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THE ROLE OF THE HARDY TYPE
INEQUALITIES IN THE THEORY OF
FUNCTION SPACES

PETRU MIRONESCU():(2)

June 28, 2018

ABSTRACT. We illustrate the crucial importance of the Hardy type inequalities in
the study of function spaces, especially of fractional regularity. Immediate appli-
cations include Sobolev and Morrey type embeddings, and properties of the super-
position operator f +— ®o f. Another fundamental consequence is the trace theory
of weighted Sobolev spaces. In turn, weighted Sobolev spaces are useful in the
regularity theory of the superposition operators. More involved applications, that
we present in the final section, are related to Sobolev spaces of maps with values
into manifolds.

1 INTRODUCTION

Fractional regularity function spaces, in particular Sobolev spaces W** with
non integer s, have attracted considerable interest in the latest years, for example in
connection with fractional processes and operators. Typical and classical questions
related to these spaces are their embeddings, the properties of the superposition
operators f — ®o f, or the possibility of giving a meaning to the pullback ff@
when @ is an alternate object, e.g. a form.

One of our purposes is to present a user-friendly introduction to fractional
Sobolev spaces and their analysis. This text is an elementary and, to a significant
extent, self-contained presentation of these topics. The main thread is the effec-
tiveness of the Hardy type inequalities in the study of the aforementioned proper-
ties. Fractional Sobolev spaces are at the intersection of two important classes of
function spaces: Besov spaces and Triebel-Lizorkin spaces; see e.g. Triebel [57,

Keywords. Hardy inequalities, Sobolev spaces, fractional Sobolev spaces, Sobolev and Morrey
embeddings, Nemitzkii operators, maps with valued into manifolds, differential forms, pullback
2010 AMS classification subject. 46E35, 58D15



Chapters 2-4] for an overview of the theory of these function spaces. In order to
establish the properties of these general classes, one usually has to use relatively
advanced tools in analysis (linear or nonlinear interpolation theory, Littlewood-
Paley theory, etc.). As we will see below, completely elementary arguments, many
of them based on Hardy type inequalities, suffice in the case of fractional Sobolev
spaces. (Number of these proofs can be adapted to Besov spaces, but I took the
party of not working with these spaces in this text.) This is not the first relatively
elementary introduction to fractional Sobolev spaces; see e.g. Leoni [33, Chapter
14] or Di Nezza, Palatucci and Valdinoci [22]. However, we think that the system-
atic use of the Hardy type inequalities provides the basis for a unified approach that
may be of interest even to the expert reader.

The results in Sections 2, 3 and in the first part of Section 5 are well-known
since the 60’s. Few proofs in these sections are either classical or possibly known to
experts, but we also present a significant number of new proofs. We gave references
whenever we were aware of the use of similar arguments in the literature. In the
other sections, we present more recent results, some of them with new proofs.

In order to keep the reading as smooth as possible, a final appendix gathers
some calculations which, though essential in the proofs, are not in line with the
main type of arguments we present here.

This text is not a survey of the subject; the references list is very limited. The
interested reader may google the keywords and find the huge literature existing on
these topics.
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I thank Yehuda Pinchover for the organization of this event. I also thank Haim
Brezis, George Dinci and Augusto Ponce for stimulating discussions. These notes
were written during a long term visit at the Simion Stoilow Institute of Mathemat-
ics of the Romanian Academy. I thank the Institute and the Centre Francophone en
Mathématiques in Bucharest for their support on that occasion.

NOTATION

1. All the functions we consider in R” are implicitly assumed to be Borel mea-
surable.

2. xVy:=max{x,y}, x Ay :=min{x,y}. (Warning: “A” will also be used for
the exterior product vector of vectors in R?, see item 19 below.)

3. When x € R”, |x| stands for the (standard) Euclidean norm of x. The standard
scalar product is denoted (x,y), x,y € R".



10.

11.

12.

13.

14.

15.

B,(x) is the Euclidean open ball of center x € R" and radius r > 0.

. When p : R" — R and € > 0, we set p¢(x) := € "p(x/¢€), Vx € R".

. A standard mollifier is a function p € CZ’(R") with p > 0 and [, p = 1. We

often assume in addition that suppp C B;(0).

|A| is the Lebesgue measure of a Borel set A C R”.

. ][ f stands for the average of f on A. Typically, A C R", and then ][ f(x)dx:=
A A

1
m /Af(x) dx.

. Almost everywhere (a.e.) for some function f is understood with respect to

the Lebesgue (or Hausdorff) measure of the underlying space.

When f: R" — R, .# f(x) is the (standard uncentered) maximal function of
fatx,ie.,

Mf(x) = sup{][ |f(¥)|dy; B ball in R" such that x € F}.
B

When f is defined on (0,e0) C R, we consider only balls (=intervals) con-
tained in (0,00).

“—” stands for continuous embeddings of Banach spaces X and Y: X — Y
indicates that X is continuously embedded into Y.

In many estimates, it is crucial to indicate the dependence of constants on
various parameters. The notation we use is explained in Remark 2.

We use several notation for partial derivatives of a function f. The “abstract”
one is d% f, with o € N". (We denote |¢| := a; + - - - + @, the total number
of derivatives). In concrete cases, we rather write d; 0, f for the second order
partial derivative, once with respect to x;, once with respect to x;, etc.

If Q C R"is an open set, m > 1 is an integer and 1 < p < oo, we let

WP(Q) = {f € LP(Q); 9% € LP(Q), Vo € N" with || < m},
WP (Q) = {f €Ll (Q);9%f €Ll (Q),VaecN with || <m}.

loc loc loc

For f € WP (Q), we let [D"ul := ) [0%ul.

acN"
|a|=m
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16. We set ]R{f‘;r*l :=R" x (0,00) and R := R" x [0,0).
17. [s] denotes the smallest integer k > s.
18. S*is the unit Euclidean sphere in R¥*1,

19. a A b stands for the vector product of vectors a,b € R?:

(611,612) A (bl,bz) ‘=a1b, —aby € R.

More generally, if a € R? and b € R™ x R, we set

(611,612) A (bl,bz) =ay b, —ayb; €R™.
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2 HARDY INEQUALITIES

2.1 INTEGER ORDER INEQUALITIES

The “standard” Hardy inequality asserts that for every 1 < p < oo and every f €
W1 ((0,00)) such that £(0) = 0 we have

= f(x)]? P\ [T
/0 2 dx§<m> /0 )P d. @1

If we set, with f as above above, g := |f’| : (0,00) — [0,00], then (2.1) follows

from
| ( /Oxg(u)du>p dx < ( » >P [y 02

In turn, (2.2) is a member of the following family of estimates, commonly
referred to as the “Hardy inequalities”; see e.g. Hardy, Littlewood and Pélya [29,
Section 9.9].

LEMMA 1. Let 1 < g <o, 0 <1 <ooand let g be a nonnegative measurable
function on (0,00). Then we have “Hardy’s inequality at 0”

/Ooox—r—1 (/Oxg(”)du>qu§ <%>Q/0Nu—r+q—l(g(u))qdu 2.3

>

and “Hardy’s inequality at o’

/Oooxr—l </xwg(u)d”>qu§ <%>Q/Owur+q—l(g(u))qdu. 2.4



Let us recall, following Stein and Weiss [53, Lemma 3.14, pp. 196-197], a
proof of the above inequalities.

PROOF OF LEMMA 1. We rely on Jensen + Fubini. More specifically, for x > 0
the measure i, := /9~ du/C,, with Cy := (g/r)x’/4, is a probability on (0,x).
Jensen’s inequality applied on (0,x) to the convex function ®(s) := s7, s > 0, and
to the probability measure [, yields

([ stwan) = cor ([ st au)

< (G / x(g(u))quq”dux (2.5)
0
= - u))ud =+ gy,
€ / (g(w))?us =+ g

Multiplying (2.5) by x~"~!, integrating over x and using Fubini’s theorem, we
find that the left-hand side of (2.3) does not exceed

(%)qi /Ooo/wx_l_’/qu(g(u))quq_"”/q_ldu
- (g)(; /Ow(g(u))qu”“dm

r

and therefore (2.3) holds.

In order to obtain (2.4), we proceed as above, starting from the probability
measure V, := u~"/9"" du/D, on (x,), with D, := (¢q/r)x~"/4. O

REMARK 1. Far-reaching extensions of Lemma 1 yield necessary and sufficient
conditions for the validity of estimates of the form

/0 i ( /0 xg(u) du> ' du(x) <C ( /0 N(g(u))p dv(u)> q/p, (2.6)

for 1 < p,q < oo, g:(0,00) — [0,00) and v, p Radon measures on (0,o0), as well
as the value of the best constant C in (2.6). See the exposition of this subject by
Maz’ya [36, Sections 1.3.2—1.3.3], and the historical comments there [36, p. 63].

2.2 THREE BASIC FRACTIONAL ORDER INEQUALITIES

The above Hardy inequalities involve f and its derivative f’. Fractional order
versions of these inequalities involve f and the average rate of change (f(x) —
F()/(x—y) (in place of f'(x)). We present here three basic lemmas, that we will
interpret later in terms of fractional Sobolev spaces W*7.



LEMMA 2 (FRACTIONAL HARDY INEQUALITY). Let 1 < p <o, 0 < A < oo,
A# 1, and f:(0,00) — R,

Assume that

/0 |f( )|p dx < oo, (2.7)

)C

Then, for some finite constant C = C), ;, we have

INACOI VIR

In particular, (2.7)—(2.8) hold when f € CZ([0,00)) and 0 < A < 1, respectively
when f € C2([0,00)), f(0)=0and 1 <A <p+1.

REMARK 2. In the above and in what follows, C denotes a generic finite positive
constant independent of f or other relevant objects, whose value may change with
different occurrences. If we want to specify what C depends on, we use subscript
indices; e.g., in the above C = C), ; indicates that C depends on p and 4 (but not

on f).

We also write “A < B” instead of “A < CB”, provided the constant C does
not depend on f or other relevant objects. The notation “A =~ B” indicates that
ASBSA.

The proof of Lemma 2 we present below is inspired by [14, Proof of Lemma
F.2]. It only uses the triangle inequality!

PROOF. We have

F@P <277 fO)IP 42771 f(x) = £ ()P (2.9)

We divide (2.9) by acx'**, and integrate over x > 0 and otx < y < 2¢tx. Here,
the constant & > 0 will be chosen later. Using Fubini’s theorem, we find that

LGNl cibiT. iy o P
Jy e I

2,,1/ /Wf o s

+2
1 (7 _
27 / O 4
0 y

A

- 7L
AR Ol
+C / / WX 7T dxay.
“PhJo Jo =yl '

(2.10)




op—1 ‘x_y‘lJrl

C A= sup T Ere—
P 0<ch<y<2(xx xl+l (2 11)
! 141

271 (2% — 1) o

1
We now pick o such that < 7 Since A # 1, this is possible

provided o > 0 is: sufficiently large when A < 1, respectively sufficiently small
when A > 1. For such a, (2.10) yields

=GP 1/“’ lfO)I” /°°/°° |f(x) = fO)IP

dx < — dy+C — " dxdy,
/o x* 2o ¥ R e — y| 12 !

and thus (2.8) holds with C :=2C, ), ; , thanks to the assumption (2.7). O

REMARK 3. Let us note that when A > 1 we may choose o < 1/2. This implies
a P
that, when we estimate, by the above procedure, the integral M dx in terms
0 X

f () =)

lx—y[1+%
suffices to consider, in (2.9), only values of y in the interval (0,a). Therefore, the
proof of Lemma 2 (but not its statement) leads to the following version of Lemma
2.

COROLLARY 1. Let 1 < p<oo, 1 <A <oo,0<a<oo and f:(0,a) = R.
Assume that

of an integral involving the quotient (where this time a is finite), it

a P
/ M dx < oo, (2.12)
0 X
Then, for some finite constant C = C,, ; (independent of a!), we have
a V4 a a _ P
o X o Jo =yt

LEMMA 3 (HARDY IMPLIES MORREY). Let 1 < p <o, 1 <A < p+ 1 and let
I C R be an interval. Assume that f : I — R satisfies

[f(x) = )1

Then f equals a.e. some continuous function g.
Assuming that f itself is continuous, we have, for every a,b € I such that a < b,

b rb o p
10 =1l < Galo-a [ [EISE g @as

8



PROOF. Assume first that f is smooth on [a,b]. By Corollary 1, we have

b b
/‘f =) dx<C //%dxdy, (2.16)
and similarly
b rb o 14
/|f -y d <C, //%dxdy. (2.17)

LetJ := ((2a+b)/3,(a+2b)/3). When x € J, we have

FB) = @ (16— F@P 1)~ FB)
a2 ( oo T Bap )

<o (LS, V- [,

(2.18)

Gmah  (—nF

Using (2.16)—(2.18), we find that
|f(b) — fa)|” _ / |f(b) — f(a)|”
(b—

(b—a)*-! a)*

)
£ — F@I  1Fx) — FB))?
§91A< G—at | (b-x)? )“

b b
|f(x) = f)]P
SC”’l/a/a e — y| 14 by,

whence (2.15) for smooth f.

We next remove the smoothness assumption. We note that (2.14) implies that

_ P
de<ooforsomey€1,
|x__yP+l

so that f € L], (I). Fix some compact interval K C I and set & := dist(K,d1)/2.
Consider a standard mollifier p € C°((—1,1)) and set, for 0 < € < &, fe(x) :=
f*pe(x), Vx € K. Then fe is smooth in K. By the first part of the proof, for every
a,b € K such that a < b we have

\fe(b) — fela)|P < Cpa(b—a)*~ 1/ / de (2.19)

We claim that

b+e pb+e p
// |f£’x y,m ddy</ / %dd (2.20)

9



Indeed, let, for g : (A,B) — R,

Alg(x):=g(x+h)—g(x), Yhe (0,B—A), Vx € (A,B—h). (2.21)
Then
B rBlg(x) — p B-A || Ag]l?
g(x) —g()| / h8llLr((a,B-h)
B’ SV dxdy =2 —— AP dh. 2.22
/A /A v y[ xay o JAES) (2.22)

Next, we have

3 =84 ([ 1-ppetiar) 0= [ ahrta-y)per)a

and thus, for 0 < h < b — a, we have
&
1AL felloap-m) < | IALC =) ooy Pe(¥) dy
—€

&
= Al ((a— —n— d
A e ayonoy)) Pe(3) (2.23)

€

< | AL (@ pnre)) Pe(¥) dy
—&

= (1AL f L (amep—ire))-
We obtain (2.20) from (2.22) and (2.23).

We conclude as follows. From (2.19) and (2.20), we have |f: (D) — fe(a)| <
C(b—a)¥*, with ¢ := (A —1)/p > 0 and C independent of a,b,e. We find that
fe satisfies a uniform Holder estimate on K, and thus converges when € — 0, up
to a subsequence and an additive constant, to some Holder continuous function g.
Since, on the other hand, we have f; — f in L (I) as € — 0, we find that f =g
a.e. Assuming that f = g, we obtain (2.15) by passing to the limits in (2.19) and
using (2.20). O

LEMMA 4 (HARDY IMPLIES SOBOLEV). Let 1| < p <o, 0< A <1, and f:
(0,00) 5> R. Let g := p/(1 — 1) € (p,oo).
Assume that

/ RULC) RSN (2.24)
0 X
Then
- o () E(\ (P alp
/0 |f(x)[7dx < Cp </0 /0 %dxdy) . (2.25)

10



The proof we present below relies on a decomposition method that goes back
to Hedberg [30], and has been widely used since then. This kind of technique is
consubstantial with the interpolation theory.

PROOF. We may assume that the right-hand side of (2.25) is finite. Set

G(x):= /Owwdy and M := /Ow G(x)dx. (2.26)

| xX—y +A
We will establish the following point estimate
f@)] < CpaM*PGx)"HIP x>0, (2.27)

which clearly implies (2.25).
We may assume that x satisfies G(x) < co. We first prove that we have

o P
[l -

and thus (by Lemma 2)

[ ooese

Indeed, let us note that, by (2.24), we have

/°° PO 4 < oo

+1 ()’—x)’1

M. (2.29)

x+1 _ p
On the other hand, if G(x) < o then / 1) = FO)P dy < oo, and thus for

X (y - x) 14
any such x we have

1 p X+ o) — » P
[ e [ ()

here, we use the assumption A < 1.
Therefore, (2.28) and (2.29) hold for any x such that G(x) < oo, as claimed.

Let € > 0 and set

X+E€ 1 x+€
fe(x) 2=][ f(y)dyzg/ fy)dy, ¥x>0,Ye > 0.

11



On the one hand, we have (using (2.29))

o <e ([ \f(y)!dy>p <o %@)p

x+e x+e p—1
Sglp/ * |f(y)|pl dy (/ " dy> (2.30)
x (y—x) x

HEf()|P
<C e“/ dy<C, ,e* M.
Y A (e

Similarly, we have
0 -slr e ([ i -soa)
celtip < /”8 () — W) dy>”

(y—x)1+4)/p 2.31)
x+e _ p x+e p—1
o [
<e*G(x).
By (2.30) and (2.31), we find that
)] <Cpi (e@—l)/PMl/" + e“P(G(x))l/P> . (2.32)

We next “optimize” (2.32) by choosing € := M /G(x) and obtain (2.27). O

2.3 FURTHER DEVELOPMENTS

FACT 1. In the previous section, one can clearly work in R instead of (0,<0).

FACT 2. The extensions of the results in the previous section to R" with arbitrary
n > 1 are obtained starting from the following version of Lemma 2.

LEMMAS. Let 1 <p<oo, 0 <A <o, A#n,and f:R" — R.

Assume that

RACOI

R" ’x\l

dx < oo, (2.33)

Then, for some finite constant C =C), ; ,, we have

@ 4 < / ) =FOIN” (2.34)
n Rn

Re [t e — y |

12



In order to prove (2.34), one divides (2.9) by ]x\'””1 and integrates over x € R"
and y € By |y/2(30¢x/2), for appropriate o < 1 (when 4 > n), respectively o > 1
(when A < n).

FACT 3. When A > n, we may replace in (2.34) R”" with suitable subsets of R”;
this is similar to Remark 3 and Corollary 1. More specifically, fix some constants
k> 0and op < 1/2. Assume that Q C R” is a set such that for every x € Q and
0 < o < oy we have

|Baly2(30x/2)NQ| > ko, Vx € Q, V0 < a0 < 0. (2.35)

Then we may reproduce the proof of (2.34) (explained above) and obtain the
following local version of Lemma 5.

LEMMA 6. Let Q C R” satisfy (2.35) for some constants k > 0 and og. Let
1 <p<eand A > n. Let  : Q — R. Assume that

I

Q ’x\’l

dx < oo, (2.36)

Then, for some finite constant C = C), ; , k o,,» We have
p _ p
LGl (x;‘ dx<C / / ft) = FO) (yl) " dxdy. (2.37)
o || alJo |x—y"t

In particular, if Q is a ball having 0 on its boundary, then we may choose k and
0y independent of Q, and thus (2.37) holds with a constant C = C), ; ,.

FACT 4. By straightforward adaptations of the proofs of Lemmas 3 and 4, and
using Lemma 6 in a ball, we obtain the following

LEMMA 7. Let 1 < p <ooand n < A < o be such that A < p+ 1. Assume that
f:R" — R satisfies

/ ) = FO)I” dxdy < . (2.38)
n Rn

‘x_y‘n-i-l

Then f equals a.e. some continuous function g.
Assume that f itself is continuous. For every a,b € R", let ¢ := (a+b)/2 and
r:=|a—bl|/2. Then

_ p
50~ @17 < Cpantp-ap= [ [ LI w239

13



More generally, let p and A as above and let Q C R be an open set. If f : Q — R
satisfies

_ P
/Q/Q%dxdy < oo, (2.40)

then f equals a.e. some continuous function g.
Assuming f continuous, let a,b € Q be such that B,(c) C Q (with ¢ and r as
above). Then (2.39) holds.

The higher dimensional analogue of Lemma 4 is

LEMMAS8. Let 1 <p <o, 0<A<n and f:R" = R. Let g:= (np)/(n—1) €

(p;°).
Assume that
P o oan
R[]
Then
_ p q/p
/]R” |f(x)|[7dx <Cp 5, </]R" ” %dxdy) . (2.42)

FACT 5. Let A > p. Assuming that g is a smooth function on an interval / C R and
that x is a point in /, we have (by Taylor’s formula at x)

_ p
/M dy = oo possibly unless g’(x) =0,
1 x —)’|1+;L
and therefore, for smooth g, we have
_ p
//M dxdy = oo unless g is constant. (2.43)
i =yt
Comparing (2.43) (with g := f¢) with (2.20), we obtain the following result,

stated below in dimension 7; this was obtained with different arguments in [5] (see
Corollaries 4 and 5 there).

LEMMAO. Let 1 < p<oand p <A <o, Let f:R" — R satisfy

_ p
/ / |f(x) f(a)l dxdy < o
o1 Jony  |x—yl"t

Then f is constant a.e.

14



Therefore, although Lemmas 2 and 3 (respectively 5 and 7) are stated for larger
ranges of A, we may always assume that A < p, for otherwise the hypotheses of the
lemmas are fulfilled only by f = 0. For example, in Lemma 7 the relevant range is
n<p<oandn<A <p.

FACT 6. Let A, p and ¢ be as in Lemma 4. Assume that we know in advance that
f € L4. Then it is possible to obtain (2.25) without using Hardy’s inequality. I
know the beautiful argument below from Brezis [8]; it holds in any dimension, but
I present it only in R.

LEMMA 10 ([8]). Let ] < p <o, 0 <A <1, and f:(0,0) - R. Let q:=

p/(1=2) € (p,e).
Assume that f € L1((0,0)). Then

o 0 poo . p q/p
/O\f(x)]qugcpﬁ </0 /0 %dxdy) . (2.44)

PROOF. Let G(x) be as in (2.26) and set N := || ]|« < o. We will establish the
following point estimate

|f(x)] <2N*G(x) /P x>0, (2.45)

which implies (2.44).
With f¢ as in the proof of Lemma 4, we have

| X+E 1 xX+E€ 1/q
< e < e 14 q
rl<e [Ty se ([ rmeay) 046
< 8(1_1)/”\7.
By (2.31) and (2.46), we find that
1f(x)] < eA=V/PN 4 e*P(G(x))VP. (2.47)
Choosing € := N?/G(x) in (2.47), we obtain (2.45). O

FACT 7. In Lemmas 2 and 5, we have assumed that A # n. If we are in the range
A < p (for otherwise these results are empty, by Lemma 9), then the condition
A # n is necessary for the validity of Lemmas 2 and 5. In order to prove this fact
e.g. when n =1 (and thus 1 < p < o) we will construct a family (f*)p<e<; such

that
/w/wwwcdy <C,Vee(0,1), (2.48)
0 Jo lx—y|
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and

/ de—)ooase—)& (2.49)
0

The existence of such a family implies that the conclusion of Lemma 2 does
not hold when A =1 and 1 < p < oo,

In order to define f¢, we start from a (fixed) function f € C!([0,0)) such that
f(x)=1on[0,1] and f(x) =0 when x > 2. We then set

if 0 <x<
fg(x)::{x/g’ ! _X_S,VO<8<1.

flx), ifx>e

Since f is Lipschitz and bounded, we have

/:/:%dxdyﬁ/z/wﬁdxdy

(2.50)
/ / X ey = &
S dxdy == K < .
e =l
Using the fact that /¢ = f on [€,), we find that
8 £
/ / )=o) 2 dxdy<K+/ / & =) 2 "0l dxdy
\x y\ !x y!
§K+/ / ﬁdxdy
2¢e ’y x’
(2.51)

P
// |x/e—y/elP dxdy
=y
2e 1 P
// ||x y§1|2| dxdy :=C < e,

here, we use the convergence and the scale invariance of the last three integrals in
(2.51). It follows that (2.48) holds.

On the other hand, by monotone convergence we find that

TP TP
| dx /0 dx

e—0 /o X X

so that (2.49) holds.
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FACT 8. The method presented in the proof of Lemma 2 allows to obtain a weak
form of the standard Hardy inequality, more specifically the existence, for 1 < p <
oo, of some C, such that for every f € W' ((0,0)) satisfying f(0) = 0 we have

/w‘f%’pdxgcp /w I (x)|” dx. (2.52)
0 0

This time, we use, in addition to the triangle inequality, the Hardy-Littlewood
maximal function theorem, asserting that for 1 < p < oo and g € L?((0,00)) the
(uncentered) maximal function .Z g of g satisfies

|- 28|y <Cpllgller- (2.53)

(The idea of the use of the maximal inequalities in similar contexts goes back to
Hedberg [30].)

In order to obtain (2.52), we let 0 < & < 1 to be determined later and start from

@I <2 f (@)l +27 | flox) — FP
X )4
< f(a)P 427! ( If’(y)ldy> (2.54)

<2P M f(ax)|P +277 (1= a)Px” (A f(x))".
Dividing (2.54) by x” and integrating over x, we find that
P P
o X o

If welet @ < 1/2in (2.55) and use (2.53) with g := f’, we obtain (2.52), at least
when f € C([0,0)). The general case follows from the density of CZ°([0,00)) into

1,
Wy P((0,20)).
FACT 9. We present here a variant of (2.52). Let I/ C R be an open interval and let
f €WUP(I). Assume that f vanishes at each finite endpoint of 7. Then

[f(x)]
/ [dist(x TG / F@I dx. (256)

Indeed, if / = R there is nothing to prove. If / is a half-line, then (2.56) is
equivalent to (2.52). Finally, assume that I = (a,b), with a,b € R. Arguing as in
Remark 3, the proof of (2.52) (but not the inequality (2.52) itself) leads to

b b
/ F” _dx<C, / I (x)|7 dx, (2.57)

(x—a)

/ab(i{_ /yf (x)|? dx. (2.58)
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We obtain (2.56) using (2.57), (2.58) and the fact that

dist(x,dI) = (x—a) A (b—x), Vx € (a,b).

3 FRACTIONAL SOBOLEYV SPACES

3.1 ONE DIMENSIONAL SPACES AND EMBEDDINGS

As in Section 2, we first focus on the one dimensional setting. When 0 < s < 1,
I <p<oand f:R— R, the W¥’-semi-norm of f is

_ p 1/p
|flwse = | flwsr(w) = </R . Mdﬂf}’) . (3.1

|X _y| 1+sp

Similarly, we set, for every open interval / C R,

_ p 1/p
o= ([ [T aay) (32

One then defines
WP(R) :={f:R—R; f € L’(R) and | flws» < oo}, (3.3)
equipped with the “natural” norm

1A s = 1AL + £ s (3.4)

the definition of W*?(I) is similar.
W*P(R) is a “fractional Sobolev” or Slobodeskii space.

We now interpret the results in Section 2.2 in terms of fractional Sobolev
spaces.

LEMMA 11. Let 0 <s < 1 and 1 < p < oo be such that sp < 1. Then
P
/ % dx < Csp|fhysr, Vf €WHP(R). (3.5)
R

PROOF. Let f € W*P(R). Since |f|wsr < oo, for a.e. z € R we have

[f(x) = f@&)IP

e dx< (3.6)
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Set A := {z € R; (3.6) holds}. We note that A is dense in R (since it is a full
measure set). By the proof of (2.28) and the fact that f € LP(IR), we have

/ POV <o vz A, 3.7)
R

|x — z|sP

By Lemma 2 and Fact 1, we obtain

x)|?
/]R |£f‘£Z)||Yp dx S CS,[) |f|€Vs>p7 \VIZ € A. (3.8)

Consider now a sequence (z;) C A such that z; — 0. Applying (3.8) with z = z,
letting kK — oo and using Fatou’s lemma, we find that (3.5) holds. O

From Lemmas 4 and 11 and Fact 1, we derive the following

COROLLARY 2. Let 0 <s < 1and 1 < p < o be such that sp < 1. Set q :=
p/(1—=sp) € (p,). Then W*P(R) < L(IR). More specifically, we have

I fllzs < Csplflwsr, ¥ f € WP (R). (3.9)

By Lemma 9, our next result is equivalent to Lemma 3.

COROLLARY 3. Let O <s <1l and 1 < p < o be such that sp > 1. Assume that
f i1 — Rsatisfies | flyspry < o. Then f equals a.e. some continuous function g.
Assuming that f itself is continuous, we have, for every a,b € I such that a < b,

|f (D) — fla)]P < Cpa (b— a)/l_l ‘f’ng((a,b))' (3.10)

3.2 HIGHER DIMENSIONAL SPACES AND EMBEDDINGS

When0<s< 1,1 <p<oand f:R"—= R, the W¥P-semi-norm of f is

— p 1/p
‘f’W”’ = ’f‘ww(R) = </n - dedy)

ey

_ ( / i fOcth) — @) dxdh) 1/,,‘

|h|n+xp

(3.11)

Similarly, we set, for every open set  having “some smoothness” (e.g. bounded
Lipschitz domain, or a convex set)

_ p 1/p
Flwriay = < / Qdedy> . (3.12)

ey
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One then defines
WP =WSP(R") :={f:R" = R; f € LP(R") and | f|ws»r < oo}, (3.13)
equipped with

1 Bvsr := NFNZs + 1f B (3.14)
the definition of W*?(Q) is similar.

REMARK 4. A warning. One can use (3.12) to define W*?(Q) for any Q. The
drawback of this is that the definition will coincide with other reasonable possible
definitions of W*?(Q) only when Q is sufficiently smooth (in particular bounded
Lipschitz, or convex). We will not discuss this point here. However, we call the at-
tention of the reader to the fact that whenever we consider the semi-norm | |ys»(q).
we implicitly assume that either Q is R” (and then we simply write | |ys»), or Q is
bounded Lipschitz, or convex.

As in Section 3.1, we obtain the following.

LEMMA 12. Let 0 <s <1 and 1 < p < oo be such that sp < n. Then

)l

|x|xp

dx < Cyp|f|bsy, V.f € WHP(R™). (3.15)
Rn

COROLLARY 4. Let 0 < s <1 and 1 < p < oo be such that sp < n. Set q :=
(np)/(n—sp) € (p,). Then WP (R") — L1(R"). More specifically, we have

I fllzs < Csplflwsr, ¥ f € WP (R™). (3.16)

COROLLARY S. Let O <s < 1and 1< p < o be such that sp > n. Assume that
[ Q — R satisfies | f|ws»(q) < . Then f equals a.e. some continuous function g.

Assuming that f itself is continuous, set, for a,b € Q, ¢ := (a+b)/2 and r :=
la—b|/2. If B,(c) C &, then

|f(b) _f(a)|p < Cp,/l (b_a)lin|f|€yx,p(3r(c))' (3~17)

3.3 AN ELEMENTARY EMBEDDING

One should see W** as a space of functions “having up to s derivatives in LP”. With
this interpretation in mind, it is reasonable to expect the validity of the following
result.
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LEMMA 13. Let 0 <51 <sp < land 1 < p < oo, Then we have

WP (R™) s WP (RT) < WP (RM) < LP(R). (3.18)

PROOF. The last embedding is clear. The embedding W*2: < W*1P follows from

h) — P
Iﬂ%wzﬁKIWV“+) SO

’h’n+s1p
B — p
[ MRS
|h|>1JRn |h|rtsip
_ P
[ [V,
<1 JRn |h|rtsap

- IA1IZ
w2 1/|h>1 |h|”7+1;fpdh Sy + 1F1Z-

Finally, we prove that W!» < W _If f € W', then

) = Fllor =7 +em)i=))

‘ Lr (3.19)
1
< / IVAC 0|,y di i
=Vl |h],¥h € R

L

1
(/Vﬂﬁ%@%m
0

Using (3.19), we find that

h) — p
\ﬂ%wzﬁKlwuu+) LGl

|h|n+szp

L[ Mg,
h>1 JR

’h’n-&-szp

P o\h|P
</ VAL
|h|<1

- |h|n+x2p

~ N7
I 1/|h>1 \h\n+ﬁp dxdh S|V, + £

This completes the proof of Lemma 13. O
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3.4 HOMOGENEOUS SPACES

Sobolev spaces are often used in connection with optimal Sobolev and Morrey
embeddings. In this perspective, it is convenient to consider larger spaces, that
contain the original Sobolev ones, and satisfy the same embedding properties. In
order to motivate what follows, let us briefly recall what happens in the context of
Sobolev spaces W!» = W!?(R"). When p > n, we see that the Morrey estimate

f(x) = fO) S Clx=y|"P |V fllo, Vf € WP, Yx,y € R” (3.20)

involves only ||V f||.», and an inspection of its proof shows that the estimate holds
for f in the larger space {f : R" — R; ||V f||L» < eo}. (Strictly speaking, in (3.20)
we have to replace f by its continuous representative.)

When p = n, there is no “optimal embedding” to look at.

When 1 < p < n, the optimal Sobolev embedding

1l oo S ClV |, VFEWDP, (3.21)

does not hold solely under the assumption V f € L”. Indeed, it suffices to see that
f =1 does not satisfy (3.21). However, the conclusion (3.21) holds if we require
that “f is small at infinity” in an appropriate sense. There are several possible
definitions of the smallness, and they all yield the same “homogeneous space”
WP — yirle(Rn).

LEMMA 14. Let 1 < p <nand let g := (np)/(n— p). Set

X := the closure of C;(R") equipped with the norm f — ||V fllr, (3.22)

X; = {f ‘R" = R; VfeLP(R") and |f|§1)7|p dx < oo} ) (3.23)
Rn
X3:={fR"=>R; VfeLP(R")and f € L}, (3.24)
Xy = {f:]R"—)]R; VfeLP(R") and lim sz}. (3.25)
Rt Br(0)

Then X| = Xo = X3 = X4. Moreover, if we endow X;, j=1,...,4, with its
“natural” norm

I

F@)P
115, = IV A1, LFII%, = IV AL, + /R n | \i V)j d

1AW, == IV AL + e ISR, == (VAL

then these norms are equivalent. In particular, each X; is complete.
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We denote W!” one of the spaces X;, j = 1,...,4, with its natural norm.

PROOF. When f € C(R"), we have
Fro) = — [t @)= = —/w[vm )] wdt, Vr>0,Yo e S,
and thus
|f@wnfa/mwf@wﬂmAw:ALVweS"P (3.26)

Using (3.26) and Hardy’s inequality at infinity (2.4) (with r :=n—p, g:=p
and g(u) := |Vf(u®)|), we find that

|f(x)|p _ - —p—1 P
dx—/Snl/o PP £ )P drdse,

re |x|P
5/ /r"l\Vf(rco)]Pdrdsw:/ V()P dx.
Snfl 0 Rn

We find that (3.27) holds for every f € X, and thus X < X, with norm equiv-
alence.

If f € LY(R"), then limg_c fBR(O) f =0, by Holder’s inequality applied to f in
Bg(0). We find that X3 < X4. By a similar argument, we have X; — Xu.

Assume now that f € X4. Since Vf € LP, we have f € L] (R"). Set fz :=

loc

fBR(O) f. Since |, B (0) (f — fr) = 0, we have, by the local Sobolev embedding,

(3.27)

/
/ \f(x)—fR!qu§C</ !Vf(x)!”dx>qp- (3.28)
Br(0) Br(0))

Note that C = C,,, does not depend on R, by the scale invariance of (3.28).
Letting R — oo in (3.28) and using Fatou’s lemma, we find that f € X3 and that
X4 — X3.

In order to complete the proof of the lemma, it suffices to prove that X3 — Xj.
Let f € X3. Let p € C°(R") be a standard mollifier; thus p > 0 and [, p = 1. Set

fe := f*pe. Then
[fellr = 1 % pellr < 1F o llpeller = [1f1]2r

and similarly ||V fe||r < ||[Vf]|Lr-
Consider now some y € C°(R") such that y =1 in B(0,1) and supp y C
B(0,2). Set

v (x) := y(ex) and ge 1= Y fo = W& (f % pe). (3.29)
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Then g, € CZ(R"). We claim that g¢ — f in X3 as € — 0. (This implies that
f € X and that X3 — X;.) Indeed, on the one hand we have f; — fin L? as € — 0,
and therefore, by dominated convergence,

1f = gelle (11— w) flla + lw® (f = fe)lle
SN =) fllea+1f = fells — 0as € = 0.

On the other, using the fact that Vf; — Vfin L? as € — 0 and that

e, ifl/e<|x|<2/e,

Y

IV (0] 5 {

0, otherwise

we obtain, via Holder’s inequality, that

IVF=Veellr <[[(1=y*)VEllr + W (Vf = Vi)l + | fe VY&l
SN =) V1l HIVF = Vel +ellfell i e<ix<z/en
SHA =) VIl + IV = Vel + I fell o je<ixi<2/et)
—0ase—0.

This final estimate completes the proof of the lemma. O

By analogy with the case of W!”, we define the homogeneous space W*” =
WP (IR") as one of the spaces X;, j = 1,...,4, below, with its natural norm.

LEMMA 15. Let 0 < s <1 and 1 < p < oo be such that sp < n and let q :=
(np)/(n—sp). Set

X := the closure of C;(R") equipped with the norm f — | f|ws», (3.30)

P
X5 = {f (R = R; | flwsr < o0 and |f(xv)| dx < 00}, (3.31)
R |X[P
X;:={f :R"=>R;|f|lwsr <ooand f € L1}, (3.32)
Xy = {f:]R"—)]R; | flws.r < oo and lim][ sz}. (3.33)
R—o0 BR(O)

Then X| = Xo = X3 = X4. Moreover, if we endow X;, j=1,...,4, with its
“natural” norm

|f(x)]”
”fH§1 = ’f‘{;ﬁ‘»ﬁa ”fH§2 = ’f‘l‘;/“*p + R |x|p d'x’

£, == 1 1sr + N IZas IR, = 1F s

then these norms are equivalent. In particular, each X; is complete.
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PROOF. The embedding X; < X, with equivalence of norms follows from Lemma
5. The embedding X, < X3 and the estimate

1A% S Wb < 1 llxs ¥ € Xa,

are established via Lemma 8.

The embedding X3 < X, follows from Holder’s inequality.

In order to establish the embedding X4 — X3, we rely on the following result,
whose proof is postponed to the appendix.

LEMMA 16. Let0<s< 1,1 <p<ocoand R > 0. Let
Y= {f : BR(0) = Rs [ flwsr(Bg(0)) < o and f= 0}.
Br(0)

Then there exists an extension operator P on Yg such that:
1. Prf € W&p(Rn)’ VfeYg
2. Prf =fon BR(O), VfeYr.

3. ‘PRf‘Ws,p < Cs7p7n ‘f’ws,p(BR(O)), VfeEYg

(The main point in the above result is that the constant in item 3 does not depend
on R.)

Granted Lemma 16, we proceed as follows. Let f € X4. Let us note that
felLl (R") (since |f|ws»r < o). Set

loc

fri= /s (3.34)
Bg(0)

so that f — fg € Yg. Applying Lemma 16 to f — fg and Corollary 2 to Pg(f — fr),

we find that

1f = frllza(Br(0)) < IPR(f = f&)l|lze < C|flwso. (3.35)

Letting R — oo in (3.35), we find that f € X3 and that X; — X3.

Finally, let f € X3. Let, as in the proof of Lemma 14, g, := y* f.. As there,
in order to find that X3 < X; and to complete the proof of the lemma, it suffices
to prove that g — f in X3 as € — 0. The fact that g — f in LY follows as in the
proof of Lemma 14. It this remains to prove that |gz — f|ws» — 0 as € — 0. This
is the content of Lemma 17 below, whose proof is postponed to the appendix. [
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LEMMA 17. Let 0 < s < l and 1 < p < e be such that sp < n. Set q:= (np)/(n—
sp). Let f:R" — R be such that |f|ws» < o0 and f € L?. Define g¢ as in (3.29).
Then |ge — flwsr — 0 as € — 0.

REMARK 5. Augusto Ponce [48] suggested to me another possible definition of
WP as follows. If f “vanishes at infinity”, then for every & > 0 the set {x €
R™; | f(x)| > &} has finite measure. It is thus natural to consider the space

Xs:={f:R" = R;|flwsr <ooand [{x € R"; | f(x)| > }| < o0, VO >0},

with the semi-norm || f[|¥_ := [ f[{y..-

If0<s<1land1 < p <o aresuch that sp < n, then X5 = X;. Indeed, if f € X,
then f € L? and thus f € X5, by Markov’s inequality. Conversely, let f € Xs. We
want to prove that f € X;. In view of Lemma 15, this amounts to fg — 0 as R — oo,
where fg is as in (3.34). We argue by contradiction an assume that |fg, | > 206 >0
along a sequence Ry — o. By (3.35), we have || f — f&l|14(8,(0)) < C = Cy, and thus
for every t > 0 and R > 0 we have (using Markov’s inequality)

C1

[{x € Br(0): [/ (x) — fal < 1}| = |Br(0)] = —-. (3.36)

We apply (3.36) with r = 6 and R = R;. We find that
{x € B, (0): [f(x)| > 6}| = {x € Br,(0): |f(x) — fr,| < 6}

4
> |BR,((0)|—§ — o0 as k —» oo,

and therefore [{x € R"; |f(x)| > 0}| = oo. This contradiction completes the proof
of the equality X5 = X.

(3.37)

An inspection of the above proof is the the analogous equality “X5 = X" still
holds for s = 1.

For more advanced considerations on homogeneous spaces and their realiza-
tions, see e.g. Bourdaud [1].

3.5 SLICING (I)

It will often be more convenient to work in R with functions of one variable instead
of working in R". This is possible thanks to a “Fubini type” property stated below.
Such a property is reminiscent of the fact that, if f € LP(R?), then for a.e. y € R we
have f(-,y) € L?(R). For simplicity, we state our next result in R”, but analogous
ones hold in sufficiently smooth open sets Q C R”. Givenx € R" and j € {1,...,n},
we use the notation X := (X1, ..., Xj_1,Xj41,...,%) € R"L
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LEMMA 18. Let 0 <s < 1and 1 < p <oo. Then for every f: R" — R we have
|f|va R") ~ Z Rot xly"'7xjfl7'7xj+lv"-7xn)|1‘;/x,p(R)d5€\j- (338)
The proof of the lemma is presented in the appendix.

REMARK 6. Other forms of slicing are possible. Instead of fixing (n — 1) vari-
ables and considering functions of one variable, one may fix (n — k) variables and
consider functions of k variables. Then the analogue of (3.38) holds. This can be
established by copying the proof of Lemma 18. See also Section 3.7.

3.6 HIGHER ORDER SPACES

There are several possible reasonable definitions of higher order fractional Sobolev
spaces W*?. Consider for example some s € (1,2) and write s = 1 + ¢ with 0 <
o < 1. A first possible definition of W*?(R) is

WP =WSP(R):={f:R—R; fe W'” and f' € WO}, (3.39)

Another possibility consists of defining W** via adapted higher order average
rates of change. Recalling that when O < s < 1 spaces are defined via the first order
rates (f(x) — f(y))/(x—y), one may consider seconder order rates. It is actually
more convenient to use, instead of rates of change, slightly different quantities. We
consider the first order variation A} f(x) := f(x+h) — f(x), and then the second
order variation given by

ALF(x) = AL (AL (x) = f(x+2h) = 2f (x+h) + f (x)-
Higher order variations are defined by induction: we let

AN =Alo--0A].
———
M times

For 1 < s < 2, one may try the following alternative to (3.39).
WP =W*SP(R) := {f R —R; f e L? and

AL (%))
———dxdh < > .
/n Rn ‘h‘nﬂp X <

It turns out that the definitions (3.39) and (3.40) lead to the same space and
to equivalent “natural” norms. The situation is similar in higher dimensions and

(3.40)
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for higher order derivatives. For simplicity, we justify the equality of spaces and
the equivalence of norms only when n =1 and 1 < s < 2, but with more work
arguments can be adapted to the general case. We refer the interested reader to [57,
Section 2.6.1] for a comprehensive list of equivalent definitions of W*? with non-
integer s. Since we want to keep this text of reasonable length, in the next sections
we will take for granted the equivalence of some of these characterizations.

It will be useful later to have at least one definition of W*”(R"). We adopt the
following one. Let s > 0 be a non-integer and let 1 < p < co. Let M > s be an
integer, and define

AM £(x)
AW =1 ooy = || ’h’nﬂp " dxdh. (3.41)

Strictly speaking, this semi-norm depends not only on s, p and n, but also on
M. However, in order to keep notation simple we omit the dependence on M. We
let

WP =WHP(R") ;= {f:R" = R; f € L” and | f|ws»r < oo},
equipped with the “natural” norm

s == AT 4 1 f - (3.42)

Spaces on sufficiently smooth domains € are defined similarly. The double
integral in x and 4 is performed over the set

{(x,h) € QxR"; [x,x+Mh] C Q}.

Let us note that the standard space W*? with 0 < s < 1 corresponds to the
choice M = 1. Incidentally, our above discussion reveals that we could have defined
W*P with 0 < s < 1 via higher order variations. In order to illustrate this, we present
in the appendix a proof of the equality of the spaces W*”(R) with 0 < s < 1, defined
in one dimension via first, respectively second order variations; see Lemma 38.

We next justify the equivalence of the definitions (3.39) and (3.40). Our result
in this direction is the following.

LEMMA 19. Ler 1 <s<2and 1 < p<oo. Letc:=5—1€(0,1). Ser

Zy:={f:R=R;feLl and |flysr < oo},
Zy:={f:R=R; feW" and (f)wsr :=|f'|wor < oo},
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equipped respectively with the norms

1£1Z, == NFIE +1f s
IA1Z, == IFIZe + (s

Then Z\ = Z», with equivalence of norms.

We define W*? = W*P(RR) as one of the spaces Z;, Z, with its norm.

The main ingredient in the proof of Lemma 19 is the following.

LEMMA 20. Let 1 <s<2and 1< p<oo. Let6:=5—1¢€ (0,1). Let f € C'(R).

Then we have

|f|W~‘=P ,S <f>Wx,p.

Assuming that (f)ws» < oo, we also have

<f >W“=P 5 ‘f ’Ww.

PROOF OF LEMMA 20. The proof relies only on a Hardy type inequality!

Step 1. Proof of (3.43)
Let us note the identity

h
N f(x—h) = / et ) — (e 1)

Using (3.45) and the Hardy inequality at O (2.3), we find that

A h)| t) —1)|P
[8if (= R)|? " dn < ‘f )= LEDF )y e,

h B t|1+op
R Al H

Integrating (3.46) over x, we obtain (3.43).

Step 2. Proof of (3.44)
This time we start from the identity

A2 f(x) = / " ey - / I

Let k be a large integer to be chosen later. Using (3.47), we find that

ZAfx—l—]e /+(k+1 dt/ f(t

ke

29

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)
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Identity (3.48) is equivalent to
fl(x+ke)— ZA fx+ je)

_l\/o\s(f/(x‘FkE"‘t)—f/(x—l—kg))dt (349)

€

+é/0 (f'(x+1)— f(x))dr.

Taking absolute values in (3.49), we find that

k—1
£ (k) — £(3)] g,?l‘ Y [A2f(x+ je)
=0

1

R Ao iy (3.50)
o /0<f< ket 1) — f'(x+ ke))dr

1 ¢ / — flx
| e - fear.

If we raise (3.50) to the pth power, divide by |€|'*°P, integrate over x and &
and perform in the left-hand side integral the change of variable & := ke, we find
that

<f>1€V3>1’ gcs,p,k |f|{l/)VS>P

—|—Cx7pk6p//|8|lxp
RJR

We now apply in (3.51) the Hardy inequality (2.3) to the integral in € (with x
fixed) and find that

p (3.51)
dxde.

A?f@+ﬂ—f@»m

(F)sr < Cspic | fIlsr +Cspk™ P (£l (3.52)

Finally, if we choose k sufficiently large then C; ,k~°? < 1/2. For such &,
(3.52) combined with the assumption (f)ws» < oo yields (3.44). ]

PROOF OF LEMMA 19. Let us note that we have Z; — L, j = 1,2, and thus it
suffices to prove the norm equivalence for f: R — R, f € L.

Step 1. Norm equivalence for f * pg
Set f¢ 1= f*pe, where p is a standard mollifier. We will prove that || fe||z, ~ || fe ||z,
(with constants independent of €). Indeed, on the one hand (3.43) implies that

Ifellzr S Nl fellz,-
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For the opposite inequality, we claim that fe € Z5, and thus (f¢)ws» < oo. (This
implies the validity of (3.44) for f; and completes Step 1.) We actually claim that

(fe)™ e LP, VmeN, (3.53)
and

|(fe) "™ |wir < o0, Vm e N,V € (0,1). (3.54)
Indeed, (3.53) follows from

()" e = 1% ()™ lle < IFlle ()™l < Crpell fllr.  (3.55)
Estimate (3.55) yields

| [ @]
/ )" (1) ax

Lp =0]|1p
‘ 0 Lp

<R [(fe) "™Vl < Conprell |1 Flle-
Using (3.55) and (3.56), we find that

A 0Ol”
|(fe)™ |W"’:/h|<1/| h |h|1+,p( W g

L) ™) ()|
dxdh
/h|>1/ Vl\l“p
dh dh
<C, p - _
<Copell FIL, ( /h R /h | me)

<Cnpeell 17

(AL

(3.56)

whence (3.54).

Step 2. A control for || ||
Assuming f € C!, we will control || f||z» in terms of (f)ws» and || f||». The start-
ing point is the identity

1
£ = et 1)~ ) — /0 1) — ) dr,

which implies, in conjunction with Holder’s inequality, that
1
11 <208l + [ 1A e S 17+ e (3.57)
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Step 3. € -0

Assume first that f € Z,. Using the identity A} (f' * pe) = (A}f') * pe, we find that
|AL(F * pe)llr < |ALf!||Lr, and therefore (fe)wsr < (f)ws». Using Step 1, we
obtain

|felwsr S| flwsr, VE>0. (3.58)

We next argue as follows. Since f € L, awe have f — fin L as € — 0 and
thus, for fixed h, we have ||A?f;||» — ||A2f||» as € — 0. Combining this with
Fatou’s lemma and letting € — 0 in the uniform estimate (3.58), we find that

‘f’W”’ S llmlélf‘fglwsp 5 <f>Ws,p7 Vf € Zz, (359)
E—

and in particular that Z, — Z;.
For the opposite inequality, let f € Z;. We will prove that

flerr (3.60)

and

(Fywse < Csp|flwsr. (3.61)

The key fact is the following variant of Lemma 17 (or, more precisely, of esti-
mate (7.20) established during its proof), whose proof is postponed to the appendix.

LEMMA 21. Let f € Z,. Assume that p is an even mollifier. Then we have |fe —
flwsr — 0as e —0.

Granted Lemma 21, we proceed as follows. Consider a sequence €; ~\, 0 such
that

|feoolwse < 2| flwsr and |fe, — fe, lwsr <277 | flwsr, Vj > 1, (3.62)
1 feollr < 211 fller and || fe; = fer il <277 || fller, V= 1. (3.63)
Combining Step 1 with (3.62), we find that
(Faohwsr + Y (fe; = fer dwer S | Flwsr. (3.64)
jz1

From (3.57), (3.62), (3.64) and Step 1, we obtain

1(feo) llr + X N (fey = fo) ller S A fllwsor (3.65)

jz1
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Since, on the other hand, we have f = fe, + ¥ ;> ( fe; — fe;-,) in LP, we find

from (3.65) that f" = (fg,) + ¥Xj>1(fe; — fe;,) € LP and that || f'||lr < || fllwsr.
This is a quantitative form of (3.60).
Finally, arguing as for (3.58), we have

<fg>WS»P 5 ‘fg’Wx,p < ’f‘ws,p, Ve >0. (3.66)
Since now we know that f’ € L?, we may rewrite (3.66) as
‘f’ *pg’WO'J’ 5 ’f‘ww, Ve >0. (3.67)

We now let € — 0 in (3.67) (using f’ *pe — f" in L” as € — 0 and Fatou’s
lemma, as in the proof of (3.59)), and obtain (3.61).
Granted Lemma 21, the proof of Lemma 19 is complete. O

3.7 SLICING (II)

We discuss here the extension of Lemma 18 to higher order spaces W*?, possibly
with integer s. The first remark is that in general, Lemma 18 does not hold for
large s. Indeed, a famous construction due to Ornstein [47] exhibits a compactly
supported function f = f(x,y) : R* — R such that f, 0,0, f,0,0>f € L' but 910> f &
L. Thus for this f we have

o = || £l & /R £l gy e+ /R 1FCo) ey dy < .

There exists however a form of slicing which holds for all regularity exponents
s > 0, integer or not; see e.g. [4, formula (D.3)]. This is explained in our next
result, whose proof is postponed to the appendix.

If f:R" > Rand w € S, let " denote the hyperplane orthogonal to @,
ie., o :={x €R"; (x,) =0}, and consider the partial functions £ given by

£2(1) = fx+tw), Vo € S" ' Vxc o, vVt € R. (3.68)
LEMMA 22. Lets > 0and 1 < p < e, Then
sz [ [ Ufelunge) dxdo, v B R, (3.69)
When s is not an integer, we also have

IfIvaR,, / /|fwww dxdw, ¥ f:R" = R. (3.70)

(Strictly speaking, the integral in x € @™ is with respect to the (n — 1)-dimensional
Hausdorff measure on @=.)
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4 SUPERPOSITION OPERATORS

4.1 OVERVIEW

For® =®(t): R — Rand f: R" — R, we set Tpf := Do f. Ty is a “superposi-
tion” or “Nemitzkii” operator. We discuss here the following question. Given some
function space X, which is the regularity (common to all f) of 7o f with f € X ?
A related question is the following: given this time two function spaces, X and Y,
which are the functions @ such that 7o f € Y, V f € X? These are natural ques-
tions when dealing e.g. with nonlinear partial differential equations or nonlinear
nonlocal equations.

One could consider more general ®’s, depending not only on ¢, but also on the
space variable x, but already the case of an “autonomous” @ is difficult and not
completely understood, even in the case where ¥ = X.

There exists an important literature on the subject. The interested reader may
consult the monograph of Runst and Sickel [49, Chapter 5] for a detailed account of
the results available in the mid 90’s, and the vivid partial description by Bourdaud
and Sickel [3] of the more recent developments. We focus in what follows on
several results in whose proofs the Hardy type inequalities play a crucial role.

Before proceeding, and in order to warn the reader that life in Sobolev spaces
is more complicated than the one in spaces of continuous functions, let us state
without proof some relevant results in this context.

1. The first one is merely an exercise. If @ : R — R is Lipschitz with ®(0) = 0, and
if0<s<1and1 < p <eo, then Tp maps continuously W*?(R") into W*? (R").
2. It is slightly more difficult to see that, under the same assumptions on ®, Ty
also maps W!»(R") into W'»(R"). It turns out (but this is a delicate result due
to Marcus and Mizel [35]) that, for such ®, T is continuous from W17 (R™) into
itself.

3. The above results suggest that if ® is sufficiently smooth (smoothness depending
on s), then Tp maps WP (R") into W*?(R"). However, the following result, due
to Dahlberg [17], ruins such expectations. Letn >3 and 1 < p < n/2. If Ty maps
W2P into itself, then ®(1) = ct, V't € R, for some constant c. (The converse clearly
holds, also.)

4. Assume that n > 2 and that p > n/2 (this assumption on p goes in the opposite
direction with respect to Dahlberg’s result). If ® € C(R) and ®(0) = 0, then T
maps W?P into itself. We will come back to this (and more) in Section 5.2.

The above suggest that, when ¥ = X = W*”, the interesting range is s > 1, and
that for such s additional conditions may be necessary either on f, or on the triple
(s, p,n), even if @ is sufficiently smooth.
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4.2 MAPPING PROPERTIES OF f — |f]|

The following beautiful result is due to Bourdaud and Meyer [2].

THEOREM 1. Let 1 <p<eoand1<s<1+1/p. Then f — |f| maps W*P(R")
into itself.

A preliminary result, before proceeding to the proof of the theorem.

LEMMA 23. Let f € W2 (R"). Then |f] € W0 (R") and

djlfl = (sgnf)o;f, Vj=1,...,n. 4.1)

In one dimension, this result was essentially known to de la Vallée Poussin
[18]. In a more generally form, it is proved in Serrin and Varberg [51]. The n-
dimensional version appears e.g. in Gilbarg and Trudinger [27, Lemma 7.6]. One
can pass from one dimension to n dimensions via a standard slicing argument in
WP (see e.g. Ziemer [59, Theorem 2.1.4]), and thus the heart of the matter is the
validity of (4.1) in one dimension. We give in the appendix a very simple proof of
this equality.

For more complicated ®’s, the chain rule for ®o f is more delicate to establish.
The chain rule and its higher-order analogue, the Faa di Bruno formula, play an
essential role in the study of the superposition operators; see e.g. Dinca and Isaia
[19, 20, 21].

The proof below of Theorem 1 is a variant of the one in [2].

PROOF OF THEOREM 1. Write s = 1+ o, with 0 < 0 < 1/p. It will be conve-
nient to use on W*? the following norm, suggested by Lemma 18 and equivalent
to the usual ones:

(Do =IFI + VAL

N 4.2)
+Z ‘ajf Xlyeo s Xjm1y 5 Xj4 15005 ){:ch(R)dxj-

(The equivalence of norms is obtained by combining Lemma 18 with [56, Section
2.3.8, Theorem, pp. 58-59].)

In view of Lemma 23 and of (4.2), in order to obtain the conclusion of the
theorem it suffices to obtain the estimate

18 lwer®) S 18 lwerr), Vg € W (R). (4.3)
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To summarize, up to now we have reduced the proof of the theorem to the one
of (4.3), which is equivalent to

// |(sgng(x))g'(x) — (sgng(y) &' ()I” dxdy

!x y|tror

<//dedy Vg e WHP(R).
~JrJr x—ylitor 7

Clearly, whenever g(x) g(y) > 0, the integrands on both sides of (4.4) coincide.
On the other hand, if g(x) = g(y) = 0 then the integrand on the left-hand side
vanishes. Therefore, it suffices to consider only couples (x,y) such that

g(x)g(y) <0and (g(x),8(y)) # (0,0).

For such a couple (x,y), we use the estimate

(4.4)

|(sgng(x)) &' (x) — (sgng(y)) & ()|
<|(sgng(x)) g (x)| +[sgng() g O)!-

In view of (4.5) and by symmetry, in order to obtain (4.4) it thus suffices to
establish the estimate

dxd
/>0/ <0’X y,HG” Y
lg'(x) — &' (»)]?
< —dd Vo e WP (R).
[ [ v

Set U := {x; g(x) > 0} and write U as a disjoint union of open intervals, U =
U;l;. If x € I; for some j, then

4.5)

(4.6)

1 1 S
—dy< / dy L 4.7
/g(y)go —yror = f, Temaior = (v, oL “
In view of (4.7), in order to prove (4.6) it suffices to establish the estimate
g’ (x)[” / / lg'(x) — &' O)I”
——=——dx<C =2 dxdy. 4.8
/z,-[disr<x,a1,~>]6p TG [, ey @9

When [; is unbounded, (4.8) is follows from the fractional Hardy inequality
(3.5) applied to g’ in W (I;) (recall that o p < 1).

When I; = (aj,b;) is bounded, we start by noting that g(a;) = g(b;) =0, and
thus fl, g'(t)dt = 0. We may now apply Lemma 16 and obtain the existence of
some h € WP (R) such that 7 = ¢’ on /; and

\hlworwy S 18 lwora)- (4.9)
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Applying the fractional Hardy inequality (3.5) to & and using (4.9), we find that
"(x)|P "(x)|P "(x)|P
/ g dxg/ 1¢' ()] dx+/ g'@r
1, [dist(x, d1;)]oP i (x—a;)°p 1; (bj—x)°P
hix)|P p
S LGy G T
R [x—aj[o? R [x—Dbj|oP

RN IAANT
LRI
pJr [x=y[ttor

J

Therefore, (4.8) holds. This completes the proof of the theorem. O

4.3 MAPPING PROPERTIES OF f — |f|*,0<a< 1

Let ®(¢) := |t|*, Vt € R, where 0 < a < 1. Since ® is even, concave on [0, ) and
®(0) =0, we have

|@(2) = @(7)| = [®(|¢]) — 2(|7])] < D(Jt - [7)),
and thus
(1) — (1) < [@(e| = 7))V = |lr| — |7l < [t — 7], Vi,c € R. (4.10)
Let 0 < s < 1andlet f € WP(R"). In view of (4.10), we have

[D(f(x)) = DL < [£(x) = I, Y,y €RY, (4.11)
and therefore

192 e < A f Ly, Y f € WS, (4.12)
Using (4.12), we easily find that T maps W7 into W/4 Y0 < s < 1,V1 <
p<oo,VO0<a<l.

When s = 1, the analogous conclusion does not follow from (4.11). This case
is covered by the following result [41].

THEOREM 2. Let 0 <a < 1 and 1 < p < oo. Then f s |f|* maps W'P into
wap/a.

REMARK 7. The conclusion of the theorem is wrong when p =1 [41].

On the other hand, it is not known what happens in W*? with s > 1. The
following conjecture seems plausible. Let 1 < p < e, 1 <5< 1+ 1/p and let
0 < a < 1. Then f s | f|* maps W*? into W*:P/4,
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We present below a variant of the proof of Theorem 2 in [41].

PROOF OF THEOREM 2. More generally, we consider an increasing concave
homeomphism & : [0,00) — [0,M) and seek for an inequality of the form

/ P/ )) = 20D
n JRn +p

e ="

dxdy
(4.13)

S [ Vs vr e i),
RV!

We will determine an appropriate increasing function ¥ : [0, M) — [0, ) (de-
pending on the nonlinearity @) such that (4.13) holds and such that, in the special
case where ®(t) = 1%, we have W(¢) = Ct/*. Assuming that (4.13) holds for these
particular @ and W, we find that

11912 0 S IV IR, Y f € WP (R™),

and this easily implies that

AN S IAIE Y f € WP (R,

and leads to the conclusion of the theorem.

It will be more instructive not to give the formula defining ¥ from the begin-
ning, but to derive it from a series of calculations. Let us note that a necessary
condition for the validity of (4.13) is W(0) = 0. Indeed, if ¥(0) # 0, then (4.13)
with f = 0 is wrong.
Step 1. Slicing
Assume that we are able to prove (4.13) in dimension one. If we apply this es-
timate to f7, (defined in (3.68)), integrate over ® € S"~! and x € o and use the
equivalences (7.42) and (7.44), we obtain that (4.13) holds in R".

Therefore, from now on we work in one dimension.

Step 2. Replacing f by |f]

Clearly, the left-hand side of (4.13) does not change if we replace f by |f|. Nor
does the right-hand side, by Lemma 4.1. We may thus assume, in what follows,
that f € WHP(RR;[0,)).

Step 3. Use of a Hardy type inequality

Let f € WI'P(R;[0,)). Assuming ®, ¥ sufficiently smooth in order to ensure the
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validity of the next calculations, we have

Y(|P(f(x) —P
[ [ et ))y|l+p(f(y))l) s
_ (F@) - 2(0))
2// )<f(x e —y|ttP v

[—‘P<<1><f<x>>—q><t>>1§z-;§’f§ (4.14)
:2// 1 Y dydx
RJf(y)<f(x) lx — y|1+P

_ 1w Y(P(f(x) — D))
= Z/R/ (1) /f(y)q dydtdx.

0 lx — y[tr

Consider now, for 0 < ¢ < M, the open set U, := {x € R; f(x) >t}. We decom-
pose, for each fixed r, U; = UI;;, with I;, mutually disjoint open intervals. Note
that U; has finite measure (by Markov’s inequality) and thus each I;; has finite
length. By (4.14), we have

// q;(|q>(f|ix))y—|lfp(f(y))|) dxdy
=2 [Co | 1o ek yi)lzpq)(t))dydw

/ / / ¥ (@ o y|)1+p ©) 4yavar (4.15)
S <I>’<>§/ R\I,,T/( S

o W (@(f(x) — (1))
S /0 L L [distn, L)

dxdt.

We next intend to apply the Hardy inequality (2.56) to the inner integral flj -edx
in (4.15). For that purpose, we write

W(D(f(x)) — (1)) = [(¥'(P(f(x) = (1)) /7] = [g: (x)]". (4.16)

g(x)

We note that, at the endpoints of /;;, we have f(x) =t. Therefore, if we assume
that ¥"(0) = 0, then g, vanishes at the endpoints of /;,. We are thus in position to
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apply (2.56) and find that

[ [ HBUDSUON
RJR lx —y|t+p

M
S/O <I>’(t);/1” [(g1)! (x) |V dxdt 4.17)

M f(x)
- /0 @) [ (a0 1 vt = /R /0 (1) () (x)|” drdx.

We next note that

(8)' () =(¥) P~ H(@(f(x)) — P(1)) " (P(f (x)) — D(r))

, , (4.18)
x ®(f(x)) £ (x).
Inserting (4.18) into (4.17), we obtain
[ [ _2UoND
‘x y‘ ! (4.19)

/R (F(0) (@) (F(x)) £ ()]P dx,

where we have set, for A > 0,

K(A):= /0 ! ' (1)(P) P (D(A) — (1)) |9 |P (P(A) — D(t))dr.  (4.20)

Step 4. Choice of ¥
In order to obtain (4.13) from (4.19)—(4.20), we seek for ¥ such that

K(A) (®')P(A) =C € (0,), VA > 0. (4.21)

We next manipulate (4.21) in order to derive the expression of W. Set £ :=
@' :[0,M) — [0,0), so that & is convex and increasing. If we perform, in the
integral defining K(A), the change of variable 7 := ®(r) and we set B := ®(A),
then

B
K(A) :/ (W) P (B—7)|¥"|P(B — 1) de
0 (4.22)

- / (%) () [P (1) de

0
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Since on the other hand we have ®'(A) = 1/&/(B), we find, using (4.22), that
(4.21) is equivalent to

/B(‘P’)lp(r) |¥”|P(t)dt = C(§')P(B), VO < B < M. (4.23)
0

We may now differentiate (4.23) with respect to B and find that

(PP (B) 9" (B) = C (&) (B) 8" (B). (4.24)
Assuming that W is convex, we obtain from (4.24) that

()77 (B) = C(¥) /771 (B) " (B) = C (&) /P (B) (&")/7(B). (4.25)

Using (4.25) and the assumption ¥ (0) = 0, we determine (¥')'/”, and thus
W', We next find ¥ from the formula ¥ and the necessary condition ¥(0) = 0.
We end up with the fact that, up to a multiplicative constant, we have

W) = /0 t < /0 e () En ()] e d1>p dr, Y0 <1< M. (4.26)

In the special case where ®(r) = %, we have &(r) =1/, and it is easy to see
that ¥(r) = CrP/*,
Step 5. A generalization of Theorem 2
It remains to give sufficient conditions on @ in order to justify a posteriori the
above formal calculations. The bottom line is that the definition (4.26) has to make
sense. In order to achieve this, we assume that @ is continuous concave with
®(0) = 0, that & is increasing (and thus a homeomorphism onto its image [0,M)),
and we require that its reciprocal & : [0,M) — [0,0) is twice differentiable and that
E" e Ll ([0,M)). We thus guess the following extension of Theorem 2 (which

loc

slightly generalizes [41, Theorem 1.3]).

THEOREM 3. Let @ : [0,00) — [0, M) be an increasing concave homeomorphism.
Let & := ® 1 : [0,M) — [0,00). Assume that & is twice differentiable and that
E" el ([0,M)). Set

t r p
_ / I—1/prgn 1/p r ] )
¥(t) /O </O [E'(0)] /78" (7)] df> dr,Y0<t<M (4.27)

Then

/ P2 (/)
nJRn

e ="

ASODD g
+p

(4.28)
< / IV F()[Pdx, ¥ f € WP (R).
Rn
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Step 6. Proof of Theorem 3
As explained above, it suffices to prove the validity of (4.28) for n =1 and f €
WP (R;[0,e0)).

From the assumptions of Theorem 3, we have & increasing and concave, and
thus

0<E&(r)<&(t),VO<T<t<M. (4.29)

On the other hand, since &' is differentiable and its derivative is locally summable,
we have

t
£(t) = &'(7) +/ () dr, YO < T <1t < M; 430)
T
see e.g. Natanson [45, Chapter IX, § 7, Theorem 1]. In particular, we have
& cC(jo,Mm)). (4.31)

Using (4.29), (4.30) and Holder’s inequality, we find that

[ @@

<(["ewar) " ([Termar)” @3

< (}’2—7‘1)1_1/’)6/(}’2), VO <rn<rn<M.

Estimate (4.32) implies that
[0,M)>r— F(r):= / [E' ()]~ V/P[€"(1)]"/P dT is continuous.  (4.33)
0

From (4.27) and (4.33), we obtain that
¥ e Cl([0,M)), ¥(0) =0, ¥'(0) =0 (4.34)

and

V(1) =FP(t) = </t[c‘,"(f)]l_l/”[c‘,‘”(r)]1/”dr>p, Vie[o,M).  (435)

0

On the other hand, since & is an increasing differentiable homeomorphism,
we have &/(¢) > 0 for a.e. ¢ € [0,M). Combining this with (4.29), we find that
&'(r) > 0,Vt € (0,M), and thus (using also (4.31))

® < C'((0,00)) and &' (¢) > 0, V1 > 0. (4.36)
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The validity of (4.34) and (4.36) implies the one of (4.14).
We next note that

&' (7)) 1P (o)) /P
<(1-1/p)&'(r)+(1/p)&"(7)
<(1—=1/p)&'(t)+(1/p)&" (), VO< T <1 <M,

and thus the integrand defining F in (4.33) is locally summable. From Lebesgue’s
differentiation theorem (see e.g. [45, Chapter IX, § 4, Theorem 2]), we find that

F' = [E')'"1/P[E"1/P ae. and in the distributions sense. 4.37)

On the other hand, (4.35) implies that the function g, defined in (4.16) is given
by

&%) = F(P(f(x)) = ®(1)), VO <1 < f(x). (4.38)

Using (4.36), (4.37), (4.38) and the chain rule in lecl (see e.g. [51, Theorem
2]), we find that for every fixed t > 0 we have, a.e. and in the distributions sense,

(&) (x) = F'(®(f(x)) — @(1)) ¥ (f(x)) f' (x)- (4.39)
From (4.17), (4.37) and (4.39), we obtain the validity of (4.19), with

A
K(A) = /0 @ (1) (F')?(D(A) — (1)) dr. (4.40)

In order to complete the proof, it remains to establish (4.21) for this K. The
change of variable 7 := ®(¢) in (4.40) leads, as in (4.22), to

K(A) = / q)(A)(é’)”‘l(f)é”(ﬂ dt (4.41)
0 . .

On the other hand, the chain rule in wh! yields

loc

[(ENYP) = p(E")P~1E" ace. and in the distributions sense. (4.42)

Since &’ is locally bounded and &” is locally summable, we find from (4.41)
and (4.42) that

K(A) =C (&) (®(A)), VA > 0. (4.43)

Identity (4.21) follows from (4.43) and the fact that ® and & are reciprocal to
each other.
The proof of Theorem 3 (and, in particular, of Theorem 2) is complete. O

REMARK 8. Step 6 is significantly simpler if we weaken the assumptions on & in
Theorem 3 to & € C?; see [41, proof of Theorem 1.3].
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5 TRACE THEORY OF WEIGHTED SOBOLEYV SPACES
5.1 OVERVIEW

In order to establish further properties of the superposition operators 7T, it will be
convenient to rely on a new tool: the trace theory of (weighted) Sobolev spaces.
A striking fact is that this theory is essentially a consequence of the Hardy type
inequalities, so that we have the following rough scheme

Hardy inequalities = traces of weighted spaces = properties of Ty

(and more).

The general philosophy of the trace theory is that a function in a half-space
having some Sobolev regularity has a “trace” (“restriction”) on the boundary of the
half-space. Usually, this trace is defined by density, starting from smooth functions.
We will work only with continuous (and even better) functions, and in this setting
we will dispose of an equivalent but more tractable approach to the notion of trace.

First, some notation and the appropriate definition.

1. We set R} := R" x (0,00) and R :=R" x [0, 0).
2. A generic point in these sets will be denoted (x,7) or (x,€), with x in R” and ¢, €
in (0,00) or [0,00).
3. LetF: Rfﬁ*l — R be a continuous function. We say that f : R" — R is the trace
of F (implicitly understood: on R" ~ R" x {0}) if
lim F(x,€) = f(x) for a.e. x € R". (5.1
£—0
If (5.1) holds, then f is a.e. uniquely defined by (5.1), and we write f =trF.
4. Here is a fundamental example. Let p € C°(R") be a standard mollifier. Let
ferl (R"). Set

loc
Fr(x,€) := fxpe(x), Vx e R", Ve >0. (5.2)

(Strictly speaking, Fr depends not only on f, but also on p, but in practice p will
be fixed independently of f and we omit this dependence.)

It is a standard exercise that Fy is smooth in RT”J. A more delicate result is
that we have f = tr Fr. Equivalently, if f € L}OC (R") and p is a standard mollifier,
then we have

lin})f*pg(x) = f(x) fora.e. x € R"; (5.3)

see e.g. Stein [52, formula (16), p. 23, and Chapter I, Section § 8.16] when f € L?

for some p, but the arguments there hold also for f € L}O -
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We may now state (temporarily without proof) two basic results in the trace
theory of Sobolev spaces, due to Gagliardo [25].

THEOREM 4 (DIRECT TRACE THEOREM). Let 1 < p < eo. Let F € C'(R™'))
and f :R" — R be such that f =trF. Then

‘f’wlfl/p,p(Rn) < Cp,n HVF”LP(Ritj)' (5.4)

THEOREM 5 (INVERSE TRACE THEOREM). Let f € L}, (R"). Let Fy be as in
(5.2). Then

||VFf‘|Lp(R'1+f*l) < Cp,n |f|Wlfl/p,p(Rn)- (5~5)

Let us give an application of the above results to the study of 7. Although this
trivial application could have been obtained directly and with little effort, its proof
via Theorems 4 and 5 is instructive since it suggests a sound strategy that will be
useful in more difficult problems. Assume that we want to estimate |Ta f/y1-1/5.
for some (at least C') ® and some f € L}OC(R"). Consider Fy as in (5.2). Then
trTo(Fs) = Tof. By Theorem 4, we have

|T<1>f|wlfl/p,17 5 HVTqD(Ff)HLP' (5~6)
Assume now that ® is Lipschitz. Then
|VT¢.(Ff)| ,S |VFf| a.c. (57)

(this can be obtained e.g. from the chain rule).
From (5.5), (5.6) and (5.7), we obtain that | T fyy1-1/00 S | flwi-1/0-

Let us pause and summarize the above strategy of proof. In order to estimate
Tof in W'=1/PP_ we first estimate ||VTp(Fs)| s The direct theorem then yields
an estimate of Tpf in W!'~!/P?. Assume next that ||VTg(Ff)||z» is controlled by
||VF¢||z». Then the inverse theorem allows to estimate ||V7o(Fy)||z» in terms of
|flw1-1/p.,. Combining the two, we estimate |Ta f|y1-1/p, in terms |f|y1-1/,. The
interesting point is that we estimate fractional semi-norms via calculations which
involve L” norms of derivatives — and in general it is easier to deal with integer
derivatives instead of fractional ones. (The idea of increasing the space dimension
in order to establish mapping properties of T appears already in [10].)

If we want to attack less academic problems, then we have to have at our dis-
posal function spaces of integer Sobolev type having as traces W*” maps for ar-
bitrary non-integer s, and not only for s = 1 — 1 /p. This can be achieved, but the
price to pay is that we have to deal with weighted Sobolev spaces.
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The theory of weighted Sobolev spaces has been established in the 60’s. The re-
sults we present below are a light version of this theory, sufficient for our purposes.
They are included in more general results due to Uspenskii [58]. Before stating
them, let us recall that when s > 0 is non-integer and 1 < p < oo, we have defined
in (3.41) a semi-norm | |ys» adapted to the space W*”(R"). This semi-norm de-
pends not only on s, p and n, but also on an integer M > s that will explicitly be
mentioned in the next statements.

Given M, set

My ={(B,0); B eN"and |B| =M}U{(0,...,0,M)} c N"T1,

n times

When M = 1, we have .#, = {a € N"*1; |at| = 1}. On the other hand, when
M > 2, #) is clearly a strict subset of {a € Nt lot| = M}.

THEOREM 6 (DIRECT TRACE THEOREM (I)). Let s > 0 be non-integer and
let 1 < p < oo, Let M be an integer such that M > s+ 1/p. Let F € CM (RTJ) and
f:R" — R be such that f =trF. Then

L lsr@ny < Copn ) / /E(M“')’”Ia“F(x,e)l”dxd& (5.8)
O!E.//[M 0 "

Note the technical assumption M > s+ 1/p, which is stronger than the natural
assumption M > s required to in order to define | |ysr. As explained in the next
result, we may recover the condition M > s if we adopt a more restrictive notion of
trace.

THEOREM 7 (DIRECT TRACE THEOREM (II)). Let s > 0O be non-integer and
let 1 < p < oo. Let M be an integer such that M > s. Let F € CM (Rf*l) and
f:R" — R be such that limg_o F (-,€) = fin L} (R"). Then

o < Copn Y / / eM=Ir=19%F (x,€)|" dxde. (5.9)
OCE.%M "

In particular, (5.9) holds for F € CM (RT’,}) ncC (R'jfl).

THEOREM 8 (INVERSE TRACE THEOREM). Let s > 0 be non-integer and let
1 < p <eo. Let M be an integer such that M > s. Let f € W*P(R"). Let Fy be as
in (5.2). Then

/ / eM-1 99 (x,€)P dxde < Cypul| ooy (5:10)
Nn+l n

IOCI =M
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When 0 < s < 1 and f € L}, (R"), we have the stronger conclusion

Z 1/0 /ng(Ms)pl\a“Ff(x,e)dexds <Cspn yf\fvs,p(Rn). (5.11)
oacN"t

lo[=M

REMARK 9. Theorems 4 and 5 are special cases of Theorems 6 and 8 (with 1 <
p<o,s=1—1/pand M =1).

REMARK 10. Estimate (5.10) still holds true — and this is a relatively difficult
result — when f € L” and we replace Fy by the harmonic extension of f, given by
the Poisson formula. For this and similar results, see [58], Taibleson [54, 55] and
the more modern treatment in [43]; see also Leoni [34, Section 18.7].

We present below proofs of Theorems 6 and 7 which follow essentially [36,
pp. 512-513] and [43, proof of Theorem 1.3].

PROOF OF THEOREM 6. This result is a consequence of Theorem 7. In order

to justify this assertion, assume that we have established (5.8) for every M > s
and every F € CM (R™). Then we claim that, under the stronger assumption M >
s+ 1/p, we have (5.8) for every F € CM (RT’*I) Indeed, we let 6 > 0 and we apply
(5.8) to (x,€) — F(x,€+ 0). We find that

IF(-8)hr <Copm Y, /6/(8—5)(’””1’1|8“F(x,e)|1’dxds. (5.12)
OCGN”+1 n
|a|=M

Letting 6 — 0 in (5.12), we obtain (5.8) (using the definition of the trace and
Fatou’s lemma on the left-hand side, respectively the assumption (M —s)p—1>0
and the monotone convergence theorem on the right-hand side). O

PROOF OF THEOREM 7. Step 1. Proof of (5.9) for F € CM(R™%™)
This is the main step of the proof, and it consists (again!) of an application of a
Hardy type inequality.

For such F, have f(x) = F(x,0). The proof of (5.9) relies on the following
elementary lemma, whose proof is postponed to the appendix.

LEMMA 24. Let M > 0 be an integer. We set

|DyF(x,€)| = Z |0%F (x,€)|,Vx e R",Ve > 0.

aEMy
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Let h € R" and set r := |h|. Then for every x € R" we have

M M
A<M Y i MY Dy F (x+th, jr)| dt
. (5.13)
+rMZ/ MDDy F (x+ jh,tr)|dt.
=00

Granted Lemma 24, we proceed to the proof of the theorem. Set g(€) :=
|DmF (-, €) || (rny- Integrating (5.13) in x, we obtain (with r := |A[)

M M
IAY Fllrn <™ Y g(ir) + / M g(1r) dr
=1
v My (5.14)
~ M Zg(jr)—l—/ M g(t)dr.

J

In view of (3.41) and (5.14), in order to establish (5.9) it suffices to prove that

/ | (M=) [g(j\h\)]pdhécs7p7n7M7j/ el g(e)) de  (5.15)
R” 0

and
p

ML 4 dh Z (M=s)p—1
/H /0 M) ) i /0 M-l de.  (5.16)

Passing to spherical coordinates and performing on the left-hand side of (5.15)
the change of variable € := j|h|, we see that the two integrals in (5.15) are propor-
tional, and thus (5.15) holds.

Also in spherical coordinates, (5.16) amounts to

/0 m( /0 M g(t>dt> de S /0 eM=Irlg(e))P de.  (5.17)

In turn, after the change of variable § := M€ on the left-hand side, (5.17)

follows from Hardy’s inequality at 0 (2.3) applied with r ~ sp, g~ p and g(u) ~
e’ lg(e).

Granted Lemma 24, the proof of Step 1 is complete.

Step 2. Proof of (5.9) in the general case
Let n € C(R") be a standard mollifier. Let, for 6 > 0,

Fs(x,€) ::/ F(x—y,&)ns(y)dy, Vxe R" Ve > 0.
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Then clearly

9UFs(x, ) = / (O%F (x—y,e))ns(v)dy, Ya € N™*1 Yx € R", Ve > 0,

n

and thus
”aaFa(‘,g)”Lp(Rn) S ”aaF(’,g)”Lp(Rn), VOC S Nn+17 V8,5 > 0 (518)

We find that

y / / M-V 90 (1 6)|P dxde
O!E.//[M 0 "

- (5.19)
) / / M-V 90 F (1 £)|P dxde, V8 > 0.
oc My 0 "

On the other hand, we have

lim Fs(-, ) = f#1s in L5 (R"),
eNo
and thus Fs extends by continuity to R""! by setting F5(x,0) := f * ng(x).

We next note that the proof of (5.9), and in particular, the proof of Lemma
24, still work if we weaken the assumption F € CY(R"™!) to F € CM (RT’*I) N
C(R™™). (Indeed, for such F we estimate AY F(x,7), T > 0, as in (5.13), then we
let T — 0, and we recover the conclusion of Lemma 24.)

This observation implies that (5.9) holds for Fs. Using this remark, (5.9) and
(5.18), we find that

\f*na\fvs,p(w)ﬁ Z / / E(Mf“')pfl‘8“F5(x78)’pdxd8
acMy 0 "

< Y / / eM=P=119%F (x, )| dxde.
acy V0 "

We obtain (5.9) from (5.3), which implies that fxns — f a.e. as 0 — 0, Fatou’s
lemma, and (5.20). ]

(5.20)

REMARK 11. In the proof of Theorem 7, we did not use the assumption M > s!
However, when M < s the theorem is of limited interest. Indeed, if F € CY (R'_ﬁ,} N
CM(R™ 1) with M < s and if the right-hand side of (5.9) is finite, then f is a polyno-
mial of degree < M — 1, and thus | f|y+» = 0. This follows by combining the proof
of (5.9) (which holds, as we have noticed, also for M < s) with [43, Proposition
5.1]. Thus, when M < s, the information conveyed by (5.8) is merely | f|s» = 0.
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We now turn to the proof of Theorem 8. Its main ingredients are three simple

results, Lemmas 25, 26 and 27 below.

LEMMA 25. Let § € L*(R") be such that supp& C Bi(0) and [p,& = 0. Let
0<s<land1<p<oo. Given f €L} (R"), set Gp(x,€):= fxE(x), Vx€R",

loc

Ve > 0. Then we have

[T [ 16t dnde <ty

PROOF. We have

Grx.€)] =e™"

f(x—y)é(y/E)dy'

Ivl<e

:87’1

<e / AL £ ()] dy.
[v|<e

Using (5.22) and Hélder’s inequality, we find that

/e‘”"l/ |G (x,€)|P dxde
0 Rr

oo P
< / gspnp-l / ( / |A;f(x)|dy> dxde
0 R~ ly|<e

s[ et [ e
0 nJyl<e

= / / / e P VAL f(x)|P dedydx
SRS |y

—c /]R /]R |57 AL F ()P dydx = C [ flEnr,

whence (5.21).

/|<s[f(x_y) _f(x)]é()’/fl)dy‘

(5.21)

(5.22)

O

LEMMA 26. Let p € CZ(R"), f € L}, (R") and Fy be given by (5.2). For every

loc

a € N1\ {0}, there exists some & = E* € CZ(R") (depending on n, o and p)

such that:

1. supp& C suppp,
2. [@&=0,
3. 0%Fy(x,e) = 1 fx & (x), VX ER", Ve > 0.
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PROOF. The proof is by induction, based on the following calculations.
IfacRand n € CZ(R"), set H(x,€) 1= € fxNe(x).
When j=1,...,n, we have

) =0y (e [ roimi/eray)

e 523
e [ )@= )/e)dy (523
8‘“‘1f*(3m)e-
. 0
When j =n+ 1 and thus d, =55 e have
O (xe) == [ 1o z —2 Q) ((x—y)/e)dy
5.24
~(a+n)e “"1/1" ((x—)/e)dy o2
= _—g 4 1f*(an+dlv(xn))g.
On the other hand, we clearly have
d;¢ =0and / divi=0,Vj=1,...,n,V{ € CZ(R"). (5.25)
Rn Rn

The existence of & satisfying /-3 follows easily by induction on |a/, using
(5.23)-(5.25). O

When f has additional differentiability properties, we may improve the con-
clusion of Lemma 26 as follows.

LEMMA 27. Let m € N, m > 1. Assume that f € lencl (R"). Let p € CZ(R")
and let Fy be given by (5.2). Let a € N"™! be such that |t| > m. Then there exist
¢@B e c=(R"), VB € N" with |B| = m (depending on n, o, B, p) such that:

1. supp {%P < suppp,

2. fRn Ca’ﬁ =0
and

0%Fy(x,e) = e 19 Y (9P f)x (C*F)e(x), YxER", VEe>0.  (5.26)

peN"
|Bl=m
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PROOF. By (5.23) and (5.24), for j =1,...,n+ 1, we have

dFy(x,€) Z Wik (5.27)

m|»—~

for appropriate v € CZ°(R") such that supp v C suppp. Using the fact that
(1/€) (hWjx)e = k(v k) ], we find from (5.27) that

0iF¢(x,€) = Z&kf (Wix)e(x). (5.28)

Starting from (5.28) and repeating the above argument, we find (by induction
on the length |y| < m) that for every y € N"*! with |y| < m we have

IFy(x,e) = Y. (9P f)x(wyp)e(x) (5.29)
BeN"
1BI=Iv1
for some appropriate Y, g € C”(R") such that supp v, g C suppp.
We obtain properties /, 2 and (5.27) from (5.29) and Lemma 26. ]

PROOF OF THEOREM 8. Step 1. Proof of (5.11)

Without loss of generality, we may assume that the mollifier p defining F in (5.2)
satisfies suppp C By (0). If & € N"*! is such that || = M, we write d%Fy(x,€) =
e Mfx e (x), as in Lemma 26. Using Lemma 25, we find that

/ gM-s)p-1 / 9%F, (x,€)|? dxde — / g / |+ Eelx,€) [P dxde
0 Rn 0 R”
S f s

i.e., (5.11) holds.
Step 2. Proof of (5.10)

In view of Step 1, we may assume that s > 1. We write s =m+ o, withm € N,
m>1,and 0 < 6 < 1. We choose on W*?(IR") the norm

(wse = WL 4 Foipsrs With (f)fyep := Z \8 f‘ch

BeNt
|B|=m

When 1 < s <2 and n = 1, we have proved that this norm is equivalent to the
standard one, given by (3.41)—(3.42); see Lemma 19. The same holds for any s, p
and M > 5. However, we will not need the full strength of this assertion, but only
the weaker property

(Hwse S fllwse, (5.30)
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for which we refer the reader to [56, Section 2.3.8, Theorem, pp. 58-59]. In view
of (5.30), in order to complete Step 2 it suffices to establish the estimate

Y / / eW=IP=119%Fy(x,€)|P dxde < Cypp Y. |0P fllyes. (5.31)
aeNVHrl 0 n

peN"
laj=m [Bl=m

By Lemmas 27 and 25, we have

y / / eM=9P1199F (¢ ¢)|P dxde
(XEN”+1 0 n

o[ =M

S L) / / e P (9P ) (£¥P)e(x)|P dxde
aeNtH! BenNt /0 "

=M [B|=m

< Y 198 fllves = (Flyens
e

and thus (5.31) holds. O

5.2 TWO APPLICATIONS TO SUPERPOSITION OPERATORS

We continue here the discussion initiated at the end of the Section 4.1. We let
s > 1 and seek for conditions ensuring that if f € W*?(R"), then To f € W*P. We
have noticed there that, even for smooth ®, the conclusion 7p f € W*” may require
additional conditions either on f, or on the triple (s, p,n).

We present here two main results in this direction, together with a consequence.
(The interested reader may find in [43, Section 6] more applications of the trace
theory of weighted Sobolev spaces to the study of the mapping properties of 7.)
It turns out that these results hold also (but they are less interesting) for s < 1. They
are equally true for integer s.

First, a notation. If s is real number, [s| denotes the smallest integer k > s.

THEOREM 9. Lets>0and 1 < p < oo. Let M := [s]. Let ® € CM(R) be such
that ®(0) = 0. Then Ty maps WP N L*(R") into itself.

COROLLARY 6. Let s > 0and 1 < p < oo be such that sp > n. Let M := [s]|. Let
® € CM(R) be such that ®(0) = 0. Then Ty maps WS (R") into itself.

THEOREM 10. Let s >0 and 1 < p < o be such that sp = n. Let M := [s|. Let
® € CM(R) be such that ®(0) =0 and ®Y) € L=, ¥ j=1,...,M. Then Ty maps
WP(R") into itself.
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When s is an integer, Theorem 9 is due to Moser [44]. Its proof relies on the
Gagliardo-Nirenberg inequalities that we will recall below. The need of such in-
equalities in this context is obvious from the proof. When s is not an integer, there
are two standard proofs of Theorem 9. The first one uses the para-differential cal-
culus and an ingenious identity due to Meyer [38]. The second one is elementary,
but relies on a tedious identity which is quite difficult both to check and guess; see
Escobedo [23]. We will see below that when we prove this result using the theory
of weighted Sobolev spaces, we only need an obvious Gagliardo-Nirenberg type
inequality!

We start with some important results that we will use in the proof. First, let
us recall the following fundamental interpolation inequality, due to Gagliardo [26]
and Nirenberg [46].

LEMMA 28 (GAGLIARDO-NIRENBERG INEQUALITIES). Let 0 < m; < m <
my be integers, and 1 < py,p, < oo. Define the number 6 € (0,1) by m = (1 —

1 —
0)my + O0my and let 1 < p < o be given by — = + —. Then, for some
p P1 2)
C = Cny my m,py ,pr.n» We have
|D™ul|r < C ||\ D™ ul[ 158 ID™ul|8r,, Yu € C*(R™). (5.32)
In the above, we use the compact notation
ID"u| =Y |0%ul. (5.33)
acN"
|a|=m

When m = 0 (respectively m = 1), we write |u/| instead of |Du| (respectively
|Vu| instead of |D'ul).

We now present an interpolation inequality, of Gagliardo-Nirenberg type, in-
volving fractional Sobolev spaces; see [12] for the comprehensive list of the Gagliardo-
Nirenberg type inequalities valid in the full scale of Sobolev spaces.

LEMMA 29. Let 0 <t < s < oo be non-integers, and let 1 < p < oo, Let q :=
sp/t € (p,oo) and 0 :=t/s € (0,1). Then we have W*P N L*(R") C W4 (R").
More specfically, with C = Cy; ,, 5, we have

[ fllwea < CNFNGsn 111128,V £ € WSP QL2 (R™). (5.34)

PROOF. Let M > s be an integer, and let | |ys»s, | |wre be the semi-norms defined
via M as in (3.41). We consider on W*? and W4 the norms given by (3.42). Using
the inequalities

19 < AP I£14=" and |AY £19 < |AY 717 £,
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we immediately obtain (5.34). O

We next state and establish two special cases of the Sobolev embeddings.

LEMMA 30. Lets > 0and 1 < p < e be such that sp > n. Then W*P(R") < L.

PROOF. When s is an integer, see e.g. Brezis [9, Corollary 9.13].
Assume next that 0 < s < 1. By Corollary 5, we have

f ) = fOI S | flwse, V. €WP(R), VX eR", Vy € By (). (5.35)
On the other hand, for every x € R" there exists some y € Bj(x) such that

LFO) SN Ner ) < Nl (5.36)

From (5.35) and (5.36), we obtain that | f(x)| < || f|lws», and thus WP < L.

Finally, assume that s > 1 is non-integer. Write s =m+ o, withme N, m > 1
and 0 < 0 < 1. We consider on W*? the norm ((f)),., := ||[D" f||7, + |D" f|}yc.-
Let 0 < 6’ < 0. By Lemma 13, we have W”t0» < W™+0"r  Therefore, by
lowering o if necessary, we may assume that sp > n and op # n.

Applying repeatedly Lemma 13, we find that W*? < W?, Thus, if 6p > n
then WP < WP — [,

On the other hand, if 6 p < n, then, by Corollary 4 applied to D™ f, we find that
WP — W4, with g := (np)/(n — op). It is easy to see that mg > n, and thus
WP ey W —y L,

The proof of Lemma 30 is complete. O

LEMMA 31. Let s > 1 and 1 < p < oo be such that sp =n. Let 1 <k < s be an
integer. Then WP (R") < Wkn/k,

PROOF. When s is an integer, see [9, Corollary 9.13].

Assume that s is non-integer and write as above s = m+ o. In view of [9,
Corollary 9.13], it suffices to obtain the conclusion when k = m. In that case, the
conclusion follows from Corollary 4 applied to D™ f. O

In the proofs of the main results announced in this section, we will consider
only relatively small values of s (we take s < 2). Although this limitation is not
important for the validity of the arguments, the reason is the following. We will
have to estimate D" (P o f), with m := [s]|. In order to calculate D"*(Po f), we
rely on the Faa di Bruno’s formula for the higher order derivatives of composite
functions. This formula becomes cumbersome when m > 3. Since, apart from
this complexification of the calculations, the arguments are similar for all s > 1,
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we took the party of limiting the arguments to 1 < s < 2. We refer the interested
reader to [43, Section 6] for full proofs of the above results (using slightly different
arguments). In what follows, the case where s < 1 is much easier; it was briefly
discusses at the beginning of the Section 4.1, and is left to the reader.

PROOF OF THEOREM 9 WHEN 1 < s < 2. Step 1. Proof when s =2
Let p > n/2. Let f € C*(R"). Consider a number r > || f||z=. On the one hand we
clearly have |To f| < sup{|®'(¢)|; |t| < r}|f], and thus

1 To fllLr < sup{|@(1)]; [t] < r} || f|r- (5.37)
On the other hand, we have the pointwise inequality
|D*To f| < sup{|®'(¢)]; [¢] < r} D f|+sup{|®" (1) [t| < r}[Vf. (5.38)

Using the Gagliardo-Nirenberg inequality (5.32) withm; :=0,mp :=2,m:=1,
p1 :=ocand p; := p, as well as (5.38), we find that
ID* T f e Ssup{|@ (1) |t| < 7} |IDf]l1r

| ; (5.39)
+sup{|®7 ()| [t < r}r(ID7f[er-

Using again the Gagliardo-Nirenberg inequalities, this time in conjunction with
(5.37) and (5.39), we find that

IV T fllr Ssup{|®'(1)]; o] < YA 1D £
+sup{|®'(1)]; [r] < r}'/? sup{|®" (¢)]; [¢] < r}'/? (5.40)

1/2 1/2
x P2 FL D202

Consider now some f € W2? ML and set r := || f||=. Set f; := f* pe, where
p is a standard mollifier. Note that || f¢||z~ < ||f||z=, Y€ > 0. We may thus apply
(5.37), (5.39) and (5.40) to f and obtain uniform L? bounds for D/Tg fe, j=0,1,2.
By Fatou’s lemma, we find that D/Tg f € L?, j =0,1,2, and thus Tpf € WP (and
clearly Tp f € L™.)
Step 2. Proof when 1 < s <2
Let f € WH” NL*. Let Fy be as in (5.2). Since f € L?, we have Fy¢(-,€) — fin L?
as € — 0. On the other hand, we have |Fy| < || f||=, and thus

[T Fy (- €) = Taofllr <sup{|®'()]; [t| < | flle=} |1 Fy (- €) = fllee
—0ase—0.
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Therefore, the function TgFr has trace Tg f in the stronger sense of Theorem 7.
In view of Theorem 7 it follows that, in order to prove that T f € W*P, it suffices
to prove that

Tof € L7, (5.41)
| = / / e=IP=1 D T Fy(x, €)|P dxde < oo. (5.42)
0 n

(5.41) being clear, we proceed to the proof of (5.42). As in Step 1, using the
fact that ||Fy||;= < || f||z=, we obtain

1<c; / / 2971 D2 (x &) P dxde
0 n

ol (5.43)
+Cf/ / e?=IP= 1V Fy(x, €)|? dxde.
0 n

In view of (5.43), of Theorem 8 (applied twice) and of Lemma 29, we have

ISCf”leve +Cf/0 /]Rn 8(27”1771‘VFf(x,S)‘zpdde
=CylIf y=r +C1 / / el IV E(x,€) | dxde (5.44)
0 R~

2
SC‘f”f‘HI‘:Vq’p +Cfo”ufx/2,2p S Cf”fHI‘;VVp

This completes the proof of Theorem 9 when 1 < s < 2. U
PROOF OF COROLLARY 6. We combine Theorem 9 with Lemma 30. O

PROOF OF THEOREM 10. By Lemma 31, we have W57 — W*P AWLSP_ There-
fore, Theorem 10 is a special case of Theorem 11 stated and proved in the next
section. O

5.3 SUPERPOSITION OPERATORS IN Ws? W !:sP

Let us take a closer look at the proof of Theorem 9 when s = 2. It relies on the
following ingredients.
1. ®(f) € LP.
2. ¥ (f)D*f e LP.
3. 9"(f)|Vf? e Lr.

Let us now make the following assumptions on ®: ® € C2, ®(0) = 0, ®) is
bounded, j = 1,2. Then item 1 above holds if f € L”. Ttem 2 holds if f € W??.
Finally, item 3 holds if Vf € L?". By the Gagliardo-Nirenberg inequalities (5.32),
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the third requirement is satisfied if f € W>? N L. However, if we replace the
assumption f € W2P N L by the weaker assumptions f € W>” and Vf € L?", we
still obtain the conclusion of Theorem 10 (with s = 2). These considerations and
Lemma 31 suggest the following improvement of Theorems 9 and 10.

THEOREM 11. Lets > land 1 < p < 0. Let M := [s]. Let ® € CM(R) be such
that ®(0) = 0 and ®V) € L=, Vj=1,... M. Set

X ={feW*P(R");VfeLP?}.
Then Ty maps X into itself.

This result was initially obtained in [12], with a proof using Fefferman-Stein
type vector-valued maximal inequalities [24] and Littlewood-Paley theory. A more
elementary proof, using fractional maximal inequalities, was found by Maz’ya and
Shaposhnikova [37]. We present below a very natural proof, using trace theory. It
relies only on the maximal function theorem in L”, p > 1, and on the following
simple observation.

LEMMA 32. Letg € L} (R") and n € CZ(R"). Then

loc

lg*Me(x)| < Cp A g(x),Vx ER", Ve > 0. (5.45)
PROOF. Let R > 0 be such that suppn C Bg(0). Then

1
eeneCl <suplnl [ gty

Bre(x

= C, sup|n| leW)|dy S A g(x),

BRS(X)

whence (5.45). ]
The interested reader may find a useful generalization of (5.45) in [52, Chapter
I, Section 2.1, formula (16), p. 54].

PROOF OF THEOREM 11 WHEN 1 < s < 2. The case where s = 2 has been

discussed at the beginning of this section. We may thus assume that 1 < s < 2. Let
f € WP be such that V f € L. We have

| Tof| < [|®'||- | and [VTof| < |||~ [V £],

sothat f € LP and Vf € LP NL*P.

Write s = 1+ o, with 0 < o < 1. In view of the above, in order to complete the
proof of the theorem we have to prove that VTgf € WP, We fix some 1 < j <n,
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and prove that g := d;Top f = @' (f) d;f € WOP. Let f — Fy be the operator defined
in (5.2). Set

G(x,€) :=Fg (s (x,€) djFr(x,€)

(5.46)
=Fg(5)(x,€) Fy, (x,€), Vx €R", Ve > 0.

We let to the reader the proof of the fact that limg_,0 G(+,€) = g in L?, and thus
that g is the trace of G in the strong sense of Theorem 7. Note also that 1 — o =
2 —s. From these observations and Theorem 7, we find that, when 1 < s < 2, the
conclusion of Theorem 11 amounts to

/ / eI~V G(x,€)|P dxde < oo. (5.47)
0 n

By (5.46) and the assumption that &' € L, we have
VG| < |D*Fy| + |VFgi(p)| [VFyl. (5.48)

The heart of the proof consists of estimating |V Fg (4| in two different ways. On
the one hand, since @’ is bounded, we have ®'(f) € L™ and therefore, by Lemma
26 item 3, we have

1
‘Vqu(f)(X,g)’ S E, VXER”,V8>O. (549)

On the other hand, using successively (5.26) with |a| = 1, the fact that ®” is
bounded and Lemma 32, we obtain

VEwp(xe) S Y Y (0P f)x(8%F)e(x)|
acN" el (5.50)

lal=1 |B|=1
SANVSl(x), VxeR" Ve > 0.
Similarly, we have

|VFr(x,€)| S #|Vfl(x), Vx€R", Ve > 0. (5.51)

Combining (5.48)—(5.51) , we find that

) 1
IVG(x,8)| S |D*Fy(x,€)|+ (g A///|Vf|()‘)> ! (5.52)

x AV fl(x), VxeR" Ve > 0.
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Using (5.52), Theorem 8 and the maximal function theorem, we obtain

/ / e@=9P1\VG(x,e)|P dxde
0 n
S[ [ e e de
0 n
+ / / g1 <E/\///|Vf|(x)> (M| f|(x)) dxde
0 n
_ / / 2971 |D2F,(x, )| dxde
0 n
1AV () ,
+ / / eI~ (L |V F|(x))*F dedx
mJ0
+ / / eIV e~ (g |V f|(x))P dedx
nJ1.a19£|(x)

<[] e e dade+ [ (195107 dx
0 Jre R

S + IV AN
This yields (5.47) and completes the proof of Theorem 11 when 1 < s <2. [J

REMARK 12. Theorem 11 is, in some sense, optimal. Indeed, assume that f €
W*P and that, for every ® as in Theorem 11, we have Tg f € W*P. In particular,
by taking ® =id, we find that f € W*?. Similarly, we have sin f, (cos f — 1) €
W*P_ Since sin f, (cos f — 1) € L, we find from the general form of the Gagliardo-
Nirenberg inequalities (see e.g. [12]) that sin f,(cos f — 1) € WP, Using the
chain rule for composite functions, we obtain cos f Vf,sin f Vf € L*P, and thus
|[Vf| = |(cos f,sin f) Vf| € L°P. We have thus obtained that the assumptions on f
in Theorem 11 are essentially necessary.

6 MAPS WITH VALUES INTO MANIFOLDS

6.1 OVERVIEW

Let X be a smooth r-dimensional manifold and let @ be a smooth k-form on X.
If f:R" — X is sufficiently smooth (say, f € C* for some ¢ > 1), then we may
define the pullback ff® of @ by f, which is a k-form of class C‘~! on R”. More

specifically, if (y',...,y") is a system of local coordinates on ¥ and if we write,
near f(a) with a € R",
0= Z Gy (V)Y A Ady,

1<ii<...<ig<r



then near a we have

o= ) . (f6))dfi Ao Adf,

1<ii<...<ig<r

(with (f1(x),. .., f-(x)) the coordinates of f(x) in the coordinate system (y',...,y")).

The question we address here is the possibility of defining f*@ when f has
less regularity, say f is not even C!. This is already an issue when we assume that
fe WI}JZJ(R"). In that case, f*@ is well-defined a.e. as a k-form with measurable
coefficients. This form is a useful analytical object (a form distribution, or current)
only when its coefficients are in L}O .- Since clearly the coefficients are in LZ)/ Ck(R"),
we find that f?o is a current when p > k. However, we will see below that in some
situations it is possible to define f*w when f has a regularity below leck

A thorough discussion about these topics would require a considerable amount
of auxiliary results. Therefore, we will focus on some results in this direction that
require little additional technology, and refer the interested reader to a series of
articles dealing with the case where £ = S" and @ is the canonical volume form on
S” (or the Jacobian in R"*!): Jerrard and Soner [31, 32], Hang and Lin [28], Brezis
and Nguyen [15], and also [6, 40, 7].

The arguments we present below rely on two types of ingredients: *“ null La-
grangians” (or “cancellation phenomena”) and the trace theory. In order to make
clear the role of each ingredient, we start with continuous (or, more generally,
VMO) maps, for which the null Lagrangians play a key role. We next turn to the
W#P setting, which requires combining both tools. While the questions discussed
in Section 6.2 are rather simple and could have been tackled by other methods, the
approach we use to answer them will prove to be useful in the more complicated
situations investigated in Sections 6.3 and 6.4, and even beyond.

6.2 WINDING NUMBER (I)

We discuss here the possibility of defining through a convenient integral formula
the winding number of maps f : S' — S!. This turns out to be possible when f is
continuous (and even slightly less than continuous). We mention that it is possible
to extend this approach to higher dimensions, and define the degree of continuous
maps f:S" — S" via an integral formula similar to (6.18) below (see [39]).

Since at some point we would like to address this question in the context of
Sobolev maps and we want to avoid working with Sobolev spaces of maps defined
on manifolds, we rather consider maps f : R — S!. In order to further simplify the
discussion, we make the following assumption:

f=1for|x| >R=Ry. (6.1)
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Assume temporarily that f is continuous. Identifying f with a complex-valued
function, we may write f = ¢'?, with ¢ continuous and ¢ constant on (—oo, —R]
and on [R,e). In addition, ¢(—R), @(R) € 2nZ (since f(£R) = 1). Therefore, the
“winding number” (or “index”, or “degree”)

¢(R) —¢(—R)

d =
eg f o

(6.2)

is an integer, and one can prove that this integer does not depend on the choice of
R as in (6.1) or on the specific continuous lifting ¢.

Let us recall the following standard property of the degree:
if f,g satisfy (6.1) and if |f — g| < 2, then deg f = degg. (6.3)

Assume next that f is smoother, say f € C'. Then ¢ € C', and thus we have
f =19’ e'?. We claim that

/_i ’ /
¢ = = INS (6.4)

In the second equality in (6.4), we have identified f with an R?-valued map,
and we let (aj,ay) A (by,b2) := axb; — ayb,. In order to justify (6.4), we note that

1 _
Ff/:—lff/:f/\f/—l(flf{‘f‘fzfz/):f/\f/;

the latter equality follows from the fact that
1
hA+AA= E(lf\Z)/ =0.
Let f satisfy
feC' (R;S") and f(x) = 1,¥|x| > R=Ry. (6.5)
Combining (6.2) and (6.4), we recover the Cauchy formula

deg f = % /Rf/\f’, VY f as in (6.5). (6.6)

The connection between this formula and the pullback of forms is the follow-
ing. Let

S P R R C
w'_27r(de xdx)—zﬂde
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denote the canonical volume form on S!. Then
1 1
f — /- AV /
ffo 27[(f1f2 ~2f) 27[f/\f-

Therefore, (6.6) reads

deg f = / flo=(fo,1), (6.7)
R

the latter quantity being the duality bracket between the compactly supported dis-
tribution f*® and the smooth test function 1.

Starting from (6.7), one may address the question of the existence of the dis-
tribution ff@w when f is less than C'. We do not follow this route, for which
we refer the reader to [15]. We consider instead the more modest task of finding
an analogue of (6.7) valid when f is merely continuous. For this purpose we let
u=(uy,up): R?h* —R2 u:= Fy, with Fy as in (5.2). Although f is S!l-valued, u is
merely R2-valued, and not S'-valued (unless f = 1). We let Ju denote the Jacobian
of u,

Ju = duNu=Vu AVu,.
The following formula goes back to Poincaré.

LEMMA 33. Let f € C*(R;S!) satisfy (6.5). Then

deg f = %/Rz Ju. (6.8)

+,%

PROOF. By Lemma 27 (with m := 2), u extends to a map in C>(R% ). On the other
hand, the assumption (6.5), Lemma 26 and Lemma 27 (with m := 1) lead to

0 if >R
Va(x,x)| <4 . il ZR+x 6.9)
IA(1/(x2)%), if x| <R+x
In view of (6.9), we have
/ | < oo, (6.10)
L
lim |Vu|dl = 0. (6.11)

Tl 0)
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Here,
Cr(0) :={x= (x1,x) € R% xo >0 and |x| = r}.
Since u € C2, the following two identities hold in ]R%r:

Ju = 0 (u) druz) — h(uy dyuz), (6.12)
Ju:82(u281u1)—81(u282u1). (613)

Combining (6.12) and (6.13), we find that
Ju— %[al (1A Dott) — Do (u A Dyut)]. (6.14)

Let Q, := ]Ri’* NB,(0), r > 0, and let v denote the unit outward normal to
dQ,. Note that, on (—r,r), we have v = (0,—1). Using successively (6.10), (6.14),
(6.11) and (6.6), we find that

1 1 1
—/ Ju =1 tim Ju:—lim/ 194 (1. datt) — (1t A Dyt)]
T Ri‘* JT r—oo Q, JT r—o0 Q,
1
:% rlglolo agr[vl (u A 82u) — Vz(u A 81u)]
1 . r
:%rlglolo/_r[vl(u/\&u)—vz(u/\81u)]

TUr—e [

1 d 1 (R
=—lim u/\alu:—/ uNou
’ 2n _R

1 (R ,
:E/Rf/\f:degf.

This completes the proof of Lemma 33. O

It will be convenient later to have a variant of Lemma 33, Lemma 34 below,
whose proof, very similar to the one of Lemma 33, is left to the reader.

LEMMA 34. Let f € C*(R;S') satisfy f(x) =1 for |x| > R=Ry. Letw€

C?(R2;R?) be any extension of f to R% such that

/ | < oo (6.15)
2

+,%

and

lim |Vw|dl = 0. (6.16)
T 0)
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Then

deg f = %/R Jw. (6.17)

2
+,%

Our next task, consisting of extending (6.17) to maps f which are merely con-
tinuous, is more subtle. Indeed, Lemma 34 asserts that, when f is smooth, deg f
can be calculated via any smooth extension w of f that has sufficient decay at in-
finity. In the case of a continuous f, one has to take care not only of the decay at
infinity, but also of the behavior of w near R.

We let IT : R?> — R? be an “approximate projection” onto S!, i.e., a map satis-
fying
1. ITeC™.
2. TI(x) = x/|x| € S! when |x| > 1/2.

Thus IT is the radial projection onto S! except near the origin, where it is mod-
ified in order to obtain a smooth function.

LEMMA 35. Let f € C(R;Sl) satisfy (6.1). Let u := Fy (as in (5.2)) and set
w:=I1(u). Then

deg f = %/R Jw. (6.18)

2
+,%
The proof of the lemma relies on a cancellation phenomenon described below.

PROOF. In view of (6.1), f is uniformly continuous. Therefore, there exists some
&y > 0 such that

lu(x,e) — f(x)| < 1/2, Vxe R VO < e < g. (6.19)
In view of (6.19) and of the fact that |f| = 1, we find that

lu(x,€)| >1/2, Vxe R,V0O < € < g. (6.20)
In turn, (6.20) implies that

w(x,e)] =1, Vxe R,V0 < € < &, (6.21)
lw(x,e) — f(x)] <1/2, VxeRV0 < & < &. (6.22)
Now comes the crucial observation. We claim that the Jacobian of a smooth

map g : Q — S!, with Q C R?, vanishes. Indeed, differentiating the identity |g|*> =
1, we find that g-djg = 0 and g- d»g = 0. This implies that the vectors d;g and
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o»g are both orthogonal to g, thus parallel. In conclusion, Jg = d1g A dhg =0, as
claimed.

Using this observation and (6.21), we obtain the fundamental cancellation prop-
erty

Jw(x,e) =0, Vx e R,V0 < € < g&. (6.23)

On the other hand, the assumption (6.1) and Lemma 26 yield

0 if >R
Vuo,x) S0 il =Rt (6.24)
(1/(x2)%), if i <R+x2
Combining (6.23) and (6.24), we find that
/ ] < o, (6.25)
RY.
lim IVw|dl = 0. (6.26)

TG (0)+{(0.60)}

Using the cancellation property (6.23) and applying Lemma 34 in R X (&, ),
we find that

1 1
1 / Jw=1 / Jw = deg(w(-, &)). 627)
T JR2, T Jrx ()

Combining (6.3), (6.22) and (6.27), we obtain (6.18). ]

REMARK 13. We briefly explain here the possibility of defining deg f when f is
slightly less than continuous. In this context, a natural class of maps is the class
VMO of functions of “vanishing mean oscillations” (introduced by Sarason [50]),
and defined on R as follows.

0xer

VMO (R) := {feL,OC hrnsup][ ][ f(2)] dydz—O}

We adopt the same notation as in Lemma 35. One may prove (see e.g. Brezis
and Nirenberg [16, formula (7)]) that if f: R — S! satisfies f € VMO, then u:=F t
satisfies

lir%sup [|lu(x,€)|—1] =0, (6.28)

€=U xeRr
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or, equivalently, that |u(-,€)| — 1 uniformly as € — 0. Assume in addition that
f(x) =1for [x| > R = Ry. Repeating the proof of Lemma 35, we obtain that there
exists some & such that

1
—/ Jw =degw(-,€), VO < € < g&. (6.29)
TRz,

At this stage, we have the non-trivial information that the left-hand side of

1
(6.29) is an integer. But we cannot continue and claim that pe / Jw =degf.
RZ,
Indeed, we have not defined deg f! However, we may take this equality as the
definition of deg f. It is not difficult to see that this definition coincides with the one
in [16]. To summarize, maps in VMO (R;S!) satisfying f(x) = 1 for [x| > R =Ry
have a well-defined degree. This degree can be calculated via the integral formula

deg f = %/R Jw. (6.30)

2
+,%

6.3 WINDING NUMBER (II)

We return here to the Sobolev context and investigate the existence of deg f when
f :R — S! has some Sobolev regularity. More specifically, we assume that

f(x)=1for [x| >R=Rsand f—1€ W*P(R). (6.31)

When sp > 1 or s = p =1, f is continuous and thus it has a degree. When
sp < 1, there is no reasonable definition of degree [39]. The “critical” case is
the one of the spaces W!/P7, with 1 < p < oo. It turns out that these spaces are
embedded into VMO (see e.g. [16, § 1.2, Example 2]), and thus, as explained in
Remark 13, we may define deg f, which is given by formula (6.30). We address
here the question of an estimate for deg f. The answer is provided by the following
result, originally established in [6] with a slightly different argument.

LEMMA 36. Let 1 < p <. Let f: R — S! satisfy f(x) =1 for |x| > R=Ry and
f—1€WYpPPr Then

|degf| S Cp |f|pwl/p,p‘ (6‘32)

PROOF. Let, for x € R,

d(x) := inf{e > 0; |u(x,€)| < 1/2}. (6.33)
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By (6.28), we know that d(x) > 0. Consider the open set
U:={(x,e);xeR,0<e<d(x)}. (6.34)
By the proof of (6.23), we have

Jw=0inU. (6.35)
On the other hand, Lemma 26 implies that
C
\Jw(x,s)\gg,Vf:]Ri—)Sl,VxER,VS>O. (6.36)
Combining (6.30), (6.35) and (6.36), we obtain
1 <1 1
\degflé—/ !JW\S// —dedx%/—dx. 6.37
TJr2, R Jd(x) €2 R d(x) (637)
We complete the proof of Lemma 36 combining (6.37) with Lemma 37 below (with
s=1/p). O

LEMMA 37. Let 0 < s < 1 and let f : R — S! be such that f —1 € W*P. Let d(x)
be as in (6.33). Then

1
dx < |fhs,. (6.38)
. 4% e
PROOF. In view of (5.3) and of Theorem 8, for a.e. x € R we have
lim u(x,€) = f(x) (6.39)
£—0
and
/ e1=9P=11Vy(x, )| de < oo. (6.40)
0

Let x satisfy (6.39)—(6.40). Since (6.39) holds, we have either d(x) = oo, or
d(x) < e and then |u(x,d(x))| = 1/2. Assume that d(x) < eo. Using Holder’s
inequality when p > 1 (and a trivial argument when p = 1) we find that

(1/2)P = [Ju(x,d(0))| = [f " < |ulx,d(x)) = £(x)]7

d(x) P
< ( / o de>
0

8_gu(x’8)
aw
<Gy ld(x)]” / 1901 |Vy(x, £)|P de
0

(6.41)

<Gy ld(x)]” / 1901 |V (x, £)|P de.
0
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Consequently, we have

1 oo
—__<C e1=9P=1\vy(x,e)|P de, for ae. x € R. 6.42
[d)]? ~ &17/0 |Vu(x, )| , Iora.e. x ( )
We obtain (6.38) by combining (6.42) with Theorem 8. O

6.4 FACTORIZATION

We first summarize what we have achieved in Sections 6.2 and 6.3. We have an
integral formula for deg f when f is continuous, or merely VMO. If, in addition,
f has some Sobolev regularity, then we also have an estimate of deg f. In terms of
pullback of forms, we gave a meaning to (f*w, 1) for f € VMO and we also have
an estimate of this quantity when f € W1/P7.

It is much more difficult to give a robust meaning to f*w when f : R" — S!.
It is beyond the scope of this presentation to explain in detail how can this be
achieved (and we refer to [13, Chapter 8] for the complete proofs). However, we
will explain the definition of ff@ and the main ingredient used in the definition.
Assume first that f = ¢'?, with smooth ¢. Then (see the proof of (6.4)) we have

1
‘0 =-—dg. 6.43
f o (6.43)
Similarly, if f,g : R" — S! are sufficiently smooth, then
(fe)fo=fo+do. (6.44)
Another easy observation is that
1
flo = ﬂf/\ df is well-defined when Vf € L'. (6.45)

Put together, the three above observations lead to the following reasonable def-
inition. If

f=gh, where g=¢'? and Vh € L', (6.46)
then we define

1 1
flo:= 5740+ 5_hndh. (6.47)

It is possible to follow this route and give a robust meaning to f*@® when f—1 €
W#P with sp > 1. The main ingredient is the “factorization” theorem, asserting the
possibility of decomposing f as in (6.46). More specifically, we have the following
result, valid in any dimension [13, Chapter 8].
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THEOREM 12. Assume thatn>1, s >0and 1 < p <oo. Let f : R" — S! be such
that f —1 € WP and

f(x)=1for|x| > R=Ry. (6.48)
Then we may write f = €' h, where ¢ € WP (R";R) and h—1 € W1 (R"; R?).

In particular, when sp > 1, Theorem 12 allows to define

1 1
FAdf = flo:= 5740+ 5 _hAdh, (6.49)

the result being a 1-form with coefficients in W*=1.» 4 Wwsp=1.1,

The proof of Theorem 12 is too long to be given here. Let us simply mention
that it relies heavily on the trace theory of weighed Sobolev spaces and on cancel-
lation phenomena. It is simpler when sp < 1, and in this specific case we refer the

reader to [42].

APPENDIX. SOME DETAILED CALCULATIONS

PROOF OF LEMMA 16. By scaling, it suffices to prove the lemma when R = 1.
We start with a useful preliminary observation. By the mean value theorem,
there exists some y € B;(0) such that

/ |f(x)—f(y)|p <‘f’
Bi0) =y Wer(B1(0

For any such y, we have

£~ £
1= £ o < | I(O)% % S oo 1)

We now recall the following elementary inequality. Let i be a measure on the
set A such that 0 < p(A) < eo. Then

Hf— frau

Using (7.1), (7.2) (with A := B;(0) and u the Lebesgue measure), and the
assumption |, B1(0) f=0,VYf €Y, we obtain

<2||f — |y, Vf €LP(A), Ve ER. (7.2)
Lr(A)

£z 8, 0)) S [flwsri0)), Vf €T (7.3)
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For x € R” such that |x| > 1, let x* := x/|x|*> € B1(0). Fix some y € C(B,(0))
such that y = 1in B (0). Let f € ¥;. We set

,iffx <1 .
£ ) = {;g)) ” :i: i [ and Pf = yf (7.4)
Noting that
Pif(x)=Pif(y) =0if [x| > 2 and [y[ > 2
and that

[PLf(x) = L) < [ ) w ) =y )+ [w O () = ()

we find that

;o (1.5

* X)— P
PShe S U o + | L p Y =VO (0 )
2 n

ey
On the other hand, since y € C°(R"), it is easy to see that

W) -yl

— n
T dy <C=Cy, VxeR". (7.7)
Combining (7.6) and (7.7), we find that
PLE Rse S 1 s agoy) 1 N8 (0))- (7.8)

Next, using the definition of f* and performing in B>(0) \ B1(0) the change of
variable x — x*, we find that

1 e Ba0)) S NS llr (B, (0))- (7.9)
By (7.8), (7.9) and (7.3), we obtain
|Plf|WVP ~ |f |WY]7 32 )+ |f|1V7VS,p(Bl(0))7 (7.10)

and thus the conclusion of the lemma amounts to

|f*|WS>1’(Bz(0)) S |f|Ws>p(Bl(0)). (711)

In turn, (7.11) is obtained as follows. We have

|f |va BZ N|f|WY]7 Bl

IfO) = F I
+/ 0)\B1(0 /( \Bl) |x — y|ntsp dydx (7.12)

p
s,
B,(0) JB2(0)\B1(0) X — y|" p
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Using the change of variable x* — x and y* — y and noting that
" =y = =yl Vx,y € B2(0)\ B1(0),
and
|x—y*| ~ |x—y|, Vx € B1(0),Vy € B,(0)\ B;(0),

we obtain (7.11) from (7.12).
The proof of Lemma 16 is complete. O

PRrROOF OF LEMMA 17. We will use repeatedly the following straightforward
consequences of Holder’s inequality. If 0 < a < oo, then for some C = C, , , < o°
we have

LE n
dx<CR|fI7 o ViR R -
/Rn\BaR(O) |x|n+§']7 || HLQ(R \BuR(O))

Similarly, we have, with C =C, , , < 0,

fIP <CRrR?||f|P ) (7.14)
/ N 1A

Using the fact that y € C°(R"), we find that the function & : R" — R,

_ P
E(x) = M" 7
w P
satisfies
1 if x| < 1
<< . 7.15
RS {’x‘(nerP)’ if x| > 1 (7.15)
Set n¢ :=1— y¥. Combining (7.15) with the fact that
£ _ £ p € _ € )
VWO, TN
R —yrEp R e—ylrtr
we obtain
e —vEWI” [ ) =1tk
n+s dy = n+s d
R = yrEp R e—ylrter .-
_Jer. if x| < 1/ (7.16)
e |x|~P) | if x| > 1/
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For the convenience of the reader, we split the remaining part of the proof into
three steps. Clearly, these steps lead to the conclusion of the lemma.

Step 1. We have
|We f— flwsr — 0as e — 0. (7.17)

Indeed, noting that

WE(x) f(x) = f(x) =0 (x) f(x) = 0if |x] < 1 /e,

we find that
(y)|P
W F— Pl < / | 1sta =T O 4y
[x[>1/e JR" |x y|rese (7.18)
) )
ACE nL)‘ i
W>1/e Jrn X —y[rTsP

Using successively (7.16) and (7.13), we find that

|l[/8f—f|€vsvp SHfHZq(]R"\BI/E(O))

o (7.19)
=1/ Jre [ —y[THP

The first step is complete.
Step 2. We have

|fe — flwsr — O as € — 0. (7.20)

With no loss of generality, we assume that supp p C B;(0). Set He := fe — f.
Then (7.20) amounts to

. |He (x) — He (y)[?
I .:/n o \x—y\”“l’ dxdy

:/ |He (x+h) — He(x) [P
n e

‘h‘n-i—sp

(7.21)
dxdh — 0 as € — 0.

In order to estimate /., we start by noting that

et ) ~He(I 5 [ feth=y) = et i) = fle=) +FW)

8}1
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Using this observation, we estimate the integrand in (7.21) as follows.
1. If |h| < €, we use

|He (x + h) — He(x)| </ |f(X+h_y)n_f(x_y)|dy
[v[<e €
|f(x) = f(x+h)|
* dy.
/|y<£ en Yy
2. If |h| > €, we write
|He (x+h) — He(x)| </ \f(XJrh—y)n_f(Hh)’dy
lyl<e €

|f(x) = fx—V)|
+/|y<£ dy.

gn
Thus
I Se"(Ki+ K+ K3+ Ky) =" (K1 g+ Koe + K300+ Kag),

where

p
K ::// fx+h—y)— f(x—y)|dy> |h|7(”+“'p)dhdx,
" J\h|<e \y|<s

p
Kzzz// ( flx+h)— (x)|dy> |h|~"+5P) dhdx,
nJ|hl<e \)|<s

p
K3 ;:// flx+h—y)— f(x+h)\dy> ||~ 5P dhdx,
nJ |hl>e \>|<s

P
ko= [ | (/ !f(x—y)—f(X)\dy> (1]~ 0459)
" J|h|>e lyl<e

We will prove that e™"7 K; — 0 as € — 0, j=1,...,4. The only ingredient we
use in the proof is the straightforward fact that

lim/ /l fE4y) P dydx = 0. (7.22)
nJlyl<e

£—0 ’y‘”"‘sﬁ

We start with K;. Noting that

P
(f_ lrteen—swlas) = cemiptsn— sl

74



we find that

e "MK, = // x+h+f( )l dh—0ase—0.
nJinj<e || tsp

For K, Holder’s inequality implies that

P
( X+h—y)—f(x—y)|dy>

vl<e (7.23)
N

g"lr >/ [fx+h—y)— flx—y)]Pdy,
lvl<e
and thus

—v) — — )P
nJInj<e Syl <e e" [h|r+sp

For fixed y and 4, the change of variable x — y = z leads to

h )4
K < Seth) = f@I e gase o,
’h’n-&-sp

" J|hl<e

We next estimate K3; the calculation for K4 is similar and will be omitted.
Inequality (7.23) implies that

8”PK3<8"// / lf(X+h—y)—f(erh)l”dydhdx‘
~ o Jinjze Jpyl<e [|Es

In the above integral, we fix y and /& and make the change of variable x+/h = z.
Next we integrate in 4 and find that

)4
" |y\<e gnrep

p
// — /)| dydz —0ase—0.
nJyl<e

’y‘n-i-sp

The second step is complete.
Step 3. We have

W (fe — f)lwsr — 0as € — 0. (7.24)
Set L¢ := fe — f, so that

|Le|wsr — 0 and ||Lg|[re — 0 as € — 0. (7.25)
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In order to prove (7.24), we start from the straightforward estimate

€(x) — wE(V)|P
W Lelfr S eelfr + [ relop [ OO g .26
Rn R x—y[rtee

Combining (7.26) with (7.13), (7.14) and (7.16), we obtain (7.24).
The third step is complete. O

PROOF OF LEMMA 18. Let f: R" — R. Let x,y € R". Set

ZO =X, Zl = (y17x27 cee 7xn)7 Z2 = (y1,y2,X3 ce 7xn)7 ce 7Zn =)
Then
n
fE) = fOIP S Y 1) = FEEHIP. (7.27)
j=1
Dividing (7.27) by |x — y|["**7 and integrating over x and y, we find that
[f(&) = fEHIP
|flvsr S /n - ey dxdy. (7.28)
Next, we note that
! d dxj_1dy; dy, = ¢ 7.29
RHW X1--.QXj—14Yj4+1--- )’n—ma (7.29)

for some finite constant C. Inserting (7.29) into (7.28), we find that “<” holds in
(3.38).

For the reverse inequality, we fix some j, say j = 1. For x; Zy; € R, set ¢t :=
(x14+y1)/2, X := (t,x2,...,%,) and r := |x; — y;|/4. We start from the inequality
|f(x17x27" . 7xn) _f(yl7x27' .. 7xn)|p §|f(X1,XQ,. = 7xn) _f(z)|p
+ |f(y17x27' .. 7xn) _f(z)|p

We divide (7.30) by |x; — y;|[*"!™*” and integrate over x € R", y; € R and
z € B,(X). We find that

(7.30)

| 16t )@ 5 [ 1060 = f@F Fle)dsdz, (30
RV[

with

1
F(x,z) ::/ 1 -
zeB,(x) [X1 —yp[rrITsp
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Using the fact that, whenever z € B,(X), we have |x —z| < (3/4)[x; —y1|, we
find that F(x,z) < |x —z|~"P). Inserting this into (7.31), we find that “>” holds
in (3.38) for j = 1. The calculation for other values of j is similar and will be
omitted. O

LEMMA 38. Let0<s<land1 < p <oo. Let

Al P
7, = {f R R felr, |fl., ::/ %dxdh@o}, (7.32)
rJr |A|TTP

2
Zy = {f R—R; fel’, ()., ::/R R%dxdh@o}, (7.33)

equipped respectively with the norms

1£1Z, == NFIZ +1f s
I£1Z, == IFIZp + (F)psor-

Then Z\ = Z», with equivalence of norms.

PROOF. As explained in the proof of Lemma 19, it suffices to establish the semi-
norm equivalence |fe|wsr & (fe)wsr, which in turn amounts to establishing the
semi-norm equivalence

|g|Ws,p ~ <g>WS,p, vg S Zl ﬁZZ (7'34)

The identity A7g(x) = Al g(x+h) — Al g(x) leads to ||AZg||» < 2||A}g]|Lr, which
in turn implies the inequality ||g||z, < 2||g||z, and the embedding Z; — Z>.

In order to obtain the opposite inequality
‘g‘ww < <g>wx,p, YgeZiNZy, (7.35)

we let k > 2 be a large integer to be fixed later. We have the identity

Z JAsg(x+(j—1)e) = kAgg(x+ (k—1)g) = Ajy_)8(x),
and thus

|Arg(x+ (k—1)e)| < — !Akug )+~ ZJ!AggH (j—1e)l.  (7.36)
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If we raise (7.36) to the pth power, divide by |€|'*7, integrate over x and € and
perform in the first right-hand side integral the change of variable i := (k — 1)g,
we find that

lglher < Copk 1P (gl + C (@) s (7.37)

Let k satisfy C; k=(1=9p < 1/2. If we apply (7.37) with such k and use the
fact that |g|ws»r < e, we obtain (7.35). O

PROOF OF LEMMA 21. The argument is similar to the one in Step 2 in the
proof of Lemma 17. We take advantage of the compact notation for variations
and present a shorter argument. With no loss of generality, we may assume that

supp p C [—1,1].
Let i, 7,x € R. Then we have the identity
ARf(x+T) + AR f (x = 7) = 287 £(x)

7.38
= A2f(x—T+2h)+A2f(x—1) —2A2f(x — T+h). (7:38)

Multiplying (7.38) by p.(7), integrating over sup ps C [—&, €| and taking into
account the fact that p, is even, we find that

207 (fe — f)

) ) ) (7.39)
= [185 =t 20+ 82— ) 20— T+ R pe(e)d.
Using the fact that |pg| < 1/¢€, we obtain from (7.39) that
1
1A (fe = Nllr S = / A2 |- (7.40)
€ Jir<e
On the other hand, we clearly have
”Aﬁfs” = H(A%zf)*psum < HA%f‘ LP ”p&‘”LP = HA%fHUﬂ
and thus
IAG(fe = Il <2083 Nl (7.41)

Using (7.40) when |h| > € and (7.41) when |A| < € and Holder’s inequality, we
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find that
P < 1 2 P —1—sp
\fe = flwsr S [AZfllrdT ) Al dh
€Y Jin>e \J|t|<e
A2 14
+/ ” h1f+Hpr dh

nj<e |[BI1TSP

! | AG£IZe

~g PP ( / A2 dr) + / L an
e n<e |h["FP

A fII7
gg—l—sp/ A f dt +/ ” h LPdh
mgs” Iz, dv n<e [B"TP

A2 P]
5/ | hﬁ‘“ dh—0ase—0.
nj<e |[RI1TSP

The proof of Lemma 21 is complete. O

PROOF OF LEMMA 22. As explained in the proof of Lemma 19, it suffices to
establish, for smooth f: R" — R the following semi-norm equivalences:

L N
Sn=1 J ol

| s & / / | foollsr dxd®, ¥'s > 0 non-integer, VM > s. (7.43)
N

Z dxdw, ¥Ym €N, (7.42)
P

Estimate (7.43) is actually an identity, up to a multiplicative constant. Indeed,
we have

va— R ’h’n-&-sp

\A’r”w
/S" 1/ Rn \1+Sp dydrdsw
AM, f(x+1 )]
/Sn 1/a>L// ‘l-i-sp dtdrdxds,,
AM
/ / / / A 0O 14y,
sn—1 J ot r‘lJrv
/ / |f(g Ws:p dXdSw,
Sn— 1

whence (7.43). In the above, we first expressed /4 in spherical coordinates (with
r € R), next we performed the change of variables y = x+t®, x € 0+, t € R,
whose Jacobian is 1.
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We now turn to the proof of (7.42). We let to the reader the easy case where
m = 0 and we assume that m > 1. The starting point of the proof is the following
observation. If A is a symmetric m-linear form on R”, and if

Alo,...,0)=0,YocS" !,

m times

then A = 0. This is a consequence of the polarization formula for symmetric forms.
It follows that

e Yy "

is a norm on the space of symmetric m-linear form on R”".
Applying the above to A := D" f(x), x € R", we find that

D1, ~ [ (D750
[ Lo, o s,

/ / /!Dm x+to)(o,...,0)P dtdxdsy
Snl (DL
:/S I/L/R‘(fjf,) (t) " dtdxds,

= w

_ X\ (m) r
_/Snl /wL (fo) o dxdsg,

whence (7.42). Ol

REMARK 14. The proof of (7.43) yields the following more general identity. If
g:R"XR" — [0,00) and & € R, then

dxd
/”/n |x y|”+05 Y
_ = gxt+tmw,x+1T0)

PROOF OF LEMMA 23 WHEN n = 1. Let f € W, (R). We will prove that

(7.44)

If|' = (sgnf) f € L. (7.45)
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Since f is continuous, the conclusion is clear if f does not vanish. We may
thus assume that f vanishes at some point, say f(0) = 0. Then (7.45) amounts to

lf(x)] = /Ox(sgnf(t))f’(t) dt, Vx e R. (7.46)

We prove e.g. (7.46) when x > 0. Assume first that f(x) =0. Let U := {y €
(0,x); f(y) # 0}. We write the open set U as a disjoint union U = U;[;, with
each I; = (aj,b;) an open interval. Since f has constant sign on /; and we have
f(aj) = f(b;) =0, we find that

[ Gen )7 0de== [ £ =2(716)) - Flas) =0, V.

7

Therefore,
[ sen @) war = [ (sen ) /@)
0 U
~% [ Gens0) £ 0t =0 = (3,

as desired.

When f(x) # 0, set z := sup{y € [0,x); f(y) = 0}. Then sgn f = sgn f(x) on
(z,x) and f(z) = 0. By the previous calculation, we have [, (sgn f (1)) f'(¢)dr = 0.
On the other hand, we clearly have

/X(Sgnf(t))f'(t)df = sgn f(x) /xf'(t)dt = (sgnf(x)) f(x) = |f(x)],

so that (7.46) holds. 0

PROOF OF LEMMA 24. Step 1. An identity
We claim that, for x,2 € R" and M > 0 we have, with r := |A:

M
st =Y (M) s, pa o
=0 (7.47)

+ ) ( -)(—U’“A%F(x,jr)-
=1 \J
In order to prove (7.47), we start from the identity

flx) = f‘, <M> (=1)/F(x, jr)+ f (7) (=1)/ 1 F(x, jr), Vx e R".

j=o \J j=1
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As a consequence,

0y (M) e i)

I f A]f>(_1)Mk f (M)(—l)f“F(erkh,jr)

k=0 j=1 \J
M (M
:Z <k>( )kA%HF x+kh,0) + Z ( > 1)/ AME (x, jr).
k=0

(In the second term of the last equality, we have inverted the sums over M and j.)
Therefore, (7.47) holds, as claimed.

Step 2. From the identity (7.47) to the estimate (5.13)
In view of (7.47) and of the desired estimate (5.13), it suffices to establish the
estimate (7.48) below. ]

LEMMA 39. Let M > 0 be an integer: Let X := (x,€) € R"™™! and let H = (h,t) €
R be such that [X,X +MH)] C R""'. Assume that either h = 0 or t = 0. Then
we have

M
IAMF(X)| < |HM / M Dy F (X +tH)|dt. (7.48)
0

PROOF. Set G(1) := F(X +tH), t € [0,M]. Then clearly
AME(X) =AY G(0) and |GM (r)] < ™M |DyF (X +tH))|.
Therefore, it suffices to prove that

M
IAYG(0)] g/ M1GM (1) dt. (7.49)
0

In turn, estimate (7.49) is obtained as follows. Let x| := 1;_y, and, for j > 2,
set

Xji=X1*xx1%-*%X1.
—————

j times
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(=1

By a straightforward induction on j, the distributional derivative xjj Vs
bounded, and x;(¢) = 0 when ¢ > 0 or when ¢ < —j. This leads to the inequal-

ity

(=) <Cit! 1 ¥ ji>1, ¥t >0. (7.50)

On the other hand, by a straightforward induction on M, we have

M
All"’G(O):G(M)*xM(O):/ GM) (1) yps (—1) dt. (7.51)
0

We obtain (7.49) from (7.50) and (7.51). O
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