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t♦ ♦♣t✐♠✐③❡ t❤❡ ♠❛❝❤✐♥✐♥❣ ♣r♦❝❡ss ❛♥❞ t♦ ❛✈♦✐❞ ✈✐❜r❛✲
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t❡r❡st t♦ ✜♥❞ ♦♣t✐♠❛❧ ❝✉tt✐♥❣ ❝♦♥❞✐t✐♦♥s✱ ❝♦♠♣❛r❡❞ t♦
❧♦♥❣ ❛♥❞ ❡①♣❡♥s✐✈❡ ❡①♣❡r✐♠❡♥ts✳ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥
❝❛♥ ❛❧s♦ ❧❡❛❞ t♦ ❛ ❜❡tt❡r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ❝♦♠♣❧❡①
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t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❣❧♦❜❛❧ ❧♦❛❞ ❛♥❞ t❤❡ ❣❧♦❜❛❧ ❞✐s✲
♣❧❛❝❡♠❡♥t ♦❢ t❤❡ ❜❡❛r✐♥❣ ❬✶✷✱ ✷✶❪ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ❜❡❛r✲
✐♥❣ st✐✛♥❡ss✳ ❆♥ ❛❝❝✉r❛t❡ ❜❡❛r✐♥❣ st✐✛♥❡ss ✐s ❝r✉❝✐❛❧ ✐♥ ❛
♠♦❞❡❧ ❛s ✐t ❤❛s ❛ ❣r❡❛t ✐♠♣❛❝t ♦♥ t❤❡ s♣✐♥❞❧❡ ❢r❡q✉❡♥❝②
r❡s♣♦♥s❡ ❢✉♥❝t✐♦♥ ❬✷✹❪✳ ❋✐✈❡ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ✭❉♦❋✮
♠♦❞❡❧ ♦❢ ❜❡❛r✐♥❣ t❤❛t ❝♦♥s✐❞❡r ❞②♥❛♠✐❝ ❡✛❡❝ts ♦♥ ❜❛❧❧s
✇❡r❡ ❞❡✈❡❧♦♣❡❞ ❜② ❏♦♥❡s ❬✶✹❪✳ ❚❤✐s ❜❡❛r✐♥❣ ♠♦❞❡❧ ✇❡r❡
✐♥❝❧✉❞❡❞ ✐♥ s♣✐♥❞❧❡ ♠♦❞❡❧s ❛♥❞ ❧❡❛❞ t♦ ✐♥t❡r❡st✐♥❣ r❡✲
s✉❧ts ❬✺❪✳ ❆ ♥❡✇ ♠❡t❤♦❞ ❢♦r t❤❡ st✐✛♥❡ss ♠❛tr✐① ❝♦♠♣✉✲
t❛t✐♦♥ t❤❛t ✐♥❝❧✉❞❡s t❤❡ ❞②♥❛♠✐❝ ❡✛❡❝ts ✇❛s ♣r❡s❡♥t❡❞
✐♥ ❬✶✾❪✳ ❚❤❡ r❛❞✐❛❧ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❜❡❛r✐♥❣ r✐♥❣ ❞✉❡ t♦
t❤❡ ❝❡♥tr✐❢✉❣❛❧ ❢♦r❝❡ ❛s ✇❡❧❧ ❛s t❤❡ t❤❡r♠❛❧ ❡✛❡❝ts ✇❛s
❛❞❞❡❞ t♦ t❤❡ ♠♦❞❡❧ ✐♥ ❬✹✱ ✷✻❪✳
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❤❛✈✐♦r ❬✷✵✱ ✷✸✱ ✷✺✱ ✷✼❪✳ ❚✇♦ t②♣❡s ♦❢ ♣r❡❧♦❛❞ s②st❡♠
❡①✐st✿ r✐❣✐❞ ❛♥❞ ❡❧❛st✐❝ ♦♥❡s✳ ❚❤❡ ❧❛tt❡r ✐s ❝♦♠♣♦s❡❞ ♦❢
s♣r✐♥❣s ✉s❡❞ t♦ ❛♣♣❧② t❤❡ ♣r❡❧♦❛❞ ❢♦r❝❡✳ ❈♦♥tr❛r② t♦ t❤❡
r✐❣✐❞ ♣r❡❧♦❛❞✱ ✐t ✐s ❧❡ss s❡♥s✐❜❧❡ t♦ t❤❡r♠❛❧ ❡✛❡❝ts ❛♥❞
t❤❡ ♣r❡❧♦❛❞ ❢♦r❝❡ ✈❛r✐❡s ❧❡ss ✇✐t❤ s♣❡❡❞✳ ❚❤❡② ❛r❡ ❝♦♠✲
♣❛r❡❞ ✐♥ ❬✸❪✳ ■t ✇❛s s❤♦✇♥ t❤❛t s♣✐♥❞❧❡ s②st❡♠s ✇✐t❤
r✐❣✐❞ ♣r❡❧♦❛❞ ❤❛✈❡ ❤✐❣❤❡r st✐✛♥❡ss t❤❛♥ s②st❡♠s ✇✐t❤
❡❧❛st✐❝ ♣r❡❧♦❛❞✳ ❍♦✇❡✈❡r✱ ✐t ✐s ♥♦t s✉✐t❛❜❧❡ ❢♦r ❤♦t r♦t♦rs✳
■♥❞❡❡❞✱ t❤❡ ♠♦t♦r ❝❛✉s❡s t❤❡r♠❛❧❧② ✐♥❞✉❝❡❞ ♣r❡❧♦❛❞ ✐♥✲
❝r❡❛s❡ t❤❛t ♥❡❡❞s t♦ ❜❡ ❝♦♥tr♦❧❧❡❞ t♦ ♣r❡s❡r✈❡ t❤❡ s②s✲
t❡♠ ❬✷✱ ✶✶❪✳ ❊❧❛st✐❝ ♣r❡❧♦❛❞ ✐s t❤❡r❡❢♦r❡ ✇✐❞❡❧② ✉s❡❞ ✐♥
❍❙▼ ❡❧❡❝tr♦s♣✐♥❞❧❡✱ ❛❧t❤♦✉❣❤ t❤❡r❡ ✐s ❛ ❝♦♠♣❧❡① ❛①✐❛❧
❜❡❤❛✈✐♦r ♦❢ t❤❡ s❤❛❢t ❛♥❞ ♦❢ t❤❡ r❡❛r s❧❡❡✈❡ ❝♦♥t❛✐♥✐♥❣
t❤❡ r❡❛r ❜❡❛r✐♥❣s ❬✶✸❪✳

❚❤❡ t❤❡r♠❛❧ ❡❢❢❡❝t ♦♥ t❤❡ s❤❛❢t t♦❣❡t❤❡r ✇✐t❤ ♦t❤❡r
♣❤❡♥♦♠❡♥❛ ❤❛✈❡ ❛❧s♦ ❜❡❡♥ st✉❞✐❡❞ ✐♥ ❬✶✵❪ ✇✐t❤ t❤❡ ✉s❡
♦❢ ❛ ♥♦✈❡❧ ♠✉❧t✐ ♣❤②s✐❝ ♠♦❞❡❧✱ ❞❡s✐❣♥❡❞ ❢♦r ❛♥ ❤✐❣❤✲
s♣❡❡❞ ❛❡r♦st❛t✐❝ s♣✐♥❞❧❡✳

■♥ ♠♦st ♦❢ t❤❡ s♣✐♥❞❧❡ ♠♦❞❡❧s t❤❛t ❝❛♥ ❜❡ ❢♦✉♥❞
✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ t❤❡ ❜❡❛r✐♥❣ st✐✛♥❡ss ✈❛❧✉❡s ❛r❡ ♦❜✲
t❛✐♥❡❞ ❢r♦♠ ♥♦♠✐♥❛❧ ♣❛r❛♠❡t❡rs ✈❛❧✉❡s ❛♥❞ ✇✐t❤ ❛ ✜①❡❞
♣r❡❧♦❛❞ ❢♦r❝❡ ❬✾✱ ✷✷❪✳ ❚❤❡ ♥♦♥✲❧✐♥❡❛r✐t② ♦❢ t❤❡ ❜❡❛r✐♥❣
❜❡❤❛✈✐♦r ✇❛s ❝♦♥s✐❞❡r❡❞ ✐♥ s❡✈❡r❛❧ st✉❞✐❡s ❬✺✱ ✷✻❪✱ ❤♦✇✲
❡✈❡r t❤❡ ❝♦♠♣❧❡① ❛①✐❛❧ ❜❡❤❛✈✐♦r ❛♥❞ ♣r❡❧♦❛❞ ❡✈♦❧✉t✐♦♥
✐♥✢✉❡♥❝❡ ✇❛s ♥♦t r❡❣❛r❞❡❞✳

❚❤❡ ♠❡t❤♦❞ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✶✽❪ t❤❛t ✇✐❧❧ ❜❡ ❝♦♠✲
♣❧❡t❡❞ ✐♥ t❤✐s ♣❛♣❡r t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t ❜❡❛r✐♥❣ ♥♦♥✲
❧✐♥❡❛r✐t② ❛♥❞ ❛❧s♦ ♣r❡❧♦❛❞ ✈❛r✐❛t✐♦♥ ✇✐t❤ s♣❡❡❞✳

❚♦ ♦❜t❛✐♥ ❛♥ ❛❝❝✉r❛t❡ ♠♦❞❡❧ ♦❢ t❤❡ s♣✐♥❞❧❡ ❞②♥❛♠✲
✐❝s✱ t❤❡ ❝♦♠♣❧❡t❡ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ♣r❡❧♦❛❞❡❞ ❜❡❛r✲
✐♥❣ ❛rr❛♥❣❡♠❡♥t ✐s r❡q✉✐r❡❞✳ ■♥❞❡❡❞✱ t❤❡ r♦t♦r✬s ❋❘❋s
❛r❡ ✇❡❧❧ ❛✛❡❝t❡❞ ❜② t❤❡ ❜❡❛r✐♥❣ st✐✛♥❡ss ❧♦ss ❛t ❤✐❣❤
s♣❡❡❞✳ ❚❤✐s ♣❛♣❡r ❢♦❝✉s❡s ♦♥ t❤❡ st✉❞② ♦❢ t❤❡ ❛①✐❛❧ ❜❡✲
❤❛✈✐♦r ♦❢ ❛ s♣✐♥❞❧❡✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ✐s t♦ ✉♥❞❡rst❛♥❞ ❛♥❞
♠♦❞❡❧ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❜❡❛r✐♥❣ ♣r❡❧♦❛❞❡❞ s②st❡♠ ✐♥
r❡❧❛t✐♦♥ t♦ t❤❡ s♣✐♥❞❧❡ s♣❡❡❞ ❛♥❞ t♦ ✉♣❞❛t❡ t❤❡ ♠♦❞❡❧
♣❛r❛♠❡t❡rs t❤❛t ❛r❡ ♦❢ ✐♠♣♦rt❛♥❝❡ ✐♥ ❝♦♠♣❧❡t❡ s♣✐♥❞❧❡
♠♦❞❡❧s✳ ❚❤✐s r❡s❡❛r❝❤ ❛✐♠s ❛t ✜♥❞✐♥❣ t❤❡ r✐❣❤t ❜♦✉♥❞✲
❛r② ❝♦♥❞✐t✐♦♥s ❢♦r ❞②♥❛♠✐❝ ♠♦❞❡❧ ♦❢ s♣✐♥❞❧❡ ✭✐✳❡✳ ❜❡❛r✲
✐♥❣ st✐✛♥❡ss ❛♥❞ ♣r❡❧♦❛❞ ❢♦r❝❡s ✐♥ r❡❧❛t✐♦♥ t♦ s♣✐♥❞❧❡
s♣❡❡❞✮✳

❆ ✺ ❉♦❋ ❜❡❛r✐♥❣ ♠♦❞❡❧ ✐s ✉s❡❞ ❛♥❞ ❧❡❛❞ t♦ ❛ ❝♦♠✲
♣❧❡t❡ st✐✛♥❡ss ♠❛tr✐①✳ ■t ✐s ❜❛s❡❞ ♦♥ ❏♦♥❡s ✇♦r❦ ❛♥❞
✐♥❝❧✉❞❡ t❤❡ ❞②♥❛♠✐❝s ❡✛❡❝ts ♦♥ t❤❡ ❜❛❧❧s ❛s ✇❡❧❧ ❛s
r❛❞✐❛❧ ❡①♣❛♥s✐♦♥s ♦❢ t❤❡ r✐♥❣s✳ ❚❤❡ ❛①✐❛❧ ❡q✉✐❧✐❜r✐✉♠
♦❢ t❤❡ s❤❛❢t ❛♥❞ t❤❡ r❡❛r s❧❡❡✈❡ ✐s ❢♦r♠✉❧❛t❡❞ ❛♥❛❧②t✲
✐❝❛❧❧② ❛♥❞ s♦❧✈❡❞ ❢♦r ❞✐✛❡r❡♥t ❛①✐❛❧ ❧♦❛❞s ❛♥❞ s♣✐♥❞❧❡
s♣❡❡❞s✳ ❙❡✈❡r❛❧ ♥❡✇ ♣❤②s✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ❛r❡ ❛❞❞❡❞ t♦
t❤❡ ♠♦❞❡❧✿ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❞❡❢♦r♠❛t✐♦♥s ♦❢ t❤❡ s❤❛❢t
❛♥❞ ❜❡❛r✐♥❣ r✐♥❣s ❛s ✇❡❧❧ ❛s t❤❡ r❡❛r s❧❡❡✈❡✬s ❝♦♠♣❧❡①

❜❡❤❛✈✐♦r✳ ❚❤❡✐r ❢♦r♠✉❧❛t✐♦♥ ❛♥❞ ✐♥✢✉❡♥❝❡ ❛r❡ ♣r♦✈✐❞❡❞✳
❆ ♥❡✇ ✉♣❞❛t✐♥❣ str❛t❡❣② ❜❛s❡❞ ✇✐t❤ ♣❤❡♥♦♠❡♥♦❧♦❣✐✲
❝❛❧ ❡♥r✐❝❤♠❡♥t ✐s ♣r❡s❡♥t❡❞✳ ❙✐❣♥✐✜❝❛♥❝❡ ❝❧❛ss✐✜❝❛t✐♦♥
♦❢ t❤❡ ♣❤❡♥♦♠❡♥❛ ✐s ❛❝❤✐❡✈❡❞ ❜❛s❡❞ ♦♥ s❡♥s✐t✐✈✐t② ❛♥❛❧✲
②s✐s✳ ❊①♣❡r✐♠❡♥t❛t✐♦♥s t❤❛t ✉s❡s ❛ ♥♦✈❡❧ ❧♦❛❞✐♥❣ ❞❡✲
✈✐❝❡ ✉s❡❞ ❢♦r t❤❡ ♠♦❞❡❧ ✉♣❞❛t✐♥❣ ❛r❡ ❞❡s❝r✐❜❡❞ ❛♥❞ t❤❡
♠♦❞❡❧ ✉♣❞❛t✐♥❣ r❡s✉❧ts ❛r❡ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❡①♣❡r✐✲
♠❡♥ts✳ ❚❤❡ ❛❞❞❡❞ ♣❤❡♥♦♠❡♥❛✬s ✐♠♣♦rt❛♥❝❡ ✐s ❞✐s❝✉ss❡❞
❛s ✇❡❧❧ ❛s t❤❡ str❛t❡❣② t♦ ❜✉✐❧❞ ❛ ❥✉st ❛❝❝✉r❛t❡ ❡♥♦✉❣❤
♠♦❞❡❧✳

✷ ❙♣✐♥❞❧❡ ▼♦❞❡❧

Corps de broche

Rear bearingFront bearing

a b c

u

d

x

y Shaft

Housing
Rear sleeve

❋✐❣✳ ✶ ❇❡❛r✐♥❣ ❛rr❛♥❣❡♠❡♥t ♦❢ t❤❡ ❋✐s❝❤❡r ▼❋❲✶✼✵✾ s♣✐♥✲
❞❧❡✳

❚❤❡ ❛①✐❛❧ ♠♦❞❡❧ ✐s ❞❡✈❡❧♦♣❡❞ ✐♥ ♦r❞❡r t♦ ✉♥❞❡rst❛♥❞
t❤❡ ❝♦♠♣❧❡① ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❜❡❛r✐♥❣ ♣r❡❧♦❛❞❡❞ s②st❡♠
❛t ❤✐❣❤ s♣❡❡❞✳ ■t ❝♦♥s✐sts ♦❢ t❤❡ s♦❧✈✐♥❣ ♦❢ t❤❡ ❛①✐❛❧ ❡q✉✐✲
❧✐❜r✐✉♠ ❛♥❛❧②t✐❝❛❧ ❡q✉❛t✐♦♥s✳ ❆ ❋✐s❝❤❡r ❡❧❡❝tr♦s♣✐♥❞❧❡
✭▼❋❲✶✼✵✾ ✲ 24000 rpm 40 kW ✮ ✇❛s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s
st✉❞②✳ ❚❤❡ str✉❝t✉r❡ ♦❢ t❤❡ s♣✐♥❞❧❡ ❛♥❞ t❤❡ ❜❡❛r✐♥❣ ❛r✲
r❛♥❣❡♠❡♥t ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✶✳ ■t ✐s ❝♦♠♣♦s❡❞ ♦❢
❛ s♣r✐♥❣ ♣r❡❧♦❛❞❡❞ ❜❛❝❦ t♦ ❜❛❝❦ t❛♥❞❡♠ ❛rr❛♥❣❡♠❡♥t
♦❢ ❤②❜r✐❞ ❜❛❧❧ ❜❡❛r✐♥❣s✳

✷✳✶ ▼♦❞❡❧ Pr✐♥❝✐♣❧❡

❆♥ ❛❝❝✉r❛t❡ ✺ ❉♦❋ ❜❡❛r✐♥❣ ♠♦❞❡❧ ✐s r❡q✉✐r❡❞ t♦ ❝♦♥✲
str✉❝t ❛ ♥✉♠❡r✐❝❛❧ ♠♦❞❡❧ ♦❢ r♦t♦r ❞②♥❛♠✐❝s✳ ■t ♣r♦✲
✈✐❞❡s t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❣❧♦❜❛❧ ❞✐s♣❧❛❝❡♠❡♥t ❞ =
(δx, δy, δz, θy, θz)

t ❛♥❞ t❤❡ ❣❧♦❜❛❧ ❧♦❛❞s ❢ = (Fx, Fy, Fz,My,Mz)
t

♦♥ t❤❡ ✐♥♥❡r r✐♥❣ ♦❢ t❤❡ ❜❡❛r✐♥❣ ❛s ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡
✷✳ ❚❤❡r❡❢♦r❡✱ ✐t ❣✐✈❡s t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡
r♦t♦r ♠♦❞❡❧✳

❚❤❡s❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ ❡①♣r❡ss❡❞ ❛s ❛ 5× 5

st✐✛♥❡ss ♠❛tr✐① ❑✳ ❙✐♥❝❡ t❤❡ ♣❛♣❡r ❢♦❝✉s❡s ♦♥ t❤❡ ❛①✐❛❧
s♣✐♥❞❧❡ ♠♦❞❡❧✱ ♦♥❧② t❤❡ ❛①✐❛❧ st✐✛♥❡ss K(1, 1) = Kxx ✐s
❝♦♥s✐❞❡r❡❞✳

❆ ✺✲❉❖❋ ❛♥❛❧②t✐❝❛❧ ❜❡❛r✐♥❣ ♠♦❞❡❧ ✇❤✐❝❤ ❝♦♥s✐❞❡r
t❤❡ ❞②♥❛♠✐❝ ❡✛❡❝ts ♦♥ t❤❡ ❜❛❧❧s ❛♥❞ t❤❡ ♠❛❝r♦s❝♦♣✐❝
r❛❞✐❛❧ ❡①♣❛♥s✐♦♥s ♦❢ t❤❡ r✐♥❣s ✐s ❝♦♥s✐❞❡r❡❞✳ ❇❛s❡❞ ♦♥



P❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ♠♦❞❡❧ ♦❢ ♣r❡❧♦❛❞❡❞ s♣✐♥❞❧❡ ❜❡❤❛✈✐♦r ❛t ❤✐❣❤ s♣❡❡❞ ✸

Global load

f=(Fx ,Fy ,Fz ,My ,Mz )

Global displacement

 d=(δx ,δy ,δz ,θy ,θz )

Local Loads

Qi  Qo

Local deformations 

δi  δo 

Global 

equilibrium

Rigid Body     

displacement 

hypothesis 

Hertz relation

δ = KQ 

2/3

?

❋✐❣✳ ✷ ❇❡❛r✐♥❣ ♠♦❞❡❧ ♣r✐♥❝✐♣❧❡ ❬✶✾❪✳

▲②♥❛❣❤ ❬✶✼❪ ✇♦r❦✱ ✐t ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ✐♥ ❬✼❪ t❤❛t r❛❝❡✲
✇❛② r♦✉♥❞♥❡ss ❡rr♦rs ❛r❡ ♥❡❣❧✐❣✐❜❧❡✳✳ ❙✐♥❝❡ ♥♦ ❡①♣❧✐❝✐t
❡①♣r❡ss✐♦♥ ❜❡t✇❡❡♥ ❞ ❛♥❞ ❢ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞✱ t❤❡ ❧♦❝❛❧
❡q✉✐❧✐❜r✐✉♠ ♦❢ ❡❛❝❤ ❜❛❧❧ ✐s ❡①♣r❡ss❡❞✳

    

A1

 δx - θzRi cos  ψ  

+ θyRi sin ψ  

δy cos ψ + δz sin ψ 

A2

BD

(f
o 
-  0

.5
)  D

 +
 δ

o
 

(f i –  0.5)  D
 + δ i 

αo

αi

X2

X1

Inner raceway groove curvature 

center (final position)

Inner raceway groove 

curvature center 

(unloaded)

Outer raceway groove curvature center (initial position) 

Ball center (initial position)

Ball center (final position)

uo α

ui

Outer raceway groove curvature 

center (unloaded) 

Inner raceway 

groove curvature center 

(initial position)

❋✐❣✳ ✸ P♦s✐t✐♦♥ ♦❢ t❤❡ ❜❛❧❧ ❝❡♥t❡r ❛♥❞ r❛❝❡✇❛②s ❣r♦♦✈❡ ❝✉r✲
✈❛t✉r❡ ❝❡♥t❡rs✱ ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t r✐♥❣ ❞❡❢♦r♠❛t✐♦♥ ❛♥❞ ❧♦❛❞✳

❚❤❡ ❧♦❝❛t✐♦♥s ♦❢ t❤❡ ❝✉r✈❛t✉r❡ ❝❡♥t❡r ♦❢ t❤❡ ✐♥♥❡r
r✐♥❣✱ ♦✉t❡r r✐♥❣ ❛♥❞ ❜❛❧❧ ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✳ ❚❤❡ ✐♥✐✲

t✐❛❧ ♣♦s✐t✐♦♥s r❡❢❡r t♦ ❛♥ ✉♥❧♦❛❞❡❞ ❜❡❛r✐♥❣ ✇✐t❤♦✉t r✐♥❣
❡①♣❛♥s✐♦♥✳ ❚❤❡ ✉♥❧♦❛❞ ♣♦s✐t✐♦♥s r❡❢❡rs t♦ ❛♥ ✉♥❧♦❛❞❡❞
❜❡❛r✐♥❣ ✇✐t❤ r✐♥❣ ❡①♣❛♥s✐♦♥✳ ▲❛st❧②✱ t❤❡ ✜♥❛❧ ♣♦s✐t✐♦♥

r❡❢❡rs t♦ ❛ ❜❡❛r✐♥❣ ✇✐t❤ ❧♦❛❞ ❛♥❞ r✐♥❣ ❡①♣❛♥s✐♦♥✳ ❚❤❡
♣♦s✐t✐♦♥ ♦❢ t❤❡ ✐♥♥❡r r✐♥❣ ❛♥❞ t❤❡ ❜❛❧❧s ❝❤❛♥❣❡s ❞✉❡ t♦
❛♥ ❡①t❡r♥❛❧ ❧♦❛❞ ♦♥ t❤❡ ❜❡❛r✐♥❣✳ ❚❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥
t❤❡ ✐♥♥❡r r❛❝❡✇❛② ❣r♦♦✈❡ ❝✉r✈❛t✉r❡ ❝❡♥t❡r ❜❡❢♦r❡ ❛♥❞
❛❢t❡r ❧♦❛❞✐♥❣ ❛r❡ r❡s♣❡❝t✐✈❡❧② ♣r♦❥❡❝t❡❞ ♦♥ t❤❡ ❛①✐❛❧ ❛♥❞
r❛❞✐❛❧ ❞✐r❡❝t✐♦♥s ✐♥ ❡q✉❛t✐♦♥ ✭✶✮✳ ∆uN = ui − uo ✐s t❤❡
r❡❧❛t✐✈❡ r❛❞✐❛❧ ❡①♣❛♥s✐♦♥ ❜❡t✇❡❡♥ t❤❡ ✐♥♥❡r ❛♥❞ ♦✉t❡r
r✐♥❣s ♦❢ t❤❡ ❜❡❛r✐♥❣✳ ❚❤❡ ♠❛❝r♦s❝♦♣✐❝ ❞❡❢♦r♠❛t✐♦♥s ♦❢
t❤❡ r✐♥❣ ❛r❡ ❞✉❡ t♦ t❤❡r♠❛❧ ❛♥❞ ❝❡♥tr✐❢✉❣❛❧ ❡✛❡❝t✳ ❚❤✉s✱
✐t ✐s ❛ss✉♠❡❞ t♦ ✈❛r② ✇✐t❤ s♣✐♥❞❧❡ s♣❡❡❞ N ✳ ■♥ s❡❝t✐♦♥
✸ ❛♥❞ ✺✱ t❤❡ r✐♥❣s r❛❞✐❛❧ ❡①♣❛♥s✐♦♥ ✐s ❝♦♥s✐❞❡r❡❞ ❛s ♦♥❡
♦❢ t❤❡ ♠♦❞❡❧ ❡♥r✐❝❤♠❡♥ts ❛♥❞ t❤❡ ✧❜❛s✐❝ ♠♦❞❡❧✧ r❡❢❡rs

t♦ ❛ ✺ ❉♦❋ ❜❡❛r✐♥❣ ♠♦❞❡❧ ✇✐t❤ ❞②♥❛♠✐❝ ❡✛❡❝ts ♦♥ ❜❛❧❧s
❜✉t ✇✐t❤♦✉t r✐♥❣ r❛❞✐❛❧ ❡①♣❛♥s✐♦♥✳

A1 = BD sinα+ δx − θzℜi cosψ + θyℜi sinψ

A2 = BD cosα+ δy cosψ + δz sinψ +∆u
✭✶✮

❊q✉❛t✐♦♥s ✭✷✮ ❛r❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ❋✐❣✉r❡ ✸ ✇❤✐❧❡ ❛♣✲
♣❧②✐♥❣ t❤❡ P②t❤❛❣♦r❡❛♥ t❤❡♦r❡♠✳

(A1 −X1)
2 + (A2 −X2)

2 − [(fi − 0.5)D + δi]
2
= 0

X2
1 +X2

2 − [(fo − 0.5)D + δo]
2
= 0

✭✷✮

Qo

Qi

αo

αi

Mg

Mg

D  
λo

Mg

  D  
λi

ri

ro
d

m
/

2

Oh

Fc

x

er

❋✐❣✳ ✹ ❉②♥❛♠✐❝ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ❜❛❧❧✳

❚❤❡ ◆❡✇t♦♥✬s s❡❝♦♥❞ ❧❛✇ ♦❢ ♠♦t✐♦♥ ✐s ❛♣♣❧✐❡❞ t♦
❡❛❝❤ ❜❛❧❧✱ s❡❡ ❋✐❣✉r❡ ✹✳ ❆ss✉♠✐♥❣ t❤❛t ❝♦♥t❛❝t s✉r❢❛❝❡s
❝❛♥ ♣r♦✈✐❞❡ s✉✣❝✐❡♥t r❡❛❝t✐♦♥ ❢♦r❝❡s t♦ t❤❡ ❜❛❧❧ ❣②r♦✲
s❝♦♣✐❝ ♠♦♠❡♥tMg ✭✐✳❡✳ λoMg/D ≤ µQ0 ❛♥❞ λiMg/D ≤

µQi✱ ✇✐t❤ µ t❤❡ ❢r✐❝t✐♦♥ ❝♦❡✣❝✐❡♥t ❛t t❤❡ ❝♦♥t❛❝t✮✱ ✐t
❧❡❛❞s t♦ ✿

Qi sinαi −Qo sinαo +
Mg

D
(λi cosαi − λo cosαo) = 0

Qi cosαi −Qo cosαo +
Mg

D
(λi sinαi − λo sinαo) + Fc = 0

✭✸✮

Fc ❛♥❞ Mg r❡♣r❡s❡♥ts t❤❡ ❝❡♥tr✐❢✉❣❛❧ ❢♦r❝❡ ❛♥❞ r❡✲
s♣❡❝t✐✈❡❧② t❤❡ ❣②r♦s❝♦♣✐❝ ♠♦♠❡♥t ♦♥ ❜❛❧❧s✳ ❚❤❡ ❝♦❡❢✜✲
❝✐❡♥ts λi ❛♥❞ λo ❡①♣r❡ss t❤❡ ❣②r♦s❝♦♣✐❝ ♠♦♠❡♥t ❞✐str✐✲
❜✉t✐♦♥✳ ❚❤❡② ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡
❢r✐❝t✐♦♥ ♠♦♠❡♥ts ❛t ❜❛❧❧✴r❛❝❡✇❛② ❝♦♥t❛❝ts ✭❞❡t❛✐❧❡❞ ✐♥
❬✶✾❪✮✳ Qi ❛♥❞ Qo ❛r❡ t❤❡ ❝♦♥t❛❝t ❢♦r❝❡s t❤❛t ❛r❡ ❡①✲
♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ ❧♦❝❛❧ ❞✐s♣❧❛❝❡♠❡♥t δi ❛♥❞ δo ✇✐t❤



✹ ❈✳ ❘❛❜ré❛✉ ❡t ❛❧✳

t❤❡ ❍❡rt③✐❛♥ t❤❡♦r② ❛s ✿ δ = KQ2/3✳ ❚❤❡ ❧♦❝❛❧ ✈❛r✐❛❜❧❡s
① = (X1, X2, δo, δi) ❛r❡ ✉s❡❞ t♦ s♦❧✈❡ ❧♦❝❛❧ ❡q✉✐❧✐❜r✐✉♠
✇✐t❤ ❡q✳ ✭✷✮ ❛♥❞ ✭✸✮✳ ❚❤❡ ❣❧♦❜❛❧ ❧♦❛❞ ❢ ❛r❡ t❤❡♥ ♦❜✲
t❛✐♥❡❞ ❢r♦♠ t❤❡ s✉♠ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥tr✐❜✉t✐♦♥ ♦❢
❡❛❝❤ ❜❛❧❧s✳

Fx =
∑

z

Qi sinαi + λi
Mg

D
cosαi

Fy =
∑

z

(

Qi sinαi − λi
Mg

D
sinαi

)

cosψ

Fz =
∑

z

(

Qi sinαi − λi
Mg

D
sinαi

)

sinψ

My =
∑

z

[

ℜi

(

Qi sinαi + λi
Mg

D
cosαi

)

− λifiMg

]

sinψ

Mz =
∑

z

[

−ℜi

(

Qi sinαi + λi
Mg

D
cosαi

)

+ λifiMg

]

cosψ

✭✹✮

❚❤❡ st✐✛♥❡ss ♠❛tr✐① ❑ r❡♣r❡s❡♥t t❤❡ ❧✐♥❡❛r✐③❡❞ ❜❡✲
❤❛✈✐♦r ♦❢ t❤❡ ❜❡❛r✐♥❣ ❢♦r ❛ ❣✐✈❡♥ ❧♦❛❞✐♥❣ st❛t❡✳ ■t ✐s
❝❛❧❝✉❧❛t❡❞ ❛s ❛ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ❜✉✐❧t ❢r♦♠ t❤❡ ♣❛rt✐❛❧
❞❡r✐✈❛t✐✈❡s ♦❢ ❧♦❛❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✿
❑ = [∂❢/∂❞]✳ ◆♦❡❧ ❡t ❛❧✳ ❬✶✾❪ ❞❡t❛✐❧❡❞ t❤❡ ❛♥❛❧②t✐❝❛❧
❝♦♠♣✉t❛t✐♦♥ ♠❡t❤♦❞ t❤❛t ✐s ✉s❡❞ t♦ ♦❜t❛✐♥ t❤❡ st✐✛✲
♥❡ss ♠❛tr✐①✳

❋r♦♠ t❤❡ ❛①✐❛❧ st✐✛♥❡ss Kxx ♦❢ t❤❡ ❜❡❛r✐♥❣s✱ ❛♥ ❛①✲
✐❛❧ ♠♦❞❡❧ ♦❢ t❤❡ s♣✐♥❞❧❡ ✐s ❜✉✐❧t ❜❛s❡❞ ♦♥ ❋✐❣✉r❡ ✶ ❛♥❞
✺✳ ❚❤❡ r♦t♦r ✐s ❛ss✉♠❡❞ t♦ ❜❡ r✐❣✐❞ ✇✐t❤ ❛ q✉❛s✐✲st❛t✐❝
❜❡❤❛✈✐♦r✳ ❚❤❡ ❛①✐❛❧ ❞✐s♣❧❛❝❡♠❡♥ts ✉ = (u, up) ♦❢ r❡✲
s♣❡❝t✐✈❡❧② t❤❡ s❤❛❢t ❛♥❞ t❤❡ r❡❛r s❧❡❡✈❡ ❛r❡ ❝❛❧❝✉❧❛t❡❞
❢♦r ❛ ❣✐✈❡♥ ❛①✐❛❧ ❧♦❛❞ F ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♣r❡❧♦❛❞ P ❛♥❞
♣r❡❧♦❛❞ st✐✛♥❡ss Kp✳ ❚❤❡ ♠♦❞❡❧ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❢♦❧❧♦✇✲
✐♥❣ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ♦❢ t❤❡ s❤❛❢t ❛♥❞ t❤❡ s❧❡❡✈❡
✿

0 =

(

F − F1 + F2

P −Kpup − F2

)

✭✺✮

F1 ❛♥❞ F2 ❛r❡ t❤❡ ❛①✐❛❧ ❧♦❛❞s ♦♥ t❤❡ ❜❡❛r✐♥❣ ❣r♦✉♣s
t❤❛t ❛r❡ ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ❜❡❛r✐♥❣ ♠♦❞❡❧✱ s❡❡ ❊q✳ ✭✻✮
❛♥❞ ❋✐❣✉r❡ ✺✳ ❆s ❜❛❧❧ ❜❡❛r✐♥❣s ❛r❡ ✐♥ t❛♥❞❡♠ s❡t✉♣✱ t❤❡
❧♦❛❞ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ♠♦❞❡❧ ❛r❡ ❞♦✉❜❧❡❞ ✭✐✳❡✳ F1 =
2Fa = 2Fb✱ ✇✐t❤ a ❛♥❞ b t❤❡ t✇♦ ❢r♦♥t ❜❡❛r✐♥❣s ♦❢ t❤❡
s♣✐♥❞❧❡ ✐♥ ❋✐❣✉r❡ ✶✮✳

δx1 = u+ δx1,0
❛♥❛❧②t✐❝❛❧ ❜❡❛r✐♥❣ ♠♦❞❡❧

−→ Fa

δx2 = up − u+ δx2,0
❛♥❛❧②t✐❝❛❧ ❜❡❛r✐♥❣ ♠♦❞❡❧

−→ Fc

✭✻✮

δx1,0 ❛♥❞ δx2,0 ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❛①✐❛❧ ❞✐s♣❧❛❝❡♠❡♥t ♦❢
t❤❡ ❜❛❧❧ ❜❡❛r✐♥❣ ❞✉❡ t♦ t❤❡ ♣r❡❧♦❛❞ st❛t❡✳

up

P

u

δx1,0>0 δx2,0>0

F

P

F1
F2

Kxx1 Kxx2Kp

Free state

Preloaded, no 

external load

With axial load

❋✐❣✳ ✺ ❙♣✐♥❞❧❡ ❛①✐❛❧ ♠♦❞❡❧✳

❚❤❡ ❡q✉❛t✐♦♥s ✭✺✮ ❛r❡ s♦❧✈❡❞ ✉s✐♥❣ t❤❡ tr✉st r❡❣✐♦♥
❞♦❣❧❡❣ ❛❧❣♦r✐t❤♠ ♦❢ t❤❡ ▼❛t❧❛❜ ❢s♦❧✈❡ ❢✉♥❝t✐♦♥✳ ❚❤✐s
✐t❡r❛t✐✈❡ ❛❧❣♦r✐t❤♠ ✉s❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❏❛❝♦❜✐❛♥ ♠❛tr✐①
❏ ✿

❏ =

[

−Kxx1 −Kxx2 Kxx2

Kxx2 −Kp −Kxx2

]

✭✼✮

❚❤✐s ❛❧❣♦r✐t❤♠ ✐s ❝❤♦s❡♥ ❜❡❝❛✉s❡ ♦❢ ♥♦♥❧✐♥❡❛r✐t② ✐♥ t❤❡
♠♦❞❡❧ ✭s❡❡ ✸✳✶✮✳

✷✳✷ ▼♦❞❡❧ ❊♥r✐❝❤♠❡♥t ▼❡t❤♦❞♦❧♦❣②

❆ ♣❛r❛♠❡t❡r ❡♥r✐❝❤♠❡♥t ♠❡t❤♦❞♦❧♦❣② ✐s ✐♥tr♦❞✉❝❡❞ ✐♥
t❤✐s ♣❛♣❡r✱ ✐♥ ♦r❞❡r t♦ s✐♠✉❧❛t❡ ❛♥❞ ✉♥❞❡rst❛♥❞ t❤❡
❝♦♠♣❧❡① ❛♥❞ ❝♦✉♣❧❡❞ s♣✐♥❞❧❡ ❜❡❤❛✈✐♦r ♦❜s❡r✈❡❞ ❡①♣❡r✲
✐♠❡♥t❛❧❧②✳ ■♥❞❡❡❞✱ t❤❡ ✉♣❞❛t✐♥❣ ♦❢ t❤❡ ❛❜♦✈❡ ♣r❡s❡♥t❡❞
♠♦❞❡❧ ❞♦❡s ♥♦t ♠❛t❝❤ ✇✐t❤ t❤❡ ❡①♣❡r✐♠❡♥ts ✭❛s s❤♦✇♥
✐♥ s❡❝t✐♦♥ ✺✳✶✮✳ ❚❤❡ ♠❡t❤♦❞ ❝♦♥s✐sts ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
st❡♣s✿

✶✳ ❙❡♥s✐t✐✈✐t② ❛♥❛❧②s✐s t♦ ✐❞❡♥t✐❢② t❤❡ ♣❛r❛♠❡t❡rs t♦ ❜❡
✉♣❞❛t❡❞✳ ❆ss✉♠✐♥❣ ❛ ❧❛r❣❡ s❡t ♦❢ ♣❛r❛♠❡t❡rs✱ ❛ s❡♥✲
s✐t✐✈✐t② ❛♥❛❧②s✐s ❜r✐♥❣s ♦✉t t❤❡ ♣❛r❛♠❡t❡rs ✇❤♦s❡
✈❛r✐❛t✐♦♥s ❤❛✈❡ t❤❡ ❣r❡❛t❡st ✐♠♣❛❝t ♦♥ t❤❡ ♠♦❞❡❧✳

✷✳ ▼♦❞❡❧ ✉♣❞❛t✐♥❣ ✇✐t❤ t❤❡ s❡❧❡❝t❡❞ ♣❛r❛♠❡t❡rs✳
✸✳ ■❢ t❤❡ r❡s✉❧t ❞♦❡s ♥♦t ♠❛t❝❤ ✇✐t❤ ❡①♣❡r✐♠❡♥ts✱ ✐♥✲

❝❧✉s✐♦♥ ♦❢ ♥❡✇ ♣❤②s✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ✐♥ t❤❡ ♠♦❞❡❧✱
r❡❣❛r❞✐♥❣ t❤❡ ♣r❡✈✐♦✉s ✉♣❞❛t✐♥❣ s❡♥s✐t✐✈✐t② ❛♥❛❧②s✐s
r❡s✉❧ts✳ ❚❤❡ ❤✐❣❤ s❡♥s✐t✐✈✐t② ♦❢ ❛ ♣❛r❛♠❡t❡r t❤❛t ❤❛s
❜❡❡♥ ✉♣❞❛t❡❞ ♦r ✐❢ t❤❡ ✉♣❞❛t❡❞ ✈❛❧✉❡ ❝♦rr❡s♣♦♥❞s
t♦ ❛ ❜♦✉♥❞❛r② ❝❛♥ ❞❡♥♦t❡ ❛ ❧❛❝❦ ✐♥ t❤❡ ♠♦❞❡❧✐♥❣ ♦r
❛ ♠✐ss✐♥❣ ♣❤❡♥♦♠❡♥♦♥✳ ❚❤❡ s❡♥s✐t✐✈✐t② ♦❢ ♥❡✇ ♣❛✲
r❛♠❡t❡rs ❞❡s❝r✐❜✐♥❣ ♥❡✇ ♣❤❡♥♦♠❡♥❛ ✐s t❤❡♥ ❛❞❞❡❞
t♦ ❡✈❛❧✉❛t❡ t❤❡✐r ✐♥✢✉❡♥❝❡✳

✹✳ ❘❡♣❡❛t st❡♣ ✷ ❛♥❞ ✸ ✉♥t✐❧ ✉♣❞❛t✐♥❣ r❡s✐❞✉❛❧s ❛r❡
s♠❛❧❧ ❡♥♦✉❣❤✱ s♦ t❤❛t s✐♠✉❧❛t✐♦♥ ♠❛t❝❤ ✇✐t❤ ❡①♣❡r✲
✐♠❡♥ts✳

❆♥♦t❤❡r ♦✉t♣✉t ♦❢ t❤❡ ❡♥r✐❝❤♠❡♥t ♠❡t❤♦❞♦❧♦❣② ❜❛s❡❞
♦♥ s❡♥s✐t✐✈✐t② ❛♥❛❧②s✐s ✐s t❤❛t ❛ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ t❤❡ s✐❣✲
♥✐✜❝❛♥❝❡ ♦❢ t❤❡ ♣❤②s✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ✐♥ t❤❡ ♠♦❞❡❧ ✐s



P❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ♠♦❞❡❧ ♦❢ ♣r❡❧♦❛❞❡❞ s♣✐♥❞❧❡ ❜❡❤❛✈✐♦r ❛t ❤✐❣❤ s♣❡❡❞ ✺

♦❜t❛✐♥❡❞✳ ❚❤✐s ❝❧❛ss✐✜❝❛t✐♦♥ ✈❛r② ❢r♦♠ ♦♥❡ s♣✐♥❞❧❡ t♦
❛♥♦t❤❡r✱ ✐♥ r❡❧❛t✐♦♥ t♦ t❤❡✐r ❞❡s✐❣♥✳ ■t ✐s ✉s❡❢✉❧ t♦ ♦❜✲
t❛✐♥ ❛ ❣♦♦❞ ❝♦♠♣r♦♠✐s❡ ❜❡t✇❡❡♥ ♠♦❞❡❧ s✐♠♣❧✐❝✐t② ❛♥❞
❛❝❝✉r❛❝②✳

❚❤✐s ♠❡t❤♦❞♦❧♦❣② ❡♥s✉r❡s t❤❛t t❤❡ ✜♥❛❧ ❡♥r✐❝❤❡❞
♠♦❞❡❧ ♦♥❧② ❝♦♥t❛✐♥s r❡❧❡✈❛♥t ♣❛r❛♠❡t❡rs ❛♥❞ t❤❛t t❤❡
s❡❧❡❝t❡❞ ♣❤②s✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ❤❛✈❡ ❛ s✐❣♥✐✜❝❛♥t ✐♠♣❛❝t
♦♥ t❤❡ s♣✐♥❞❧❡ ❜❡❤❛✈✐♦r✳ ❚❤❡s❡ ✉♣❞❛t✐♥❣ ♣r♦❝❡❞✉r❡ ❝❛♥
❜❡ ❡♠♣❧♦②❡❞ ✇✐t❤ ❛♥♦t❤❡r ♦❜❥❡❝t✐✈❡✳ ■❢ t❤❡ ♣❤❡♥♦♠❡♥❛
t❤❛t ♦❝❝✉r ❛r❡ ❛❧r❡❛❞② ❦♥♦✇♥✱ t❤❡ s❡♥s✐t✐✈✐t② ❛♥❛❧②s✐s
✇✐❧❧ ❤❡❧♣ t♦ ✜♥❞ ❛♥ ♦r❞❡r ♦❢ ✐♠♣♦rt❛♥❝❡ ♦❢ t❤❡ ♣❤❡✲
♥♦♠❡♥❛ ❛♥❞ s❡❧❡❝t t❤❡ ♣❛r❛♠❡t❡r t♦ ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡
♠♦❞❡❧✳ ❚❤❡r❡❢♦r❡✱ ❛ ♠♦❞❡❧ ❛s s✐♠♣❧❡ ❛s ♣♦ss✐❜❧❡ ❜✉t
♣r❡❝✐s❡ ❡♥♦✉❣❤ ❝❛♥ ❜❡ ❜✉✐❧t✳

❚❤❡ ♠♦❞❡❧ ✉♣❞❛t✐♥❣ ✐s ❛❝❤✐❡✈❡❞ ✇✐t❤ t❤❡ ▼❛t❧❛❜
❢♠✐♥❝♦♥ ❢✉♥❝t✐♦♥ t❤❛t ♠✐♥✐♠✐③❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦st ❢✉♥❝✲
t✐♦♥ ✭✐✳❡✳ t❤❡ ❡rr♦r ♦❢ t❤❡ s❤❛❢t ❞✐s♣❧❛❝❡♠❡♥t✮ ✿

ε =

√

1

i× j

∑

j

∑

i

(

usim(i)|N=j − uexp(i)|N=j

)2

✭✽✮

✇✐t❤ i t❤❡ ❡①t❡r♥❛❧ ❧♦❛❞ ✈❛❧✉❡s s❡❧❡❝t❡❞ ❢♦r t❤❡ ✉♣❞❛t❡✱
❛♥❞ j t❤❡ s❡❧❡❝t❡❞ s♣❡❡❞ ✈❛❧✉❡s ✭✐✳❡✳ 4000✱ 16000 ❛♥❞
24000rpm✮✳

❚♦ ♣❡r❢♦r♠ t❤❡ s❡♥s✐t✐✈✐t② ❛♥❛❧②s✐s ♦❢ t❤❡ ♠♦❞❡❧ ♣❛✲
r❛♠❡t❡r✱ ❛ ❖♥❡✲❋❛❝t♦r✲❆t✲❛✲❚✐♠❡ ✭❖❋❆❚✮ ♠❡t❤♦❞ ✐s
✉s❡❞✳ ❚❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ♦✉t♣✉t ✐s ❡✈❛❧✉❛t❡❞
❢♦r ❛♥ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛t✐♦♥ ♦❢ ❡❛❝❤ ♣❛r❛♠❡t❡r✳ ❚❤❡
♦t❤❡r ♣❛r❛♠❡t❡rs ❛r❡ ✜①❡❞ t♦ t❤❡✐r ♥♦♠✐♥❛❧ ✈❛❧✉❡✳ ❆❧❧
t❤❡ ♣❛r❛♠❡t❡rs ❤❛✈❡ ♥♦t t❤❡ s❛♠❡ ❞✐♠❡♥s✐♦♥s✱ t❤❡r❡
❛r❡ ❢♦r ❡①❛♠♣❧❡ ❢♦r❝❡✱ st✐✛♥❡ss ❛♥❞ ❣❡♦♠❡tr✐❝ ♣❛r❛♠❡✲
t❡rs ✐♥ t❤❡ ♠♦❞❡❧✳ ■t ✐s t❤❡r❡❢♦r❡ ✐♠♣♦rt❛♥t t♦ ❛❞❛♣t t❤❡
♠❡t❤♦❞ t♦ ❜❡ ❛❜❧❡ t♦ ❝♦♠♣❛r❡ t❤❡ ❞✐✛❡r❡♥t ♣❛r❛♠❡t❡rs✳
❆ ✈❛r✐❛t✐♦♥ r❛♥❣❡ ♣❛r❛♠❡t❡r∆ps ✐s t❤❡♥ ✐♥tr♦❞✉❝❡❞ ❛♥❞
s❡❧❡❝t❡❞ t♦ ❜❡ ♣❤②s✐❝❛❧❧② ♣♦ss✐❜❧❡✳ ❚❤❡ s❡♥s✐t✐✈✐t② κs ♦❢
t❤❡ ♣❛r❛♠❡t❡r ps ✐s t❤✉s ❡①♣r❡ss❡❞ ❜② ❊q✳ ✭✾✮✱ ✇✐t❤ ζ✱
t❤❡ ♣❡rt✉r❜❛t✐♦♥ ✜①❡❞ ❛t 1%✳

κs =
1

ζ
[ε (ps,nom + ζ∆ps)− ε (ps,nom)] ✭✾✮

✸ P❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ❡♥r✐❝❤♠❡♥t

❚❤❡ ♠♦❞❡❧ ♣r❡s❡♥t❡❞ ❛❜♦✈❡ ❜❛s❡❞ ♦♥ ❛ ❝❧❛ss✐❝❛❧ ✺ ❉♦❋
♠♦❞❡❧ ♦❢ ❜❡❛r✐♥❣ ❢❛✐❧❡❞ t♦ ♣r❡❞✐❝t ❛❝❝✉r❛t❡❧② t❤❡ s♣✐♥✲
❞❧❡ ❛①✐❛❧ ❜❡❤❛✈✐♦r✱ ❛s ✐t ✇✐❧❧ ❜❡ s❤♦✇♥ ✐♥ s✉❜s❡❝t✐♦♥
✺✳✶✳ ❯s✐♥❣ t❤❡ ♣❛r❛♠❡t❡r ❡♥r✐❝❤♠❡♥t ♠❡t❤♦❞♦❧♦❣②✱ s❡✈✲
❡r❛❧ ♣❤②s✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ❤❛✈❡ ❜❡❡♥ ❛❞❞❡❞ t♦ t❤❡ ♠♦❞❡❧✳
❚❤✐s s❡❝t✐♦♥ ❡①♣❧❛✐♥ ❤♦✇ t❤❡s❡ ♥❡✇ ♣❤❡♥♦♠❡♥❛ ❛r❡ ♠♦❞✲
❡❧❡❞ ❛♥❞ ✇❤❛t ❛r❡ t❤❡✐r ✐♥✢✉❡♥❝❡s ♦♥ t❤❡ ❛①✐❛❧ ❜❡❤❛✈✐♦r
♦❢ t❤❡ s♣✐♥❞❧❡✳

■♥ ♦r❞❡r t♦ ✉♥❞❡rst❛♥❞ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ♥❡✇
♣❤②s✐❝❛❧ ♣❤❡♥♦♠❡♥❛✱ ❋✐❣✉r❡ ✻ ♣r❡s❡♥ts t❤❡ ❡✈♦❧✉t✐♦♥
♦❢ ❧♦❛❞s ♦♥ t❤❡ ❢r♦♥t ❜❡❛r✐♥❣ F1 ✭s♦❧✐❞ ❧✐♥❡s✮ ❛♥❞ r❡❛r
❜❡❛r✐♥❣ F2 ✭❞❛s❤❡❞ ❧✐♥❡s✮ ✐♥ ❝❛s❡ ♦❢ ❛ r✐❣✐❞ ❛♥❞ ♦❢ ❛♥
❡❧❛st✐❝ ♣r❡❧♦❛❞ ❛rr❛♥❣❡♠❡♥ts✱ ✐♥ r❡❧❛t✐♦♥ t♦ t❤❡ ❛①✐❛❧
❞✐s♣❧❛❝❡♠❡♥t ♦❢ t❤❡ s❤❛❢t✳

◆♦t❡ t❤❛t ❋✐❣✉r❡ ✻ ❛❧s♦ r❡✈❡❛❧s t❤❡ ✐♠♣❛❝t ♦❢ t❤❡
❞②♥❛♠✐❝ ❡❢❢❡❝ts ♦♥ ❜❛❧❧✱ ✐♥ r❡❧❛t✐♦♥ t♦ s♣✐♥❞❧❡ s♣❡❡❞✳

✸✳✶ ▲✐♠✐t❡❞ str♦❦❡ ♦❢ t❤❡ ♣r❡❧♦❛❞ s②st❡♠

❚❤❡ ♠♦t✐♦♥ ♦❢ t❤❡ r❡❛r s❧❡❡✈❡ ❝❛♥ ❜❡ ❧✐♠✐t❡❞ ❜② ❛ st♦♣
t❤❛t ❝❤❛♥❣❡s t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s♣✐♥❞❧❡✳ ❲❤❡♥ t❤❡ r❡❛r
s❧❡❡✈❡ r❡❛❝❤❡s t❤❡ str♦❦❡ ❧✐♠✐t✱ t❤❡ s♣✐♥❞❧❡ t✉r♥s ✐♥t♦ ❛
r✐❣✐❞❧② ♣r❡❧♦❛❞❡❞ ❝♦♥✜❣✉r❛t✐♦♥✱ s❡❡ ❋✐❣✉r❡ ✼✳ ■♥❞❡❡❞✱
t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ st♦♣ ❛❞❞s ✐♥✢❡①✐♦♥ ♣♦✐♥ts ✭❇✱ ❇✬

❛♥❞ ❇✑✮ ♦♥ t❤❡ ♣r❡❧♦❛❞❡❞ ❜❡❛r✐♥❣ ❡✈♦❧✉t✐♦♥ ❝✉r✈❡s F2

t❤❛t ❝♦rr❡s♣♦♥❞ t♦ ❛♥ ✐♥❝r❡❛s✐♥❣ ♦❢ t❤❡ ❛①✐❛❧ st✐✛♥❡ss
♦❢ t❤❡ s♣✐♥❞❧❡✱ ❡s♣❡❝✐❛❧❧② ❛t ❧♦✇❡r s♣❡❡❞✳

❚♦ ♠♦❞❡❧ t❤❡ str♦❦❡ ❧✐♠✐t ♦♥ t❤❡ r❡❛r s❧❡❡✈❡✱ ❛ ♥❡✇
♣❛r❛♠❡t❡r up,lim ✐s ❛❞❞❡❞ t♦ t❤❡ ♠♦❞❡❧ t♦ ❝♦♥str❛✐♥
t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ t❤❡ s❧❡❡✈❡✳ ❆t ❡❛❝❤ ✐t❡r❛t✐♦♥ ♦❢ t❤❡
❡q✉✐❧✐❜r✐✉♠ r❡s♦❧✉t✐♦♥ ❛❧❣♦r✐t❤♠✱ ✐❢ up ≤ up,lim t❤❡♥✱
up ✐s ✜①❡❞ ❛t up,lim✳ ❚❤❡r❡❢♦r❡✱ ♦♥❧② t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢
t❤❡ s❤❛❢t ✐s r❡s♦❧✈❡❞ ✭s❡❡ ❊q✳✭✺✮✮✳ ❆ ❣r❛❞✉❛❧❧② ✐♥❝r❡❛s✲
✐♥❣ ❝♦♥t❛❝t s✉r❢❛❝❡ ✐♥ t❤❡ ♣r❡❧♦❛❞ s②st❡♠ st♦♣ ❝❛♥ ❛❧s♦
❜❡ ❝♦♥s✐❞❡r❡❞✳ ■t ♠✐❣❤t ❜❡ ❞✉❡ t♦ ✈❡r② ❧♦✇ ♣❧❛♥❛r✐t②
♦r ♣❛r❛❧❧❡❧✐s♠ ❞❡❢❡❝t ❜❡t✇❡❡♥ s❧❡❡✈❡ ❛♥❞ ❤♦✉s✐♥❣✳ ❆s✲
s✉♠✐♥❣ ❛♥ ❛♥❣❧❡ γ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❝♦♥t❛❝t s✉r❢❛❝❡s
♦❢ r❡❛r s❧❡❡✈❡ ❛♥❞ t❤❡ st♦♣✱ ❛ s❡❝♦♥❞ ♣❛r❛♠❡t❡r✱ ∆sl
✭= tan γ× ❝♦♥t❛❝t ❞✐❛♠❡t❡r✮ ✐s ❡st❛❜❧✐s❤❡❞✳ ❚❤❡ ❣r❛❞✉✲
❛❧❧② ✐♥❝r❡❛s✐♥❣ ❝♦♥t❛❝t s✉r❢❛❝❡ ✐s ♠♦❞❡❧❡❞ ❛s ❛♥ ✐♥❝r❡❛s✲
✐♥❣ st✐✛♥❡ss Ksl✱ s❡❡ ❊q✳ ✭✶✵✮✳ ❚❤❡ ❛❞❞✐t✐✈❡ Ksl st✐✛♥❡ss
✐s ❡q✉❛❧ t♦ 0 ❜❡❢♦r❡ t❤❡ ❝♦♥t❛❝t ✇❤❡♥ up ≥ up,lim+∆sl✱
❛♥❞ t❡♥❞s t♦ ✐♥✜♥✐t② ✇❤❡♥ up ❛♣♣r♦❛❝❤❡s up,lim ✭✇❤✐❝❤
✐s t❤❡ ❝❛s❡ ❢♦r r✐❣✐❞ ♣r❡❧♦❛❞✮✳

Ksl =















0 ✐❢ up ≥ up,lim +∆sl

tan2
(

π
2
·
∆sl+up,lim−up

∆sl

)

✐❢ up,lim < up < up,lim +∆sl

∞ ✐❢ up ≤ up,lim

✭✶✵✮

❚❤❡ str♦❦❡ ❧✐♠✐t st✐✛♥❡ss ✐s ❛❞❞❡❞ t♦ t❤❡ s♣r✐♥❣ st✐✛✲
♥❡ss ✐♥ t❤❡ ❛①✐❛❧ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥ ✭Kp ✐s r❡♣❧❛❝❡❞
❜②Kp+Ksl ✐♥ ❊q✳ ✭✺✮✳ ❆ ♥❡✇ ❝♦rr❡s♣♦♥❞✐♥❣ ❏❛❝♦❜✐❛♥ J
♠❛tr✐① ✐s t❤❡r❡❢♦r❡ ✉s❡❞ ✐♥ t❤❡ s♦❧✈✐♥❣ ❛❧❣♦r✐t❤♠ ✇❤❡♥
up,lim < up < up,lim +∆sl ✭s❡❡ ❆✮✳



✻ ❈✳ ❘❛❜ré❛✉ ❡t ❛❧✳
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✭❛✮ ▲♦❛❞ ♦♥ t❤❡ ❜❡❛r✐♥❣s ✇✐t❤ ❛ r✐❣✐❞ ♣r❡❧♦❛❞
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2

✭❜✮ ▲♦❛❞ ♦♥ t❤❡ ❜❡❛r✐♥❣s ✇✐t❤ ❛♥ ❡❧❛st✐❝ ♣r❡❧♦❛❞

❋✐❣✳ ✻ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❜❡❤❛✈✐♦r ♦❢ r✐❣✐❞ ♣r❡❧♦❛❞ ❛♥❞ ❡❧❛st✐❝ ♣r❡❧♦❛❞ s②st❡♠s✳
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Rigid contact on the stroke limit
Gradual contact on the stroke limit

✭❛✮ ❆①✐❛❧ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ t❤❡ s❤❛❢t
u [µm]
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B''

B'B

stop with a gradual contact
stop with a rigid contact

✭❜✮ ▲♦❛❞s ♦♥ t❤❡ ❜❡❛r✐♥❣s ✇✐t❤ ❛ ❧✐♠✐t❡❞ str♦❦❡ ❞✐s♣❧❛❝❡♠❡♥t

❋✐❣✳ ✼ ■♥✢✉❡♥❝❡ ♦❢ t❤❡ str♦❦❡ ❧✐♠✐t ♦♥ ❛①✐❛❧ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s♣✐♥❞❧❡✳

✸✳✷ ❙t✐❝❦ ❛♥❞ s❧✐♣ ✐♥ t❤❡ ♣r❡❧♦❛❞ s②st❡♠

❋r✐❝t✐♦♥s ♦❝❝✉rs ❞✉r✐♥❣ t❤❡ ❛①✐❛❧ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ t❤❡
r❡❛r s❧❡❡✈❡ ✐♥ t❤❡ s♣✐♥❞❧❡ ❤♦✉s✐♥❣✳ ❚❤❡ st✐❝❦ ❛♥❞ s❧✐♣
❡✛❡❝t ❛❞❞s ❛ ❤②st❡r❡s✐s ♦♥ t❤❡ r❡❛r s❧❡❡✈❡ ❜❡❤❛✈✐♦r ❛s
s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✽✳ ❚❤❡ s♣✐♥❞❧❡ ✐s t❤❡r❡❢♦r❡ ✐♥ ❛ r✐❣✐❞
♣r❡❧♦❛❞ ❝♦♥✜❣✉r❛t✐♦♥ ✇❤❡♥ t❤❡ st✐❝❦ ❧✐♠✐t ✐s ♥♦t r❡❛❝❤❡❞
❛♥❞ t❤❛t t❤❡ r❡❛r s❧❡❡✈❡ ✐s st✉❝❦✳ ❲❤❡♥ t❤❡ s❧❡❡✈❡ ✐s
s❧✐♣♣✐♥❣✱ t❤❡ ♣r❡❧♦❛❞ s②st❡♠ ✐s ✐♥ ❡❧❛st✐❝ ♣r❡❧♦❛❞ ❝♦♥✜❣✲
✉r❛t✐♦♥✳

❋✐❣✉r❡ ✾ ✐❧❧✉str❛t❡s t❤❡ ♠♦❞❡❧✐♥❣ ♣r✐♥❝✐♣❧❡s ✉s❡❞ t♦
♠♦❞❡❧ t❤❡ ❢r✐❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ r❡❛r s❧❡❡✈❡ ❛♥❞ t❤❡ s♣✐♥✲
❞❧❡ ❤♦✉s✐♥❣✳ ❆s r❛❞✐❛❧ ❡✛♦rt ❛r❡ ♥♦t ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s
♠♦❞❡❧✱ t❤❡ ❢r✐❝t✐♦♥ ❝❛♥ ♥♦t ❜❡ ♠♦❞❡❧❡❞ ✇✐t❤ ❛ ❢r✐❝t✐♦♥
❝♦❡✣❝✐❡♥t✳ ❆♥ ❡✛♦rt Ff ♦♣♣♦s❡❞ t♦ t❤❡ ♠♦✈❡♠❡♥t ❞✐r❡❝✲
t✐♦♥ ♦❢ t❤❡ r❡❛r s❧❡❡✈❡ ✐s t❤✉s ❛❞❞❡❞ ✐♥ t❤❡ s❤❛❢t ❡q✉✐❧✐❜✲
r✐✉♠ ❡q✉❛t✐♦♥✱ r❡♣r❡s❡♥t✐♥❣ ❛ s✐♠♣❧❡ ❈♦✉❧♦♠❜ ❢r✐❝t✐♦♥

❢♦r❝❡✳ ❆♥ ❡①tr❛ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ❛ss✉♠✐♥❣ ❛
✜①❡❞ s❧❡❡✈❡ ✐s ❧❛✉♥❝❤❡❞ t♦ t❡st t❤❡ s❧✐♣ ❝♦♥❞✐t✐♦♥ ❜❡❢♦r❡
❛♣♣❧②✐♥❣ t❤❡ ❢r✐❝t✐♦♥ ❡✛♦rt✳

✸✳✸ ❘❛❞✐❛❧ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❜❡❛r✐♥❣ r✐♥❣s

❉②♥❛♠✐❝ ❡✛❡❝ts ♦♥ t❤❡ s❤❛❢t ❛s ✇❡❧❧ ❛s t❤❡r♠❛❧ ❞✐✲
❧❛t❛t✐♦♥ ✐♥❝r❡❛s❡ t❤❡ ❜❡❛r✐♥❣ r✐♥❣ r❛❞✐✉s✳ ❚❤❡s❡ ♠❛❝r♦✲
s❝♦♣✐❝ r❛❞✐❛❧ ❡①♣❛♥s✐♦♥s ❝❤❛♥❣❡ t❤❡ ❝♦♥t❛❝t ❛♥❣❧❡ α ❛♥❞
t❤✉s t❤❡ ❜❡❛r✐♥❣ st✐✛♥❡ss✳ ■t ✐s ♠♦❞❡❧❡❞ ❜② r❛❞✐❛❧ ❞✐s✲
♣❧❛❝❡♠❡♥t ♦❢ t❤❡ r✐♥❣s r❛❝❡✇❛② ❣r♦♦✈❡ ❝✉r✈❛t✉r❡ ❝❡♥✲
t❡r✱ ♥♦t❡❞ r❡s♣❡❝t✐✈❡❧② ui ❛♥❞ uo ❢♦r ✐♥♥❡r ❛♥❞ ♦✉t❡r
r✐♥❣ ✐♥ t❤❡ ❜❡❛r✐♥❣ ♠♦❞❡❧ ✭s❡❡ ❊q✳ ✭✶✮ ❛♥❞ ❋✐❣✉r❡ ✸✮✳
❋♦r ❛ ❣✐✈❡♥ ❜❡❛r✐♥❣ ✐♥✐t✐❛❧ ❝♦♥t❛❝t ❛♥❣❧❡ ❛♥❞ ❛ ❣✐✈❡♥
st❡❛❞②✲st❛t❡ t❡♠♣❡r❛t✉r❡✱ ❛♥ ✐♥✐t✐❛❧ r❡❧❛t✐✈❡ ❡①♣❛♥s✐♦♥
∆u0 ✐s ♠♦❞❡❧❡❞✳ ❚❤❡ ♣❛r❛♠❡t❡r ✐s ❛ss✉♠❡❞ t♦ r❡♠❛✐♥
❝♦♥st❛♥t❀ s✐♥❝❡ t❤❡ ❡①♣❡r✐♠❡♥ts ❛r❡ ❝❛rr✐❡❞ ♦✉t ❛t ✐❞❡♥✲



P❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ♠♦❞❡❧ ♦❢ ♣r❡❧♦❛❞❡❞ s♣✐♥❞❧❡ ❜❡❤❛✈✐♦r ❛t ❤✐❣❤ s♣❡❡❞ ✼
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N = 4000 rpm
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✭❜✮ ▲♦❛❞s ♦♥ t❤❡ ❜❡❛r✐♥❣s

❋✐❣✳ ✽ ■♥✢✉❡♥❝❡ ♦❢ t❤❡ ❢r✐❝t✐♦♥ ♦♥ t❤❡ ❛①✐❛❧ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s♣✐♥❞❧❡✳

Shaft equilibrium 

+ preload

(up fixed)

ε2 = P  - F2        

      - Kp up,0    

Equilibrium equations  
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Peq=P+Ff Peq=P - Ff
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Ff
up
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❋✐❣✳ ✾ Pr✐♥❝✐♣❧❡ ♦❢ t❤❡ ❢r✐❝t✐♦♥ ♠♦❞❡❧✐♥❣✳

t✐❝❛❧ st❡❛❞②✲st❛t❡ ♦♣❡r❛t✐♥❣ t❡♠♣❡r❛t✉r❡✳ ■♥ ❛❞❞✐t✐♦♥✱
t❤❡ r❛❞✐❛❧ ❡①♣❛♥s✐♦♥ ❞✉❡ t♦ t❤❡ ❝❡♥tr✐❢✉❣❛❧ ❢♦r❝❡s ♦♥
s❤❛❢t ❛♥❞ ✐♥♥❡r r✐♥❣ ❛r❡ ♠♦❞❡❧❡❞ ✇✐t❤ ❛ ♣❛r❛♠❡t❡r d
❛♥❞ ✈❛r✐❡s ✇✐t❤ t❤❡ sq✉❛r❡ ♦❢ t❤❡ s♣✐♥❞❧❡ s♣❡❡❞✳ ❚❤❡ ❞✐❢✲
❢❡r❡♥❝❡ ❜❡t✇❡❡♥ r✐♥❣ r❛❞✐❛❧ ❡①♣❛♥s✐♦♥s ❛t ❛ ❣✐✈❡♥ s♣❡❡❞
N ✐s ♥♦t❡❞ ∆uN ❛♥❞ r❡s✉❧ts ❢r♦♠ ✿

∆uN = ∆u0 + dω2 ✭✶✶✮

❋✐❣✉r❡ ✶✵ s❤♦✇s t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ r❛❞✐❛❧ ❡①♣❛♥s✐♦♥s
♦❢ t❤❡ ❜❡❛r✐♥❣ r✐♥❣s ♦♥ t❤❡ ❛①✐❛❧ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s❤❛❢t✳
❆ ❞❡❝r❡❛s❡ ♦❢ t❤❡ ❛①✐❛❧ st✐✛♥❡ss ♦❢ t❤❡ s❤❛❢t ✐s ❝❧❡❛r❧②
♦❜s❡r✈❛❜❧❡ ❛t ❤✐❣❤❡r s♣❡❡❞✳

✸✳✹ ❆①✐❛❧ s❤r✐♥❦❛❣❡ ♦❢ t❤❡ s❤❛❢t

❚❤❡ ❞②♥❛♠✐❝s ❡✛❡❝ts ❤❛✈❡ ❛❧s♦ ❛♥ ❛①✐❛❧ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡
s❤❛❢t✳ ■♥❞❡❡❞✱ ❞✉❡ t♦ t❤❡ P♦✐ss♦♥ ❡✛❡❝t✱ t❤❡ ❝❡♥tr✐❢✉❣❛❧
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N = 4000 rpm - without radial expansion

N = 16000 rpm - without radial expansion

N = 24000 rpm - without radial expansion

N = 4000 rpm - with radial expansion

N = 16000 rpm - with radial expansion

N = 24000 rpm - with radial expansion

✭❛✮ ❆①✐❛❧ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ t❤❡ s❤❛❢t
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✭❜✮ ▲♦❛❞s ♦♥ t❤❡ ❜❡❛r✐♥❣s

❋✐❣✳ ✶✵ ❘❛❞✐❛❧ ❡①♣❛♥s✐♦♥ ❡✛❡❝t ♦♥ t❤❡ ❛①✐❛❧ ❞✐s♣❧❛❝❡♠❡♥t ♦❢
t❤❡ s❤❛❢t✳

r❛❞✐❛❧ ❡①♣❛♥s✐♦♥ ✐♥❞✉❝❡s ❛♥ ❛①✐❛❧ s❤r✐♥❦❛❣❡ ♦❢ t❤❡ s❤❛❢t✳
❚❤❡ ❛①✐❛❧ ❞❡✢❡❝t✐♦♥ uasf ❛♥❞ uas2 ♦❢ r❡s♣❡❝t✐✈❡❧② t❤❡
❢r♦♥t s✐❞❡ ❛♥❞ t❤❡ r❡❛r ❜❡❛r✐♥❣ ❛r❡ ❛❞❞❡❞ ✐♥ t❤❡ ♠♦❞❡❧✳



✽ ❈✳ ❘❛❜ré❛✉ ❡t ❛❧✳

❚❤❡ s❡❝♦♥❞ t❡r♠ ♦❢ ❊q✳ ✭✻✮ ❜❡❝♦♠❡s ✿

δx2 = up−(u+uas2)+δx2,0
❛♥❛❧②t✐❝❛❧ ❜❡❛r✐♥❣ ♠♦❞❡❧

−→ Fc ✭✶✷✮

❚❤❡ ✜♥❛❧ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ t❤❡ ❢r♦♥t ❢❛❝❡ ♦❢ t❤❡ s❤❛❢t
❜❡❝♦♠❡s u + uasf ✳ ❆s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✶✱ t❤❡ ❛①✐❛❧
s❤r✐♥❦❛❣❡ ♦❢ t❤❡ s❤❛❢t ❞❡❝r❡❛s❡s t❤❡ ❧♦❛❞ ♦♥ t❤❡ r❡❛r
❜❡❛r✐♥❣ ❛t ❤✐❣❤❡r s♣❡❡❞✳
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N = 4000 rpm - without axial shrinkage

N = 16000 rpm - without axial shrinkage

N = 24000 rpm - without axial shrinkage

N = 4000 rpm - with axial shrinkage

N = 16000 rpm - with axial shrinkage

N = 24000 rpm - with axial shrinkage

✭❛✮ ❆①✐❛❧ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ t❤❡ s❤❛❢t
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✭❜✮ ▲♦❛❞s ♦♥ t❤❡ ❜❡❛r✐♥❣s

❋✐❣✳ ✶✶ ❆①✐❛❧ s❤r✐♥❦❛❣❡ ❡✛❡❝t ♦♥ t❤❡ ❛①✐❛❧ ❞✐s♣❧❛❝❡♠❡♥t ♦❢
t❤❡ s❤❛❢t✳

✹ ❊①♣❡r✐♠❡♥t❛t✐♦♥

✹✳✶ ❊①♣❡r✐♠❡♥t❛❧ ❙❡t✉♣

❆♥ ♦r✐❣✐♥❛❧ ❡①♣❡r✐♠❡♥t❛❧ ❞❡✈✐❝❡ ❤❛s ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ t♦
❛♣♣❧② ❜✐❞✐r❡❝t✐♦♥❛❧ ❛①✐❛❧ ❧♦❛❞s t♦ t❤❡ r♦t❛t✐♥❣ s♣✐♥❞❧❡✱
s❡❡ ❋✐❣✉r❡ ✶✷✳ ❚❤❡ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ t❤❡ ♠❛❝❤✐♥❡ t♦♦❧
❛❧♦♥❣ t❤❡ ❩ ❛①✐s ❣❡♥❡r❛t❡s ❛ ♣✉r❡ ❛①✐❛❧ ❧♦❛❞ ♦♥ t❤❡ s❤❛❢t
t❤r♦✉❣❤ t❤❡ s♣r✐♥❣ r✐♥❣s✳ ❘❛❞✐❛❧ ❧♦❛❞ ❛♥❞ ❜❡♥❞✐♥❣ ♠♦✲
♠❡♥t ❛r❡ ❛✈♦✐❞❡❞ t❤❛♥❦s t♦ ❛ r❛❞✐❛❧ ❝❧❡❛r❛♥❝❡ ❢♦r❡s❡❡♥

Spindle housing

Displacement

sensor

Tool

Ball bearing

Spring rings

Dynamometer 

table

❋✐❣✳ ✶✷ ❊①♣❡r✐♠❡♥t❛❧ ❞❡✈✐❝❡ ❢♦r ❛♣♣❧②✐♥❣ ❛①✐❛❧ ❧♦❛❞ ♦♥ ❛
r♦t❛t✐♥❣ s♣✐♥❞❧❡✳

✐♥ t❤❡ ❞❡✈✐❝❡✳ ❆ ✸✲❛①✐s ✾✷✺✺❇ ❑✐st❧❡r ❞②♥❛♠♦♠❡t❡r t❛✲
❜❧❡ ♠❡❛s✉r❡s t❤❡ ❛①✐❛❧ ❢♦r❝❡ F ✳ ❆♥ ❡❞❞② ❝✉rr❡♥t s❡♥s♦r
✐s ✉s❡❞ t♦ ♠❡❛s✉r❡ t❤❡ r❡❧❛t✐✈❡ ❞✐s♣❧❛❝❡♠❡♥t ❜❡t✇❡❡♥
t❤❡ s❤❛❢t ❛♥❞ t❤❡ s♣✐♥❞❧❡ ❤♦✉s✐♥❣ ❛t t❤❡ ❢r♦♥t ❡♥❞ ♦❢
t❤❡ s♣✐♥❞❧❡✳

❆ ❧♦❛❞✐♥❣ ❝②❝❧❡ ♦❢ ±1500N ✐s r✉♥ ❛t ❞✐✛❡r❡♥t s♣✐♥✲
❞❧❡ s♣❡❡❞s N ✭❢r♦♠ 4000 t♦ 24000 rpm✮✳ ❊①♣❡r✐♠❡♥ts
❛r❡ ❝❛rr✐❡❞ ♦✉t ❛t ❛♥ ✐❞❡♥t✐❝❛❧ st❡❛❞②✲st❛t❡ ♦♣❡r❛t✐♥❣
t❡♠♣❡r❛t✉r❡ ❛♥❞ ❛r❡ ♦❢ s❤♦rt ❞✉r❛t✐♦♥ t♦ ❛✈♦✐❞ t❤❡ ✐♥✲
✢✉❡♥❝❡ ♦❢ t❤❡r♠❛❧ ❡✛❡❝ts ♦♥ t❤❡ r❡s✉❧ts✳ ❚❤❡ s❛♠♣❧✐♥❣
❢r❡q✉❡♥❝② ✐s 12.5 kHz✳ ■t ❛❧❧♦✇s t♦ ✜❧t❡r ❛①✐❛❧ r✉♥♦✉t ♦❢
t❤❡ s✉r❢❛❝❡ r♦t❛t✐♥❣ ✐♥ ❢r♦♥t ♦❢ t❤❡ s❡♥s♦r✳ ❚❤❡ r❡♣❡❛t❛✲
❜✐❧✐t② ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t ❤❛s ❜❡❡♥ s✉❝❝❡ss❢✉❧❧② ✈❡r✐✜❡❞✳

✹✳✷ ❊①♣❡r✐♠❡♥t❛❧ ❘❡s✉❧ts

❚❤❡ ♠❡❛s✉r❡❞ s✐❣♥❛❧s ❛r❡ ✜❧t❡r❡❞ ✇✐t❤ ❛ ♠❡❞✐❛♥ ✜❧t❡r
t♦ ❦❡❡♣ ♦♥❧② t❤❡ r❡❧❛t✐✈❡ q✉❛s✐✲st❛t✐❝ ❞✐s♣❧❛❝❡♠❡♥t ❜❡✲
t✇❡❡♥ t❤❡ s❤❛❢t ❛♥❞ t❤❡ s♣✐♥❞❧❡ ❤♦✉s✐♥❣✳ ❉❡s♣✐t❡ ❢❛st
❡①♣❡r✐♠❡♥ts✱ ❛ s♠❛❧❧ ❞r✐❢t ✐♥ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ♠❡❛s✉r❡✲
♠❡♥t ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ ❛t ❧♦✇ s♣❡❡❞ ❞✉❡ t♦ s♣✐♥❞❧❡ ❝♦♦❧✲
✐♥❣✳ ■t ❝❛♥ ❜❡ ❝♦♠♣❡♥s❛t❡❞ ❜② ❧✐♥❡❛r ✐♥t❡r♣♦❧❛t✐♦♥ ❜❡✲
t✇❡❡♥ ✐❞❧❡ r♦t❛t✐♦♥s ❜❡❢♦r❡ ❛♥❞ ❛❢t❡r t❤❡ ❧♦❛❞✐♥❣ ❝②❝❧❡s✳
❚❤❡ ❛✈❡r❛❣❡ ❞✐s♣❧❛❝❡♠❡♥t ❢r♦♠ t❤❡ t❤r❡❡ ♠❡❛s✉r❡♠❡♥t
❝②❝❧❡s ❛r❡ ❝❛❧✐❜r❛t❡❞ ❝♦♥s✐❞❡r✐♥❣ u = 0 ❢♦r F = 0 ❛t
4000 rpm✳

❋✐❣✉r❡ ✶✸ s❤♦✇s t❤❡ r❡s✉❧ts ♦❢ t❤❡ ♠❡❛s✉r❡♠❡♥t ❢♦r
❞✐✛❡r❡♥t s♣❡❡❞✳ ❚❤r❡❡ s♣❡❝✐✜❝ ③♦♥❡s ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ ♦♥
t❤❡ ❧♦✇❡r s♣❡❡❞ ❝✉r✈❡ ✭N = 4000 rpm✮ ✿

✕ ❩♦♥❡ ❆ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♥♦r♠❛❧ ❜❡❤❛✈✐♦r ♦❢ t❤❡
❜❡❛r✐♥❣ ❛rr❛♥❣❡♠❡♥t ✇✐t❤ ❡❧❛st✐❝ ♣r❡❧♦❛❞✳

✕ ❩♦♥❡ ❇ ❝♦rr❡s♣♦♥❞s t♦ ❛ r❛♣✐❞ ❞r♦♣ ✐♥ t❤❡ ❛①✐❛❧
st✐✛♥❡ss ♦❢ t❤❡ s♣✐♥❞❧❡ ❞✉❡ t♦ t❤❡ ❝♦♥t❛❝t ❧♦ss ✐♥ t❤❡
❢r♦♥t ❜❡❛r✐♥❣✳ ■t ❝❛♥ ❧❡❛❞ t♦ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢



P❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ♠♦❞❡❧ ♦❢ ♣r❡❧♦❛❞❡❞ s♣✐♥❞❧❡ ❜❡❤❛✈✐♦r ❛t ❤✐❣❤ s♣❡❡❞ ✾

t❤❡ ♣r❡❧♦❛❞ ✈❛❧✉❡ ✿ P ≈ FA = 1000 N ✳ ❆ss✉♠✐♥❣
t❤❛t t❤❡ ❜❡❛r✐♥❣ st✐✛♥❡ss ✐s ♠✉❝❤ ♠♦r❡ ✐♠♣♦rt❛♥t
t❤❛♥ t❤❛t ♦❢ t❤❡ ♣r❡❧♦❛❞ s♣r✐♥❣s✱ t❤❡ ❛①✐❛❧ st✐✛♥❡ss
✐♥ ❩♦♥❡ ❇ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♣r❡❧♦❛❞ s♣r✐♥❣s✳ Kp ≈
dF
du

∣

∣

❩♦♥❡ ❇
= 4 N/µm✳

✕ ❩♦♥❡ ❈ st❛rts ✇❤❡♥ t❤❡ s❧❡❡✈❡ r❡❛❝❤❡s ✐ts str♦❦❡
❧✐♠✐t✱ ✇❤✐❝❤ ❣❡♥❡r❛t❡s ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ s♣✐♥❞❧❡
st✐✛♥❡ss✳ ❚❤✐s ♣❤❡♥♦♠❡♥♦♥ ✐s ❡①♣❧❛✐♥❡❞ ✐♥ s✉❜s❡❝✲
t✐♦♥ ✸✳✶✳

❚❤❡ ❤②st❡r❡s✐s ♦♥ t❤❡ ❝✉r✈❡ ✐s ❞✉❡ t♦ ❢r✐❝t✐♦♥ ✐♥ t❤❡
♣r❡❧♦❛❞ s②st❡♠ ❛s ♣r❡s❡♥t❡❞ ✐♥ s✉❜s❡❝t✐♦♥ ✸✳✷✳
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N = 4000 rpm
N = 16000 rpm
N = 24000 rpm

Pull

ABC

Push

❋✐❣✳ ✶✸ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t u ✐♥ r❡❧❛✲
t✐♦♥ t♦ t❤❡ ❛①✐❛❧ ❧♦❛❞ F ❛t ❞✐✛❡r❡♥t s♣❡❡❞✳

✺ ▼♦❞❡❧ ❡♥r✐❝❤♠❡♥t ❛♥❞ ✉♣❞❛t✐♥❣

❚❤✐s s❡❝t✐♦♥ ♣r❡s❡♥ts t❤❡ ♠♦❞❡❧ ✉♣❞❛t✐♥❣ ♦❢ t❤❡ ❛①✐❛❧
♠♦❞❡❧ ♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥ ✷ ✇✐t❤ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡✲
s✉❧ts✳

✺✳✶ ❘❡s✉❧ts ❢♦r ❛ ❜❛s✐❝ ♠♦❞❡❧

❋✐❣✉r❡s ✶✹ s❤♦✇s t❤❡ ❛①✐❛❧ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s♣✐♥❞❧❡ ♦❜✲
t❛✐♥❡❞ ✇✐t❤ ❛ ❜❛s✐❝ ♠♦❞❡❧✳ ❚❤❡ ❞②♥❛♠✐❝ ❡❢❢❡❝ts ♦♥ ❜❡❛r✲
✐♥❣ ❜❛❧❧s ❛r❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ♠♦❞❡❧✱ ❜✉t ♥♦t t❤❡ ♣❤❡✲
♥♦♠❡♥♦❧♦❣✐❝❛❧ ❡♥r✐❝❤♠❡♥ts ✐♥tr♦❞✉❝❡❞ ✐♥ s❡❝t✐♦♥ ✸✳ ■t ✐s
s✐♠✐❧❛r t♦ ♠♦❞❡❧ ♦❢ ❝♦♠♠❡r❝✐❛❧ ❜❡❛r✐♥❣ s♦❢t✇❛r❡✱ ✇❤❡♥
❝♦♥s✐❞❡r✐♥❣ ✐❞❡♥t✐❝❛❧ st❡❛❞②✲st❛t❡ ♦♣❡r❛t✐♥❣ t❡♠♣❡r❛✲
t✉r❡✳

❚❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❜❛s✐❝ ♠♦❞❡❧ ✭P ❛♥❞ Kp✮ ✇❡r❡
✉♣❞❛t❡❞ ❛s ♣r❡s❡♥t❡❞ ✐♥ s✉❜s❡❝t✐♦♥ ✷✳✷ ❛♥❞ ❊q✳ ✽✳ ❚❤❡
❛①✐❛❧ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ t❤❡ s❤❛❢t ✐s t❤❡♥ s✐♠✉❧❛t❡❞ ❛♥❞
❝♦♠♣❛r❡❞ t♦ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts✳ ■t r❡✈❡❛❧s t❤❛t

t❤❡ ❜❛s✐❝ ♠♦❞❡❧ ✐s ♥♦t ❛❝❝✉r❛t❡ ❡♥♦✉❣❤✳ ❚❤❡ ❛①✐❛❧ st✐✛✲
♥❡ss ❜❡t✇❡❡♥ −500N < F < 500N ❝♦rr❡s♣♦♥❞s t♦ ♦♣✲
❡r❛t✐♥❣ ❝♦♥❞✐t✐♦♥s ❛♥❞ ♥❡❡❞s t♦ ❜❡ ✇❡❧❧ ♣r❡❞✐❝t❡❞ ❜②
t❤❡ ♠♦❞❡❧✳ ❚❤❡ ❜❛s✐❝ ♠♦❞❡❧ ✐s t❤❡r❡❢♦r❡ t♦♦ s✐♠♣❧❡ t♦
❡①♣❧❛✐♥ t❤❡ ❝♦♠♣❧❡① ❜❡❤❛✈✐♦r ♦❢ t❤❡ s♣✐♥❞❧❡✱ ❡✈❡♥ ✐❢
❞②♥❛♠✐❝s ❡✛❡❝ts ♦♥ t❤❡ ❜❛❧❧s ❛r❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ✐♥
t❤❡ ❜❡❛r✐♥❣ ♠♦❞❡❧✳ ❚❤❡ ♠♦❞❡❧ ❡♥r✐❝❤♠❡♥t ♠❡t❤♦❞♦❧♦❣②
♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✷ ✐s r❡q✉✐r❡❞✳
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Experimental : N = 4000 rpm

Experimental : N = 16000 rpm

Experimental : N = 24000 rpm

Simulation : N = 4000 rpm

Simulation : N = 16000 rpm

Simulation : N = 24000 rpm

❋✐❣✳ ✶✹ ❆①✐❛❧ ❜❡❤❛✈✐♦r ♦❢ ❛ r♦t♦r ✇✐t❤ ❛ ❜❛s✐❝ ♠♦❞❡❧✳

✺✳✷ ❈❧❛ss✐✜❝❛t✐♦♥ ♦❢ ♣❤❡♥♦♠❡♥❛ s✐❣♥✐✜❝❛♥❝❡

❚❤❡ ♠♦❞❡❧ ❡♥r✐❝❤♠❡♥t ♠❡t❤♦❞♦❧♦❣② ♣r❡s❡♥t❡❞ ✐♥ s✉❜✲
s❡❝t✐♦♥ ✷✳✷ ✇❛s ❛♣♣❧✐❡❞ t♦ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ✭♦❢
s✉❜s❡❝t✐♦♥ ✹✳✷✮✱ ✐♥tr♦❞✉❝✐♥❣ t❤❡ ♥❡✇ ♣❤❡♥♦♠❡♥❛ ♠♦❞✲
❡❧❡❞ ✐♥ s❡❝t✐♦♥ ✸✳ ❚❤❡ t❛❜❧❡ ✶ s❤♦✇s t❤❡ r❡s✉❧ts ♦❢ t❤❡
s❡♥s✐t✐✈✐t② ❛♥❛❧②s✐s ❛♥❞ ♦❢ t❤❡ ♠♦❞❡❧ ✉♣❞❛t✐♥❣ ❛t t❤❡
❞✐✛❡r❡♥t st❡♣s ♦❢ t❤❡ ♠♦❞❡❧ ❡♥r✐❝❤♠❡♥t✳

❚❤❡ ♠♦st s❡♥s✐t✐✈❡ ♣❛r❛♠❡t❡rs ❜❡❢♦r❡ t❤❡ ✜rst ✉♣✲
❞❛❞✐♥❣ ✇❡r❡ t❤❡ ♣r❡❧♦❛❞ ♣❛r❛♠❡t❡rs ✿ P ❛♥❞ Kp✳ ❚❤❡②
✇❡r❡ ✉♣❞❛t❡❞ ❞✉r✐♥❣ t❤❡ ✐♥✐t✐❛❧ st❡♣✱ ✇❤✐❝❤ ✇❛s t❤❡ ❜❛✲
s✐❝ ♠♦❞❡❧✳ ❚❤❡ r❡s✉❧ts ♦❢ t❤❡ ✐♥✐t✐❛❧ st❡♣✱ ❛s ♣r❡s❡♥t❡❞
✐♥ ❋✐❣✉r❡ ✶✹✱ ✇❡r❡ ♥♦t ❣♦♦❞ ❡♥♦✉❣❤✳ ❚❤❡♥✱ t❤❡ s❡❝♦♥❞
s❡♥s✐t✐✈✐t② ❛♥❛❧②s✐s ✭κ✮ r❡✈❡❛❧❡❞ t❤❛t t❤❡ s❧❡❡✈❡ ♣❛r❛♠✲
❡t❡rs ✭str♦❦❡ ❧✐♠✐t ❛♥❞ ❢r✐❝t✐♦♥✮ ❛r❡ t❤❡ ♠♦st ✐♠♣♦r✲
t❛♥t ♣❤❡♥♦♠❡♥❛ ♦♥ t❤✐s s♣✐♥❞❧❡✱ ❛❢t❡r t❤❡ ♣r❡❧♦❛❞✳ ❉✉❡
t♦ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ t❤❡ ❞✐✛❡r❡♥t ♣❛r❛♠❡t❡rs ♦❢ ❡❛❝❤
♣❤❡♥♦♠❡♥♦♥✱ t❤❡② ♠✉st ❜❡ ✉♣❞❛t❡❞ ❛t t❤❡ s❛♠❡ t✐♠❡✳
❚❤❡r❡❢♦r❡✱ up,lim✱ ∆sl ❛♥❞ Ff ❜❡❡♥ ✉♣❞❛t❡❞ ❞✉r✐♥❣ st❡♣
✷✳ ❋✐♥❛❧❧②✱ r❛❞✐❛❧ ❡①♣❛♥s✐♦♥s ❛♥❞ ❛①✐❛❧ s❤r✐♥❦❛❣❡ ✇❡r❡ ♦❢
❧❡ss ✐♠♣♦rt❛♥❝❡ t❤❛♥ t❤❡ ♣r❡✈✐♦✉s ❝♦♥s✐❞❡r❡❞ ♣❤❡♥♦♠✲
❡♥❛✱ ❜✉t ♥♦t ♥❡❣❧✐❣✐❜❧❡ t♦ ♦❜t❛✐♥ ❛♥ ❛❝❝✉r❛t❡ ♠♦❞❡❧✳
❍❡♥❝❡✱ t❤❡② ✇❡r❡ ✉♣❞❛t❡❞ ✐♥ t❤❡ t❤✐r❞ st❡♣s✳

❱❡r② s♠❛❧❧ ✐♠♣r♦✈❡♠❡♥t ❝♦✉❧❞ ❜❡ ❛❝❤✐❡✈❡❞ ✇✐t❤ ❛
❢♦✉rt❤ st❡♣✱ ✉♣❞❛t✐♥❣ t❤❡ fe ♣❛r❛♠❡t❡r ♦❢ t❤❡ ❜❛❧❧ ❜❡❛r✲
✐♥❣✳ ■♥❞❡❡❞✱ ✐t ✐s t❤❡ ♠♦st s❡♥s✐t✐✈❡ ♦❢ t❤❡ r❡♠❛✐♥✐♥❣ ♣❛✲
r❛♠❡t❡rs✳ ❍♦✇❡✈❡r✱ ✇✐t❤ ❛♥ ❛✈❡r❛❣❡ ❛❝❝✉r❛❝② ♦❢ 1.96 µm✱



✶✵ ❈✳ ❘❛❜ré❛✉ ❡t ❛❧✳

❚❛❜❧❡ ✶ ❘❡s✉❧ts ♦❢ t❤❡ s❡♥s✐t✐✈✐t② ❛♥❛❧②s✐s ❛♥❞ ♦❢ t❤❡ ♠♦❞❡❧ ✉♣❞❛t✐♥❣

r❛♥❣❡ ✐♥✐t✐❛❧ st❡♣ st❡♣ ✷ st❡♣ ✸

♣❛r❛♠❡t❡r ♠✐♥ ♠❛① ♥♦♠✐♥❛❧ κ[µm] ✉♣❞❛t❡❞ κ[µm] ✉♣❞❛t❡❞ κ[µm] ✉♣❞❛t❡❞ κ[µm]

♣r❡❧♦❛❞
P [N ] ✺✵✵ ✶✺✵✵ ✾✺✵ ✶✷✼✳✸ ✼✷✽ ✶✷✳✼✾ ✶✶✼✹ ✶✸✳✵✷ ✶✵✻✼ ✹✶✳✼✷
Kp[N/µm] ✵✳✶ ✶✺ ✷✳✺ ✸✽✸✳✼ ✽✳✼✾ ✶✽✳✽✻ ✶✳✺✸ ✶✷✳✼✽ ✶✳✼✼ ✸✻✳✼✷

str♦❦❡
❧✐♠✐t

up.lim[µm] ✲✶ ✲✸✵✵ ✲✷✼✺ ✶✼✳✽✹ ✶✹✳✸✾ ✲✶✶✷ ✹✺✳✼✷ ✲✶✷✷ ✷✺✳✵✾
∆sl[µm] ✵ ✹✵ ✵ ✵✳✵✵✵✺ ✶✳✺✷✸ ✷✺✳✸ ✼✳✻✷✽ ✸✼✳✹ ✵✳✺✺✵✷

r❛❞✐❛❧
❡①♣❛♥s✐♦♥s

∆u0[µm] ✲✸✵ ✼✵ ✵ ✹✳✽✷✼ ✹✳✽✵✾ ✼✳✹✺✵ ✲✷✹✳✷ ✵✳✺✸✵✶
d.106[µm.s−2] ✵ ✻✵ ✵ ✸✳✺✺✺ ✸✳✸✻✵ ✻✳✻✹✹ ✹✻✳✵ ✵✳✷✸✽✽

❢r✐❝t✐♦♥ Ff [N ] ✵ ✷✵✵ ✵ ✷✾✳✸✾ ✶✵✳✼✷ ✾✵✳✾ ✶✳✶✾✺ ✾✶✳✽ ✹✳✷✶✷
❛①✐❛❧
s❤r✐♥❦❛❣❡

a.106[µm.s−2] ✵ ✶✵✵ ✵ ✷✳✶✸✻ ✶✳✶✷✸ ✵✳✹✶✹✷ ✻✳✻✵ ✵✳✷✻✾✶
b.106[µm.s−2] ✲✺✵✵ ✵ ✵ ✶✶✳✽✽ ✸✳✹✸✶ ✶✵✳✽✽ ✶✹✼ ✶✳✶✻✽

❜❛❧❧
❜❡❛r✐♥❣

D[mm] 8.73± 0.1% ✵✳✵✸✹✾ ✵✳✵✸✹✼ ✵✳✵✺✺✷ ✵✳✵✵✶✻
dm[mm] 82.5± 0.1% ✵✳✵✶✸✷ ✵✳✵✶✷✾ ✵✳✵✷✻✵ ✵✳✵✵✵✷
fe 0.54± 0.1% ✶✳✶✺✼ ✵✳✶✾✾✻ ✷✳✵✶✽ ✵✳✶✻✷✺
νb 0.26± 5% ✵✳✵✵✺✽ ✵✳✵✵✼✼ ✵✳✵✵✼✹ ✵✳✵✵✼✵
νr 0.3± 5% ✵✳✵✵✷✾ ✵✳✵✵✸✾ ✵✳✵✵✸✼ ✵✳✵✵✸✺
Eb[GPa] 315± 5% ✵✳✵✷✵✶ ✵✳✵✷✻✼ ✵✳✵✷✺✺ ✵✳✵✷✹✶
Er[Gpa] 210± 5% ✵✳✵✷✾✹ ✵✳✵✸✾✶ ✵✳✵✸✼✸ ✵✳✵✸✺✸
ρb[kg/m3] 3190± 5% ✵✳✺✺✷✼ ✵✳✺✸✾✹ ✶✳✵✽✽ ✵✳✵✵✸✸

▼❡❛♥ ❞❡✈✐❛t✐♦♥ ✿ ε[µm] ✹✶✳✹ ✶✷✳✾ ✻✳✽✵ ✶✳✾✻

t❤❡ ♦❜t❛✐♥❡❞ ♠♦❞❡❧ ✐s ♣r❡❝✐s❡ ❡♥♦✉❣❤✳ ■t ❝❧❡❛r❧② ❡①♣❧❛✐♥s
t❤❡ ❝♦♠♣❧❡① ❜❡❤❛✈✐♦r ♦❢ t❤❡ s♣✐♥❞❧❡✱ ❜② ❛ s❡t ♦❢ s✐♠♣❧❡
❛♥❞ ✉♥❝♦✉♣❧❡❞ ♣❤②s✐❝❛❧ ♣❤❡♥♦♠❡♥❛✳

✺✳✸ ▼♦❞❡❧ ❯♣❞❛t✐♥❣ r❡s✉❧ts

❚❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❛❢t❡r t❤❡ t❤✐r❞ st❡♣ ♦❢ ❡♥r✐❝❤♠❡♥t
❛♥❞ ✉♣❞❛t❡ ❛r❡ ♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ✶✺✳ ❋✐❣✉r❡ ✶✺✭❛✮
s❤♦✇s t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❛①✐❛❧ ❜❡❤❛✈✐♦r ❛t ❞✐✛❡r✲
❡♥t s♣✐♥❞❧❡ s♣❡❡❞s✱ ♦❜t❛✐♥❡❞ ❡①♣❡r✐♠❡♥t❛❧❧② ❛♥❞ ✇✐t❤
t❤❡ ✉♣❞❛t❡❞ ♠♦❞❡❧✳ ❚❤❡ s✐♠✉❧❛t✐♦♥s ❛r❡ ✐♥ ❣♦♦❞ ❛❣r❡❡✲
♠❡♥t ✇✐t❤ t❤❡ ❡①♣❡r✐♠❡♥t❛t✐♦♥✱ ❡s♣❡❝✐❛❧❧② ❛t ❤✐❣❤ s♣❡❡❞
✇❤❡r❡ t❤❡r❡ ✐s ❛ ♥❡❡❞ ❢♦r s✉❝❤ ❛❞✈❛♥❝❡❞ ♠♦❞❡❧✳ ❚❤❡ r❡✲
s✉❧ts ❢♦r ♦t❤❡r s♣❡❡❞s t❤❛t ✇❡r❡ ♥♦t ✉s❡❞ ✐♥ t❤❡ ✉♣❞❛t✲
✐♥❣✱ ❤❛✈❡ ❛❧s♦ ❜❡❡♥ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❡①♣❡r✐♠❡♥t✳ ■t ✇❛s
✇❡❧❧ ❝♦rr❡❧❛t❡❞✱ ✇❤✐❝❤ ✈❛❧✐❞❛t❡s t❤❡ ♠♦❞❡❧✳

❚❤❡ ❧♦❛❞s ♦♥ t❤❡ ❜❡❛r✐♥❣s ❛r❡ ♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡
✶✺✭❜✮✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t✐❝❡ t❤❛t t❤❡ ❛❞❞❡❞ ♣❤❡♥♦♠✲
❡♥❛ ❛✛❡❝t s✐❣♥✐✜❝❛♥t❧② t❤❡ s♣✐♥❞❧❡ ❜❡❛r✐♥❣s ❜❡❤❛✈✐♦r✱
❡s♣❡❝✐❛❧❧② ❛t ❤✐❣❤ s♣❡❡❞✳

✻ ❈♦♥❝❧✉s✐♦♥

❆♥ ♦r✐❣✐♥❛❧ ♠♦❞❡❧ ♦❢ t❤❡ ❛①✐❛❧ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s♣✐♥✲
❞❧❡ ❤❛s ❜❡❡♥ ♣r❡s❡♥t❡❞✳ ▼♦r❡♦✈❡r✱ ❛♥ ❡♥r✐❝❤♠❡♥t str❛t✲
❡❣② t❤❛t ❝♦♥s✐sts ♦❢ s❡✈❡r❛❧ st❡♣s ♦❢ s❡♥s✐t✐✈✐t② ❛♥❛❧②s✐s
❛♥❞ ♠♦❞❡❧ ✉♣❞❛t❡ ❤❛✈❡ ❜❡❡♥ ❡①♣❧❛✐♥❡❞✳ ❚❤✐s ✇♦r❦ ♣r♦✲
✈✐❞❡s ❛ ❜❡tt❡r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ♣❤②s✐❝❛❧ ♣❤❡♥♦♠❡♥❛
✐♥✈♦❧✈❡❞ ✐♥ t❤❡ s♣✐♥❞❧❡ ❞②♥❛♠✐❝s ❛t ❤✐❣❤ s♣❡❡❞✳ ❚❤❡
♠♦❞❡❧✐♥❣ ♦❢ t❤❡ r❡❛r s❧❡❡✈❡✬s ❜❡❤❛✈✐♦r✱ t❤❡ r❛❞✐❛❧ ❡①✲
♣❛♥s✐♦♥s ♦❢ t❤❡ ❜❡❛r✐♥❣ r✐♥❣s ❛♥❞ t❤❡ ❛①✐❛❧ s❤r✐♥❦❛❣❡
♦❢ t❤❡ s❤❛❢t ❤❛s ❜❡❡♥ ❞❡t❛✐❧❡❞ ❛s ✇❡❧❧ ❛s t❤❡✐r ✐♥✢✉❡♥❝❡

♦♥ t❤❡ ❛①✐❛❧ ❜❡❤❛✈✐♦r ❛♥❞ ♦♥ t❤❡ ♣r❡❧♦❛❞ ❡✈♦❧✉t✐♦♥✳ ❊①✲
♣❡r✐♠❡♥t❛t✐♦♥s t♦ ♠❡❛s✉r❡ t❤❡ ❛①✐❛❧ ❜❡❤❛✈✐♦r ♦❢ ❛ r♦✲
t❛t✐♥❣ s♣✐♥❞❧❡ ❤❛✈❡ ❜❡❡♥ ♣❡r❢♦r♠❡❞ ✇✐t❤ ❛ ♥❡✇ s♣❡❝✐✜❝
❞❡✈✐❝❡ ❛♥❞ ❛♥❛❧②③❡❞✳ ❚❤❡ ♣r❡s❡♥t❡❞ ♠♦❞❡❧ ❤❛✈❡ ❜❡❡♥
✉♣❞❛t❡❞ ✇✐t❤ t❤❡ ❡♥r✐❝❤♠❡♥t str❛t❡❣②✳ ❚❤❡ r❡s✉❧ts ♦❢
t❤❡ ✉♣❞❛t✐♥❣ ♦❜t❛✐♥❡❞ ❜❡❢♦r❡ ❛♥❞ ❛❢t❡r t❤❡ ❡♥r✐❝❤♠❡♥t
❤❛✈❡ ❜❡❡♥ s❤♦✇❡❞✳ ❚❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❛ ❥✉st ❛❝❝✉r❛t❡
❡♥♦✉❣❤ ♠♦❞❡❧ ❤❛✈❡ ❜❡❡♥ ❛❝❤✐❡✈❡❞ ✇✐t❤ t❤❡ st✉❞② ♦❢ t❤❡
♣❤❡♥♦♠❡♥❛ s✐❣♥✐✜❝❛♥❝❡✱ t❤❛♥❦s t♦ s❡♥s✐t✐✈✐t② ❛♥❛❧②s✐s✳
❆♥ ❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s ♠❡t❤♦❞♦❧♦❣② ✐s t❤❛t ✐t ❞♦❡s ♥♦t
r❡q✉✐r❡ ❛ ❝♦♠♣❧❡① t❤❡r♠❛❧ ♠♦❞❡❧ ♦❢ t❤❡ s♣✐♥❞❧❡ t♦ s✐♠✲
✉❧❛t❡ ❛❝❝✉r❛t❡❧② t❤❡ ❜❡❛r✐♥❣ ❜❡❤❛✈✐♦r✳ ❋r✐❝t✐♦♥ ❜❡t✇❡❡♥
t❤❡ r❡❛r s❧❡❡✈❡ ❛♥❞ t❤❡ s♣✐♥❞❧❡ ❤♦✉s✐♥❣✱ ❝♦♠❜✐♥❡❞ t♦ t❤❡
♣r❡s❡♥❝❡ ♦❢ ❛ ❧✐♠✐t❡❞ str♦❦❡ ✐♥ t❤❡ ♣r❡❧♦❛❞ s②st❡♠ ♣❧❛②
❛ ❝r✉❝✐❛❧ r♦❧❡ ✐♥ t❤❡ ❛①✐❛❧ ❜❡❤❛✈✐♦r ❛♥❞ ❤❛✈❡ ❛ ❣r❡❛t
✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ♣r❡❧♦❛❞ st❛t❡ ♦❢ t❤❡ s♣✐♥❞❧❡✱ ❛♥❞ ❝♦♥✲
s❡q✉❡♥t❧② ♦♥ t❤❡ ❜❡❛r✐♥❣ st✐✛♥❡ss✳ ❚❤❡ ✜♥❛❧ ✉♣❞❛t❡❞
♠♦❞❡❧ ❤❛✈❡ ❜❡❡♥ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❡①♣❡r✐♠❡♥ts ❛♥❞ ✐t
✇❛s ✐♥ ❛ ✈❡r② ❣♦♦❞ ❛❣r❡❡♠❡♥t✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts ❚❤❡ r❡s❡❛r❝❤ ✇❛s ❝♦♥❞✉❝t❡❞ ✇✐t❤✐♥ t❤❡
❝♦♥t❡①t ♦❢ t❤❡ ❋r❡♥❝❤ ❋❯■ ♣r♦❥❡❝t ✧◗✉❛❯s✐✧✳ ❚❤❡ ❡①♣❡r✐♠❡♥t
✇❡r❡ ❝♦♥❞✉❝t❡❞ ✐♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ✇✐t❤ ❊✉r♦♣❡ ❚❡❝❤♥♦❧♦❣✐❡s
❛♥❞ Pr❡❝✐s❡ ❋✐s❝❤❡r ❋r❛♥❝❡✳ ❚❤❡ ❛✉t❤♦rs ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦
t❤❡s❡ ❝♦♠♣❛♥✐❡s✳

◆♦♠❡♥❝❧❛t✉r❡

❈❛♣✐t❛❧ ▲❡tt❡rs

ℜ r❛❞✐❛❧ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❜❡❛r✐♥❣ ❛①✐s ❛♥❞ t❤❡
❣r♦♦✈❡ ❝✉r✈❛t✉r❡ ❝❡♥t❡r
ℜi = 0.5dm + (fi − 0.5)D cosα0

❑ ❜❡❛r✐♥❣ st✐✛♥❡ss ♠❛tr✐①



P❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ♠♦❞❡❧ ♦❢ ♣r❡❧♦❛❞❡❞ s♣✐♥❞❧❡ ❜❡❤❛✈✐♦r ❛t ❤✐❣❤ s♣❡❡❞ ✶✶
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✭❜✮ ▲♦❛❞s ♦♥ t❤❡ ❢r♦♥t ❛♥❞ r❡❛r ❜❡❛r✐♥❣s

❋✐❣✳ ✶✺ ❆①✐❛❧ ❜❡❤❛✈✐♦r ♦❢ t❤❡ r♦t♦r ✇✐t❤ t❤❡ ❡♥r✐❝❤❡❞ ❛♥❞ ✉♣❞❛t❡❞ ♠♦❞❡❧✳

A1, A2 ❛①✐❛❧ ❛♥❞ r❡s♣❡❝t✐✈❡❧② r❛❞✐❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡
❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❣r♦♦✈❡ ❝✉r✈❛t✉r❡ ❝❡♥t❡rs

BD ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❣r♦♦✈❡ ❝✉r✈❛t✉r❡ ❝❡♥t❡rs ✇✐t❤✲
♦✉t ❧♦❛❞ ♦r s♣❡❡❞

D ❜❛❧❧ ❞✐❛♠❡t❡r
F ❛①✐❛❧ ❧♦❛❞ ♦♥ t❤❡ s❤❛❢t
Fc ❝❡♥tr✐❢✉❣❛❧ ❢♦r❝❡ ♦♥ ❜❛❧❧
Ff ❋r✐❝t✐♦♥ ❢♦r❝❡
Kp ♣r❡❧♦❛❞ s♣r✐♥❣s st✐✛♥❡ss
Ksl ❡q✉✐✈❛❧❡♥t st✐✛♥❡ss ❛♣♣❧✐❡❞ t♦ ♠♦❞❡❧ t❤❡ ❣r❛❞✉✲

❛❧❧② ✐♥❝r❡❛s✐♥❣ ❝♦♥t❛❝t s✉r❢❛❝❡ ❜❡t✇❡❡♥ t❤❡ r❡❛r
s❧❡❡✈❡ ❛♥❞ t❤❡ st♦♣

Kxx = K(1, 1) ❛①✐❛❧ st✐✛♥❡ss ♦❢ t❤❡ ❜❛❧❧ ❜❡❛r✐♥❣
Mg ❜❛❧❧ ❣②r♦s❝♦♣✐❝ ♠♦♠❡♥t
N s❤❛❢t s♣❡❡❞
P ❜❡❛r✐♥❣ ♣r❡❧♦❛❞
Q ❜❛❧❧✲r❛❝❡✇❛② ♥♦r♠❛❧ ❧♦❛❞
X1, X2 ❛①✐❛❧ ❛♥❞ r❛❞✐❛❧ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❜❛❧❧ ❝❡♥t❡r

❛♥❞ ❣r♦♦✈❡ ❝✉r✈❛t✉r❡ ❝❡♥t❡r ♦❢ t❤❡ ♦✉t❡r r✐♥❣
❏ ❏❛❝♦❜✐❛♥ ♦❢ t❤❡ ❛①✐❛❧ ❡q✉✐❧✐❜r✐✉♠ ❢✉♥❝t✐♦♥✱ ❊q✳

✭✺✮
●r❡❡❦ ❙②♠❜♦❧s

α ❝♦♥t❛❝t ❛♥❣❧❡
∆ps ✈❛r✐❛t✐♦♥ r❛♥❣❡ ♦❢ ♣❛r❛♠❡t❡r ps
∆sl tr❛♥s✐t✐♦♥ r❡❣✐♦♥ ♦❢ t❤❡ str♦❦❡ ❧✐♠✐t
∆uN = ui − uo ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ r❛❞✐❛❧ r✐♥❣ ❡①♣❛♥✲

s✐♦♥s ❛t s♣❡❡❞ N
δ ❜❛❧❧✲r❛❝❡✇❛② ♥♦r♠❛❧ ❞✐s♣❧❛❝❡♠❡♥t
κs s❡♥s✐t✐✈✐t② ♦❢ t❤❡ ♣❛r❛♠❡t❡r ps
λ ❞✐str✐❜✉t✐♦♥ ♣❛r❛♠❡t❡r ❢♦r t❤❡ ❜❛❧❧ ❣②r♦s❝♦♣✐❝

♠♦♠❡♥t ❜❡t✇❡❡♥ r✐♥❣s
ψ ❜❛❧❧ ❛♥❣✉❧❛r ♣♦s✐t✐♦♥ ♦♥ t❤❡ ♣✐t❝❤ ❝✐r❝❧❡
ε ♠❡❛♥ ❞❡✈✐❛t✐♦♥ ❜❡t✇❡❡♥ ❡①♣❡r✐♠❡♥t ❛♥❞ s✐♠✉✲

❧❛t✐♦♥s
ζ ♣❡rt✉r❜❛t✐♦♥ ❢❛❝t♦r ♦❢ t❤❡ ✈❛r✐❛t✐♦♥ r❛♥❣❡

▲♦✇❡r❝❛s❡ ▲❡tt❡rs

❞ ❣❧♦❜❛❧ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ t❤❡ ✐♥♥❡r r✐♥❣
❢ ❣❧♦❜❛❧ ❧♦❛❞ ♦♥ ✐♥♥❡r r✐♥❣
✉ ❛①✐❛❧ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ t❤❡ s❤❛❢t
dm ❜❛❧❧ ♦r❜✐t❛❧ ❞✐❛♠❡t❡r
f = r/D

ps ♠♦❞❡❧ ♣❛r❛♠❡t❡r
r r❛❝❡✇❛② ❣r♦♦✈❡ ❝✉r✈❛t✉r❡ r❛❞✐✉s
ui, uo r❛❞✐❛❧ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ ❣r♦♦✈❡ ❝✉r✈❛t✉r❡ ❝❡♥t❡rs
uasf ✱ uas2 ❛①✐❛❧ ❞❡✢❡❝t✐♦♥s r❡s♣❡❝t✐✈❡❧② ♦❢ t❤❡ ❢r♦♥t ❢❛❝❡

❛♥❞ t❤❡ ❜❛❝❦ ❜❡❛r✐♥❣ ❞✉❡ t♦ ❝❡♥tr✐❢✉❣❛❧ ❡✛❡❝ts
♦♥ t❤❡ s❤❛❢t

up,lim str♦❦❡ ❧✐♠✐t ♦❢ t❤❡ r❡❛r s❧❡❡✈❡
❙✉❜s❝r✐♣ts

i ✐♥♥❡r r✐♥❣
o ♦✉t❡r r✐♥❣

❘❡❢❡r❡♥❝❡s

✶✳ ❆❜❡❧❡ ❊✱ ❆❧t✐♥t❛s ❨✱ ❇r❡❝❤❡r ❈ ✭✷✵✶✵✮ ▼❛❝❤✐♥❡ t♦♦❧
s♣✐♥❞❧❡ ✉♥✐ts✳ ❈■❘P ❆♥♥❛❧s ✲ ▼❛♥✉❢❛❝t✉r✐♥❣ ❚❡❝❤✲
♥♦❧♦❣② ✺✾✿✼✽✶✕✽✵✷✱ ❉❖■ ✶✵✳✶✵✶✻✴❥✳❝✐r♣✳✷✵✶✵✳✵✺✳✵✵✷

✷✳ ❇♦ss♠❛♥♥s ❇✱ ❚✉ ❏❋ ✭✶✾✾✾✮ ❆ t❤❡r♠❛❧ ♠♦❞❡❧ ❢♦r
❤✐❣❤ s♣❡❡❞ ♠♦t♦r✐③❡❞ s♣✐♥❞❧❡s✳ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r✲
♥❛❧ ♦❢ ▼❛❝❤✐♥❡ ❚♦♦❧s ❛♥❞ ▼❛♥✉❢❛❝t✉r❡ ✸✾✭✾✮✿✶✸✹✺✕
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✸✳ ❈❛♦ ❍✱ ❍♦❧❦✉♣ ❚✱ ❆❧t✐♥t❛s ❨ ✭✷✵✶✶✮ ❆ ❝♦♠♣❛r❛t✐✈❡
st✉❞② ♦♥ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❤✐❣❤ s♣❡❡❞ s♣✐♥❞❧❡s ✇✐t❤
r❡s♣❡❝t t♦ ❞✐✛❡r❡♥t ♣r❡❧♦❛❞ ♠❡❝❤❛♥✐s♠s✳ ❚❤❡ ■♥t❡r✲
♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ❆❞✈❛♥❝❡❞ ▼❛♥✉❢❛❝t✉r✐♥❣ ❚❡❝❤✲
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s♣♦♥s❡ s✐♠✉❧❛t✐♦♥ ❛♥❞ s❡♥s♦r ♣❧❛❝❡♠❡♥t ♦♣t✐♠✐③❛✲



✶✷ ❈✳ ❘❛❜ré❛✉ ❡t ❛❧✳

t✐♦♥ ♦❢ ❛ ♠❛❝❤✐♥❡ t♦♦❧ s♣✐♥❞❧❡ s②st❡♠ ✇✐t❤ ❛ ❜❡❛r✲
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❞✉❝❡❞ ❞②♥❛♠✐❝s ♦❢ ❛ ♠♦t♦r✐③❡❞ ❤✐❣❤✲s♣❡❡❞ s♣✐♥❞❧❡✳
■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ❆❞✈❛♥❝❡❞ ▼❛♥✉❢❛❝t✉r✐♥❣
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✭✷✵✶✹✮ ▼♦♥✐t♦r✐♥❣ ♦❢ ❞✐str✐❜✉t❡❞ ❞❡❢❡❝ts ♦♥ ❍❙▼
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✽✳ ❊rtür❦ ❆✱ Ö③❣ü✈❡♥ ❍✱ ❇✉❞❛❦ ❊ ✭✷✵✵✼✮ ❊✛❡❝t
❛♥❛❧②s✐s ♦❢ ❜❡❛r✐♥❣ ❛♥❞ ✐♥t❡r❢❛❝❡ ❞②♥❛♠✐❝s ♦♥
t♦♦❧ ♣♦✐♥t ❋❘❋ ❢♦r ❝❤❛tt❡r st❛❜✐❧✐t② ✐♥ ♠❛❝❤✐♥❡
t♦♦❧s ❜② ✉s✐♥❣ ❛ ♥❡✇ ❛♥❛❧②t✐❝❛❧ ♠♦❞❡❧ ❢♦r s♣✐♥✲
❞❧❡✕t♦♦❧ ❛ss❡♠❜❧✐❡s✳ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ▼❛✲
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▼♦❞❡❧✲❜❛s❡❞ ❝❤❛tt❡r st❛❜✐❧✐t② ♣r❡❞✐❝t✐♦♥ ❢♦r ❤✐❣❤✲
s♣❡❡❞ s♣✐♥❞❧❡s✳ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ▼❛❝❤✐♥❡
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t❡st✐♥❣ ♦❢ ❤✐❣❤✲s♣❡❡❞ s♣✐♥❞❧❡ ❜❡❤❛✈✐♦r✳ ❚❤❡ ■♥t❡r✲



P❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ♠♦❞❡❧ ♦❢ ♣r❡❧♦❛❞❡❞ s♣✐♥❞❧❡ ❜❡❤❛✈✐♦r ❛t ❤✐❣❤ s♣❡❡❞ ✶✸

♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ❆❞✈❛♥❝❡❞ ▼❛♥✉❢❛❝t✉r✐♥❣ ❚❡❝❤✲
♥♦❧♦❣② ❉❖■ ✶✵✳✶✵✵✼✴s✵✵✶✼✵✲✵✶✹✲✻✺✶✾✲✼

✷✼✳ ❩✈❡r✈ ■✱ P②♦✉♥ ❨❙✱ ▲❡❡ ❑❇✱ ❑✐♠ ❏❉✱ ❏♦ ■✱ ❈♦♠❜s ❆
✭✷✵✵✺✮ ❆♥ ❡❧❛st✐❝ ❞❡❢♦r♠❛t✐♦♥ ♠♦❞❡❧ ♦❢ ❤✐❣❤ s♣❡❡❞
s♣✐♥❞❧❡s ❜✉✐❧t ✐♥t♦ ❜❛❧❧ ❜❡❛r✐♥❣s✳ ❏♦✉r♥❛❧ ♦❢ ▼❛t❡✲
r✐❛❧s Pr♦❝❡ss✐♥❣ ❚❡❝❤♥♦❧♦❣② ✶✼✵✭✸✮✿✺✼✵✕✺✼✽✱ ❉❖■
✶✵✳✶✵✶✻✴❥✳❥♠❛t♣r♦t❡❝✳✷✵✵✺✳✵✺✳✵✸✽

❆ ❏❛❝♦❜✐❛♥ ✉s❡❞ ✐♥ t❤❡ s♦❧✈✐♥❣ ❛❧❣♦r✐t❤♠

❝♦♥s✐❞❡r✐♥❣ t❤❡ str♦❦❡ ❧✐♠✐t

❏ =

[

−Kxx1 −Kxx2 Kxx2

Kxx2 −
∂Kslup

∂up
−Kp −Kxx2

]

✭✶✸✮

✇✐t❤ ✿

∂Kslup

∂up

= tan

(

π

2

(

up − up,lim

∆sl

− 1

))

2

+
πup

∆sl

tan

(

π

2

(

up − up,lim

∆sl

− 1

))

cos

(

π

2

(

up − up,lim

∆sl

− 1

))

−2


