by 7 (up to permutation). The same is true
for GL,(F). Gathering Proposition and we then get Theorem B. The Shintani lift of 7 is
the corresponding product of characters of GLy,(E), G Ly, (E). Moreover, a spherical unitary repre-
sentation 7’ has the same lift as 7 if and only if 7’ = C1 X C] x Co x Cy x ... x Cj, X C) x D1 X Dy X ...x D),
where C; (resp. C!, D,) are characters and have the same Shintani lift as ¢; (resp. ¢, dj). (We
recall that two characters have the same lift if and only if they differ by a character in X (E/F)).

Remark on the normalized o-intertwining operator. The normalized o-intertwining op-
erator of unramified characters is identity, and the maximal compact subgroup Kp is stabilized by
o. It follows by (parabolic) induction that the normalized o-intertwining operator of 7 induces by
restriction the identity on the line of spherical vectors.

Consequence. We know that local components of automorphic cuspidal representations of GL,, (F),
F global, are unitary spherical AND generic at almost every finite place of the global field. Accord-
ing to the classification of generic representations described in section [2 all the n; and all the m;
are then equal to 1. Now every residual global representation 7 is such that 7 = MW (p, k) for p
some cuspidal representation. Hence the local component of 7 at some place is u(7, k), where 7 is
the local component of p at that place (section 2.1]). So, at almost every place, the local component
of 7 (which is unitary and spherical) is a product like [6.1], such that the n; and the m; are all equal
to k. A consequence is that if the local component of 7 at some finite place v has the same Shintani
lift as the local component at v of some other residual representation 7/, we have 7’ = MW (o', k)
where the local component of p’ at v has the same lift as the local component of p at v. This fact
will be used later.

Remark on the non-unitary case. When 7 is spherical but non-unitary, it is still an irre-
ducible product x1 X x2 X ... X xx where x;, 1 <1i <k, is an unramified character of some GL,, (F).
If the product x1,r X X2, X ... X X§,E of the Shintani lifts is irreducible, then the same proof gives
the Shintani lift of 7. The Example following Proposition shows the problems arising when the
product of the Shintani lifts is reducible. One may easily verify if the conditions for the lift are
fulfilled or not, it is just a question of linked Zelevinsky segments. For example, if we say that two
lines of characters of GL,(F) {v"0,r € R} and {v"0',r € R}, 0,6 unitary characters of GLi(F),
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are equivalent for base change if there exist x € X(FE/F) such that 8’ = x0, then if the cuspi-
dal support of 7 is included in a union of non-equivalent lines, the product of the Shintani lifts is
irreducible and the base change is indeed a Shintani lift.

6.4. Shintani lift for elliptic representations (Theorem C). In this section we assume that
Theorem A (b) is proved. Theorem A is proved in [AC] and requires global methods. We shall
come back to it in section We assume first I’ is p-adic, then we treat the case F' ~ R and
E~C.

Let 7 be an essentially square integrable representation of GL,(E). As recalled in the chapter
there exist a positive integer k, k|n, and a cuspidal representation p of GL%(E) such that 7 is

the unique irreducible subrepresentation of indgoL”(E)S where L is the standard Levi subgroup of

GLy,(E) with k blocks of equal size m := 7 and S = 1o @1 2p® ... @ p. The standard Levi
subgroups of GL,(F) containing L are parametrized by I := P(K) (set of subsets of K) where
K :={1,2,...k —1}: if L is GLy,m(E) X GLpym(E) X ... X GLyp,m(E), then we set L = L;, where
i € P(K) is the complementary set of {ni,ny + ng,ny + ng + ng,...,n1 + no + ... + ny_1} in K.
Then Lo = Ly, Lk = GL,(E) and L; C L; if and only if ¢ C j. For all i € P(K), let 7; be
the unique irreducible subrepresentation of indféS . For example 7y = S, 7x = 7. Then 7; is an
essentially square integrable representation of L;. Now let X := indi? S and, for all i € P(K), X;

the subrepresentation indéf 1; of Xg. If4,j € I and 7 C j, then X is a subrepresentation of X;. Each
X; has a unique irreducible quotient m;, the Langlands quotient, denoted here Lg(X;). It is known
([Ze], [BW] X 4.6) that the induced representation X has exactly 28! irreducible subquotients,
the m; for i € P(K), which appear with multiplicity one. Moreover, 7; is a subquotient of X; if and
only if ¢ C j. The elliptic representations of GL, (F) are exactly the representations 7; constructed
from essentially square integrable representations 7 in this way ([Ba2] 2.5). These facts are true also
for GL,,(F) and on this group we will use the notations with a tilde (7; for example).

Let 7 be an essentially square integrable representation of GL,(F) and set r = [/m(7). Let
wi=7x7x7 % ...x7° " be the Shintani lift of 7 to GL,(E), where 7 is an essentially square
integrable representation of GL,,/,.(E) (Theorem A).

Proposition 6.7. Let i € P(K), and 7; be the elliptic representation of
GL,(F) associated to T and i as before. Then 7; has a Shintani lift. Its lift
is the representation m;) = m; X T X 7T§72 X o X ﬂfril of GL,(E), where m;
is the elliptic representation associated to T and i as before.

Proof. Let us first treat the case when m(7) = [, i.e. r = 1 and 7 is o-stable. We use the
notation above. Because 7; is the Shintani lift of 7;, () = i 1S the base change of ;. Also, S
is o-stable and generic, and has a normalized o-intertwining operator IZ™. Let i € P(K). The
o-operator obtained from I by p.i.m.o. on 7; is the normalized o-intertwining operator I of 7;,
by Proposition 241 The operator IZ" induces an intertwining operator Iy, on X; by the parabolic
induction procedure. By definition, the normalized o-intertwining operator I, of m; is obtained
from I, by the multiplicity one property. Then the o-operator obtained from I gen by p.i.m.o. on
m; is the normalized o-intertwining operator I, of m;, by Proposition 211 (b).
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Because 7; is the Shintani lift of 7;, we have trlx, X;(f') = trX;(f) for functions f « f’ (by
Theorem 2 in [Cl]). Fix functions f, f’ such that f <> f’. We want to show that, for all i € P(K),

trle,mi(f1) = trmi(f).

That follows by decreasing induction on 4 from the formula:

S i (f) = 0 Xi(f) = rlx, Xi(f) = Y eI, m(f).

1CjJ iCJ

Let us move now to the general case. Let © be the induced representation

r—1

X X pxpZXx.xp? o~

_ _ r—1 _ _ _ r—1
px T x i F T T s R T2 xR 27 L ox kT2

~ Rl x A2 x L x u,

Vk—l

where u := p X p7 X ... X p"ri1 is obviously essentially tempered.

By Proposition 8.5 of [Ze], the representation V“p"j x v°p® is irreducible and isomorphic to

pr"j X V“p"j forany 0 < j < j/ <r—1and any a,b € R (because p”j and p”j are not isomorphic,
of the same exponent, so they are on different lines). So © is isomorphic to

k-1 or—1 k—2 o""1 o1

k= 27 %X p? )X x (VLT xR T2 L xp

Vk—l k

(P pxF 2 px.xp) x ( p° xXv
This implies that:
- the irreducible subquotients of © are of multiplicity one, of the form m;, x 77 x mf XX 712?:'

where 7;; are chosen among the m;, i € P(K),

- for each 7 € P(K) we have a subrepresentation X(;) ~ X; x X7 X ... x X{’PI of ©.

Let Ig be the o-operator on © obtained from If:?lu ® Ig:’rjgu ® ... ® I by the parabolic induc-
tion procedure. By transitivity of the induction functor, the irreducible subquotients of X ;) are the
X ... X 7727:71 with ¢ C ¢ for all j, 1 < j < r. In particular, any subrepresentation
of © isomorphic to X(; is equal to X(; (see [Ze|, Chapter 2, where it is proven that, for a repre-
sentation with multiplicity free cuspidal support — like © — a submodule is determined by the set of
isomorphism classes of its irreducible subquotients). So, as X(;) is o-stable, X(;y is stable by Ie.

For i € P(K), set m(;) := m x mf X sz X .o X Wfrlfl. The 7(;), i € P(K), are the irreducible
subquotients of © which are o-stable. Let Ig((;)) be the g-operator on 7(; obtained from I X by
the multiplicity one property. We have the

Ty, X T X T

Lemma 6.8. Io(7(;)) is the normalized o-intertwining operator Ir -

Proof. Recall that 7; is the unique subrepresentation of v*~1p x ¥=2p x ... x p, that 7; is essentially

square integrable and X; = indff{n. Then m; = Lg(X;). Write 7; = 7'2-1 ® 7'2-2 R ... ® Tl-m(z), where
m(i) is the number of blocks of L; (not to be confused with m(p) where p is a representation)
and the representations T},TE, ...,Tim @ are essentially square integrable, in standard order. For
1 <5 <mfi), set T(]Z.) = 77 % (17)7 x ... x (77)7""". This is an essentially tempered representation, the

T(jl.) are in standard order (decreasing with j), and 7(; is Lg(T(li),T(zi), cery Tg;(i)) (this is a consequence

of [Ta3], Prop. 2.2 and 2.3, because m(;) is the irreducible product of the Wft, 0<t<r-—1, and
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wft = Lg(X? t)) In particular, ;) is the base change of 7;. The normalized o-intertwining operator
L. is, by definition, obtained from IT(1.) ® IT(Q_) Q.. @1 m) by p.i.m.o..

(i) !
) ) (%)
Let a7 be the length of the segment of 77. Then VRl x P2y L x vk iy s a subrepresentation

of a representation induced from a segment of length ozllr and has T(li) as a subquotient of multiplicity
one. As T(li) is a generic representation, Proposition 2.4] shows that its normalized o-intertwining

operator is obtained from I7;", @ I%", ®..®I7" | by pim.o.. The same is true for the other
14 Tu

T(]Z.), 2 < j < m(i). The lemma follows then by transitivity — Proposition 211 (b). O

Fix functions f, f’ such that f <+ f’. We claim that we have:

trlx, X (f) = D trle m (f):
iCj

Indeed, let 0 C 7 C Uz C ... C Uy, = X(;) a Jordan-Hélder series for the action of G L, (E) via
© and Ig (obviously of finite length), meaning that all the submodules in the series are stable both
by © and Ig and the consecutive quotients are irreducible for this action (see [Bou| 1.1.4.7 for the
general version of Jordan-Hélder theory for groups with operators). On the one hand, the trace of
Ix,X (@) ( 1) is the sum of the trace on the quotients. On the other hand, by the uniqueness of the
composition series (see [Bou| p. 43, Theorem 6) we have that all the 7(;), i C j, being stable by
Io and of multiplicity one, appear with multiplicity one in the composition series. Moreover the
trace is null on the other quotients : consider an irreducible subrepresentation e (for the action of
G Ly, (E)) of this quotient Upy1/U;. Then ¢ is isomorphic to some m;, x 77 x 71332 X ..o X 7729‘:71, with
the index i; not all equal. Then Ig sends € to some different irreducible subrepresentation of X ;).
The quotient U;1/U; is the sum of the conjugates of ¢ under Ig, and if there is more than one such
conjugate and they are permuted by Ig without fixed point, the trace is null.

Now the proof goes as in the case m(7) = 1: we have on the group GL,(F) the relation

X (f) = tri;(f),

iCJ

and by the same arguments we have trX;(f) = tr] XX (@) (f"). We conclude by decreasing induction
on i. O

A few words about claim (b) of Theorem C, which is now easy to prove. Let g be as in claim
(b); using the preceding construction — and notation — we may assume that & =: 7; is the Lang-
lands quotient of X; as in the preceding proof. Then 7(; is the Shintani lift of some 7; by the base

change theory in the tempered case, and 7; is an elliptic representation of GL,(F'). The preceding
r—1
Proposition prove that the lift of 7; is & = & x €7 x ..&'7 .

Remark. The Shintani lift of an elliptic representation is obtained here by local methods using
the Shintani lift of square integrable representations obtained by global methods. Notice that we
know (by local methods) the Shintani lift of characters. This may serve as a first step of a proof by
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induction of the Shintani lift of the Steinberg representation and its twists by characters (by purely
local methods). The proof would be similar to the previous one. One has to take p a character of
GL1(F) (then m(p) = 1), reverse the order (Xy = p x vp x ... x v*71p), invoke Proposition to
show that the induced intertwining operators on the irreducible subquotients are their normalized
o-intertwining operators and apply the induction for increasing i.

The Archimedean case. The group GL,(C) has elliptic elements if and only if n = 1. In this
case all the irreducible smooth representations are characters. They are of the form & ,(2) = |2]*2*
for « € C and k € Z. Such a character is stable by conjugation if and only if £ = 0. We then denote
it simply &,.

The group GL,(R) has elliptic elements and elliptic representations if and only if n =1 or n = 2
(because irreducible polynomials of R[X] are of degree 1 or 2). For n = 1, the elliptic representations
are characters. They are of the form y,(z) = |z|* or X, (z) = |z|*sgn, o € C, and sgn is the sign
character. It is known that

(a) induced representations y, X X/B and x,, X xg are reducible if and only if @ — 3 is an even
integer,

(b) induced representations xo X X3 and X}, X X/B are reducible if and only if @ — 3 is an odd
integer.

Let m € N*.

If m is even, X 2 X X has two irreducible subquotients, its Langlands quotient r(m) and an

m/2
essentially square integrable/representation d(m). The representation d(m) is stable by multiplication
with the character sign, while r(m) is not. So, after semisimplification, one gets in the Grothendieck
group: X/rn/2 X X—m/2 = 0(m) +1'(m), m € N*, where r'(m) = sgn ® r(m).

When m is odd, a completely parallel situation occurs : X, /2 X X—m/2 has two irreducible subquo-
tients, its Langlands quotient r(m) and an essentially square integrable representation d(m). The
representation d(m) is stable by multiplication with the character sign, while r(m) is not. So, after
semisimplification, one gets in the Grothendieck group: x/. /2 X X = d(m) 4+ r'(m), m € N*,
where r/(m) = sgn ® r(m).

A character of GLy(R) is of the form x, odet or x/, odet, a € C. The representations §(m), r(m),
m € N*, are elliptic. Every elliptic representation of GLy(R) is (up to isomorphism) a twist of some
0(m) or r(m) with a character. Indeed, all the other irreducible representations are fully induced
from characters of the diagonal torus. It is known that r(m) is of dimension m, and r(1) is the
trivial representation.

The only interesting cases of Archimedean Shintani lift for elliptic representations are then when
E/F is (up to isomorphism) C/R and n = 1 or n = 2. In both cases, the sign characters (i.e. sgn
when n = 1 and sgn o det when n = 2) are trivial on the norms. In the case n = 1, the Shintani lifts
of xo and x/, are the same, equal to &, and in the case n = 2, the Shintani lifts of x, o det and
X, o det are the same, equal to &2, o det. This is straightforward checking.

So, in the case n = 2, it is enough to explain Shintani lift for representations d(m) and r(m),
m € N*, as the lifts of the other elliptic representations of GL2(R) are then obtained by twists with
characters. The induced representation &, X £_,, to GL2(C) has two irreducible subquotients: the

z m

Langlands quotient R(m) and the irreducible subrepresentation A(m) := 6 x 6, where 0(z) := P

(ie. 0 = &_pm) and @ is its complex conjugate (notice that both characters are unitary). Since
the normalized o-intertwining operators of the characters &,, and &_,, are trivial, they induce (see



30

the construction in Section 2.2]) the operator f +— f on the space of functions of the induced
representation, where f(z) = f(%) for all z € GLy(C). This operator induces on the Langlands
quotient R(m), by definition, the normalized o-intertwining operator of R(m), and on A(m), because
it is generic — Proposition 2.4 —, the normalized o-intertwining operator of A(m). By [AC] we know
that the Shintani lift of d(m) is A(m). Then the same method as for p-adic groups (this section)
shows that the Shintani lift of r(m) is R(m). See also [La], chapter 7.

6.5. Separating discrete series. This section is global. If k|n, we denote Ly the Levi subgroup of
GL,(Ar) of diagonal matrices by k equal blocks. If § is an automorphic discrete series of GL% (Ap),

we denote 0¥ the automorphic representation obtained by parabolic induction from Ly to GL,(Af)
(with respect to the upper triangular parabolic subgroup as in the local setting) of the tensor prod-
uct of k copies of §. As local components of ¢ are unitary, the induced representation is irreducible,
locally and hence globally.

Proposition 6.9. Let m, 7’ be two representations of GLy,(Ag) such that
T =06" and 7' = & for automorphic discrete series & of GL=x(Ar) and &'
of GLﬁ(AF). Let S be a finite set of places of F containing all the infinite
places and all the finite places v such that either E/F is ramified, or m, or
. is not a spherical representation. Assume that for every place v ¢ S one
has trm,(b(f)) = tral (b(f)) for all f € HY(Gg,), where w is a place of E
such that w|v. Then m = m' and there exists a character x € X (E/F) such
that § = x¢' and ©’ = .

Proof. Let us write 6 = MW (p, k) and &' = MW (p', k") with p,p’ cuspidal. We will show that

k = k" and p}* and p;m/ have the same base change for every v ¢ S. All the arguments are in the
Consequence, section Indeed, 4, is a product of unitary unramified characters of GLj(E,),
while &/ is a product of unitary unramified characters of GLy (E,), hence k = k' (by unicity in
the classification of unitary representations). As explained in the Consequence, the automorphic
cuspidal representations p™ and p™ have the same lift at almost every place.

We now reason as in [AC| Theorem 3.1, page 201, where the case m = m/ = 1 is treated.
Keeping their notation 7 and L®, we find, under our hypothesis, that Hézl L3(s,p® p®n')™ and
Hé:l L(s,p' ® p' @ n")™ are equal. Since the left-hand side has a pole at s = 1 ([JS2]), so has the
right-hand side, which implies that p’ = 7°p for some i € {1,2,...,1}; we then get m = m/ by looking
at the order of the pole at s = 1. O

6.6. The twisted trace formula comparison. The equality below is the main theorem of
[AC]. The proof occupies the first 200 pages of the book and is based on previous work of Arthur.

Let Fo := F ®g R be the product [[, F, where v runs over the infinite places of F. Let p be
a unitary character of FX. We use the embedding of FZ in Ay at infinite places to realize it as a
subgroup of the center Z(Ar).
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Let pg be the lift of u to EX = [], E; where w runs over the set of infinite places of E, i.e.
LE = 101, infinite Hw‘ +NE, /F,- We use the embedding of EZ in Ag at infinite places to realize it
as a subgroup of the center Z(Ag).

Let L(F) (resp. L(E)) be the set of F-Levi subgroups of GL,(F) (resp. E-Levi subgroups of
GL,(E)) containing the maximal diagonal torus.

The following formula [6.6] is the formula (4.1)=(4.2), page 203, in [AC], with o~ in placd] of o:

SO W ST fdet(s—1) gnan | M (M (5,0) 0 pra()) =

LE,C(F) SEW(C‘L)reg

(6.2)

U0 eI ST det(s—1) onnm | (M0 (5,0) 0 07 0pi s (6)
LIE,C(E) SEW(GL/)reg L

where (see also [AC], page 132):

-te R+7

- |[W{ is the cardinality of the Weyl group of L;

- ar, is the real space Hom (X (L)g,R) where X (L) is the lattice of rational characters of L; W (ar,)
is the Weyl group of ar; a(L;L" is the quotient of ar, by agr,,; W(ar)req is the set of s € W (az) such
that det(s — 1)qun £ 0;

- prt,y is the induced representation with respect to any parabolic subgroup with Levi factor
L(Ag) from the direct sum of discrete series m of L(Ag) such that 7 is p-equivariant (i.e. the
restriction of its central character to FX equals p) and the imaginary part of the Archimedean
infinitesimal character of 7 has norm ¢ ([AC], page 131-132); pr/ 5 is the corresponding represen-
tation when the field is E.

- MEL” (s,0) is the global intertwining operator associated to s at the point 0; we sometimes
denote it M (s,0) when it is not necessary to specify the Levi subgroup;

- the operator o~ ! is the operator f — foo~! in the space of pL t,ue Which is a space of functions
stable by o (because of the choice of the central character).

- ¢ and f are associated. This means that ¢ = ®,¢, and f = ®,f,, where v runs over the
places of F, are such that for almost all v where E,/F, is unramified ¢, and f, are spherical and
b(¢y) = fu, and for the other places v, ¢, and f, match (chapter M.

Recall, when k € N* and k|n, L, € L(F) and L) € L(E) are the Levi groups of diagonal matrices
by k-blocks of the same size 7. The set W (ar)eq (resp. W (ar/)reg) in the formula is empty, unless
L is conjugate to Ly, (resp. L’ is conjugate to L}) for some k dividing n, and s is a cycle of length
k permuting the blocks of Ly (resp. Lj). Moreover, it is shown in [AC], pages 207 to 209, that
different cycles of length k give the same contribution, and conjugate Levi subgroups give the same
contribution to the trace formula So we will compute — both left and right — the contribution

3As o is any generator of Gal(E/F) in [AC], one may switch to ¢~ and the formula is
still valid. In [AC] it is not clearly stated form which space to which space do the operators
o and M (s,0) map. It is just a matter of convention, but the conditions somg = 7 (page
207) and sme = o (page 213), necessary for the term associated to (s, o) in the formula
not to vanish, seem to correspond to conventions opposite to one another. Here we work
with our convention for o and for M(s,0) (which is the one of [MW]).
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of the Levi subgroup Ly, (resp L)) and the cycle s; := (k,k — 1,k —2,...,1) then count the number
of terms associated to that contributio

If 6;, 1 < i < k, are automorphic discrete series of GL%(AF), then we let D := 61 X 09 X ... X 0
be the automorphic representation of GL,,(Ar) parabolically induced from §; ® do ® ... ® 0 (this
induced representation is irreducible, because the local component at any place of §;, 1 <1 < k, is
unitary). Then the representation pr, ;, is the sum of representations of the type of D. For our
choice of s := sy, the intertwining operator M(s,0) intertwines the space of D := 01 X J3 X ... X
with the space of Dy := 0,-1(1) X 04-1(2) X Og-1() = 02 X 03 X ... X o X 01. These two spaces are
either equal — if and only if 53 = Jo = ... = ; — or, else, disjoint. So the trace of M(sg,0) is zero
unless the representation D is of type 6%,
The representation pr; ;. is a direct sum of representations D' := 0] x 0% X ... x &) where
9/ are automorphic discrete series of GL%(AE). Each D’ is irreducible. If U is the space of D,

then 0= : U — ¢~ 'U intertwines the representation (D’Ufl, U) with the representation by right
translation in o ~1U, that is 5’1071 X 5&071 X oo X 52071. Soo~!: U — 07U intertwines (D', U) with
&7 X 8T x . x 87

Now the restriction of M(sg,0) to o~ U, induces an operator M : o~ 'U — W, where W is
the space of (5&071 X (5&071 X .. X (5,’6071 X (51071, which intertwines 5’1071 X 55071 X .. X 5;6071 with
87 X 8 X L x 87 x 87 We have W = U if and only if &), = &7, &, = 6,7, ...5 = 4.,
if and only if D’ is of type A x A% x A% x . x A"kil, for A an automorphic discrete series of
GLx(Ag) and A°" = A. In this case, M intertwines 5’1071 X 55071 X . X 52071 with D', hence
((51071 X 55071 X ... X 5,’6071)” with D’?, and M o o1 intertwines (D', U) with (D'?,U).

The decomposition of PL tux in direct sum of irreducible subrepresentations gives rise to a
decomposition of its space in a direct sum of subspaces all stable by right translation and which
are permuted by the operators M(s,0) and o~". So tr(M GL"(AE)(S, 0) o 071 oppstus(¢)) may be
computed by taking the restriction of this operator to subrepresentations of type A x A% x A" x

X AT of PL tus (@), 1e. those defined in a space U such that M(s,0) oo™ 1(U) = U.
Then, computing explicitly the coefficients (see [Bal], page 414) we come to the equality:

(6.3) > zt My (510 0 8%(f)) =

k|n

l Z Zt GL”“*E (56,0) 00 0 AX A7 x A% x ... x A7 (¢))
k|n
where
- for k|n, § runs over the set of automorphic discrete series of GL%(AF) such that

- 0 is p'-equivariant for some character ' of FX such that p/* = p and
- the norm of the imaginary part of its infinitesimal character is é,
- for kn, A runs over the set of automorphic discrete series of GLz(Ag) which are

40Once s is fixed, only some terms, respecting symmetries, do not vanish in the trace
formula. With our choice of cycle s := (k,k — 1,k — 2,...,1), these terms are of type

Di=AxA" x A% x ...x A" asin [AC).
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- o*-stable and

- g-equivariant for some character pf of EX such that ,u% = ug, and

- such that the norm of the imaginary part of the infinitesimal character of A is %,
- ¢ and f are associated,
- s is the Weyl element associated to the cyclic permutation (k,k — 1,...,1) of blocks.

Simplification.

Set s := si. For some representation D := A x A% x A% x ... x A" as in the formula, because
M (s,0) o o~ intertwines (D,U) with (D°,U), and because D is irreducible, M(s,0) o o~ is, by
Schur’s lemma, a non-zero scalar multiple of the global intertwining operator Ip obtained from local
ones. We write (M(s,0) oo™ 1)y = ApIp, Ap € C*. However, when k = 1 (and so M(s,0) is
trivial), we have seen in section Ml that Ap = 1 (Proposition [4.]).

1

Lemma 6.10. If D := A x A x A% x ... x A" and D' := oD =

A% x A% x .. x AT x A, then Apr = A\p.

Proof. The relation M (7=, 7)o~ = 0 'M (77!, 707g) from [AC] page 208 (we replaced o by
o~1), specialized to 7 = s, gives

(M(37 0) ° 0_1)|U = (0_1 ° M(370))|U'
Then
(M(s,0) 0 0_1)|U = (0o M(s,0)00 o o),
hence
Aplp = Uﬁ]l()\D’ID’)UW = Apr (O"?JIID/O"U).
where o1y : U — oU. As oy intertwines D7 with D', we have UE}ID/UW = Ips by Lemma
But Ip. = Ip, so the result follows. O

Let g be an automorphic discrete series of GL,(Ar). Let S be a finite set of places of F
containing the infinite places, the finite places v where, for w|v, E,,/F, is ramified, and the places
where 7 is not spherical. Let V' be the set of places of F complementary to S. Let Xg . be the
set of representations 7’ on the left of Formula such that 7/, has the same Shintani lift as g,
for all v € V. By Proposition [6.9] this set is finite, contains only automorphic discrete series, and is
equal to {x ® mr, x € X(E/F)}. We denote its cardinality m(ng) or simply m. Let Xg r be the
set of representations II on the right such that II, = ®w|va is a Shintani lift of 7p , for allv € V
(i.e. IL, is a Shintani lift of 7g , if w|v). For every Il € Xg g, fix an isomorphism of II onto the
restricted product ®,I1,, v place of F, and denote, for every place v of F, by Ij, the intertwining
operator of II, with II induced by the action of ¢ on II, which is the normalized o-intertwining
operator of II, as shown at section [l

Lemma 6.11. We have:

(6.4) S [T () =

7r’€XF7.,rF vES
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DIF-TD SEPYY | (IR ACH)

k|n HGXE,WF veES

if fo <3 by Yo € S.

Proof. Let v € V. Let wi,wo,...,w; the places of E dividing v and, for 1 < ¢ < k, identify
E,, with E,, using o-action. If ¢, = ®1<;<k¢x is in the spherical Hecke algebra of GL,(E), :=
Hw“} GL,(Ey), then f, = b(¢) — where ¢ = ¢ x o *...x ¢ — by definition, and if ¢; are all spherical,
then f, is spherical ([AC], page 49). We will apply Formula [6.3] only with this kind of spherical func-
tions at places v € V' (and w|v, v € V). The formula involves then only representations of GL, (AF)
which are spherical (and unitary) at all places v € V and representations of GL,(Ag) which are
spherical (and unitary) at all places w|v with v € V. Each unitary spherical representation 7, of
GL,(F,), for v finite, admits a local Shintani lift IT, (Theorem B, already proved in section [6.3)).
For v € V, if ¢; and f, are spherical, defined as before, we replace tr(m, (fy)) with tr(Im,IL,(¢y)).
This equals tr(/i,, o Iy, (¢)). For v € V and wlv, tr(/n, oIl,(¢)) = tr(Il,(¢)) (Remark, section
[6.3) so the intertwining operators Iy, do not play any role in the traces at these places and the
standard method ([La|, [JL], [F12]) applies to get the proposition. O

Now, X 1 is equal to {x ® mr, x € X(E/F)} (Proposition [6.9). If x € X(E/F) and v is a
place of F, the character x, is trivial on the image of the norm map. Then, for 7’ € Xg ., the
restriction of the character of 7, = x, ® 7, to the image of the norm map equals the restriction of
the character of 7g ,. If f is as in Proposition [2.6] the regular orbital integral of f, is zero outside
the image of the norm map. We have then:

tr(ﬂ-;(fv)) = tr(ﬂ-F,v(fv))'

As a consequence, the left side of the formula is equal to

m H tr(mr,u(fo))-
vES

(“The image of norm map” means “the set of elements of G, which are conjugate to a norm”.)

As one may choose functions f, such that this quantity does not vanish, we have that Xg . is
not empty. Let D := A X A7 x A% x .. x A% " € Xgpp. D = A x A7 x A7 x .. x A7
is another element of Xg rp, then D’ is isomorphic at almost every place (all the places outside S)
with D := A x A% x A% x ... x A" By the strong multiplicity one theorem in the automorphic
spectrum ([JS2]), which says that if two automorphic representations are isomorphic at almost every
place they have the same cuspidal support, we have A’ = A% for some i, 1 <i<7r(A). So Xg rp
has r(A) elements, precisely the D; = A% x A" x AT % x A" for0<i <r(A)—1. By
Lemma [6.10, Ap, = Ap. The right side of the equality is then:
M T (@),

veS

Apl

where I, is the normalized o-intertwining operator of D,,, and we used Lemma for the equality
of traces associated to representations D;, 0 < i < r(A) — 1.
We have proved:
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Lemma 6.12. There exist k|n, a square integrable representation A of
GLx»(Ag) and a complex number Ap such that, if we set D := Ax A7 x A% x

X A"kil, then D, is the Shintani lift of TF,» for v €V and, moreover,
(6.5) m [ tr(men(fo) = Ht (I, Dy(y))
vES veES

if oo > fo forallv e sS.

The following lemma will play some role in the proof.

Lemma 6.13. The operators (M(s,0) o o™ 1),y and Ip are unitary. The
modulus of the complex number A\p is 1.

Proof. The subrepresentation D := @®o<;<,(a)—1Di of pr/ ¢ g L' = L(Ag), is stable by both o and

M(s,0). Let us show that o is a unitary operator. If we set J; = A” @ A" @ AP © ... @ AT
for 0 <4 < r(A) — 1, then D; is induced from J; and D is induced from J := @o<j<ra)-1Ji- To
show that o is an unitary operator of D it is enough to show that the action of o on J is unitary.
The representations J; are in direct orthogonal sum, and o(J;) = Jiy; for 0 < i < r(A)—1 with the
convention J,.an) = Jo. If w; is the central character of J;, then the scalar product on J; is defined
by

(Fn= [ T@)h(3)da,
Li(E)Z(Lr(Ag))\Li(AE)

restriction from the one of L?(Li(E)Z(Lix(Ag))\Lir(Ag);w;). Notice that o stabilizes the measure
on Li(E)Z(Lk(Ag))\Lk(Ag) because a finite order automorphism stabilizes a Haar measure. So it
is easy to see that ¢ is an isometry from J; to J;y1.

The global intertwining operator M (s, ) is known to be unitary at 0 ([MW2], IV.3.12). So the
composed global operator M(s,0) o 0~ ! is also unitary.

Let us show that Ip is unitary. Let (, ) be the scalar product on D. Then ( , ) is stable not
only by D but also by D?. The representations D and D are unitary and we identify their spaces
with their duals using ( , ). If I}, is the adjoint of Ip for ( , ), then I}, o Ip is an intertwining
operator of D. Because D is irreducible, I}, o Ip = Md, A € C (by Schur’s lemma). Because
(I, o Ip(v),v) = (Ip(v),Ip(v)), A is real positive. Then %ID is unitary. But I = Id, so A = 1.

The relation (M (s,0) o 0_1)|U = AplIp is then of type Y7 = ApY>5 with Y7 and Y5 unitary opera-
tors. So [Ap|=1. O

Let us recall how, starting from this point, [AC] deals with the automorphic cuspidal case, and
then adapt it to the case of residual representations in the next section. We start from Lemma

with its notation.

Three important steps.
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(1) The lemma implies that 7g is cuspidal if and only if A is cuspidal. Indeed, if 7 is cuspidal,
it is generic at a finite place v outside S. Then D is generic at any place w which divides v. Then so
is A (easy from local classifications), and an automorphic discrete series with a generic component
is cuspidal.

Conversely, if A is cuspidal, then A is generic at a finite place w outside S. Then D is generic at
w. So 7y is generic at the place v which is divisible by w, which implies g is cuspidal.

(2) Recall that we are in the situation where we don’t know yet the lift of representations other
than spherical unitary representations (the other proofs were based on the lift of square integrable
representations). In [AC] I Sec. 6, Arthur and Clozel use the simple twisted trace formula to prove
first a rough version of the lift of a square integrable representation [AC], I Th. 6.2.a,b. In the case
of a local cyclic extension E/F, let us say that an irreducible representation 7 of GL,(F') has a
weak lift if there exist a o-stable irreducible representation II of GL,(F) such that 7 and II verify
the Shintani relation. The proof (page 56) does not depend on [ being prime or not, and shows
that a square integrable representation always has a weak lift, which is a local component of a global
cuspidal representation of GL,(Ag). In particular, every square integrable representation of GL,,(F')
(F local) has a weak lift, which is a unitary irreducible generic representation. Now every generic
representation is an irreducible product of essentially square integrable representations, and every
product of unitary generic representations is again an irreducible unitary generic representation.

A consequence of Proposition is then:

(G) In the local setting, every unitary generic representation © of GL,(F') has a weak lift IT which
is a unitary generic representation of GL,(E). (This is part of Theorem A (c)).

(3) We go back to the relation For now, the representation 7 is cuspidal or residual. We
know r(A) divides k (because A x A% x A% x .. x A " is o-stable). Also, AXATx A% x .. x A"
k

may be written as @78 | with © = A x A% x A% x ... x AT
We assume, by induction, that Theorem E is true for GLi(F) and GLi(E) for all t < n.

Then, if r(A) < k, © is the Shintani lift of some discrete series 6p of GLnr(a)(F). Then mg

k

_k_
and the automorphic representation Hﬁ(m have the same local Shintani lift at every place outside
S. By Proposition [6.9] 7(A) = k, which leads to contradiction. So, if we assume Theorem E for
t < n, we have, in the lemma, r(A) =k and so

(6.6) m T trreo(£)) = Ao 7 TT (LDu(61).

veS veS

Following these three steps, one (i.e. Arthur and Clozel, Theorem 5.1 page 212) gets Theorem
E for cuspidal representations (actually, the step (1) implies that, if we assume Theorem E for
cuspidal representations for ¢ < n, then we still get the relation if mp is cuspidal). Indeed,
the weak lift for all unitary generic representations ((G), Step (2)) implies (when 7y and A are
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cuspidal, cf. Step (1)) the equality m = Ap % from Equation So Ap is real positive, and, as it
has modulus 1 (Lemma [6.13), we have A\p = 1 and mk = [. Recall r(A) = k (Step 3).

As a consequence one (Arthur and Clozel, Proposition 6.6 page 58) gets the Theorem A. Claims
(a) and (b) are shown using that a local unitary cuspidal or square integrable representation may
be realized as a local component of an automorphic cuspidal representation. Claim (c) is then a
consequence of Proposition and the fact that tempered representation are irreducible induced
representations from square integrable representations.

6.7. Shintani lift for local unitary representations and global residual representations
(Theorem D and E). The proofs of these lifts are interdependent. From the trace formula (more
precisely Formula [6.5]) we will get the global lifts of some particular global residual representations.
Specialized to one place, that will imply the Shintani lifts of Speh representations. Then we will get
the Shintani lifts of all unitary representations, by the local Proposition The local Shintani lifts
of all unitary representations imply then the Shintani lifts of all global residual representations.

We adapt the preceding method to the case of residual representations. We do not have the result
analogous to the step (2), because the local component of residual representations is not generic.
So to get the general result we will prove first the Shintani lift for all unitary representations.

To show it, we would like to know that m(mg)k =1 and A\p = 1 also for a residual representation
mg. But these equalities have been obtained from for cuspidal representations because we knew
that local Shintani lifts of their local components exist ((G)). We solve these two points below in
the following way:

1. We show the relation m(7mg)k = [ using the construction of residual representations from
cuspidal ones and the fact that the relation has been proved for cuspidal ones.

2. Then we will use, first, the relation in a particular case when we know k£ = 1, and, so
Ap = 1, to get the local Shintani lift for Speh representations. This implies the lift of all unitary
irreducible representations. The local Shintani lift of all irreducible unitary representations then
implies, using [6.3] the global lift for all residual representations.

1. Let pg be a cuspidal representation of GL,(Ar) and set 7 := MW (pr,q). Let V be the set
of finite places of F where pg is spherical and E/F is unramified, and S be the complementary set
sT(PE)—1 1

of places. Let R := pg X pg X ... X pg , where r(pg) = ey be the Shintani lift of pgp. For

every v € V, R, is the Shintani lift (of spherical representations) of pg,. Set Il := MW (pg, ¢). Set

P=TIxII° x..x 17" For every v € V., P, is the Shintani lift (of spherical representations)
of g, (this follows from the classification of unitary spherical representation and Theorem B).

So,if D=0 %67 x..x 57" is the representation appearing in the equality

m(me)([] trma(£)) = A 1 T] (5D (60)

veS vES

then D = P. The equality between cuspidal supports of D and P implies & = r(pg) (check
the central exponents). By unicity of the cuspidal support, again, one has m(nmg) = m(pr) (the
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characters stabilizing g up to isomorphism are the characters stabilizing pg up to isomorphism).
So the equation reads now:

(6.7) 1 trreo(fo) = Ao J] tr(uPu(e0)).

veS vES

2. Let § be a square integrable representation of GL,(F), FF =R or F = C or F a p-adic field.
Assume F is chosen such that, for some place vy, F,, ~ F (this is always possible). Let us choose
the cuspidal representation pg with local component isomorphic to § at the place vy and cuspidal
at some other place v;. The proof of the existence of such a representation is the same as in [AC]
lemma 6.5, page 54. Let S be the set consisting of the infinite places and all the finite places where
pr is not spherical. Let E be a cyclic extension of F of degree [ such that E,, ~ E and E splits
at all the places in S\{vg} (for the existence of such an extension, Theorem 1.2.2 in [AC], quoting
[AT]). Then m(pr) = [, because the lift D of mg is cuspidal at places dividing v; and so k = 1.
Then Ap is 1 in equation 6.7, which becomes:

H trﬂ'F,v(fv) = H tr([vPv((bv))'
vES veS
The Shintani lift at v € S\{vg} is trivial since E, splits, so the Shintani relation at the place vy
follows. But the local component of 7 at the place vy is, by construction, u(d,¢). And the local
component of P is II,,,. Now, IT,, = u(pg v, q), Where pg ., is generic, equal to the local base change
of § as in Theorem A (b). This proves Theorem D (a).

Let us prove Theorem D (b). Using Proposition and the local classification of unitary
representations ([Tal], [Ta2]), the Shintani lift for representations u(d,q) (Theorem D (a)) im-
plies the Shintani lift of all unitary representations. Let now u be a o-stable unitary representa-
tion of GL,(E). Then one may write u = [[, u; where u; are representations of type u(D,q) or

1

m(uw(D, q); ) with D square integrable and 0 < o < 5. By unicity of the terms of the product,

u’ = [[;uf. As u is o-stable, it is not hard to see that u =[] j Uj, where U; are representations of
type u(D, q)xu(D, )" x...xu(D,q)”""” " or m(u(D, q), @) xm(u(D, q),a)" x...xm(u(D,q),a)” """
As each of these representations are Shintani lift of unitary representations of GL,(F') (by Theo-
rem D (a)). By Proposition [6.5] u is the Shintani lift of some unitary representation of GL,,(F).

Let us show Theorem E for automorphic discrete series. The local lift of unitary representations,
re-injected in Equation implies the global Shintani lift for discrete series. Indeed, we now know
the local Shintani lifts for all local components. This shows (a).

We prove Theorem E (b). Let IT = 7g x 7g x ... X F%T71 be a representation of GL,(Ag),
where g is an automorphic discrete series of GLx (Ag) such that r(7g) = r. Starting with Formula
6.6, we let V' be the places v where II, is spherical and E,,/F, is unramified for w|v. Let S be the
complementary set of places of F. Let Xg 11 be the set of representations II' of GL,,(E) appearing on
the right side of Formula[6.6]such that II), ~ IT, for all v € V. Let Xy 1 be the set of representations
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7’ appearing on the left side of Formula such that II, is a Shintani lift of 7], for all v € V. Then
by the same simplification argument we have already used, we get the relation:

(6.8) > Tt (f) =

W’EXFJ‘[ veS

1
(35 2w [] el m(6,)
k\n H/EXEI[ veS
if fu < do.
By the same arguments we have already explained, Xg 1 has r = r(7mg) elements, all having the
same contribution. Moreover, r(mg) = k by the assumption before equation We get:

(6.9) S ) =

W’EXF,H veES

l

=An | | tr(m, (o

. vl; ( (¢0))
if f, <> ¢,. As the right-hand side is not identically zero (locally, the trace distribution of an
irreducible representation is not identically zero so we may always find a function ¢, such that
tr(Ir, Iy (¢y)) # 0)), the left hand side is not identically zero, and X 1 is not empty. Then it
contains at least one element 7. By the same arguments as before, we prove that II, is the Shintani
lift of m,. This proves Theorem E (b) for discrete series.

Remark. Shintani lift is well understood for generic, spherical, elliptic and unitary representa-
tions (as well as their twists with characters). Proposition allows one to lift products of such
representations, under some conditions of irreducibility. In his recent paper [Tad]|, Tadié gives a
simple criterion to know when a product of twists of unitary representations is irreducible (one
implication has been proved by different methods in [MW1]).
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7. APPENDIX: MULTIPLICITY ONE IRREDUCIBLE SUBQUOTIENTS

Intertwining operators between representations induce intertwining operators between isomorphic
multiplicity one irreducible subquotients. This is what we will study in this section. We start with
a few definitions in Algebra used in the text.

We need some definitions concerning representations of a general group G. We are only interested
here in “complex” representations and we omit the term complex in what follows.

Let (IT, V') be a representation of G. If U, W are subspaces of V' which are stable by II, we denote
Iy the subrepresentation of II in U and Il the quotient representation of Iy in U/W induced
by II. Then Iy y is said to be a subquotient of II. We say that II has finite length if there
exists a finite sequence 0 = V) C V4 C Vo C ... C Vi, = V of subspaces of V stable by II such that the
subquotient representation Iy, yy; , is irreducible for all 1 <7 < k. It is known, [Bou] 1.1.4.7, that if
IT is of finite length, then for any other such sequence 0 = Vj C V{ C V5 C ... C V), =V such that
Iy, v is irreducible for 1 <4 < k' there is a bijection o of {1,2,...,k} onto {1,2,...,k’'} such that
Iy, v;_, is isomorphic to HVé(i)/Véu)fl for 1 <i < k. Then k = k' is called the length of II. If 7 is

an irreducible representation of G, its multiplicity in II is the number r of indexes i € {1, 2, ...k}
such that 7 is isomorphic to Ily; ;. We say that 7 appears in II if its multiplicity in IT is > 1.
Writing Irr(G) for the set of isomorphism classes of irreducible representations of G, we get from
IT a map JH(II) : Irr(G) — N, where JH(II)(7) is the multiplicity of 7 in II for 7 € Irr(G). If
0 — II — II" — II” — 0 is an exact sequence, then we have the equality JH(II') = JH(IT)+J H (IT").

Let II be a representation of finite length of G and 7 be an irreducible subquotient of Il of
multiplicity one. Let X be the set of pairs (U’, W) of stable subspaces of V' such that W’ C U’ and
gy =~ 7. Choose (U, W) € X with U maximal.

Proposition 7.1. (a) Let (U',W') € X. Then U Cc U, W' C W and
W' = W NnU'. Moreover the inclusion U C U induces an isomorphism
Wy jwr = My -

(b) If (U',W') € X with U mazimal, then (U, W') = (U,W).

(¢c) If f is an automorphism of 11, then f(U) =U and f(W)=W.

Proof. (a) Let (U',W’) € X. The obvious map U/W — (U 4+ U’)/(W + U’) is surjective; as
Uyyw =~ 7, giuryw+ury s either zero or isomorphic with 7. In the second case, U’ C U by the
maximality of U. Moreover, W +U’ = W, so U’ C W; but then 7 appears in Iy because it appears
in IIys, and this contradicts the multiplicity one assumption. So we are in fact in the first case,
where U + U’ = W + U’, and, in particular, U C W + U’. Consider the natural exact sequence:

0— W/ (WAW') — (W+U)/W — (W+U)/(W+W) — 0.

Now 7 appears in Uy g w because Iy =~ 7, so 7 appears either in Iy qaws) or in
Uwiury w4+wr). But 7 cannot appear in Ilyqynwr) because Iy contains 7 with multiplicity
one, and Iy y ~ 7. Then 7 appears in yy 47y wiwry. As we have seen that U ¢ W 4 U’,
we get U = W + U’ by maximality of U, and in particular U’ C U. Then the quotient map
U/W — U/(W + W') is an isomorphism, so W' C W. But the quotient map gy — iy is
an isomorphism, because both representations are isomorphic to 7, and consequently W/ = U' NW.
The final assertion in (a) is an immediate consequence, and so is (b).
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(c) Let f be an automorphism of II. Then f induces an isomorphism of representations Il y =~
Wsny/powy, so (f(U), f(W)) € X. By (b), f(U) CU and f(W) C W. Applying the same argument
to the isomorphism f~1 we get (c). O

Remarks. (1) In the situation of (c), f induces an automorphism f of the representation Uy yw -
Choosing a G-isomorphism ¢ : 7 >~ Il yields an automorphism fr of T such that fop=cofr;
if Schur’s lemma is valid for T, the automorphism f. does not depend on the choice of ¢.

(2) One may take from the beginning U minimal instead of U mazimal and the Proposition and
its proof hold similarly. We will not use that in our paper.

Assume now an intertwining operator f : II — II’ is given, where II' is another representation of
G. If one fixes an isomorphism 7 ~ Iy, one gets by composition with f an intertwining operator
flir—1I f)/fw)- Then f' is an isomorphism if and only if the image of f contains a subquotient
isomorphic to 7. We then call the intertwining operator f’ the restriction of f to 7. If one starts
with 7 o Iy e, with (U, W') € X not maximal, then the canonical morphisms Iy jyy — i
and H’f(U,) Jrwny H}(U) JFWY? which turn out to be here isomorphisms, induce an isomorphism
HU//W/ — H/f(U’)/f(W’) which is the same as the one induced by f.

Group with automorphism. In the main text the group G is endowed with an automorphism o;
we now explore that context. For a representation (I, V') of G we get another one (I1?, V'), where
I17(g) :==II(o(g)) for all g € G. Assume II is of finite length and 7 is an irreducible subquotient of
IT. A subspace of V is stable by II if and only if it is stable by 1I?. Moreover, if U, W are stable
subspaces of V such that W C U, we have (IIyy)? = (II?)y and (Ily/w ) = (I17) 7w So :

(a) the set of pairs (U, W) where U, W are subspaces of (I, V') such that 7 =~ Iy equals the
set of pairs (U', W') where U’, W' are subspaces of (II?, V') such that 77 ~ II7, W if v is the space
of 7, an isomorphism ¢ : v — U/W which intertwines 7 and Uy w intertwines 77 and 117, W

Assume II ~ I1¢ and fix an isomorphism f : IT — I1?. Then :

(b) (U,W) — (f(U), f(W)) induces a bijection from the set of pairs (U, W) where U, W are
subspaces of (II, V') such that 7 ~ IT;y, onto the set of pairs (U’, W’) where U’, W' are subspaces
of (I1?, V') such that 77 ~ H‘{],/W,.

Assume now 7 has multiplicity one in (II, V') and 7 is isomorphic to 7. Let (U, W) be the unique
maximal pair such that 7 =~ IIj;/y as in the Proposition [L.Il Fix an isomorphism ¢ : 7 =~ Il .
By (a), (b), and the Proposition [[1] (b) we have f(U) =U, f(W) =W, and f induces the quotient
isomorphism f : Uy w — 17 e We get the intertwining operator ¢! f¢ : 7 — 77, which does not
depend on ¢ if Schur’s lemma applies to 7. We say then that ¢! f¢ is the o-operator on T obtained
from f by the multiplicity one property (it is an operator on the space of 7 which intertwines 7 with
77). Note that this situation is more general than the claim (c¢) of the Proposition, where f was an
automorphism of II.
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