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ABSTRACT

It is well-known that the backward differentation formulae (BDF) of order 1, 2 and 3 are
gradient stable. This means that when such a method is used for the time discretization of
a gradient flow, the associated discrete dynamical system exhibit properties similar to the
continuous case, such as the existence of a Lyapunov functional. By means of a Lojasiewicz-
Simon inequality, we prove convergence to equilibrium for the 3-step BDF scheme applied to
the Allen-Cahn equation with an analytic nonlinearity. By introducing a notion of quadratic-
stability, we also show that the BDF methods of order 4 and 5 are gradient stable, and that
the k-step BDF schemes are not gradient stable for k£ > 7. Some numerical simulations
illustrate the theoretical results.

KEYWORDS
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1. Introduction

We consider k-step backward differentiation formulae (BDF) applied to gradient flows in
finite and infinite dimension. We are interested in the asymptotic behaviour, as time goes
to infinity, of the sequences generated by these methods. Our model problem in the infinite
dimensional case is the Allen-Cahn equation, which was introduced to describe the process
of phase transition [3]. It reads

up—Au+g(u) =0, t>0, z€Q, (1)

where © is a bounded subset of R? with smooth boundary and g € C'(R,R) is the derivative
of a potential G. A standard choice is the double-well potential G(s) = (s* — 1)?/4. The
unknown function u represents the order parameter. Throughout the paper, we will consider
Dirichlet boundary conditions.

Email adresses: Anass.Bouchriti@edu.uca.ac.ma (A. Bouchriti), Morgan.Pierre@math.univ-poitiers.fr (M. Pierre),
N.Alaa@uca.ac.ma (N. E. Alaa)



The Allen-Cahn equation (1) is a gradient flow of the energy
1 2
E(u) = §]Vu\ + G(u) dx (2)
Q

for the L%(Q) scalar product. The theoretical picture for (1) is well-known and there is a
huge litterature on this equation (for the well-posedness and some asymptotic properties,
see e.g. [17, 28]). If ¢ is real analytic, then Simon [26] proved that every bounded solution
converges to a steady state as time goes to infinity. It is not known if this result still holds for
every choice of nonlinearity g € C*°(R,R) (see [17, 23] and eqreferences therein). The proof
of Simon is based on a so-called Lojasiewicz-Simon inequality, which is an extension to the
infinite dimension of the celebrated Lojasiewicz inequality for real analytic functions [20]. We
eqrefer the reader to the recent review by Haraux and Jendoubi [18].

Our aim in this paper is to prove that convergence to equilibrium also holds for the BDF
methods of high-order (3, 4 or 5) applied to equation (1) with an analytic nonlinearity.

BDF methods of low order (1 or 2) are widely used for the time discretization of gradient-
flows such as (1). A crucial feature is that the discrete-in-time dynamical systems defined by
these methods have properties similar to the continuous-in-time problem, such as the existence
of a Lyapunov functional [25, 27]. We note that for the BDF method of order 1, the Lyapunov
functional is the energy E (2), whereas for higher-order BDF schemes, a pseudo-energy (i.e.
a modification of E) has to be used.

The one-step BDF method (BDF1) is simply the backward Euler scheme, also known
as the proximal algorithm in the context of optimization. Convergence to equilibrium for
this scheme has been shown by means of a Lojasiewicz-like inequality in finite and infinite
dimension [5, 10, 21]. The finite dimensional case arises naturally when one considers a space
semi-discretization of (1) which preserves the gradient-flow structure. This happens with
standard finite element or finite difference methods [9, 11].

Convergence to equilibrium for the two-step BDF scheme (BDF2) was proved in finite
dimension in [2], and in infinite dimension in [4] for the Cahn-Hilliard equation, which is a
gradient flow of E (2) for the H~! scalar product. We note that a restriction on the time step
(independent of the initial data) has to be introduced in order for the gradient stability to
hold. For the BDF1 scheme, the restriction on the time step can be removed by considering
the proximal algorithm [7]. The analysis of the infinite dimensional case is interesting because
it is independent of the choice of a particular space discretization.

Since the gradient stability of the three-step BDF method is known [27], convergence to
equilibrium can be obtained in finite dimension by applying general results on descent meth-
ods, see e.g. [2, 6, 10]. The infinite dimensional case is more involved, but we work it out here in
a way similary to the BDF2 case, with a stability restriction on the time step (Theorem 5.4).
In contrast, there exist several second-order schemes which are unconditionnally gradient
stable, such as the secant scheme, but for which convergence to equilibrium in the infinite
dimensional setting remains to investigate (see [11, 12, 14, 24, 30] and references therein).
If we consider for instance the secant scheme, which is a gradient-stable Crank-Nicolson like
scheme, one issue is to obtain the precompactness of trajectories.

In [27, p. 424], Stuart and Humphries conjectured that the BDF schemes of order 4, 5 and
6 are gradient stable. To the best of our knowledge, this assertion has not yet been proved. In
this paper, by introducing a notion of quadratic-stability, we prove that this conjecture is true
for the BDF4 and BDF5 schemes. For k > 7, the k-step BDF schemes are not zero-stable [16],
so they are not expected to be gradient stable. We make this clear in Remark 2.6. We note
that the gradient-stability of the BDF6 scheme remains to be investigated (Remark 2.10).



The convergence result of Simon has been generalized to a great variety of gradient-like
equations, in particular to damped wave equations such as the sine-Gordone equation or the
modified Allen-Cahn equation (cf. [18] and references therein). Convergence to equilibrium for
the backward Euler equation applied to the modified Allen-Cahn equation has been proved
in [15, 22]. We note however that BDF schemes of order greater than one do not seem to
preserve the gradient-like structure in this situation, so that other energy stable schemes
should be considered.

The paper is organized as follows. In Section 2, we introduce the BDF methods applied to a
gradient flow in finite dimension, and we define the notion of quadratic-stability. In Section 3,
we prove that the BDF4 and BDF5 methods are gradient stable. Convergence to equilibrium
for the BDF3 scheme applied to the Allen-Cahn equation is proved in Sections 4 and 5. In
the last section, we perform some numerical simulations for the BDF3 scheme applied to (1).
They nicely illustrate the theoretical results.

2. Quadratic-stability of BDF methods

2.1. The continuous problem

We denote (-,-) the scalar product in RM and | - || the euclidean norm. We consider the
gradient flow in RM

U'(t) = —VEU(t), t>0, (3)

where U : [0, +00) — RM and F € C'(RM,R). Throughout the paper, we assume that F
satisfies the following two conditions,

(VE(V) = VE(W),V — W) > —cx|[V W2, WV, € RM, (1)
for some constant ¢y > 0, and

lim F(V) = +co. (5)

[V]l—=o0

Condition (4) is known as a one-sided Lipschitz condition [27]. This condition is equivalent
to the fact that the functional V + VF(V) + cpV is a maximal monotone operator on RM
or that the function V + F(V) + (cr/2)||V]|? is convex. Using the Cauchy-Peano theorem,
this guarantees, for every Uy € R the existence of a unique solution U € C*([0, +00), RM)
of (3) such U(0) = Uy [8].

Condition (5) is called a coercivity condition. On multiplying equation (3) by U’(t), we
obtain that

d /
ZFU@) =-U' @I (6)

In particular, F'(U(t)) is nonincreasing, and the coercivity condition (5) implies that the
solution U is bounded. Using Lasalle’s invariance principle [17], we obtain that the w-limit

set of U(0), defined by

w(U(0)) :=={U* e RM : 3, + +oos. t. U(t,) — U*},



is a compact and connected subset of R™ | which is included in the set of critical points of F,
S={VeRM . VF(V) =0} (7)

If the cricital points of F' are isolated, this implies that U(t) — U* as t — +o0. If the critical
points of F' are not isolated, then convergence to equilibrium may fail if M > 2, even if F' is
C* (see e.g. [1]). Lojasiewicz [20] proved that if F': RM — R is real analytic, then we always
have U(t) — U* as t — +o0.

2.2. General k-step BDF methods

Let At > 0 be the time step. The general k-step backward differentiation formula (BDF)
for (3) is defined by

k
1 .
> EGJU"““ = —AtVFU™*), n>0, (8)
j=1

where, for a sequence (U™)n>0, the (backward) difference operator &’ is defined recursively
by U™ = ¢~Y (U™ — U™ 1Y) (j > 2, n > 7). When j = 1, we have QU™ = U™ — U™,
The one-step BDF method is the backward Euler scheme:

Urtl — Ut = —AtVFU™Y, n>0. (9)

The two-step BDF method reads
3 n+2 n+1 1 n n+2
§U =20 + §U =—-AtVFU"™), n>0. (10)

The k-step BDF method (8) is obtained by Newton’s divided difference formula which inter-
polates U by a polynomial of degree k (see Section 4.2 for the case k = 3). It is known to have
a consistency error of order k. Moreover, it is zero-stable if and only if k € {1,...,6}, so that
BDF methods are not used for & > 7 [16]. This also implies that if FF € CKT2(RM R) (k < 6)
and if the initial conditions are well chosen, the error between the solution U of (3) and its
approximation given by the BDF scheme (8) is of order O(At¥) on finite time intervals [27,
Theorem 3.5.7].

In (8), the initial conditions U?, ...U*"! are given in RM; at every step n > 0, the
vector U"** is computed from U", U*!, ..., U"**~1 by solving the (generally nonlinear)
equation (8). Thanks to the coercivity condition (5), there exists at least one such U"**.
Indeed, (8) reads

AtVE(Uk) 4 0, U 4+ L, =0, (11)
where
k
ap =Y _1/j>0 (12)
j=1



and L, € RM is a linear combination of the vectors U™, ..., U"**~1 The function
Oék 2
Vr—>AtF(V)+7||V|| +(Lp, V)

is continous on R and coercive. Thus, it has at least one minimizer U™* in R, which
solves the Euler-Lagrange equation (11).

By using the one-sided Lipschitz condition (4), one can guarantee that the solution U"+*
of (11) is unique for At small enough (for a given L,). Indeed, if U™*¥ is another solution,
then the difference V,, = U™tk — Utk gatisfies

AtVF(U™) = VF(U" %) + a;V, = 0.
On multiplying by V,, and using (4), we see that
(Oék - CFAt)HVnH2 < 0. (13)

Thus, if cpAt < ag, V,, = 0 and the sequence (U"),, is uniquely defined by its initial values
U ...U"*=1 and the k-step formula (8).

2.3. Quadratic-stability of BDF methods

In [27], the proof of gradient stability for the BDF methods of order 1, 2 and 3 is essentially
based on the following algebraic computations. The authors multiply the left-hand side of (8)
by OU™*_ and they consider the quantity

Ty = zk: Lunth otk (14)
=17
They use that
o= Ut (15)
Dy = oU™|? + LJ0U™2 — gUm P 4 o (U2 — U P), (16)

and
D n+3)|2 1 n+3 n+22
I3 = U7+ [|o0™ - oU™™|
1 5}
+6H8Un+3 _ aUnJrQ + 8Un+1||2 + E (||8Un+3||2 _ ||8Un+2H2)

1
+6 (HaUnJr?; o aUn+2H2 o HaUnJrQ o 8Un+1H2) ) (17)

In order to extend similar computations to higher-order schemes, it seems natural to consider
I';; as a quadratic form depending on the variables U™, ... oU"*!.
For this purpose, we consider first the case M = 1 (the general case will follow immediately).



We set z1 = OU™*, ..z, = OU™!, and we define the following quadratic form on RF:

k
(@, wk) =Y (@ ), (18)

where & is the forward difference operator defined recursively by o T = 7 *l(ml — x9). We
note that

Fay = zj:(_l)i (Z) T1ti,

=0

where <‘Z> is the binomial coefficient.

We recall that a quadratic form ¢ on R¥ is uniquely associated to a symmetric matrix
Aq = (aij)lgi,jgk of size k through

k k
q(z1, ..., x8) = Z Zaijxixj.

i=1 j=1

We will denote ¢ ~ A, this univoque correspondence. The quadratic form g is positive definite
if g(z1,...,2x) > 0 for all (z1,...,7x) € R*\ {0}, or equivalently, if the matrix A, is positive
definite.

By Sylvester’s criterion, a symmetric matrix A = (a;j)1<; j< is positive definite if and only
if its leading principal minors are positive, i.e.

Vpe{l,...,k}, Ay = det[(aij)lgi,jgp] > 0. (19)
Definition 2.1. We say that the k-step BDF method is quadratic-stable if

Yie(x1, oo k) = qr(T1, . k1) — qe(z2, .. 2k) + (21, -0 Tk, (20)

for all (zq,...,x) € R*, where ¢ is a positive definite quadratic form on R¥~! and 7 is a
positive definite quadratic form on RF.

Example 2.2. From (16), we see that 7o is quadratic-stable with go(x1) = 22/4 and
ro(z1,m2) = 22 + (21 — 12)%/4. By (17), 73 is also quadratic-stable (and by convention,
S0 is 71).

Remark 2.3. The quadratic forms gx and ry, if they exist, are not unique. Indeed, let Ag

be a symmetric matrix of size £ which is a small perturbation of 4,4, in R**, where g, ~ Ag,-

Then A7 , defined through (20) in terms of A, and A , is also a perturbation of A,,. By

(Siy;ivester’s criterion (19), if A7 is close enough to A, , then both A7 and A7 are positive
efinite.

We first show that quadratic-stability implies asymptotic stability. For this purpose, we



apply the BDF method to the linear ode

y'(t) = =My(t), t>0, (21)

with A > 0. Since y(t) — 0 as ¢ — oo, we expect a similar behaviour for the time discrete
version, which reads

k
1 .
Y =Ty tE = —AALE 0> 0. (22)
— j
J=1

Proposition 2.4. If the k-step BDF method is quadratic-stable, then for all X > 0 and for
any initial conditions Yo, ..., Yn+k—1, the sequence (y")n>0 generated by (22) tends to 0.

Proof. We multiply (22) by dy™*, and by definition (18) of ;, we obtain
,yk(aynka’ o ’aynqtl) — _)\AtynJrk(ynJrk _ ynJrkfl), n > 0.

Using (20) and the well-known identity a(a — b) = [a? — b% + (a — b)?]/2, we obtain

En+k _ En+k71 +

Do | >

Oy" ™2 + @y, oyt =0, n>0,
where
A
En+k‘ — E(yn+k)2 + qk(aynJrk, o ,8yn+2)‘

By summing on n, we find that

o0
Zrk(ay”+k, L0y < ERL < oo
n=0

n+k
ye

In particular, ri(dy .,0y™*1) = 0 and since 7}, is positive definite, this shows that

(@y™tk .. oy™) = (0,...,0) in R

By (22), y"** is a linear combination of dy™t*,... ,dy"*1. Thus, y"*t* — 0 and the claim is
proved. O
In the following result, we use that asymptotic stability implies zero-stability.

Corollary 2.5. If k > 7, the k-step BDF method is not quadratic-stable.

Proof. We consider now the BDF method applied to the ode ¢/(t) = 0, that is

k

1 .
Y -yttt =0, n>o0. (23)

=17



This is a linear difference equation of order k. Its characteristic polymonial p(¢), which is
obtained on replacing y"** by ¢"** in (23) and dividing by (", is

k J .
=352 ()= 3 ke -y 4

7=1 = j=1

By definition, the k-step BDF method is zero-stable if and only if all the roots of p lie in the
unit disc and the ones on the unit circle are simple. This is true if and only if & € {1,...,6} [16].

Let now k > 7. It is shown in [16] that p has at least one root A\;, € C outside the unit disc,
i.e. [\g| > 1. For € > 0, we consider now the polynomial

pe(C) = p(C) + 5Ck-

This is the characteristic polynomial of the linear difference equation (22) with ¢ = AA¢. As
e — 07, the roots of p. converge to the roots of p, so that for € > 0 small enough, p. has at
leat one root A, . such that |\ .| > 1. Therefore, we have a sequence ()\276),120 of complex
numbers which complies with (22), and which is unbounded. By Proposition 2.4, this k-step
BDF method cannot be quadratic-stable. We note here that the result in Proposition 2.4 is
proved for a sequence (y™),, of real numbers, but it extends immediately to complex numbers,
by considering the real and imaginary parts. U

Remark 2.6. The proof above shows that for £ > 7, the k-step BDF schemes are not gradient
stable in the sense of [27, Definition 1.8.9]. Indeed, consider the function F(y) = \y?/2 with
A > 0, so that (21) is the gradient flow of F'. Assume by contradiction that a k-step BDF
scheme is gradient stable for some k > 7. Then every sequence (y"),, defined by (22) would
be bounded, by [27, Theorem 1.8.10]. But we have seen that for At > 0 small enough, this
k-step BDF scheme produces an unbounded sequence.

Proposition 2.7. The 4-step BDF method is quadratic-stable. Namely,
Ya(71, T2, T3, T4) = qa(¥1, T2, T3) — qa(T2, T3, 4) + 14(21, T2, T3, T4),
for all (z1,x2,73,24) € R, where

7™ —46 39 18

q ! 2292 1’?3 326 and r L4 ™ —46 39 (25)
g~ — | - - 4~ —
4\ 59 6 s 144 | 39 —46 75 —46

—18 39 —46 75

Proof. We give a constructive proof. We seek Ay, in the form of a symmetric matrix

A:

q4

Q Q. 2
—~ O QL
(SRR NS

The quadratic form

Ga(x1, 2, 23, 24) = qa(x1, T2, x3) — qa(T2, 23, T4)



is given by

a d g 0

A — d b—a f—-d —g
“ " lg f—d c—b —f
0 —g -f —c

We note that the sum of the elements in each diagonal of Aj amounts to 0. Since A,, =
A, — Ag,, this shows that the sum of the elements in each diagonal of A4,, and A,, are equal.
By definition, we have

25/12  —23/24 13/24 —1/8

A |24 0 0 0
% T 13/24 0 0 0
-1/8 0 0 0

An easy way to choose the coefficients of A,, is to take the elements of a given diagonal all
equal. This gives A,,, and in turn, Ag, and A,,. Using Sylvester’s criterion (19), we easily
check that A, and A,,, given by (25), are positive definite. Indeed, the principal minors of
Ay, are 225/144, 25286/144% and 1522296,/1443, whereas the principal minors of A,, are

75/144, 3509/144%, 155448/144% and 6460912/144%,

]
Proposition 2.8. The 5-step BDF method is quadratic-stable. Namely,
V5 (21, T2, T3, T4, T5) = q5(T1, T2, T3, Ta) — q5(T2, ¥3, T4, T5) + 75(T1, T2, ¥3, T4, T5),  (26)
for all (z1, 22, 73,24, 75) € R?, where
1.85 —-1.19 0.7 -0.3
6~ | 015 o8t 09 -oar 1)

-0.3 03 =037 0.3

and

260 —101 235 —135 60
—101 240 —210 270 —180

rs~ — | 235 —210 330 —282 180 |. (28)
6001 _135 270 —282 360 —222
60 —180 180 —222 180



Proof. By definition, we have

974 163 137 —63 12
163 0 0 0 0
w~—1137 0 0 0
120 63 o 0 o0

2 0 0 0

)

0
0
0

so it is easily seen that (26) holds, with g5 and 75 as above. Using Sylvester’s criterion, we
can check numerically that g5 and r5 are positive definite (the computation is exact since we
work with rational numbers of reasonable size), and the proof is complete (see Remark 2.9
for a constructive approach). O

Remark 2.9. The argument used in Proposition 2.7 is not sufficient in order to obtain g¢s
and r5. We have actually obtained g5 by numerical investigation with a Scilab program. More
precisely, let

a5 ~ Agy = (@i j)1<ij<4,

where the ten coefficients a;; for 1 < i < j < 4 are unknown (the other coefficients are
obtained by symmetry of A, ). The idea is to check a large number of values of the coefficients
a;; in order to obtain the positivity of g5 and r5. We have used a grid of stepsize 0.15 in R10
for these coeflicients. Remark 2.3 shows that for a stepsize small enough, this approach should
give a result, if 5 is indeed quadratic stable.

In order to reduce the computational time, we used the following simple facts. The diagonal
coefficients of A, being positive, we deduce from (26) that

274/120 >ay > a2 > az3 > agq > 0.

For each nondiagonal coefficient a; j, we note that the minor a;;a;; — a? j corresponding to
i

g5 is positive, that is |a; j| < \/ai,a; ;. For every choice of A, in our program, we checked
wheter the matrices A, and A,, were positive definite or not by a numerical calculation of
there eigenvalues.

Remark 2.10. We have investigated numerically the quadratic-stability of ¢ in a manner
similar to v (cf. Remark 2.9). We used a grid of stepsize 0.1 in R for the fifteen unknown
coefficients of A,,. We have not been successful. It could be interesting to perform numerical
simulations with a smaller stepsize, but we were limited by the computational time.

3. Gradient stability of the BDF4 and BDF5 methods

3.1. From R to RM

Now, we turn back to the general case M > 1. If

E &
q(@1,...,2p) = Zzazjﬂ?iﬁﬂj

i=1 j=1

10



is a quadratic function on R¥, associated to the symmetric matrix Aq = (aij)1<ij<k, we define
the following quadratic form on (R )*:

k k
i=1 j=1

Then (@ inherits the properties of ¢. In particular, if ¢ is positive definite, then so is (). Indeed,
if A, is positive definite, there exists a matrix P € O(k) such that

M 0 -~ 0
A,=p| " A P,

. 0

o --- 0 M\

where 0 < A\; < Ay < --- )\;, are the eigenvalues of A,. This reads, for all X = (z1,...,2%)" €
RF,

k k
q(ml, ce ,.%'k) = XtAqX = Z)\i(zpijxj)Q,
=1 j=1

where P = (pi;)1<ij<k- Thus, for (Vi,..., Vi) € (RM)¥ we have

k k
QWi Vi) = > Xl piVil?
i=1 j=1
k k
> Alz\\zpijijQ
i=1 j=1
k k k
> Alzzzpijpimﬂ/j7vm>- (29)
i=1 j=1m=1

Since PP = Idj, we have Zle DijPim = Ojm, Where d;,, is the Kronecker symbol. Thus,
(29) reads

k
QVi, ., Vi) = M ) Vi1,
j=1
and the claim is proved.

3.2. Gradient stability of the BDF} method

From Proposition 2.7, we deduce:

11



Lemma 3.1. The quadratic forms 'y, Q4 and R4 associated to 7y, q4 and r4 satisfy
P4(‘/17 ‘/27 ‘/37 ‘/21) - Q4(‘/17 V27 ‘/3) - Q4(V27 ‘/37 V4) + R4(‘/17 V27 ‘/37 ‘/21) (30)

for all (V,Va, V3, V) € (RM)A. In particular, Q4 and Ry are positive definite. Moreover,

41 ~
Ry(V1, Vi, V3, Vy) = mHVlH? + Ry(V1, Vo, Va3, V), (31)

where Ry is positive definite on (RM)*,

Proof. 1t remains only to prove that Ry is positive definite. For this purpose, we consider
the quadratic form on R* defined by

7;:4('%'17'%'27'%'37'%'4) = 7”4(.%'1,1'2,1'3,1’4) - mxl-

Using Sylvester’s criterion, we easily check that Aj, is positive definite. The claim on Ry
follows. We point out that the coefficient 41/144 was found by numerical investigation and
that it is not optimal. O

For V = (Vo, V1, Va, V3) € (RM)*, we define

. 1
Fy (V) = F(W) + EQzl(Vl, Va, V3),
and for a sequence (U"),>o in RM, we define
Uvn+4 _ (Un+4 aUn+4 aunt3 aUn+2)

so that

F4(Un+4) — F(Un+4) + $Q4(8Un+47aUn+37aUn+2).

Theorem 3.2. If cpAt < 41/72, the 4-step BDF method (8) is gradient-stable, i.e.

1 =~ A A
—— Ry (QU™ oU" T3 U™ T2 U™ < Fy(U™3), n > 0. (32)

F rn4-4
(U A+ 5

Proof. We multiply (8) by oU™* in R™ and we find
L (U™ oUu™T3, oUu™ 2 oUum™t) = —AH(VF(U™T), Ut — U3y,
where Ty is defined by (14). Since V + F(V) + (cr/2)||V||? is convex, we have

F(V) - F(U) + %FHV —U|?> (VF(U),V —U), VU,V eRM. (33)

12



We apply this relation with U = U4 and V = U3 and we use (30). This yields

PN 1 PN
B0 4 Ry (0U™H, 00, U2, 0U ) < By (0 + L jou 2,

At
for all n > 0. Finally, using (31) and A%tfi—lzl — & >0, we find (32). O

Let
w((U™),) ={U* e RM : n, — oo s.t. U™ — U™}

denote the w-limit set of a sequence (U™),, and recall that S denotes the set of critical point
of F (cf. (7)).
From the gradient stability of the BDF4 method, we infer:

Corollary 3.3. Assume that cpAt < 41/72, and let (U™) be a sequence in RM defined by the
4-step BDF method. Then w((U™),) is a compact and connected subset of RM included in S.

Proof. Since I is continuous on RM and coercive (assumption (5)), F is bounded from below,
i.e. there exists a real number m such that

F(V)>m, VVeRM

By (32), the sequence F4(U"+3) is nonincreasing; it is also bounded from below (by m), so
its converges to a value F* € R. By induction, we obtain from (32) that for all N > 0,

N
PN 1 ~ PN
F4(UN+4) + E § R4(8U”+4,3U"+3, 8Un+27aUn+1) < F4(U3)
n=0

Letting IV tend to +o00, we find that

—+00

1 . o
x > Ry(0U™, U3 gU 20U < Ey(U®) — m < +oo.
n=0

In particular, Ry(OU™ 4, U3, 9U™ 20U 1) — 0. Since Ry is positive definite, we know
that

Y (]]6U"+4HQ + HBU"J“Q’HQ + HaUn-i—QHQ + HaUn—HHQ)
< Ry(0U™, ount3 gunt? gunt,

for some constant A > 0 independent of n, and so U™*! — 0. The boundedness of Fy(U™+3)
also implies that (U™), is bounded. A standard argument shows then that w ((U™),) is a
compact and connected subset of RM. If U* = lim, o U™ is an element of w((U™"),),
then the right hand-side of (8) (with k = 4) tends to —AtVF(U*), while the left hand-side
tends to 0. Thus U* € S, and the proof is complete. O

Corollary 3.4. Assume that cpAt < 41/72, and let (U™) be a sequence in RM defined by
the 4-step BDF method. Assume moreover that either one of the following assumptions hold:

13



i) the space dimension is M = 1;
i) the critical points of F are isolated;
ii) the function F is real analytic on RM.

Then the whole sequence (U™),, converges to a single point U* which is a critical point of F'.

Proof. 1f i) holds, a proof similar to [15, Corollary 2] can be carried out. It uses that R is an
ordered field. Details are left to the reader.

If assumption ii) holds, then the result is a direct consequence of Corollary 3.3.

If assumption iii) holds, the claim follows from general results on descent methods. We refer
for instance to [2, Theorem 2.4]. In this case, the crucial point is the Lojasiewicz inequality
for real analytic functions: it applies here to the Lyapunov function Fj. O

3.3. Gradient stability of the BDF5 method

From Proposition 2.8, we deduce:
Lemma 3.5. The quadratic forms I's, Q5 and Rs associated to 75, q5 and r5 satisfy
F5(V15 VYQ, Vt?)a Vzl, V5) = Q5(VY1, V2a V:?n V4) - Q5(VY2, Vt?)a ‘/4, V5) + R5(VY1, V2a V:?n Vzl? V5) (34)

for all (Vi, Va, V3,Vy, Vs) € (RM)5. In particular, Qs and Rs are positive definite. Moreover,
1 N
R5(V17 ‘/27 ‘/37 ‘/;17 V5) - %“‘/’1“2 + RS(‘/’l7 V27 ‘/37 V47 ‘/5)7 (35)

where Ry is positive definite on (RM)®,

Proof. Tt remains only to prove that R is positive definite. For this purpose, we consider
the quadratic form on R® defined by

. 1,
T‘5($1,$2,CE3,CE4,(E5) = T5($1,$2,(E3,(E4,$5) - Q_Oxl’

Using Sylvester’s criterion, we easily check that Aj. is positive definite. The claim on Rs

follows. As previously, the coefficient 1/20 was found by numerical investigation and it is not
optimal. O

For V = (Vo, Vi, Va, V3, Vy) € (RM)5, we define

~

- 1
F5(V) = F(Vb) + EQE)(VYI, V2a V:?n V4)7
and for a sequence (U"),>o in RM, we define
Un+5 — (Un+5’ aUn—H’J, 8Un+4, aUn—i—?)’ aUn—l—Z)’
so that

PO 1
F5(Un+5) _ F(Un+5) + KtQE)(aUn-f—S,8Un-‘r4’ aUn+3,aUn+2).

14



By arguing as in the proof of Theorem 3.2 and using Lemma 3.5, we find:

Theorem 3.6. If cpAt < 1/10, the 5-step BDF method (8) is gradient-stable, i.e.

A o~ 1 -~ A~
E5(U™5) 4 ER5(8U"+5, U™t aunt Ut oUun ) < F5(U™Y), n>0.  (36)

As a consequence of the gradient stability of BDF5 method, Corollaries 3.3 and 3.4 are also
valid for a sequence (U™),, generated by the BDF5 scheme (assuming the stability condition
cpAt < 1/10 for the time step).

In Table 1, we sum up the results obtained so far regarding uniqueness and gradient stability
of k-step BDF schemes. Uniqueness is ensured if cpAt < o (cf. (12)-(13)) and gradient
stability is ensured if cpAt < ;. The values of f; (1 < k < 3) obtained in [27] have been
improved here by a factor two, thanks to (33). For k = 1, we can have f; = +oc if the BDF1
scheme is the proximal algorithm [5, 21]. For k = 1, 2, we have o < f: a particular choice
of initial values may produce several gradient stable sequences. In contrast, for 3 < k < 5, we
have aj > B, so that provably gradient stable sequences are uniquely defined. We note that
the values of 84 and (5 are not optimal (cf. Lemmas 3.1 and 3.5), and we do not know if (3 is
optimal. If the function F' is convex, then ¢y = 0 and the BDF methods are unconditionnally
stable for 1 < k < 5.

Table 1. Uniqueness and gradient stability conditions for BDF methods

k 1 2 3 Z 5 6 >7
ok 1 3/2 | 11/6 | 25/12 | 137/60 | 49/20 * L 1/j
B || 2oroc | 2 | 5/3 | 41/72 | 110 ? 0 (ot g. s.)

4. The BDF3 scheme applied to the Allen-Cahn equation

4.1. Notation and assumptions

Let H = L?*(Q) be equipped with the L?($2) norm |-|, and product (-, -). We denote V = Hg(Q2)
the standard Sobolev space, and |-|; = |V-|, the associated hilbertian norm. Recall that
—A:V — V' is an isomorphism associated to the inner product on V' through

< —Au,v >yixy= (Vu,Vv) Yu,v e V.

We assume that the nonlinearity ¢ : R — R in (1) is real analytic on R and if d > 2, we
assume that there exist ¢ > 0 and p > 0 such that

(d—2)p<4 and |¢'(s)] <c(1+|sP) VseR. (37)
No growth assumption is required if d = 1. Moreover, there exists a constant ¢, > 0 such that
g (s) > —c, VseR. (38)

The last assumption is a coercivity condition which yields

lim inf&s) > =)\, (39)

|s| =00 S
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where A1 > 0 is the first eigenvalue of —A, that is

inf %

A= i 5
veV\{0} vl

(40)

The Poincaré inequality implies that A\; > 0. We note that H is continuously imbedded in V'
and for all v € H, we have

1
V||y = sup (v, w)y = sup (v,w) < sup |v|g|lw|g £ —=|V|o- 41
[olly P (v, wyyixy p (v, w) P [vfofwlo \/A_1| lo (41)

lw|:1<1 lw|:1<1 lw|1<1
By the mean value theorem, we have
(g(b) — g(a))(a —b) > —cf(a—b)*, Va,beR. (42)

Conversely, this relation implies (38), which can therefore be considered as a one-sided Lips-
chitz condition on g (cf. (4)).

S

We define G as the functional G(s) = / g(r)dr. Assumption (38) implies that G is semi-
0

conver, i.e. s — G(s) + (cg/2)s? is convex.
We note that the standard choice g(s) = s — s satisfies (37)-(39) in space dimension
1<d<3.

4.2. Derivation of the BDF3 scheme

Consider a uniform grid on [0,400) with a positive stepsize At and times ¢, = nAt (n = 0,
1, ...). We shall compute u(t) at these points, and we denote (momentarily) u" = u(t").
Consider the third degree polynomial P, interpolating u”, v"~!, u"~2 and «" 3 at times t,,
tp_1, tn_o and t,_3 respectively,

Pty =S"TI tt_ﬁu"*k_

=0 joo tnk =g
Since the grid is uniform, this interpolation polynomial P, can also be written in Newton
form (divided differences),

3 k—1
n 1 n
Py(t) =u"+ :Atkk' I ¢t =ty 0*um,
k=1 " j=0
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where 0%u" is recursively defined by 0%u" = oF~1(ou™) = Ok~ (u"™ — w7 1), for k > 1.
If the last equation is differentiated with respect to t, one gets

3 1 k—1 k— )
- ; AtkL! Z H ] "
=1 p=0 j=
#p
that is
3 k—1 k-1 k—1
ZAM! ZHt—tanrH(t—tn ) | oFu"
R
P(t)

Thus, we have

| —

d 3
dt N Z k (43)

Substituting (43) into (1) yields the 3-step backward differentiation formula applied to the
Allen-Cahn equation,

3
1 1
ap D3 O = Au o g(u”) =0, (44)
k=1
that is,
1 /11 3 1
At <—u — 3Up—1 + §Un72 - gun?;) — Au"™ + g(un) =0.

We note that (44) holds only up to order (At)? if u™ = wu(t,), so that the sequence (u"),
generated by (44) only defines an approximation of the values (u(ty)),. The third order
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accuracy of the BDF3 scheme is well-known in the finite dimensional case [27]. It could
also be carried out in our situation by using standard techniques and by assuming enough
regularity on the solution of (1). We refer to [29] for an error analysis of a fully discrete
version of (1) based on the BDF1 (i.e. backward Euler) scheme for the time discretization;
see also [25] for an error analysis in the case of a second-order scheme.

We shall study the scheme in the following form: let «%, u',u? € V, and for n =2, 3, ...,
let u"*! € V solve

18 9 2 6 6
un+1 11 _|__ n— 1_ﬁ n 2—ﬁAtAu"H+ﬁAtg(u"H):0 (45)

in V'.

4.3. Existence, uniqueness and stability

Proposition 4.1 (Existence). For any (u’,u',u?) € V3, there erists at least one sequence
(u™)p>0 in V' which complies with (45).

Proof. Let u" 2, v~ 4" be fixed in V. Then ™! can be obtained as a minimizer of the
functional

G,:V—R

1 1 3 6
u— = |u|0 — (u, —18u™ 4+ 9u" 1 — 2u"7?) + A lul? + T AHG(), 1),

11
The growth restriction (37) and Sobolev imbeddings imply that the functional u — (G(u), 1)

is well-defined and of classe C! on V' [19]. The coercivity condition (39) implies the existence
of constants k1 < A1 and ky > 0 such that, for all s in R,

k
G(s) > _5132 — k.
By integration on 2,

k1
(G(u),1) > == |U|o ko€ )
46

kl

> oo uff ~ kalf,

where in the last inequality, we use the Poincaré inequality (40). A direct consequence is that

1 k 3
G, 2 1l + (1 3) el - c )

for some constant ¢, > 0 independent of v € V. In particular, G, is bounded from below.

Denote then m = in‘f;gn(v) and consider a minimizing sequence (vg)x>0 C V. By (47), (v%)
ve -

is bounded in V' and we know by Rellich’s theorem that V' is compactly imbedded in H. Hence
we can extract a subsequence of (vg), also denoted (vg), such that (vx) converges weakly in
V, strongly in H, and a.e. in €2 to some function u* € V. Using Fatou’s lemma and the lower
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semi-continuity of the V-norm, we obtain

Gn(u*) < limkinf Gn(vg) =m = ;g‘f/gn(v)

As a consequence, u* is a minimizer of G,,: it satisfies the associated Euler-Lagrange equation,
ie (LG, (u*),w) =0, Yw € V, which reads

(u*,w) + 1—11(—18u" +9u™ "t — 202 w) + 1—61At [(Vu*, Vw) + (g(u*),w)] = 0.

A possible value of u™*! is then u*. O

Proposition 4.2 (Uniqueness). Assume that A\ + % > ¢q. Then for every choice of

(u"=2,u" 1 um) € V3, there exists at most one u™! € V which satifies (45).

Proof. Let u" 2, u"! and u” be fixed in V. Suppose that «"*! and v"*! are two solutions
of the scheme. We have

18 9 9 6 6
n+tl __ Y n_ , Y n-1_ < n-2 —AtA n+1 — At n+ly _ 0
Y TR 1 At AT 4+ g Aty (™) =0,
18 9 9 6 6
Un-l—l _ ﬁun + ﬁun—l _ ﬁun—Q _ ﬁAt Avn—l—l + ﬁAt g(vn—l—l) —0.

Denote du = u"*1 — v" 1. We have
6 6 n+1 n+1
du — ﬁAt A(du) + ﬁAt (g(u™) = g(v™*)) =0
On multiplying by du in H, we get
2 6 2 6 n+1 n+1
|duly + ﬁAt |oul] + ﬁAt (g(u™) = g(v™*h),0u) =0

Using the one-sided Lipschitz condition (42), we obtain

() — (™41, 6u) > —cy oul?.
Hence,

6 6
2 2 2
|dulg + ﬁAt |duly < ﬁAtcg |ouly,

and by the Poincaré inequality (40), we have

11 )
<)\1 t oA cg> |duly < 0.

The proof is complete. O

Remark 4.3. Notice that if ¢,At < 11/6, then uniqueness is ensured.
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In order to achieve stability, the idea is to exhibit a Lyapunov functional for (45) in a way
such that the set of equilibria set associated to the functional is related to the set of equilibria
of the Allen-Cahn equation.

First recall the energy functional associated to the Allen-Cahn equation (cf. (2)),

E:V —R
1

ur— B(u) = 3 [uli + (G(u), 1).

The growth assumption (37) on g and Sobolev imbeddings imply that E is well-defined and
of class C! on V [19].
The set of critical points of F is defined as

S={ueV, —Au+g(u) =0 in V'}.
The Lyapunov functional £ : V3 — R associated to the BDF3 is defined by

) 1

E(u,v,w) = E(u) +

Remark that the set of critical points of £ is S x {0} x {0}, which, in a sense, is equivalent
to S.

The following proposition shows the nonincreasing property. As a shortcut, we denote
En = E(u™, Ou™, 0*u™) for all n > 2.

Proposition 4.4 (Lyapunov stability). Assume that & > cq and let (u"),>2 be a sequence
in V generated by (45). Then for alln > 2,

1 2 ) 2 1 2
gn+1 + 5 |aun+1‘1 + (@ _ Cg) |aun+1‘0 + m ‘a2un+1‘0
oAy [0 - out ounT g < en (49)

Proof. We write the BDF3 scheme (45) in the following form, valid for all n > 2 (cf. (44)),

1 .
— Y ot = Aum 4 g(umth) =0, (50)

=17

On multiplying (50) by du™*! in H, we obtain

3
5D @, 0w (T, V(@) + (g, 0 ) =0,
j=1

L =

(51)

)y

By the Taylor-Lagrange theorem and (38), we deduce that

Va,b e R G(b) — G(a) > (b—a)g(a) — %g(a —b)?,
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and so

Ez + (Ve V(0umH)) < (Gu™),1) — (G, 1) + ¢ [0um L)) .

Using the well known identity
1 1 1
(AaA_B):§(A’A)_§(B’B)+§(A_B’A_B)’ (52)
we obtain

1
LS () = ) 4 5 Jour 2 < (G), 1) — (G, 1) + g [our 2.

By mimicking identity (17), we check that ¥ can be written

Y= 5 |3u"+1‘§ + E ‘Bzunﬂ‘z + —1% ‘8u”+1 —ou™ + Bunfl‘é

ou n+1 ou™ 2 1 82 n+1|2 32 n|2 (53)
+_ | ‘0 |0u" g e |O*um ) — |07 ) -
This is the key to the Lyapunov stability. Indeed, we find
gt D gt P 2 gyt P o L gz 2
2 L7 6At 0 4 At 0
1 —1|2 112

+@ ‘8u"+ — ou™ + ou™ ‘0 < 5"+cg‘(9u"+ |0,

and the proposition is proved. O

5. Convergence to equilibrium for the BDF3 scheme
Let (u™),, be a sequence in V. We define its w-limit set by
w((u")y) ={u* €V, Ing — oo s.t. u™ — u* in V}.

Throughout this section, we assume that the stability condition holds, that is % > cg. In
particular, the uniqueness condition is also valid.

Proposition 5.1. Let (u"),>2 be a sequence in V' generated by (45). Then (u")n>2 is bounded

inV, ou"” — 0 inV, du" — 0 in H for j =2,3 and E is constant on w((u™),).

Proof. We deduce from (46) that

—_

E(U,U,w) _(1__)| |1

1
> - wlf — ka9, (54)

2
Toaz Vot 5a7

for all (u,v,w) € V. x H x H. In particular, £" is bounded from below. Adding the fact that
(E™)y, is nonincreasing by the stability inequality (49), we conclude that €™ converges in R
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to some real number £*. From the boundedness of (£™) and estimate (54), we deduce that
(u™)p>2 is bounded in V. Using now the stability inequality (49), we have

% |oum+|? + 4At |2um 2+ 61At |ou" T — oun 4+ gun T2 < Em — gt (55)
for all n > 2. By summing on n, we find that
> (w1} + [0+ ]7) < cz —eml) <0 (e -¢&Y),

n=2

where C' = (min{1/2,1/4At})~!. Since £2 = £(u?, Ou?, 0*u?) < oo, this implies that du™ —
0 in V and 9*u™ — 0 in H. Thus, F(u") tends to the same limit £* as £". This implies that
E is constant and equal to £* on w((u")y).

In a similar way, we obtain from (55) that

ST 0umtt - gun 4 gun | < 6AKE? — £¥) < oo
n=2

Thus, Ou™t! — u™ + Ou™' — 0 in H and since

Pyt = 9utt — 20u™ + Gu™ !
(8u"+1 —ou™ + 8un_1) —ou”,

we see that 934"t — 0 in H. The proof is achieved. O

Proposition 5.2. Let (u"),>2 be a sequence in V generated by (45). Then the set w((u™)y)
is a nonempty compact and connected subset of V included in S.

Proof. We first claim that the set {u™ : n € N} is precompact in V. The idea is to use
elliptic regularity in order to find a constant ¢ > 1 such that (u"*1) is bounded in W24(Q)
with W24(Q) compactly imbedded in V. Here, W24(Q) is the standard Sobolev space based
on the L9(2) space. It is well-known [13] that W24() is compactly imbedded in V if

2——>1— = =
q> 5 q>2 (56)

From the BDF3 scheme (45), we have
Au™ = (W " u T u) + g(u Y, (57)

where the functional [ depends linearly on its variable. Thus, I(u™*! u™ v 1 u""2) is
bounded in L?(Q) (and also in LI(Q), for any 1 < ¢ < 2). By Proposition 5.1, (u"), is
bounded in V. This implies that (g(u"*1)),, is bounded in L4(Q) for an appropriate choice of
q. Now we discuss according to d.

First assume that d > 3. For any ¢ € (1, 2], we have, using the growth condition (37),

||g(un+1)||Lq(Q) <C(1+ ||Un+1||L<p+1)q(Q)) )
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for some constant C' independent of n. By Sobolev imbeddings, (u"*!) is bounded in L?"(Q)
where 2* = 24 Since p(d — 2) < 4, we have p+ 1 < H2, and by choosing ¢ = min{%, 2} €
(1,2], relatlon (56) is satisfied and g(u"*!) is bounded in L1(Q2). By elliptic regularity [13],
from (57) we deduce that (u"*!) is bounded in W?¢(Q) and this concludes the case d > 3.

If d =1 or d = 2, we obtain from Sobolev embeddings that (g(u"*!)),, is bounded in any
L"(Q), r < oo, so we may choose ¢ = 2 in (57) and we conclude as previously. This proves
the claim concerning precompactness of the set w((u");).

It is well known that w((u™),) is closed in V, so it is a nonempty compact subset of V.
Using that |8u”+1‘ = !u"“ — u”!l converges to 0 (cf. Proposition 5.1), a standard argument
shows that w((u"),) is also connected in V.

Let now u* € w((u"),). There exists ny — oo such that u™* — u* strongly in V and
(u™) complies with (50). By Proposition 5.1, &u™ converges to 0 for j = 1, 2 and 3. Hence,
—Au* 4+ g(u*) = 0, so u* belongs to S as claimed. O

The results obtained so far are valid if g € C*(R,R) only. The following lemma, which is
the Lojasiewicz-Simon inequality, uses that g is real analytic.

Lemma 5.3. Let u* € S. Then there exist constants 0 € (0, %) and 6 > 0 depending on u*
such that for any w € V satisfying |u — u*|; < 9§, we have

|B(u) — E(u*)]'? < || = Au+ g(u)|lv

(58)

Proof. The inequality has been proved in [18, Proposition 11.4.1]. O

Theorem 5.4. Let (u"),>2 be a sequence in 'V generated by (45). Then the whole sequence
converges to a steady state u® in V, with u®> € S.

Proof. The union of balls {Bs(u*), u* € w((u"),)} forms an open covering of w((u"),). Due
to the compactness of w((u"),) in V, we can extract a finite subcovering {B;s, (u})}i=1,...m in
a way that the constants 6; and §; corresponding to u; in Lemma 5.3 are indexed by 4.
From the definition of w((u"),), we can always find a sufficiently large ngy such that u™ €
Ui%, Bs, (uf) for all n > ng. Consider # = min {6;}, then by Lemma 5.3 and Proposition 5.1,

i=1,....m
we have for all n > ny,

|B(u) = 770 < || = Au+ g(w)llv,

where £* is the constant value of F on w((u")y,). We will also choose ng large enough so
that |(9ju"+1|0 < 1 for j = 1,2 and for all n > ng. Denote ¢" = E™ — £* so that (¢"), is
nonincreasing and bounded from below by 0.

Let n > ng. Using the well-known inequality (a + b)!=? < a'=? 4 b'=? satisfied by all
nonnegative numbers a and b, we find that

(¢n+1)179 < |E(un+1) _ EOO|1*€ + ‘8un+1|3

1-6
2 n+1
(20 ;)
+ 5 ‘8un+1{2 {82 n+1{ 0
v 12A¢ 0 6At
3

8jun+ 5 nt1|2 4 2,1 e
<lmE =] +(m oo g lteh)
V/

6At

< H_AunJrl _{_g(unJrl){
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The last inequality is obtained by the version (50) of the BDF3 scheme. Next, we note that

3

aj n+1 1 1
2’; — aun-f—l + 5 (aun—l—l _ aun) + g (aun-l—l — 20u™ + aun—l)
7=1
1

= gaunﬂ — %au" + 3 (Ou™tt — ou™ + u™ 1)
2 5 1

= gau"“ + 6 (3u"+1 — 3u") + 3 (8u"+1 —ou™ + Bu”_l)
ga n+1 + 282 n+1 + % (aun-l—l _ aun +8un—1) )

Since H is continuously imbedded into V’/ (cf. (41)), this yields

1/2 1/2 —-1/2

("7 < 3At [Du"* o + 61At [y + 31At |Ou™ ! — du™ 4 ou" |
5 na112(1-6) 1 nt12(1-6)
+(2ar) ) o ( (5at) )P (
n+1|2 2 n+1|2 n+l n n—1|2 5
< c<\au ||+ |0%u" T + |ou ou™ + du \0) , (59)

where c¢ is a constant independent of n.
Assume first that ¢"*! > ¢" /2. Then we have

n

¢
(¢n)0 _ (¢n+1)0 _ /nJrl 0 x9—1dm

> 9(¢n)971 (gbn _ ¢n+1)
> 929—1(¢n+1)9—1 ((ﬁn _ ¢n+1) ]

From Proposition 4.4 and 59, we obtain
2 2 102\ 2
@™ — (") > ¢ (|8un+1‘1 4 |82un+1|0 + [0umt = gu™ + ou” 1‘0) . (60)

If g"+1 < ¢" /2, by using Proposition 4.4 again, we find that for all n > 2,

oo

Lot

-1

(6")z — (¢"*1)z >

N

((bn _ ¢n+1)% (61)

v

>

> (‘aunJrl‘i n |a2un+1‘§ i |aun+1 U™ +aun71|§>5
In both cases, inequalities (60) and (61) imply that for all n > ng,

w1, < = (6 = @) + 5 (69— (60)3).
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By summing on n, we find that

. n n 1 no 1 no\ =
S jurtt —u \1§5(¢ )9+5(¢ )z < 0.

n=no
This implies that (u"),, converges to some u> in V. By Proposition 5.2, u® belongs to S. [

Remark 5.5. By using the gradient stability proved in Section 3 and by arguing as for the
BDF3 scheme, we could obtain a result similar to Theorem 5.4 for the BDF4 and BDF5
methods.

6. Numerical simulations

We present some numerical simulations to illustrate the theoretical results. We consider the
1d Allen-Cahn equation endowed with homogeneous Dirichlet boundary conditions,

up —Au+g(u) =0, (x,t) € (0,L) x (0,7,
u(0,t) =u(L,t) =0, te(0,7], (62)
u(z,0) = ug(z), z e (0,L),

where g(s) = s® — s. Note that ¢, = 1 (cf. (38)).

For the space discretization, we use P! continuous finite elements on a regular subdivision of
[0, L] with mesh size h = 1/(M +1). Due to the Dirichlet boundary conditions, the dimension
of the finite element space V}, is M. By using an appropriate basis (namely, an orthonormal
basis of V}, for the L2(0, L) scalar product), it is easily seen that this space discrete version
of (62) is a gradient flow in RM of the form (3), for a function F' which satisfies (4)-(5) (see
e.g. [2]). Moreover, F' is a polynomial of M variables (and therefore real analytic), so that
convergence to equilibrium holds for this gradient flow.

For the time discretization, we use the BDF3 scheme. By gradient stability [2, 27], conver-
gence to equilibrium also holds for this fully discrete version of (62).

Regarding the numerical resolution, we use the standard nodal basis of V}, (“hat functions”),
and in the following, we identify Vj, to RM through this basis. We obtain the scheme

11 U3 — 18U 2 9untt —2pyn
h 6At

+ A UM 4 QU3 =0, (63)

where A, and By, are M x M symmetric positive-definite matrix, G}, : R® — RM corresponds
to the nonlinearity g, and U™ € RM is the unknown vector (see e.g. [11]). The matrix Ay, is
a discretization of —A and By, is the mass matrix.

This scheme is fully implicit. When U™, U"+! and U"*? are known, U"+3 can be obtained
as a solution of the nonlinear problem,

H,(V) =0, (64)
where H, : RM — RM is the function,

11V — 18U 2 4 9untl — oun
6AL

H,(V) =By + ARV + GR(V).
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For the numerical resolution of (64), one possibility is to use a Newton method. This reads:
let VO = U2 and for k= 0,1,2,..., until convergence, let V¥ solve the linearized equation

H,(V®) +dH,(VF) (VT vk =, (65)

where dH, (V) = By /At+ Ap+dGRr(V) is a M x M symmetric matrix. Yet, the computation
of dG(V'*) is costly, so we actually use an approximate Newton method, i.e. an approximation
of dG(V'*).

11 T T T T T

o E s . Equilibirum achieved at:

. /o ) o n=14
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Figure 1. Evolution of U, to equilibrium from a regular initial condition.

Figure 1 represents the evolution of the sequence (U,) generated by (63) from a regular
initial datum ug(x) = % sin(zWTx). The spatial discretization was chosen small enough to ensure
good accuracy of the finite elements method by setting L = 20, Az = 0.0995 corresponding
to M = 200 space nodes. The total time of the simulation is 7' = 10 with a time stepsize of
At = 0.5 < % corresponding to n = 20 iterations. The first two iterations U' and U? are

approximated using the Crank-Nicolson scheme, i.e for n = 0,1
BU™! —U™ /At + AU +U™))/2 + [GU™Y + G(U™)])/2 = 0.

The choice of this second order scheme for U! and U? guarantees the third order accuracy of
the BDF3 scheme [27].

We see that the discrete solution rapidly converges to a steady state, with values close to
+1, except for three transition layers (one in the middle, and two near the boundaries 0 and
L. The equilibrium is reached graphically after only 14 iterations (i.e. with an accuracy of
order 0.01 in the max norm of U™).

Another simulation that shows the rapidity of convergence to equilibrium is given in Fig-
ure 2. It is a plot of the pseudo-energies &' versus time iteration for the BDF methods of
order £k = 1, 2 and 3. The pseudo-energy here is the Lyapunov function associated to the
scheme [27]. In particular, £F is given by €(u}) where uj’ € V}, corresponds to U™.

Since At is small enough, the pseudo-energies are decreasing, as expected. We note that
they all converge to the same value, which is the energy level of the discrete steady state.
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Figure 2. Peudo-energy vs time iteration for BDF1, BDF2 and BDF3.

Table 2. Convergence error of the
BDF3 scheme
N At errat ratio
16 1/8 1.8483¢-03 —
32 1/16 2.4165e-04  7.6487
64 1/32 3.0741e-05  7.861
128 1/64 3.8251e-06  8.0367
256  1/256  4.2679e-07  8.9624

In order to check numerically the third order accuracy of the BDF3 scheme, we have
computed in Table 2 the error for the time discretization,

L2(0,L)

erra; = ogza%XN Huﬁt(tn) — uﬁt”l (tn)‘

The maximum is evaluated on the coarse grid ¢, = nAt, n = 0,1,..., N, with At = T/N.

The notation w4 (t,) represents the function in V}, corresponding to U™ at time t,. Since the

exact solution is not known, we used instead the discrete solution uﬁt”l on a fine grid with
total time solution 7" = 2 and time stepsize Atg, = 1/512 corresponding to 1024 iterations.

The values of M = 200 and uy were chosen as above. We see that the ratio erra;/erra:. of
2

consecutive errors is close to 8 = 23, and this is consistent with the third order accuracy of
the BDF3 scheme.
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