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Understanding interfacial properties of solids with their environment is a crucial problem in fundamental
science and applications. Elastomers have challenged the scientific community in this respect, and a satisfying
description is still missing. Here, we argue that the interfacial properties of elastomers, such as their wettability,
can be understood only with a non-linear elastic model with the assumption of strain-independent surface energy.
We show that our model captures accurately available data on elastomer wettability and discuss its implications.

In his founding paper on the thermodynamics of interfaces
[1], Gibbs defines the surface energy y of a material as the
work required to create a unit area by bringing new molecules
in contact with the atmosphere, cutting bulk interatomic bonds
and maintaining a constant intermolecular distance. Also, he
highlights the conceptual difference between 7y and the surface
tension Y of the interface, defined as the work required to cre-
ate a unit surface by stretching the material at constant number
of molecules in the interface (see ref. [2] for a concise sum-
mary). The difference stems from the ability of molecules to
rearrange under stretch, e.g. Y=Y in liquids [3, 4]. Molecules
in an elastic solid cannot move. Stretching a solid alters the
intermolecular distance so that ¥ # Y in general. These two
quantities are related through the Shuttleworth-Herring equa-
tion [4]: Y(A) = y(A)+dy/dA where A is a two-dimensional
strain tensor in the plane of the interface. Reliable measure-
ments of Y(A) and y(1) exist for various metals [3, 5-8].

The surface energy of a material can be adjusted with a
chemical treatment, such as monolayer deposition or coat-
ing. In this perspective, elastomers, i.e. crosslinked polymer
melts, have attracted interest in recent years [9-17]. How-
ever, the definition of y for these amorphous layers poses
challenges that have yet to be met. In particular, studies
of the dependence of y(A4) in the context of elastomer wet-
ting (or elastowetting) have led to contradictory conclusions
[10, 14, 15, 18].

Here, we show that a finite-deformation model of elas-
tomers under the assumption of a strain-independent surface
energy provides an excellent description of the wetting and
adhesion of elastomers. First we motivate the need for a
non-linear mechanical model and we justify the assumption
of strain-independent surface energy. Then, we present our
model. A central result of our rationale is that the deformation
of the solid below the contact line has the features of a discli-
nation. This result opens the possibility of studying wetting
ridges as defects induced by the presence of contact lines. We
demonstrate that our model is in very good agreement with
available experimental data. Finally, we discuss the validity
of other assumptions used in linear models of elastowetting.

Up to now, scientists have modelled wetting and adhesion
on elastomers with linear elasticity, i.e infinitesimal defor-
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FIG. 1. Schematic representation of the problem. A flat layer with
initial thickness H and infinite lateral dimensions (state %) is first
biaxially stretched (state %8’). A drop is then deposited on this
stretched surface and further deforms the elastic layer (state ).

mations are assumed. This hypothesis holds only for A ~ 1
and ¥/2Y < 1, with ¥ the liquid surface tension and 7, the
elastomer surface tension. However, experiments never meet
these requirements, as 0.5 < 1%/2% $0.9and 1 S A <2. Be-
sides, crosslinking is not a liquid-solid phase transition and
thus elastomers respond like solids at the macroscopic scale
but they remain liquid at the microscopic scale [19, 20]. Rub-
ber elasticity arises from the entropic cost of stretching poly-
mer chains [21, 22], a process that still allows the position
of the monomers to fluctuate. As a consequence, monomers
in the bulk can move to the surface of the stretched sample:
the cost of creating a unit elastomer surface should be strain-
independent. This view is supported by experiments [15, 23]
and recent numerical simulations [14].

Following these remarks, we consider a flat incompressible
layer, made of a homogeneous isotropic incompressible Neo-
Hookean material, with initial thickness H and infinite lateral
dimensions described in cylindrical coordinates by the region



0<R<wand 0 <Z < H (Fig. 1) as the reference configu-
ration % of our description. This layer is biaxially stretched
such that a material point with position R = (R,Z) is mapped
to a position ¥ = (#,7') = (AR,Z/A?) in configuration %'
The thickness of the prestretched layer is thus 7 = H/A2.
Deformation is locally described by the deformation tensor
F' = Jdr'/dR. Finally, a drop deposited at the free surface
of the prestretched layer induces an additional deformation,
superposed on the previous finite deformation, leading to the
formation of an elastocapillary ridge. Thus, another deforma-
tion field maps a point with coordinates r’ in configuration %’
to a position r =r' +u(r’) = (¥ + u,(v,7),7 +u,(r¥',7')) in
the current configuration %. Note that deformation from %’
to A is expressed in the prestretched coordinates (+/,7'). The
deformation tensor F = dr/dR is a local description of the
overall deformation process. The strain energy density of the
layer is #, = & (TrF"F — 3). Following the ideas exposed in
the introduction, we assume that the system also has a strain-
independent surface energy density #; = 7, in the current con-
figuration #. Furthermore, we account for the incompress-
ibility constraint detF = 1 by introducing a Lagrange multi-
plier P, interpreted as a pressure. The total energy functional
&r, p, P] of the system then reads:

&lr.p, P =5

(Tr(FTF) —3)dV + / da
2 Ja, 0%

—/ P(detF—l)dV—/ foudd (1)
Bo 0B

where p = {p,d} is the position of the contact line, dV is
an infinitesimal volume in the reference configuration while
da (resp. dd’) is an infinitesimal element of area in the cur-
rent (resp. prestretched) configuration % (resp. %’). Vec-
tor f describes the force distribution applied at the free sur-
face of the elastic layer by the drop. For a hemispherical
drop with radius p, surface energy ¥ and macroscopic con-
tact angle «, f has two contributions: a localized traction
7 = y,8(r' — p)(sin ave, — cos e, ) at the triple line and a dis-
tributed compression f¢ = —y;sina/pTI(p — r')e, below the
drop due to Laplace pressure, with IT the Heaviside function.

We obtain the equilibrium equations describing the system
from the principle of stationary potential energy: energy vari-
ations 6&'[r, p, P] due to small variations in the independent
fields must be zero. We close the system by providing bound-
ary conditions. Inspired by experimental setups, we assume
that the lower surface of the elastic layer is bonded to an in-
finitely rigid surface, u,(r',0) = u.(+',0) = 0. From Eq. 1, we
find the first Piola-Kirchoff tensor P = uF — PF~!. Recall-
ing that F/ = dr//dR, the equilibrium equation can be writ-
ten as div(PF’) = 0 where the div operator is evaluated in the
prestretched configuration %’. Everywhere at the free bound-
ary 7 = h except at the triple line, Nanson’s formula gives
PF'-n’ =€+ yn- (Vn) where n’ = (0, 1) is the outward unit
vector normal to the free surface in %’ and n is the outward
unit normal vector in 4.

From the variation of the energy with respect to p, we ob-

tain the force balance at the triple line [24-26]:

—ycosa =Y {cos® —cosO" } +e.-f* alonge, (2)
Ysinot =% {sin@~ +sin®"} +e.-f alonge, (3)

where 0~ = |Ju,/dr(p~,0)| and 07 = |du./dr(p™,0)| are
the (positive) slopes of the solid surface on each side of the
triple line.The jump in the first derivative of the displacement
field (du,/dr(p~,0) # du,/dr(p™,0)) induces a logarithmic
divergence of the stress. Thus the contact line is a singular
structure known as a disclination [27] in Eshelbian mechan-
ics whose strength, given by 1/2 — 6 /27, can take any value
between -1/2 and 1/2 as there is no underlying lattice struc-
ture, in contrast with disclinations in crystals. The last terms
in Egs. 2-3 involve the Eshelby force £ acting on an elastic
singularity [28, 29]:

£ = lim
£—0 A

(HJI-FTP)'dl 4)
where I, is a contour of radius € enclosing the defect in %’
and v’ is the outward unit normal vector to the contour; f£ has
the dimensions of a force per unit length and it is the J-integral
in fracture mechanics [30]. Equations(2)-(3) are new general-
ized laws for contact angles of liquid drops on soft materials.

Equations 2-3 present interesting limiting cases. Fluids are
described using the current (deformed) configuration as ref-
erence, in which case F = I. The first Piola-Kirchoff stress
tensor then reduces to the Cauchy stress tensor which, at rest,
is just a pressure, P = —pl. The contour integral (4) van-
ishes [31], leading to the Neumann construction that rules the
force balance at a triple line between fluids. In contrast, shear
stresses between fluids in relative motion induce configura-
tional forces at the triple line [31]. On a soft substrate without
hysteresis, f£ vanishes in the framework of linear elasticity,
i.e. when ¥/2y, — 0, and the liquid surface tension is bal-
anced by the surface energy of the solid. When the substrate
is infinitely rigid, @~ and 6% vanish and Eq. 2 reduces to
a generalized Young equation with line tension [32]. Equa-
tion 3 indicates that the vertical surface traction is balanced
by elasticity for hard materials [33].

We solve Eqs 1-4 using a numerical method that we devel-
oped earlier [34]. For all simulations, H = 80 um, similar to
typical values encountered in experiments, and & = /2. The
volume of the droplet is 5 uL and its radius p ~ 1.33 mm,
to minimize the influence of the finite size of the drop. In
the supplementary materials, we derive an analytical solution
to the elastowetting problem in the framework of incremental
elasticity, where the amplitude of the displacement field u su-
perimposed to prestretch is of the order of a small parameter
€. Figure 2B shows that the incremental theory provides an
excellent approximation to the numerical simulations of the
nonlinear problem for the shape of the ridge for A = 1, at
both large (r 2 ¢, = v,/(21)) and small (r < 4;) scale. When
A = 1.5, we observe poor agreement between the incremen-
tal theory and the numerical simulations (Fig. 2C): the latter
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FIG. 2. Comparison between the linear and non-linear elastic models. A: schematic of the region around the elastocapillary ridge with
maximum height d, height profile { (') and opening angle at the tip 6. Shape of the ridge with (B) and without (C) prestretch, for 7, /2y, = 0.8.
Insets in B and C: zoomed-in shape of the ridge (over a total width /) at true aspect ratio (i. e. same normalizationfor height and width by ¢;).
The linear model and the numerical simulations have been shifted so that tips coincide for better comparison. D: Maximum ridge height d as
a function of the liquid surface tension ¥, for a solid surface tension 7; = 30 mNm™!. E: opening angle 6 as a function of the ratio ¥, /27 for
1 <A < 1.5. F: opening angle 6 as a function of prestretch A for 0.015 < ¥, /2y < 0.9. Light dashed lines: Eq 7.

predicts a ridge height smaller than expected from the incre-
mental theory and the opening angle 6 of the ridge is larger.
Figure 2D indicates that, in presence of prestretch, numeri-
cal simulations coincide with the incremental solution only at
small values of the ratio y;/2%, for ¥, = 30 mNm~!. The
agreement between the two models is very good For A = 1.

A focus on the dependence of 6 on control parameters (A,
Ye/7vs) allows us to discuss the nature of the force balance at
the contact line. We compare the results of our simulations
to the Neumann construction, & = 7w — 2arcsin(7;/2y;), and
its linearized version for small angles, 6 = @ — ¥;/7v,. The
opening angle 6 decreases with increasing value of the ratio
¥e/27; for all models (Fig. 2E). For A = 1 and for values of
Y2/2%s up to ~ 0.9, the linearized Neumann construction ap-
proximates the nonlinear elastowetting problem well, with an
error smaller than 5%. For y,/27, 2 0.9, 6 is larger than pre-
dicted by the linear theory, with the difference increasing with
Ye/27;. At the same time, the full Neumann construction fails
at following the non-linear prediction. For /2%, ~ 0.9, typ-
ical of silicone/water experiments, the non-linear prediction
of 0 is 30° larger than the prediction based on the Neumann
construction. This difference is much larger than the precision
of typical experimental measurements. The non-linear model

indicates that 6 increases monotonously with A (Fig. 2E-F).
This results contradicts the predictions of linear theories, in
which 0 is independent of A. Thus, this dependence is a pure
nonlinear effect.

Analytical considerations can help clarify the mechanics
behind the dependence of the opening angle 6 on deforma-
tion A (Fig. 2F). The stress field around the elastocapillary
ridge is equivalent to that around a wedge disclination. In lin-
ear elasticity [35-37], the Eshelby force (4) for a disclination
line in an external stress field is: £ ~ —2eq x (27TSM - ey).
Here M, = Tji€imnttn(R) is the torque on the defect, Tj; is the
Cauchy stress, €, is the Levi-Civita tensor. Einstein sum-
mation convention applies. The factor of 2 results from the
presence of the free surface that acts as a mirror disclination
of opposite strength —S. At leading order, the vertical compo-
nent of the Eshelby force acting on the ridge is:

1
fE = anSTY S (R) = 2u(m = 0)(A” = 7)E(R) - (5)
Equation 5 is equivalent to the Peach-Koehler force acting
on a dislocation [38]. Indeed, the vertical component of the
Peach-Koehler force on a surface dislocation reads —2[7}u;]

where the bracket operator [f] denotes the jump of f across
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FIG. 3. A: Shear stress distribution in the ridge below the triple line
obtained from the numerical simulations (A = 1.2, ¥;/¥s = 0.8; other
parameters identical to those of Fig.2). Size of the box: 205 x 2/;.
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line. B: comparison between Xu et al.’s data [10], our numerical
simulations and Eq. 7 for 8(A).

the defect. For a dislocation, the stress field is continuous
while the jump of the displacement u; is non-zero (and defined
as the Burger vector). In our case, the boundary condition at
the free surface imposes that 7,, = T,<,°>ac /dr'. Displacement
u; is thus continuous while the shear stress is discontinuous
(Fig.3A). We recover Eq. 5 if we inject 7,, in the Peach-
Koehler expression or by the direct integration of (4) (see SI).
The force fZE is independent of the elastic modulus because
the height of the ridge is inversely proportional to the substrate
shear modulus, (p) = a(p,H)ysina/(1hg-(A)) (See SI for
a definition of g..). Here a(p, H) is a geometric parameter that
is weakly dependent on the thickness H and the droplet size
p, provided that both are larger than the elastocapillary length
£y, and whose value is a(p,H) ~ 0.25. Thus we have the ap-
proximation f£ ~ ysinat/(2g.(1)) (A2 —1/A%)(n—6). The
Eshelby force fZE is equivalent to an effective surface energy
of magnitude 7;sina/(2g-(1))(A% — 1/A*) whose origin is
purely topological. As a consequence, we define an apparent
surface tension” Y at the ridge tip:

(6)

ysina A°+A%—A3 -1
T~v<1
y{+ %o AP+A64+3A3—1

whichreduces to Y ~ ¥, {14 3y% 'sino(A — 1) } at small A.
Eq. 6 leads to the following approximation for the opening
angle:
N Y

O~m T @)
Egs. 6-7 result from a crude approximation of the Eshelby
force as we have neglected the force of the disclination on
itself as well as the force induced by Laplace pressure on the
defect. These contributions of higher order than the leading
term (Eq. 5) can become significant when /2y, = 0(1),
even in the case A = 1 (Fig. 2E). Nonetheless, Eq. 7 provides
a reasonable approximation for 6 (Fig. 2F). The existence of
an elastic restoring force proportional to { and p was reported
in recent molecular dynamics simulations [13].

Now we compare our theoretical predictions to available
experimental data. Xu et al. measure an opening angle
0 =91.2° in their glycerol-silicone system, with g, =41+ 1
mNm~'[10]. The surface energy of PDMS deduced from
the Neumann construction is % = 29mNm~'. Our nonlin-
ear model yields 7, = 24 mNm™~!, in better agreement with
the surface energy of liquid PDMS, Yppys =21 +1 mNm™'.
Fig.3B shows that our numerical simulations capture well Xu
et al.’s data for O(A). In addition, we obtain excellent agree-
ment between experiments and Eq. 7 (Fig. 2F and 3B).

Within the experimental error bars, we conclude that Xu
et al.’s observations result from the nonlinear elastic force £
acting on the elastocapillary ridge. From the assumptions of
our model based on mechanical and molecular considerations
and the good agreement between experiments and theory, we
conclude that soft elastomers have a strain-independent sur-
face energy, i.e. the Shuttleworth effect does not exist for
elastomers in this range of deformations, in agreement with
recent experimental and numerical results [14, 15]. Moreover,
results in Fig. 2 indicate that the Neumann construction does
not hold for values of y,/27; typical of experiments, whatever
the deformation of the substrate. We note that the apparent
surface tension defined in Eq. 6 appears in the force balance
at the tip of the ridge as a consequence of the corner singu-
larity; Y cannot be used as a pseudo-Shuttleworth effect that
would apply everywhere at the surface of the elastomer. Fi-
nally, remarkable predictions arise from Eq. 6. First, T de-
creases under compression and vanishes at Ay ~ 0.82. Sec-
ond, the Peach-Koehler force exceeds the restoring force of
the solid surface for A, < A < Ay, where A. =~ 0.666 is the
critical stretch of the Biot instability [39]. In this range of A,
T is negative. Current experimental work in our group inves-
tigates this region of the parameter space.

To conclude, we have unraveled a general balance of forces
(Egs. 2-3) at contact lines on soft materials based on non-
linear elasticity under the assumption of strain-independent
surface energy. We predict quantitatively the strain depen-
dence of the angle at the apex of the elastocapillary ridge be-
low a three-phase contact line that we show to result from me-
chanical non-linearities. We bring evidence of the invalidity
of the Neumann construction in elastocapillarity. A key result
is that the ridge is equivalent to a non-integer disclination. We
expect our work to have implications in the control of droplet
interactions on soft surfaces and the study of elastowetting dy-
namics [11, 12, 40] as the disclination force is an additional
dissipation source. Finally, our theoretical framework should
help understand the formation of elastic singularities such as
cusps in the Biot instability [41-44].
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