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DIRECT ZERO-SUM PROBLEMS FOR CERTAIN GROUPS OF
RANK THREE

BENJAMIN GIRARD AND WOLFGANG A. SCHMID

ABSTRACT. We determine the exact value of the n-constant and the multiwise
Davenport constants for finite abelian groups of rank three having the form
G ~ Cy @ Cpny @ Cny with 2 | ng | n3. Moreover, we determine the Erd8s—
Ginzburg-Ziv constant of these groups under the assumption that nz/2 has
Property D or na = n3.

1. INTRODUCTION

A well-known direct zero-sum problem is to determine the Davenport constant
of finite abelian groups. For such a group (G, +,0), this constant, denoted by D(G),
is defined as the smallest positive integer ¢t such that every sequence of ¢ elements
from G contains a non-empty subsequence whose terms sum to 0.

A closely related problem is to determine the Erd6s—Ginzburg—Ziv constant,
denoted by s(G), which is defined in the same way except that one requires the
existence of a subsequence whose sum is 0 and whose length is equal to the exponent
of the group. A variant of this constant is 7(G), where one seeks a non-empty
subsequence with sum 0 whose length is at most the exponent of the group.

The investigation of these zero-sum constants has been a topic of active research
for more than fifty years. We refer to [10, 11, 12, 14] for detailed expositions.
Some results are also recalled in the next section. The exact values of these three
constants are known for every finite abelian group of rank at most two, and only
for fairly special types of groups of higher rank. Even for groups of rank three,
that is, G ~ Cp, ® Cy, ® Cy, with 1 < ny | n2 | ns, the problem of determining
these constants is wide open. For example, when ny = 2, the Davenport constant
is known, but the exact values of the other two constants defined above is not.

In the present paper, we obtain these values for the n-constant and, assuming
a now well-supported conjecture, for the Erdoés—Ginzburg-Ziv constant as well.
Our results confirm Gao’s conjecture (Conjecture 2.2) for this type of groups, and
generalize previous results obtained in the case ny = ng = 2 (see [5, Theorem
1.2(1)] and [4, Theorem 1.3]). Moreover, they show that recent results of Luo
[16] are essentially optimal. In addition, we determine the multiwise Davenport
constants for this type of groups (see the subsequent section for the definition). For
a more detailed overview of our results and how they relate to the existing literature
on the subject, we refer to Section 3.

2010 Mathematics Subject Classification. 11B30.
Key words and phrases. finite abelian group, zero-sum sequence, Davenport constant, Erdds—
Ginzburg—Ziv constant, inductive method.
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2. PRELIMINARIES

We recall some notation and results; for more detailed information we refer again
to [10, 11, 12, 14]. All intervals in this paper are intervals of integers, specifically
[a,b] ={z €Z: a <z <b}.

Let G be a finite abelian group, written additively. For each g in G, we denote
by ord(g) its order in G. For a subset A C G we denote by (A) the subgroup it
generates; we say that A is a generating set if (A) = G. We say that elements
g1, .., gk are independent if Zle a;g; = 0, with integers a;, implies that a;g; = 0
for each 7; we say that a set is independent when its elements are independent.

By exp(G) we denote the exponent of G, that is the least common multiple of
the orders of elements of G. By r(G) we denote the rank of G, that is the minimum
cardinality of a generating subset of G. For n a positive integer we denote by C,
the cyclic group of order n.

For a finite abelian group G there exist uniquely determined integers 1 < n; |
-+ | n, such that G ~ C,,, ® --- & C,,,.. For |G| > 1 we have r(G) = r and
exp(G) = n,; the rank of a group of cardinality 1 is 0 and its exponent is 1.

By a sequence over G we mean an element of the free abelian monoid over G.
In other words, this is a finite sequence of £ elements from G, where repetitions are
allowed and the order of elements is disregarded. We use multiplicative notation
for sequences. We denote its neutral element, that is the sequence of length zero,

simply by 1. Let
S:gl"'ge: Hgvg(s)
geG
be a sequence over G, where, for all g € G, v4(S) is a non-negative integer called
the multiplicity of g in S. Moreover { is the length of S.

A sequence T over G is said to be a subsequence of S if it is a divisor of S in the
free abelian monoid over G, that is if v,(T') < v4(S) for all g € G; in this case we
write T | S. For a subsequence T of S we set ST~! = [yec g () =ve(T)) that is,
it is the subsequence of S such that T(ST~1) = S.

For subsequences T7,...,T; of S we say that they are disjoint subsequences if
Ty ...Ty is also a subsequence of S. Moreover, for sequences S, ..., Sy over G we
denote by

ged(Sy, ..., S) = [ gmmtve (S0 1sish
geG
the greatest common divisor of the sequences S, ..., Sk in the free abelian monoid.
To avoid confusion we stress that it is not necessary for disjoint subsequences to
have a trivial greatest common divisor.

We call the set supp(S) = {g € G | v4(S) > 0} the support of S, and o(S) =
Zle 9i = D _yeq Vg(9)g the sum of S. In addition, we say that s € G is a subsum
of S if

5= Zgi for some @ ¢ I C [1,4].
iel
If 0 is not a subsum of S, we say that S is a zero-sumfree sequence. If o(S) = 0,
then S is said to be a zero-sum sequence. If, moreover, one has o(T") # 0 for all
proper and non-empty subsequences T' | S, then S is called a minimal zero-sum
sequence.
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We set
(S)={c(T): 1£T|S}.
For every integer k, we also set
k(8) ={o(T): T | S, |T| = k}

as well as

Sn(8) = | Bil8) = {o(1): 1# T | 5, |T| < k}.

We now recall in more detail the definitions and results alluded to in the intro-
duction.

By D(G) we denote the smallest positive integer ¢ such that every sequence S
over G of length |S| > ¢ contains a non-empty zero-sum subsequence. This number
D(G) is called the Davenport constant of the group G. More generally, given an
integer k > 1, we denote by Dg(G) the smallest positive integer ¢ such that every
sequence S over G of length |S| > ¢ contains at least k& non-empty disjoint zero-sum
subsequences.

Note that, by definition, D1(G) = D(G) for every finite abelian group G. It is
known that for every finite abelian group the sequence (Dy(G))x>1 is eventually an
arithmetic progression. More precisely, one has the following result (see [6, Lemma
5.1]).

Theorem 2.1. Let G be a finite abelian group. There exist Do(G) € N and an
integer ko > 1 such that

Di(G) = Do(G) + kexp(Q), for each k > ky.
Let kp(G) denote the smallest possible value of kg in the above theorem.

By n(G) we denote the smallest positiver integer ¢ such that every sequence S
over G of length |S| > t contains a non-empty zero-sum subsequence S’ | S of
length |S’| < exp(G). Such a subsequence is called a short zero-sum subsequence.

By s(G) we denote the smallest positive integer ¢ such that every sequence S over
G of length |S| > t contains a zero-sum subsequence S’ | S of length |S’| = exp(G).
The number s(G) is called the Erdds—Ginzburg—Ziv constant of the group G.

It is not hard to see that s(G) > n(G) + exp(G) — 1 holds for each finite abelian
group G. It was conjectured by Gao that in fact equality holds (see [10, Conjecture
6.5)).

Conjecture 2.2 (Gao). For every finite abelian group G, one has
s(@) =n(G) + exp(G) — 1.

We now recall the values of n(G) and s(G) as well as the ones of the multiwise
Davenport constants for groups of rank at most two, see [12, Theorem 5.8.3] and
[12, Theorem 6.1.5]. We parametrize these groups as Cy, ® Cpp, with myn > 1
integers rather than C,,, ® C,,, with integers ny | no since later on this will be more
convenient.

Theorem 2.3. Let m,n > 1 be two integers. Then
NCm ®Cin) =2m+mn—2  and  s(Cpy ® Crp) = 2m + 2mn — 3.
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In addition, for every integer k > 1,
Di(Cr @ Cran) = m + k(mn) — 1.

In particular, choosing m = 1, we have n(Cy) = n and s(Cy,) = 2n — 1 as well as

Di(Cy) = kn for all k > 1.

Theorem 2.3 shows that Conjecture 2.2 is true for all finite abelian groups of
rank at most two.

In the case of groups of rank at most two even the structure of extremal examples
is well-understood. For cyclic groups in fact more is known, see, e.g., [18], yet we
only recall what is needed in this paper.

A sequence S over C, of length n — 1 = n(Cy,) — 1 has no short zero-sum
subsequence (and thus no non-empty zero-sum subsequence) if and only if S = p"~1
for some generating element b of C),,. A sequence S over C,, of length 2n — 2 =
s(C,) — 1 has no zero-sum subsequence of length n if and only if S = ¢"~!(c+b)" "1
for some ¢ € C), and some generating element b of C,.

For the n-constant one has the following result. It was obtained in [19]; a result
of Reiher [17] was crucial in the proof.

Theorem 2.4. Let H ~ C,,, ® Cy,y, with integers m > 2 andn > 1. Every sequence
S over H of length |S| = n(H) — 1 not containing any short zero-sum subsequence
has the following form:

S = b Loy (—aby + by) I

where {b1,ba} is a generating set of H with ord(be) = mn, s € [1,n], z € [1,m]
with ged(z,m) =1 and either

(1) {b1,b2} is an independent generating set of H, or

(2) s=nand z =1.

For the Erdés—Ginzburg—Ziv constant a similar result is expected to hold true,
yet it is so far only known conditionally or in special cases.

A positive integer m is said to have Property D if every sequence S over C2, of
length |S| = s(C?)—1 = 4m — 4 and containing no zero-sum subsequence of length
exp(G) = m has the form S = T™~! for some sequence T over C2,. We include
the trivial case m = 1 in our definition as it simplifies the statement of certain
results. This property was introduced by Gao who made the following conjecture
[8, Conjecture 2].

Conjecture 2.5 (Gao). Ewvery positive integer has Property D.

For the time being, Property D has been proved to be multiplicative [8, Theorem
1.4] in the sense that whenever m,n have this property, then so does mn. Also,
Property D is known to hold for p € {2,3,5,7}, hence for any m of the form
m = 2°3%577% where a, 3,7, > 0 are non-negative integers (see [8, Theorem 1.5]
and [21, Theorem 3.1]).

Whenever an integer m satisfies Property D, the sequences over H ~ C,,, ® Cpp
of length s(H) — 1 and not containing any zero-sum subsequence of length exp(H)
can be fully characterized for every integer n > 1 (see [19, Theorem 3.1(2)]).
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Theorem 2.6. Let H ~ C,,, ® Cyyn, where m > 2 satisfies Property D and n > 1.
Every sequence S over H of length |S| = s(H) — 1 not containing any zero-sum
subsequence of length exp(H) has the following form:

S = ctmfl(bl + c)(n"rlft)m*l(bQ + C)smfl (71,1)1 + by + C)(n+175)m71

where ¢ € H, {b1,ba} is a generating set of H with ord(b2) = mn, s,t € [1,n],
x € [1,m] with gcd(z,m) =1 and either

(1) {b1,b2} is an independent generating set of H, or

(2) s=t=nandz=1.

For definiteness we briefly recap some properties of the generating sets in the
result above. Since {b1,ba} is a generating set of H and ord(by) = mn, the equalities

| (ba) 1 {b2) |
[H| = [ (b1) + (b2) | = =

[ (b1) N (b2) |
imply that ord(b;) = md where d = | (b1) N (ba) | is a positive divisor of n. More
precisely, we have

n
<mb1> = <b1> N <b2> = <7’I’Lgbg>

In particular, every element h € H can be written h = a1b1+asbe with a; € [0, m—1]
and az € [0,mn — 1]. In addition, it is easily seen that {b1,b2} is an independent
generating set of H if and only if (b;) N (by) = {0}, that is to say if and only if
d = 1. Finally, whenever d > 1, there is a unique integer ¢ € [1,d — 1] relatively
prime to d such that mb; = ¢m(n/d)bs.

We end by recalling the result on the Davenport constant for groups of the form
Cy ® Cop, ® Conn, which we mentioned in the introduction and that we need in the
proof of our result on the multiwise Davenport constant.

Theorem 2.7. Let m,n > 1 be two integers. Then
D(Ca ® Copy @ Comn) = 2m + 2mn.

The proof of the above result involved two parts. First, the claim was established
conditionally on a result on the structure of the set of subsums of zero-sum free se-
quences of maximal length over a group of rank two; this motivated the definition of
the v-invariant (see, e.g., [10, Definition 2.1]). Then, this property was established.
The first part dates back to the very beginning of investigations of the Davenport
constant (see [3]). The second part was only completed much later when Property
B (and thus Property C) was established by Reiher [17] (see in particular Section
11). For further context, see for instance [7] or [20, Section 4.1].

3. NEW RESULTS

As mentioned in the introduction we investigate zero-sum constants for groups
of rank three of the form Co @ Cy,, ® C,, where 2 | ny | n3. For ease of notation we
will use a different parametrization, namely Co @ Csy, @ Copnpn with m,n > 1.

We determine 7(Co @ Cay, ®Copny ) for allm,n > 1, and s (Cy ® Cay, @ Copyy,) un-
der the condition that n = 1 or m has Property D. We recall that the constants were
known for m = 1, see [5, Theorem 1.2(1)] and [4, Theorem 1.3]; in this case even
the inverse problem is solved [13]. Moreover, we determine Dy, (Ca & Cay & Copmn)
for all k,m,n > 1; as recalled the case k = 1 and the case m = n = 1 were known.
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We will see that there is a quite significant difference between the two cases n =1
and n # 1.

Our approach to determining 7(Cy ® Cay, @ Capy) is similar to the one used the
Davenport constant, which we recalled above. In particular, the property of the set
of restricted subsums established in Lemma 4.3 resembles the property underlying
the definition of the v-invariant. The subsequent result on s (Cy @ Cap & Comn)
is obtained by establishing Gao’s conjecture for this group using a generaliza-
tion of a well-known technique (see Lemma 4.4). The proof of the result for
Dy (Co @ Cop, @ Copny) also uses the result on 1 (Co @ Cop, B Comn)-

Theorem 3.1. Let m > 1 and n > 2 be two integers. Then
N(Ca & Copy, @ Copy) = 6m + 2

and
17(Co @ Copy, @ Copnn) = 4m + 2mn.

When G ~ Cs & Cs,, ® Cay, and m is a power of 2, G is a finite abelian 2-group
such that

D(G) = 2exp(G) and 2D(G) — exp(G) < n(G),

thus showing that [16, Theorem 1.6] is optimal in the sense that for 2D(G) —
exp(G) = n(G) to hold, the condition D(G) < 2exp(G) — 1 in the statement of the
theorem cannot be replaced by D(G) < 2exp(G).

Theorem 3.2. Let m > 1 and n > 2 be two integers. Then
s(Cy ® Copy, @ Copy) = 8m + 1.
Moreover, if m has Property D, then
s(Cy @ Cop, @ Coppp) = 4m + dmn — 1.

In combination the two results imply that Gao’s conjecture holds true for these
types of groups.

Corollary 3.3. Let m,n > 1 be two integers. Then Conjecture 2.2 holds true for
Cy ® Copy ® Caopy. Moreover, if m has Property D, then Conjecture 2.2 holds true
for Co ® Capy @ Comp.-

We end this section with our result on the multiwise Davenport constants.

Theorem 3.4. Let G ~ Cy ® Csy, ® Copnn, where m,n > 1 are integers. If n > 2,
then Do(G) = 2m and kp(G) = 1. If n =1, then Do(G) = 2m + 1 and kp(G) = 2.

Note that the case n = 1 extends to all m > 1 the result [1, Lemma 3.7] stating
that Do(C3) = 3 and kp(C3) = 2.

When G ~ Cy & Coy, ® Cayy, where m > 1, we have
D(G) =D(Cy® Cop,) + (2m — 1) and 1n(G) > D(G) + 2m,

however kp(G) > 2, thus showing that [6, Remark 5.3.2] is nearly optimal in the
sense that for kp(G) = 1 to hold, the condition (G) < D(G) + exp(G) stated in
this remark cannot be replaced by a much weaker inequality.
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4. AUXILIARY RESULTS

In this section we establish several auxiliary results. In some cases, we prove
results which are slightly more general than what is needed for our immediate
applications, but we mostly focus on the needs of this paper.

Our first lemma shows that extremal sequences with respect to the Erdés—
Ginzburg—Ziv constant for groups of rank at most two are stable in the sense that
changing a unique element cannot yield another extremal sequence. It could be
interesting to consider this problem for more general groups, and to determine
for specifc groups the exact number of elements one has to change to get another
extremal example.

Lemma 4.1. Let H ~ C,, & Cypn, where m,n > 1 are integers and m satisfies
Property D. Let S1,S3 be sequences over H of length s(H) — 1 not containing any
zero-sum subsequence of length exp(H). If | ged(S1,S2)| > s(H) — 2, then S1 = Ss.

Proof. Let T = ged (S, S2). By assumption, we have S1 = g1T and Sy = goT" with
91,92 € G.

First, assume that m > 3. We know by Theorem 2.6 that v4(S;) = m — 1
(mod m) for each g € supp(S;). It thus follows that v, (T') = m — 2 (mod m).
Since this is non-zero it follows that g € supp(S2), and thus vg, (S2) = m — 1
(mod m). Yet, vq, (S2) = vg, (g2) + Vg, (T). Since vy, (T') = m—2 (mod m) we must
have vy, (g2) # 0, that is, g1 = g2. This proves the claim in the case m > 3.

Now, assume that m = 2. By Theorem 2.6, every sequence S over H containing
no zero-sum subsequence of length 2n can be decomposed as

S = C2t71(b1 + C)2(n+17t)71(b2 +c)2571 (_bl +oby + C)Q(n-l-l—s)—l’

where ¢ € H, {b1,bs} is a generating set of H with ord(bs) = 2n and s,t € [1,n],
such that either {b1,b2} is an independent generating set of H or s =t = n. In
particular, one has

o (Czt—l(bl + 0)2(n+1—t)—1) = —(2t — 1)by,

and
o ((b2 +)2 L (=by + by + c)Q(”“‘s)‘l) = (25— 1)by.

Therefore, either {b;,b2} is an independent generating set of H, in which case
ord(b1) = 2 (see the remarks at the end of Section 2) so that o(S) = by — b; =0,
or s =t =n, in which case o(S) = by — by = 0 also. It thus follows in both cases
that g1 + o(T) = 0(S1) =0 = 0(S2) = g2 + o(T"), which yields g; = g2 indeed.
Finally, let us consider the case m = 1. Then, we know by the results recalled
before Theorem 2.4 that v4(S;) =n — 1 (mod n) for each g € supp(S;). For n > 3
we can argue as in the case m > 3. For n < 2, that is for C7 and C5, the claim is
trivial as there is only one sequence of length s(H) — 1 not containing any zero-sum
subsequence of length exp(H). O

The analogous result for the n-constant holds true as well; we record it for its
own sake.

Lemma 4.2. Let H ~ C,, ® Cy, where m,n > 1 are integers. Let Sy,S52 be

sequences over H of length n(H) — 1 not containing a short zero-sum subsequence.
If | ged(S1, S2)| > n(H) — 2, then S1 = Ss.
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Proof. For m > 3, the same argument as in Lemma 4.1 works. For m = 2, we
assume for a contradiction that there are two distinct sequences Si,S3 of length
n(H) — 1 not containing a short zero-sum subsequence with | ged(Sy, S2)| > n(H) —
2. Then S] = S;0exPUH) =1 a5 Sh = So0exP(H) =1 are two distinct sequences of
length s(H) — 1 not containing a zero-sum subsequence of length exp(H) with
| ged(S1, S2)| > s(H) — 2, contradicting Lemma 4.1. Finally, for m =1 and n > 3
the claim follows from the fact that a sequence over H of length n(H) — 1 not
containing a short zero-sum subsequence is of the form A"~! for some generating
element of h € H (recall the results before Theorem 2.4). The case m = 1 and
n < 2 is trivial. O

Next we obtain results on the set of restricted subsums of sequences that are
extremal examples with respect to the n-constant and the Erdos—Ginzburg—Ziv
constant. The result we obtain is reminiscent of the condition in the definition of
the v-invariant (see, e.g., [7]).

Lemma 4.3. Let H ~ C,, ® Cy,, where m,n are positive integers and n > 2.

(1) Let S be a sequence over H of length |S| = n(H) — 1 not containing any
short zero-sum subsequence. Then Y<pmn—2(S) 2 H\ (=K' + K)U{0}) for
a proper subgroup K and some k' ¢ K.

(2) Suppose that m has Property D. Let S be a sequence over H of length
|S| =s(H) — 1 not containing any zero-sum subsequence of length exp(H).
Then Epn—2(S) 2 H\ (=K' +K) for a proper subgroup K and some k' ¢ K.

The condition n > 2 is necessary. Indeed, the claim is not true for groups of the
form C2,. To see this it suffices to note that for {b1,b2} an independent generating
set and S = b 10T (b + be)™ ! the set X<, o(S) contains no element of
—by + <b2> and —by + <b1>

Proof. We first deal with the main case m > 2.

(1). Let S be a sequence over H of length |S| = n(H) — 1 not containing any
short zero-sum subsequence. By Theorem 2.4 we know that

S = by by (—aby + b)Y

where {b1,b2} is a generating set of H with ord(bs) = mn, s € [1,n], z € [1,m)]
with ged(xz,m) = 1 and either {b1,b2} is an independent generating set of H, or
s=nand z = 1.

Let d € [1,n] such that ord(b1) = md; as recalled after Theorem 2.6 this always
exists.

We now distinguish the following three cases.

Case 1. d = 1, that is to say {b1,b2} is an independent generating set of H. In
particular, mb; = 0. Let h = a1by + asbe with ay € [0,m — 1] and as € [0, mn — 1].
If a; = 0 then h ¢ Y<pmn_2(S) only if az = 0 or ag = mn — 1, that is to say
only if h = 0 or h = —by. If as < m — 1, we observe that h € X,,14,(5) and
a1 +az < 2m — 2 < mn — 2. Now, assume that a; # 0 and as > m. Let
v € [1,m — 1] be the unique integer such that a; = —va (mod m). In particular,
onehasv <m—1<agsothat 1 <ag—v<mn—2<mn—1=ms—1+m(n—s).
Therefore, there exists ¢ € [0,n — s] such that 0 < as — v — ¢gm < ms — 1. Such an
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integer g readily satisfies 1 <v+gm <m-—-1+m(n—s)=(n+1—s)m—1. Asa
consequence,
Sl = (756[71 + bg)erqmb;ziviqm
is a subsequence of S of length |S’| = ag such that
a(8') = —vaby + vby — vby — qr(mby) + qmby — qmbs + asby = a1by + azbs = h,
so that h € X<,,(S) and the claim follows with &' = by and K = (b1).

Case 2. 1 <d<mn,ord=nand £ > 2. Let h = aib) + azby with a; € [0,m — 1]
and as € [0,mn—1]. If a; = 0 then h ¢ Y<,,,—2(S) only if ag = 0 or ag = mn —1,
that is to say only if h = 0 or h = —bs. Now, assume that a; # 0. Then,
either a; + az < mn — 2 in which case h € Y<pp—2(S) or ag > mn —1 —a; >
mn—1—(m—1)=m(n—1) so that

2mn—1—m>mn—1+mn Za2+€mgzm(n—1)+2m:mn+m.

Therefore, setting af = az + ¢m(n/d) — mn, we have a), € [m, mn — 2] and since
m — ay € [1,m — 1] we obtain that

S/ _ (7()1 + b2)mfa1bg/2_(m_al)
is a subsequence of S of length |S’| = a, < mn — 2 verifying
O'(S/) = a1b1 - mb1 + 0,/2()2 = a1b1 - mb1 + Emgbg + a2b2 = h,,

so that h € ¥<pn—2(5) and the claim follows with &’ = by and K = {0}.

Case 3. d = n and ¢ = 1. In this case, mb; = mby. Let h = a1by + asby with
a; € [0,m — 1] and ag € [0,mn —1]. If a3 = 0 then h ¢ Y<,,n—2(S) only if ag =0
or ap = mn — 1, that is to say only if h = 0 or h = —bs. Now, assume that a; # 0.
Then, either a; + az < mn — 2 in which case h € X<pn—2(5) or a1 +az =mn —1
or ai + as > mn so that
2mn—2>mn—1+m—1> a1 +as > mn
Therefore, setting a, = a1 + az — mn, we have a}, € [0, mn — 2] and since m —a; €
[1,m — 1] we obtain that
' = (=by + by) " b2
is a subsequence of S of length |\S’| = m—a;+ab = m+az—mn < m+mn—1—mn <
m — 1 verifying
O'(S/) = a1b1 - mb1 + me - albg + albg + a2b2 = h,,

so that h € Z<;p—2(5) and the claim follows with k& = by and K = (by — ba).

(2). Suppose that m has Property D. Let S be a sequence over H of length

|S| = s(H) — 1 not containing any zero-sum subsequence of length exp(H). By
Theorem 2.6 we know that

S = Ctm—l(bl +c)(n—i—l—t)m—lbgmfl (756[71 +b2>(n+175)m71

where ¢ € H, {b1,b2} is a generating set of H with ord(bs) = mn, s,t € [1,n],
x € [1,m] with ged(z,m) = 1 and either {b1, b2} is an independent generating set
of H ors=t=nand x = 1.
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Since Bppn—2(—c+S) = 2¢+3,,,—2(5), we can assume without loss of generality
that ¢ = 0. We now distinguish the following two cases.

Case 1. If {b;,b2} is an independent generating set of H, we see that S =
Otm_lbgnft)mT, where T is a sequence of length n(H)—1 that has no short zero-sum
subsequence. By Lemma 4.3, it follows that then X<,,,—2(T) 2 H\((—k'+K)U{0})
for a proper subgroup K and some k' ¢ K. Therefore, it suffices to assert that
{0} U Z<pn—2(T) C Emn_g(Otm_lbgnft)mT). Indeed, note that for each subse-
quence T" | T of length at most mn — 2 =mt — 1+ m(n —t) — 1, and any integer
t' € [0,n — t] such that

mn —2> T +mt' >m(n —t) -1,
we obtain
0<mn—-2—|T'|—mt <mt—1
so that, since mb; = 0 in this case, the sequence 02T |=mt'pmt' 77 i 4 subge-
quence of S of length mn — 2 with the same sum. The fact that we get 0 in addition
t0 X<mn—2(T) is due to the fact that 7" can be chosen to be the empty sequence.

Case 2. If s =t =n and = = 1, we see that S = 0™" T, where T is a sequence
of length n(H) — 1 that has no short zero-sum subsequence. By Lemma 4.3, it
follows that then ¥<,,,—2(T) 2 H \ ((—k' + K) U {0}) for a proper subgroup K
and some k' ¢ K. We assert that {0} UX<,n—2(T) C Spn—2(0™"71T), then the
claim is proved. As above, it suffices to note that for each subsequence T” of T', the
sequence omn—=2-IT"I77 i5 g subsequence of S of length mn — 2 with the same sum.
he fact that we get 0 in addition to Y<,,n—2(T") is due to the fact that 7”7 can be
chosen to be the empty sequence.

To finish the argument we consider the case m = 1. For assertion (1), we
have a sequence S over H of length |S| = n(H) — 1 = n — 1 not containing any
short zero-sum subsequence. By the results recalled before Theorem 2.4 we know
that S = b"~! for some generating element b of H. It follows that ¥<,,_o(S) =
{b,2b,...,(n — 2)b}. Thus the claim is established with K = {0}. For assertion
(2), we have a sequence S over H of length |S| = s(H) — 1 = 2n — 2 not containing
any zero-sum subsequence of length n. By the results recalled above we know that
S = c""L(c+b)""! for some generating element b of H. Without loss of generality
we can assume that ¢ = 0. It follows that ¥_,,_2(S) = {0,0,2b, ..., (n—2)b}. Thus
the claim is established with K = {0}. O

The following lemma slightly develops a well-known technique useful to establish
Conjecture 2.2; see, e.g., [9, Proposition 2.7] or [4, Theorem 1.3] for earlier versions.
We do not need the second part in this paper, but include it as it might be useful
elsewhere. We note that the condition in the lemma is trivial for exp(G) < 4.

Lemma 4.4. Let G be a finite abelian group. The following two statements hold.

(1) Let S be a sequence over G of length n(G) + exp(G) — 1. Let C | S be a
subsequence such that there exists some h € G with jh € ¥;(C) for each
7 <|C|. If |C] > |(exp(G) — 1)/2], then S has a zero-sum subsequence of
length exp(G).

(2) Let S be a sequence over G of length (n(G) — 1) + exp(G) — 1 that does
not contain any zero-sum subsequence of length exp(G). Let C | S be a
subsequence such that there exists some h € G with jh € ¥,;(C) for each
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J<|C|. If|C| = |(exp(G)—1)/2], then —h+S has a subsequence of length
n(G) — 1 without any short zero-sum subsequence.

Proof. Without loss of generality suppose h = 0.

(1). Consider SC~!. Let T'| SC~! be a short zero-sum subsequence (or the empty
sequence) of maximal length. If |T'| > exp(G)/2, then |C| > exp(G) — |T|. Thus, C
has a subsequence C” of length exp(G) — |T'| with sum 0. Since |T'C’| = exp(G) and
its sum is 0, the argument is complete in this case. Consequently, we can assume
that |T'| < exp(G)/2. It follows that SC~'T~! has no short zero-sum subsequence.
To see this it suffices to note that a short zero-sum subsequence 7" would satisfy
|T'| < |T| < exp(G) and thus T'T" would also be a short zero-sum subsequence of
SC~! contradicting the maximality of T. If |C| > exp(G) — |T], then we get a
zero-sum subsequence of length exp(G) as above. Thus, |C| + |T| < exp(G) — 1
and thus |SC™1T~1| > n(G), contradicting the fact that SC~'T~! has no short
zero-sum subsequence.

(2). The proof is similar to the first part. Consider SC~!. Let T | SC~! be a
short zero-sum subsequence (or the empty sequence) of maximal length. If |T| >
exp(G)/2, then as above C has a subsequence C’ of length exp(G) — |T'| with
sum 0, yielding again a zero-sum subsequence of S of length exp(G), which is a
contradiction. Consequently, we have |T| < exp(G)/2. It follows as above that
SC~1T~1 has no short zero-sum subsequence. If |C| > exp(G) — |T'|, then we get
a contradiction as above. Thus, |C| + |T| < exp(G) — 1 and thus |[SC~'T1| >
n(G) — 1, establishing our claim. O

5. PROOFS OF THE MAIN RESULTS

In this section we prove our Theorems 3.1, 3.2 and 3.4. The proofs of the latter
two will rely on the first.

Proof of Theorem 3.1. We start by discussing the lower bounds. If n = 1, then [2,
Proposition 3.1(3)] yields

N(Cy @ Cgpy ® Cop) > 2+ (22 —1)2m —1+2—1) = 6m + 2,
and if n > 2, then [2, Lemma 3.2] gives
7(Co @ Copm, ® Comn) > 2(D(Coy ® Coyy) — 1) 4+ 2mn = 4m + 2mn.

We can now turn to the upper bounds. Let H be a subgroup of G isomorphic
to Cp, @ Cpnp such that G/H is isomorphic to C3. We apply the inductive method
with

H— G5 G/H.

First, suppose n = 1, that is, let G = Cs @ Cayp, @ Cap,. By [12, Proposition

5.7.11] and as n(C3) = 8 and 7n(C2) = 3m — 2, it follows that

n(G) < (n(H) — 1) exp(G/H) +n(G/H) = (3m — 3)2 + 8 = 6m + 2.

Second, suppose n > 2. Let S be a sequence over G with |S| = 4m + 2mn. We
have to show that S has a short zero-sum subsequence. Note that applying [12,
Proposition 5.7.11] yields only an upper bound of 2mn +4m + 2 and a more refined
analysis is needed.

Since 4m + 2mn = 2(2m + mn — 4) + n(C3), it follows that there exist (2m +
mn — 3) non-empty and disjoint subsequences of S, say, Si ... Somtmn—3 | S, with
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|Si| < 2 and o(7(S;)) = 0 for each i. Let T be the subsequence of S such that
S1 ... Somimn—3T = S. We note that |T'| > 6.

We observe that R = 0(S1)...0(Sam+mn—3) is a sequence over H of length
n(H) — 1. If R has a zero-sum subsequence of length at most mn, that is one that
is short relative to H, we can complete the argument as follows. We note that if
> icr 0(Si) = 0 for some () # I C [1,2m +mn — 3] with at most mn elements, then

ser Si is a non-empty zero-sum subsequence of S of length at most 2|I| < 2mn.
Thus we assume R does not have a short zero-sum subsequence. This means that R
fulfills the conditions of Lemma 4.3. Thus, we get that there exist a proper subgroup
K of H and some k' € H\ K such that the complement (in H) of X<,,,—2(R)U{0}
is contained in —k' + K.

We continue by analyzing the sequence T'. First, we note that we may assume
that m(T") does not have a non-empty zero-sum subsequence of length at most 2.
Otherwise, let So | T with 1 < |Sp| < 2 and we consider the sequence o(Sp)R over
H that has length n(H). Thus it has a short (relative to H) zero-sum subsequence.
Using the same argument as above, this yields a short (relative to G) zero-sum
subsequence of S.

Second, somewhat in the same vein, we note that for each So | T with 1 <
|So| < 4 such that 7(Sp) is a zero-sum sequence we may assume that o(Sy) ¢
—(Z<mn—2(R)U{0}). To see this, just observe that otherwise we would get a non-
empty zero-sum subsequence of o(Sp)R of length at most mn — 1, which contains
0(Sp). This then establishes the existence of a zero-sum subsequence of S of length
at most |So| + 2(mn — 2) < 2mn, that is, it is short. Therefore, recalling what we
know about ¥<,,—2(R) U {0}, we get a short zero-sum subsequence of S unless
0(So) € k' + K for each Sy | T with 1 < |Sp| < 4 and o(7w(Sp)) = 0.

It remains to show that o(Sp) € k¥’ + K for each Sy | T with 1 < |Sp| < 4
and o(m(Sp)) = 0 is impossible. We know that |T'| > 6 and that 7(7T") consists of
distinct non-zero elements, as otherwise we would get a zero-sum subsequence of
length at most 2, which we excluded above. Fixing an appropriate independent
generating set {ej, ez, e3} of G/H we may assume that supp(n(7')) contains all
non-zero elements except e; + e + e3. For I C {1,2,3} with two elements, let
er = Y ;cq €i- Wenote that 7(T') has at least the following zero-sum subsequences of
length at most 4: Vi, = €i€5€{i i}, Vo = €{1,2}€{2,3}€{1,3}» and Vi/ = € j}€{i,k}€jCk
for {i,7,k} = {1,2,3}. Let Ti(/) denote the subsequence of T' whose image under 7

is Vi(/). We want to show that at least one of these sequences Ti(/) has a sum that
is not in k' + K. Assume to the contrary that the sum of each of these sequences
is in k' + K. Now, note that VoV1V2Vs = V/VJVY and thus ToThToTs = T{T5T5.
However, that yields o(TyT172T3) € 4k’ + K while o(T113T4) € 3k’ + K. Since
k' ¢ K, this is a contradiction, since k' ¢ K. Thus, o(Sy) € k' + K for each Sy | T
with 1 < |Sp| < 4 and o(w(Sp)) = 0 is indeed impossible, and consequently S has
a short zero-sum subsequence. (I

We continue with the proof of our result on the Erdés—Ginzbirg—Ziv constant.

Proof of Theorem 3.2. Since s(G) > n(G)+exp(G)—1 for every finite abelian group
G (see the remark before Conjecture 2.2), Theorem 3.1 readily yields the desired
lower bounds. We now show that these bounds are indeed optimal. Our strategy is
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to obtain a situation in which we can invoke Lemma 4.4 and then apply Theorem
3.1. As already noted, we can always apply Lemma 4.4 if exp(G) < 4. Thus, we
assume mn > 2.

Let H be a subgroup of G ~ Cy & Csy, & Copyy isomorphic to Cp, & Cp,y, such
that G/H is isomorphic to C3. As before, we apply the inductive method with

H— G5 G/H.

For n = 1, by [12, Proposition 5.7.11] and since s(C3) = 9 and s(C2,) = 4m — 3,
it follows that

s(G) < (s(H)—1)exp(G/H) +s(G/H) = (4m —4)2+ 9 =8m + 1.

Now, suppose n > 2 and m has Property D. Let S be a sequence over G with
|S| = 4m~+4mn—1. Assume for a contradiction that S has no zero-sum subsequence
of length exp(G) = 2mn.

Since 4m + 4mn — 1 = 2(2m + 2mn — 5) + s(C3), it follows that there ex-
ist (2m + 2mn — 4) disjoint subsequences of S, say, Si...Som+t2mn—a | S with
|Si| = 2 and o(7(S;)) = 0 for each i. Let T be the subsequence of S such that
Sl NN SQm+2mn74T = S. We note that |T| =1.

We observe that R = 0(S1)...0(S2m+2mn—4) is a sequence over H of length
s(H) — 1. If R has a zero-sum subsequence of length mn we are done, since
> icr 0(8i) = 0 for some I C [1,2m + mn — 4] with |I| = mn implies that [[,.; S;
is a zero-sum subsequence of S of length 2|I| = 2mn. Thus, the assumption that
S has no zero-sum subsequence of length 2mn, implies that R does not have a
zero-sum subsequence of length mn. Hence R fulfills the conditions of Lemma 4.3.

In addition, we note that if 7(T) still has a zero-sum subsequence of length 2,
then we also get a zero-sum subsequence of S of length 2mn. Thus, we get that
m(T) has no zero-sum subsequence of length 2.

We continue by establishing an auxiliary fact.

F.If g | T and h | S such that 7(g) = w(h), then h = g or S contains a
zero-sum subsequence of length exp(G).

Assume there are distinct g, h with g | T and h | S such that m(g) = w(h). Since
m(T') does not contain a zero-sum subsequence of length 2, it follows that h { T" and
thus h | S; for some i, say i = 1. Then R’ = o(gS1h™1)a(S2)...0(Som+amn—a)
is a sequence over H of length s(H) — 1. If this sequence contains a zero-sum
subsequence of length mn, then as above S contains a zero-sum subsequence of
length 2mn. Thus, we know that it does not contain such a subsequence, and
since we have |ged(R, R')| > s(H) — 2, Lemma 4.1 gives that R = R’. This means
that o(gS1h~1) = 0(S1), contradicting the assumption that g, h are distinct. This
establishes (F).

After these preparations, we proceed to show that the conditions of Lemma 4.4
are satisfied. For r € supp(R), let I,. C [1,2m + mn — 4] denote the set of all ¢ such
that o(S;) = r and let @, = Hieh S;. If for some ¢ € I, we have that S; does not
contain two distinct elements, say S; = h? for some h; € G, then it is not hard to
see that jh; € X;(Q,) for every j € [1,|Q,|]; just note that o(S;) = r = 2h; for
every j € I,.
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Let v, = v,.(R). We have |Q,| = 2v,.. If v, > (n+ 1)m/2 — 1, then we have
|Qr| > mn = exp(G@)/2. Thus, if for such an r there is some i € I, with S; = h?,
then by Lemma 4.4 we would get a zero-sum subsequence of S.

Since 7(S;) is a zero-sum sequence of length 2 over G/ H ~ C3 we have 7(S;) = €2

for some e € G/H. If we have 7(S;) = e? for some e | 7(T), then by F we know
that S; = h?; this is because both elements of S; are equal to the one corresponding
element in 7T'.

Thus, the only situation in which we cannot establish by F that there is some
i € I, with S; = h? is that 7(Q,) = e‘OQT‘ where eq is the unique element of G/H
not in (7).

Let r, 7" € supp(R) be the two elements with the greatest multiplicity. We know
that their respective multiplicities v,, v, are at least (n +1)m/2 —1; and if m =1
then v, = v, = n — 1 (see the results recalled before Theorem 2.4). Suppose
7(Q,) = 3’ where e is the unique element of G/H not in 7(T), and likewise for
r’. Tt suffices to show that there exists some ¢ € I, U I,» such that S; = h? for some
h; € G.

We proceed to show this is always the case. Since mn > 2, we get that v,., v, > 2.
Let i € I, and i’ € I,,. Say S; = s182 and Sy = s)sh. Assume for a contradiction
that each of these two sequences consists of two distinct elements. We have o(S;) =
s1+ s2 =1 aswell as o(Sy) = 8] + 54 =1,

We can consider instead of S; = sys2 and Sy = s)sh, the sequences S} = s157,
Si = s2s5. We set S; = S; for all j ¢ {i,i'}. Then R’ = o(S])...0(S%,12mn—4a)
is a sequence over H of length s(H) — 1 and it has no zero-sum subsequence of
length exp(H). Since supp(R) C supp(R’), the supports are in fact equal. If
m = 1, it is immediate by the resumts recalled before Theorem 2.4 that R = R’. If
m > 1, then since the multiplicity of each element in R is m — 1 (mod m) and the

same must be true for R’, it follows again that in fact R = R’. This means that
{o(59),0(55)} = {r,r'}.

Likewise, we can consider instead of S; = s1s2 and S; = s)sh, the sequences
S} = s185, Sj; = s281. And we set S} = S for all j ¢ {i,7'}. Again, it follows that
R = R”. This means that {o(S}),0(S}))} = {r,7"}.

Since o(S]) # o(SY'), recall that we assumed s} # s5, we get {o(S}),0(S))} =
{r,r'}. Without loss of generality we can assume o(S,) = r. Then, we get o(S}) =
r’ and thus o(S}/) = r. Since also o(S;) = r, we get a contradiction. As s; + s =
s1+ s} = s2 + s} implies that so = s} and s; = s} and finally s; = so, which is a
contradiction. O

We end with the proof of our result on the multiwise Davenport constant.
Proof of Theorem 8.4. When n > 2, it follows from Theorems 2.7, 2.3 and 3.1 that
D(G) = D(Ce ® Cap) + (2mn — 1) and n(G) < D(G) + 2mn,
so that [12, Theorem 6.1.5(1)] (see also [15] and [1]) yields the desired result.

Now, assume that n = 1. If £k = 1, Theorem 2.7 readily gives
D1(G) = D(G) = 2m + 2mn.
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If k > 2, let H be a subgroup of G isomorphic to C2, such that G/H is isomorphic
to C3. On the one hand, [1, Lemma 3.7] gives Do(C3) = 3, kp(C3) = 2. By
Theorem 2.3,

Di(C2) =m+km —1>2=kp(C3).

Therefore, we have (the first inequality by [1, Proposition 2.6], which is can be
proved using the inductive method)

Di(C2 ® Com @© Coyn) < Dp, (m)(G/H)
- DDk(CﬁL)(Cg))
= D(m(rt1)-1)(C5)
=Do(C3) +2(m + km — 1)
=3+2(m+km—1)
= (2m+1) + k(2m).

On the other hand, let {eq, e2, e3} be an independent generating set of G such that
ord(e;) = 2 and ord(ez) = ord(es) = 2m. For k > 2, we consider the sequence

Si = (e + e3) 2B~ Dm=Le2m=120m Ve, (o) 4 ey + e3)(er + e2)(er + e3).

We show that S; does not contain k disjoint non-empty zero-sum subsequences.
This yields Dg(C2 & Cap, @ Com,) > |Sk| = 2m + k(2m). We set

T =2 1e2™ Ve (61 + e + e3)(e1 + €2)(e1 + €3) | Sk,
and

U=ei(e1+ex+es)(er+e2)(er +e3)|T.

Now, suppose we have A;... Ay | S where Aj,..., Ay are k zero-sum subse-
quences. Since every non-empty zero-sum sequence is a product of minimal zero-
sum subsequences, we can assume that A; is minimal for every i € [1, k].

For every i € [1,k], we set k; = Ve, 1e,(A;) € [0,2m] and A, = A;((ea+e3)k) 71 |
T. Tf A does not contain any element of U then A; = e3™ *e2™~Fi 5o that
|A;| = 4m — k;. If A} contains at least one of the elements of U then it contains
exactly two or four of them. Therefore, we obtain the following seven cases.

o A =ei(er +eg)ed™ RN 2moki o that |A,| = 4m — ks + 1

o Al =ei(er + eg)egmfk"egm*(kiﬂ), so that |A;| =4m —k; + 1

o A =ei(er + eg+ eg)ed™ RV BFD oo that |A;| = 4m — k;
o Al =(e1+e2)(e1 + eg)egmf(kiﬂ)egm*(kiﬂ), so that |A;| = 4m — k;

2m—

o Al =ei(e1+ez+es)(er +ez)(er +es)e, (ki+2)e§m_(ki+2), so that |A4;| =
4dm — kz
o Al = (e1+es)(er+eg+es)ea FFD2m=(tD) oo that |A;| = dm —k; — 1

o Al = (e1+es3)(er+es +eg)egm_(kiﬂ)egm_(hﬂ), so that |4;| =4m—k; —1
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Note that since Ve, 4ey+e5(Sk) = 1 and Ay, ..., Ay are disjoint, there is at most
one i € [1, k] such that |4;| = 4m — k; — 1. This yields

k K
Z | A > 2(47” — ki) -1
i=1 i=1

k
=2k(2m) = > ki —1
=1

> Qk(Qm) — Vestes (Sk) -1
=2k(2m)—(2(k—1)m—-1) -1

=2m+ k(2m)
= |S4l.

Therefore, we obtain A; ... Ay = Sk. Yet, then 0 =0(A; ... Ax) = 0(Sk) = —es, a
contradiction. (|
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