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Abstract

We use the Hilbert distance on cones and the Birkhoff-Hopf Theorem
to prove decay of correlation, analyticity of the free energy and a central
limit theorem in the one dimensional Jellium model with non constant
density charge background, both in the classical and quantum cases.
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1 Introduction

The Jellium model describes a system of electrons interacting with each other
in a continuous background of opposite charge. It is a very fundamental system
in quantum chemistry and condensed matter physics [15, 30, 8]. The model
has been initially introduced by Wigner [33]. In (quasi-)one dimension it has
then been rigorously studied when the background is uniform by Kunz [26],
Brascamp-Lieb [9], Aizenman-Martin [2] and many others [6, 4, 10, 17, 24, 1,
23, 28]. This model is known to reveal a symmetry breaking called the Wigner
crystal. One major difficulty is that the Coulomb potential is long range. In
dimension one, the interaction is like —|x — y| and therefore the force between
two particles does not depend on their mutual distance which simplifies a lot
the problem.

In this paper we study the inhomogeneous Jellium model in which the back-
ground is not constant. The inhomogeneous case is very important for applica-
tions, at least in three dimensions [16, 21, 29]. The Wigner crystal still appears
for a periodic background, provided that the charge in one period is equal to
the charge of the particles. Here we consider any background in one dimension
and the system will not necessarily be crystallized.

One of the most important properties of the constant background model is
that the classical partition function for IV particles can be written in the form

Zn(B) = (a,T(8)"0)

where T'(3) is a compact operator with positive kernel in some L? space, which
depends smoothly on the inverse temperature S. By the Krein-Rutmann The-
orem [3], T(8) has a unique largest eigenvalue A\(8) > 0 which is always non
degenerate, hence is also a smooth function of 3. As a consequence, the free
energy per particle behaves as

1 1 1
=———log(Z = ——log(A\(B)) — =1 b)) + O(kN
I (8) = =575 (2N () = —5108(A(3)) — 77 loa((a.0) v.8)) + O(x")
for large N, where v is the unique positive eigenvector associated with A(8) and
k < 1. In fact, T(8)N /A(B)Y is close to the rank-one projection on v and this
can also be used to prove the decay of correlations.



In the inhomogeneous case, the classical partition function takes the form

zN<ﬂ>:<a, 11 mmb> (1)

0<i<N-—1

where the transitive operators T;(/3) are no longer equal to each other. Our goal
is to generalize the results proved in the homogeneous case to the inhomoge-
neous case. For this we will replace the spectral approach based on the Krein
Rutmann theorem by the Birkhoff-Hopf theorem [5, 22|. The main idea be-
hind this method is to quantify how a product of many operators with positive
kernels can be well approximated by a rank-one operator. A main tool is the
so-called Hilbert distance on cones, a concept which will be discussed at length
later on.

Using these tools we will prove the decay of correlations and the smoothness
of the free energy in the inhomogeneous Jellium model. In the classical case, we
can essentially handle any background, but in the quantum case we require it to
be close to a constant. Our method is general and can be applied to other one
dimensional inhomogeneous systems in statistical physics like the Ising model.
It could also be useful for log gases [12, 14]. For this reason, we will present
the theory in the abstract framework of cones on any Banach spaces, in a form
which is well suited to the setting of statistical physics.

Our paper is organized as follows. We first describe in Section 2 the Jellium
model and state our main results both for the classical and the quantum cases.
We then introduce in Section 3.1 the framework required to state the Birkhoff-
Hopf Theorem. Afterward, we suggest a new formulation of weak ergodicity
using rank-one operators and prove it in Section 3.3. As it is shown in Section
3.4, the rank-one approximation implies that the k-particle marginals are well
approximated by (independent) products of the 1-particle marginals. In Section
3.5 we prove the regularity of the abstract free energy. Finally we deal with the
inhomogeneous Jellium model. Section 4.1 and Section 4.2 are dedicated to the
proof of the classical and quantum cases, respectively. The main result of theses
two sections is the construction of an appropriate cone such that the theorems
of the previous sections can be applied.

Acknowledgement: I thank my PhD advisor Mathieu Lewin for proposing
this problem, useful discussions and assiduous reading. I am also grateful to
Lenaic Chizat who first mentioned me the Birkhoff-Hopf Theorem. This project
has received funding from the European Research Council (ERC) under the Eu-
ropean Union’s Horizon 2020 research and innovation programme (grant agree-
ment MDFT No 725528).

2 The Jellium model

In this section, we present the Jellium model and state all our results. The
proofs will be given in Section 4.1 and Section 4.2.



2.1 The classical Jellium model
2.1.1 Mathematical formalism

We consider N particles of negative charges ¢1,...,qn placed on a line —L <
1 < g < ... < xny < L in an inhomogeneous fixed density of charge p €
L'([~L; L)) such that ffL p(s)ds = — Zi\il @;- The one dimensional solution of
u"" = 24¢ is u(xz) = —|x|, which gives us the total energy of the system

1
Besas o)== [ petly: sy,

N L
1
3 E qiqjle; — 5| + E qz’/ p(y) |z — yldy.
i=1 -L

1<i,j<N

The first term is the background-background interaction, the second term ac-
counts for the electron-electron interaction and the third term for the background-
electron interaction.

Let us first calculate the state of minimum energy. For each particle i the
position z; which minimizes the energy is such that

o qi
dy = E .
/Lp(y) Y 4G+ 5

- 1<j<i

It is the condition that for each particle there is the same amount of charge on
its right side and on its left side, such that the particle is at equilibrium. In the
homogeneous case, we have for any i, p|Z;11 — Z;| = ¢. Therefore at T' = 0, the
electrons are located on 17 (the Wigner cristal). But for a general background
the lattice is not necessarily a solution.

We subtract the minimum of the energy and rewrite it as

N -
E(z1,...,2n) = E(Z1,...,ZN) + QZ%‘[ py)(y — zi)dy.
i=1 Ti

We denote by
Zi+s
Uis) = =20 [ (v~ 9)plw)dy
Z;
the potential felt by the i*" —particle around its stable position.

We are interested in the canonical model at positive temperature. The posi-
tion of the particles x; are now random and the probability of a set of positions
(24)i=1,... N is proportional to e~ BE(1, - wN) (Gibbs measure).

The relevant physical properties of the system are obtained from the parti-
tion function given by

N
Zyn(B) = e PEGL. @) / : / [T Sz} p) =)y g,
—L<zi<z2<...<zn<L ;5



and its free energy per particle

I (B) = —Niﬁ log(Zx(8)).

We also introduce the marginals pr(zi,, sy, - - ., s, ), for the probability of the
positions of the k particles of the subset I = {iy,i9, -+ ,ix} C {1,---,N}.
More rigorously, it is the unique function such that for all test functions g €
Loc([_L, L}k)7

wg(xi1axiza"' ,Iik)pk(-fil,"' 7xik)dz11 d‘rik

o= BE(@1,. .. @N)

= g(Xiyy e Ty )X
ZN(B) //—L<11<x2<...<rN<L " *
N

« H 6*25%‘ f;: P(y)(y*ri)dydxi'
k=1

Our main interest is to know whether the particles are strongly correlated or
not. This can be quantified by looking at the truncated correlation functions,
which we introduce below.

Definition 1. (Cluster property) We say that

e the particles are independent if

n

p{17... ,N}(xh ...,CCN) = Hp(:ci),

i=1

e the particles satisfy a cluster property if there exists TUJ = {1,--- ,n},IN
J = 0 such that

P{1,- ,N}(Ilv oy T) = p\I|((zi)iel)lel((xj)jEJ)~

In order to characterize the “clusters” we introduce the truncated marginal:

Definition 2. (Truncated marginal) The truncated marginals pl are defined
recursively as follows:

r
p?;(lev“'vxjk) :pJ(xju'“’xjk) - Z sz((xi)ieh)-

ILUlU...Ul,,=J =1

The truncated marginals appear to be the good indicator for clustering prop-
erties. Indeed we have the following proposition.

Proposition 3. If p,(x1,...,xn) = pj11((z:)ier)ps|((25)jes) then for all I' such
that I' NI #0 and I' N J # O then p‘TI,‘((xi)iep) =0.

For the reader’s convenience we have written the proof of Proposition 3 in
Appendix A. We are now ready to state our main results.



2.1.2 Main results
In the classical case we make the following assumptions:
e (H1) There exist ¢,@ > 0 such that for all 1,0 < ¢ < ¢; < Q .
e (H2) There exists 0 < m < M such that for all t € [-L, L],m < p(t) < M.
These assumptions (H1,H2) imply the following bounds for the potential:
Ui(s) > qms?

and J
£U¢(S) = smyq.

Our first result is to be understood as follows: If we consider particles which
are far away from each other (meaning that there are a lot of other parti-
cles between them) then the marginal is exponentially close to the independent
marginal. We also get the cluster property: if groups of particles are far from
each others, then the marginal is exponentially close to the independent cluster
marginal.

Theorem 4. For any B > 0, there exists Kk < 1 such that for any I C
{0,--- N}, |I| = k, we have

PI(Tiys Tigy ooy Tiy) — H p{iz}(xiz) < Ck'%d
qel
for some Cy, > 0, provided that between any two consecutive particle in I there
are at least d others particles (in practice take d = inf |i; — ij31] — 1). Also we
have
|p?(mi1vxiz’ s 7xlk)| < CkKD

when there exist two consecutive particles in I with at least D others particles
between them (in practice take D = max |i; — ;41| — 1).

Our next result concerns the regularity of the free energy, which is a funda-
mental property for one-dimensional systems in statistical physics.

Theorem 5. For any By > 0, there exists AS > 0 such that the free energy is
smooth on [Bo — AB, Po + AB] uniformly on N. More precisely we have

dk:
|d7ﬂka| < My,

with My, > 0 independent of N and for all 8 € [Bo — AB, fo + AB].
In the proof we will show the following estimate on Mj:
My, < kc* (2)

for some ¢ > 0. From this bound we obtain the analyticity of the limiting free
energy, when this limit exists.



Theorem 6. For any [y > 0, there exists AS > 0 such that if there exists f
such that a fn, — f on [Bo — AB, Bo + AfB] for a subsequence Ny, — oo, then f
is real analytic on [By — AB, Bo + AB].

As a corollary, the system will not reveal any phase transition for 5 # co.

Corollary 7. If the charge background is periodic or if it is constructed ran-
domly with an ergodic process, there exists a limiting function f such that
fn = [ (almost surely in the ergodic case) and f is real analytic on (0,00).

This generalizes the results of Kunz [26].

2.2 The quantum model
2.2.1 Mathematical formalism

We now give our results for the quantum problem. In the classical case, we
neglect the kinetic energy because in phase space momentum and position are
independent for the Gibbs measure. This is no longer true in the quantum case
and we have to consider the whole N-particle Hamiltonian

N
1
H= —521(93 + E(x1,-+- ,zN).

For simplicity we choose Dirichlet boundary conditions at the two ends FL.
The quantum fermionic canonical function is

ZR(8) = Tr(exp(~BH))
and the free energy is

1

~3N log(Z3(8)).

N(8) =
We have the following Feynman-Kac formula [25] for the partition function
Z¥(8).

Proposition 8. (Feynman Kac formula) We have

_ (B
Z]?[(/B) = /){ M’Ilﬂ?] .. #’IN:EN (6 .{0 U(’Yl(t),, .. ,'\/N(t))dtl(’h,”. ,,YN)EWN)dxl. B dl’N
(3)

and

1 _ 8
p(m7y) = Eufl)lyl X M.’Ez,yz X... X ,LLQENayN (e jO U(’Yl(t)“”"yN(t))dt)

where X = {(x1, -+ ,an): —L <z <---<zy <L},



Wn={(y,...,yw)|Vt€[0,8] : =L <1 (t) <) <... <yn(t) < L}

is the Weyl chamber and p, , are the probability measures of a Brownian bridge
from x to y of length (3.

The random system we study in the quantum model is no longer the positions
(z;)i<n but rather the paths (7;);<n. We define the extended marginals on the
set of paths p'(v1,...,75) and we are able to apply the theorems of Section
3.4 in this set up. However, for simplicity we will only states the results on
the position marginals pg(z;,,...,x;,) which satisfy, for any bounded function
g:[-L, LN - R,

/.../pk(xil,... ’xik)g(xi17... ,xzk)dxl...dxk
1

= — [ UM @), .. N (1)) dt
- Hars- - Boyay (€7D Liyy oo, W)
Z]%(B) /_L<w1<“'<I1\7<L 1E1 NZTN (v1, YN)EWN

g(@iy, - iy )day. . dey

2.2.2 Main results

Unfortunately, in the quantum case we are only able to prove a result in a
perturbation regime where p and the ¢; are almost constant. We therefore make
the following assumptions :

e (HQL) ¢(1—¢) <¢q <q(1+e) for all .
e (HQ2) p(1 —¢€) < p(t) < p(1+¢) for all .

Theorem 9. For any 8 > 0, under condition (HQ1-2) for e > 0 small enough,
there exists k < 1, such that for all I C {1,--- N}, |I| =k,

pr(Tiys iy -+ i) — H piy (i) < Crr?
el
for some Cy, > 0, if between any two consecutive particle in I there are at least
d others particles (in practice take d = inf |i; — ;41| — 1).On the other hand,

|p?(1'i171'i2, s ,l'zk)| < Ck/iD

if there exists two consecutive particles in I with at least D others particles
between them (in practice take D = max |i; — ij41| — 1).

As in the classical case we obtain the regularity of the partition function fz%

Theorem 10. For any [y > 0, there exists AB > 0 such that under condition
(HQ1-2) with € > 0 small enough, the free energy is C*> on [Bo — AB, Bo + AS]
and for all k we have
dk
Q
|d75;ng| < My,
with My, independent of N.



Finally we can prove analyticity of the free energy with the same estimate
as (2).

Theorem 11. For any By > 0, there exists AB > 0 such that under condition
(HQ1-2), for € > 0 small enough, if fn, admits a limit f for a subsequence
Ny — o0, then f is real analytic on [Bo — AB, By + AB).

Corollary 12. We make the same assumptions as in Theorem 9. If the charge
background is periodic or if it is constructed randomly with an ergodic process,
there exists a limiting function f such that fx — f (almost surely in the ergodic
case) and f is real analytic.

3 General theory to apply the Birkhoff-Hopf the-
orem

The Birkhoff-Hopf theorem has been used for instance to study non linear inte-
grable equations, weak ergodic theorems, or the so-called DAD problem [7].
We first introduce the notion of cone and the Hilbert distance. In this set
up we can state the Birkhoff-Hopf theorem. Then we prove Theorem 4 and
Theorem 5 with the extra assumption of strictly contracting operators.

3.1 Framework and Birkhoff-Hopf theorem.

We follow [13] for the notation and we refer to this paper for a proof of the
Birkhoff Hopf theorem (Theorem 18 bellow). Let E be a real linear Banach
space.

Definition 13. (Abstract cone) C C E is called a cone if
1. C is convex,
2. \C C C for any A > 0,
3. Cn—-C={0}.
Using C we define a partial order on F
Definition 14. (Partial order) For any x,y € E, we write © <c y if y —z € C.

For clarity we will use < instead of <¢ if there is no confusion about the
cone.

Definition 15. If C is a cone, we define the dual cone C* by

C*:={feE" :Vzel, (f,z)>0}



The set C* is a cone if C — C is dense and in particular if C has nonempty
interior. We say that x,y € C are comparable and write x~y if there exist
a, B > 0 such that ax < y < Bz. This defines an equivalence relation. We say
that C is normal if there exists v > 0 such that

Voz,yeC,0<z <y= [z <7yl

Definition 16. For any x,y € C comparable, we define the Hilbert metric by

ﬁmin(x» y)
de(z,y) = log ————=
c(z,9) g o (237
where
Omax(2,y) =sup{a >0:ax <y}
and

Bmin(z,y) =inf {8 >0:y < fx}

The Hilbert metric is a metric on the projective space of C.
We say that T : E — E is order-preserving if ¢ <y = T(z) < T(y). It T
is a linear operator (the only case we will consider here) this is equivalent to

T(C) cC.

Remark 17. If T is order-preserving then 7' is non-expanding for the Hilbert
metric. Indeed ax <y < Sz implies oT'(z) < T(y) < T(x).
We introduce the projective diameter

A(T) =sup{de(T(2),T(y)) : z,y €C, T(x)~T(y)}
and the contracting ratio
#(T) = inf {¢ > 0:Va,y de(T(2),T(y)) < cde(z,y), T(x)~T(y)}
Here is the main theorem we will use :

Theorem 18. (Birkhoff-Hopf [5, 22]) If T is order-preserving then

oy = s (240

The result has to be understood as follows: if the image of the cone of
the order preserving operator is strictly inside the cone (A(T) < o0), then the
operator is strictly contracting (k(7") < 1) for the Hilbert metric.

10



3.2 Application to statistical physics

We now use the previous formalism to study the partition function and the
marginals from statistical physics in the abstract framework of positive opera-
tors.

Definition 19. (Density function) Let v € C* and v € C, and let X,Y, (X;);
be positive bounded operators. We define

e the partition function by

Z=(u,Tn...Tov),
e the one-point density function by

1
PK, (X) = E(U,TN. . .TK1+1XTK1. . .To’l)),

e the pair correlation function by

1
PKy, K, (K X) = E(’U,7TN .. TK2+1YTK2. . .TK1+1XTK1. . .’I‘QU)7

e the k-point correlation function by
1
pka-,Kz,Kl (Xk, ceey Xl) = g(’lh TN . TKk+1XkTKk. .. TK1+1X1TK1. .. To’U).

The operators X,Y, (X;) should be thought of as test functions acting on
the position of the K!" particle.

Remark 20. The simplest model that can be written in this formalism is the
one-dimensional Ising model [31]. All the results stated above for Jellium can
be easily adapted to the inhomogeneous one-dimensional Ising model.

We also think of Markov processes on a finite or compact set, in which case
T; is the transitive kernel from X; to X; 1.

3.2.1 Decay of correlations

The following theorem states the exponential decay of the correlation functions.

Theorem 21. (Decay of correlations) Let (T;)i=1,...,N be positive operators
such that
A(T(C)) < M < oo

for any i. Then there exist ¢ > 0 which depends only on k, such that for
min | K11 — Kj| large enough, we have

11



k
(1 — ck™ IK”I_K”) HpKi (X3)
i=1
_ k
< Py (X ooy X1) < (14 ™™ lK”l_Kjl) HpK'i(Xi)

i=1
with r = tanh(%).

The decay of correlations is an important concept in statistical physics and
it is ubiquitous in one-dimensional systems [32].
The proof of Theorem 21 is provided below in Section 3.4.

3.2.2 Regularity of the free energy

The second theorem states that the partition function depending on a parameter
is smooth, if the transitive operators are smooth enough. In order to express the
“regularity” of the operator in the framework of a cone and the Hilbert distance,
we have to construct the following norm. The following result says that the
distance is close to being a norm in the neighborhood of any point x.

Proposition 22. Let xg € C. For any € > 0, there exists v > 0, a function
f and a norm N defined on the projective space, such that d can be written as
follows

d(z,y) = f(z,y)N(y — 2)
for all z,y such that d(x,zq) < r and d(y,xzo) < r, with |f(x,y) — 1| <e.

We can now state our second main result

Theorem 23. Let C be a cone and let T;(8) be a family of smooth bounded
operators for B in the neighborhood [By — 6, Bo + 0] of Bo, which are contracting
of parameter k < 1, uniformly in 3 and i. For all i, we denote by N; the norms
defined in Proposition 22 around x; = H;;E T;(B)b. Assume that the derivatives
in [ of the operator are uniformly bounded for theses norm, that is,

drT;
dpk

<c;

aC’, Vi, ‘
./\/'1‘4)./\/'['4,1

for some constant C}, independent of i and of 8 € [By — 9, Bo + 6]. Then

1 N—-1
v (B) = 5 log <a, 11 n(ﬂ)b>
1=0

is uniformly smooth, meaning there is a constant C which depends only on k
and (My,) such that :

12



%Ns@)‘ < C(k, (Mg)k<n)

d* Ty
where Mk = Supi7ﬁ€[ﬂ076’ﬂ076] ||W| Ni—=Nit1 -
Moreover if the following limit exists

Nj,—1
f(B) = lim 1log<a, 11 Ti<6>b>
=0

k—oo N

for a sequence N — oo, then it is smooth in a neighborhood of By:

d" f(8)
apn
If the positive operator appears to be uniformly analytic for the constructed

norm then the free energy is analytic. More precisely we have the following
theorem

\ < Ok, (Mi)uen).

Theorem 24. With the same assumptions as in Theorem 23, if there exists
r > 0 such that

||3ZT1| Ni—=Nit1 < g

n! -
for all n, then f is real analytic around B with radius of convergence at least

equal to (1 — K)/r.

The two theorems of this section are proved later in Section 3.5.

3.2.3 Central Limit Theorem

We consider the particular case where the space is L!(A), with A a measurable
set and the cone is C = {f € L'(A) : f > 0}. We construct the canonical
random process y; as follows. Let A;,---, Ay C A, and take as test functions
14,,14,...,14,. Then we define

N
1
P(yr € A1, y2 € Az, yn € An) = 1 N (Lays s Lay) = <HTi1Ai> :
i=1
(4)

The decay of correlation in Theorem 21 is the mixing property of the process
().

The Central Limit Theorem has been proved for a urge number of random
processes like martingales [19], Markov processes|20, 18] or random products of
matrices [27]. One of the classical proofs of the central limit theorem uses the
regularity of the Laplace transform, this is what we adapt here.

13



Theorem 25. (Central Limit) Let h; : A — R be such that E(exp(h;(y;))) < o0
where the mean is on the probability (4). Let Ty(B) = ePhWIT,. If the T;(B)
satisfy the assumptions of Theorem 23, then we have

sup
z€R

P (\/IN > (hilys) — E(hi(ys))) > x) ~P(N(0,0%) > )| = O (\/%)

where 02 is the second derivative of the free energy

, 2 (1 N-1
o= Tﬁg Nlog a, g) Ti(B)b )| -
This theorem is proved in Section 3.6.

3.3 Rank-one operator approximation

One of the first historical applications of the Birkhoff-Hopf Theorem was in
population demography [11]. An age structure diagram f evolves due to birth
and death, with death and birth rates not constant in time and one can calculate
its time evolution. It appears that even if f does not converge to an equilibrium,
the long time evolution is independent of the initial age structure f(0). Namely
this is a weak ergodicity property: if f; and f5 are two solutions of the evolution
with different initial data, ||f1(¢)/||f1(&)]] — f2(8)/]| f2(£)]|]] — O.

In this section, we formulate weak ergodicity in term of a rank-one operator
approximation and we give a construction and an estimate of such an approx-
imation in case where several contracting operators are composed one after
another.

3.3.1 The cone of order preserving operators

We state here some simple results about the set of order preserving operators.

Lemma 26. Let C with C—C dense. The set of corresponding order-preserving
operator is a cone.

We denote by P¢ this cone and only P if there is no confusion.
Proof. We check every point of the definition.

1. If A, B are order preserving operator then A + B is an order preserving
operator. Indeed (A + B)(z) € C for all z € C.

2. The set of order preserving operator is invariant by product of strictly
positive scalars.

3. Let A€ PN —P, then (f, Az) =0 for all z € C and all f € C*. Therefore
(f1 = fo, A(x1 — 22)) = 0 for all 21,29 € C and all f1, fo € C*. Therefore
A =0 since C* — C* and C — C are dense.
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Example 27. One can think of C the positive vectors in R"™ and the set of
matrices M., (R) with positive coefficients.

We have the following order on the set of operators :
B>p A& (B-A)C)ccC
and the corresponding Hilbert distance
dp(A, B) = min (1og (g) taA < B< BA)
Remark 28. If A <p B and C <p D then AC <p BD. Indeed (B — A)C(C) C

(B—A)(C)cC,and B(D—C)(C) C B(C) C C. Therefore BD >p BC >p AC.

Unfortunately that 7' is contracting does not imply that 7 : A — TA is
contracting as well. One can take for example:

1 2 2 1 10
a=(y 5) m=(7 5) mar=(; ).

in which case dp(A, B) = log(ﬁ) = log(4) and dp(TA,TB) = log(4) as well.

Lemma 29. Let A, B,C, D be increasing operators. Then

dp(AB,CD) < dp(A,C) + dp(B, D).

Pmof- Let a1, (1,0, B2 such that ey A < C <
log (£ )*dP(AC)<elog( 2) —dp(B,D) <
ﬁlﬁgAC and we have dp(AB, CD) <log (ﬁl ) <

Then a2 AC < BD <

B1A, asB < D < (33B and
€.
dp(A,C)+dp(B,D)+2e. O

Now we construct a rank-one operator L = z - [, with a vector z € F, and
a linear form [ € E* to approximate a contracting function 7. It is natural to
choose z € T(C'). We construct [ in the following subsection.

3.3.2 Rank-one operator construction
We construct here the rank-one operator close to a contracting operator.
Lemma 30. Leta:C — Ry and b: C — Ry be such that
1. there exist My, My < oo, for all x, a(x) < Mi||z|| and b(x) < M|z ,
2. for all A >0 and x € C, a(Ax) = Aa(z) and b(Ax) = Ab(x),
3. for all z € C a(x) < b(x),

4. forallz,y € C a(zx+y) > a(z) + a(y) and b(z +y) < b(x) + b(y).
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Then there exists a linear form | € C* such that, for any x € C,

a(z) <l(z) < b(z).

Proof. We check that b is a convex function,

b(tx + (1 —t)y) < b(tx) + b((1 — t)y) = th(z) + (1 - 1)b(y),

and that a is a concave function,

a(te+ (1 —t)y) > atr) + a((1 — t)y) = ta(z) + (1 — t)a(y).

Let us define two sets : B = {(z,5) € C xR :b(z) < s} and A = {(z,s) €
C xR :a(x) > s} Then ANB =0, A and B are convex. Because of the
Hahn-Banach separation theorem, there exists [ # 0 a linear form on E x R
such that for all (z,s) € B, l(x,s) > 0 and all (z,s) € A, I(z,s) < 0. We have
l(z,s) =1l1(x) + as with [y € E* and o € R.

We then prove that o > 0. For any s > 0 we have (0, sg) € B, (0, —sp) € A,
asg > —asg and as a conclusion a > 0. If a = 0, because for any x € C there
exist s; and sy such that (z,s1) € B and (z,s2) € A, we have 0 > I(x,s2) =
l1(x) = l(z,s1) > 0 and therefore I1(z) = 0. Let 2y € C, and Vi (xy) C C a
small ball with center g and radius e. Then for all y with ||y|| < €, we have
Ii(y) = li(y + z9) = 0. As a conclusion | = I; = 0 which is absurd, so a # 0.

Let lp = —1. Since (z,b(z)) € B, —lo(x) + b(z) > 0 we have lo(z) < b(z).
Moreover for € > 0, (z,a(z) —€) € A —lp(z) + a(x) — ¢ < 0 and therefore
lo(x) > a(z) . O

Corollary 31. There exists a rank one operator Lt = z -1 with z € C and
1 € C* such that dp(T, Lt) < 2A(T).

Proof. Let z =T(yo) € T(C) and define a and b as follows: for any = € C
a(z) =qey max{a: T (yo) <c T(z)}

and
b(z) =gey min{f : T(x) <¢ BT (yo)}-
It is possible to check the hypothesis of Lemma 30. Indeed we have that

a1T(yo) <c T(z1) <¢ S1T(yo),
T (yo) <c T(x2) <c B2T(yo)

implies
(a1 + a2)T(yo) <c T(x1) + T(22) <c (B + P2)T (%o)
and therefore a(x; + x2) > a(x1) + a(z2) and b(x; + x2) < b(xq) + b(z2). We

also have
a(Ar) = da(x) and b(A\x) = \b(x)
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for all A > 0 and z € C. We can then apply Lemma 30: there exists a linear
form [ with a(z) < i(z) < b(x). Moreover log &I)) < A(T) for all z € C. We

a(z
then have for all = % < =AM and % < ™) and therefore

e 2T (x) <c T(yo) - U(z) <c 2D T(w).
As a conclusion dp(T(yo) - 1, T) < log(e?2(T)) < 2A(T). O
Corollary 32. Let (T;)i—o,... N be positive operators. If
1. A(TH(C)) < R < o0,

2. T; i=1,...,N are uniformly contracting of parameter k < 1,

then there exists a linear form 1, zo € C, ||z0|| =1 and I € C* such that

dp((T...Ty), z0 - 1) < 26V R.

Proof. We have A(Ty...Ty) < xR and the result follows from the previous
corollary. 0

3.4 Decay of correlation function

Here we prove Theorem 21. The idea is to replace the product of contracting
operator between the k points of measure by a rank-one operator. We will do
so for k = 2 and for k£ > 2 this will be exactly the same. More precisely we will
prove the following

Theorem 33. (Theorem 21 in the case k = 2) Let (T});=1,... n be positive
operators such that A(T;(C)) < M < oo for any i, and let K1, K2 € N be such
that 1 < K1 < K9 < N. Letu,v € C, and X,Y be two positive operators. Then:

K Ko —K N—K.
eigR(H e s z)pKl(X)pKz(Y)
K Ko—K N-—-K
< prcy gy (Y, X) < eSRTERm R m ) o (X)) pre, (Y).

One can use this theorem for K1,Ks — K7, N — K5 large. In this case, the
Taylor expansion of e gives

o1 (X)pra (V) = prey s (X, V)| S 16R(85H 4 k52750 4 N2 L X Y],
which decays exponentially.

P’I’OOf. Let us introduce LK10 = ZK1OZK10> LK2K1 = ZKgKlleKl and LNK2 =
ZNK,INK, which are rank-one operators such that

dp((TKl. . .T())7 LK10) < 2I€K1R,
dP((TKz- . 'TK1)7 LK2K1) S 2:"€K2_K1R,
dp((TN. .. TK2)7LNK2) < 2xN-K2R.
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We then use Proposition 29, to obtain the inequality for the partition function,
dp(Tn... Ty, Lnr,Lic,rc, Lic,o) < 2R(kN 752 4 K2 =K oKy
for the density function
dp(Ty. .. T, +1XTxk, ... To, LN, Lic, 56, X Lic,0) < 2R(kNV 52 K2 =Ha K
dp(Tn.. . Try 1Y Tk, .. To, Lng,Y Licy i, Lic,0) < 2R(6N K2 42K gy
and the pair correlation function

dp(Tn... Tk, 1Y Tk, .. Trc,s1X T, .. To, Ly, Y Lic, i, X Lic,0)

<2R(KNTH 4 gl R g K,
Moreover we have

(uy LNy Ly icy Lic,0v) - (uy LNk, Y Lic, 5y X L, 00)
= (U, 2N, ) (INKo 2K K ) (Ui iy 286, 0) (T, 00) (U 28N E ) (I Y (2K, )
(Iryre, X (2K¢,0)) (L, 00)
= (U, 2N i, ) (INKo 2R K ) (Lo i X (256,0)) (L, 0v) (U 2N K ) ([N, Y (21001 ))
(Iro i, 25,0) (L, 00)
= (u, LN, L, 5, X Lic,0v) - (U, LNk, Y Lic, i, Lic,00)

and this allows us to conclude that

Z2pK1 (X)PK2 (Y)

< (u,Lnk,Lr,6, X Li,0v) - (4, Lk, Y L, 5, Lic,0v)
S (u, TN. .. TK2+1XTK2. .. TK1+1XTK1- .. Tov) . (u, TN. . .Tov)

8R(kN K24 K2— K1y (K1)

64R(NN*K2 +rB2m K1 K

X e

< Z2picy sy (Y, X)eSROT T2 n s
= 2, K1 ) .
Finally, we have
Z2pK1 (X)pKz (Y) > Z2pK2,K1 (}/a X)e_sR(KN7K2+NK27K1 —HQKl)'

O

The proof of the decay of the cluster correlation is the same. One should just
replace X; by X; = T;1Yi -1 -+ - Ti41Y;2T3Y;,1, which are positive operators.

3.5 Smoothness of the free energy

In this section, we prove Proposition 22 and Theorem 23.
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3.5.1 Proof of Proposition 22

Proof. Let H a hyperplane such that E = Vect({zo}, H). The projective space
is locally isomorph to H. Let B be the convex set containing all the s € H for
which there exist (ay,a_, S, f4) satistying ayxg < 29+ s < Bz, with B4 —
ar <r,and a_zg < zg—s < f_xg, with f_—a_ < r, for some r small enough.
This set is symmetric with respect to the transformation s — —s. Therefore, it
is the ball of the norm ||s|| = r-inf(A € R, { € B)). Let us check that this norm
is close to the distance. Let s1, s2 € H be such that d(xg+s1,x0) < r and d(xo+
s2,x0) < . We have then ayzg < xo+$1 < S120 and sz < 29+52 < Baxg and
because r is very small, we can write a; = 1+ dag, ag = 1+ das, 81 =140,
B2 =14 8,. At first order we have d(zg + $1,20) = 681 — dag + 0(|6S1], |6 ])
and d(zo + s2,20) = 682 — das + o(|062], [0az]).
We now check that d(zg + s1,20) = (1 + O(r))||s1]|. First we have

d(zo + s1,70) > (1 + O(r))][s1]]-

Indeed, for any A € R, we have A(1 + daq)zo + (1 — Mg < o + As < A(1 +
551)1704’(17)\):170 and 1’0+)\(§Oél)170 S Io+)\8 S I0+/\551I0. Wlth A = m,
we obtain

xo + (bar)zg <20+ ———s<=x 7551560

r
(561 — (50&1 (551 (5041 (561 —du

Therefore
lsl| <81 —dar = (14 O(r))d(xo, xo + 5).

Then we claim that
d(zo + s1,70) < (1+O(r))]s1]]-

Indeed let A be such that for any «, 8 awg <z + 5 < o = —a > r. Then
for any o, Aaxg+ (1 — Nzg <20+ < AMBxog+ (1 —Naxg = —a > 7.
Therefore
— A+ A8 14+ Xop
= log
11—+ 14 Mo
= (A(08 —da))(1 + O(r)) < [|s[|(1 + O(r)).

d(xg,x0 +5) <lo g

We finally check that d(xg+ s1, 2o+ s2) = (1+O(r))d(xo+ $1 — S3, 20 + S2 — S3)
for any s1, s2,53 € B. We have, agzg < zg+s3 < ﬂ3x0, and d(zg+$1,x0+52) =
(68 —0a)(14 O(r)) with (14 da)(xg+s1) < xo+ 82 < (14 8)(xo + s1). Then

(14 0a+O(r)da)(xo + s1+ s3) < (1 +da)(zo + s1+ 83) — dass < zp + S2 + S3
and
o+ 82+ 83 < (1+08)(xg+ 81+ 83) —dasg < (1+08+ O(r))(xo + s1 + 83).

We conclude that d(xzg + s1, 29 + s2) = ||s2 — s1]|(1 + O(r)). O
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Let C be the cone of positive vectors in R™ and let zo = (z!,--- ,2") and

H ={s:Y,s'=0}. Then in a neighborhood of z¢, we have
azg <z + s < Brg
with )
a:moa}xa;vi < 4§t = l—i—mini—z
and .

B =minfx" > 2"+ s =1+ max —.
B x*

In addition

s .S s
d(wo, o + 8) = log ——— ~ max — — min — = max — + max

Finally the constructed norm is then:

— 8%
7 + max
x

81 82 = 83
—.

ls1 — s2|] = max

In order to prove Theorem 23 we will need the following lemma.
Lemma 34. Let E,, be Banach spaces with norms ||||,. Consider the functions

Uy : R = FE, iteratively defined by

Un+1(8) = gn (8, un(s)),
with g, (s,0) = 0 which are assumed to be uniformly contracting, ||Oagn |||, -
k with k < 1. If the g, are uniformly C* then the u, are uniformly C*.

n+1 S

Proof. We prove by induction that there exists constant a C}, such that for all
k
n, ||jjun||n < C}. Computing the derivative gives

d* d* . ap d

@unﬂ = O0a2gn - @un + Q(gm (01059n), (@un)Kk)
where @) is a polynomial involving lower order derivatives of w,, and the deriva-
tives of g,,. Because of the induction hypothesis, there exists Cx_1 such that for
all n and all @ < k, ||%un|| < Cj—1. Therefore () can be uniformly bounded
by a constant Cj, which depends only on sup, ey 10704 g, | and Cj_1. We have
therefore

dk d* "
||@Un+1|\n+1 < “||@un\|n + Ck
and we can then set )
Cy = T ch- (5)

We can now conclude because if g is contracting for d then it is contracting for
- O
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Example 35. Consider T(8) = (f ;), with largest eigenvalue

(B+1)+/(B—1)2+4€

AB) = 5

and log(A(pB)) for B around 1. In the usual positive cone,

ar@e)=de (1) (1)) = l2roecl.

The Birkhoff-Hopf theorem gives k = tanh(log(e)/2) ~ 1—2e. Around the point
<1), the norm A is equal to the norm ||.||o (see example 3.5.1). The iterative

formula (5) gives a constant behave like Cj, =~ (2¢)* %) and this is what we get
with the exact calculation of d%,_‘;,c[log()\(ﬁ))].

Remark 36. If T is contracting for the distance d, then T is locally contracting
for V.

We can now finish the proof of Theorem 23.
Proof. [Theorem 23|We denote

() — lizo Ti(B)
"0 = )

and we decompose the log of the product as

N-1
F(8) = 3 los < 11 E(B)b> = - log(a,un (8)) + 1 S log(IT (B (B)]).

=0

Because the T; are smooth we only have to make sure that the u; are smooth
as well. This follows from the previous lemma. The function u;(3) is smooth
for the constructed norm [|||;. But because the cone is normal,

8-«
2

B8+«
2

ar <y<pfr=|y-— z|| < | ]],

we have then that ||z[ - [z — y|; > [|= — y|| and we conclude because |lu,(5)| =
1.

Proposition 37. Let g1,92, -+ ,gn -, be analytic functions such that for any
k, gi(z) = >, bpna™ with |byn| < ™ and |bro| < 1. Let fo = go and fr41 =
(1 + Kgr+1fx). Then for any k,

§ n
fk = Ck,nT
rT

with cin < d,, where d,, are the coefficient of the Taylor expansion of O:ﬂ
In particular, if f, admits a limit fo, then foo is analytic.
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Proof. We can assume by, = r" for any k,n. Indeed another configuration

would give a smaller ¢ ,. We expand f; and have: f, = Zf:o (ﬁ)l whose
coefficients are then smaller than those of Z:io (1_"””7436)2 = (1i;;fm. O

Corollary 38. Let g, and u, be as in Proposition 8. Suppose that there exists

r > 0 such that w < v for all i, then u, are analytic with coefficients of

its Taylor series bounded by that of (1:% In particular if u, admits a limit

then it is analytic with convergence radius 177”

Proof. This follows from the fact that

un(8) = un(0) = gn(s, un—1(s) = un-1(0)) + gn (s, un-1(0)) — un(0).

3.6 Proof of Theorem 25

We now prove the central limit theorem 25 from the regularity of the Laplace
transform.

Proof. By Theorem 24 f(a) is smooth with 04 f|a—o = vWN < CV/N, O2[f —

YV Na]|a=o = 0% < C and 83[f —vvV/Na] < \/% Then (f(a)—ya) = 1+@+

O(\/—lﬁ) Therefore the Laplace transform is close to the one of a Gaussian and

we can conclude with the usual Berry Essen inequality. O

4 Proofs for the Jellium model

4.1 Proof for the classical Jellium model
We first write the partition function in the form of products of operators. Recall
that U;(s) = —2¢; f;i+s(y — %;)p(y)dy with Z; the equilibrium position of the
particle . We note 6 = £ min(|a; — @;41)-
Definition 39. (Iterative operator) Let T; be the operator defined for any
function f in L' or L> by

7.4 = [ e=PUC) f(s)ds.

S

=r—Ti41+T;

In particular, we can rewrite the partition function as

N-1
Zn(B) = e PP N) <1xN<LiNa (H Ti) 1z1>Lil>
i=0

We are then in the setting of Section 3.4.
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4.1.1 Construction of a uniform invariant cone

We first notice that we cannot directly apply the Birkhoff-Hopf Theorem with
the cone of positive functions Cy. Indeed we have the

Remark 40. For any T;, Ac,(T;) = oo. For example Supp(7;(1jp,1])] = (—o0; 1+
(%41 — #3)] and Supp(Ti(1f2,3))) = (—00,3 + (Z;41 — #;)] and then we have for
any o > 0 and 1+ (Zi41—&;) <t < 3+(Zip1—1), (Ti(1o,1) —aTi(1i2,3)) (1) <0
SO Qmin = 0.

The solution is to construct another cone. If we were restricted to a bounded
interval, then the simplest solution would be to consider finite products of Tj,
instead of one by one. The kernel of HZL:: ~I Ty is strictly positive on {(z,y),y >
x—2nd}, and therefore with n such that 2né > 2A, the kernel is strictly positive.
[17; are then contracting for the cone {f > 0}.

In our case, because of the multiplication by e we will be able to
neglect the influence of fe~Vi(*) outside (—A, A). We choose A such that

—U;(S)

/ Ui gg < O mUi(a)
B 2

(for example, because of -LU(s) > gms, we can choose A = &fm). In Proposition

41 we will define a cone such that f can be slightly negative for {z : z > A}.

We also make it so that T; are contracting and not only H]ZJ”L T;. The price to
pay is more restrictions. Intuitively, it is how [] 7;f looks like for f > 0.

Let us divide the interval [—A, A] in small intervals with I}, = [kd/2, (k +
1)6/2] with k € Z and — 24 — 1 = kmin < k < kpae = 24 + 1. We suppose
% € N to simplify the notation.

Proposition 41. There exist (ek)_2%<k§2% such that the cone C defined by

Vit > A f@)+ely,,. (f) >0,

Vit < A f(t) >0,

on —A<t<A [ isdecreasing
TECo < a 7(t) > f(-A),

Vhe [-24,24] () < LI

Vi< —A f@) < Fl,in (6),

satisfies that, for any i, T; is de contracting.
This cone may seem a bit artificial, however it behaves nicely with respect

to the iteration of T;. For the proof we need the following

Lemma 42. Let y,xz > 0, K linear and a,b,u,v > 0 such that Kx > ax + uy
and Ky <by+wvx. If a > b or u > 0, then there exist ¢ > 0 such that if %x >y
then %KQ? > Ky.

Proof. If a > b, then for € small enough, g—&—v < 2 and we have Ky < by +vr <
(i 4v)z < 22 < 1Kz Ifu > 0, then we have L Ko—Ky > (¢—v)z—(b—%)y > 0
for € small enough. O
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We can now carry on the proof of Proposition 41.

Proof. We construct the ¢, recursively. Because f is decreasing and e~U: are
uniformly integrable, there exists u such that [~ fe=Vi()ds < ulj, . (f). We
then have

supT;f = / S)f )ds < sup f - / Uils) s + wlk, .. (f)-

Moreover I, . (Tf) > de~Vil=A T, (Tf)and then f:;: e Vil)ds < ge~Vil=A4),
By Lemma 42 there exists € such that for any i and ¢ , T; f(t) < L1y, ... (T f).

Suppose we have constructed every €, up to k = kg, and let us construct
€ko+1- Because of the induction hypothesis there exist by, such that sup, f(t) <
bio Iy (f) so there exists b, ~such that Iy, (Tif) < by, Ik, (f). Moreover

o0

Va € Iiy+1, Tif(a) = / f(s)e Vi) ds

—ZTiy1—T;

> f-(s)e—maxselko Ui(s)ds

I’“U

> o~ MaXeely Uz‘(S)IkO (f)

So thanks to Lemma 42, there exists €x,4+1 such that if for all k& < ko, I.(f) <
€k+1]k+1(f) then for all k < ko + 1, I, (T; f) < ﬁIkO(Tif). We also have for

any a < A

Ti@= [ et s

o0
> [ f(s)e U ds — e / eV ds - Iy, (f)
A

A—6

5
> e (1 - €5 ko (f)-
In particular T; f(a) > 0. Moreover for any a > A, we have

Tif(a) > —¢ /A Vs Iy, (1) 2 —ee DL, (1)

1
Z —617§Ik7naw (Kf)

2

Because f > 0 on (—o0, A], T'f is decreasing on | — oo, A+4¢]. To conclude, it will
be enough to compare T; f with T;¢ for f,g € C and I, . (f) = Ix,...(9) = 1.
Because all the inequalities become strict, there exists €” such that for any f € C
with Iy, . (f) =1, if ||g]|Le < €’ then T;(f — g) € C. Moreover for any g € C
with Iy, . (9) =1, |lgllz= <1 i So T;(f — €' [l exg) € C. And this concludes
the proof because then A < 2log(e” [] ex)- O
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Remark 43. If we denote by Hj the assertion "Ip_1(f) < é[k(f)”, we have
actually proved that if f satisfies all the condition of C except (H;)i=r.... kmows
then T; f satisfies all the condition of C except (H;)i=r+1,... kma.- Lhis implies

that if £ > 0 and supp(f) C [~ 4, A], then [[1 T} f € C is as wanted.

4.1.2 Decay of correlation.

Here we prove Theorem 4.

We can carry on with the construction of conditions like I;,_1(f) < elk I.(f)
after k4, in Proposition 41. We denote by C,, this more specified cone replacing
Vk € [-24,25]0,1(f) < Z1u(f) by VE € [-24,24 + m]l1(f) < 21(f).
We have then the

Proposition 44. If g € C then H v Tig € C;.

Proof. By Proposition 41, H]H" T;g € C. Therefore it is enough to prove the
remaining conditions. Let g; € C;. As previously,

1

0 _g i
Tig(a) > —€5¢ vt () = g Tt ti(Tf).

0

€3
As a consequence we have that for f > 0 and supp(f) € (—o0, A + nd| then
fHk+"Tg>Oforallg€C O

Remark 45. If f > 0 and supp(f) € [4,00) then T;f € C.Therefore for f,
supp(f) € [a—dl,a—dl] dl < and A <a < A+ nd then Ty 1 F Hit;?Tz is
order preserving for the cone C.

Proposition 46. For f > 0 with supp(f) € [a—dl,a—dl] dl <6 anda > A+nd,

we have
k+n k+n
< HTf><e‘"(_c)1f< HT1>

i=k
By iteration supp([[, Tf) € [a — nmax(@; — @;41),00). Therefore

I TITflle < (1, e 2 mimilehlmax(@den))
= (1, f)e Tmin Z(a—k(maX(@i—aiH))Z_
Proof. There exists A > 0 such that (1, Hk+n 'T;1) > A", and we set ¢ = log \.
The result follows. O

We are now ready to prove the decay of the correlation functions. Recall
that for iy,4s,--- ,ix, we have the k-th marginal defined by

#e_ﬁE(ﬂilv- CHEIN)
Zn(B)

/ . / H o284 [z p(y)(y—wi)dy H da;.
—L<zi1<ze<...<xN<L e .

17#41,02,..,iN

pk<xi17xi27" xlk)
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Note that there exists r such that for pg(zi,, iy, ..., 24,) < g—rmax|zl®

Corollary 47. There exists k < 1 and Cy > 0 such that

k
‘pk(xinxiz’ R ‘rlk) - le(xiz)l < Ck"{inflil_iprl"
=1

Proof. Let x;,,--- ,x;, € R and let 5(") be an approximation of the Dirac .
We evaluate

////[pk(yil,yiz, i) — le (yi,)] H 8 (ya — i, )y,
— ////[pk(yipyiz, e Yi) — Hp1 (i, )] H5§c",3 (Yir, )y,

which, in our formalism, is equal to

1 n
Zn ) (u, T .- Trep 160 T, . .. Tiey 16 T, .. Tow)

1
— H Z(U7 TN. .. TK1+1(5§/,:)TK1. .. T()’U).
To begin with, assume —A < x1,--- , 2, < A. Because of Remark 45, for any
i€ [k, Tryotm-- .TKkHég(CZ)TKk is a positive operator. Changing Cj, we can

suppose inf(|i; — 4;+1]) > m. Therefore, denoting X; = Tk, ym. - .TKch?;?)TKL
, we can apply Theorem 33 and we obtain :

|#
Zn(B)

1
-11 (. Ty Ty 4105 Tk, ... Tov)|

inf(i;—1
< Cppintlin=ine),

(0, T .. Ty 416 Ty - - Trey 116 T, ... Toyw)

where Cy = 2k(2k + 1)Rx~™ if inf(i; — 4;41) is larger that a constant c.
Suppose that there exist |x;| > einf(|é; — 4141]0) then pp(ai,, Tiyy ..., i) <
e~r(ed)?infili—irial” and we are done. If for all i, |z;| < einf(|é; —i;41]0), then as

previously Tk, 4m. - TK,CH&g(fZ)TKk is positive for m = einf |i; — i;41], hence

1 n
|m(u,TN. Tre 105 T, ~TK1+16§ )TKI- o)

1
-11 (. Ty . T, 4105 T, . .. Tov)|

S C]/CK/(lie) inf(ilfil_Fl)

with Cy, = 2k(2k + 1)R. We can conclude replacing & by (1=, O
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4.1.3 Smoothness of the free energy for the classical Jellium model.

Now we use Theorem 23 to prove the smoothness of the free energy. We first
have to check its hypothesis. This is the aim of the following proposition

Proposition 48. Let ug € T;(C). Then
IO T:(B)]|

for all n, where N and N1 are the norm constructed in Proposition 22 around
ug and T;(B)ug respectively, and

N(95Ti(B)ug) < oo.
To simplify the calculation, we introduce an approximating norm.We define

s(t) + el (9)

Ni—=Nit1 < 0

ai(s) = sup ———mez 1 2
1(s) sup >
t
az(S)Zsup&7
t<A V
!
t
az(s) = sup (),
—A<t<A V
t)—s(—A
aa(s) = sup s(t) — s( )’
t<—A v
elklk(s)_lk—l(s)
as(s) = sup :
k

and we set A, (s) = max(a1(s),az(s), as(s), as(s),as(s),as(s)). Finally we de-
fine ||s||, = max(A(-s), A(s)).

Proposition 49. For ug in T;(C), there exists v > 0 such that
-y < Al

Proof. Let ug € T;(C) We calculate the norm of Proposition 22. Let s be such
that

aug < ug + s < Bug

with
vt > A $(t) + €lkya, (8) = (@ — Duo(t) + €lg,,,. (V)]
Vi< A s(t) > (a— Dup(t),
B on —A<t<A §() < (a—1uy(t),
T \vt< -4 s(t) — s(—A) > (a — Duo(t) — uo(—A)],
Vk € [-24,25]  I-a(s) = 21(s) < (1= a)[ly—1(uo) — =Tk (uo)],
Vi< —A 5(t) = Sk () < (1= )[uo(t) = F1x,,., (uo)]

min
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Because ug € T;(C), there exists g > 0 such that all the functions depending
on ug on the right side of the equation ([ug(t) + €l,,,, (t)],uo(t), ) can be
bounded by €3. We obtain

vt > A s(t) + el,,,.(s) > (¢ — 1)eg
Vi< A s(t) > (o/ —1)eg

, on —A<t<A §(@) < (o —1)e

o' = max
o | VE< —A s(t) —s(=A) > (&/ = 1)eg
Yk € [—2?,2%] I—1(s) — i[k(s) <(1-d)e
Vi< —A s(t) — LI, (s) < (1= )eo
and we then have o/ < a. We have constructed then |||, with v = €. O

We finish the proof of Proposition 48.

Proof. We can now calculate [[05T;(B)||yj,—,- Let w with [w]; <1, In par-
ticular, there exists r > 0 such that d(ug,up + r.w) < 2r. Therefore

(1 —=2r)up(t) < ug+rw(t) < (14 2r)ug(t)
for all ¢ < A. Hence |I} raw)| < 2r.0y, . (ug) and for all t > A:

maa (
(1 =2r)[up(t)] — 4rdy,,,. (ug) < wug(t) +rw(t) < (14 2r)ug(t) + 4r.Iy,, . (uo).

Therefore

oo

00T (B)w)(x) = / Ui(y)m e~V @ (y)dy

—Ti—Tit1

and there exist c1, ¢ and c3 such that

105 T:(B)w]|| L < erlluol|zee,

105 Ti(B)w]l|e < eafluollz=

and
105 Ti(B)w]'|l1— a,4) < eslluo] L.

There exists then ¢’ such that ||[05T;(B8)w][|, < ¢'||lugl|r. Then we have shown

that [[[05T;(B)w]| L~ is a uniformly bounded operator for ||[|; — [|||, and then
for |||l = |||li+1-We can now conclude the proof of Theorem 5. Moreover,

> : o n_—pa 2
[ vt Oy [ e udy
T—T;—T;41 T—T;—Tj41
A 1
< ||wHL°°(@)nF(” - 5)

We can then apply Theorem 24 which ends the proof of analyticity of the free
energy of the classical Jellium model. O
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4.2 Proof for the quantum Jellium model
4.2.1 Decay of correlations, smoothness of the free energy.

Definition 50. For any f we define
T50) = [ Tooeatrs S @lan),

where v; = 1 [L v; 4,dx with Radon Nikodym density ddl;:—“(v) — ¢~ Jo Uitx(®)at,
We recall the result concerning the homogeneous case.

Theorem 51. T is a compact operator on L*((1 + x?)~1dx) with a unique
largest eigenvalue Apy > 0.

For the reader’s convenience, we have written again the proof.

Proof. T; is a compact operator. Indeed let u € L'((1 + %)~ 'dz), then Tu is
bounded, with finite variation. T is Hilbert-Smicht:

// e 2T VOOM, L <nyes,dv(y)dy(n) < oo.
ExXE
We have to check that v; are bounded measures P(|B;| > y) < 2¢~¥I*. Then

// e Uy (y)d < / o (infy(8) < D)) + e PV dr
RxT R ¢ 2
< / c[e_(%)z + e PUE)dz < 00
R
The largest eigenvalue is unique because the operator is irreducible and we
can apply the Krein Rutmann Theorem. ]

Theorem 52. Let T be a bounded real operator whose spectral radius p(T)
s a non degenerate eigenvalue with eigenvector ug. Assume in addition that
T =T — p(T)upuly has a spectral radius p(T") < p(T). Then there exists a cone
such that the operator is contracting.

Proof. We can suppose that the largest eigenvalue is 1 and let ug be its eigen-
vector. We construct

C = positive linear combinations of U, T" (B(uo, e(l— En)))

with ¢, a strictly decreasing sequence. Because there exists N such that (T' —
uoug)™ is contracting for n > N,

C = positive linear combinations of U,<n, T" (B(uo, e(l— €n)))-
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Indeed, let € B(ug,e(l — en,41)), T = ug + y + supg with uyy = 0 and
lyll < clle]l and s < ¢||e||. There exists Ny such that [|(T —ugug)™+1| < (5%,
Then

TN H (2) = (uoug)z + (T — uouy) ™+ (2)
= (14 8)up + (T — uou) M+ (y) € B((1 + s)uo, (1 + s)e(1 — €o)),

because ||(T — uoug) M+ (y)| < < (1 EO) < (1+s)e(1 —e€p).
' Let z € C, with ujx = 1. Then T = valo a;x;, a; > 0 with x; €
T"(B(up, €(1 — €;))). Let us construct o and § such that auy < T'(x) < Bug.
First because B(ug, €(1—¢p)) C C, we choose 8 < I 1(IE)H) and we immediatly
have ug — %T(m) >0
Second for all i, T'(z;) € T**(B(uo, e(1—¢;))) and therefore T'( (1(1 6’:)1)302-) €
T”l(B(@uo, (1 —€41))). We have then

rm e 1 L) € i (B, o1 - )

and also

ey > - S,
(I1—e€it1)

So with M = max (1(1 6”)1) and m = min Ty Wwe have

MT(z) > m(z a;)ug

and we can conclude that

Such a construction is stable under small compact perturbations.

Proposition 53. There exists dg > 0 such that for 6T compact operator with
16T°[| < do,
Ac((T +0T)(C)) < 2Ac(T(C))

where C is the cone constructed in Theorem 52
In particular T + 6T is a positive contracting operator for dc.

Proof. We rewrite the proof of Theorem 52. We keep ug because (T'+6T)(ug) €

T+6T)(x)||

B(ug, (e(1 — €))). First, it is enough to change 8 < IC i—co) and we have
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- %(T + 6T)(xz) > 0. Second, we also have

(1 — € ) (1 — € )
(T+6T)(ﬁxi) —6T(ﬁmi)
(]. — €i+1) , ||6T((l(%z€+)l)xz)”
> (T+5T)(7(1_6i) x;) — ug A —e)
(1- €z‘+1)) B
(1 —Gi)

and we can finish the proof as previously for §y small enough. O

do

=l T

Remark 54. Actually we have that T'(z) € C for all # € C. Indeed, as previously

m a;
J\% ug < T'(x)

and then for any ||y < - EO)mZal we have T'(z) +y > %uo +y>0.

The construction of the cone is simple enough that we can calculate the
norm of Theorem 22. Because of the previous remark it is equivalent to the
space norm.

Proposition 55. There exists ¢ > 0 such that for any y in the projected space,

1
cllyll < llyllv < Zllyl

where ||| is the norm constructed in Proposition 22 for the cone C in a neigh-
borhood of T'(x).

Proof. Because of the previous remark, T'(z) € C. Therefore there exists r > 0
such that B(T'(x),r) C C. For any y we have

T(x) (1 = Sy”) < T(x) + sy < T(x) (1 + 5|y”)

r r

and we obtain de(T'(z) + sy, T(z)) < QS‘IyH + (S”f”) For the other direction,
C C cone from B(ug, 1) (for € small). In addition T(x)+y ¢C for |ly]| =1 and
then aT'(xz) < T(z) + sy implies a < (1 — s) and so |ly||n < |lyll- O

We can now finish the proof of Theorem 10

Proof. [Theorem 10| T'(8) is C*° for the norm ||| and thanks to the previous
proposition also for any norm constructed ||| around T'(8)(x). We can then
apply Theorem 23. The analyticity follows as well: if T'(5) is analytic with
coefficient bounded by 7™ for the norm ||| then the coefficients are bounded by
cr™ for the norm M. O

31



We focus now on the decay of correlation and the proof of Theorem 9. Recall
that we want to prove that there exists K < 1 such that

|pk(xi17xi27 cee 7xik) - le(xilﬂ < Ck‘%minliliil-'—ll

Proof. [Theorem 9] There exists ¢y > 0 such that for f with || f||11 < eo, Ti41(1+
f)T; are positive operator for the cone C.

Indeed, let u € C, then T;(u) € L>°(T'), therefore fT;(u) € L with || fT;(u)| g1 <
cdo||ul], and finally ||T;41fT;(u)|lLe < ¢/6]|ul|l. Because T'(C) is compact on the
projected space and thanks to Remark 54, there exists r > 0 such that for
all i, u € C, B(T;1Ti(u),r|lul]) € C. As a conclusion T;11(1 + f)T;(u) =
Tii1Ti(u) + Tiv1fTi(u) € C. We can now apply Theorem 33 with the same
notation. We find

k

672(k+1)R(Z_§:0 HKJ-H—KJ‘)HpKi(ﬂi+1(1+fi)ﬂi)
i=1

< PKy,... Ky (le+1(1 + fk)lev "'7Tl1(1 + fl)Th)

and
Pk, i1 (T41(1+ f)Th, - T, (L + f1)T0,)
k
< SEDEC oD T pi, (T aa (U + f)T0,).-
i1

The rest follows from a induction on &k and this concludes the proof of Theorem
9. O

A Proof of Proposition 3

If I' = {i1,i2}, then x;, and x;, are independent, pa(zi,,x:,) = p(xi)p(ziy)
and then pT'(z;,,2;,) = 0. For larger a I’, we have

Z Hﬂﬁrl\((%)ieh)

LUIu.. Ul.=I',1=1

- Z Hﬂal\((mi)iell)

11U12U...UI7-:{1,...,TL} =1
I,CI or I;CJ.

- 2 ﬂp\TIzl((xi)iGIz) > ﬂp\j}l\((iﬁi)ielﬂ

LULU.. .Ul =INnI"l=1 LUulU...Ul.,=JNnI' =1

= P|1/m\((fvi)iemI')pu'mﬂ((ﬂfi)iem]')
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and therefore

pa'\((xi)iel)

= P\I’ﬂll((mi)ieml’)plﬁmJl((xi)ieJﬁI’) - Z HP\T}”((%)ieIz)

UL U.. .Ul =I", =1
=0.
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