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Non-asymptotic Adaptive Prediction in Functional Linear Models

Elodie Brunel, André Mas, and Angelina Roche*

I3M, Université Montpellier 11

Abstract

Functional linear regression has recently attracted considerable interest. Many works focus on asymp-
totic inference. In this paper we consider in a non asymptotic framework a simple estimation procedure
based on functional Principal Regression. It revolves in the minimization of a least square contrast coupled
with a classical projection on the space spanned by the m first empirical eigenvectors of the covariance
operator of the functional sample. The novelty of our approach is to select automatically the crucial di-
mension m by minimization of a penalized least square contrast. Our method is based on model selection
tools. Yet, since this kind of methods consists usually in projecting onto known non-random spaces, we
need to adapt it to empirical eigenbasis made of data-dependent — hence random — vectors. The resulting
estimator is fully adaptive and is shown to verify an oracle inequality for the risk associated to the pre-
diction error and to attain optimal minimax rates of convergence over a certain class of ellipsoids. Our
strategy of model selection is finally compared numerically with cross-validation.

AMS subject classification: Primary, 62J05; Secondary, 62G0S.

Keywords. Functional linear regression, functional principal components analysis, mean squared prediction
error, minimax rate, penalized contrast estimator, model selection on random bases.

Introduction

Functional data analysis has known recent advances in the past two decades, addressing simultaneously many
fields of applications. We refer to Ferraty and Vieu [20] and Ramsay and Silverman [32] for detailed examples
in medicine, linguistics and chemometrics and to Preda and Saporta [30] for applications in econometrics.

In this paper we suppose that the dependence between a real-valued response Y and a functional predictor
X belonging to a Hilbert space (H, < -,- >,|| - ||) is given by the functional linear model, namely

Y =< 3, X > +e, (1)

where € stands for a noise term with variance o and is independent of X and 8 € H is an unknown function
to be estimated. In order to simplify the notations, the random variable X is supposed to be centred as
well, which means that the function ¢ — E[X (¢)] is identically equal to zero.
By multiplying both sides of Equation by X(s) and taking the expectation, we see easily that the
function 3 is solution of
Ig:=E[<p,X>X()]=E[YX] =y, (2)

where I is the covariance operator associated to the functional predictor X. Equation is known to be
an ill-posed inverse problem (see Engl et al. [19, Chapter 2.1]).

The literature on the functional linear model is wide and numerous estimation procedures exist. A first
method consists in minimizing a least square criterion subject to a roughness penalty. For instance, Li and
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Hsing [26] proposed an estimation procedure by minimization of such a criterion on periodic Sobolev spaces,
Crambes et al. [16] generalized the well-known smoothing-spline estimator used in univariate nonparametric
regression. Another approach is based on dimension reduction: this consists in approximating the regression
function § by projection onto finite-dimensional spaces. Those spaces are usually obtained by taking the
first components of a basis of H. Some authors considered projection onto fixed basis, such as B-spline basis
(Ramsay and Dalzell [31]) or general orthonormal basis (Cardot and Johannes [12]). But the most popular
method is Functional Principal Component Regression (FPCR), this consists in taking the random space
spanned by the eigenfunctions associated to the largest eigenvalues of the empirical covariance operator:

1 n
T, : H— — X > X
fe HnZ<f > (3)

i=1

The resulting estimator is shown to be consistent, but its behaviour is often erratic in simulation studies,
thus a smooth version by using splines has been proposed by Cardot et al. [I1]. The FPCR estimator is
shown to attain optimal rates of convergence for the risk associated to the prediction error over fixed curves
x (see Cai and Hall [8]) as well as for the L?-risk (see Hall and Horowitz [22]).

All the proposed estimators rely on the choice of at least one tuning parameter (the smoothing parameter
appearing in the penalized criterion or the dimension of approximation space) which influences significantly
the quality of estimation. Optimal choice of such parameters depends generally on both unknown regularities
of the slope function § and the predictor X (see e.g. [8, 10, [12]) and the parameters are usually chosen in
practice by cross-validation.

Until the recent work of Comte and Johannes [I4], nonasymptotic results providing adaptive data-
driven estimators were missing. Comte and Johannes [14] [I5] propose model selection procedures for the
orthogonal series estimator introduced first by Cardot and Johannes [12]. In [I4], they propose to select the
dimension by minimization of a penalized contrast criterion under strong assumption of periodicity of the
curve X while in [I5] they define a dimension selection criterion by means of a stochastic penalized contrast
emulating Lepski’s method (see Goldenshluger and Lepski [21]) and do not require specific assumptions on
the curve X. The resulting estimators are completely data-driven and achieve optimal minimax rates for
general weighted L2-risks. However, since both dimension selection criteria depend on weights defining the
risk, these selection procedures do not address prediction error, which can be written as a weighted norm
whose weights are the unknown eigenvalues of the covariance operator.

In the same context as Comte and Johannes [I4], Brunel and Roche [7] propose to estimate the slope
function by minimizing a least square contrast on spaces spanned by the trigonometric basis. The dimension
is selected by means of a penalized contrast. Their estimator is proved to attain the optimal minimax rate
of convergence for the risk associated to the prediction error.

Another approach is proposed by Cai and Yuan [9] carrying out reproducing kernel Hilbert spaces.
They develop a data-driven choice of the tuning parameter of the roughness regularization method (see e.g.
Ramsay and Silverman [32]). Their estimation procedure is shown to attain the optimal rate of convergence
without the need of knowing the covariance kernel. Lee and Park [25] also suggest general variable selection
procedures based on a weighted L penalty under assumption of sparsity on the functional parameter f3.
Their estimator is shown to be consistent and to satisfy the oracle-property.

In this paper, we propose an entirely data-driven procedure to select the adequate dimension for the
classical FPCR estimator. The method proposed is based on model selection tools developed in a general
context by Barron et al. [4], outlined by Massart [29], and in a context of regression by Baraud [2, 3].
However, these tools are not meant to deal with estimators defined on random approximation spaces and
thus have to be adapted. Section [I| is devoted to the description of estimation procedure. The resulting
estimator is proved to satisfy an oracle-type inequality and to attain the optimal minimax rate of convergence
for the risk associated to the prediction error for slope functions belonging to Sobolev classes in Section
In Section [3] a simulation study is presented including a comparison with cross-validation. The proofs are
detailed in Section [4] and in the Appendix.



1 Definition of the estimator

We assume that we are given an i.i.d. sample (Y;, X;);>1 where the generic Y is real and X belongs to the
Hilbert space H. Thereafter, the Hilbert space is set to be H = L2([0,1]) equipped with its usual inner
product < -,- > defined by < f,g >= fol f(t)g(t)dt but our method adapts to more general Sobolev spaces
as well. We assumed above that X is a centred random curve.

We recall that the theoretical covariance operator I' of X defined by Equation in the introductory
section is a selfadjoint trace class operator defined on and with values in L2([0,1]). This means that
the sequence of its eigenvalues denoted (\;);>1 is positive and summable. The associated sequence of
eigenfunctions is denoted by (¢;);>1.

1.1 Collection of models

If the (¢j)j<1 were known an obvious choice would be to consider a model collection (Sp,)m based on
these eigenfunctions. Unfortunately this is not possible. As the empirical covariance operator I'), defined
by Equation is selfadjoint too, there exists an orthonormal basis (@j)jzl of L2([0,1]) composed of
eigenfunctions of I'y,; we denote by (5\3) j>1 the associated eigenvalues arranged in decreasing order. Since
I',, is finished-rank, the (5\]')]‘21 are necessarily null at least for 7 > n. The couples (S\j,ﬁj)jzl are the
empirical counterparts of the (A;,1;);>1. Dimension reduction based on functional Principal Component
Analysis usually comes down to projecting the data on the space spanned by the (zﬁ]) j<k for some K. Our
aim here is to shift to a model selection approach.
Let N,, be a random integer which will be defined later. For all m € ./T/l\n ={1,.., Nn}, we define:

Sy = span{zﬁl, ,1[1m}

and the vector space S, is an empirical counterpart of Sy, := span {¢1, ..., ¥, }. It is important to note that
a major difference appears here. Classical model selection is carried out with fixed and known families of
model. Here we handle random bases and this is the source of additional problems related to the convergence
of (possibly random) projectors associated to these finite-dimensional spaces. Other difficulties come from
the non-linear dependence between the coefficients of our estimator in the basis (1/}]-, ey @m) and the basis
itself.

1.2 Estimation on Sm

Introduce the following simple least square contrast:

1 n
Yn(t) := - Z(Y’_ <t, X; >)2
1=1
Define § := (1/n) >, ¥;X; the cross-covariance between Y and X (which is also the theoretical counterpart
of the function g appearing in Equation ) and

Boi= Y S0 2y, (4)

We can see easily that is the unique minimizer of the least square contrast -, if Am > 0.
From the noise variance is as a parameter that we cannot dismiss since it appears in many compu-
tations. We distinguish two cases below.



1.3 Model selection with known noise variance

We suppose as a first step that the noise variance o2 is known.

We set
N,, := max {N eN* N < 20\/n/1n3(n) and \y > sn} ,
where s, := % (1 - 1n%n> ; and its theoretical counterpart

N,, := max {N € N*, N <20y/n/In3(n) and Ay > n_2} .

The introduction of an empirical maximal dimension is motivated by the need to ensure that the terms
Aj appearing in the definition of our estimator are not too small.

We select the dimension () ¢ /T/l\n by minimizing the criterion
crit(m) = yn(Bm) + pen ) (m) (5)
with
o2
pen®™) (m) := (1+0)%-m, (6)
where 6 is a positive constant. Then, we propose the following estimator of the function 3

g(kv) = Bm(kv) .

1.4 Model selection with unknown noise variance

Let 8 > 4 and 6 > 0, we set

N, := max {N € N*, N < min{204/n/In*(n),n/0(1 + 26)} and Ay > 5n} ,

and

N,, := max {N € N*, N < min{204/n/In3(n),n/0(1 + 26)} and Ay > nQ} ,

the term o2 appearing in Equation @ is replaced by the following estimator

R 1 o . .
Ufn = " (Y;_ < Bm, Xi >)2 = 'Yn(ﬁm)
=1
The penalty becomes:
peti(m) = 0(1 + )62, 2,
n
and the selection criterion:

A~ . 3 — . 3 m
m™) € arg min = (Yn(Bm) + Den(m)) = argmin,_ o= yn(Bm) (1 +6(1+ 5)g) . (7)

We also denote m
pent™) (m) = 6(1 + 5)02E’

the theoretical counterpart of pen(m).
Finally, we define the following estimator:

B = B .

In the sequel, when a property applies to both B(W and B(“”) we denote simply these estimators by E ,
in that case we will denote also, 7m%?) and m(“) by 7 and pen*")(m) and pen(™)(m) by pen(m).



2 Main results

In this section we derive oracle-type inequalities and uniform bounds for the risk associated to the prediction
error. The prediction error of an estimator /5 (see e.g. [16} [12]) is defined by

E [(Ynﬂ — E[Yn+1’Xn+1])2 | X1, --~,Xn} = [ITY2(8 - B)|I> =: |13 — B2, (8)

where Y41 = fol B(t)XnH(t)dt. We suppose that A\; > 0 for all j > 1, which implies that the quantity
defines a norm on L2([0,1]) denoted by | - ||#. This condition is necessary for the model to be identifiable.
Indeed, if there exists jo > 1 such that \;, = 0, we have:

0= )‘]O||1/]]0||2 =< F¢joawjo >=FE [< X: wjo >2] y

and < X, 1, >= 0 almost surely. By consequence, if the slope function 3 satisfies Equation , then any
slope function of the form 34 cy;,, with ¢ € R, satisfies also Equation (|1): it is clearly impossible to identify
the slope function with our sample in that case. However this condition is not sufficient, for more details on
the problem of identifiability in functional linear models see Section 2 of Cardot et al. [11].

2.1 Assumptions

Recall that (A;,1););>2 denote the eigenelements of the covariance operator I'. We can control the risk under
four assumptions:

H1 There exists p > 4 such that 7, := E[|¢[’] < 4o0.

H2 There exists b > 0 such that, for all | € N*,

suplE <t

< X,1p; >
JEN L

J

H3 For all j # k, < X,1; > is independent of < X, vy, >.

H4 There exists a constant v > 0 such that the sequence (j Aj In' (5 ))j>

, 1s decreasing.

Assumption H1 is standard in regression. Assumption H2 is necessary to apply exponential inequalities.
Assumption H3 is also classical and we know from the Karhunen-Loeve decomposition of X that it is true
for X a Gaussian process (see [I, Section 1.4]). Moreover, note that for every general random variables
X € L*([0,1]), the random variables < X,1; > and < X, > are uncorrelated since if j # k, E[<
), Xi >< Yy, X; >] =< T, >= 0. The assumption on the sequence (j)\j ln1+7(j))j22 allows to avoid
more restrictive hypotheses about spacing control between eigenvalues as usually made frequently in the
literature (see [8], [23], [22]).

In order to derive oracle-inequalities for the risk associated to the prediction error, we need to precise
the decreasing rate of the sequence (\;);>1. Usually in functional linear regression, this rate is supposed to
be polynomial (see for instance [, [16, [9]) but more regular processes may be considered. That is the reason
why, following Cardot and Johannes [I2] or Comte and Johannes [14], we consider also exponential rates.

(P) Polynomial decrease There exists two constants a > 1 and c¢p > 1 such that, for all j > 1

cpliTt <N <epi™
(E) Exponential decrease There exists two constants a > 0 and cg > 1 such that for all j > 1

i exp(—j%) < A; < cgexp(—j%).



2.2 Upper-bound on the empirical risk

We define an empirical semi-norm naturally associated to our estimation problem by

1 n
IFIE, = IT2f17 = - Y < f,Xi >, forall feL2([0,1]).
=1

In a first step, in propositions [I] and [2] we prove that our estimators verify an oracle type inequality for

the risk associated to this semi-norm whatever the regularity of the slope function 5 and the decreasing rate
of the covariance operator eigenvalues are.

2.2.1 Bound on the empirical risk with known noise variance

Proposition 1. Suppose that Assumption H1 is fulfilled, we have

_ A o 1
Emﬁmtwﬂﬁ]Scmgaﬂﬁmﬁ_nmm@J+pm@@mw}+@’+WW>’

n
with C,C" > 0 depending only on 6 and p and I1,, the orthonormal projector onto S

Proof. We want here to take advantage of Corollary 3.1 in Baraud [2] who provided a very similar result in
the context of regression on a fixed design. Indeed Baraud considers a model Y = s(z) + € where Y is real,
x takes values in some measurable space and s is a general mapping. Conditioning our functional linear
model with respect to X := {X,..., X;,} we can switch from the model considered in Baraud to ours by
setting s(x) = (B, x). The seminorm || - ||, becomes our || - ||r,, and the least square contrast is now :

n

6 3 (¥ 6(X0)°.

i=1
Our last task consists in identifying the class of models, namely the Sy,’s. Still sticking to Baraud’s notation
the latter should be subspaces of L? (H, ||-||,,). It is simple to see that the following collection suits:

Sm 1= span {,j = 1,.om} € L2(H,[],);m = 1,..., N,

through the identification mentioned above that is z/}j (x) = <1/A1j, :c> As Assumption H1 is supposed to be
verified, we are now ready to apply Corollary 3.1 of Baraud [2] with ¢ = 1 and obtain that a.s.

Ex [18 - Bal2] <€) int_ (18— 11g B+ pen(m)) + 220 ©)

meMn

with

-
Op = C'(6,p) e A S <C"(0.p)%,
mEMn

and Ex denotes the conditional expectation with respect to X.
Noticing that we set earlier Iy = ILy, Equation @) leads to :

"
C (eap) 0_2.
n

Ex |1~ allf,] < C(0) inf_ (|18~ T8, +pen(m)) +

meM
Now, we must ensure that the dimension of the oracle (i.e. the dimension that realises the best bias-variance
compromise in M,,) is included in M,,. Remark that, if m > N,,

(1+6)0?

Nn_ )
% (N —m)

18 =10 BlIE, +pen(Ny) < > A < B,1h; > +pen(m) +
j>Nn



moreover
m
SN <B > = B-TmBlE, + D A< By >2<|B = HBIIE, + sall 8117,
§>Np+1 J=Np+1

since, for all j > N,, j\j < 5,. Therefore

5 2
18~ iy, BIR, +pen(R) < 18— 82, + pen(m) + 121 (10)
and we obtain, for all m € M,
; - C"(6,p)
Ex [I18 = Bal2,] <€) (18 = [uBIR, +pen(m)) + =2 (5> + |18]).
The proof is completed by taking expectation on both sides of the last inequality. O

2.2.2 Bound on the empirical risk with unknown noise variance

Proposition 2. Suppose that Assumption H1 is fulfilled. We have

~ . '’
(wo) _ 5112 1 < : o 2 (uv) ~ o2 2 2/p
E[|3*) ~ IR,) < C inf {E[18 - [uBIR,] +pen®™(m) } + (0 + |5] + 7/7),
with C,C" > 0 depends only on 0, p and §.

Proof. Because of the random penalty, we cannot proceed as in the proof of Proposition [Il The following
proof is based on contrast decomposition and control of the remaining empirical process. More precisely, by
definitions of m(“") and B,:

'Yn(g(uv)) - ’Vn(ﬁmﬁ) < pen(m) — pen(rm (uv))a

and

'Yn(g(w)) - Vn(f[m/@) = 8- g(uv)len — 18- ﬂmBH%n + 2Vn(ﬂmﬂ - g(uv))7

1
:*E g <t,X; >,
n-
=1

with:

an empirical linear centred process. Then:
18 = Bt < 18 = B[R, + Pei(m) — pen(im™) + 2, () — 11,,). (11)

The first step is to replace the random function pen by its empirical counterpart pen(*?), this can be done
by using the results of Lemma|13|in the Appendix directly in Equation :

ExllI8 =53, < (1452 ) 118 = MBI, + Exlpen®™ (m) — pen®™ ()

5, (uv) - R 2/p 2
5 <1 L ) V(B — 11, 8) 7"+ |BIIF + o
n

n
where k :=2(0 + 1).

Then the last step consists in controlling the empirical linear process v, on Simvm. Remark that for all
6 >0, for all m € M,,,

+Ex

: (12)

~ . 1 ~ A
20m(B) T B) < G118 —MInBlIF, +0  sup v (f), (13)
fegm(uv)\/m
Ifllr, =1



since for all z,y € R and 6 > 0, 2zy < 67122 + 6y
Let p(m,m’) := 2(1 + 5)%7”/02, remark that pen(m) + pen(m’) > p(m,m’). Then, since § > 4 and

N, < n/k, gathering equations and we obtain:

4 = 4 i
(1 . 9) B [I30 ~ gI2,] < (2 ; 9> 18 — LB,

+2pen(™) (m) + 20Ex sup  v2(f) — p(m, m(™))
fegm(uv)\/m
||fHFTL:1 +
Then the last step is to bound the variations of sup ¢ ) v2(f) (which can be seen as a variance term)
M UV vm
Ifllr, =1

around p(m,m'), the results comes from Lemma [1| detailed below:

~ . C(p,0
Ex [I130) — 812, ] < C0) min {8~ 81, +pen®(m)} + C2:052
meMy,
Then we conclude as in the proof of Proposition |1| by Inequality . O

For sake of clarity, Lemma [I| which is the key of the previous result, is given below.

Lemma 1. Suppose that Assumption H1 is fulfilled. Let p(m,m’) = 2(1 +5)%mla2, then for all m € /T/l\n,

C(p,d
Z Ex sup  v2(f) — p(m,m’) < (p )02.
I eNA fES'm m/! n
M (T .

The proof of this lemma is given in Section and relies on results of Baraud [2] based on Talagrand’s
Inequality.

2.3 Oracle inequality

In this section, we derive an oracle-inequality for the risk associated to the prediction error. We define first
an allipsoid of L%([0, 1])

Witi= ¢ feL?(0.1)), Y j" < f.4; >*< R?
g2l

Theorem 1. Suppose that assumptions H1, H2, H3 and H4 hold and that the decreasing rate of (A\;)j>1
is given by (P) or (E). Then, for all slope function B € L2(]0,1]), if n > 6:

Co

n

(L+1817) (14)

m

BlIF - 613 < € iy (B8 - 8131+ BIDS ~ TaBIR, ]+ pen(m) ) +

where C1 > 0 and Cy > 0 are independent of B and n.
If, in addition, 3 € WE — with the condition a + v > 2 in the polynomial case (P) — we have

115 - 817] < ¢ (i (BIDS ~ 011+ pentm)) ) + 2 (1.4 117) (15)

where the constants C| > 0 and C% > 0 do not depend on [ or n.



Remark 1: The condition a + r > 2 is verified as soon as a > 2 without condition on the regularity
parameter r of the slope 3. Note that if X is a Brownian motion, the sequence (\;);>1 associated to the
process X verifies (P) with @ = 2. Then we do not need additional condition on r if X is smoother than
the Brownian motion.

Sketch of proof. The core of the proof relies on the bounds on the empirical risk given in Proposition
for the known variance case, and Proposition [2| for the unknown variance case. Then it remains to replace
the empirical risk appearing in propositions [1f and [2] by the risk associated to the prediction error in order
to obtain the final oracle-inequality. This is done with the results of Lemma [2] which allows to control the
set

An = {VF € Su 12 < poll FIZ. ), (16)

where pg > 1 is a constant and we define S’n =9 N,

Proof. The following equality holds:
E[[|5 - Bl] = E[IB - BlIF1a,] + E[IB — Bl#1c),

where, for a set A, we denote by AL its complement.

Lemma[4] in Section [f] allows to bound the second term of this inequality. Thus the end of the proof will
be devoted to upper-bound the first term.

We remark that, for all m € M,,,

185 = Blr1a, 18 = TnBlr1a, + 118 = nfllr

VoollBin = BlIr, + /ol — TmBlr,, + 18 — T Bl (17)

By propositions [I] and [2] for all m € M,,:

VARVAN

1+ !!5\2)

Elldn - AIR,] < C0.0.6,0% ) (16~ TlnS1R,] + penon) + ]

and by Equation

R R R 2
Bl — BIFLa,] SO0, 0% 7 po) (EIIS ~ Fin IR, ] + 15~ TinBIR] + pen(m) + 1AL,

and Equation follows.
Then Equation comes from Equation and Lemma O
2.4 Convergence rates

As a direct consequence of the oracle-inequality given in Theorem [l associated with the control of the
random projector on the spaces S, given in Lemma we derive uniform bounds on the risk of our
estimators on the ellipsoids WX.

Theorem 2. Assume that the assumptions of Theorem[1] are fulfilled. For all v > 0 and R > 0:

Polynomial case. If (P) holds with a 4+ r > 2 then:

sup E[||3 — B|}] < Cpn~(etr)/latrs), (18)
BeWE



Exponential case. If (E) holds then:

sup E[|B — B||2] < Cen~" (Inn)"/*, (19)
BeEWE

with Cp and Cg independent of n.

Remark 2: In the case where the noise € is Gaussian, the bounds @ and (@) coincide with the minimal
bounds given by Cardot and Johannes [12].

Proof. Let us start with the polynomial case (P). By Theorem [lIf we have:
1 2
BlIF - p12) < 0 ( min (B8 ~ Tn812) + pentm)) + -1+ 1317 ).

with C' independent of 8 and n. Denote by I1,, the orthogonal projector onto Sy, = Span{¢n,...,¥n}, by
Lemma [I1]

. Inm
18 =1nBllf < 28 —ILugl7 + C

with C1,Cy > 0, independent of 3 and n. Now since 3 € W,

E[|8 - nfBlR] = 3" N < B, >2<m™™" Y j" < B4 >2< Rm ™",

j>1 j>m
We can see easily that it is possible to define a sequence of integers (m;),en+ such that
m’ = n'/* 1 and m* < N, for all n € N*,

where for two sequences (ag)r>1 and (bg)r>1, we note ay < by if there exists some constant ¢ > 0 such that,
for all k < 1, ar < cby and we note also ap < by, if ax < by and by, < ax. Now considerations above lead us to

+
sup_ E[HB M BIE] S ™ a1,
BeEW

as soon as a + r > 2 and in addition .
a T

pen( ) < n a+r+1

which leads to the expected bound.
The exponential case (E) is treated similarly with m} =< In'/?n O

3 Numerical results

3.1 Simulation method

Following the method proposed by Hall and Hosseini-Nasab [23], we simulate the random function X in the
following way

J
X = Z VA&, (20)
i=1

where, for all j > 1, v;(z) = v2sin(r(j — 0.5)z) and {¢;, j = 1,...,J} is independent and follows the
standard normal distribution. This sequence of functions (¢;);>1 has been chosen so that if J is sufficiently

10

5 4
mmax{(l—r)+,2—a—7"} +021n m;n nmmax{(Q—a+(7—7‘)+)+72—a+(5—r)+}

)
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Figure 1: Plot of 81 (bold, dashed) and Bi’“”) computed for 10 independent samples of size n = 1000.

high and if \; = (j — 0.5)727~2, we obtain a Brownian motion (see Ash and Gardner [I]). In order to see
how the decreasing rate of (););>1 influences the estimation, we take three different sequences:

Pl _ =2 \P2 _ -3 E_ —j
A= 5 A =5 and A = e,

It is interesting to note from Equation that the higher the rate of decrease of the \;’s, the better the
regularity of the function X.
The function X is then discretized over p = 100 equispaced points
-1

{tj = jT,j =1, ...,p}. We take ¢ ~ N (0,02) and 02 = 0.01. We consider here two different slope functions

B1(x) = In(152% 4 10) + cos(4nx) (see [10]) and Bo(z) = ¢(#=0:3)7/0.05 cos(4mz).

3.2 Comparison with cross validation

We compare our dimension selection criterion with two cross validation criteria frequently used in practice.
The first method consists in minimizing

S (YY)
(1 —tr(H,,)/n)?

GCV(m) :=

where Yj := fol Bm(t)X;(t)dt and H,, is the classical Hat matrix defined by Y = (V1,...,¥,) = H,, Y. This

criterion has been proposed in a similar context by Marx and Eilers [27] and in the context of functional
linear models by Cardot et al. [IT]. The second one consists in minimizing the criterion

CV(m) = 1 Zn: (yz _ y;(—z‘)>2 |

n -
=1

which has been proposed in the framework of functional linear model by Hall and Hosseini-Nasab [23]. Here

Yi(*i) is the value of Y; predicted from the sample {(X;,Y}),j # i}. Note that an immediate drawback of
this criterion is that it requires a much longer CPU time than the GCV criterion or our penalized criterion.

3.3 Results

As we can see in figures [I] and [2] the regularity of estimators increases when the rate of convergence of
the \;’s decreases. This is a specificity of functional PCA: the estimated slope function f is an element of
Im(T,,) = span{Xy, ..., X} and thus has the same regularity as the function X. It also explains the side
effect observed in figures [1| and [2] since X;(0) = 0 implies that 5(0) = 0.

11
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Figure 2: Plot of B2 (bold, dashed) and Eékv) computed for 10 independent samples of size n = 1000.

Aj b1 1))
n = 200 n = 500 n = 1000 n = 200 n = 500 n = 1000
j_2 kv 12.8 +£0.4 5.9 +£0.2 3.57 £0.08 | 4.7 £0.3 1.88 +0.09 0.89 +0.05
uv 12.5 +£0.4 5.8 +£0.2 3.51 £0.08 | 4.7 £0.3 1.89 +0.09 0.89 +0.05
GCV 80 +2 55 +2 47 +2 80 +2 55 +2 47 +2
CV 12.2 £0.5 5.6 £0.2 3.34 +£0.09 | 5.7 +£0.4 2.2 +£0.2 1.08 £0.06
j73 kv 6.7 +£0.3 3.3 +£0.1 1.84 +£0.06 | 5.5 £0.2 1.8 £0.1 0.88 +0.04
uv 6.6 0.3 3.2 £0.1 1.83 +£0.06 | 5.4 +£0.3 1.8 0.1 0.88 +0.04
GCV | 18.4 +0.5 12.6 £0.3 9.3 +£0.2 18.5 £0.5 12.7 £0.3 9.5 £0.2
CvV 7.3 £0.4 3.3 +£0.2 1.78 +£0.07 | 5.1 +£0.4 2.0 £0.2 1.05 £0.08
e=J kv 4.8 +0.2 2.05 +£0.08 1.12 +0.05 | 5.0 £0.2 1.9 0.1 0.78 +0.05
uv 4.7 £0.2 2.03 +£0.08 1.11 +0.05 | 4.9 +£0.2 1.82 +0.09 0.77 +£0.05
GCV 5.8 £0.3 2.67 £0.09 1.45 £+0.05 6.0 £0.3 2.7 £0.1 1.40 £0.05
CvV 4.8 +£0.3 2.05 £0.09 1.10 +0.05 | 4.6 £0.3 1.8 £0.1 0.87 £0.05

Table 1: Mean prediction error (x10~*) and approximated 95% confidence interval (calculated from 500
independent samples of size n = 1000). kv: dimension selected by minimization of , uv: dimension
selected by @
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Estimation of 5;
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Figure 3: Left: comparison of estimators Bm when m is selected by minimization of the penalized criterion
crit defined by or the CV criterion. Right: comparison with the GCV criterion. n = 2000, \; = j .

The results of Table [l indicate that the substitution of the term o2 by the estimator 62, in case of
unknown variance does not have a significant effect on the quality of estimation. In fact the Monte Carlo
study also revealed that the dimension selected by minimization of and is the same in 70% to 99%
of cases (percentage depending on the sample size n, the decreasing rate of the A;’s and the function ).

Moreover, according to Figure [3| and Table [1| performances of our estimators seem to be quite similar
to the functional PCR, estimator with dimension selected by minimization of the CV criterion. Conversely,

the GCV criterion selects systematically the highest dimensional model which leads to poor performances.

4 Proofs

4.1 Proof of Lemma [

Proof of Lemma [ First denote by fx = (< f, X1 >,...,< f, X,, >)" and & := (e1,...,e,)". Remark that
vn(f) = fx&/n and that, by usual properties of orthogonal projectors

a'E 1 , 1 , 1/2 1 , 1/2
sup vp(f) = sup — = —= sup a'e¢ = —(;, (6)1l;,8) "~ = — (€1l;,6) ',
fE€Sm ! a€sy N N a€sm, N (&) vn (z..2)

Iflir, =1 o' a=n o’'a=1

where §,,, denotes the subspace of R™ defined by
Sm = {a e R”, df € S”m, a:fx}

and II;  is the orthogonal projector onto 5,,.

13



Then, by Assumption H1, applying Corollary 5.1 of Baraud (2000) [2] with A = II;, we obtain, for all
x>0,

Px | n sup v2(f) > mo? +20%/mz + 0%z | < C(p)oPT, 7732,
fESm P
1fllr, =1

where Px stands for the probability given X. Then for all § > 0 remark that /mz < ém + d 'z we obtain

2 2
Px | sup 22(f) > (1+8) 4 (1+5 Y2 | <Cp)—s.
5 n n xP/?
fESm
I fllr, =1
Set
Qm\/m’ = SAup V’?L(f) - p(m7 m/)
feSme/
I fllr, =1 +
We have, for all m,m’ € M,
+o0
%@l = [ Px @uw = )
0
¥4 +oo dt 2
< w2 | s SO0 T (m v ),
n 0 (t+ 0-2”;\/1”,(14-5)) n
As p >4, (mVm/)'7P/2 <1 and we obtain the expected result. O

4.2 Upper-bound of the risk on AEL
We first bound the probability of AEZ:

Lemma 2. Under assumptions H2, H3 and H4 and if the decreasing rate of (\j)j>1 is given by (P) or
(E), the set A, defined by Equation (16) verifies

B(A7) < C/nf,
with C' > 0 independent of n.
Proof. First remark that:
P(AY) = P(AL N {N, < N} + P(AS N {N, > N,

the second term of this equality is easily bounded by Cn~6 by Lemma It remains to bound the first term.
We have

2
Al M {N, < N} =4 inf 71, <p P {N, < N} ! inf Hf”F; <pytp.
fesn 1112 resn, IFIE
Let f = Eé\f:nl ajibi € Sn,, we have a.s.

’f”rn Z)\ 04 = \Anab,

14



Nn
where | - |2 is the norm of R¥» defined by |z|3 = Z 22 for all & = (x1,...,z,) € RV and A,, is the diagonal

j=1
matrix with diagonal entries {v/ 5\1, . \/z}
Moreover
Ny,
I = Z ajog < TV, TV >= o/ Uy,
J.k=1

where ¥, is the symmetric and positive-definite matrix

U, = (< 124, T2, >)

1<5,k<N,
Then,
IF17, _ Awal3 _ Awal _ A% 2w a3
IFIF o' Tua 9l 2a2 022
Now Hf”2 ’W_I/QAQQI_I/2
fEH;f\r HngF" = aeRif\rfln\{o} @ n |a|§ n 9 min{\, A eigenvalue of ¥ 1/2A2 @ -1/2},

On the set Jn defined by Equation in Section by Lemma forall, j =1,..., Ny, S\J- > 0. Hence
the matrix A, is invertible, therefore

2 R 1 R .
inf Hf”rz” =p ((‘1’51/2/\%‘1’51/2)_1> = p(A, U, AL
resa IfIIE

where, for a matrix A, p(A) = max{|\|, A is a complex eigenvalue of A} denotes the spectral radius of A.
We have then

P (A% N {ﬁn < Nn}) < P(Jn N {p(AT10,ATY) > po}) + B(TE). (21)

By Lemma |§| in Section (jn ) < C/nf, with C depending only on T' and b. Thus it remains to
control the spectral radius of A hy,, A
We define a linear (random) apphcatlon O from R™ to IL2([0, 1]) by:

Ny
O:a=(ay,...ay,) — Zozjwj.
j=1

We denote by O* the adjoint of O, which is the linear map from LL2([0, 1]) to RV» defined by:
0% : f = (< f,4j >1<j<n,):

We can check that QO* = I1 N,, and ¥, is the matrix of the linear map O*I'O in the standard basis of RN,
It is known that the spectral radius of an operator is equal to the spectral radius of its adjoint, then,

p(A WL ALY) = p(L1OTOLY) = p(TY20L L, O T 2), (22)

where £,, denotes the linear endormorphism of RN» whose matrix in the standard basis is A,,. Denote by
Iy, the orthogonal projector onto Sy, = span{v1, ..., %y, }. Moreover, let T'T (resp. T ,T@) the pseudo-inverse
of operator I' (resp. I'y) on Sy, (resp. Sp), defined by:

iy :—Z<f,w] ; and FTf —Z<f)\% >¢J {>\ >0} (23)

j=1 Aj j=1 J

15



we have TV/201T1/2 = IIy, and Oﬁ;QO* = FI,,. Then,
I‘l/QOﬁglﬁglO*I‘l/Q _ Fl/QFLFUZ _ Fl/Q(FT i FII _ FT)Fl/Q M + Fl/Q( FT)Fl/Q
and by Equation
pA W ALY = [|TTg + T2 = T2l < 14 (ITV2(] - THIEV2 |,

where || - || denotes the usual operator norm.
Now

P( O {p(A7 W ATY) > po}) < P (7 0 {ITV2(] = THE 2o > o = 1)
Thus, the results of Lemma |3| — whose technical proof is given in Section — in Equation allows us
to bound P (AEL N {Kf; < N, ) Then the proof is finished by Lemma O

Lemma 3. Suppose that assumptions H2, H3 and H4 are fulfilled and that the decreasing rate of (A\;)j>1
is given by (P) or (E), then

P (o 0 {ITYA(T] = THEY 2o > gy — 1} ) < O™,
with C' > 0 independent of n.
Lemma 4. For all 8 € L2([0,1]), if assumptions of Lemma @ are fulfilled then

E[IF — Bllr1ag) < 1+ 181R),

with C' > 0 independent of B and n.
Proof. First remark that, as Y; =< 8, X; > +¢;, for all m € /T/l\n

ZZ}%ZYQW% :ﬁmﬁ“‘Rma

j=1""i=1 j
where m .
1 < X5, 05 >
m = 252&41;\ 2 ¢j
7j=1 =1 ]
Then

ElIF - Blrtag] < 2B [10a8 - Bl 1ag] + 2B [IRall1ag ] < 208IRP(AL) + 2B [I1RalPLag ]

The first term can be easily bounded using the results of Lemma [2 Then we focus on the second term, the
idea is to bound the quantity ||Ry|r by ||Rs| which can be written simply,

E [ RallfLag | < p(DE |[Ral*Lag | = p(DE | 37 < Rinthy >* 1ag
j=1

Now remark that, since m < N,, < 204/n,

m . m 1 n < Xia . S 2 B 20(v/n] n
D < Raniy >P< ) (n ZeA%> " Z Z \/ﬂ Lias>op
=1 j=1 =1

=1 J

Then we have, by independence of ¢; with X; and A,
2 o® C
E IRl | < 200(1) oo BAD),

and the results come from lemmas [2] and [5| and the definition of s,,. O
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Lemma 5. If Assumption H2 is fulfilled and n > 6, then
P(N, > N,,) < Cn~5,
with C' independent of B and n.
Proof. The sequence (\;);>1 being non-increasing we have
P(No > Na) < POw, 112 Ag,) <P ({1 2 a5, f ) +P (A5),

where A, is defined by Equation in Section Then by definition of A,

{/\ > )\ } . g
Not1 Z Ag, ( NAR C AN 41 2 Ag — =0,

. ? AR - . . . .
since Ay, 41 <172, AN, > 5, and § 8 < ]X" < ”TQ. Thus the proof is finished following the conclusions of

Remark Bl in Section [A.2] 0
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Appendix A Perturbation theory background

Many intermediate results are based on perturbation theory. We give in this section some preliminary
results on this subject. The aim is to control the proximity between the random space S, spanned by the
eigenfunctions of I';, and the space S, spanned by the eigenfunctions of I'.

Recall that II,, (resp. II,) denotes the orthonormal projector onto Sy, (resp. Sp) and 7; (resp. 7;)
denotes the orthonormal projector onto span{i;} (resp. span{zﬂj}). We write the difference of projectors
I, — I, (or equivalently m; — 7;) explicitly in terms of the operators difference I' — T';, easier to handle.

A.1 Exponential inequalities

In the proofs, we use the following version of Bernstein’s Inequality:

Lemma 6 (Birgé et Massart (1998) [5]). Let Zi, ..., Z, be independent random variables satisfying the
moments conditions

1 — !
o E E[|Z"] < m?vQcmfz, for all m > 2,
n

i=1

for some positive constants v and c¢. Then, for any positive ¢,

n _n 2
P (; ) zs> <o (2502

=1

We use also a version of Lemma [6] for Hilbert valued random variables which can be found in Bosq [6].
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Figure 4: Rectangular contour

Figure 5: Contour made of disjoint circles

A.2 Preliminary notions

Let v be either the rectangular path given by Figure [4] or the union (for j = 1,...,m) of the circular paths
09); of center \; and radius J; represented in Figure
We have, for all j > 1, z € [0,1]:

1 i 1
Moty ) = Lysty(0) = 5z [ P5Lac = o [ (@r -1y yyac

and )
Iy, == [(CI-T)"'d 24
n =iz €1 (24)
we refer to Chapter I1I of Dunford and Schwartz [18] for an exact definition and properties of this integral.
Now the aim is to write similarly the random projector 11,,. This can be done if, for all j < m, A; is in

the interior of ~.
For t > 0, let 7, (t) be the set

¢esupp(y)

Ty (t) = { sup [ T(Oll < t}7 (25)
where T(¢) := RY2(¢)(T,, — T)RY2(¢) with R(¢) = (¢I —I')~L. Define also the set
N I U]
A, ._JQ{\AJ A < 2}. (26)

Lemma 7. Let t < 1/2, then for both circular and rectangular path v J,(t) C A,,.

The proof of Lemma [7| may be deduced from the proof of Lemma 14, p.12 of Mas and Ruymgaart [28].
Now Lemma [7} allows us to write that for all ¢ < 1/2:
29

M, = 1J7(t)1/(CI —T,,)~dC. (27)
il

18



Define R (¢) := (¢I —T',,)"%, equations and (27) lead to:

. 1

(I = )17, = L7, 55 (R(g) - ﬁ(()) d¢, for all t < 1/2.
v

Then we rewrite the interior of the last integral by remarking that

R -R()=REQ)T-Ty)REC)=REQ)I-D)"*T)R(). (28)

By definition, when ¢ < 1, on the set 7, (t), the operator I — 7(() is invertible for all { € supp(y) and
we have:

(I-TQ) '=I-D)?R()(I-1)".
Then Equation leads to

(R(©) = R(Q) 1,0 = B (OU =T O] T (QB(Q) 17,0

We obtain in a similar way a rewriting of (7; — ;)17 () or (T — I‘L)ljw(t) where I'l and I}, are defined
by Equation . All results are summarized in the following lemma.

Lemma 8. For all t < 1/2 if v is either the union of circular contour represented in Figure @ or the
rectangular contour given by Figure [}

(= a)lg ) = o [ RPQU-T O TR Qdegy
v
1
(7 =)l = % " RZ (O =T (O T ()R (¢)dC1g,

O -Thigw = 5= [ ZRPQU-TEN TOR? O dc1z
Y

The last lemma allows us to finally control our quantities on jv(t)c.

Lemma 9. Denote by
—, forallk > 1.
Z [Ai — )\k! f

If v is the path 0Q covering the circle of center A\ and of radius 0y or the rectangular contour given in
Figure[f] we have, under Assumption H2 :

C nt? 1
P <j7 (t)) < 2exp <_ Qai(% — 1) (2b— 1) + 25663 /((2b — 1)akt> '

The proof of Lemma [J relies on Bernstein’s exponential inequality for Hilbert-valued random variables
(see for instance Bosq [6]). Details can be found in Mas and Ruymgaart [28, Lemma 13].

Definition 1. Let, for all t > 0, J,(t) be the set defined by Equation then we define a set [T, in the
following way: take l;, = min {% Inn, 1/2} ,

Circular contour

Tn =) Jog, (lin); (29)
j=1
Rectangular contour
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Remark 3: By Lemma @ the sets 7, defined by Equation or verifies
P(JE) < 2exp(—c*In?n), (31)
where ¢* > 0 depends only on b and ¢;5. Moreover, as [, < 1/2, by Lemma |7, we have
In C A

and the results of Lemma [§] are true.

A.3 Upper-bound on the distance between empirical and theoretical projectors

We need a preliminary lemma

Lemma 10 (Hilgert et al. [24], Lemma 10.1). If Assumption H4 is verified, then for all k € N* :
ap < C(y)kInk

Lemma 11. Let 7, R > 0 and 8 € WE. Suppose that assumptions H2, H3 and HY are fulfilled. If (Aj)j>1
decreases at polynomial rate (P) then

3 5 4
E[Hﬂmﬁ . Hmﬂ”%"lj ] < O In mmmax{(l—r)Jr,Z—a—r} + Oy In m2ln nmmax{(Q—a+(7—T)+)+,2—a+(5—r)+}
n — n Y
and if (A\;)j>1 decreases at exponential rate (E)
~ 1 3 1 6 1 4
BTl — Tnl317,) < Co—m=0s 4 LT
n n

with C1 > 0, C > 0 and C3 > 0 depending on r, R and on the sequence (A\j);>1 but are independent of m
and n.

Proof. First, by Equation

E[|| 11,8 — W Bl71 5] < 2]BIB(T7) < ClBIR /7,

with C independent of 3, n and m. Now by Lemma
. 1 & ~
(IS —TB)1g, =1g,5— / RV (2)[I =T (2)] 'L (2) R (2) Bd=.
2im j=1"9%

Remark that (I — 7 (2)) 17T (z) = T(2) + (I — T(2))"'T?(z), then

~

]-jn (Hm - Hm) — An + Bn7

with

Y -l N
An_ljnmjz; /mj [(ZI )" (T, =) (2F —T) 7 dz

By =15, 2 /agj (L= =T @7 T (20 (2L = 1) 72
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We deal with A,, first. Calculations show that

2 ; 1 & MeBi
N P BT
j=1 k>m ()\ o )\k n =1 k>m ()‘] - )‘k)
m m 2
< - Z = Z Oy = /\ Amyrm ™" > KB}
j=1 k>m
(1 )+ ] 2-71]
( wm i mAm+1>, (32)

as soon as (A;);>1 decreases exponentially or polynomially with C' > 0 depending only on R, r, a and I.
The last line comes from the inequality A\; < j ~1 and Lemma We turn now to B,

1B, 317, |1}
2
1/2 2 p1/2
slais 2%& (Z/{m <R Y)I=T I ' TR (§)5,¢k>dc> ' (33)

We have:

<RVZZQU-TQQI ' T)?RYV2()Btbw >=< [T =T (O] T (Q)* RY*(¢) B, RM? (¢) von, > .

We denote by £° := ijl jT/2/6’jz/Jj :as B is in WX, the function 3° is in L2([0, 1]). Moreover we denote by
P, the diagonal compact operator defined by P.¢; = j -/ ij, we remark that 5 = P.3°. We have

1

R Qe = (1 =) P =

Y.
Then,

< RZQU =T QI O RV () By > | < o IO B 2R 18-

¥H(I—
VIC— Al

Now on the set J,,, by definition, we have for all { € Q;:

_ a;
H(I —T(Q) 1HOO <2and |[T(Q)], < \/—]ﬁlnn.
Moreover, the eigenvalues of the operator RY/2(¢)P, are {k~"/2(¢ — A\x)/2,k > 1} then, for all, ¢ € 9Q; :
[RPOR| | = supth=r721¢ = w772} = 5772/, (34)

and Equation becomes:

2
1 " a? jr/2 dz

1BaBly, IF < 17,1817 > M ]ln2n :
w2 ;21 Z \f 09, \/ |z — il

In the polynomial case (P), calculations lead to the following bound

Y

5 4
HBnﬁljn H% < Cln mzln nmmax{(27a+(7fr)+)+,27a+(57r)+}
n
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with @ > 1 such that \; < j7% and C > 0 depends only on R, r, a and I'. Gathering with we obtain
the expected result.
In the exponential case (E) we have

8 min*n

with C depending only on R, 7, a and T'.

A.4 Empirical and theoretical bias terms

Lemma 12. Suppose that assumptions H2, H3 and HY are fulﬁlled and that B € W with r, R > 0 such
that, in the polynomial case (P), a+r > 2. Then for allm =1, ..., Ny:

E[l|8 — IB12] < 4E[||8 — HmBII2] + T, (35)

where T, n < me(m)/n where e(m) — 0 when m — +oo and is independent of 5 and m.

Proof. First imagine that the random projectors in the equation above are replaced by non random one. It
is elementary to see that

E[lI8 = nBI2] = 118 - Tnl}

~ 2
and that consequenlty to get it is enough to show that both E [H (Hm — Hm> BHF} and

o[ a2

and non-asymptotically in the Proposition 20 of Crambes and Mas [I7] in a slightly more general framework.

Specifically these authors get
~ 2 23\
B (10— o] < a0
r n

where A does not depend on m and n. The only point left is to prove the same sort of bound for

J[CRNEN]

The derivation makes use of perturbation methods already used in other parts of proofs. We will skip
technical details to concentrate on the essential facts.
In a first step remark that

[ = ) = (0= (1= ) (10 = ) 3) (10— 1)
and it is enough to focus on the first term and to prove the bound for
B[] 1) (1 1) ]|

after a Cauchy-Schwartz’s Inequality coupled with the fact that H ( m> BH <24l
Now by Lemma [g]

] are bounded by 7, . The first bound was proved asymptotically in Cardot et al. [13]

(- 1) (1, - Ti,,) B1g, = 27”2 /d (L =R O =T Q)T QR QL
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Hence by definition of Jy, [|(I — T(¢)) w1y, <2 and [|[T({)|eoly, < 225 7 then

B[00 —1) (1 — ) 8 12| < ii / o Ellea=m R O] 1T Ol 1] [ 77 €8] a6

| A

Inn Z /BQ HRl/z PH HﬂOHE[H ) RY/? (C)Hooljn} ¢

S n HBOHZ% /m \/ H (Tn =) RY2 (¢ HHSljn}dC (36)

where we recall that, by Equation (3 ,

i—1/2
<
o - A /5‘7
(the definitions of 5° and P, are given in the proof of Lemma [11)).
Treating E [H (T, —T) RY2(¢) HZ S} with computations similar to those carried previously we get, for all

CGan

|r2© P

fle.-0enof, | <52

n
with €’ = Tr(I") max{1,b — 1} and putting into Equation (36| we obtain

(e ]2 e s

Considering again two cases related to the rate of decrease for the eigenvalues we see first that for an
exponential decay the term above is bounded up to a constant by (Inn)/n. Secondly in case of polynomial
decay we get :

361 (- ] £ 2

< C'lnn HﬁOH m2-(r+a)/21,5/2 )
n

and Inn In®2m - m2-0+9/2/n — o (m/n) when r +a > 2.
Thus the proof is finished by Lemma [9]

7 2 2 C C”(bv F)
E [H (1 — 1) 8 173} < BIFR(TS) < =5
O
A.5 Technical part of the bound on P(Al)
Proof of lemma[3 Let v be the contour defined by Figure [] with m = N,,.
We have by Lemma [§ and the fact that (I — 7(2)) T (2) = T(2) + (I — T(2)) "' T?(z)
rt/? [PL - PT} 21, = 1%% / 1r1/2R1/2(z) [I—T()] " T(z)RY?(2)r'2dz (37)
(i ~ z
= 1jni / 1FI/QR(z) (T, — T) R(2)'V/%dz
2 )y
Flga / LR R () [T = T (o)) T2(2) RY2 ()T 2. (38)

Now, we consider separately the two decreasing rates of the A;’s.
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Exponential decrease : \; =< exp(—j%), with a« > 0 By Equation and the fact that [[(I —
T(2)) |l < 2, on the set J,

1
IPY2(r], — T2y, < o 17,
T

[e.o]

/ §F1/2R1/2(z) I — T ()] T(2)RV2(2)TV2d

<7 Lsup [|T (2)| /’ ’HFWRW )Hzodzljn.

zey

For z € supp(7), the eigenvalues of the operator T'/2R'/2(z) are
{A}/Q(z — )25 > 1}, then

HFI/QRI/Q(Z) ‘2 _ sup{ Aj }’

oo j>1 Lz — Al

and

2 20 /0wy,
1 ‘p1/2Rl/2(z)H dz| < C’+2/ du_ o
0

’Y|Z" o]

where C' and C’ are independent of n and the last inequality comes from the fact that in the exponential
case, there exists a constant ¢ > 0 such that oy, /Ay, > c¢. Then by lemmas |§| and

n

P(J. N {HFI/Q( FT)Fl/QH > po — 1}) <P <C, sup [T (2)llo0] > 7(p0 — 1)) < 2exp <—C*N,%lr12Nn

z€supp(y)

with ¢* independent of n. The result comes from the fact that N,, < 204/n/1n3n.

Polynomial decrease : \; < j % a>1 Denote by T7 and T5 the two terms of Equation ie.

_ L (14 B 1/2
T = 1g, i | ZF R(z)(I'y, = T') R(2)I'"/*dz,
T, = 1 jni 1r1/2Rl/2(z) [I — T ()] T2(2) RY?(2)I'/?dz.
2m )y 2z

First we control 15, the proof in the exponential case leads us to:
1 2
ol <7 tsup (1T (1) [ o [r2R2 ) de,
zey 107 ’z’ o

and

2)\1/§Nn
dz < C'+/ A, du
o0 0 \/()\Nn — 0N, )? —I—5]2Vnu2\/1+u2

‘Fl/QRl/Q( )

i
AN, du

1 )\ 2X1/6n,,
<C +/ SR +/
0 AN, — 0N, 1 \/O\Nn —6n,)2 + 02 uVI+ 2

2)\1/5Nn
<14+C+ W crn(Ny),

1 \/1+u2_

with C,C’ > 0 independent of n. Then lemmas |§| and [10/and the fact that N,, < 204/n/In3n lead us to

(T2l > (o0 = 1)/2) < B (o) sup [IT (1] > wlon = 1)/2) < exp (= i) < €

24



with ¢** and C” independent of n
Now, we can calculate explicitly the term T}

=1 2271'/ Z o )\k Aj)”’“(r” —D)mjdz.

By the Residue Theorem

—xa  ifj#kj < Nyand k <Ny,
0 otherwise.

Then

T = ljnz \/ﬁ 7TJ+ZZ \/7)\ _)\k k(Fn—F)ﬂ'j

7,k=1 J=1k>N,
j#k
—l— I, — I,
Nn
17, Tps; | =T, +T7,
MZI fz< T et =T
J#k

where s; := Z,DN” F‘/)‘Ekﬁk. The term I' disappears because m;I'm, = 0 if j # k.
We control separately the operators 77 and 77'. We have:

2
IT{% < > < Ty, vy >*= Z ( Z ) :

p,q>1 p,g=1
p#£q

where we recall that f},i) =< X;,¥p > /y/Ap. Then

P(IT{ o > (p0 — 1)/4) < P Z( Z >>p1‘6” sip(

p,g=1 p,g=1
p#£q PFq

1 - A T
nzfl(j)g()

po—1
4N, |-

For all p # ¢, the sequence of random variables {gé“gé“,z‘ =1, ,n} is independent and centred and by

assumptions H2 and H3,
E[|€p&q|™] < m!bm_17

then Lemma @ and the condition N,, < 204/n/In3n implies

po—1 n -
P <’T{|oo > = ) < 2N?2exp <—C{N2> < Cyn~h,
n

with C] = Wm and C% depends only on b and py.
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We deal now with the operator T}, we can rewrite it like an array of independent random variables
with values in H, the set of the Hilbert-Schmidt operators of L2([0,1]) equipped with the usual norm

||TH%IS = Zp7q21 < T¢p7 d}q >2, le

n Np

_ Zz<5JX®\F \FX ® 5;X ) ZZZ,

i=1 j=1

where, for all f,g,h € L2([0,1]), f ® g h :=< f,h > g. In order to apply the exponential inequality for
centred Hilbert valued random variable given in Bosq [0, Theorem 2.5], we have to find two constants B
and c¢ such that

E[|Zill7is] < (m!/2)B*™ 2.

We compute first \|Zl||%{3

Al A2 .,
s <2 3 <35 (Zoxioan) w3 5 K (@)

p,g>1 =

Now, by assumptions H2 and H3,

sz < 20z Y Y o ()] (e-e)]
DP1seeesPm=1q1,....qm>Np, j= 1 qJ
m/2

IN

o (555 5N

p=1 q>Nﬂ

2
We apply then Theorem 2.5 of Bosq [6] with B? = 2b? Z;V:"l > >N, ﬁ and

2 1/2
c=0b (Z]ngzni D >N, ﬁ) and obtain, with the condition N,, < 204/n/In®n,

-1 -1
IP’(HT{’HOO > p04 > gIP’(HT{’HHS > p04 ) SQexp( cy N ) < Oyn~Y;

where C7 := (pg — 1)%/(260 + v/26b(po — 1)/4), C¥ depends only on pg and § where § > 0 depends only on
the sequence (\;);>1 and verifies, for all p < Ny,

2

Z()\i)\)<N5/2

q>Nn,
]
Appendix B Control of pen in the unknown variance case
Lemma 13. Under Assumption H1, set k := 260(1 4 2§), we have, for all m € ./T/(\n
— (uv) m 1 2
Ex (pen(m) — pen™(m))1c] < k(|5 — lmB|r,, (39)
and
~ (uv —= .~ (uv K o
Ex[(pen™ (")) — 5En(m )] < “Ex(20*v (1,08 — o) (\/Var ) +2|8lre) . (40)
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Proof. By definitions of 62, = vn(Bm) and B,,, we have 62, < Y (ﬁmﬂ), then
_ wo m . m A
Ex|[(pen(m) — pen ™) (m))] = k—Ex|(67, — 0%)] < k- Ex[(n (Imf) — a?)].

n

Now, by independence of ¢; with < 8 — IL,,,38, X; >,

Ex[(vn(ILn3) — 02)] = K > (Y- <My, X >)* - 02>

= [( Z 25i<5_ﬂmﬁaXi>+<B_ﬂmB7Xi>2_U2>]

= Ex[<p ﬂmﬁ X; >?) = Ex[||8 — wBlIE, ],
and Equation follows.

Likewise:
Ex|(pen™) (™)) — pen(ri™))] = ZEx[i™)(0? — 67 )
= Z(Ex[)(0? = &) ~ Exn®)|8 = By I},] + 2Ex [ vn(8 = Bym)]
< Z(Ex[™) (0 - 5%)] + 2Bx [ (8 — B)])
< S(Ex[™) (0 = 5)] + 2Ex [ (8 — L B) + v, (LB = By

with 62 := % > 2. By Cauchy-Schwarz’s Inequality

. 1/2
R 5 1 - [Var(e?
Ex[m(*) (6 — 5%)] < N, Ex[(c? — 52)?]'/2 = N, —~ > Ex|(e] — %) (] — %) = N, TE)
i,j=1
and, since the g;’s are independent of the X;’s and by consequence of I1,,, we have:
Ex[iiwn (8 = ,8)] < NyEx[v2(8 = ,,8)]'/2
1/2
N, - . .
n
< | Y Exlenen <8 —1nf, Xi, >< 8 — 1, Xi >]
i1,i2=1
N, R N,
< —=oB[||8 — B}, "> < —=0o | BlIr-

B

NG
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