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Abstract

A discrete action principle for general quantum automata is proposed. This
action principle is particularized to Discrete Time Quantum Walks (DTQWs)
and then extended into an energy and momentum preserving, manifestly co-
variant formulation. Space-time coordinates are introduced as new variables
of the action and their equations of motion enforce energy and momentum
conservation. This guarantees that the proposed action can be used to build
future, DTQW-based self-consistent models of spinors interacting with gauge
fields. A discrete stress-energy tensor for the DTQW is also obtained. The
manifest covariance of the formulation highlights the special role played by
the grid reference frame in the DTQW dynamics. The main discussion is
complemented by three appendices.

Keywords: Discrete time quantum walks, action principles, Lorentz
invariance, Dirac equation, quantum information

1. Introduction

Discrete Time Quantum Walks (DTQWs) are special unitary quantum
automata that can be viewed as formal generalizations of classical random
walks. Following the seminal work of Feynman [1] and Aharonov [2] they
were considered in a systematic way by Meyer [3]. DTQWs have been realized
experimentally with a wide range of physical objects and setups [4, 5, 6, 7, 8,
9, 10], and are studied in a large variety of contexts, ranging from quantum
optics [10] to quantum algorithmics [11, 12], condensed matter physics [13,
14, 15, 16, 17] and biophysics [18, 19].
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It has been shown recently [20, 21, 22, 23, 24, 25, 26, 27, 28] that several
DTQWs can be considered as discrete models of Dirac fermions coupled to
arbitrary Yang-Mills gauge fields (including electromagnetic fields) and to
relativistic gravitational fields. And a DTQW coupled to a uniform electric
field has already been realized experimentally [29]. It is thus tempting to
think one could use DTQWs to build new self-consistent discrete models of
Dirac fermions interacting with gauge fields, where DTQWs are not only
acted upon by gauge fields, but also as sources to these fields. Ideally, such
models would have to conserve energy and momentum of the whole system
constituted of the DTQWs and the gauge field, and they also would have to
be exactly both gauge invariant and covariant. If several DTQWs displaying
exact discrete Yang-Mills gauge invariance have already been proposed, the
only self-consistent interaction model [26] which has been suggested for an
electromagnetic field coupled to a DTQW does not conserve energy [30] and
Lorentz invariance of DTQWs is still a debated issue [31, 32, 33].

The aim of this article is to kill these two birds with one stone in construct-
ing manifestly covariant, energy and momentum preserving action principles
for DTQWs which can be readily extended to include covariant kinetic terms
for the gauge fields.

We first prove that general unitary quantum automata admit a simple en-
ergy preserving action principle. We then restrict the discussion to DTQWs
with constant coefficients on (1 + 1)D space-time grid and use this general
action principle to construct densities for the energy and momentum and for
their fluxes in the proper frame of the 2D space-time grid.

This action principle, as it stands, presents two limitations. First, energy
conservation derives from a particular algebraic property of unitary quantum
automata which more general principles involving gauge fields will generically
not exhibit, if only because gauge fields are not necessarily charged. Second,
Lorentz invariance cannot be properly discussed on this action principle be-
cause it does not involve space-time coordinates, but only the discrete labels
of grid points.

We therefore construct step by step a new action principle with space-time
coordinates as extra variables. This action principle can be written in a man-
ifestly covariant manner and be readily generalized to energy and momentum
conserving action principles for DTQWs and gauge fields because energy and
momentum conservation is now as consequence of the equations of motion
for the space-time coordinates. As a consequence, functional differentiation
with respect to the gradients of the space-time coordinates (conceived as
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functions of the grid labels) delivers the stress-energy tensor of the DTQW.
The manifest covariance of the formulation highlights that the grid ref-

erence frame plays a special role in the DTQW dynamics and this reference
frame enters the equations of motion by its time-like velocity field and its
space-like orthogonal.

To sum up the main results, the article brings DTQWs closer to tra-
ditional continuum physics by showing that the DTQW dynamics can be
derived from action principles which conserve energy-momentum (through
conservation equations for the DTQW stress-energy tensor) and display the
standard Lorentz symmetry. This is particularly interesting because sym-
metries and conserved quantities in general are not only mathematically im-
portant tools to understand the properties of solutions, but also contribute
to the stability of numerical simulations. And knowing the expression of
the DTQW conserved stress-energy tensor is a necessary step in coupled the
walks to a general relativistic gravitational field

These results are carefully discussed in the last section, and complemented
with three Appendices. The first one is a tutorial on discrete variational
principles. The second one shows how charge conservation can be recovered
from the first action principle The third one revisits the Lorentz invariance
of the flat space-time (1 + 1)D Dirac equation, with special emphasis on
geometry and with extensions to curved space-times in mind. All material
presented in the Appendices is new.

2. Basic action principle

2.1. General Quantum Automata

Consider a discrete time quantum automaton defined in a certain Hilbert
space H by the general abstract evolution equation Ψj+1 = UjΨj, where Ψj

represents the state of the automaton at time j and Uj is a possibly time-
dependent unitary operator. The Hilbertian product in H will be denoted
by brackets.

This article deals mainly with discrete time quantum walks (DTQWs),
which form a special subset of quantum automata. For DTQWs defined on a
certain discrete spatial set L (typically a lattice or a graph), Ψj represents the
collection

{
ψσjp, σ ∈ Σ, p ∈ L

}
where σ labels spin components and p labels

points in L. The action of the operator Uj on Ψj takes the typical form:

(UjΨj)
σ
p =

∑
σ′∈Σ,q∈Np

(
U q
jp

)σ
σ′ ψ

σ′

jq (1)
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where the summation extends to all spin components and to points q located
in a certain ‘neighborhood’ Np of point p. The Hilbert product is then

< Φj | Ψk >=
∑

σ∈Σ,p∈L

(
φ†σ
)
jp
ψσkp. (2)

DTQWs are discrete versions of relativistic quantum mechanics. In partic-
ular, the quantity Ψj,p represents the value taken by the wave-function at
discrete time j and discrete position p and Ψ is thus a classical field, not a
quantum field. It nevertheless represents discrete quantum physics, exactly
as the Schrödinger wave-function in conventional quantum mechanics, which
is a classical (as opposed to quantum) field, is used to describe continuous non
relativistic quantum physics. The so-called second quantization of DTQWs
is briefly discussed in the final section of this article.

The quantum automata dynamics Ψj+1 = UjΨj is, by definition, first
order in (discrete) time. This article is focused on DTQWs, which form a
particular subset of quantum automata and which are closely linked, at the
continuous limit, with the Dirac equation, which is also first order in time.
It is therefore natural to take inspiration from the Dirac action to build an
action for DTQWs. As recalled in Appendix C, the flat space-time free Dirac
Lagrangian density reads

LD
[
Ψ,Ψ†

]
= (Ψ−)∗

(
∂tΨ

− − (UDΨ)−
)

+(Ψ+)∗
(
∂tΨ

+ − (UDΨ)+
)
. (3)

where (UDΨ)− = ∂xΨ
− − imΨ+ and (UDΨ)+ = −∂xΨ+ − imΨ−. When

viewed as a functional of the independent variables Ψ and Ψ†, this Lagrangian
density leads to the so-called Schrödinger form ∂tΨ = UDΨ of the Dirac
equation. Consider now, for arbitrary quantum automata, the action

S[Ψ,Ψ†] =
∑
j

< Ψj+1 | Ψj+1 − UjΨj > (4)

viewed as a functional of the independent variables Ψ = {Ψj, j ∈ Z} and

Ψ† =
{

Ψ†j, j ∈ Z
}

. Treating Ψ and Ψ† as independent is customary in deal-

ing with action principles for the Klein-Gordon, Dirac, and Proca equations
[34] and comes ultimately from the fact that complex conjugation is not a
holomorphic function [35].
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Varying Ψ and Ψ† independently leads to δS = ∆S + ∆†S with

∆S =
∑
j

< Ψj+1 | δΨj+1 − UjδΨj > (5)

and
∆†S =< δΨj+1 | Ψj+1 − UjΨj > . (6)

Now,

∆S =
∑
j

[< Ψj+1 | δΨj+1 > − < Ψj+1 | UjδΨj >]

=
∑
j

< Ψj | δΨj > −
∑
j

< U †jΨj+1 | δΨj >

=
∑
j

< Ψj − U †jΨj+1 | δΨj >

=
∑
j

< U †j (UjΨj −Ψj+1) | δΨj > (7)

where the relation U †jUj = 1 expressing the fact that Uj is unitary has been
used to obtain the last equation.

Imposing that S is extremal with respect to arbitrary variations of both
Ψ and Ψ† therefore leads to the single equation Ψj+1 = UjΨj. The func-
tional S can thus be used as action for the quantum automaton defined by
{Uj, j ∈ Z}. Note that the action (4), as the Dirac action, is clearly invariant
under the global phase transformation Ψ→ exp(iφ0)Ψ with constant φ0 and
thus conserves the charge Qj =< Ψj | Ψj >.

2.2. Conserved Hamiltonian

Let us introduce the discrete derivative νj = (DΨ)j = Ψj+1 − Ψj and
rewrite the action S as

S̃[Ψ,Ψ†, ν] =
∑
j

< Ψj+1 | νj − (Uj − 1)Ψj >, (8)

where Ψ†j+1 has not been expressed in terms of ν†j to ensure that all discrete
equations follow as closely as possible their continuous counterpart valid for
the Dirac equation.
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The momentum of Ψj is πj = Ψ†j+1 and the momentum of Ψ†j vanishes

identically. The Legendre transform of S̃H reads:

S̃H [Ψ, π] =
∑
j

< π†j | (Uj − 1)Ψj > . (9)

This function delivers the correct equation of motion in the form

(DΨ)j = Ψj+1 −Ψj = +

(
∂S̃

∂π

)
|j

= (Uj − 1)Ψj. (10)

and

(Dπ)j−1 = πj − πj−1 = −

(
∂S̃

∂Ψ

)
|j

= −πj(Uj − 1) (11)

This second equation can be rewritten −πj−1 = −πjUj or π†j−1 = U †j π
†
j or,

using the unitarity of Uj:

Ujπ
†
j−1 = π†j , (12)

which admits π†j = Ψj+1 as solution.
Contrary to the general discrete case (see Appendix A), the Hamiltonian

Hj(Ψj, πj) =< π†j | (Uj − 1)Ψj > obtained from the action by applying a
by Legendre transformation is then conserved if Uj = U does not depend
explicitly on j. Indeed, one can then write

Hj+1 = < π†j+1 | (U − 1)Ψj+1 >

= < Uπ†j | (U − 1)UΨj >

= < π†j | U †(U − 1)UΨj >

= < π†j | (U − 1)Ψj >

= Hj (13)

where the unitarity of U has been used in passing from the third to the fourth
equation.

The Hamiltonian can also be written as H =< Ψj | (1 − U †)Ψj >.
Introducing the effective or pseudo-Hamiltonian h of the unitary U , one finds
H =< Ψj | (1 − exp(−ih))Ψj >. The conservation of H is thus equivalent
to the conservation of the average value of h. In the continuous case, H '
i < Ψj | h | Ψj >. Note that h is an operator while H is a scalar function
because H is obtained by applying a Legendre transformation to the action,
which is itself a scalar.
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2.3. Energy Conservation for DTQWs on the line

Let us now focus, for simplicity sakes, on the so-called one-step (1 + 1)D
DTQWs with two component wave functions Ψ = (ψ−, ψ+)†, for which Uj =
VjT where T is the j-independent spatial translation operator T defined by

(Tψ)−p = ψ−p+1

(Tψ)+
p = ψ+

p−1 (14)

and Vj is defined
(VjΨ)p = Wj,pΨp (15)

with Wj,p an arbitrary j- and p-dependent operator in U(2).
Consider the following alternate form of the action S̃:

S̃[Ψ,Ψ†, ν] =
∑
j

< Ψj | U †νj − (1− U †)Ψj >, (16)

which can be obtained from (8) by taking into account that Ψj+1 = UΨj.
This alternate form is completely equivalent to the original form but it is in
practice more useful because it delivers the Hamiltonian directly under the
form Hj =< Ψj | (1 − U †j )Ψj >, which is easier to use than the expression
derived from (8). However, (4) and (8) are easier to guess from the Dirac
action than (16). This is why this presentation starts with (4) and (8), and
not with (16).

A straightforward computation shows that the energy density correspond-
ing to the Hamiltonian Hj =< Ψj | (1− U †j )Ψj > reads

Hj,p = Ψ†j,p
(
(1− U †)Ψj

)
p

(17)

and obeys the conservation equation

(∇jH)j,p + (∇pJH)j,p = 0 (18)

with
(JH)j,p = −Ψ†j,pσ3

(
(1− U †)Ψj

)
p
. (19)

Here, σ3 is the third Pauli matrix i.e. σ3 = diag(1,−1) and

(∇jH)j,p = Hj+1,p −
Hj,p+1 +Hj,p−1

2
, (20)
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(∇pJH)j,p =
(JH)j,p+1 − (JH)j,p−1

2
. (21)

Note that Hj,p = Qj,p + hj,p, where Qj,p = Ψ†j,pΨj,p is the local charge

density and hj,p = −Ψ†j,p
(
U †Ψj

)
p
. The current (JH)j,p accordingly splits

into two contributions, the charge current (JQ)j,p = −Ψ†j,pσ3Ψj,p ([26]) and

the current (Jh)j,p = Ψ†j,pσ3

(
U †Ψj

)
p
.

We now define the momentum P of the DTQW by its spatial ‘density’

Pj,p =
1

2
Ψ†j,pσ3

(
(T − T †)Ψj

)
p
. (22)

This quantity is conserved if all coefficients of the DTQW are constants,
as can be easily seen by writing the DTQW evolution equations in Fourier
space, and also coincides, in the continuous limit, with the wave number of
the walk. The associated momentum current is

(JP)j,p = −1

2
Ψ†j,p

(
(T − T †)Ψj

)
p
. (23)

In working with the alternate form of the action, it is useful to change
variables i.e. to replace the independent variables Ψ and Ψ† by the variables
Φ = U †Ψ and Ψ† = (UΦ)†. The action then reads:

S̃[Φ,Ψ†, νΦ] =
∑
j

< Ψj | νΦ
j − (U − 1)Φj >, (24)

where νΦ
j = Φj+1 − Φj is the new velocity.

The conserved Hamiltonian and momentum as well as their spatial den-
sities and currents can also be expressed in terms of these variables. The
Hamitonian Hj reads

Hj =< Ψj | (U − 1)Φj >, (25)

its density Hj is therefore

Hj,p = Ψ†j,p ((U − 1)Φ)j,p (26)

and its current Jj,p is

Jj,p = −Ψ†j,pσ3 ((U − 1)Φ)j,p . (27)
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The momentum Pj reads

Pj =
1

2
< Ψj | σ3(T − T †)UΦj >, (28)

its density Pj,p is therefore

Pj,p =
1

2
Ψ†j,pσ3

(
(T − T †)UΦ

)
j,p

(29)

and its current JP j,p is

(JP)j,p = −1

2
Ψ†j,p

(
(T − T †)UΦ

)
j,p
. (30)

3. Extended Action Principle for DTQWs on the line

Not all DTQWs admit a continuous limit and the physical interpretation
of the limit depends on the unitary U . When U is constant, the limit, if it
exists, describes a free Dirac particle. When U is not constant, the limit es-
sentially describes a Dirac particle acted on by gauge fields. For DTQWs with
constant unitaries, the dynamics derived from the action principle introduced
in the previous section conserves the Hamiltonian H and the momentum P
of DTQWs. Though this result is true even for DTQWs which do not admit
a continuous limit, its interpretation for the walks which do admit a limit is
clear: these walks describe a free particle whose energy and momentum is
evidently conserved.

Consider now DTQWs with non constant unitaries. The continuous limit,
when it exists, describes Dirac particles acted on by gauge fields and, even
outside this limit, several classes of DTQWs exhibit exact discrete gauge
invariances, and the interpretation of these DTQWs as Dirac particles acted
on by discrete gauge fields thus makes perfect sense. The Hamiltonian and
momentum of the DTQWs with non constant unitaries is not conserved.
The obvious interpretation is that the particle now exchanges energy and
momentum with the gauge fields and, in continuous physics, the conserved
quantities are indeed the sum of the energy and momentum of the DTQWs
with the energy and momentum of the fields.

Suppose one wants to define an energy and momentum for the discrete
gauge fields acting on the DTQWs. The natural way to proceed is to extend
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the above DTQW action by adding a kinetic term for the discrete gauge
fields, using for example the discrete field strengths [26, 36] and to derive
from this discrete action a discrete Hamiltonian. As explained in Appendix
A, this discrete Hamiltonian will not be generically conserved by the discrete
dynamics. This is so because the dynamics of the gauge fields is not as
simple as the DTQW dynamics and follows the general rule of non conserving
the discrete Hamiltonian. Thus, if one extends the above DTQW action
as it is to include kinetic terms for discrete gauge fields, the program of
building discrete actions which couple self-consistently DTQWs to discrete
gauge fields in an energy- and momentum-conserving manner fails. So, in a
sense, no discrete gauge theories based on DTQWs if one follows this route.

As explained in Appendix A, the solution is to introduce in the action
which describes the combined dynamics of the DTQWs coupled to gauge
fields new dynamical variables which represent continuous space-time coor-
dinates. As a preparatory step, this article shows how one can introduce
continuous space-time coordinates in the pure DTQW action and recover
from this extended DTQW action the energy and momentum conservation
laws obtained in the previous section. Using the extended DTQW action,
these conservation laws appear as the equations of motion obeyed by the
space-time coordinates (which have been introduced as new dynamical vari-
ables of the action and thus, by definition, have their own dynamics).

But the extended DTQW action principle presented in this section is not
preparatory work only. Indeed, once coordinates have been introduced as
functions defined on the grid, it becomes possible to modify these functions
and, in particular, it becomes possible to perform Lorentz transformations
on these coordinates without changing the discrete grid. That Lorentz trans-
formations must indeed be carried out on the newly introduced space-time
coordinates and not on the grid labels j and p makes sense because, as men-
tioned in Appendix A, the physical coordinates are represented, not by the
grid labels, but by the newly introduced coordinates. This will be explored
in the next section.

3.1. Intrinsic geometry on the grid

We first make explicit the fact that the operator T codes for spatial
discrete derivatives by writing

T = σ3∇p + C (31)
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where

(∇pΦ)j,p =
1

2
(Φj,p+1 − Φj,p−1) (32)

and

(CΦ)j,p =
1

2
(Φj,p+1 + Φj,p−1) . (33)

In Fourier space for a wave vector k, the operator ∇p delivers a i sin k factor,
which becomes ik i.e. a derivation in the continuous limit, and the operator
C delivers a cos k factor, which becomes unity in the same limit.

We also introduce the discrete time derivative operator ∇j defined by

(∇jΦ)j,p = (Φj+1,p − Φj,p) = (νΦ
j )j,p (34)

and use the definition U = WT to write the action S̃ from (24) under the
form

S̃[Φ,Ψ†,∇jΦ,∇pΦ] =
∑
j

< Ψj | (∇jΦ)j −Wσ3(∇pΦ)j

− (WC − 1)Φj >p, (35)

where the notation < A | B >p=
∑

pA
∗
pBp has been used.

The conserved Hamiltonian Hj (25) reads

Hj = < Ψj | (U − 1)Φj >p

= < Ψj | (Wσ3∇p +WC − 1)Φj >p (36)

and the conserved momentum Pj (28) reads

Pj =
1

2
< Ψj | σ3(T − T †)UΦj >p

= < Ψj | ∇pUΦj >p

= < Ψj | U∇pΦj >p . (37)

3.2. Space-time coordinates

The extended action Se involves two additional variables. These are a con-
tinuous time variable tj,p = X0

j,p and a continuous space variable xj,p = X1
j,p.

If one follows the procedure outlined in Appendix A, a key step in obtaining
the action Se from S is to replace ∇j and ∇p by discrete versions ∇t = ∇0

and ∇x = ∇1 of the time- and space-derivatives. These are constructed as
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follows. First suppose that j and p were actually continuous coordinates.
One could then write

∂

∂t
=

∂j

∂t

∂

∂j
+
∂p

∂t

∂

∂p
∂

∂x
=

∂j

∂x

∂

∂j
+
∂p

∂x

∂

∂p
. (38)

The coefficients in front of ∂
∂j

and ∂
∂p

are those of the Jacobian ∂(j, p)/∂(t, x).

This Jacobian is the inverse of ∂(t, x)/∂(j, p), form which one deduces

∂j

∂t
= +

1

δ

∂x

∂p
∂j

∂x
= −1

δ

∂t

∂p
∂p

∂t
= −1

δ

∂x

∂j
∂p

∂x
= +

1

δ

∂t

∂j
(39)

where

δ =
∂t

∂j

∂x

∂p
− ∂t

∂p

∂x

∂j
. (40)

This suggests that the building blocks from which an extended, coordinate
dependent DTQW action can be constructed are

Cj
0 = +

1

∆(∇X)
∇pX

1

Cp
0 = − 1

∆(∇X)
∇jX

1

Cj
1 = − 1

∆(∇X)
∇pX

0

Cp
1 = +

1

∆(∇X)
∇jX

0 (41)

with
∆(∇X) = (∇jX

0)(∇pX
1)− (∇pX

0)(∇jX
1) (42)
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where

(∇jX
µ)j,p =

Xµ
j,p−1 +Xµ

j,p+1

2
−Xµ

j−1,p

(∇pX
µ)j,p =

Xµ
j,p+1 −X

µ
j,p−1

2
(43)

One could hope that replacing ∇j (resp. ∇p) by ∇0 = Cj
0∇j + Cp

0∇p

(resp. ∇1 = Cj
1∇j + Cp

1∇p) in the original action (35) delivers a correct,
coordinate-dependent extended action, but this simple procedure turns out
to be a bit too naive. The right extended action is presented in the next
section.

3.3. Action with coordinates and conserved quantities

Consider the following action:

Σ[Φ,Ψ†,∇Φ,∇X] =
∑
j

(Kj +Mj) (44)

where the ‘mass’ term is

Mj = M1
j +M2

j +M3
j (45)

with

M1
j =< Ψj | (1−WC)

1 + T

2
∆ ((∇X)j) Φj >p, (46)

M2
j =< Ψj | (1−WC)

1− T
2

(
(∇jX

0)j − (∇pX
1)j
)

Φj >p, (47)

M3
j =< Ψj | (1−WC)

1− T
2

Φj >p, (48)

and the more complicated ‘kinetic’ term is

Kj = Kj
j +Kp

j +Ksupp

j (49)

with
Kj
j = − < Ψj | Wσ3(∇jχ)j(∇pΦ)j >p, (50)

Kp
j = + < Ψj | σ3(∇pχ)j(∇jΦ)j >p, (51)

Ksupp

j = + < Ψj | (1− T )(∇jΦ)j >p (52)
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where
χ = X01 +X1σ3T. (53)

The unitary operators W and T are those entering the definition of the
DTQW given above.

Let us now prove that the equations of motion derived from this action are
solved by X0

j,p = j, X1
j,p = p and the original DTQW dynamics (∇jΦ)j,p =

(U − 1)Φj,p. To do this, we first note that the action Σ (44) coincides with
the action (35) for (Φ,Ψ) when X0

j,p = j and X1
j,p = p. Thus, the equations

of motion for Φ and Ψ derived from Σ are solved by X0
j,p = j, X1

j,p = p,
(∇jΦ)j,p = (U − 1)Φj,p.Note that M2

j vanishes identically when X0
j,p = j and

X1
j,p = p.

Let us now investigate the equations of motion for the coordinates X0

and X1 derived from Σ. The functional derivatives of Σ with respect to the
gradients of the coordinates read:

δΣ

δ ((∇jX0)j,p)
= Ψ†j,p

(
−Wσ3(∇pΦ)j,p

+ (1−WC)
1− T

2
Φj,p

+ (1−WC)
1 + T

2
(∇pX

1)j,pΦj,p

)
, (54)

δΣ

δ ((∇pX0)j,p)
= Ψ†j,p

(
σ3(∇jΦ)j,p

− (1−WC)
1 + T

2
(∇jX

1)j,pΦj,p

)
, (55)

δΣ

δ ((∇jX1)j,p)
= Ψ†j,p

(
− U(∇pΦ)j,p

− (1−WC)
1 + T

2
(∇pX

0)j,pΦj,p

)
, (56)

and

δΣ

δ ((∇pX1)j,p)
= Ψ†j,p

(
T (∇jΦ)j,p

− (1−WC)
1− T

2
Φj,p

+ (1−WC)
1 + T

2
(∇jX

0)j,pΦj,p

)
. (57)
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Evaluating these quantities for X0
j,p = j, X1

j,p = p and (∇jΦ)j,p = (U −
1)Φj,p leads to

δΣ

δ ((∇jX0)j,p)
=̂ −Hj,p, (58)

δΣ

δ ((∇pX0)j,p)
=̂ −(JH)j,p, (59)

δΣ

δ ((∇jX1)j,p)
=̂ −Pj,p (60)

δΣ

δ ((∇pX1)j,p)
=̂ −(JP)j,p (61)

where =̂ has been used to indicate are valid only for this particular choice
of variables. These equalities show that the equations of motion for the co-
ordinates X0 and X1 derived from Σ, when evaluated for X0

j,p = j, X1
j,p = p

and (∇jΦ)j,p = (U − 1)Φj,p, are identical to the energy and momentum con-
servation equations obtained from the original DTQW dynamics (∇jΦ)j,p =
(U − 1)Φj,p. This shows that X0

j,p = j, X1
j,p = p and (∇jΦ)j,p = (U − 1)Φj,p

solves all the equations of motion derived from the extended action Σ. As is
customary in working with action principles, we will designate this choice of
variables as the ‘shell’. Thus, for example, to obtain the equations of motion
from the action, one has to consider the action ‘off-shell’. And the equations
of motion are the equations defining the shell.

At this stage, it may seem that the action Σ brings little to the table,
except unnecessary complications. As indicated earlier, this point of view
is mistaken. Indeed, Σ contains the space-time coordinates X0 and X1 as
variables defined on the grid and this will allow us to change these vari-
ables (without of course modifying the grid) and thus, ultimately, to perform
Lorentz transformations. This will be investigated in the next sections. The
second advantage of Σ, namely the fact that energy-and momentum con-
servation are now recovered as the equations of motion of the space-time
coordinates, can be used to build energy-and momentum-conserving actions
for gauge fields coupled to DTQWs and will be investigated in forthcoming
publications.

3.4. Lorentz invariance I: main kinetic term

We first stress that the appearance of X0 and X1 in the action Σ does
not mean that Σ is valid in an arbitrary Lorentz frame. Indeed, because the
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equations of motion derived from Σ are solved by X0 = j and X1 = p, Σ
is actually valid in the rest frame of the grid only. Note that the conserved
quantities derived from Σ are also the energy and momentum in the rest
frame of the grid. Our main task is thus to define Lorentz transformations
for DTQWs in such a way that (i) these Lorentz transformations coincide
with usual continuous Lorentz transformations in the continuous limit (ii) it
is possible to find a covariant action which coincides with Σ in the rest frame
of the grid.

The first step consists in identifying in Σ a main kinetic term which
ressembles the kinetic from the flat space-time Dirac equation. We will use
this term to define Lorentz transformations on DTQWs and then introduce
a covariant form for this main kinetic term.

The second step, which will be presented in the next section, consists in
dealing with the mass terms and with the extra kinetic terms which vanish
in the continuous limit and thus do not contribute to the main kinetic term
studied in this section.

The operator Wσ3 is in U(2). It therefore admits two eigenvalues of unit
modulus, which we call exp(iαL) and exp(iαR). We now switch to a new
spin basis (bf ) = (bL, bR) made of normalized eigenvectors of Wσ3. In this
new basis, the operator σ3 is not represented by the third Pauli matrix. We
therefore introduce the new operator σ̄3 whose representation in (bf ) coincides
with the third Pauli matrix and write σ3T = (σ̄3 + (σ3 − σ̄3)) (1 + (T − 1)),
which leads to χ = χ̄+ ∆χ with

χ̄ = X0 +X1σ̄3

∆χ = X1 [(σ3 − σ̄3) + σ̄3 (T − 1)

+ (σ3 − σ̄3) (T − 1)] (62)

Similarly, ξ = σ3χ = X0σ3 +X1T = ξ̄ + ∆ξ with

ξ̄ = X0σ̄3 +X1

∆ξ = X0 (σ3 − σ̄3) +X1 (T − 1) (63)

Inserting the above expressions into the kinetic terms of the action Σ
delivers expressions of the form K

j/p
j = K̄

j/p
j + ∆K

j/p
j with

K̄j
j = − < Ψj | Wσ3(∇jχ̄)j(∇pΦ)j >p, (64)

K̄p
j = + < Ψj | (∇pξ̄)j(∇jΦ)j >p . (65)
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The sum K̄j = K̄j
j + K̄p

j can be written as K̄j =
∑

p K̄j,p with

K̄j,p = ηfg(Ψ
f )∗j,p

[(
eqaγ

0γaDq

)g
h

Φh
]
j,p

∆((∇X)j,p) (66)

with Dj = ∇j, Dp = Wσ3σ̄3∇p, e
q
a = Cq

a (see (41)),

(γ0)fg =

(
0 1
1 0

)
(γ1)fg =

(
0 1
−1 0

)
, (67)

and summation is implied over repeated indices {f, g, h} ∈ {L,R}3, q ∈
{j, p}2 and a ∈ {0, 1}. The coefficients (eqa = Cq

a) can be interpreted as
the (j, p) ‘components’ of an X-dependent 2-bein (e0, e1) with µ-components
e0

0 = 1 = e1
1, e1

0 = e0
1 = 0 (see Section ‘Space-time coordinates’ above as well

as Appendix C). Introducing Dµ = Cj
µDj +Cp

µDp helps bring K̄j,p under the
form

K̄j,p = ηfg(Ψ
f )∗j,p

[(
eµaγ

0γaDµ

)g
h

Φh
]
j,p

∆((∇X)j,p), (68)

which is similar to the usual form of the kinetic term in the Dirac equation.
We thus define the DTQW Lorentz transformation exactly as the continuous
one and we proceed in the same exact way. In particular, the basis vector bL
(resp. bR) gets multiplied by a positive real number λ (resp. λ−1) and this
change of basis is compensated by a change of coordinates through a change
of spin metric and of 2-bein. The volume ‘measure’ ∆(∇X)∆j∆p = ∆(∇X)
is invariant under Lorentz transformation because the coordinates X0 and
X1 in a Lorentz frame of velocity V with respect to the grid frame are given
by the usual linear expressions:

X0
j,p = γ(V )(j − V p)

X1
j,p = γ(V )(p− V j) (69)

where γ(V ) = (1 − V 2)−1/2. Thus, in the (X0, X1) plane, curves of con-
stant grid-time j are straight lines of slope −1/V where one grid space-
step ∆p = 1 corresponds to ∆X0 = −γ(V )V and ∆X1 = +γ(V ). Simi-
larly, curves of constant grid-position p are straight lines of slope −V where
one grid time-step ∆j = 1 corresponds to ∆X0 = +γ(V ) and ∆X1 =
−γ(V )V . For arbitrary V , these straight lines are not orthogonal for the
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Euclidean metric (dX0)2 + (dX1)2, but rather for the Minkovski (pseudo-
)metric (dX0)2− (dX1)2. Note finally that the Lorentz transformation of K̄j

is computationally simple because we are working in the basis which makes
diagonal Wσ3, σ̄3, and thus also their product Wσ3σ̄3. Choosing the basis
(bf ) orthonormal ensures that the spin-metric is diagonal too.

3.5. Lorentz invariance II: extra kinetic terms and mass terms

As a prolegomenon, let us remark that, as any quantity appearing in a
covariant theory, an arbitrary spin operator can be fully defined by its value
in a particular spin-basis together with its transformation law. This way of
defining spin-operators will be used extensively in what follows where most
spin operators will be defined by their values in the spin basis correspond-
ing to the grid reference frame combined with the SOLT law introduced in
Appendix C to discuss Lorentz invariance for the Dirac equation.

There are three extra kinetic terms i.e. ∆Kj, ∆Kp and Ksupp, and two
mass terms i.e. M1 and M2. The mass terms are somewhat simpler and we
start with them.

Since ∆((∇X)j,p) is Lorentz invariant, the first mass-term M1
j =

∑
pM

1
j,p

can be written in the covariant form

M1
j,p = ηfg(Ψ

f )∗j,p
(
(m1)ghΦ

h
)
j,p

∆((∇X)j,p) (70)

where the operator m1 = (1 −WC)1+T
2

in the spin basis of the grid frame
and obeys the SOLT law.

The second mass term is conceptually more complicated. To write in a
manifestly covariant manner, let us introduce the ‘vector field’ (resp. ‘form
field’) Uµ (resp. Uµ) is defined by its components U0 = 1, U1 = 0 (resp.
U0 = 1, U1 = 0) in the grid frame, together with the usual Lorentz trans-
formation law for vector fields (resp. form-fields). In physical terms, U
represents the velocity field of the grid in 2D space-time. It also coincides
with the first vector of the 2-bein associated to the grid coordinates (see the
definition of the coordinate-dependent 2-beins in the previous section). Note
that the grid being independent of the choice of coordinates, ∇j behaves like
a scalar. In usual continuous geometrical terms, ∇j = Uν∇ν . This scalar
depends on U i.e. on the choice of grid, not on the choice of coordinates.
We also introduce the ‘vector field’ V µ defined by its components V 0 = 0
and V 1 = 1 in the grid frame, together with its associated form Vµ. This
vector field coincides with the second vector of the 2-bein associated to the
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grid coordinates and will be used immediately below to express one of the
extra kinetic terms in a manifestly covariant manner. And the operator ∇p

is a scalar, discrete equivalent to V ν∇ν . Note that contracting a tensor with
V essentially amounts to projecting the tensor on the orthogonal to U :

ΠµνA
ν = (ηµν − UµUν)Aν

= (ηµν − UµUν) ((A.U)Uν + (A.V )V ν)

= (A.V )Vµ, (71)

where ηµν is the Minkovski metric in orthonormal coordinates, Π is the pro-
jector unto the orthornomal to U and (A.B) = ηαβA

αBβ.
The ‘vector fields’ U and V help write M2

j =
∑

pM
2
j,p with

M2
j,p = ηfg(Ψ

f )∗j,p
(
(m2)ghΦ

h
)
j,p

(Uµ∇j + Vµ∇p)X
µ (72)

where the spin-operator m2 obeys the SOLT law and coincides with (1 −
WC)1−T

2
in the spin basis of the grid frame.

Similarly, M3
j =

∑
pM

3
j,p with

M3
j,p = ηfg(Ψ

f )∗j,p
(
(m2)ghΦ

h
)
j,p
. (73)

The three extra kinetic terms can be dealt with in the same manner.
Their Lorentz invariant expressions are Ksupp

j =
∑

pK
supp

j,p , ∆Kj
j =

∑
p ∆Kj

j,p,
∆Kp

j =
∑

p′ ∆Kp
j,p′ , with

Ksupp

j,p = ηfg(Ψ
f )∗j,p

(
(ksupp)gh∇jΦ

h
)
j,p

(74)

∆Kj
j,p = +ηfg(Ψ

f )∗j,p
(
(∆kj)gh∇pΦ

h
)
j,p

×(Vµ∇jX
µ) (75)

∆Kp
j,p = ηfg(Ψ

f )∗j,p
(
(∆kpU)gh∇jΦ

h
)
j,p

×(Uµ∇pX
µ)

− ηfg(Ψ
f )∗j,p

(
(∆kpV )gh∇jΦ

h
)
j,p

×(Vµ∇pX
µ) (76)

where the operators ksupp, ∆kj, ∆kpU , ∆kpV all obey the SOLT law and coincide
respectively with 1−T , Wσ3 [(σ3 − σ̄3) + σ̄3 (T − 1) + (σ3 − σ̄3) (T − 1)], σ3−
σ̄3 and T − 1 in the spin basis of the grid frame. We have also used the stan-
dard notations Uµ = ηµνU

µ and Vµ = ηµνV
µ with ηµν = diag(1,−1), in

accordance with the 2-bein components introduced in the previous section.
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3.6. Stress-energy in an arbitrary Lorentz frame

Let ΣL be the Lorentz invariant action obtained by summing up all pre-
vious contributions. By construction, the on-shell values of the functional
derivatives of ΣL with respect to the derivatives of the coordinates coincide,
in the grid reference frame, with the (opposite of) the Hamiltonian H, the
momentum P , and their currents JH and JP . These four quantities repre-
sent the stress-energy of the DTQW in the grid frame. Because we want
to investigate what happens to the stress-energy in other Lorentz frames,
we view these quantities as the grid frame components of a single object,
the stress-energy ‘tensor’ T of the walk. Since the on-shell values of the
coordinates in the grid reference frame are X0 = j and X1 = p, we denote
the components of the stress energy ‘tensor’ in the grid frame by T jj = H,
T pj = JH, T jp = P and T pp = JP . As shown above, these components obey

the two conservation equation ∇jT jj +∇pT pj = 0 and ∇jT jp +∇pT pp = 0.
Suppose now we change Lorentz frame to coordinates which we denote

by X0 and X1 for simplicity sake. It is straightforward to show that the on-
shell values of the derivatives of ΣL with respect to the coordinate derivatives
coincide on-shell with the Lorentz transforms of the components T j/pj/p with

respect to the lower index (remember that the C’s are the coefficients to
be applied on forms when one changes form coordinates j, p to coordinates
(X0, X1), see above):

T j0 = − δΣ

δ (∇jX0)
=̂ Cj

0T
j
j + Cp

0T jp

T p0 = − δΣ

δ (∇pX0)
=̂ Cj

0T
p
j + Cp

0T pp

T j1 = − δΣ

δ (∇jX1)
=̂ Cj

1T
j
j + Cp

1T jp

T p1 = − δΣ

δ (∇pX1)
=̂ Cj

1T
p
j + Cp

1T pp . (77)

These components obey the conservation equations ∇jT j0 + ∇pT p0 = 0 and
∇jT j1 +∇pT p1 = 0.

4. Continuous limit

The continuous limit of 2D DTQWs is analyzed in detail in [22]. The
most interesting case is the one where the limit exists and coincides with the
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free Dirac equation, which is obtained by collecting all first order terms in
the infinitesimal ε which fixes the time- and spatial-step. At first order in
ε, the operators ∇j and ∇p then tend towards ε∂t and ε∂x, the operator C
tends towards unity and the operator W tends towards 1 + iεmσ1 where σ1

is the first Pauli matrix and m plays the role of the fermion mass. Thus,
at first order in ε, M1

j coincides with the mass term of the Dirac equation
while both M2

j and M3
j vanish at the same order. As for the kinetic terms,

K̄j coincides at first order in ε with the kinetic term of the Dirac equation
while all other kinetic contributions vanish at that order.

5. Conclusion

We have shown that the quantum automata linear unitary dynamics de-
rives from a Hamiltonian preserving basic action principle. For DTQWs
with constant coefficients on the line, this basic principle can be extended
by adding space-time coordinates as new variables defined on the space-
time grid and the equations of motion for these new variables deliver energy
and momentum conservation in the grid reference frame in the form of fi-
nite differences conservation equations obeyed by the energy and momentum
densities together with their flux densities. We have finally proposed a man-
ifestly covariant form of this extended action principle and computed the
stress-energy of the DTQW in an arbitrary reference frame. The Lorentz
invariance of the 2D Dirac equation has been revisited in Appendix C, while
Appendix B shows how charge conservation for DTQWs can be recovered
from the action principle. Appendix A presents the basics of discrete action
principles on simple examples from classical mechanics. Though Appendix
A is presented as a tutorial, all the material offered in it is new.

Let us now comment on these results and mention a few extensions. The
first, very general conclusion of this manuscript is that the dynamics of sev-
eral physically interesting discrete dynamical systems like quantum automata
and in particular DTQWs does derive from action principles. The perhaps
unexpected point is that, in the discrete case, the existence of an autonomous
i.e. time-independent Lagrangian does not guarantee energy conservation,
except in very particular systems like quantum automata. For DTQWs, the
Hamiltonian obtained from the basic action principle introduced in this ar-
ticle is essentially the average of the imaginary exponential of the so-called
pseudo Hamiltonian already introduced in the literature independently of ac-
tion principles. The momentum of the DTQW is the sine of the wave-number.
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These two quantities represent physically the energy and the momentum of
the DTQW in what we have called the grid reference frame. Associated
spatial densities and currents can be also computed by choosing the right
variables in the action.

The basic action principle valid for general quantum automata, as spe-
cialised to DTQWs, presents two limitations. First, the action involves only
the grid coordinates (j, p) and does not involve arbitrary space-time coor-
dinates, so Lorentz invariance cannot even be discussed properly. Second,
energy conservation is not generically valid for discrete action principles.
Thus, extending the DTQW action to describe for example the dynamics
of gauge fields acting on DTQWs would lead to a global dynamics whose
Lorentz covariance cannot be discussed and which does not conserve any
energy.

As explained in Appendix A, the key to solving both problems lies in
introducing space-time coordinates X0 and X1 as new variables in extended
actions. Before discussing this idea, let us review rapidly the previous efforts
that have been made [31, 32, 33] to address Lorentz invariance of DTQWs
without introducing new space-time coordinates.

It is obvious that a discrete 2D grid in space-time is not invariant un-
der Lorentz transformations and that is the main problem encountered when
trying to discuss Lorentz invariance of any theory defined on a discrete grid.
The literature on DTQWs offers two solutions. The first solution [31] is to
replace the concept of discrete space-time points by light-like rectangular
space-time patches. This however is not sufficient to ensure Lorentz invari-
ance for DTQWs, but it is enough to prove that extensions of DTQWs named
Clock DTQWs are exactly Lorentz invariant.

The other solution [32, 33] offered by the literature is to switch to Fourier
space, which is continuous if the space-time grid is not bounded, and describe
Lorentz transformations as non-linear transformations in that space. Thus,
in this approach, Lorentz transformations act on components in Fourier space
and do not act on coordinates in physical 2D space-time.

The solution offered in the present article in different and much more
conventional. In particular, discrete space-time points are not replaced by
space-time patches and Lorentz transformations, as usual, act linearly on
space-time coordinates. This can be achieved by introducing space-time co-
ordinates are as functions defined on the discrete space-time grid. It turns out
that this procedure can also be used to extend the energy- and momentum-
preserving basic DTQW action into more general energy- and momentum-
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preserving actions for DTQWs coupled self-consistenly to gauge fields. Let
us now discuss this in detail.

As stated in the preceding paragraph, the first step in our approach con-
sists in introducing space-time coordinates as functions defined on the space-
time grid and to treat these as new dynamical variables of an extended action.
The equations of motion then have to be solved, not only for the spinor Φ (and
possible other fields like gauge fields if needed), but also for the space-time
coordinates X0 and X1. If the space-time coordinates are introduced prop-
erly, conservation equations for an energy and a momentum for the spinor
(and possible other fields) then appear as the equations of motion for X0 and
X1. Thus, in a generic case, space-time coordinates cannot be chosen freely
and the solution obeying the equations of motion ensures that an energy and
momentum for the remaining variables (spinor etc.) is conserved. In the
simple case envisaged in this article i.e. free DTQWs, the original dynamics
does conserve energy and momentum. Thus, the equations of motion for the
spinor and the space-time coordinates are solved identically by the original
DTQW dynamics and the choice X0 = j and X1 = p. As it stands, this first
extension of the basic action principle does not bring a lot on table when only
DTQWs are considered. But this first extended action can be generalized to
describe inhomogeneous DTQWs and a coordinate-dependent kinetic term
for other fields like gauge fields can also be added. The resulting equations
of motion for the fields combined with the space-time coordinates will then
enforce energy and momentum conservation. Thus, the first extension of the
basic action solves the second problem above.

Note that, at this stage, the coordinate X0 and X1 are only arbitrary
off-shell i.e. when considered as variables on the extended action, and the
coordinate-independent on-shell action obtained by replacing X0 by j and
X1 by p is identical to the basic action obeyed by DTQWs. Thus, at this
stage, the coordinates (X0, X1) are not coordinates in an arbitrary Lorentz
frame, but space-time coordinates in the Lorentz frame of the grid. They
are arbitrary variables of the extended action and become equal to the grid
coordinates by virtue of the equations of motion. Thus, this first extension
of the basic action principle still describes physics in the grid reference frame
only.

Change of reference frame can be performed by considering a second ex-
tension of the basic action, which is obtained by rewriting the first extension
into a manifestly covariant manner. Let us now discuss some aspects of the
quite involved computation.

23



Invariance properties of the Dirac equation are notoriously non trivial con-
ceptually. The Lorentz invariance of the 2D flat space-time Dirac equations
is reviewed in Appendix C, with special emphasis on geometrical aspects.
One of the non-standard aspects of the presentation is that flat-space time
is viewed as a special case of the more general curved space-time.

Under a change of Lorentz frame, wave functions of DTQWs and usual
Dirac spinors transform the same way. The same goes for spin-operators
acting on DTQWs and Dirac spinors, which all obey what we call the SOLT
law. Both actions contain the same basic kinetic term, but the discrete ac-
tion contains extra kinetic and mass terms which vanish at the continuous
limit. The extra kinetic and mass terms can be written in a manifestly
covariant manner which involves the time-like 2-velocity of the grid in space-
time and its orthogonal vector field or, if one prefers, i.e. the projector unto
the space orthogonal to the velocity field. This sort of dependence is stan-
dard when one describes in a covariant manner situations which exhibit a
special reference frame. Standard examples are relativistic fluid dynamics,
including acoustics and diffusive transport in a relativistic fluid, cosmolog-
ical structure formation and relativistic Hamiltonian formulations. Indeed,
scalar equations of state for relativistic fluids [37, 38] link energy density and
pressure in the local rest-frame of the fluid and this quantities are contrac-
tions of the stress-energy tensor of the fluid with its local velocity field and
with the projector orthogonal to this field. Similarly, relativistic acoustics
[39, 40] studies perturbations around a given flow caracterized notably by
its velocity field. Also, the stochastic equations defining physically realistic
relativistic stochastic processes [41] can be written in a manifestly covari-
ant manner which involves the velocity of the fluid in which diffusion takes
place. In the same vein, cosmological structure formation [42] relies on a
perturbation expansion around an isotropic homogeneous solution of Ein-
stein equation, which exhibits a preferred reference frame [43]. This frame is
also identified with the so-called co-moving frame where the CMB appears
isotropic [44]. Finally, the Hamiltonian formulation of any relativistic the-
ory, from point-particle dynamics [45] to General Relativity [46] is naturally
perfectly covariant and is based on a foliation of space-time, which amounts
to choosing a reference frame at each point i.e. a velocity field.

Geometrically speaking, the picture that emerges from this article can
be summed up in the following manner. For the Dirac equation, the base
space-time is a differential manifold, which is a continuous set of points and
coordinate systems are used to label these points by real numbers. For the
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DTQWs, the base space-time is the grid and coordinates are used to label
the discrete points of this grid by real numbers. Both dynamics derive from
an action principles which can be written in a manifestly covariant manner.
The Dirac action principle does not involve a particular velocity field U i.e. it
does not involve any preferred reference frame. On the contrary, the DTQW
action principle, when written in arbitrary Lorentz coordinates, does involve
a quantity which can be interpreted as the velocity of the grid in space-time
and whose components become (1, 0) if one uses coordinates attached to the
grid. Figure 1 sums up how the DTQW operates in an arbitrary Lorentz
frame.

-3 -2 -1 1 2 3

-3

-2

-1

1

2

3

Figure 1: The DTQW in the Lorentz frame with velocity V =
√
2/2 with respect to the

grid frame. The coordinate X0 =
√
2j − p is horizontal and X1 =

√
2j − p is vertical.

Grid points corresponding to integer values of j and p are represented by black bullets.
The dashed red lines correspond to j = 0 (right) and j = −1 (left). The dashed blue line
corresponds to p = 0 and the dashed green lines correspond to p = +1 (right) and p = −1
(left). Arrows indicate that the state of the walk at point j = p = 0 is determined by the
state at points j = −1, p = ±1.
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Let us conclude by mentioning a few natural extensions of this work.
The analysis presented in this article should be carried out on more general
DTQWs with constant coefficients, not only walks in higher dimensions, but
also several step walks. One should then address walks with non constant
coefficients, which are essentially discrete models of spinors coupled to gauge
fields, and then proceed by adding to the action Lorentz invariant kinetic
terms for the gauge fields, thus obtaining energy and momentum conserv-
ing discrete models of spinors self-consistently coupled to gauge fields. Fi-
nally, action principles can also be used in path-integrals to second quantize
DTQWs.

Appendix A. Toolbox for discrete action principles

Appendix A.1. Basics

For simplicity, we consider an action S which is a functional of a single
real variable q defined on the discrete ‘time’ line Z. This action can be viewed
as as function of the variables q = (qj)j∈Z. The corresponding equations of
motion are thus obtained by enforcing that S is an extremum for arbitrary
independent variations of the qj’s. The equations of motion thus read ∀j ∈
Z, ∂S/∂qj = 0.

Suppose now that the explicit expression of S in terms of the qj makes it
natural to write S as a function S̃ of both the qj’s and the finite differences
vj = qj+1 − qj = (Dq)j, as is for example the case with the ‘mechanical’
action

Sm(q) =
∑
j

[
1

2
(qj+1 − qj)2 − φ(qj)]

=
∑
j

[
1

2
v2
j − φ(qj)]

= S̃m(q, v). (A.1)

The equations of motion can easily be recovered from S̃. Indeed,

∂S

∂qj
=

∂S̃

∂vj

∂vj
∂qj

+
∂S̃

∂vj−1

∂vj−1

∂qj
+
∂S̃

∂qj

= − ∂S̃
∂vj

+
∂S̃

∂vj−1

+
∂S̃

∂qj
. (A.2)
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Introducing the momentum

pj =
∂S̃

∂vj
, (A.3)

the equation of motion ∂S/∂qj = 0 thus reads

(Dp)j−1 = pj − pj−1 =
∂S̃

∂qj
, (A.4)

which closely parallels the usual Euler-Lagrange equation.
Suppose now that one chooses for example v′j = qj+1 − qj−1 = (D′q)j

as velocity and work with an S̃ ′(v′, q). A similar computation delivers the
equation of motion for qj under the form

(D′p′)j = p′j+1 − p′j−1 =
∂S̃ ′

∂qj
(A.5)

with

p′j =
∂S̃ ′

∂v′j
. (A.6)

If one of the qj’s is a cyclic variables of S̃ (resp. S̃ ′) i.e. if S̃ (resp. S̃ ′)
does not depend on that variable , its conjugate momentum pj (resp. p′j) is
conserved in the sense that (Dp)j = 0 (resp. (D′p′)j = 0).

Appendix A.2. Hamiltonian

Consider now the Legendre transform S̃H =
∑

j pjvj − S̃ of S̃. By defini-

tion, S̃H is a function of the (qj, pj)’s and its differential reads

dS̃H =
∑
j

[− ∂S̃
∂qj

dqj + vjdpj]. (A.7)

Here, d denotes the usual differential and is not connected with any discrete
derivative: for each discrete value of j, the variables qj and pj are continu-
ous and the function S̃H can therefore be differentiated with respect to its
variables. Combining this with the definition of vj = qj+1 − qj and with the
equation of motion (A.4) leads to

(Dp)j−1 = −∂S̃H
∂qj

(Dq)j =
∂S̃H
∂pj

. (A.8)

27



One can show in a similar way that

(D′p′)j = −∂S̃
′
H

∂qj

(D′q)j =
∂S̃ ′H
∂pj

(A.9)

where S̃ ′H is the Legendre transform of S̃ ′ with respect to the v′j’s.
Suppose now that the action S does not depend explicitly on j and that

S̃H(p, q) =
∑

j H(pj, qj). The discrete equation (A.8) transcribes into

(Dp)j−1 = −∂H
∂qj

(Dq)j =
∂H

∂pj
, (A.10)

which closely ressembles the Hamiltonian or symplectic form of usual contin-
uous equations of motion. But in the discrete case, this fact is not enough
to guarantee that the Hamiltonian H is conserved. In the continuous case,
conservation of the Hamiltonian can be proven by inserting the symplectic
equations of motion into a Taylor-expansion of H(p+ dp, q + dq):

H(p+ dp, q + dq) = H(p, q) + dp
∂H

∂p
+ dq

∂H

∂q

= H(p, q) + (−∂H
∂q

dt)
∂H

∂p
+ (

∂H

∂p
dt)

∂H

∂q

= H(p, q). (A.11)

In the discrete case, H(pj+1, qj+1) = H(pj + (Dp)j, qj + (Dq)j) but (Dp)j
and (Dq)j are not infinitesimal, so the Taylor expansion makes no sense and
conservation of H cannot be proven. Indeed, H is not generally conserved.
Take for example the action Sm, for which S̃mH(q, p) =

∑
j[p

2
j/2 +φ(qj)] and

which generates for all j the equations of motion (Dp)j−1 = −∂φ/∂qj and
(Dq)j = pj. Then,

Hj+1 −Hj = φ(qj + (Dq)j)− φ(qj)− pj
(
∂φ

∂q

)
j+1

+
1

2

(
∂φ

∂q

)2

j+1

, (A.12)

which only vanishes for constant potentials φ i.e. for free particles. Thus, Sm
is a symplectic discretization of the motion of a point particle in the potential
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φ i.e. the Hamiltonian H(p, q) can be used to write the discrete equations of
motion, but this Hamiltonian is not conserved, except in the uninteresting
case of constant potential.

Appendix A.3. Conserved energy

In the discrete case, the Hamiltonian is generally not conserved and there-
fore does not generally correspond to a conserved energy (though it always
is a tool to write down the equations of motion in the so-called symplec-
tic form). As shown in Section ..., a noteworthy exception is the case of
DTQWs with constant unitary. These describe physically DTQWs coupled
to constant, imposed discrete gauge fields. If one wants to study situations
where DTQWs and fields are coupled in a self-consistent manner, one needs
to introduce discrete kinetic terms for the fields and these make the total
(discrete) Hamiltonian of the DTQWs and the discrete fields not conserved.
It is thus both instructive and useful to present a systematic method making
it possible to build extensions of the above discrete actions which do conserve
an energy when other objects than the DTQWs, for example discrete gauge
fields, are allowed their own dynamics and thus, treated as dynamical vari-
ables in the action. This can be done by introducing a new ‘time’ variable
tj.

Consider first for example an action of the form S̃(q, v) =
∑

j s̃(qj, vj),
which is autonomous i.e. does not depend explicitly on the discrete time
variable j, and build from S̃ the following action

Σ̃(q, t, v, V ) =
∑
j

s̃(qj, vj/Vj)Vj =
∑
j

s̃(qj, uj)Vj, (A.13)

where Vj = (Dt)j. In passing from S̃ to Σ̃, ∆j = (j + 1) − j = 1 has been
formally replaced by ∆t = tj+1− tj = Vj and the velocity vj = Dqj/(∆j) has
been replaced by uj = Dqj/(∆t) = vj/Vj.

The momenta πj and Πj conjugate to qj and tj read:

πj =
∂Σ̃

∂vj
= Vj

(
∂σ̃

∂u

)
uj=vj/Vj

Πj =
∂Σ̃

∂Vj
= σ̃(uj, qj)− uj

(
∂σ̃

∂u

)
uj=vj/Vj

(A.14)

The Legendre transform of Σ̃ with respect to the q’s and t’s vanishes iden-
tically i.e. there is no non vanishing Hamiltonian to write the equations of
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motion in the form (A.10). On the other hand, the time t is a cyclic variable
of the action, so its momentum Π is conserved i.e. Πj does not depend on j.
Now, the second equation in (A.14) shows that Πj is the Legendre transform
of S̃ with respect to the velocity uj and, thus, represents the energy at time
tj. One thus gets energy conservation as the equation of motion for the time
variable t and the actual equation of motion for q is

(Dp)j−1 = Vj

(
∂σ̃

∂q

)
qj

. (A.15)

Taking again the action Sm as an example,

Σ̃m(q, t, v, V ) =
∑
j

[
1

2

(
vj
Vj

)2

− φ(qj)]Vj, (A.16)

πj =
vj
Vj

=
(Dq)j
(Dt)j

Πj = −1

2

(
(Dq)j
(Dt)j

)2

− φ(qj) (A.17)

and the equation of motion for qj reads(
D
Dq

Dt

)
j−1

= −(Dt)j

(
∂φ

∂q

)
j

. (A.18)

Let us comment briefly on the philosophy behind the method we just in-
troduced. The original discrete actions generate an Hamiltonian with which
one can write the discrete equations of motion in the so-called symplectic
form, but this Hamiltonian is generally not conserved, even for actions which
do not depend explicitly on the discrete ‘time’ j, and thus, this Hamilto-
nian does not correspond to an energy. However, one can build from these
non energy conserving actions new discrete actions which involve, not only
the original dynamical variables, but a new dynamical variable t identified
with the physical time. The equations of motion derived from these new
actions cannot be put in symplectic form (because their Hamiltonian iden-
tically vanishes), but there is a conserved quantity, the momentum of the
time coordinate t, which can be identified with the physical energy. In this
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approach, the physical time t does not generally coincide with the grid coor-
dinate j. An exception to this is the dynamics of DTQWs coupled to exterior,
imposed gauge fields where t can be chosen identical to j (see Sections...).
Note however that, even in this case, introducing a new variable t and an
accompanying new space variable x defined on the space-time grid makes it
possible to change these variables and, in particular, perform Lorentz trans-
formations, even in discrete physics defined on space-time grids. One can
then define a Lorentz transformation which acts on the physical coordinates
and the spinor wave-function, which are all defined on the fixed space-time
grid, which itself remains unchanged under Lorentz transformation.

Suppose now that the function σ̃ and, thus, the action Σ̃ depend explicitly
on t:

Σ̃(q, t, v, V ) =
∑
j

σ̃(tj, qj, vj/Vj)Vj =
∑
j

σ̃(tj, qj, uj)Vj, (A.19)

The equation of motion for q is not modified but the equation of motion for
t now reads:

(DΠ)j−1 =

(
∂σ̃

∂t

)
j

. (A.20)

The energy is not conserved because the action itself depends on t. This
kind of action is useful in describing a system (variable q) evolving under the
influence of an external (i.e. imposed) non constant force field. Note that a
complete consistent treatment including both q and the field as dynamical
variables only involves time (and space-) independent Lagrangian (densities).
Note also that, in general, the natural time variable for σ̃ is t, not the iteration
index j.

Appendix B. Charge Conservation for DTQWs on the line

Let us first consider, for simplicity sakes, the so-called one-step (1 + 1)D
DTQWs with two component wave functions Ψ = (ψ−, ψ+)†, for which Uj =
VjT where T is the j-independent spatial translation operator T defined by

(Tψ)−p = ψ−p+1

(Tψ)+
p = ψ+

p−1 (B.1)

and Vj is defined
(VjΨ)p = Wj,pΨp (B.2)

31



with Wj,p an arbitrary j- and p-dependent operator in U(2).
Let (ρ±, δ±) be the modulus and phase of the component ψ± and intro-

duce the new phases µ = (δ++δ−)/2 and δ = (δ+−δ−)/2. Since φ± = (µ±δ),
the two-component spinor thus reads(

ψ−

ψ+

)
= eiµ

(
ρ−e−iδ

ρ+e+iδ

)
(B.3)

The equation of motion for each of the µj,p’s reads ∂S/∂µj,p = 0.
We will now show that the action (4) does not involve the variables µj,p

perse but only linear combinations which are discrete equivalents of their
time- and space-derivatives. The contribution

∑
j < Ψj+1 | Ψj+1 > is triv-

ially independent of the µj,p’s so let us focus on
∑

j < Ψj+1 | UjΨj >. Now,

(TΨj)j,p =

(
ψ−j,p+1

ψ+
j,p−1

)
= eiµ̃j,p

(
ρ−j,p+1e

−iδ̃j,p

ρ+
j,p−1e

+iδ̃j,p

)
(B.4)

where

µ̃j,p =
µj,p+1 + µj,p−1 − δj,p+1 + δj,p−1

2
(B.5)

and

δ̃j,p =
−µj,p+1 + µj,p−1 + δj,p+1 + δj,p−1

2
. (B.6)

It follows that the action (4) only depends on the δj,p’s and on

(∇pµ)j,p =
µj,p+1 − µj,p−1

2
(B.7)

and

(∇jµ)j,p = µj+1,p −
µj,p+1 + µj,p−1

2
. (B.8)

The variables µj,p are thus cyclic. There is therefore a corresponding con-
served charge and the associated conserved current (Jj, Jp) can be computed
from the action (4) by the same method as the one described in the Appendix
on the simpler case where all quantities depend only on the discrete time j.
Indeed, the above equation of motion for µj,p can be written as(

∇′jJj
)
j,p

+ (∇pJp)j,p = 0 (B.9)
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where
(∇pJp)j,p = (Jp)j,p+1 − (Jp)j,p−1 , (B.10)(

∇′jJj
)
j,p

=
(Jj)j,p+1 + (Jj)j,p−1

2
− (Jj)j−1,p (B.11)

and

(Jp)j,p =
∂S

∂ (∇pµ)j,p
, (B.12)

(Jj)j,p =
∂S

∂ (∇jµ)j,p
. (B.13)

In the last two equations, S stands for the action (4) understood as a function
of the (∇jµ)j,p’s and (∇pµ)j,p’s, and not of the µj,p’s.

A direct computation leads to

(Jj)j,p = +(ρ−j,p)
2 + (ρ+

j,p)
2

(Jp)j,p = −(ρ−j,p)
2 + (ρ+

j,p)
2, (B.14)

which are the usual expressions for the spatial density and current of the
DTQW [26].

Appendix C. Lorentz invariance of the 2D flat space-time Dirac
action

In an arbitrary given Lorentz frame F , the flat space-time 2D Dirac
Lagrangian density reads [47]

L
[
Ψ,Ψ†

]
= ησδ(Ψ

δ)∗
(
eµaγ

0γa∂µ + imγ0
)σ
ω

Ψω (C.1)

where the Ψσ’s are the component of Ψ on the spin space basis (b−, b+) of
F and the components of the metric η in spin space are ησδ = 1 if σ = δ
and 0 otherwise. The eµa ’s are the 2-bein coefficients which we choose to be
et0 = ex1 = 1, et1 = ex0 = 0 and we retain a representation where

(γ0)σδ =

(
0 1
1 0

)
(γ1)σδ =

(
0 1
−1 0

)
, (C.2)

33



so that (γ0)2 = −(γ1)2 = 1, γ0γ1 = diag(−1, 1) = −σ3 and (η.γ0)δω =
ησδ(γ

0)σω = 1 if δ 6= ω and 0 otherwise. Making all this explicit in the Dirac
Lagrangian delivers:

L
[
Ψ,Ψ†

]
= (Ψ−)∗ (+∂t − ∂x) Ψ−

+(Ψ+)∗ (+∂t + ∂x) Ψ+

+im
[
(Ψ−)∗Ψ+ + (Ψ+)∗Ψ−

]
. (C.3)

Writing the Dirac equation in the so-called Schrödinger form ∂tΨ = UDΨ
with (UDΨ)− = ∂xΨ

− − imΨ+ and (UDΨ)+ = −∂xΨ+ − imΨ− makes it
possible to put the Dirac Lagrangian under the form

L
[
Ψ,Ψ†

]
= (Ψ−)∗

(
∂tΨ

− − (UDΨ)−
)

+(Ψ+)∗
(
∂tΨ

+ − (UDΨ)+
)
. (C.4)

This form is closely parallels the action (4) from which the quantum automata
dynamics derives.

Suppose now one performs a change of basis in spin-space and define the
new basis vectors bσ′ by b−′ = λb−, b+′ = b+/λ, where λ is a non-vanishing
real constant. The components of Ψ in this new basis are Ψ−

′
= Ψ−/λ and

Ψ+′
= λΨ+ and the operators γ0 and γ1 are represented by the matrices

(γ0)σ
′

δ′ =

(
0 λ−2

λ2 0

)
(γ1)σ

′

δ′ =

(
0 λ−2

−λ2 0

)
. (C.5)

Similarly, η−′−′ = λ2, η+′+′ = λ−2 and the other components vanish. This
leaves the matrix representations of (γ0)2 = 1, (γ1)2 = −1, γ0γ1 and η.γ0

unchanged.
The basis change thus preserves the Clifford algebra and therefore amounts

to a change of representation. One obtains, either from (C.3) or directly from
(C.1) leaving the 2-bein unchanged:

L
[
Ψ,Ψ†

]
= λ2(Ψ−

′
)∗ (+∂t − ∂x) Ψ−

′

+
1

λ2
(Ψ+′

)∗ (+∂t + ∂x) Ψ+′

+im
[
(Ψ−

′
)∗Ψ+′

+ (Ψ+′
)∗Ψ−

′
]
. (C.6)
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This is identical to (C.3), except for the λ±2 factors. These factors come
from the components of the spin metric η in the new basis (remember that
the matrix representing (γ0)2 = 1 and γ0γ1 are unchanged by the change of
basis). But, looking only at (C.6) and (C.1) together, one could be tempted
to interpret these two λ±2 factors as coming from the 2-bein, and not the
components of the metric η.

Indeed, consider the new spin-metric η′ defined by its components η′σ′δ′ =
1 if σ′ = δ′ and 0 otherwise, the new operators (γ′)0 and (γ′)1 defined by

((γ′)0)σ
′

δ′ =

(
0 1
1 0

)
((γ′)1)σ

′

δ′ =

(
0 1
−1 0

)
, (C.7)

and the new 2-bein defined by its components on the coordinate basis (∂t, ∂x):

(e′)t0 = (+λ2 + λ−2)/2

(e′)x0 = (−λ2 + λ−2)/2

(e′)t1 = (−λ2 + λ−2)/2

(e′)x1 = (+λ2 + λ−2)/2

(C.8)

The triplet (η′, γ′, e′) delivers the same Lagrangian (C.6) as the triplet (η, γ, e).
Now, we have not changed space-time coordinates so far and the new 2-

bein e′ has been introduced by its components on the original tangent basis
∂µ. As well known, it is possible to introduce new coordinates xµ

′
and the

associated coordinate basis ∂xµ′ where the non vanishing of the components
of the 2-bein e′ are (e′)t

′
0 = (e′)x

′
1 = 1. Using these coordinates, the Dirac

Lagrangian reads

L
[
Ψ,Ψ†

]
= (Ψ−

′
)∗
[
(+∂t′ − ∂x′) Ψ−

′
+ imΨ+′

]
+ (Ψ+′

)∗
[
(+∂t′ + ∂x′) Ψ+′

+ imΨ−
′
]
, (C.9)

which is formally identical to (C.3).
Note that, at fixed mass m, the change of γ operators performed above

may be considered as collateral to, or induced by the change of spin metric.
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Indeed, at fixed value of m, keeping the mass term fixed comes down to keep-
ing η.γ constant and thus, changing η makes it necessary to change the γ op-
erators. Note also that the 2-bein defines the space-time metric, so a change
of 2-bein is actually a change of space-time metric. A Lorentz transformation
is thus basically a change of spin basis compensated by or compensating a
change of coordinate basis/coordinate system through a combined change of
spin metric (together with the induced change of γ operators) and space-time
metric.

All this can be seen in a perhaps more compact way. Consider expressions
of the form

F
[
Ψ,Ψ†

]
= ησδ(Ψ

δ)∗Oσ
ωΨω. (C.10)

The Lagrangian (C.1) corresponds to OD = eµaγ
0γa∂µ + imγ0. Consider the

same two spin bases and the same two spin metrics as above. It is simple to
check that F can be rewritten as

F
[
Ψ,Ψ†

]
= (η′)σ′δ′(Ψ

δ′)∗(O′)σ
′

ω′Ψω′
(C.11)

with

OL′

L′ = λ+2OL
L

OR′

R′ = λ−2OR
R

OL′

R′ = OL
R

OR′

L′ = OR
L . (C.12)

We call this the Spin Operator Lorentz Transformation (SOLT) law. Now
apply the SOLT law to the mass term in OD. The operator γ0 is represented
by an anti-diagonal matrix so, at constant m, the components of (γ′)0 in
the prime basis must be the same as those of γ0 in the original basis. The
Clifford algebra then fixes (γ′)1. One remarks that the prime components of
(γ′)a are identical to the original components of γa.

If one now turns to the kinetic term in OD, both operators (eµ0∂µ)(γ0γ0)
and (eµ1∂µ)(γ0γ1) are represented by diagonal matrices in the original basis.
The SOLT law thus generates extra λ±2 factors, which do not come from the
(γ′)a. These extra factors must therefore come from the two factors (scalars
in spin space) (eµa∂µ). This determines the change of 2-bein and, in turn,
the change of coordinates (to keep the coordinate components of the 2-bein
unchanged).
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The SOLT law is used extensively in the core of this article, where the
Lorentz invariance of the action for DTQWs is discussed.

We finally recall that

(e′)µ
′

a =
∂xµ

′

∂xν
(e′)νa = Nµ′

ν (e′)νa (C.13)

so that
(e′)µa = (N−1)µν′(e

′)ν
′

a , (C.14)

where the components of N−1 are given by

(N−1)tt′ = +
1

δ

∂x′

∂x

(N−1)tx′ = −1

δ

∂t′

∂x

(N−1)xt′ = −1

δ

∂x′

∂t

(N−1)xx′ = +
1

δ

∂t′

∂t
(C.15)

with

δ =
∂t′

∂t

∂x′

∂x
− ∂t′

∂x

∂x′

∂t
. (C.16)

At fixed values of the components (e′)ν
′
a , the values of the components

(e′)µa can thus be encoded in the functions t′(t, x) and x′(t, x). This is used in
the main part of this article to introduce coordinates in the DTQW action.
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