N

N

Electromagnetic shielding by thin periodic structures
and the Faraday cage effect

Bérangere Delourme, David P. Hewett

» To cite this version:

Bérangere Delourme, David P. Hewett. Electromagnetic shielding by thin periodic structures and the
Faraday cage effect. 2018. hal-01821827

HAL Id: hal-01821827
https://hal.science/hal-01821827v1

Preprint submitted on 22 Jun 2018

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-01821827v1
https://hal.archives-ouvertes.fr

Electromagnetic shielding by thin periodic structures and the Faraday cage
effect.

Bérangere Delourme™™ | David P. Hewett(®

(1) Laboratoire Analyse Géométrie et Applications (LAGA), Université Paris 13,Villetaneuse, France, delourme@math.univ-paris13.fr
(2) Department of Mathematics, University College London, London, United Kingdom, d.hewett@ucl.ac.uk

Abstract

In this note we consider the scattering of electromagnetic waves (governed by the time-harmonic Maxwell equa-
tions) by a thin periodic layer of perfectly conducting obstacles. The size of the obstacles and the distance
between neighbouring obstacles are of the same small order of magnitude d. By deriving homogenized interface
conditions for three model configurations, namely (i) discrete obstacles, (ii) parallel wires, (iii) a wire mesh, we
show that the limiting behaviour as 6 — 0 depends strongly on the topology of the periodic layer, with full
shielding (the so-called “Faraday cage effect”) occurring only in the case of a wire mesh.

1 Introduction

The ability of wire meshes to block electromagnetic waves (the celebrated “Faraday cage” effect) is well known
to physicists and engineers. Experimental investigations into the phenomenon date back over 180 years to the
pioneering work of Faraday [1], and the effect is routinely used to block or contain electromagnetic fields in countless
practical applications. (An everyday example is the wire mesh in the door of a domestic microwave oven, which stops
microwaves escaping, while letting shorter wavelength visible light pass through it.) But, somewhat remarkably, a
rigorous mathematical analysis of the effect does not appear to be available in the literature.

The mathematical richness of the Faraday cage effect was highlighted in an recent article by one of the authors
[2], where a number of different mathematical approaches were applied to the 2D electrostatic version of the problem.
In particular it was shown in [2] how modern techniques of homogenization and matched asymptotic expansions
could be used to derive effective interface conditions that accurately capture the shielding effect. These results
were generalised to the 2D electromagnetic case (TE- and TM polarizations) in [3], and related approximations for
similar problems have also been studied recently by other authors, e.g. [4, 5]. However, as far as we are aware, an
analysis of the full 3D electromagnetic version of the problem with perfectly conducting scatterers (the focus of the
current note) has not previously been performed. (We note that related approximations have been presented for
thin layers of dielectric obstacles in [6, 7].)

In this note we consider full 3D electromagnetic scattering by a thin periodic layer of small, perfectly conducting
obstacles. We derive leading-order homogenized interface conditions for three model configurations, namely where
the periodic layer comprises (i) discrete obstacles, (ii) parallel wires, and (iii) a wire mesh. Our results verify that
the effective behaviour depends strongly on the topology of the periodic layer, with shielding of arbitrarily polarized
waves occurring only in the case of a wire mesh. We note that analogous observations have been made in the related
setting of volume homogenization in [8].

Our analysis assumes that the obstacles/wires making up the thin periodic layer are of approximately the same
size/thickness as the separation between them. The case of very small obstacles/thin wires is expected to produce
different interface conditions, analogous to those derived in [2, 3] in the 2D case. But we leave this case for future
work.

2 Statement of the problem

Our objective is to derive effective interface conditions for electromagnetic scattering by a thin periodic layer of
equispaced perfectly-conducting obstacles on the interface I' = {x = (21,72, 73) € R® : 23 = 0}. Let € R? be the
canonical obstacle described by one of the following three cases (see Fig. 1):

1. Qisa simply connected Lipschitz domain whose closure is contained in (0, 1)? x (—%7 %)

2. 0 =10,1] x (2,2) x (=%, %), i.e. a wire (of square section) parallel to the direction e;.
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Figure 1: The canonical obstacle ) in the three cases under consideration.

3. Q= {[0,1] x (2,2) x (=3, )} U{(3,2) x [0,1] x (—%, %)}, i.e. a cross-shape domain made of the union of
two perpendicular wires (one parallel to e; and the other parallel to es3).

We construct the thin layer as a union of scaled and shifted versions of the canonical obstacle Q. For 6 > 0 we
define £% C R? x [—-§/2,6/2] by
Z = int U 5{5+ie1 —|—je2}
(4,5)€7?

Our domain of interest is then Q° = R3\ £9 (cf. Fig 2), and we define '’ = 9Q°,

(a) Case (i) - discrete obstacles (b) Case (ii) - parallel wires (c) Case (iii) - wire mesh

Figure 2: The domain ©° in the three cases under consideration.

On the domain Q° we consider the solution u® of the Maxwell equations
curlcurlu® — w?eu® =f in Q°, (1)

where w > 0 and € € C, subject to the perfectly conducting boundary condition

wWxn=0 on I (2)
For analytical convenience we avoid any complications arising from far-field behaviour by assuming that Re[e] > 0
and Im[e] > 0. The assumption that Imfe] > 0 could be relaxed to Imfe] > 0 at the expense of some technical
modifications, including the imposition of an appropriate radiation condition. We also assume that the support of f
does not intersect the interface I'. Then, given f € (L? (95))37 the Lax-Milgram Lemma ensures that Problem (1)-(2)
has a unique solution u’ in the standard function space

H(curl; Q%) = {ve (L2(Q%))% : curlv e (LQ(QJ))B} , (3)

equipped with the usual graph norm ||v|| g (curi,06) = (Hv||fL2(m))3 +]| curlvH?Lz(Qs)P)lm. Moreover, one can prove
that there exists C' > 0, independent of d, such that

||u6||H(curl;Q‘5) < ClEll p2sy) forall 0 <6 <1. (4)

The objective of this work is to identify formally the limit uy of u® as ¢ tends to 0. This limit solution is defined
in the union of two distinct domains Q% = {x € R3 : £x3 > 0}, whose common interface is I'. Our main result is
the following:



Theorem 2.1 The limit solution u® satisfies the Mazwell equations
curlcurlu’ — w?eu’ =f in QTUQ™, (5)

together with the following interface conditions on I':
Case (i): [ug X eg]pr = 0 and [curluy x e3|r = 0.
Case (ii): ug-e; =0 on T, [ug - es]r = 0, and [(curluy x e3) - ez]r = 0.

Case (iii): ug x e3 =0 on I

Let us make a few comments on this result. First, we emphasize that the nature of the limit problem depends
strongly on the topology of the thin layer of obstacles .#°. In case (iii), where .#° comprises a wire mesh, we
observe the “Faraday cage effect”, where the effective interface I" is a solid perfectly conducting sheet. Hence if the
support of f lies in QF (above the layer .£?), then ug = 0 in Q_. In other words, despite the holes in its structure,
the layer .#? shields the domain Q~ from electromagnetic waves of all polarizations. At the opposite extreme, in
case (i), where .#° comprises discrete obstacles, the interface is transparent and there is no shielding effect. In the
intermediate case (ii), where & % comprises an array of parallel wires, one observes polarization-dependent shielding.
Fields polarized parallel to the wire axis are shielded, whereas those polarized perpendicular to the wire axis are
not. Note that this case (ii) includes as a subcase the simpler two-dimensional situation studied in [3, 4, 5] where
the fields are invariant in the direction of the wire axis.
The remainder of this note is dedicated to the formal proof of Theorem 2.1. The proof is based on the construction
of an asymptotic expansion of u® using the method of matched asymptotic expansions (cf. [9]). To simplify the
computation, we work with the first order formulation of (1), introducing the magnetic field h® = % curlu’ (see
e.g. [10]) and obtaining
i ho 5 _ 0 OF
{ ?whé—i-curlu&—o L %nﬂé, w xn=0andh’ n=0onT° (6)
—iwu® —curlh® = —~f in Q°,

Far from the periodic layer %, we construct an expansion of h® and u’ of the form
h® = ho(x) +0hy(x) +---, u®=ug(x)+duy(x)+ -, x=(x1,2,23), (7)

and, in the vicinity of %9,
X X s X

x
h® = Hy(z1, 72, 3) + 6H; (21, 2, 5) +---, u’ =Ug(xg, z, 5) + 60U (21, 22, g) +- (8)

where, for i € {0,1}, H; (21, 22, y1,y2,y3) and U;(z1, 2, Y1, Y2, y3) are assumed to be 1-periodic in both y; and ys.
Near and far field expansions communicate through so-called matching conditions, which ensure that the far and
near field expansions coincide in some intermediate areas. Since we are only interested in the leading order terms,
it is sufficient to consider only the O(1) matching conditions, namely

lim hg= lim Hy and lim ug= lim U,. (9)

z3—0E ys— oo r3—0%t y3—>=£00

Inserting (7) into (1) and separating the different powers of ¢ directly gives (5). To obtain the interface conditions,
we have to study the problems satisfied by Uy and Hy:

curl, Uy =0 in S, curl, Hy =0 in %,
div, Uy =0 in %, div,Ho =0 in By, Boo = =R>\ L1 (10)
Uygxn=0 on 0%, Hy-n=0 on 0%,

3 The spaces Ky(%~) and Kp(%By)

Denoting by % the restriction of %, to the strip (0,1)? x (—00,00), we introduce the spaces

HN(Boo) = {u € Hyoc(curl; Boo) N Hipe(div; Boo) = u is 1-periodic in y; and ys,

% € (LX), curluyg € (L2(#)), divuyg € L*(B), uxn=00nd%}, (11)
+ (y3



A (Boo) = {h € Hypc(curl; Bo) N Hio(div; B ) : h is 1-periodic in y; and yo,
h 4

WG(LQ(%’))B, curlh|y € (L*(#))°, divhg € L*(#), h-n=00n0%}, (12)
3

both of which include periodic vector fields in Hjo.(curl; Boo) N Hioe(div; Boo) that tend to a constant vector as
lys| — oo. Investigation of (10) requires the characterization of the so-called normal and tangential cohomology
spaces K n (%) and K1 (Bs) defined by (see [11])

KN(Boo) ={u € #N(HBx),curlu =0,divu =0}, Kp(#B) ={h € #p(#),curlh =0,divh =0}. (13)

This characterization involves the representation of elements of Ky (%) and K7 (%) as gradients of harmonic
scalar potentials, constructed by solving certain variational problems in the space

P\ »
1+ (y3)?

and variants of it. In each case the existence and uniqueness of the potential follows from the Lax-Milgram Lemma.
While we do not reproduce the proofs here, we remark that the unbounded nature of the domain % requires us,
when verifying coercivity of the requisite bilinear forms, to appeal to the inequality

Wi (PB) = {p € Hlloc(,%’oo) : pis 1-periodic in y; and s, € Lz(%’), Vpz € LQ(%’)}, (14)

< 2[|Vpllr2(2.), By =B N{ys >0}, (15)
12(%4)

__r
e

valid if p € C®(%y), p//1+ (y3)2 € L*(%By), Vp € L?>(%,) and p = 0 in a neighbourhood of {y3 = 0}, which is
an elementary consequence of the Hardy inequality [12, Lemma 2.5.7]

| reora<e [TId0ra e cr(o.00) (10
0 0

3.1 Characterization of Ky (%)

To characterize K (%) we first define two functions p? € Hﬁ)c(%’oo), 1-periodic in y; and y2, such that

~Aps =0 inZA
n Ps H Hoes lim Vpf=e; lim Vpi=0.
p3 =0 on 0%By,, vYs—too ys—F oo

Then, in case (i) we introduce the functions py € Wi (%w) and p1 € H .(PBoo), such that

—Ap; =0 in Beo, ~
{ P and p; =p1 +y1.

P1=—PRy1 on 0Bu,

Here, for any function u € L2 (%), Zu denotes its restriction to %, while for any function u € L2 (%), Pu

loc loc
denotes its periodic extension to %.,. Similarly, in cases (i) and (ii) we introduce the functions ps € W; (%) and

p2 € H} (%Beo), such that

“Afs =0 n B,
P2 = —PRys on 0B, prmpm

We emphasize that it is not possible to construct p; in cases (ii) and (iii), and it is not possible to construct po in
case (iii). An adaptation of the proof of [11, Proposition 3.18] leads to the following result:

Proposition 3.1
Case (i): Ky is the space of dimension 4 given by Ky(%B~) = span {Vpl, Vs, Vps, Vpg,f} .
Case (ii): Ky is the space of dimension 3 given by Kn(%Bs) = span {Vpa, Vps,Vpi}.
Case (iii): K is the space of dimension 2 given by Kn(%Bs) = span {Vpg, Vp}f} )



Sketch of the proof in case (ii). First, one can verify directly that the family {Vpg, Vs, Vpg,f} is linearly indepen-
dent (using the limit of Vpy and Vpgt as ys tends to +00). Moreover, it is clear that Vpy and Vpsi belong to
KN(%). Now, let u € Kn(Poo). Since B is connected, there exists p € H (%Boo), unique up to the addition
of a constant, such that u = Vp. (This follows e.g. from applying [10, Theorem 3.37] on an increasing sequence of
nested subsets of %, after extension of u by zero inside R® \ %,,.) Moreover, Vp is periodic and there exists a
real sequence (c;); ez such that

—Ap=0in Beo, p=0¢j 00 0Boo,j =0Boc N{j<y2<(j+1)}
u‘@

vV 1+(ys)?

D=Dp—Qa1y1 — QoY — Z Otfgtpgt € Wi (P)-
+

Because Vp is periodic and € (L*(P))?, there exists four constants ay, g, ai such that

Since p = ¢; — a1y1 — apy2 on 0& 4, the periodicity of p in y; implies that a; = 0, while its periodicity in y» leads
to ¢j = co + apj. As a result,
p=co—ax(y2 —j) ond&x,;.

Since p is harmonic, we deduce that p = co + aop2, and hence that p = co +aap2 + >, ozgip3i, which completes the
proof. Cases (i) and (iii) follow similarly. O

3.2 Characterization of Kr(%..)
First, let us define g3 € H\ (%) as the unique function such that

—Aqs =0 in %, . v . 0
im = e3, im —y3 = 0.
8nq3 =0 on aﬂooa y3—Foo e 3 y3—+00 43— Ys

Then for i € {1,2} we introduce the functions §; € Wi (%x) and ¢; € HL (%) such that

—Agi =0 in B, o ~
lim ¢ =0, and ¢ =q; +v;.
{8ﬂq~l = —€;-n on 8%00’ Yz ——+o00 i ’ 4qi qi Yi

In case (ii) we introduce a set of ‘cuts’ ¥ defined by
S=[J%;, where ¥;=30+jes, o= (—00,00)x (—%,2)x{0}.
JEL
Similarly, in case (iii) we introduce the cuts
Y= U Eija where Eij = 200 + ieq +jeg, 200 = (7%, %)2 X {0}
(i,5)€2?

In both cases, %, \ ¥ is then the union of the two simply connected domains BL = (% \ X) N {£ys > 0}.
We denote by W (#%) the space defined by formula (14) replacing %o, with B%. In case (i) we let §& =
((@)+,(@)-) € Wi(BL) x Wi (£5,) be the unique solutions to

~AGE =0 in B\ 2, I )

(%QQi = —€e2-n on 5‘%(:)':0 N 8%007 {[an ?:9‘:}7 JO Y2), 1_1>1'_I‘r1 q’;ﬁ = O, (17)
. = Y3 oo

OndE =0 on OBE N 0B, vz 1% =5

and we define ¢ = G5 + o1 #%+ 1 g+ Dbeing the indicator function of %L . Tn case (iii) the functions ¢i are defined
similarly, except that we replace ¥; by ¥;; in the jump conditions. In case (iii) we additionally introduce the
functions i = ((G7)+, (G)-) € Wi(BL) x Wi(%B,) as the unique solutions to

~AGE =0 in B \ 2, N
o= 4(1 —
OniE = —e1-n  on 0B NO0Bw, {%]@] (Zo v1), lim gt =0, (18)
0 o= U, Ys 0
OndE =0 on OBE N 0By, v T11%0

and we define qli = cjft + 4114+ . Then, adapting the proof of [11, Proposition 3.14] one obtains the following result:



Proposition 3.2

Case (i): Kt is the space of dimension 3 given by K1(Bs) = span{Vq1,Vqa,Vgs} .

Case (ii): Kr is the space of dimension 4 given by K1(%Bs) = span{Vq1,Va3,Va; ,Vas} .

Case (iii): Kr is the space of dimension 5 given by Kr(%) = span {Vqi,Vay, Va3, Va; ., Vas} .
Sketch of the proof in case (ii). As in the proof of Proposition 3.1, it is not difficult to prove that the family
{Vq1,Vqs,Vq;,Vqgs} is linearly independent and that its elements belong to K7(%.,). Then, let h = (hy,h_) €

Kr(%s). Since BL are simply connected, there exists ¢ = (¢4, q-) € HL (BL) x HL (%) and a real sequence
(¢;)jez such that

hy =Vqi, Ag=0in B \%E, Ong=00n0%B, ldls, =c¢j, [0y4q]s, =0.

h‘.%

Toe € (L*(A))?, there exist five constants o, af and aj such that
Y3

Since Vq is periodic and

dr = q+ — oy — aFys — azqz € Wi(BL).

Because ¢ = (¢4, G- ) satisfies [¢]s, = ¢;j —[a1]y1 — [e2]y2 and § is periodic, we find that [a;] = 0, and ¢; = co + j[2]
for each j € Z. To conclude, it suffices to note that ¢ = ¢ —a1q1 — >, OZS:QQ’:‘: — «a3qs3 is periodic and satisfies

—-AG=0 in%B\%, |lis, = co, .
A . K aygq =0,
anq = O m a‘%oo7 [8nq]2j = Oa Ej

which proves that § is constant in each of %% . O

4 Formal proof of Theorem 2.1

We treat the three cases separately. In case (i), using Propositions 3.1-3.2, we have

2 3
Uo =Y ai(z1,22)Vpi+ Y _azVpy and Ho =Y bi(w1,22)Vg;.
i=1 - i=1

The behaviour at infinity of the functions p; and ¢; and the matching conditions (9) then imply
a; = (u0>ii(l‘1,l‘2,0) b; = (ho)f(m’l,x%O) Vi € {1,2},

and, consequently (by (6)), that [ug x es]r = 0 and [curluy X es]r = 0. In case (ii) we have

Ug = as(x1,22)Vps + ZG§VP§ and Hy = bi(z1,22)Va1 + Zbgt(l‘l,m)v%i + b3(z1,22)Vas,
T T

which, together with the matching conditions (9), leads to (ug) (z1,22) = 0, [(uo)2]r = 0, [(ho)1]r = 0. Finally, in
case (iil) we have Uy =3 aZVp3, which implies that (ug)(z1,22) = 0 for i = 1 or 2.
Remark 1 We point out that our formal proof can be made rigorous by justifying the asymptotic expansions (7)-(8).
This can be done a posteriori by constructing an approzimation of u® on Q9 (based on the truncated series (7)-(8))
and using the stability estimate (4) (see [9]). However, this would require us to identify the terms of order 1 in the
expansions, which is beyond the scope of this note.
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